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Resumen

Los agujeros negros supermasivos tienen un origen enigmático y en los últimos
años se han descubierto más de 200 de ellos con masas de alrededor de 109 M⊙

con un corrimiento al rojo muy alto z > 6. La formación de los primeros agujeros
negros supermasivos sigue siendo una pregunta abierta en cosmología y uno de los
caminos para explicar su formación es la creación de semillas de agujeros negros
supermasivos a través de la acreción y colisiones en cúmulos masivos con una alta
densidad estelar. En esta tesis investigamos la formación de una semilla de un
agujero negro supermasivo mediante de un escenario de formación de colisiones y
acreción en un cúmulo estelar denso de Población III en una nube de gas primordial.
Además investigamos la sensibilidad del modelo a distintas temperaturas iniciales.
Realizamos simulaciones de tres dimensiones multifísicas incluyendo hidrodinámica
y dinámica de N-cuerpos con el código AMUSE. Utilizamos las condiciones iniciales
de un sistema compacto, con un gas monoatómico en muy baja metalicidad con
diferentes temperaturas iniciales, imitando enfriamientos de hidrógeno atómico
o hidrógeno molecular del gas. Nuestros resultados apuntan a que es posible la
formación de un objeto masivo central a través de colisiones y acreción del gas,
alcanzando para todas las temperaturas (500−8000 K) masas del orden de 104 M⊙,
siendo casi la masa total del sistema. Observamos que el cambio en la temperatura
no impide la formación de un objeto muy masivo, pero puede influenciar su
evolución. Las altas temperaturas de los gases reducen la acreción como resultado
de las altas presiones centrales en el cúmulo, en comparación a temperaturas
más bajas se alcanzan mayores tasas de acreción producto de una baja presión
central, llevando a la formación de un objeto central masivo en menos tiempo.
Este estudio amplia nuestro conocimiento en la formación de una semilla de un
agujero negro supermasivo, incorporando un tratamiento numérico hidrodinámico
del gas y recetas de acreción mas sofisticadas. La implementación numérica del
gas y recetas de acreción mas avanzadas es un gran paso para comprender la
formación de agujeros negros supermasivos. Es necesario implementar efectos de
enfriamiento y calentamiento del gas físicamente consistente, añadir la química
del gas y efectos de retroalimentación radiativa por parte de las protoestrellas y
como ellos afectan a la evolución y formación de objetos masivos en el futuro.

Keywords – black hole physics – methods: analytical – galaxies: nuclei – quasars:
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Abstract

Supermassive black holes have an enigmatic origin and in the last years more
than 200 have been discovered with masses around 109 M⊙ at very high redshift
z > 6. The formation of the first supermassive black holes is still an open
question in cosmology and one of the pathways for their formation is the creation
of supermassive black hole seeds through accretion and collisions in massive
clusters with a high stellar density. In this thesis we investigate the formation of a
supermassive black hole seed through collisions and accretion in a dense Population
III star cluster in a primordial gas cloud. In addition, we investigate the sensitivity
of the model to different initial temperatures. We perform three-dimensional
multi-physics simulations including hydrodynamics and N-body dynamics with the
AMUSE code. We used initial conditions of a compact system, with a monoatomic
gas at very low metallicity with different initial temperatures, mimicking cooling
of atomic hydrogen or molecular hydrogen of the gas. Our results indicate that
the formation of a central massive object through collisions and gas accretion
is possible, reaching for all temperatures (500− 8000 K) masses of the order of
104 M⊙, being about the total mass of the system. We observe that the change
in temperature does not prevent the formation of a very massive object, but it
can influence its evolution. High gas temperatures reduce accretion as a result
of high central pressures in the cluster, compared to lower temperatures, higher
accretion rates are achieved as a result of low central pressure, leading to the
formation of a massive central object in less time. This study has extended our
knowledge on the formation of supermassive black hole seeds, incorporating a
hydrodynamic numerical treatment of the gas and more sophisticated accretion
recipes. The numerical implementation of the gas and more advanced accretion
recipes is a great step forward to understand the formation of supermassive black
holes. It is necessary to implement physically consistent cooling and heating, add
gas chemistry and radiative feedback effects by protostars and how they affect
the evolution and formation of massive objects in the future

Keywords – black hole physics – methods: analytical – galaxies: nuclei – quasars:
supermassive black holes - stars: formation - stars: Population III
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Chapter 1

Introduction

1.1 Context

One of the largest enigmas in modern astronomy is the early evolution of the
our Universe, particularly the formation of the first Supermassive Black Holes
(SMBHs) and the reionization epoch where the neutral intergalactic medium in
the Universe was ionized by the first luminous sources. SMBHs are very compact
astrophysical objects that can be found in the early Universe and in the local
Universe. They can reach large masses of ∼ 106−109 M⊙ (Volonteri, 2010), until a
few 1010 M⊙ (Pacucci et al., 2017; McConnell et al., 2011; Ghisellini et al., 2010). A
topic of special interest within the field of compact objects and high energies is the
formation of the first black holes, and their evolution to the present day. Over the
last years, more than 200 SMBHs with masses M > 109 M⊙ have been discovered
at high redshift z > 6 (Fan et al., 2001; Willott et al., 2010; Venemans et al.,
2015; Jiang et al., 2016; Bañados et al., 2016; Reed et al., 2017; Matsuoka et al.,
2018; Shen et al., 2019). The most massive quasar SDSS J010013.02+280225.8
(Wu et al., 2015) has a mass of 1.2× 1010 M⊙ at a redshift of z = 6.3. The most
distant Quasar known to date is ULAS J1342+0928 with a mass of 7.8× 108 M⊙

at z = 7.54 (Bañados et al., 2018) when the Universe was 690 Myr old. Fig. 1.1.1
shows the redshifts and inferred masses of the 203 known quasars at z ≥ 6. With
the new generation of telescopes like the James Webb Space Telescope (JWST)1

(J. P. Gardner et al., 2006) it will be possible to extend these extremely important
observations.
1https://www.jwst.nasa.gov
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With observations we can detect supermassive black holes that have masses of
106 − 109 M⊙ in the local Universe. In the early Universe probably the smallest
detectable mass is more like 107 M⊙. It is not surprising that SMBHs exist in
the local Universe given that black holes from the early Universe have had more
than 12 Gyr to evolve. Recently with the Event Horizon Telescope (EHT)2, we
were able to observe the shadow of Sagittarius A∗ (Collaboration, 2022), the
SMBH at the center of our Galaxy with a mass of 4.5 × 106 M⊙ at a distance
of d = 8.4 kpc (Schodel et al., 2002; Ghez et al., 2008) as well as the SMBH in
the center of the elliptical galaxy M87 with a mass of 6.5± 0.7× 109 M⊙ and a
distance of 16.8± 0.8 Mpc (Event Horizon Telescope Collaboration et al., 2019).
Really intriguing is the presence of > 109 M⊙ SMBHs at high redshift (z ≥ 6)
because these SMBHs were formed within the first billion years after the Big Bang.
Explaining the existence of these objects provides a significant challenge to our
cosmological model (D’Amico et al., 2018).

The presence of SMBHs makes us wonder how these objects have grown so much
and so quickly. An explanation for the formation of SMBHs in the early Universe
is that these were born of BHs from the initial Population III (Pop III) stars,
which were produced by primordial gas molecular hydrogen (H2) cooling and they
are the first generation of stars in our Universe. Due to inefficient fragmentation
caused by inefficient cooling, the temperature difference between the metal-free
primordial gas and the star-forming molecular clouds in the interstellar medium
(ISM) of low-z galaxies has led to Pop III stars that were unusually massive.

ṀEdd =
4πGM

εκc
(1.1.1)

If a BH from these Pop III stars has grown via Eddington-limited accretion by
Equation 1.1.1 where G is the universal gravitational constant, M the mass of
the central object, ε the radiative efficiency, κ the opacity and c the speed of
light. This is the upper limit for spherical accretion of a black hole. The seeds of
high-z SMBHs will grow exponentially assuming a radiative efficiency of ε ≈ 10%,
from a combination of analytical analysis and observational constraints (Soltan,
1982; Ueda et al., 2003; Elvis et al., 2002; Yu and Tremaine, 2002; Shapiro, 2005).
Therefore, if a 100 M⊙ Pop III star is considered as a seed BH it would need to

2https://eventhorizontelescope.org
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Figure 1.1.1: Masses and redshifts of 203 quasars known at z ≥ 6. 79 of these
203 quasars are from Bañados 2016. 8 quasars from Pan-STARRS (Mazzucchelli
et al. 2017, Tang et al. 2017, Koptelova et al. 2017, Bañados et al. 2018), 3
quasars from VIKING (Decarli et al. 2018, Venemans et al. 2019), 37 quasars
from a combination of DES/SDSS, UKIRT, VISTA and WISE (Wang et al. 2016a,
Reed et al. 2017, Wang et al. 2017, Reed et al. 2019, Wang et al. 2019, Fan et
al. 2019b, Yang et al. 2019), 72 quasars from the SHELLQs and other Subaru
surveys (Kashikawa et al. 2015, Matsuoka et al. 2018a,b, 2019b,a) and 4 quasars
from a combination of VST-ATLAS and WISE (Carnall et al. 2015, Chehade et
al. 2018). Here the masses were estimated from the rest-frame UV luminosity,
assuming a constant bolometric correction and Eddington ratio of fEdd = 1. The
two black curves illustrate the mass of a BH as a point of comparison. Starting
from a seed BH of stellar mass M• = 10 M⊙ (lower curve) or 100 M⊙ (upper
curve) at z = 35, the mass of a BH constantly increases at the Eddington rate,
with a radiative efficiency of ε = 0.1. From Inayoshi et al. (2020).
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accrete for ≈ 0.8 Gyr to reach 109 M⊙ if the accretion complies with the relevant
Eddington limit. This timescale is comparable to the age of the Universe at z ≈ 6.

If these SMBHs accrete only at sub or near-Eddington rates (Willott et al., 2010;
Mazzucchelli et al., 2017; Onoue et al., 2019; Shen et al., 2019; Vito et al., 2019),
we need very massive initial seeds of the order of at least 104 M⊙ to reach masses
of 109 M⊙, especially when realistic spin parameters and accretion disc models are
taken into account (Shapiro, 2005). So to explain the SMBHs that we see today
the solutions are very massive seeds or extremely fast growth in extended periods
of super-Eddington accretion, which are possible in non-spherically symmetric
situations where the Eddington rate can be exceeded, or most likely a blend of
the two processes.

1.2 Formation mechanisms of supermassive black

holes at high redshift

This chapter provides an overview of the three main pathways for the formation
of SMBHs at high redshift originally proposed by Rees (1984), which are: i) Pop
III stellar remnants (Bromm et al., 2002; Abel et al., 2000; Yoshida et al., 2006;
Gao et al., 2007; Hirano et al., 2014; Hirano et al., 2015; Bowman et al., 2018;
Hosokawa et al., 2013; Schleicher et al., 2013; Umeda et al., 2016; Heger et al., 2003;
Haemmerlé et al., 2018; Haemmerlé, 2020, 2021), ii) the collapse of a protogalactic
gas cloud into a massive black hole or a very massive star, that collapses into a
black hole, due to peculiar conditions such as a strong radiation background that
photodissociates molecular hydrogen and prevents strong fragmentation of the gas
cloud (Bromm and Loeb, 2003; Wise et al., 2008; Latif et al., 2013; Latif et al.,
2015; Regan et al., 2017; Grete et al., 2019; Suazo et al., 2019; Chon and Omukai,
2020; Latif et al., 2021), and iii) relatively massive black hole seeds formed in
dense stellar clusters via dynamical processes like runaway collisions (Devecchi
and Volonteri, 2009; Katz et al., 2015; Yajima and Khochfar, 2016; Sakurai et al.,
2017; Reinoso et al., 2018; Vergara et al., 2021; Escala, 2021). We will show
a description of the main components that these models must have, including
previous work and how previous results support the model that we study in this
thesis. Fig. 1.2.1 shows three potential ways to explain the formation of SMBHs
in the early Universe considering a critical metallicity and the presence of few
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metals.

The presence of SMBHs at z = 6 − 7 has led to the development of several
theories about their formation to alleviate timescale constraints and help explain
their existence. One possibility is that a small fraction of early Pop III seeds
may maintain Eddington accretion for most of the history of the Universe. This
scenario is unlikely for stellar mass seeds formed in shallow minihalo potentials
due to negative feedback processes like radiation and supernova feedback, but may
be possible in rare situations of massive halos with ≳ 108 M⊙. Another alternative
option is that BH seed formation could be accelerated if a significant time period
of growth was due to mergers of compact objects, primarily other BHs. However,
one potential problem is that BH mergers can lead to gravitational wave-induced
kicks that remove BHs from their gas reservoirs (Haiman, 2004).

Figure 1.2.1: The image shows three potential ways that SMBH seeds were
created in the early Universe. The left-hand route shows how the initial generation
of stars collapsed, which were formed from gas with the expected abundances after
recombination (Z = 0). Alternatively on the right side, both of these scenarios
require the presence of few metals (Z < Zcrit) in a gas cloud that will form a
disc as it cools and then a star cluster that may experience a runaway collision
process producing a massive star or black hole. However if star formation is
suppressed, a strong inflow of gas is anticipated at the center of the cloud, creating
a supermassive star or an IMBH. From Volonteri (2010).
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1.2.1 Direct collapse scenario

The most promising scenario to explain the formation of SMBH seeds is via the
so-called direct collapse black holes (DCBH) (Rees, 1984; Volonteri and Rees,
2005; Ferrara et al., 2014), where the main idea is the formation of a supermassive
star (SMS) with a mass M ∼ 105 M⊙, which then promptly collapses to a BH
with a similar mass. This scenario requires a rapid collapse of the primordial gas
in an atomic cooling halo (ACH) with virial temperature Tvir ∼ 104 K, which is a
metal-free gas and where the formation of molecular hydrogen remains suppressed
because the high temperature does not allow the formation of H2. An important
ingredient to form a SMS is a rapid accretion rate (∼ 0.1 − 1.0 M⊙/yr), which
requires collapsing warm gas (≳ 5000 K).

If we consider that accretion is regulated by the self-gravity of the gas, there is the
following relationship between the mass inflow rate of a self-gravitating collapsing
gas Ṁ and its thermodynamical characteristics:

Ṁ ∼ MJ

tff
∼ c3s

G
∼ 0.1 M⊙/yr

(
T

8000 K

)3/2

, (1.2.1)

while the Jeans mass MJ is an estimate of the mass of a collapsing gas cloud, tff
the free fall time of the gas cloud, T the gas temperature and cs the sound speed.
From this equation we can see that the accretion rate Ṁ and the Jeans mass MJ

depend strongly on the temperature of the gas and increase with temperature,
i.e. the higher the temperature, the higher is the mass inflow. Therefore, the
thermodynamic requirement to avoid a large drop in mass is that the gas does
not cool to lower temperatures, since then it fragments and will form normal
stars. As we know, the chemical composition of the primordial gas determines
its cooling, specifically the abundance of H2. In this scenario, the cooling caused
by molecular hydrogen can cause the temperature of the gas to fall to ∼ 200 K

and induce star formation. Conversely, in the absence of molecular hydrogen, the
gas remains in its atomic phase and cools mainly through atomic line radiation,
maintaining a temperature of ∼ 8000 K. So to keep the gas warm, it is necessary
to avoid cooling and efficient fragmentation by metals or H2 during the collapse of
a massive gas cloud. With numerical simulations it has been shown that this can
be achieved when a strong radiation background photodissociates the molecular
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hydrogen (Bromm and Loeb, 2003; Wise et al., 2008; Latif et al., 2013).

To study the cooling processes of the gas cloud, we need the chemical reactions
for the formation of H2 in the primordial gas. Two possible ways have been
identified to form H2 in primordial gas; via the intermediaries H+

2 or H−, where
H− is relevant in the collapse of high–redshift objects (Peebles and Dicke, 1968;
Hirasawa, 1969; Matsuda et al., 1969). We can see these chemical reactions in the
following equation:

H+ e− −→ H− + γ,

H+H− −→ H2 + e−.
(1.2.2)

H+H+ −→ H+
2 + γ,

H+
2 +H −→ H2 +H+.

(1.2.3)

H2 can be dissociated through several mechanisms including the exposure of ACHs
to H2 photodissociating UV radiation in Lyman-Werner (LW) bands (Omukai,
2001; Oh and Haiman, 2002; Bromm and Loeb, 2003), suppressed H2 cooling
(Fernandez et al., 2014), heating the gas or a combination of both (Yoshida et al.,
2003; Wise et al., 2019). In particular, we will introduce three distinct mechanisms
that could keep the H2 fraction at low levels.

1.2.1.1 Photodissociation of H2 by LW radiation

H2 can be photodissociated by radiation with soft UV photons, in a two-step
dissociation process. The photons in the range of ≈ 11− 15 eV are absorbed in
the LW lines of H2. Approximately ∼ 10% of the excited H2 radiatively decay
into the split state of two H atoms, resulting in the dissociation of H2 by the
so-called Solomon process,

H− + hν −→ H+ e−, (1.2.4)
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H2 + hν −→ H+H. (1.2.5)

Haiman et al. (1997); Ciardi et al. (2000) found that the first generations of stars
(Pop III and Pop II) and BH remnants emitted LW radiation. Due to the large
free path for photons with energies < 13.6 eV, it was possible to form a LW
background in the early Universe, capable to suppress the formation of H2 in
low-mass DM halos. The competition between the formation and dissociation
timescales defines the critical value of the UV flux, above which the formation
of H2 remains quenched. Depending on halo mass and redshift, the resulting
critical intensity is Jcrit ≈ (0.01 − 1), where the flux is expressed in units of
J21 ≡ 1021 erg s1 cm2 Hz1 sr1 (Haiman et al., 2000; Machacek et al., 2001; Wise
and Abel, 2007; O’Shea and Norman, 2008). Therefore, a significant number of
minihalos may not contain H2 and may not form any stars (Omukai and Nishi,
1999; Haiman et al., 2000; Ciardi et al., 2000; Mesinger et al., 2006).

The problem occurs when we try to calculate the value of Jcrit for more massive
minihalos; for example for "sub-atomic" minihalos (∼ 106 M⊙) Jcrit increases to
≳ 100 (Regan et al., 2017), due to H2 self-shielding. So for ACH the problem is
even larger because a very high UV flux is needed to dissociate H2 and to prevent
its further formation. A higher Jcrit is necessary since for more massive ACH the
density increases (nH ≈ 104 cm3 (Wolcott-Green and Haiman, 2019)) and Jcrit

depends on the density nH as Jcrit ∼ nH , since Jcrit is obtained by balancing the
dissociation rate (∝ JLWnH) with the formation rate (∝ n2

H).

In one-zone models which adopt the most up-to-date chemical network, and
considering realistic incident spectral shapes from low-metallicity galaxies, one
finds Jcrit ≈ (1000−1400) (Sugimura et al., 2014) (see also, Agarwal and Khochfar
(2014)). Applying it in cosmological simulations we get much larger critical values
of the order of 104 to 105 (Latif et al., 2014; Latif et al., 2015). Adopting the
shielding factors from Wolcott-Green et al. (2011), Latif et al. (2015) found a
value of J21 for spectra of Pop II stars through three-dimensional cosmological
simulations and one-zone models, varying the radiation spectra. They found
Jcrit ≈ (2− 5)× 104 (see Fig. 1.2.2).
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Figure 1.2.2: Conditions for the direct collapse scenario, where the lines represent
the radiation flux required to destroy and suppress the formation of H2 molecules
in a 107 M⊙ gas cloud. The black and blue dashed lines represent one zone and 3D
models, along with a red cross including an X-Ray ionization background which
however makes little difference. From Latif et al. (2015).

The need for large values of J21 that are only possible in rare situations such as in
the proximities of a star-forming galaxy, where most of the closest stars must be
Population II stars, provides a problem for the direct collapse model (Dijkstra
et al., 2014), since in order to accurately estimate the number of ACHs where
seed SMBHs might grow, knowledge of Jcrit is essential and such large fluxes may
not occur frequently enough to explain the observed supermassive black holes
(Dijkstra et al., 2008; Johnson et al., 2012).

1.2.1.2 H− photodetachment

Due to the lack of strong LW lines, low-energy near-IR and optical photons with
energies below <∼ 11 eV cannot effectively dissociate H2 via LW line absorption,
but they can indirectly inhibit H2 production via H− photo-detachment,

H− + γ −→ H+ e− . (1.2.6)
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Several studies have calculated Jcrit assuming a blackbody shape with temperatures
of T ≈ 105 K and T ≈ 104 K. For T ≈ 104 K the value of the critical intensity
is 104 < Jcrit < 105 and for a temperature of T ≈ 105 K the critical intensity is
Jcrit ≳ 105 (Omukai, 2001; Bromm and Loeb, 2003; Shang et al., 2010).

1.2.1.3 Collisional H2 dissociation

Collisional dissociation of H2 (the chemical reaction is denoted as Equation 1.2.7)
for the formation of BH seeds may be important in hot (T ≈ 8000 K) and
dense regions (nH ≳ 104 cm−3) (Inayoshi and Omukai, 2012). In such regions
H2 is efficiently collisionally dissociated and defined as the "zone of no return".
According to Mayer et al. (2010, 2015); Inayoshi et al. (2015) these regions can
be formed through colliding flows in the centers of protogalaxies and/or violent
collisions of the galaxies themselves.

H+H2 −→ 3H . (1.2.7)

Fernandez et al. (2014), in cosmological simulations, confirmed the idea that it
is possible to suppress H2 formation by collisional H2 dissociation, but only if
H2 formation is artificially suppresses with a high UV background, to allow that
the gas in the center of the halo enters the high-temperature and high-density
regime, the "zone of no return," where it will remain even if the UV background is
turned off, collapsing isothermally. They noted that for ACH with Tvir ≈ 80000 K

(atomic cooling threshold), the model is not feasible. However for more massive
halos (Tvir > 104 K) the colliding fluxes can still produce high temperatures and
densities in the core.

1.2.2 Supermassive black holes from Pop. III stars and

supermassive stars

Another mechanism for the formation of SMBH seeds is based on the remnants of
the first generation of stars, formed out of zero metallicity gas. The first stars are
formed in minihalos with masses ∼ 105 − 106 M⊙ at z ∼ 20− 25, where the mass
of these minihalos is mainly composed of dark matter, hydrogen and helium. The
main cooling mechanism is molecular hydrogen. We note that the typical stellar
mass in the early Universe was more massive than we can observe today. This is
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because in the early Universe the temperatures of the star formation zones were
higher (∼ 300 K) than we can observe today (∼ 10 K). Therefore, due to these
high temperatures, the thermal pressure, and therefore, the Jeans mass of the gas
clouds were enhanced by a factor ∼ 100. We recall that the Jeans Mass is the
critical mass of a gas cloud above which it becomes gravitationally unstable and
collapses

MJ =
4

3
πρ

(
1

2
λJ

)3

=
π5/2

6

c3s√
G3ρ

, (1.2.8)

where rho is the gas density, λJ the Jeans length, G the gravitational constant and
cs the sound speed. We expect that in the early Universe the typical mass of the
Pop III stars was ∼ 100 M⊙ (Bromm et al., 1999, 2002; Abel et al., 2000; Yoshida
et al., 2006; Gao et al., 2007). So one candidate for the initial seed BHs for rapid
accretion are remnants formed through massive Pop III stars (Carr et al., 1984).
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Figure 1.2.3: Final fate of massive single stars as a function of the initial
metallicity and initial mass. The green line separates the regimes where the stars
keep their hydrogen envelope (left and lower right) from those where the hydrogen
envelope is lost. The dashed blue line indicates the border of direct black hole
formation (black region). At lower masses and higher metallicities is the regime of
BH formation by fallback (red zone) and the green zone indicates the formation
of neutron stars. Also note that the white zone between the BH formation zones
is a strip of pair-instability supernovae that leave no remnant. From Heger et al.
(2003).

The final fate of the remnants of single massive stars depends on their mass. In
Fig. 1.2.3, we can see an illustration of the final fate of primordial stars depending
on their initial metallicity and initial masses, where each zone represents different
remnants of the individual massive stars, with the black region indicating direct
BH formation, the red region indicating BH formation via fallback formation, the
red region neutron star formation (9− 10 M⊙) and the white region represents a
region where no remaining BH is obtained. Low metallicity stars in the mass range
of 25− 140 M⊙ are expected to form BHs directly, where the final mass would be
about half of the mass of the star, ∼ 10− 25 M⊙ for stars between 25− 140 M⊙

(Zhang et al., 2008). For stellar masses between 140 − 260 M⊙ pair-instability
supernovae with helium core masses are expected to occurs, so a BH would not
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be obtained.

Figure 1.2.4: Possible detection of the first stars. Absorption profile of the
21 cm line plotted against the redshift and the age of the Universe. The signal
is absorbed due to the change of the spin of the H atoms that are around the
first stars. The black solid line is the best fit for the hardware and software
configurations which yields the best signal-to-noise ratio. From Bowman et al.
(2018).

Both observational detections and cosmological simulations appear to be in
agreement with existing models for the formation and properties of these stars.
Fig. 1.2.4 shows the detections from the EDGES experiment, with the first global
detections of these stars via radio observations (this needs further study, given
the larger than expected amplitude of the signal), with a very strong absorption
feature at z ≈ 20 followed by rapid heating at z ≈ 16. The Fig. 1.2.5 shows
cosmological simulations of early structure formation, where the evolution of 1540
star-forming gas clouds is followed.

The calculations were performed using 3D simulations that include all pertinent
cooling mechanisms for both H2 and H. In their cosmological simulations the star
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Figure 1.2.5: Resulting mass distributions of Pop III.1 (left) and III.2D (right)
stars for different redshifts. The different colours represent different redshift
ranges. The black solid lines show the total distributions over all redshifts for each
population and the dotted lines show the sum of them. From Hirano et al. (2015).

formation is characterized by different star populations, the so-called Population
III.1 stars and Population III.2D stars, which are primordial stars formed under
the influence of far-ultraviolet radiation. Mainly through the efficiency of different
types of cooling, depending on the densities reached at different stages of the
evolution, it is possible to reach a density of ∼ 1016 cm3 with a temperature of
∼ 3000 K. At this point the cloud becomes completely opaque and forms an
adiabatic core, giving birth to a central protostar with a mass of ∼ 0.2− 0.07 M⊙.
The simulations show high accretion rates Ṁ ∼ 10−3−10−2 M⊙/yr. After this the
protostar grows to a SMS (≳ 105 M⊙) via rapid accretion, it eventually collapses
through the general relativistic instability and becomes a SMBHs seed at high
redshift (Janka, 2002).

We can see that the capacity to form a SMS depends to a great extent on
the accretion rate. Hosokawa et al. (2012, 2013) have studied the evolution
of protostellar radii at different accretion rates Ṁ ∼ 10−6 − 6 × 10−3 M⊙/yr

through a spherical model. They found that for Pop III stars with accretion rates
Ṁ ≈ 10−3 M⊙/yr the star initially expands as it gains mass, then when it reaches
a mass of M ∼ 10 M⊙ it contracts by radiative diffusion cooling (Kelvin-Helmholtz
contraction). On the other hand, for higher accretion rates Ṁ ≳ 0.03 M⊙/yr the
protostar does not experience any Kelvin-Helmholtz contraction and continues
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to expand steadily (Hosokawa et al., 2012, 2013). Since the ionizing flux in an
inflated atmosphere is considerably reduced due to its temperature (T ∼ 5000 K),
the accretion rates are not diminished by UV feedback which could lead to masses
of 100 M⊙ or higher (Hirano et al., 2014; McKee and Tan, 2008; Hosokawa et al.,
2011). This effect is relevant only when the mass reaches M ≳ 105 M⊙ where the
GR instability induces collapse (Hosokawa et al., 2013).

If a SMS exceeds a certain critical mass MGR, it will collapse directly to a BH
through the GR instability (Chandrasekhar, 1964; Zeldovich and Novikov, 1971;
Shapiro and Teukolsky, 1983). The critical mass is of the order of ∼ 105− 106 M⊙,
depending on the properties of the star. Recent studies suggest that rapid mass
accretion onto SMSs drastically changes their stellar structure (Hosokawa et al.,
2013; Haemmerlé et al., 2018). Also Umeda et al. (2016) found that the critical
mass MGR increased monotonically with the stellar accretion rate (see also Woods
et al. (2017)).

1.2.3 Massive black holes via runaway collisions in a dense

star cluster

An alternative pathway to the mechanisms mentioned above is the formation of a
BH seed through runaway collisions, which has been less investigated in the early
Universe. The main idea of the model is that a very massive star (VMS) could be
formed through repeated stellar collisions and mergers; then if the star is massive
enough, it can collapse into an intermediate mass black hole (IMBH).

Fragmentation cannot be avoided in the presence of a modest amount of metals
or dust grains (Schneider et al., 2006; Clark et al., 2008; Omukai et al., 2008;
Schneider and Omukai, 2010; Bovino et al., 2014; Peters et al., 2014; Grassi et al.,
2017) or even for a metal-free gas; the formation of a stellar cluster is thus a much
more likely outcome than a single central object.

Dense environments are especially favorable for runaway collisions. Compared
to galaxies formed today, higher densities were reached in the early Universe, so
it is possible that the first star clusters were denser than those observed today.
In our local Universe the most extreme stellar systems can reach densities of
∼ 105 M⊙/pc

3 (Espinoza et al., 2009), where it is expected that collisions and
stellar mergers will be recurrent. In the early Universe fragmentation can occur at
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very high densities like nH ∼ 1011−13 cm3 for metal-poor gas clouds (Z ≳ 105 Z⊙),
leading to initial fragment masses of around ∼ 0.5 M⊙. Therefore these gas clouds
can result in ultradense clusters of low-mass stars (Omukai et al., 2008; Devecchi
and Volonteri, 2009; Schleicher et al., 2022). Finally due to these extreme densities
of ∼ 109−11 M⊙/pc

−3 clusters can undergo core collapse, leading to a fraction of
non-negligible runaway stellar collision resulting in central IMBHs with a mass of
up to ∼ 104 M⊙.

Studies found that the conditions for runaway collisions are more favorable in
dense and massive clusters once they experience core collapse due to changes
in the kinetic energies triggered by close stellar encounters within the cluster
(Lynden-Bell and Wood, 1968; Cohn, 1979; Spitzer, 1987; Breeden et al., 1994).
Baumgardt and Klessen (2011) conducted a study evaluating the importance of
collisions in current protostellar clusters, discovering that 0.1− 1 % of protostars
collide in typical clusters. This implies that for a sufficiently large number of
stars collisions could be potentially more important. Similar investigations have
been pursued by Moeckel and Clarke (2011); Oh and Kroupa (2012); Fujii and
Portegies Zwart (2013); Bonnell et al. (1998); Clarke and Bonnell (2008) showing
that collisions are also important for the formation of massive stars.

Once the cluster has been formed, the most massive stars tend to sink towards the
center due to energy equipartition, which increases the collision probability in the
cluster, since in the center there is a higher densities of massive stars and the cross
sections of these stars are much larger than for their lower-mass counterparts,
thus favoring collisions. After a collision the cross section of the new star is even
larger, which leads to higher probabilities of future mergers. This is a runaway
process, because once stars collide so their masses and radii increase, therefore
their cross sections causes the subsequent collision rate to grow. The star cluster
will continue to evolve normally without many more collisions, once the timescale
of the collisions is longer than the lifetime of the VMS in the main sequence.
Finally, depending on its mass and metallicity, the VMS collapses directly to an
IMBH with minimal mass loss (Heger et al., 2003).
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Figure 1.2.6: Percentage of realizations which produce a VMS (fVMS)(top) and
the most massive VMS (MVMS,max)(bottom) as a function of the initial central
stellar mass density for the top-heavy Salpeter IMF assuming S = 0 and b = 0.
From Katz et al. (2015).

Katz et al. (2015) showed through a combination of high-resolution cosmological
hydrodynamical zoom-in simulations and N-body simulations that it is possible to
form a VMS with masses as high as 300− 1000 M⊙ that can directly collapse to a
intermediate-mass black hole, via stellar runaway collisions in the center of nuclear
Pop. II star clusters at high redshift (where the neighborhood was enriched with
metals by nearby companions). They also found that the initial mass and initial
central density of the nuclear star cluster (NSC) has a significant impact on the
eventual mass of the VMS that develops. This is clearly reflected in Fig. 1.2.6,
where as a function of the initial central density, the mass of the most massive
VMS that developed as well as the percentage of clusters that created a VMS is
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shown. With an increase in the initial central density, the mass of the VMS and
its formation probability both grow.

Figure 1.2.7: The top panel shows the mass evolution of the runaway star
(Mmax(t)/Mini) in a cluster with N = 5000 stars, where each star has an initial
mass of M∗ = 2 M⊙ and an initial radius of R∗ = 200 R⊙. The middle panel shows
the number of collisions (Ncol) as a function of the crossing time of the cluster,
and the red line is the best Gaussian fit. The bottom panel is the mass growth
rate dM/dt in MiniT

−1
cr . From Reinoso et al. (2018).

Yajima and Khochfar (2016) studied the formation of SMBH seeds through
compact clusters that formed in mergers of the first galaxies. They show that
these clusters are susceptible to core collapse and can generate VMSs of ∼ 1000 M⊙

in their centers. Then the VMS collapses into a BH and grows by swallowing
∼ 90% of the stars in their neighborhood. Additionally, they discovered that the
BH mass is sensitive to the radius and mass of the host star clusters, which control
the core collapse and stellar relaxation time-scales.
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Sakurai et al. (2017) from cosmological N-body simulations showed that in halos
of ≳ 107 M⊙ with star clusters of ∼ 105 M⊙ the masses of the most massive
central star can become as high as ∼ 400− 1900 M⊙ through collisions. Reinoso
et al. (2018) studied in detail the collisions in massive Pop. III clusters, showing
how the properties of the cluster affect the number of collisions and the mass of
the most massive object. They showed that the resulting BHs could have masses
up to 600 M⊙. In Fig. 1.2.7 we can see the results of the evolution of one of the
simulations.

Figure 1.2.8: Evolution of different types of the shape of the model cluster (A,
B, and C clusters) represented by triangles, circles, and squares, respectively, with
N = 103 stars on the left side and N = 104 on the right side (for more information
about the A, B and C cluster see Table 1 in Vergara et al. (2021)). Results are
given for initial stellar radii R = 50, 1000 R⊙ as a function of rotation factors
(k-factor). Top panel: Normalized number of escaper. Middle panel: Normalized
number of collisions with the most massive object. Bottom panel: Mass of the
most massive object. From Vergara et al. (2021).

A more recent study is Vergara et al. (2021), who performed research on the
dynamical evolution of flattened and rotating star clusters following a Miyamoto-
Nagai distribution (Miyamoto and Nagai, 1975) via N-body simulations. They
found that the collisions strongly depend on the number of stars and their initial
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radii. Properties like rotation and flattening do not seem to have much impact
on the number of collisions. However, as we can see in the top panel of Fig.
1.2.8 rotation helps to keep a larger number of stars in the system, thus reducing
the number of escapers. We note that the escapes are constant for rotations
k = 0 , 0.4 , 0.8, but decrease for k = 1.

1.3 Previous work

For BH formation also a ’hybrid’ scenario is possible, which considers both
gas-dynamical and star-dynamical processes; in particular the newborn dense
star cluster may still be embedded in a dense gas cloud. It is known that
the combination of these processes can favor the formation of massive objects
(Baumgardt and Klessen, 2011). As we have seen before, due to accretion the radii
of the protostars are increasing and so does the probability of collisions (Hosokawa
et al., 2012, 2013; Schleicher et al., 2013). Likewise, the dynamics of runaway
collapse can be favored by large gas flows that increase the gravitational potential,
causing a higher probability of collisions (Davies et al., 2011).

Boekholt et al. (2018) explored the formation of SMBH seeds considering the
interaction between stellar-dynamical and gas-dynamical processes, demonstrating
the interaction of collisions with accretion in a compact primordial cluster within
a primordial gas cloud. This was done through N-body simulations, considering
a compact stellar cluster embedded in a gas reservoir simulated as a potential
from which the protostars accreted mass. They defined 6 different models for
the accretion rates, where the accretion depends on the gas availability and the
position of the protostars (see Table 1 in Boekholt et al. (2018)). Fig. 1.3.1
shows the evolution of the most massive objects for the different accretion models,
reaching a range of ∼ 104 − 105 M⊙. They concluded that the accretion-induced
collisions in Pop. III clusters are a viable mechanism to explain SMBH seeds.
Das et al. (2021b) studied the impact of analytical accretion rates such as Bondi-
Hoyle-Lyttleton accretion, Eddington accretion and constant accretion, finding
that the evolution of the system is highly sensitive to the initial conditions and
the accretion recipe. The final SMS masses are ∼ 103 − 105 M⊙ for the three
accretion scenarios considered.
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Figure 1.3.1: Time evolution of the maximum mass in the system, for six
different accretion models and standard set of parameters. All models efficiently
convert at least half of the initial gas mass into one single massive object, except
for the model 5. From Boekholt et al. (2018).

Additionally Alister Seguel et al. (2020) has extended this analysis by including
mass loss during collisions. This was done including both constant mass loss
fractions and analytical models. They concluded that the mass loss strongly
impacts the final mass of the SMBH seeds, in some cases losing between 60 - 80%
of the final mass; nevertheless, masses of the order of 104 M⊙ were still obtained,
being massive enough to be viable candidates for SMBH seeds (see also Das et al.
(2021a), who analyzed the mass loss through stellar winds.)

In a recent study Schleicher et al. (2022) estimated the mass of the most massive
central object (MMO) formed by collisions and accretion, where the extreme cases
of a logarithmically flat initial mass function (IMF) and a Salpeter IMF were
considered. They found that for cases where the radiative feedback is inefficient,
masses of 104 M⊙ can be reached, while when the accretion time is limited by
feedback it is possible have masses of ∼ 103 M⊙. Finally it is possible to form
BHs with masses of ∼ 104 M⊙ or more. In Fig. 1.3.2, we can see a sketch of this
new hybrid path for the formation of SMBH seeds.
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Figure 1.3.2: The expected evolution of the stellar cluster during the formation
of a central massive object. At the times A-B the most massive star sinks to the
center. At time C) the most massive star in the center accretes material through
both stellar collisions and gas reservoir. Finally at time D) the supermassive star
collapses into a very massive black hole. From Schleicher et al. (2022).

1.4 This project

In our investigation, presented in this thesis, we explore the evolution of a Pop.
III star cluster embedded in a gas cloud with metallicity Z < 10−5 incorporating
a hydrodynamic treatment and exploring its sensitivity to different temperatures.
This is a first exploration of the SMBH seed formation scenario through accretion
and collisions incorporating a self-consistent hydrodynamic treatment and more
sophisticated accretion routines. In addition, this work is an extension of the PhD.
work realized by Bastian Reinoso where we provide a first investigation of the
sensitivity of the evolution of the system (star cluster and gas cloud) at different
temperatures and how it impacts the formation of a SMBH seed.

We present a description of the different formation scenarios of SMBHs in Chapter
1. The numerical methods as well as the codes and recipes used to perform our
simulations are described in Chapter 2. In Chapter 3 we present our setup and the
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development of the previous steps for its implementation. The main results are
presented in Chapter 4. We summarize our work, providing the main conclusions
and discussion in Chapter 5.
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Chapter 2

Numerical Method

2.1 AMUSE

2.1.1 The AMUSE framwork

To integrate the motion of the gas particles and the protostars in our star cluster,
we use the Multi-purpose Software Environment (AMUSE) (Portegies Zwart et al.,
2009; Portegies Zwart et al., 2013; Pelupessy et al., 2013; Portegies Zwart et al.,
2018). AMUSE is a PYTHON framework which was designed for performing
multi-physics simulations in which different existing codes from various domains
in astrophysics can be coupled, allowing a complete study of different phenomena,
as required here. The first version of AMUSE, called MUSE (Portegies Zwart
et al., 2009a) was developed at Leiden Observatory under the supervision of Simon
Portegies Zwart. AMUSE is free to download and there is a version of AMUSE
on github that is available for debugging by the community where the users can
ask for help related to the installation and the use of the software.

AMUSE provides a very simple PYTHON interface to existing codes, allowing
computational tools for different physical domains and scales (see Fig. 2.1.1) to be
easily combined into a single task. It also handles unit conversions so the user can
focus more on the coupling strategies for performing multi-physics simulations.

AMUSE consists of a variety of community codes which are written in a variety
of languages such as C, C++, Java and Fortran reflecting the programming
backgrounds and preferences of their authors. These codes are usually free source
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Figure 2.1.1: The physical domains of AMUSE represent typical temporal and
spatial scales for a number of astronomical phenomena. The ellipses indicate
specific astrophysical regimes, the colors indicate physical domains, where blue
refers to gravity, red to stellar evolution, yellow to hydrodynamics, and green to
radiative processes. Several domains are identified by name, such as the collapse
of a giant molecular cloud (top right, in yellow), and the range of habitable planet
orbits (blue circle at lower left). Gravity and hydrodynamics span a broad range
of temporal and spatial scales, whereas radiative processes and stellar evolution
exhibit much narrower ranges. Figure from Portegies Zwart and McMillan (2018).
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codes such as PH4 or MESA. The community codes have two interface functions
where the one on the AMUSE side is written in PYTHON and is called the proxy
(they are loaded and initialized giving them the initial conditions with generic
functions). The interface on the community code side is called the partner and is
written in the native language of the code. These two interfaces communicate via
the standard Message Passing Interface protocol (MPI, Gropp et al. (1996)) and
SmartSockets (Maassen and Bal, 2007).

The AMUSE code has three functionalities:

1. A homogeneous, physically motivated interface for existing astronomical
simulation codes.

2. The incorporation of multiple community codes from four fundamental
domains (stellar evolution, gravitational dynamics, hydrodynamics, and
radiative transfer).

3. The ability to design new simulation experiments by combining one or more
of the community codes in various ways.

Parameters that depend on the community code are managed by the AMUSE
framework, as are the acquisition and mining of simulation data. The
fundamental physical solvers that can be combined in AMUSE are stellar dynamics,
hydrodynamics, stellar evolution and radiative transfer. Fig. 2.1.2 illustrates
schematically the philosophy of AMUSE, with the central AMUSE framework
surrounded by its four fundamental physical solvers. AMUSE can be extended by
including other new hybrid codes combining community codes using PYTHON
and domains, which can then be contributed to the AMUSE repository. The
user can select from a variety of gravitational N-body solvers (symplectic N-body
codes, direct N-body codes, and tree codes) by changing a single word in the
script. The same holds for stellar evolution codes (parameterized and Henyey
codes), hydrodynamics solvers (smooth particle hydrodynamics and adaptive mesh
refinement codes), and radiative transfer codes (Monte Carlo photon transport
codes, and tessellated photon flow solvers).
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Figure 2.1.2: Fundamental domains of AMUSE. Multiscale and multiphysics
codes are connected disciplines, as depicted in the domain- application plane.
Figure from Portegies Zwart and McMillan (2018).

2.2 The Bridge Method

Many simulations entail combinations of physical domains with different length and
time scales. Typically when two dynamical systems interact, the smaller system
(having the smaller length or time scale) dictates the time resolution and time
step, while the larger system (having larger length or time scale) consumes more
resources, such as computer time, memory capacity, communication bandwidth,
and storage space. These scale differences are often resolved with a semi-analytical
model. In many dynamical cases, the spatial and temporal scales of the smaller and
larger systems are well separated; then we can split the underlying Hamiltonian
for the combined system into rapidly and slowly changing parts. The evolution
of the two systems can then be followed by adopting a kick–drift–kick algorithm,
allowing both scales to be integrated separately and the results to be combined
into a consistent solution (Portegies Zwart and McMillan, 2018).

The BRIDGE method is a symplectic mapping for the gravitational evolution in
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cases where the dynamics of a system can be split into different regimes. The
method was first used by Fujii et al. (2007) to model a fully self-consistent N-body
simulation of star clusters in their parent galaxy. The star clusters need high
accuracy, while galaxies need a fast scheme because they consist of a large number
of particles. Then the internal motion of the star cluster is calculated using a
direct Hermite scheme with individual timesteps, the galaxy dynamics with the
tree algorithm with a second-order leapfrog integrator and the interaction between
the galaxy and the star cluster with the tree algorithm. The Hamiltonian of the
system (the galaxy being the system A and the star cluster being the system B) is

H =
∑

i∈A∪B

p2i
2mi

+
∑

i ̸=j∈A∪B

G
mimj

|ri − rj|
. (2.2.1)

The Hamiltonian can be separated as

H =
∑
i∈A

p2i
2mi

+
∑

i ̸=j∈A

G
mimj

|ri − rj|
+
∑
i∈B

p2i
2mi

+
∑
i∈B

G
mimj

|ri − rj|
+
∑

i∈Aj∈B

G
mimj

|ri − rj|
,

(2.2.2)

H = HA +HB +Hint, (2.2.3)

where HA and HB are the Hamiltonians of the subsystems A and B, respectively,
and the interaction Hamiltonian Hint only depends on the separation of the
systems. Therefore the main idea of the Bridge method is to perform a time
evolution of the system A using a fast tree method and a more accurate time
evolution of the system B using a direct method, whereas the interaction is treated
as pure momentum kicks. In AMUSE we can use different codes for treating
systems A and B, and these momentum kicks are computed with a Leapfrog
scheme.

2.3 Hydrodynamics

Gas dynamical processes play an important role in the evolution of astrophysical
systems on all scales from individual stars, the evolution of close binaries, the
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interstellar medium in births and deaths of stars, flows onto neutron stars and
black holes to larger scales where the gas is crucial for the formation of galaxies
through cooling and heating processes.

To treat hydrodynamic effects, we generally use numerical techniques, since
analytic treatments are restricted to problems with high degrees of symmetry or
to situations where we can apply linear pertubation theory.

We can solve the hydrodynamical equation with two types of methods, the
Eulerian and Lagrangian methods, each with advantages and disadvantages. The
Eulerian methods use grid-based and finite volume schemes, where the equation
of motion of a fluid can be resolved on a grid. A common approach are so-
called Godunov and Bohachevsky (1959) schemes to solve the partial differential
equations at the inter-cell boundary with conservative finite-volume method. The
grid-based methods are not Galileo invariant, therefore we could have problems
with Kelvin-Helmholtz or other shear instabilities. This can be resolved increasing
the resolution and reducing the truncation error, though it is expensive in terms
of computer resources. The main disadvantages of grid-based methods are the
complexity of coding, optimization and large memory requirements.

On the other hand we have the Lagrangian methods, where we follow the motion
of the fluid element when it moves through space and time. In the Lagrangian
method the fluid is represented by particles and it preserves the Galilean invariance.
The different properties of the particles that represent the fluid such as density,
temperature, etc. are calculated by kernel estimation from nearby particles. The
physical laws, such as Newton’s laws, conservation of mass and energy, apply
directly to each particle. Each particle can be smoothed due to the level of
approximation and resolution necessary, hence, this method is generally known as
Smoothed Particle Hydrodynamics, or SPH (Gingold and Monaghan, 1977; Lucy,
1977).

The gas is modeled using the code Fi (Hernquist and Katz, 1989b; Portegies Zwart
et al., 2009b; Pelupessy et al., 2004; Gerritsen and Icke, 1997) which is a derivative
of the N-body/SPH code TREESPH (Hernquist and Katz, 1989a; Gerritsen, 1997;
Bottema, 2003). To resolve the self gravity, Fi calculates the gravitational forces
using the Barnes-Hut algorithm (Barnes and Hut, 1986a).
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2.3.1 Burnes-Hunt treecode

For the study of any astrophysical system one of the most important processes
is gravity. In our system, gravity does not only affect the stellar component,
but it also affects the self-gravitation of the gas and how it interacts with the
stars. In general gravity affects any component with mass. It is important to
have a consistent method to treat the gravitational interactions for gas, because
in clusters the gaseous components could initially possess the largest amount of
the total mass of the cluster.

Since we model gas as particles, we may be drawn to use one of the simplest
solutions for calculating gravity, calculating the force through a direct sum of the
pairwise gravitational forces. So to calculate the gravitational accelerations we use
the Ph4 code as we do it for stars; however typical SPH simulations use thousands
to millions of particles to model the gas consistently. Keeping this in mind, using
a direct N-body code that needs O(N2) operations per force calculation is not
viable. Therefore, for SPH simulations, an approximate method is needed, which
sacrifices acurracy for speed.

One of the most widely used approximation methods, which also uses the FI
code, is the Barnes-Hunt tree method (Barnes and Hut, 1986a). The basic idea
of the method is that when calculating the force of the farthest particles, we
do an approximation considering mass and quadruple moment of the particle
distribution, while for the closest particles we use direct summmation.

The hierarchical organization of the particles is through a 3D oct-tree, i.e. the
code decides for which of the distant particles it performs the approximation by
consecutively dividing the space into eight zones (called parent nodes). Then,
if a node contains more than one particle, the parent node is divided into eight
children nodes of equal size until each child node contains only one particle. Note
that empty nodes are dropped and the tree is built for each time step in the
simulation.
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(a) Quadtree

(b) Octree

Figure 2.3.1: 2D y 3D example of the construction of the hierarchical tree. From
Apple Developer Documentation.

The recursive opening of the nodes in the tree is conditional to a comparison of
the size l of the node and the distance d to the center of mass of the node

l

d
> θ , (2.3.1)

where θ controls the accuracy of the calculated gravitational force. If this criterion
is passed, the force is calculated using the center of mass of the node, otherwise the
node is opened and the formula 2.3.1 is evaluated on the children nodes recursively,
see Fig. 2.3.1 for a example of the algorithm.

The Barnes-Hunt tree method has been widely used in numerical N-body
simulations because the operations per force calculation are O(NlogN) and the
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method can be applied to any mass distribution as in cosmological simulations and
star formation simulations. Salmon and Warren (1994) noted that the classical
Barnes-Hunt opening criterion can fail. Later Springel et al. (2001) has shown that
the 2.3.1 criterion could fail if the particles are subject to large canceling forces
from the rest of the system and this will give large fractional force errors. The Fi
code implements an alternative criterium proposed by Springel et al. (2001),

Ml4 > α|a|d6 , (2.3.2)

where M is the total mass contained in the node, α is the parameter controlling
the accuracy of the force calculation and a is an estimate of the acceleration,
which in practice corresponds to the acceleration of the last time step.

2.3.2 Smoothed Particle Hydrodynamics Method

As we have seen in SPH we use a Lagrangian representation and the fluid is
modeled as a collection of fluid elements. We select a set of N fluid elements
which are represented by particles. Here the method assumes that the particle
mass density is proportional to the mass density of the fluid ρ. So, according to
the laws of hydrodynamics, ρ can be estimated from the local density of particles.

If the domain is not yet discretezed into particles, the mean value of a physical
field can be determined by

⟨f(r)⟩ =
∫
Ω

f(r′)W (r − r′, h)dr′ , (2.3.3)

where Ω is the domain of the neigbor particles, W (r − r′, h) is the smoothing
kernel and h is the smoothing length that defines the length of the kernel function.
The kernel funtion acts as a "smoother" of the physical properties involved in the
computation.

As we can see in equation 2.3.3, the kernel function depends on two lengh scales
which are intrinsic to SPH: the distance between particles, r−r′, and the smoothing
length h. The kernel function should satisfy the following conditions:
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∫
Ω

W (r − r′, h) = 1 , (2.3.4)

⟨f(r)⟩ −→ f(r), for h −→ 0 . (2.3.5)

The smoothing kernel is normalized as 2.3.4 and W (r) peaks about r = 0, therefore
follows the same definition as Dirac’s delta function δ(r − r′) for h → 0. We have

lim
h→0

W (r − r′, h) = δ(r − r′) . (2.3.6)

Most SPH implementations use spherical kernel functions as we can see in 2.3.7.
To reduce computational calculations by not including the relatively minor
contributions of distant particles, often defined by a distance proportional to
h defined by s, we truncate the kernel after a finite value. So for a general kernel
W (r⃗, h⃗) we have

W (r⃗, h⃗) ≡ W (r, h) with r = |r⃗| , h = |⃗h| (2.3.7)

and

W (r, h) = 0 when r > s · h. (2.3.8)

As we have already said, the basic principle of the SPH method is to divide the
fluid into a discrete set of particles, so equation 2.3.3 can be approximated as

⟨f(ri)⟩ =
N∑
j=1

f(rj)W (ri − rj, h)dVj , (2.3.9)

where the summation is over all other particles within the kernel domain, usually
called neighbors (see Fig. 2.3.2). Vj is the volume of the particles j and ri denotes
the position of the particle.

If we use the following relationship between the volume, density and mass,
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Vj =
mj

ρj
, (2.3.10)

equation 2.3.9 transforms as

⟨f(ri)⟩ =
N∑
j=1

f(rj)W (ri − rj, h)
m(rj)

ρ(rj)
, (2.3.11)

which is the equation to obtain the property f(ri) of the particle at position ri,
which is calculated from the contribution of each neighbor particle within the
smoothing length h and weighed according to the kernel function W (ri − rj, h).
Now for example for the density ρ, we must replace f(ri) with the density ρ(ri)

and we get the following equations,

⟨ρ(ri)⟩ =
N∑
j=1

m(rj)

ρ(rj)
ρ(rj)W (ri − rj, h) , (2.3.12)

⟨ρ(ri)⟩ =
N∑
j=1

m(rj)W (ri − rj, h) =
N∑
j=1

mjWij , (2.3.13)

where the density ρ of the particle in position ri is equal to the sum of the masses
from the neighbors particles, weighing for the Kernel function.

The kernel function W (ri, rj, h) for the FI code is the spline kernel of Monaghan
and Lattanzio (1985), where in this case only the particles within 2h of a given
point will contribute to the smoothed estimates:

W (ri, h) =
1

πh3


1− 3

2

(ri
h

)2
+

3

2

(ri
h

)
, 0 ≤ ri ≤ h

1

4

(
2− ri

h

)3
, h ≤ ri ≤ 2h

0 , otherwise .

(2.3.14)

The equations of motion for the particles (Equation 2.3.15) in the SPH method are
derived from the discretized Lagrangian for a compressible non-dissipative flow,
with adiabatic index γ (see Rasio and Lombardi (1999) for a complete derivation.).
Another way is substituting 2.3.13 into the equations of gas dynamics
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Figure 2.3.2: Schematic image of the SPH method. Domain of particle i
with kernel function W which shows the influence of neighbouring particles j,
determined by the smoothing length limit h. Particle j is at a distance r from
particle i . From Duckworth et al. (2021).

L =
∑
i

mi

(
1

2
v2i +

1

γ − 1
Aiρ

γ−1

)
, (2.3.15)

where mi is the mass of each particle, vi is the velocity and Ai is the entropic
function that is defined by Pi = Aiρ

γ, with Pi the pressure. In the FI code the
internal energy ui for an adiabatic gas is obtained from the entropic function as

ui =
Ai

γ − 1
ργ−1 , (2.3.16)

but for the case we are studying, we consider an isothermal gas, where the state
equation is P = c2sρ. Through Equation 2.3.17 we impose an initial temperature
on the gas,

ui =
kBTinit

(γ − 1)µ
. (2.3.17)
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2.3.3 Smoothing lengths

The smoothing length is an important parameter within the SPH method.
Equation 2.3.13 is subject to two interpretations of h that are analogous for
computational calculations. We will now explain the basic ideas of the ’scatter’
and ’gather’ which are two possible interpretations of the smoothing length.

2.3.3.1 Scatter interpretation

The most traditional one is the scatter interpretation. It assumes that each particle
has a corresponding mass and that it is distributed according to W and h in space.
Then, to obtain the density of a point in space, we sum the contributions from the
density profiles of neighboring particles within a given distance (see Fig. 2.3.3a ).

2.3.3.2 Gather interpretation

On the other hand we have the gather interpretation, where the local properties
of a point in space are obtained by sampling all the neighboring particles and
weighting the contribution of each according to W (Hernquist and Katz, 1989a).

In the SPH method an adaptive smoothing length hi is usually used, such that
a fixed mass is contained within the smoothing volume which is the same as
saying that the number of neighbors within the smoothing length is more or less
constant (Equation 2.3.18). But this introduces errors in the conservation of
energy and/or the conservation of entropy. To avoid the inclusion of the error due
to the variability of hi, FI considers hi as a dynamic variable in the Lagrangian
that introduces restrictions that determine the variable (Springel and Hernquist,
2002). We consider the set of N constraints determined by Equation 2.3.19,

Msph =
4π

3
h3
i ρi , (2.3.18)

ϕi(q) ≡
4π

3
h3
i (ρi + ρ̃)−Msph = 0 , (2.3.19)

where Msph = mNsph relates the mass Msph to the typical number Nsph of
smoothing neighbors (usually between 50 to 60 particles) for an average particle
mass m. Compared to the original equation given by Springel and Hernquist
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(a) Scatter

(b) Gather

Figure 2.3.3: In (a) we illustrate the “scatter” interpretation. In (b) the “gather”
interpretation is demonstrated (Hernquist and Katz, 1989a).
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(2002), in FI a ρ̃ is added to limit the smoothing length hi, since without this
extra term when ρi → 0 then hi → ∞.

In this way the extra ∇h is solved, introducing it implicitly in the equations of
motion. So from the equation 2.3.19 we can get a definition of hi as

h3
i =

3

4π

Nsphm

(ρi + ρ̃)
. (2.3.20)

2.4 Gravity

In AMUSE we can find several families of algorithms that have been developed to
solve the N-body problem that span most dynamic regimes except the support
for large scale cosmological simulations is limited. They are divided into three
types of N-body codes which are: pure N-body codes, direct N-body codes and
approximate N-body codes. The codes in these categories scale as O(NlogN)

(Barnes and Hut, 1986b), some scale better, O(N) (Ambrosiano et al., 1988;
Dehnen, 2014), some much worse, O(N4) (Boekholt and Portegies Zwart, 2015).
In this study we used pure N-body codes mainly, so if you need to get more
information about the another N-body codes, you can look at Portegies Zwart
and McMillan (2018).

Ph4, Hermite, Brutus, HiGPUs, PhiGRAPE, SmallN are pure N-body codes that
solve Newton’s equations of motion with no free physical parameters with Hermite
time stepping schemes. Most have some capacity to flag special events, such as
close encounters or binary dynamics. The only adjustable quantity in a pure
N-body code is the time-stepping criterion used to integrate the equations of
motion and some are tooled to use hardware (GRAPE or GPU) accelerated force
calculation.

2.4.1 Equations of motion for a self-gravitating system

The N-body problem consists of following the evolution of a system formed by N
bodies interacting under their mutual gravity. To get this we need to solve the
equations of motion described in the Philosophiæ Naturalis Principia Mathematica,
Newton (1687) in his chapter Axiomata Sive Leges Motus (the Axioms or Laws
of Motion). In Newtonian gravity, the gravitational acceleration ai of an object
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(subscript i) due to a group of objects (subscript j) is calculated by

ai ≡ r̈i = G
N∑
j ̸=i

mj
rj − ri
|rj − ri|3

. (2.4.1)

G is the gravitational constant, and mj and rj are the mass and position of particle
j. This equation is a set of coupled, second-order, nonlinear, singular ordinary
differential equations. The solutions of Equation 2.4.1 can consist of a variety of
complex, often chaotic motions, and Newton’s equations of motion are applicable
in most of the scales. Only for a few cases (N = 2 and some special cases with
N = 3) the N-body problem can be solved analytically. For a larger number of
particles, the solution has to be found numerically and gravitational dynamics or
N-body codes need to be involved.

We use an N-body code to evolve the stellar dynamics because we want to follow
in detail the dynamical evolution of the protostars, i.e. their position, velocity,
mass, etc. step by step.

2.4.2 Ph4 Code

Ph4 is a 4th order Hermite predictor-corrector (Makino and Aarseth, 1992) N-body
code, compatible with GPU acceleration and written in C++. The Hermite scheme
is based on Hermite interpolation with a predictor-corrector scenario. This means
with an extrapolation of the equations of motion, we get a predicted position and
velocity at some time; then with this information we calculate new accelerations,
and finally we do a correction of the predicted values using interpolation, based
on finite difference terms.

In the Hermite Individual Timestep Scheme each particle i has its own time (ti),
timestep (∆ti), position (ri,0) and velocity (vi) at time ti, and acceleration (ai)

and time derivative of acceleration (ȧi) calculated at time ti. The acceleration
and its time derivative for each particle due to all other particles are given by:

a0,i =
N∑
j ̸=i

G
mj

r3ij
rij, (2.4.2)
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ȧ0,i =
N∑
j ̸=i

Gmj

[
vij
r3ij

+
3(rij · vij)rij

r5ij

]
, (2.4.3)

where G is the gravitational constant, mj the mass of the jth particle, where
rij = rj − ri and vij = vj − vi.

The integration is done based on the following steps:

(a) Select particles i with a minimum ti +∆ti.

(b) Predict the positions and the velocities of all particles at time t using
r, v, a and ȧ.

(c) Calculate the acceleration (ai) and it’s time derivative (ȧi) for particle
i at time t, using the predicted positions and velocities.

(d) Calculate a
(2)
i and a

(3)
i using a Hermite interpolation based on a and

ȧ, then add the corrections to the position and velocity of particle i.
Calculate the new timestep and update ti.

(e) Go back to step a).

Then we predict the positions and velocities of all particles. These predicted
values are obtained from the Taylor expansion

rp,i = ri + (t− ti)vi +
(t− ti)

2

2
ai +

(t− ti)
3

6
ȧi, (2.4.4)

vp,i = vi + (t− ti)ai +
(t− ti)

2

2
ȧi. (2.4.5)

Now using the positions and velocities predicted by Equations 2.4.4 and 2.4.5 we
obtain the accelerations ai and its derivatives for the particles i using equations
2.4.2 and 2.4.3 incorporing a softening parameter ϵ,

ai =
N∑
j ̸=i

Gmj
rij

(r2ij + ϵ2)3/2
, (2.4.6)

ȧi =
N∑
j ̸=i

Gmj

[
vij

(r2ij + ϵ2)3/2
+

3(rij · vij)rij
(r2ij + ϵ2)5/2

]
, (2.4.7)



2.4. Gravity 41

where

rij = rp,j − rp,i, (2.4.8)

vij = vp,j − vp,i. (2.4.9)

The corrector is based on the third-order Hermite interpolation constructed using
a and ȧ at times ti and ti+∆ti. The third-order Hermite interpolation polynomials
for the acceleration terms are expressed as:

ai = a0,i + ȧ0,i∆ti +
∆t2i
2

a
(2)
0,i +

∆t3i
6

a
(3)
0,i , (2.4.10)

ȧi = ȧ0,i + a
(2)
0,i∆ti +

∆t2i
2

a
(3)
0,i , (2.4.11)

where ∆t = t− ti, a0 and ȧ0 are the acceleration and its derivative calculated at
time ti. We don’t know the derivatives a(2)0,i and a

(3)
0,i , therefore we cannot calculate

the accelerations directly from the positions and velocities. However with the
equations 2.4.2 and 2.4.3 we can calculate ap,i and ȧp,i using the predicted values
of rp,i and vp,i calculated from the initial values using the equations 2.4.4 and
2.4.5. When we have ap,i and ȧp,i we replace them in Equation 2.4.10 and have

a
(2)
0,i =

−6(a0,i − ap,i)−∆ti(4ȧ0,i + 2ȧp,i)

∆t2i
, (2.4.12)

a
(3)
0,i =

12(a0,i − ap,i) + 6∆ti(ȧ0,i + ȧp,i)

∆t3i
, (2.4.13)

where ap,i and ȧp,i are the acceleration and its derivative at time ti +∆ti. Now
if we extend the equations 2.4.4 and 2.4.5 by two more orders we have the
correction formulae for the position and velocity,

r1,i = rp,i +
∆t4i
24

a
(2)
0,i +

∆t5i
120

a
(3)
0,i , (2.4.14)
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v1,i = vp,i +
∆t3i
6

a
(2)
0,i +

∆t4i
24

a
(3)
0,i . (2.4.15)

Now, we need to calculate the next timestep for particle i. It is calculated with
the standard formula (Aarseth, 1985)

∆ti =

√√√√η
|a1,i||a(2)1,i |+ |ȧ1,i|2

|ȧ1,i||a(3)1,i |+ |a(2)1,i |2
, (2.4.16)

where η is a dimensionless accuracy parameter which controls the error. The
timestep is proportional to √

η and the integration error is expected to be
proportional to η2. The values of a1,i and ȧ1,i are already known, the value
a
(3)
1,i is the same as that of a(3)0,i , because it was used in the third-order interpolation.

The second-order derivative, a(2)1,i is given by:

a
(2)
1,i = a

(2)
0,i +∆tia

(3)
0,i . (2.4.17)

The choice of the timestep in N-body simulations is very important, because if we
allow the timestep to change in time it can offer a great saving in computational
cost, but variable-size time steps usually imply a substantial degradation in energy
conservation. Hut et al. (1995) present a ’meta-algorithm’ for choosing time steps
in such a way as to guarantee time symmetry in any integration scheme, thus
allowing improve energy conservation for orbital calculations with variable time
step.

2.4.2.1 The Ahmad-Cohen scheme

In particle codes we generally have to find a balance between precision and
computational cost, thus even if the code can reach high precision in the calculation
of the positions and velocities of the particles, the full calculation of ai (2.4.6) and
ȧi (2.4.7) for each particle due to the contribution of all the other particles is very
time-consuming, especially if the simulations have a large N.

Therefore we need a method to speed up this calculation while maintaining the
collisional approach. The Ahmad-Cohen scheme (ACS) is used in ph4 to solve this
problem. The main idea of the ACS is that the gravitational force on a particle
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is divided into two components, one from its neighbors (an) and the other from
distant (ad) particles:

ai = ai,n + ai,d. (2.4.18)

2.5 Sink particles

Star formation can occur through different processes and in different scenarios
that are generally related to binary or multiple systems (Duquennoy and Mayor,
1991). A complete theory of star formation must account for the formation of
binary and multiple systems. On the other hand, to obtain the most important
aspects of the interactions between protostars and their neighbors, it is necessary
to sacrifice the internal details of the protostars. Fragmentation is a possible
mechanism to explain the formation of most binary systems, where a large number
of calculations concentrates on the isothermal collapse of low-mass molecular cloud
cores, as well as in cases of fragmentation of spherical clouds, collapse of elongated
clouds and protostellar disc. Often such calculations are forced to stop after the
formation of fragments, since the time-step to follow the evolution becomes very
small. As fragments typically contain a small percentage of the cloud mass, it
becomes impossible to compare the results of fragmentation calculations with
observations, since the final properties of the binaries will depend on the accretion
or the interaction with the rest of the cloud material (see Bate et al. (1995)). To
solve the timestep problem and to study the fragmentation of the SPH cloud,
a non-gaseous, accreting particle was introduced, allowing a cloud to collapse
beyond fragmentation. This is called a ’Sink Particle’.

The sink particles were first developed by Bate et al. (1995) to follow fragmentation
using smoothed particle hydrodynamics (SPH). The main idea was to follow the
fragmentation of a gas cloud for a longer time, since in the SPH method the
collapse and fragmentation generates high-density zones that are represented by
many particles with a small spacial separation. The main problem is that regions
of high density require small time-steps, making the simulation time very long,
limiting the time for which we can continue the simulation. So we never can resolve
the fragmentation of the cloud and compare it with the stellar system. A solution
is to replace these high density zones with a single particle that only interacts
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gravitationally with the gas. Since we are not interested in the internal properties
of the protostars, the SPH particles in a very dense zone are replaced by a sink
paricle, which has the combined mass of the SPH particles, linear momentum and
the spin of the particles it replaces. The typical sink particles are mass-points with
an accretion radius racc, which determines the limit at which an SPH particle is
considered to be accreted or not. Incorporating sink particles in an SPH method
is relatively simple given the Lagrangian nature of SPH, so to incorporate sink
particles we need:

• A method of accreting infalling gas.

• A method for the dynamic creation when a protostellar fragmentation is
created.

• Boundary conditions between the sink particles and the neighboring SPH
particles.

The correct implementation of these boundary conditions is very important as
ideally the sink particle should not affect the gas evolution outside the accretion
radius. One effect is that a non-spherical gravitational potential is replaced by
a spherical-point-mass potential, although this should only cause small changes.
More important is the effect of the discontinuity in the number of particles across
the accretion radius due to particles inside being accreted, because this affects
the pressure and viscosity forces of the SPH particles outside (see section 2.2.3
in Bate et al. (1995) and the sections ’THE OldSink ALGORITHM’ and ’THE
UrSink ALGORITHM’ in Hubber et al. (2013) ).

Fig. 2.5.1 demonstrates the importance of boundary conditions for the correct
implementation of sink particles in SPH simulations. It is observed that the
volume of the SPH particle near the boundary has an area with missing neighbors
(side 1) and another unaffected area (side 2). This causes need for larger smoothing
lengths for SPH particles near the boundary, to keep ≈ 50 neighbor SPH particles.
The properties of the SPH particles near the boundary (such as density) are
underestimated due to the missing neighbors on side 1. The SPH particles near
the boundary will be attracted to the accretion hole due to the null pressure from
the missing SPH particles. And the standard SPH artificial viscosity suffers from
bulk and shear viscosity components.

In this work we used the sink algorithm for the creation and evolution of sink
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Figure 2.5.1: Configuration of a SPH particle near the acretion radius of a sink
particle. The volume that contains SPH particles is shaded, and the white volume
is the inside of the acretion radius contains no gas particles. From Bate et al.
(1995).

particles in SPH simulations proposed by Hubber et al. (2013), where some
important aspects are: (i) It avoids the spurious creation of sinks. (ii) It regulates
the accretion of matter onto a sink so as to mitigate non-physical perturbations
in the vicinity of the sink. (iii) When the sink accretes matter the associated
angular momentum is returned to the surrounding medium. In the next section
we will explain the accretion method for sinks and later the creation method will
be explained.

2.5.1 Sink accretion

The force F (x) on a particle of mass ms at position x is generated by the
gravitational attraction of a mass distribution ρ(x′). With Newton’s inverse-
square law of gravitation, it may be obtained by summing the small contributions

δF (x) = Gms
x′ − x

|x′ − x|3
δm(x′) = Gms

x′ − x

|x′ − x|3
ρ(x′)d3x′ (2.5.1)

to the overall force from each element of a volume d3x′ located at x′. Thus the
force per unit mass is given as
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F (x) = msg(x), (2.5.2)

where the gravitational field is

g(x) ≡ G

∫
d3x′ x′ − x

|x′ − x|3
ρ(x′). (2.5.3)

If we define the gravitational potential Φ(x) by

Φ(x) ≡ −G

∫
d3x′ ρ(x′)

|x′ − x|
ρ(x′), (2.5.4)

and using

∇x

(
1

|x′ − x|

)
=

x′ − x

|x′ − x|3
, (2.5.5)

we may write g(x) as

g(x) = ∇x

∫
d3x′ Gρ(x′)

|x′ − x|
= −∇Φ. (2.5.6)

Now if we take the divergence of Equation 2.5.3 we have

∇ · g(x) = −Gρ(x)

∫
d2Ω = −4πGρ(x), (2.5.7)

and substituting g(x) with the equation 2.5.6, we obtain Possion’s equation relating
the potential Φ to the density ρ:

∇2Φ = 4πGρ. (2.5.8)

Integrating both sides of Equation 2.5.8 over an arbitrary volume containing total
mass M , and applying the divergence theorem, we obtain

4πGM = 4πG

∫
d3xρ =

∫
d3x∇2Φ =

∫
d2S · ∇Φ. (2.5.9)
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We used Gauss’s theorem, which states that the integral of the normal component
of ∇Φ over any closed surface equals 4πG times the mass contained within that
surface.

2.5.1.1 Timescale for spherically symmetric radial accretion

For spherical systems we have a mass of

M(r) = 4π

∫ r

0

dr′r′2ρ(r′), (2.5.10)

where the total gravitational potential may be considered to be the sum of the
potentials of spherical shells of mass

dM(r) = 4πρ(r)r2dr, (2.5.11)

so the rate at which mass flows inwards across a spherical surface at radius r is

Ṁ(r) = −4πr2ρ(r)vRAD(r). (2.5.12)

Now for an SPH implementation at the position of an SPH particle j in the
interaction-zone of sink particle s, we can rewrite vectorially

r2 = r2js = |∆rjs|∆rjs (2.5.13)

and for all the components we have

Ṁj = −4π|∆rjs|∆rjs ·∆vjsρ(r). (2.5.14)

The time scale for radial accretion is obtained by dividing the total mass of the
SPH particles in the interaction zone by a weighted sum of the inflow rates, thus:

⟨tRAD⟩s =
∑
j

Mj

Ṁj

, (2.5.15)
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⟨tRAD⟩s =
∑

j{mj}w
4π
∑

j{|∆rjs|∆rjs ·∆vjsmjW (|∆rjs|, Hs)}
, (2.5.16)

where W is the kernel funtion. The smoothing length of the sink Hs is adjusted
so that the extent of the kernel function equals Rs, and w ensures that the sum is
accurately normalised,

w =
∑
j

{mjW (|∆rjs|, Hs)/ρj}. (2.5.17)

2.5.1.2 Timescale for disc accretion

The model for disc accretion is based on the Shakura and Sunyaev (1973)
prescription, which parameterizes all possible mechanisms of angular momentum
transport with a single variable, αss. For a low-mass disc with a star of mass M∗,
the accretion timescale at radius R is

tDISC ∼ α−1
ss (GM∗R)1/2a−2 , (2.5.18)

with a the local sound speed and with the kernel-weighted mean over all the SPH
particles in the interaction-zone,

⟨tDISC⟩ =
(GMs)

1/2

αSS

∑
j

{
|∆rjs|1/2

a2j

}
, (2.5.19)

⟨tDISC⟩ =
(GMs)

1/2

αSSw

∑
j

{
|∆rjs|1/2mjW (|∆rjs|, Hs)

ρja2j

}
. (2.5.20)

Note that the index j denotes the SPH particles in the interaction zone. From
theoretical (Hartmann, 1998) and observational (Forgan et al., 2011) estimates
of the accretion disk it is suggested that αSS ≈ 0.01 as a default value, but with
large uncertainties.

2.5.1.3 Net timescale for accretions models

In the model proposed by Hubber et al. (2013) the equation for the calculation of
the timescale for the accumulation of mass that gives the correct limiting behavior
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is

tACC = ⟨tRAD⟩(1−f)
s ⟨tDISC⟩fs . (2.5.21)

If the SPH particles inside the sink are in rotational equilibrium, the accretion
timescale takes the form tACC → ⟨tDISC⟩s. If they are not rotating at all, tACC →
⟨tRAD⟩s. f has the following form

f = MIN

{
2EROT

|EGRAV |
, 1

}
, (2.5.22)

with EROT the net rotational energy and EGRAV the net gravitational energy of
the SPH particles in the interaction-zone relative to the sink particle s. Then
from the definition of rotational energy we have

EROT =
1

2
Iω2

=
1

2

I2ω2

mr2

=
1

2

I4ω4

mr2I2ω2

=
1

2

I4ω4

m|r · Iω|2
.

(2.5.23)

Writing the rotational energy for all SPH particles in the interaction-zone of a
point-mass s,

EROT =
∑
j

|Ijωjs|4

2mj|∆rjs · Ijωjs|2
, (2.5.24)

where

LINT =
∑
j

Ijωjs =
∑
j

{mj∆rjs ×∆vjs}, (2.5.25)

with LINT the net angular momentum of the gas particles in the interaction-zone
relative to the sink particle, i.e.
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EROT =
|LINT |4

2
∑

j{mj|∆rjs · LINT |2}
. (2.5.26)

Now we can derive the gravitational energy from the Lagrangian formulation,
where the self-gravitating gas is given by

L =
N∑
j=1

mj

(
1

2
v2j − Φj − uj

)
, (2.5.27)

with Φ the gravitational potential and u the thermal energy per unit mass. Now
from the gravitational part of the Lagrangian we can derive an adaptive softening
length formalism

Lgrav = −
∑
j

mjΦj, (2.5.28)

where from Dehnen (2001) we adopt a general formulation for force softening.
Then the modified gravitational potential per unit mass is

Φ(r) = −G
N∑
j=1

mjϕ(|r − rj|, h), (2.5.29)

therefore we can write the gravitational part of the Lagrangian as

Lgrav = −G

2

∑
j

∑
j′ ̸=j

mjmj′ϕ(|rj − rj′|, hj). (2.5.30)

Now swapping indices in the double summation, we have

ϕ(|rj − rj′ |, hj) =
ϕ(|rj − rj′|, hj) + ϕ(|rj − rj′ |, hj)

2

=
ϕ(|rj − rj′|, hj) + ϕ(|rj′ − rj|, hj′)

2
,

(2.5.31)

and we have the equivalent to the averaging of the softening kernels in the
Lagrangian with the form
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Lgrav = −G

2

∑
j

∑
j′ ̸=j

mjmj′

{
ϕ(|rj − rj′|, hj) + ϕ(|rj′ − rj|, hj′)

2

}
, (2.5.32)

with |rj − rj′ | = |rj′ − rj| = |∆rjj′|, so

Lgrav = −G

4

∑
j

∑
j′ ̸=j

mjmj′ {ϕ(|∆rjj′|, hj) + ϕ(|∆rjj′ |, hj′)} . (2.5.33)

We also need the gravitational energy from the interaction of the sink particles
with the SPH particles, so we can do a similar procedure to calculate its potential
and incorporate it into the total gravitational energy. The gravitational part of
the Lagrangian of the interaction between the SPH and the sink is given by

Lgrav = −G
∑
j

Msmjϕ(rj − rs, hj)

= −GMs

∑
j

mjϕ(rj − rs, hj)

= −GMs

∑
j

mj

{
ϕ(|rj − rs|, hj) + ϕ(|rs − rj|, Hs)

2

}
= −GMs

∑
j

mj

{
ϕ(|∆rjs|, hj) + ϕ(|∆rjs|, Hs)

2

}
= −GMs

2

∑
j

mj {ϕ(|∆rjs|, hj) + ϕ(|∆rjs|, Hs)} ,

(2.5.34)

so the gravitational energy can be written as

EGRAV =
GMs

2

∑
j

mj {ϕ(|∆rjs|, hj) + ϕ(|∆rjs|, Hs)}

+
G

4

∑
j

∑
j′ ̸=j

mjmj′ {ϕ(|∆rjj′|, hj) + ϕ(|∆rjj′|, hj′)} , (2.5.35)

where the relative distance of the particles and the smoothing length are usually
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included in the kernel function as |∆rjj′ |
hj

. The gravitational energy becomes

EGRAV =
GMs

2

∑
j

mj

{
ϕ

(
|∆rjs|
Hs

)
+ ϕ

(
|∆rjs|
hj

)}
+

G

4

∑
j

∑
j′ ̸=j

mjmj′

{
ϕ

(
|∆rjj′ |
hj

)
+ ϕ

(
|∆rjj′ |
hj′

)}
. (2.5.36)

Taking into account the continuous density field, the softening kernel for the
gravitational potential in the lagrangian for the self-gravity of the SPH is given
by the gravitational potential kernel ϕ (Price and Monaghan, 2007):

ϕ(r, h) = 4π

(
−1

r

∫ r

0

W (r′, h)r′2dr′ +

∫ r

0

W (r′, h)r′dr′ −
∫ rmax

0

W (r′, h)r′dr′
)
,

(2.5.37)

where the last term is the constant of integration, determined by ϕ → 0 as r → ∞.

2.5.2 Sink update

To update the different properties of the sink particles at the end of the timestep
δt, such as mass Ms, position rs, velocity vs and angular momentum Ls, we take
into account the accretion, so the updated mass is

M ′
s = Ms +

∑
j

δmj, (2.5.38)

the updated position is

r′s = M
′−1
s

(
Msrs +

∑
j

δmjrj

)
, (2.5.39)

the updated velocity is

v′s = M
′−1
s

(
Msvs +

∑
j

δmjvj

)
, (2.5.40)



2.5. Sink particles 53

and the updated angular momentum is

L′
s = Ls +Ms∆rss′ ×∆vss′ +

∑
j

δmj∆rjs′ ×∆vjs′ . (2.5.41)

These are the updated values of the properties of the sink particles, and j is
the sum for all SPH particles in the interaction zone that lose mass δmj to the
point-mass. If the mass of an SPH particle is zero, it is completely removed from
the set of particles.

2.5.3 Angular momentum feedback from a sink particle

Normaly the standard sink particles in SPH simulations adopt all the angular
momentum from the SPH particles that are accreted, so the sink would spin so fast
that it could not reach stellar densities. The standard sink particles are unrealistic
in this respect, because they are sinks of both mass and angular momentum. In
a more realistic model, material flowing toward a protostar with high angular
momentum first falls onto an accretion disk and then continues spiraling inward,
transferring the bulk of its angular momentum to material further out in the disk.

Therefore, to try to simulate this more realistic behavior, an angular momentum
feedback from the sink particles to the SPH particles is incorporated following
Hubber et al. (2013). This is achieved by reducing the angular momentum of
the sink particle, transferring part of it to the SPH particles in the surrounding
interaction zone. Since the transfer of angular momentum is assumed to be
through viscous torques in an accretion disk, the amount of angular momentum
transferred is given by

|δLs| = |Ls|
{
1− exp

(
− δts
tDISC

)}
, (2.5.42)

where each SPH particle j receives a velocity impulse in the interaction-zone of
s. From the angular momentum conservation between the sink particle and one
SPH particle, we have
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Ls = Lj,

∆rjs × ps = ∆rjs × pj,

|∆rjs||ps| sin(θs) = |∆rjs||pj| sin(θj),

||∆rjs||ps| sin(θ)| = ||∆rjs||pj| sin(θ)|,

|δLs| = ||∆rjs||mjδvj| sin(θ)|,

|δvj| =
|δLs|

|∆rjsmj sin(θ)|
,

|δvj| =
|δLs||Ls||∆rjs|

|∆rjsmj sin(θ)||Ls||∆rjs|
,

|δvj| =
|δLs||Ls||∆rjs|

|mj∆rjs(Ls ×∆rjs)|
,

|δvj| =
|δLs||Ls||∆rjs| sin(θs)

|mj∆rjs(Ls ×∆rjs)| sin(θs)
,

δvj =
|δLs|Ls ×∆rjs

|mj∆rjs × Ls ×∆rjs|
.

(2.5.43)

Now for all SPH particles in the interaction-zone,

δvj =
|δLs|Ls ×∆rjs

|
∑

j{mj∆rjs × Ls ×∆rjs}|
. (2.5.44)

This velocity impulse is proportional to the distance of the SPH particles from the
rotation axis of the point-mass. As the momentum and angular momentum have
to be conserved, to compensate the impulses of velocity, the point-mass receives
impulses of momentum and angular momentum corresponding to

δvs = −M−1
s

∑
j

{mjδvj}, (2.5.45)

δLs = −
∑
j

{mj∆rjs × δvj}. (2.5.46)

Since angular momentum is accurately conserved, the amount of angular
momentum acquired by the spin of the point-mass is small, because it is
transferred to the SPH particles within the interaction zone. This ensures that
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the implemented model is not an angular momentum sink.

2.5.4 Stellar collisions

To solve the collisions between two protostars we adopt the sticky-sphere
approximation, which means that a collision occurs when the separation d between
two stars is smaller than the sum of the radii of the stars (Rmin ⩽ R1 +R2). So,
when this condition is satisfied, we replace the two colliding stars by a single
object at their center of mass.

In first instance we don’t consider a mass loss, so we assume that during the
collision the total mass is conserved, therefore we will add both masses linearly
and the mass of the new single object is

mnew = m1 +m2. (2.5.47)

We assume that the new object reaches a new internal equilibrium, in which the
density corresponds to that of an unperturbed star of the same mass.

The different properties of the new star are inherited from its colliding parents,
where the new position and velocity are the center of mass of the colliding stars,
so

r⃗new =
m1 · r⃗1 +m2 · r⃗2

m1 +m2

, (2.5.48)

v⃗new =
m1 · v⃗1 +m2 · v⃗2

m1 +m2

. (2.5.49)

We also consider that there is conservation of angular momentum in each of its
components, so L⃗new follows the equation,

L⃗new = L⃗1 + L⃗2 . (2.5.50)

We assume that the properties of the NewSink routine that the new sink inherits,
such as the interaction radius and the accretion rate, are equal to the maximum
of the two colliding protostars, i.e.
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Rint,new = MAX(Rint,1, Rint,2), (2.5.51)

ṁnew = MAX(ṁ1, ṁ2). (2.5.52)

Once the mass and accretion rate of the new sink particles have been updated,
we calculate their radius through the Hosokawa parameterization, which we will
describe in the next section.

2.5.5 The Mass-Radius Parametrization

If in the process of collapse of a primordial molecular cloud an SMS was formed,
it inevitablely had to collapse into a very massive black hole (BH) initiated
by the general relativistic (GR) instability. Then these could grow further via
subsequent mass accretion and mergers (Wiklind et al., 2012), and finally become
a SMBH. Bromm et al. (2009) argue that SMS development should be understood
in the context of primordial star formation; additionally, theoretical works analyze
how massive these primordial stars are, through the late evolutionary stages
of protostar mass accretion. The first stars are most likely to be less massive
than 103 M⊙. But, on the other hand, SMSs with M∗ >> 103 M⊙ could form
through a non-standard mode of primordial star formation, one example being the
suppression of H2 molecule formation, leading to a near-isothermal collapse of a
primordial cloud due to the cooling of atomic hydrogen, leading to the formation
of a SMS via either spherical infall or through disks. The evolution of accreting
SMSs is fundamental for understanding their formation process, because the final
mass of the SMS depends of its evolution before the rapid mass accretion stops.
Therefore it is very important to study the evolution of primordial stars growing
under rapid mass accretion.

To characterize the primordial stars growing under rapid mass accretion we derive
a mass-radius parameterization based on Hosokawa and Omukai (2009); Hosokawa
et al. (2012, 2013). To simplify the calculation of the properties of protostars we
classify them into three different tracks depending on their accretion rate ṁ, these
are ’SMS’, ’VMS’ and ’NORMAL’. Initially all protostars start in the protostar
state and we will describe each track below.
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2.5.5.1 PROTOSTAR STAGE

2.5.5.1.1 ’SMS’ Track Any protostar over a critical accretion rate falls
within this regime, where the radius of the ’SMS’ is very large and increases
monotonically with the stellar mass. It is determinated for the critical acretion
rate ṁcrit = 0.04 M⊙yr

−1 from Hosokawa et al. (2013). Therefore for every
protostar in the ’SMS’ track the radius is

R∗ = 2600

(
M∗

100M⊙

)1/2

R⊙. (2.5.53)

From Sakurai et al. (2015); Schleicher et al. (2013), who studied the evolution of
such an ’SMS’ growing by rapid mass accretion, the protostars will follow this
mass-radius relationship until the accretion rate ṁ is below ṁcrit for more than
100 KH timescales, where the KH timescale is

tKH =
GM2

RL
, (2.5.54)

with M the mass, R the radius and L the luminosity of the protostars. In the
equations we can see that to calculate the KH timescale of the protostars we need
the luminosity. From Hosokawa and Omukai (2009) we have a parametrization of
the luminosity in different mass ranges. The luminosity is estimated as follows as
long as the mass is ≤ 10 M⊙,

L∗ = 0.6L⊙

(
M∗

M⊙

)11/2(
R∗

R⊙

)−1/2

. (2.5.55)

For M∗ > 10 M⊙, the luminosity is given by:

L∗ = 10L⊙

(
M∗

M⊙

)3

. (2.5.56)

For M∗ > 70 M⊙, the luminosity approaches the Eddington limit in the following
manner:

L∗ = 3.8× 106L⊙

(
M∗

100M⊙

)
. (2.5.57)



58 2.5. Sink particles

After reaching a mass of 600 M⊙, the protostar enters the supermassive star
stage. Note that if the accretion rate ṁ of a protostar in the ’SMS’ track is below
ṁcrit for more than 100 KH timescales, the protostar will enter a new evolutionary
track based on its previous ṁ. From Sakurai et al. (2015) the time during which
a ’SMS’ protostar remains inflated after its accretion rate falls below Ṁcrit can
vary between 10− 100 KH timescales. We consider the most optimistic scenario
adopting 100 KH timescales.

2.5.5.1.2 ’VMS’ Track We consider a protostar to be in the ’VMS’ track,
as long as its accretion rate is within the range 10−6 ≤ ṁ < 0.04 M⊙yr

−1. To
characterize this track we use three phases which were described by Hosokawa
and Omukai (2009), the adiabatic accretion phase, the swelling, and the Kelvin
Helmholtz contraction. First the adiabatic accretion phase holds as long as the
mass of the protostar is ≤ mad which is given by:

mad = 0.9

[(
ṁ

4.2× 10−8 M⊙yr−1

)(
ṁ

10−3 M⊙yr−1

)−0.41/2
]2/9.27

. (2.5.58)

For the luminosity in this phase we use Equation 2.5.55 again, and the radius is

R∗ = 26

(
M∗

M⊙

)0.27(
ṁ

10−3 M⊙yr−1

)0.41

R⊙. (2.5.59)

To describe the swelling phase and the Kelvin Helmholtz contraction phase it is
useful to define two parameters α and β as:

α = 26

(
mad

M⊙

)−4.73(
ṁ

10−3 M⊙yr−1

)0.41

, (2.5.60)

β = α

(
1.2

mad

M⊙

)7.5

. (2.5.61)

Protostars with masses between mad ≤ m < 1.2mad are in the swelling phase.
The luminosity in this phase is determined by Equation 2.5.55 and the radius is
determinated as



2.5. Sink particles 59

R∗ = α

(
M∗

M⊙

)5

R⊙. (2.5.62)

For the Kelvin Helmholtz contraction phase it is useful to define a new parameter
of mass, mms, for which we can define a range of masses where the protostar is in
the Kelvin Helmholtz contraction,

mms =

(
β

0.97

)1/3.07

. (2.5.63)

So, a protostar is in the Kelvin Helmholtz contraction if its mass is in the range
1.2mad ≤ m < mms. The luminosity is given by Equation 2.5.56 and the radius by

R∗ = β

(
M∗

M⊙

)−2.5

R⊙. (2.5.64)

A protostar in the ’VMS’ track enters the star stage if its mass is greater than
mms. If a protostars in the ’VMS’ track has an accretion rate ṁ of less than
106 M⊙yr

−1 for more than a KH timescale, the protostar will enter the ’NORMAL’
track.

2.5.5.1.3 "NORMAL" Track If a protostar has an acretion rate ṁ <

10−6 M⊙yr
−1 it is on the ’NORMAL’ track. The luminosity is determined by

Equation 2.5.55 as long as the mass is less than 0.8 M⊙, and the radius is given by

R∗ = 0.86

(
M∗

M⊙

)0.27

R⊙. (2.5.65)

Therefore if the mass is ≥ 0.8 M⊙ the protostar enters the star stage. When
a sink particle is in the protostar stage, it has the ability to switch between
the three tracks mentioned above. In the evolution of the M-R relationship for
the protostar there are processes that are more relevant than others, therefore
there is a hierarchy, where the ’SMS’ track is in the highest hierarchy and the
’NORMAL’ track in the lowest hierarchy. If the accretion rate ṁ is high enough,
a protostar can move to a higher hierarchy track; however, it can only move to
a lower hierarchy track if the accretion rate ṁ remains lower than the critical
accretion rate, ṁcrit, for the current track for a time longer than a KH timescale
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or 100 KH timescales for protostars in the ’SMS’ track.

2.5.5.2 STAR STAGE

We calculate the radius and luminosity of a particle in the star stage adopting
the properties of a star on the main sequence. Therefore from Equation 2.5.57 we
have the luminosity and the radius determined as:

R∗ = 0.97

(
M∗

M⊙

)0.57

R⊙. (2.5.66)

In this routine we assume that a particle in the star stage will not expand in radius
even if the accretion rate is ṁ ≥ 0.04 M⊙yr

−1, therefore a star stage particle will
always have the same M-R relationship.

2.5.5.3 SUPERMASSIVE STAR STAGE

When a particle is in the supermassive star stage, we get the luminosity from
Equation 2.5.57 and the radius is given by Equation 2.5.53. Note that it is not
necessary for a particle to always be in the supermassive star state, since it can
still contract if the accretion rate falls below the critical accretion rate during time
scales greater than 100 KH. So the particle would change from a supermassive
star state to a star state.
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Chapter 3

Development of the Setup

3.1 Previous steps for the implementation

To explore the formation of supermassive black holes through the hybrid pathway
via mergers and accretion we need to extend the domains of the codes beyond
their limits. Even though AMUSE is very versatile, it presents problems when
trying to solve the proposed scenarios in this study. For this reason we believe it
is important to detail the intermediate steps in the development of the model.

3.2 Initial temperature

One of the objectives in this study is to analyze the collapse of an isothermal gas
cloud at different temperatures, corresponding to different efficiencies of cooling.
As we use an isothermal equation of state, it is necessary to change the initial
temperature to model the collapse under different assumptions for the cooling.
While in the Fi code it is possible to change the initial temperature easily, in
the version implemented within AMUSE it cannot be done directly. So we need
to apply alternative ways to change the initial temperature of the gas. From
thermodynamics we know that for a gas the thermal energy is directly related to
the initial temperature through the following equation:

u =
kBTinit

(γ − 1)µ
, (3.2.1)
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where u is the thermal energy of the SPH particles, k is the Boltzmann constant,
Tinit the initial temperature, γ the adiabatic index (as we are simulating a
monoatomic gas γ = 5/3) and µ the mean molecular weight, assumes 75%
mass in H and 25% mass in He.

T_ini=8.e3 |units.K

gamma=5./3.

meanmwt=1.23 |units.amu

gas.u=constants.kB*T_ini/((gamma-1.)*meanmwt)

Now through Equation 3.2.1 we can consistently change the initial temperature of
the SPH particles from the initial conditions.

3.3 External pressure

In physics and science in general, the boundary conditions are very important for
the self-consistency of the methods. Unfortunately the Fi version within AMUSE
does not have its full capabilities, so some modifications must be made to ensure
the consistency of the code. Particularly we initially had problems with the
external pressure in the gas cloud. So for the external pressure implementation to
work within the code some adjustments must be made. Initially, the gas cloud
expands because the pressure outside the cloud is not high enough, causing an
outward pressure gradient (see Fig. 3.3.1).

To reverse this, some modifications must be made to the momentum equation
within the code, then from the phase space evolution of particle i which is given
by Euler’s equation,

dri
dt

= vi , (3.3.1)

we have the momentum equation

dvi
dt

= − 1

ρi
∇Pi + avisci −∇Φi, (3.3.2)

where Φi, is the gravitational potential, avisci , the artificial viscosity and Pi is the
pressure. For the implementation of the external pressure we are only interested
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Figure 3.3.1: Different snapshots for the time evolution of the gas cloud density
with a mass of M = 3 × 104 M⊙ and radius R = 0.14 pc, without the external
pressure implementation. The red arrows represent the gas velocity field.
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in the first term, so for simplicity it can be written as:

dvi
dt

= −
Ni∑
j=1

mj

(
Pi

ρ2i
+

Pj

ρ2j

)
∇iW (rij,hij

),

= −
Ni∑
j=1

mj

(
Pi

ρ2i
∇iW (rij,hi

) +
Pj

ρ2j
∇iW (rij,hj

)

)
,

= −
Ni∑
j=1

mj

(
c2s
γρi

∇iW (rij,hi
) +

c2s
γρj

∇iW (rij,hj
)

)
.

(3.3.3)

Now adding an external pressure term Pext of the form Pext/ρ
2, Equation 3.3.3

becomes

dvi
dt

= −
Ni∑
j=1

mj

([
c2s
γρi

− Pext

ρ2i

]
∇iW (rij,hi

) +

[
c2s
γρj

− Pext

ρ2j

]
∇iW (rij,hj

)

)
.

(3.3.4)

To calculate the external pressure, we go through the following steps:

• Make a simulation with the initial conditions for a short period of time
∼ 20 yr.

• Calculate the average pressure at the boundary of the simulated gas cloud
and convert it to code units.

• The script entdot.f90 inside the FI file must be modified (an example of the
path is: /home/amuse/src/amuse/community/fi/src/entdot.f90).

• in the file entdot.f90 the following equation must be changed three times,

aij=fi*lcsound**2/(gamma*lrho)*dwmass+ &

fnbi*csound(nb)**2/(gamma*rho(nb))*dwmass1

by the following modified equation,

aij=fi*(lcsound**2/(gamma*lrho) -p_ext/(lrho*lrho))*dwmass+ &

fnbi*(csound(nb)**2/(gamma*rho(nb)) -p_ext/(rho(nb)*rho(nb)))*dwmass1

where "p_ext" is the external pressure that was calculated earlier.
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Figure 3.3.2: Different snapshots for the time evolution of the gas cloud density
with a mass of M = 3×104 M⊙ and radius R = 0.14 pc, with the external pressure
implementation. The red arrows represent the gas velocity field.

• Finally, the FI code must be compiled.

3.4 High density limitation

One of the most important limitations of the numerical sciences today is the
ability to solve phenomena on different scales simultaneously. For example it is
very difficult to solve the dynamics of a star cluster and at the same time the
hydrodynamics inside them. Although the SPH method has many advantages, it
also has disadvantages such as to solve for the evolution in low density zones. On
the other hand at very high densities, the distance between the particles is very
small and therefore the calculation time is very extended.

Specifically in the most massive systems that we analyze in this work it is possible
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to reach very high gas densities, generally close to the most massive object in the
center of the system. Since the average density is approx. 1× 10−11 g/cm3 and
the densest zones reach approximately solar densities ( ∼ 1 g/cm3), the code tries
to resolve very different distance scales and it becomes extremely slow, making the
evolution of the system impossible. To solve this resolution problem we implement
two routines that we will explain next.

3.4.1 Adiabatic implementation

Initially the collapse of the gas cloud is modeled with an isothermal equation of
state, therefore the temperature remains constant while it collapses. An isothermic
state equation is:

PV = constant . (3.4.1)

As the collapse for an isothermic cloud is much faster than an adiabatic one, we
quickly reach high densities in the gas cloud, producing one of the main problems
within the SPH method, which is: to solve very high density systems. To reduce
the rapid collapse and give more time for the sink accretion, we implement a local
change from the isothermal state equation to an adiabatic equation of state,

PV γ = constant , (3.4.2)

where γ is the adiabatic index (γ = 5/3). Then for some critical density ρcrit

we can approximate the equation of state including a change from an isothermal
behavior to an adiabatic one. To incorporate this in the code, we must modify
the internal energy equation as follows:

u = u0

(
1 +

ρ

ρcrit

)γ−1

, (3.4.3)

where u0 is the initial internal energy, ρ the density of the SPH particles and
ρcrit the limit density to make the transition from an isothermal behavior to an
adiabatic one. For ρ < ρcrit the gas behaves isothermally and it is approximately
adiabatic for ρ ≥ ρcrit (see Fig. 3.4.1).
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Figure 3.4.1: Pressure vs Volume for an isothermic equation of state (red line),
an adiabatic state equation (green line) and an equation of state according to the
equation proposed in 3.4.3 for different densities (dashed lines).

The selection of the critical density ρcrit depends on the temperature, so we need
to have a critical density for a certain temperature T where the gas behaves
approximately adiabatic. For this we use the behavior for low metallicity (Z/H <

−5) in Omukai et al. (2005) shown in the Fig. 3.4.2.

To use this implementation in the code, the following steps must be followed:

• Tabulate the critical density ρcrit for a temperature T and pass it to code
units.

• With the temperature T calculate the internal energy u0 and pass it to code
units.

• The script ethstep.f90 in the FI file must be modified (an example of the
path is: /home/amuse/src/amuse/community/fi/src/ethstep.f90).

• Within the file ethstep.f90 the following equation must be commented (!)
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twice,

call exstepp(p,dt,eth,deth,drad,lerad,lhe,imax,jmax)

and add the following modified equation,

eth = u_0*(1. + (rho(p)/rho_crit)**gamma1)

where ’u_0’ is the internal energy and ’rho_crit’ is the critical density.

• Finally, the FI code must be compiled.

Figure 3.4.2: Temperature evolution of prestellar clouds with different
metallicities. The metallicities [Z/H] = −∞ (Z = 0),−5,−3,−1 and
−6,−4,−2, 0 are shown by solid and dashed lines. The lines for constant Jeans
mass are indicated by thin dotted lines. From Omukai et al. (2005).

3.4.2 Sink creation

As we already mentioned, a disadvantage of the SPH method is the treatment of
the zones of high and low density. One way to solve the problem of high densities
to model accretion and reduce the computational charge, is the implementation
of sink particles. Particularly if we want to follow the evolution of the system, we
need the creation of sink particles to be able to resolve the zones of high densities
that are reached due to the collapse and accretion of the gas. As we mentioned
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earlier in this study, we implemented the NewSink model proposed by Hubber
et al. (2013), where we employed four consistent criteria that allow us to model
the formation of new sink particles.

The basic idea in creating a new sink particle s is that it is triggered by an SPH
particle i with a smoothing length hi, which reaches a density limit ρsink. Once
this critical density is reached, the SPH particle is replaced by a new sink particle
s, with the same mass, position and velocity of the SPH particle i. The new
interaction radius of the new sink particle is calculated as

Rs = Xsinkhi , (3.4.4)

where Xsink is a user defined parameter which is chosen so that all neighbors of
the candidate SPH are accreted when the new sink particle is created. We choose
Xsink = 4, noting that with this choice we get a smoother accretion but coarser
resolution.

3.4.2.1 Density criterion

The first criterion for the formation of a new sink particle is that one SPH particle
i with a position ri and a density ρi ≡ ρSPH(ri) should exceed a user-defined
density threshold, ρsink , i.e.

ρi > ρsink , (3.4.5)

where we use the value ρsink ≥ 2−8 g cm−3 for the density threshold (Becerra
et al., 2018).

3.4.2.2 Sink-overlap criterion

The second criterion describes that for the formation of a new sink particle s,
the candidate SPH particle i that satisfies the first criterion must not be in
superposition or within of the interaction-zone of another pre-existing protostar
s′, i.e.

|ri − rs′ | > Xsinkhi +Rs′ , (3.4.6)
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where Rs′ and |ri − rs′ | are the radius of the candidate SPH and its distance from
the pre-existing protostar.

3.4.2.3 Gravitational potential minimum criterion

The third criterion is the condition that the gravitational potential ϕi, of the
candidate SPH particle i should be smaller than that of all its neighbors j, i.e the
particle is at a minimum of the gravitational potential.

ϕi < MIN{ϕj} . (3.4.7)

This criterion was introduced by Federrath et al. (2010), and ensures that the
new sink particles are only created near resolved potential minima and hence,
presumably, resolved density peaks.

3.4.2.4 Hill Sphere criterion

The fourth criterion says that all pre-existing sink particles s′ must satisfy the
Hill condition

ρi > ρHill ≡
3XHill(−∆ris′ ·∆ais′)

4πG|∆ris′ |2
, (3.4.8)

where ∆ais′ is the acceleration vector for the preexisting sinks s′ and XHill is a
user-defined parameter for which we use the default value XHill = 4. The condition
ensures that a potential new sink particle in a region where a sink particle already
exists in its center, but which is larger than the accretion radius of that sink for
example a condensation of a Kelvin-Helmholtz contraction, can only be formed
in the outskirts of the condensation if there is a local density peak at ri that
dominates the local gravitational field surrounding the potential new sink.

3.5 Setup

To explore the effects of how the gas-dynamics and star-dynamics affect the
evolution of a SMBH seed we model a star cluster inside of a compact gas cloud
in virial equilibrium. As we mentioned in the previous chapter the gas is modeled
consistently through SPH particles, with a total of 217 SPH particles per simulation.
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In all simulations the mass of the gas cloud is Mgas = 3× 104 M⊙, with a virial
radius of 0.14 pc . The protostars were simulated by sink particles that interact
only through gravity with themselves and with the gas. The initial sink particle
number is 256 and they all have masses of 0.1 M⊙, which are compatible with
protostar masses that emerged from atomic cooling halos (Becerra et al., 2015).
Both the protostars and the gas particles follow a plummer distribution (Plummer,
1911), with a half-mass radius of 0.1 pc and a cut-off radius of 5 Plummer radii for
each model. The initial velocity of the gas particles is zero and for the protostars
the velocities follow a virial equilibrium condition. We simulate isothermal gas
clouds with different temperatures and we assume a primordial composition of
75% atomic hydrogen and 25% helium. In the following table we summarize the
initial conditions for all simulations performed for this study.

NSPH Mtot,gas Rgas M0,gas T Nstar Mtot,star M0,star

[M⊙] [pc] [M⊙] [K] [M⊙] [M⊙]
217 3× 104 0.14 ∼ 0.23 300 256 25.6 0.1
217 3× 104 0.14 ∼ 0.23 500 256 25.6 0.1
217 3× 104 0.14 ∼ 0.23 1000 256 25.6 0.1
217 3× 104 0.14 ∼ 0.23 8000 256 25.6 0.1

Table 3.5.1: Summary of the initial conditions.

3.6 Computational resources

The simulations were performed on the hybrid cluster Kultrun hosted at the
Department of Astronomy at the University of Concepción, Chile. Kultrun
provides tools for analysis of observational data. Also Kultrun was built to
perform three-dimensional simulations of star-forming regions, black-holes, galaxy
formation and evolution including chemistry and microphysics. Kultrun is managed
via a system called SLURM and monitored via Ganglia.

In Kultrun we can find three queues with different architecture, number of
cores, and processors. All queues (MAPU, KO_SM and KUTRAL_AMD) have
SuperMicro components and it have the following components:

• 1 Headnode

• 1 Shared memory machine

• 18 INTEL Computing nodes
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• 2 AMD Computing nodes

• 1 Backup/Storage server

• 48 ports 10 GbE Switch

In this thesis we used the distributed memory cluster MAPU with 18 intel nodes
with a total of 576 cores, 64 GB RAM and 4 TB scratch space per node. Each
node has 2 x Intel 6130 (Xeon Gold) processors, 32 cores and 2.1 GHz.
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Chapter 4

Results

The main goal of our study is to understand the possibility of SMBH seed
formation through collisions and accretion. For this we perform simulations with
the conditions described in Table 3.5.1. Additionally we explore the evolution of
the gas cloud assuming cooling at different temperatures considering an isothermal
evolution.

In the same way, another objective of this study is to analyze which of the different
components (stellar-dynamical or gas-dynamical processes) of the system most
affect the formation of the most massive object (MMO) in the cluster and analyze
the mechanisms by which the MMO accumulates mass.

First we will show the results considering a cloud of warm gas, with only the
presence of hydrogen and later we show the simulations for colder gas clouds,
assuming the presence of molecular hydrogen.

4.1 Runaway collisions and accretion simulations

We first show the results of the evolution of simulations assuming a gas cloud only
with the presence of atomic hydrogen lines, with a temperature of T = 8000 K.
The simulation is stopped at approximately ∼ 35000 yr, because at this point
most of the gas has already been accreted and the creation of a supermassive
object at the center of the cluster is clearly established, which includes most of
the mass of the system.
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Figure 4.1.1: Density projections for simulations with an initial temperature of
8000 K at different times of a primordial gas cloud with an embedded protostar
cluster. The black dots are the protostars and the red dot is the MMO of the
cluster. The collapse of the gas cloud and the migration of the MMO towards the
cluster center are observed.

In Fig. 4.1.1 we show the evolution of one of our simulations in different snapshots
from left to right and from top to bottom. The gas is represented through a
density projection and the protostars through black dots. We clearly observe
an overdensity in the center of the cluster at the beginning, followed by a rapid
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collapse by the protostars, leading to the formation of an MMO in the center of
the cluster.

Table 4.1.1 shows an overview of the results obtained for our simulations with an
initial temperature of T = 8000 K. The mean final mass of the MMO at the end
of the simulation, calculated from several random simulations, is show in Table
4.1.1. The evolution of the clusters is very similar, and in all cases the formation
of a massive object is achieved. The value of the mean final mass for the most
massive central object at the end of the simulations is 29699.8 M⊙, corresponding
to ∼ 99% of the mass of the system. We see that most of the protostars collide
(∼ 95%), allowing for the formation of one or more massive objects.

ID MMMO ṁMMO % Mgas Tmean Nstar Mstar Ncoll Mesc

[M⊙] [M⊙/yr] [M⊙] [K] [M⊙] [M⊙]
1 29610.5 0.714 98 413.3 8023.4 13 29612.3 243 0
2 29754.5 0.637 99 269.6 8011.8 15 29756.0 241 0
3 29734.4 0.736 99 289.5 8000.2 13 29736.1 243 0

Table 4.1.1: Summary of the simulations. From left to right the columns
correspond to the simulation name, final mass of the MMO, mean accretion of
the MMO, percentage of the MMO final mass as a function of the total mass of
the system, the final gas mass, mean temperature, final star number, final star
mass, number of collisions and the total escaped mass.

A large fraction of the total mass of the system is transferred from the gas to
the protostars via accretion and later to the MMO by accretion and collisions of
massive protostars. Fig. 4.1.2 shows the evolution of the mass fraction for all
systems, where most of the gas mass (∼ 90%) is transferred to the protostars
(0.2 Myr) for all cases, allowing the possibility of the formation of one or several
massive objects. We note that the total mass that escapes (green color) from the
system is zero, i.e. the entire initial mass of the system remains gravitationally
bound and mostly in the protostars.

Although the mass exchange between stars and gas can be seen directly and very
quickly, the collapse of the cluster occurs in parts. This is reflected in Fig. 4.1.3
where the Lagrangian radii of 10%, 30%, 50%, 75% and 90% of the ’STARS’,
’GAS’ and ’GAS + STARS’ components of the system are shown. In the upper
and middle panels, the protostars collapse rapidly towards the center of the cluster
together with the core of the gas cloud due to the deep gravitational potential,
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Figure 4.1.2: Time evolution of the mass fraction for the simulations with an
initial temperature of 8000 K of the gas (blue zone), stars (red zone) and the mass
that escapes (green zone), according to the escape criterion. The green dotted
lines are the times when the protostars accreted 25%, 50%, 75% and 90% of the
gas mass.
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which leads to the formation of a massive object before ∼ 5000 yr. After the rapid
collapse of the core, the other Lagrangian radii continue contracting, leading to
the formation of a massive object with a mass of ≳ 90% of the total mass before
0.2 Myr. The reason that the gas apparently collapses slower than the total mass
of the system is due to the high accretion rate in the center of the system caused
by high densities and a deep gravitational potential. Therefore the gas fraction is
rapidly reduced, causing an expansion of the Lagrangian radii, as we can see in
the middle panel.

Now we know that most of the gas is accreted by the protostars, forming very
massive protostars and these collide rapidly, possibly forming a single massive
object. To understand the evolution of the system and the most important
processes in the formation of an MMO we need to study in more detail the
evolution of the gas, the MMO and the protostars. Therefore Fig. 4.1.4 shows
the gas mass fractions and the protostar mass fractions (upper panels) and the
correlation with the collision rate (lower panels), the mass of the MMO and the
total mass of the remaining protostars (second panels), the radius of the MMO
and the mean radius of the remaining protostars (third panels).

In the first panel we again observe the evolution of the total mass of the gas and
the protostars, where the intersection of the curves corresponds to the moment
when the dynamics of the system is dominated by the protostars and not by
the gas. We observe that this occurs very quickly, approximately at ∼ 5000 yr,
which indicates that the gas was accreted very quickly and therefore could not be
very relevant in the general evolution of the system or just play a determining
role at the beginning. From the second panels of Fig. 4.1.4 we observe the
formation of a single massive object (red line), which consumes most of the mass
and the remaining protostars (blue line) only reach masses less than a few dozen
at hundreds of solar masses; possibly due to the short accretion time triggered by
a deep potential that led to early collisions.

We can observe from the third panels of Fig. 4.1.4 that the initial phase of the
evolution of the system is marked by high accretion rates for both the MMOs
and the other protostars. Even when in simulations 1 and 3 the MMO is a
protostar already present in the initial conditions and in simulation 2 the MMO
is a protostar that forms later, its formation is marked by very high accretion
rates, which indicates the following possibilities: (i) The protostars that finally
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become the MMO quickly fall to the center of the cluster, where thanks to the
high gas concentration we can explain their high accretion rates. (ii) The most
central protostars in the cluster are the protostars that become the MMO thanks
to a gas-rich environment, causing high accretion rates. (iii) Due to the rapid
collapse of the gas towards the center of the cluster, a protostar forms very quickly
thanks to the high densities and abruptly consumes the surrounding gas. It is
necessary to highlight that the difference between these possibilities will depend
on the initial distribution of the protostars in the cluster, where if there are more
protostars near the center, it is more likely that they will become the MMO of
their system. On the other hand, if the central region of the cluster has only a
small population of protostars or they were momentarily ejected by gravitational
kicks, it is more likely that the MMO is a new protostar born from the high
densities in the center of the cluster.

The high accretion rates of the protostars are caused by a combination of 2
phenomena. First, the collapse of the protostars and the gas to the center of
the cluster leads to an increase in the protostar radii and thus higher accretion
rates. Second, as protostars swell due to high accretion rates, their radius is larger,
which causes their cross sections to increase, leading to higher collision rates (as
seen in the lower panels of Fig. 4.1.4), increasing the radius and repeating the
cycle again.

This process is similar for the MMO evolution, where its initial phase is determined
by very high accretion rates that quickly make it the most massive object in the
cluster, leading to a swelling of its radius over > 1000 R⊙ that causes it to become
the object with the highest probability of collisions, because it has the largest
cross section. This explains why the system tends to form only one massive object,
since there is a big difference between the mass of the MMO and the mass of the
other protostars in the cluster. This also explains the high collision rates observed
in the fourth panel of Fig. 4.1.4.

We also note that the time of the formation of the MMO is close to the time of
the highest collisions rate, leading to a decrease of the mean accretion rates and
the mean radii of the prostars different to the MMO, as observed in the third and
fourth panels of Fig. 4.1.4. Naturally, the decay of the properties of the other
protostars is due to the fact that the protostars that collided to form the MMO are
the most massive ones in the cluster so far, probably because they are protostars
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Figure 4.1.4: Evolution of the gas and protostellar mass for the simulations Sim1,
Sim2 and Sim3 with an initial temperature of 8000 K (top panel). Comparison of
the time evolution of the MMO mass and the total mass of the protostars without
the MMO (second panel), accretion rate of the MMO with the mean accretion
rate of the other protostars (third panel), where the black dashed line is the limit
accretion rate ṁlim = 0.04 M⊙/yr, for when a protostar passes to the ’SMS Track’.
The radius of the MMO with the mean radii of the other protostars (fourth panel).
Finally, the evolution of the collision rates over time (bottom panel).
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near the center of the cluster and therefore have enough gas to accrete and increase
their radii. Combining this with the fact that due to gravitational collapse, both
gas and protostar densities increase, you get a higher collision probability leading
to runaway collisions and a rapid absorption of these massive protostars by the
MMO. As a result of the central collisions, only peripheral protostars survive in
environments with less gas.

The moment when the system changes from being dominated by gas to being
dominated by stellar masses corresponds to the formation of the MMO in the
system, which occurs rapidly in a time less than 0.1 Myr. This could indicate
that the system is not very sensitive to the initial configurations of the protostars
or the gas.

As mentioned above, the high accumulation rates of the central objects are driven
by a strong gas inflow, triggered by the general contraction of the gas cloud.
As shown in the third panels of Fig. 4.1.4, the accretion rates of the MMOs
in all simulations exceed for a long period of time the critical accretion rate
ṁcrit = 0.04 M⊙/yr determined by the black dashed line. At the same time, the
MMOs enter the ’SMS track’, increasing their radii and reaching radii of the order
of 104 R⊙, which will be maintained practically until consuming all the gas. It will
allow them to be the object with the highest probability of collisions. Therefore the
swelling MMOs increase their cross sections resulting in runaway collision period.
After consuming almost all of the gas, the accretion rates naturally decrease,
which would possibly take the MMOs to the ’STAR stage’ allowing them to enter
the main sequence.

In our simulations the protostars that finally became the MMO were always
close to or within the 10% of the closest stars to the cluster center, as shown in
the second panels of Fig. 4.1.5, which explains why the protostars that finally
became the MMO reach high accretion rates over a short period of time. This
tells us that the initial period and the position of the protostars in the cluster
is decisive to know which protostar will become the MMO. This may indicate
that the protostars closest to the center of the cluster could be privileged to reach
higher accretion rates, so reaching larger radii and masses, thus having a higher
probability of becoming a massive object through high accretion rates and high
collision rate.
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Figure 4.1.5: Time evolution of the correlation between the MMO mass together
with the masses of the 9 MMOs in the system (top panel), and the distance from
the center of the MMOs and the 9 MMOs in the system (bottom panel) for the
three 8000 K simulations.

In the first and second panels in Fig. 4.1.5, we show the time evolution of the mass
of the MMOs (solid lines) with the 10 most massive objects for each simulation
(dashed lines) and the distance to the center of the cluster of these objects. It
is observed that the simulations only form ’ONE’ single central massive object,
which fell to the cluster center and remained there until consuming most of the
gas. The next 9 massive objects end up colliding rapidly with other protostars and
finally with the MMO, as we can see in the lower panels; because these protostars
fall rapidly towards the cluster center due to the gas inflow. This explains the
small hill in the total mass of non-MMO protostars seen in the second panels
of Fig. 4.1.4 around ∼ 5000 yr. Thus the final low masses are from peripheral
protostars, which remain on the periphery and have not yet collapsed due to
the gravitational potential. This may indicate that these objects are actually
solitary protostars that did not participate in some runaway mass accumulation
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process and that they obtained their mass through gas accretion in their low-gas
neighborhoods.

As the system evolves in time, collisions occur that result in different collision
products, including some that will be ejected from the cluster. To understand in
more detail the role of protostellar collisions in the evolution of the system, four
categories of possible interactions that a protostar can have as the system evolves
are defined:

• Single protostars: They are part of the cluster but not a collision product.

• MMO product: Protostars that collided with the most massive object.

• Collision product: Collisions of other less massive products.

• Escaper: Protostars that escaped from the cluster.

In our study, it is considered that a protostar escaped from the cluster when its
distance is greater than 10 Rgas and also its kinetic energy is greater than its
potential energy, which means that it is not gravitationally bound to the system.

In Fig. 4.1.6 we present the time evolution of the protostar fractions corresponding
to the four categories presented above. We observe that in all simulations most
of the protostars end up colliding with the MMO, only a small or null fraction
collides forming other lower-mass products and zero protostars escape from the
cluster. The high collisions rate with the MMO (≳ 90%) can be explained as
follows:

Due to the high initial gas accumulation, produced by the rapid collapse, the
radii of the protostars in the center of the cluster increase considerably, up to
several 1000 R⊙. As a consequence of the inflated protostars, the probability of
collisions increases due to their long cross sections, with the MMO being most
inflated because it has the highest accretion rate and the highest mass, therefore
it has the highest collision probability. Also adding to the fact that protostars
tend to fall to the cluster center following the flow of collapsing gas, creating a
suitable scenario for a runaway collision to occur.

In our simulations the only two mechanisms by which MMOs can obtain mass
is through gas accretion and/or runaway collisions. In Fig. 4.1.7 we show the
mass fraction obtained by collisions and the fraction obtained by accretion for
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Figure 4.1.6: Time evolution of the fraction of stars belonging to four categories:
(1) single protostars (orange, ’single star’), (2) stars that have collided with and
are part of the most massive star in the system (red, ’MMO’), (3) stars that are
part of other collision products (green, ’Collision prod.’) and (4) escaper star
(blue, ’Escaper’). The black dashed line shows the moment when the system
is dominated by the protostellar mass. The green dotted lines are the times
when the protostars accreted 25%, 50%, 75% and 90% of the gas mass. In all
our simulations initially the protostars are single stars. The stars will actively
interact with one another as they get larger from the gas they are accreting and
in general, we see a fast increase in collisions with the MMO, few collisions with
other collision products and a drop in the percentage of single stars. Also zero
percentage of escapers.
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the MMOs at the end of the simulation. We clearly notice a predominance of the
accretion mechanism as the main way of the MMOs to obtain mass, reaching over
∼ 80% of the total mass by this mechanism.
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Figure 4.1.7: Final mean masses of the MMO for the three simulations from
left to right with an initial temperature of 8000 K at 0.35 Myr. The blue color is
the mass acquired through collisions and the orange color is the mass obtained by
accretion. In all cases MMOs obtain their mass mostly through accretion.

Even when most of the protostars fall to the center (see Fig. 4.1.3) and collide
with the MMO, their mass contribution is not much. This may be due to the rapid
collapse of protostars, which means they don’t have enough time to fatten up in
mass and contribute with a larger fraction of mass to the MMO. In Fig. 4.1.8 the
masses of the protostars that collided with their respective MMO are shown. We
observe that most of the protostellar masses are of the order of 100−2 M⊙ (with
Q1,Q2,Q3 and Q4 less than 100 M⊙) where only isolated protostars are those
that exceed these masses.

From Fig. 4.1.7 and Fig. 4.1.8 we deduce that collisions have a minor role in the
evolution of the MMO mass and the main component is accretion. However, this
only gives us an overview and it is possible that both the collisions and the gas
have different periods of relevance in the evolution of the MMO. In Fig. 4.1.9
we show the mass and radius of the MMO that was obtained through accretion
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Figure 4.1.8: Box plot for the three simulations (from left to right) of 8000 K, of
the protostar masses that collided with the MMOs. For all three cases the average
masses are less than 10 M⊙.

(blue line) and collisions (orange line) over time. It is observed that throughout
the evolution of the MMO, accretion plays the main role by which the MMO
obtains mass, highlighting its importance in the initial periods, when the MMO
only acquires mass through accretion and in all cases only near the highest point
(where the protostar is most inflated and therefore most likely to have collisions)
collisions start to appear. This is due to a combination of phenomena: First, it is
natural that collisions occur after a period of time, since they need time to collapse
and fall towards the center of the cluster. Second, for runaway collisions to occur
it is better to have a large cross section to increase the probability of collisions
and lead to high collision rates as observed in the last panels of Fig. 4.1.4. Also
the collisions help to keep the MMO inflated with a large radius, allowing the
growth to not slow down once the accretion starts to decay.
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Figure 4.1.9: The top panels show the time evolution of the mass rate obtained
by the MMO through collisions ∆mcoll and accretion ∆macc. The bottom panels
show the increases in the radius of the MMO through collisions and accretion
∆Rcoll and ∆Racc. We observe that accretion plays a fundamental role in the
entire evolution of the MMO for all cases, but it is especially relevant at the
beginning of the evolution.

4.2 Colder temperatures

In this chapter we show the results assuming lower initial temperatures due to
molecular hydrogen cooling. We perform simulations with initial temperatures of
5000 K, 1000 K and 500 K. We show the evolution of collisions, accreted mass,
position of the MMO in the cluster and the main parameters and compare to the
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8000 K simulations.

Figure 4.2.1: Density projections for a simulation with an initial temperature of
500 K at different times of a primordial gas cloud with an embedded protostar
cluster. The black dots are the protostars and the red dot is the MMO of the
cluster. A slight fragmentation is observed, as well as a rapid collapse after
10000 yr compared to the 8000 K simulations.

In Fig. 4.2.1 we show the evolution of the simulation with an initial temperature
of 500 K, where a slight fragmentation is observed which is easier to observe in
the last row of images and where the biggest difference is seen compared to the
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8000 K simulations. We only observe that the collapse is faster, reaching a point
similar to the 8000 K simulations in a shorter time.

In Table 4.2.1 we show an overview of the results obtained for the simulations
with an initial temperature of T = 5000, 1000, 500 K and show the mean values
for the simulations of 8000 K.

ID Tinit MMMO ṁMMO % Mgas Tmean Nstar Mstar Ncoll Mesc

[K] [M⊙] [M⊙/yr] [M⊙] [K] [M⊙] [M⊙]
8000 29699.8 0.695 98 324.1 8011.8 14 29701.5 242 0

4 5000 29633.7 0.959 99 389.8 5160.6 15 29635.8 241 0
5 1000 29857.8 1.032 99 165.8 1132.7 19 29859.7 237 0
6 500 29916.3 0.998 99 105.19 636.0 30 29920.4 226 0

Table 4.2.1: Summary of the mean values for the 8000 K simulations and
simulations with initial temperatures of 5000 K, 1000 K and 500 K, from top to
bottom. From left to right the columns correspond to the simulation name, final
mass of the MMO, mean accretion of the MMO, percentage of the final mass of
the MMO as a function of the total mass of the system, the final gas mass, mean
temperature, final star number, final star mass, number of collisions and the total
escaped mass.

From Table 4.2.1 a change in the evolution of the system is observed. For the
simulation of 5000 K, 1000 K and 500 K we observe higher mean accretion
rates for the MMOs (∼ 1 M⊙/yr) than for the simulations of 8000 K where the
mean accretion is approximately ∼ 0.7 M⊙/yr, which indicates that for colder
simulations the evolution of the MMO occurs in a shorter time, reaching an
accretion of 90% of gas by protostars, 5000 yr earlier than in the simulations of
8000 K. Also in all simulations we obtain an efficiency (MMMO/MTotal) of the
MMO of approximately 99%, which may be due to the initial instability of the
gas. As the collapse of the system is mainly due to the instability of the gas,
this strongly impacts the evolution of the MMO, because with higher instability,
the gas falls to the center of the cluster faster and higher accretion rates are
reached. On the other hand, for more stable systems, the gas collapses in a longer
time and lower accretion rates are obtained. We use the ratio between the total
mass of the gas and the Jeans mass Mgas/MJeans as a quantitative measure of the
instability of a configuration. For our initial conditions of gas mass, virial radius
and temperature we explore an instability range of Mgas/MJeans ≈ 5− 340, from
the highest temperatures to the lowest temperatures, as we can see in Fig. 4.2.2,
where the efficiencies obtained for the different temperatures in this work and the
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Figure 4.2.2: Efficiency of the MMOs as a function of Mgas/MJeans for the
simulations with different temperatures explored in this thesis (red points), Chon
and Omukai (2020) (green point), Solar et al. (2022) (blue point) and Reinoso et
al. in preparation (orange point).

efficiencies of the works Chon and Omukai (2020); Solar et al. (2022) and Reinoso
et al. in preparation. Reaching high efficiencies (≳ 80%) for more unstable
configurations. This means that the system is always unstable, producing a rapid
initial collapse, where most of the mass is accreted, reaching a high efficiency and
high absorption of the mas of the gas cloud, as observed in Fig. 4.2.2.

In Fig. 4.2.3 we show the evolution of the mass fraction for simulations with a
temperature of 5000 K, 1000 K and 500 K from top to bottom. In general, very
similar collapse is observed for all cases and only for the simulation of 5000 K a
slightly slower collapse is observed around 20000 yr. For all simulations we observe
faster collapse than for the simulations with an initial temperature of 8000 K,
where more than ∼ 90% of the gas mass was accreted before 15000 yr. In addition,
the moment when 50% of the mass is accreted occurs approximately at the same
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time, both in the simulations that consider molecular hydrogen cooling as well as
atomic hydrogen cooling. The green dotted lines show the moments when 25%,
50%, 75% and 90% of the accreted mass are reached and the black vertical line
indicates when the protostars have more mass than the gas and this dominates
the system dynamics; in all cases with lower temperature these moments occur
approximately at the same time. But compared it to the 8000 K simulations, the
times when 75% and 90% of the mass have been accreted are earlier and closer
together, which may indicate that cooling effects are reflected in the second half
of the evolution of the system and the initial evolution is not sensitive to changes
in the initial temperature in these ranges. Furthermore, we note that in these
simulations the amount of escaped mass is still approximately zero.

The Fig. 4.2.4, Fig. 4.2.5 and Fig. 4.2.6 show the Lagrangian radii for the
simulations with initial temperatures of 5000 K, 1000 K and 500 K. The first
panels show the evolution of the protostars in the cluster, where a very similar
collapse is observed for all simulations, collapsing rapidly and reaching a unification
of the protostars in one single massive object before 5000 yr. This is expected,
since the parameter variations are made in the gas and the protostars only interact
gravitationally with the gas, which should not cause big changes in their dynamics.
The protostars probably collapse towards the center due to the accretion of the
protostars increasing in mass, producing an instability and leading to collisions
and the formation of a central object.

Compared to the protostars, which show almost the same behavior for the
simulations of 8000 K, 5000 K, 1000 K and 500 K, the gas has a faster collapse
for simulations with low temperatures. The gas tends to collapse in a similar
way in all cases, with a gradual contraction of all percentages of the Lagrangian
radii of the gas and an early central collapse. However, the collapse of the gas
is faster than in the simulations with higher temperatures, reaching a total gas
contraction in approximately ∼ 25000 yr. This is probably due to differences in
gas pressure from fragmentation for simulations with lower temperature. As a
result of fragmentation, high densities are not reached in the center of the cluster
and therefore there is no pressure from the center outwards that resists the collapse
of the cloud, as is it the case for higher temperatures. We observe small variations
in the shape of the gas falling towards the center of the cluster for the 5000 K

simulation, but this does not greatly affect the general results.
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Figure 4.2.3: Time evolution of the mass fraction for the simulations with an
initial temperature of 300 K, 500 K and 1000 K of the gas (blue zone), stars (red
zone) and the mass that escaped (green zone), according to the escape criterion
indicated above. The green dotted lines are the times when the protostars accreted
25%, 50%, 75% and 90% of the gas mass and the black solid line is the moment
when the system is dominated by the protostars mass.
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Figure 4.2.4: Time evolution of the 90%, 75%, 50%, 30% and 10% Lagrangian
radii in the 5000 K simulations. In the top panel the Lagrangian radii for the
protostars labeled as ’Stars’ are shown, in the middle panel for the gas labeled
’Gas’ and in the bottom panel the Lagrangian radii for the total system ’Gas +
Stars’. In general we observe a similar behavior to the 8000 K simulations, with
slight differences in the gas collapse.

In the bottom panel of Fig. 4.2.4, Fig. 4.2.5 and Fig. 4.2.6 the mass collapses
to form an MMO. Again the behavior for all simulations is similar, except that
the collapse of 75% and 90% of the mass for the simulations with temperatures of
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Figure 4.2.5: Time evolution of the 90%, 75%, 50%, 30% and 10% Lagrangian
radii in the 1000 K simulations. In the top panel the Lagrangian radii for the
protostars denoted as ’Stars’ are shown, in the middle panel for the gas labeled
’Gas’ and in the bottom panel the Lagrangian radii for the total system ’Gas +
Stars’. Very similar development of the protostars as in the 8000 K simulation,
but with a more rapid collapse due to lower pressure.
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Figure 4.2.6: Time evolution of the 90%, 75%, 50%, 30% and 10% Lagrangian
radii in the 500 K simulations. In the top panel the Lagrangian radii for the
protostars denoted as ’Stars’ are shown, in the middle panel for the gas labeled as
’Gas’ and in the bottom panel the Lagrangian radii for the total system ’Gas +
Stars’. With a very similar development of the protostars as in the 1000 K and
8000 K.
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5000 K, 1000 K and 500 K occurs much earlier than for the higher temperature
simulations. Which again indicates that the cooling has a stronger impact in
the second half of the evolution after reaching a peak in the density of the gas
produced by the contraction and formation of the MMO.
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Figure 4.2.7: Time evolution of the mean gas density and pressure for the
simulations with temperatures of 8000 K, 5000 K, 1000 K and 500 K. We observe
higher densities and pressures at the beginning of the evolution for the higher
temperature simulations.

As mentioned above, the faster collapse of the gas for the simulations with lower
temperatures may be due to the different densities reached by the gas produced
by the fragmentation. In Fig. 4.2.7 we show the mean density and pressure for all
temperatures. It is clearly observed that for the simulations with temperatures of
8000K and 5000K , higher densities and pressures are reached as a result of the low
gas fragmentation. These pressures in the center of the cluster resist the collapse
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of the gas, directly impacting the accretion of the MMO and the protostars in
the center of the cluster. After a period of high gas density for the simulations
with higher temperatures, we observe that the system stabilizes staying mainly
constant in density and pressure. On the other hand, for the simulations with
lower temperatures, at the beginning of the evolution of the system high densities
are not reached, allowing a free fall of the gas towards the center of the cluster.
However, after a while the gas naturally begins to accumulate as a result of the
collapse and begins to increase both its density and pressure. When the gas
densities for the lower temperature simulations start to increase (∼ 15000 yr) the
amount of gas accreted is already ∼ 90%, therefore this should not have a huge
impact on the evolution of the MMO.

Fig. 4.2.8 shows the gas mass fractions and the protostellar mass fractions (upper
panels), the mass of the MMO and the total mass of the remaining protostars
(second panels), the radius of the MMO with the mean radius of the remaining
protostars (third panels) and finally the collisions rate (lower panels). In general
similar behaviors are observed for all simulations, reaching a total gas accretion
of ∼ 100% and the dominance of an early MMO in the simulation. In the second
panels we have slight differences where for the cases with initial temperatures of
1000 K and 500 K there is a lower accumulation of mass for the protostars different
from the MMO (blue line), possibly due to a higher initial collision rate, triggered
by a free fall of gas, with a less strong central pressure that resists collapse. In the
third, fourth and fifth panels in Fig 4.2.8 we show that the general behavior of
the accretion rate of the MMO, the evolution of its radius and the collision rates
are approximately equal and also in all simulations a state of ’SMS TRACK’ was
reached, increasing the radius of the MMO, producing a more favorable scenario
for runaway collisions.

In Fig. 4.2.9 we show the collision fraction of protostars in the four categories
mentioned above. Compared to the simulations for 8000 K, in the simulations of
5000 K, 1000 K and 500 K, there are no collisions with other protostars, leaving
about ∼ 20% of single protostars and in general all simulations have the same
collisions behavior. Unlike mass, which is transferred much faster to protostars by
accretion, collisions are not highly affected reaching a similar shape and number of
collisions in the same times. From these graphs we also observe that the collisions
do not occur so quickly, but rather it takes a little time to create favorable
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Figure 4.2.8: Evolution of the gas and protostellar mass for the simulations
Sim4, Sim5 and Sim6 with an initial temperature of 300 K, 500 K and 1000 K (top
panel). Comparison the time evolution of the MMO mass and the total mass of
the protostars without the MMO (second panel), the accretion rate of the MMO
with the mean accretion rate of the other protostars (third panel), where the black
dashed line is the limit accretion rate ṁlim = 0.04 M⊙/yr, for when a protostar
passes to the ’SMS Track’. The radius of the MMO and the mean radii of the
other protostars (fourth panel). Finally, the evolution of the number of collision
over time (bottom panel).
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conditions for a runaway collision, allowing the protostars to grow in mass through
accretion, and increase their cross section for a higher probability of collisions.

In the cases where the gas is colder, it is likely that due to gas fragmentation,
which translates into lower accretion rates, the main mechanism by which the
MMO obtains mass is not necessary accretion, but rather collisions with new stars
born from fragmentation or fattened protostars due to slower collapsing.

In Fig. 4.2.10, we show the mass fractions of the MMOs obtained by accretion and
by collisions of the 10 most massive objects of all simulations. It is observed that
for all simulations the accretion continues to predominate as the main mechanism
by which the MMO obtains mass; indicating a low impact of the change in
temperature on the evolution of the system and the main mechanism by which
the MMO obtains its mass. While accretion is the main means by which the
MMO obtains mass for both high temperature and low temperature simulations,
we can see that collisions contribute ∼ 20% of the MMO mass and this percentage
apparently decreases for the coldest simulations. This may be due to the fact that
as a result of the fragmentation due to low temperatures, the accretion rates are
reduced, and therefore on average the protostars grow less in mass before colliding
with the MMO. As we can see from the previous figures, the periods where the
protostars grow more in mass and radius are the first moments in the evolution,
when a density peak begins to be reached in the center of the cluster, which is
reduced for the simulations with lower temperature since a lower central density is
reached and therefore lower accretion rates and a lower contribution to the MMO.

In Fig. 4.2.11, we show the masses of the protostars that collided with the MMO
in all simulations. A clear tendency is observed that in all simulations very high
masses are not reached except for some isolated cases, which explains their low
contribution to the final mass of the MMO. However, on average at least 50% of
the masses that collide with the MMO of the simulations with higher temperatures
are on the simulations with lower temperatures.

In Fig. 4.2.12 we show more precisely the mass (∆m) and radius (∆R) of the
MMO acquired through accretion and collisions for all temperatures. The top
figures show the mass and radius acquired by the MMO through collisions, where
apparently the contributions of the 1000 K and 500 K simulations decay faster,
therefore there would be a smaller contribution to the mass of the MMO through
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Figure 4.2.9: Time evolution of the fraction of stars belonging to four categories:
(1) single protostars (orange, ’single star’), (2) stars that have collided with and
are part of the most massive star in the system (red, ’MMO’), (3) stars that are
part of other collision products (green, ’Collision prod.’) and (4) escaper star
(blue, ’Escaper’). The black solid line shows the moment when the system is
dominated by the protostars mass. The green dotted lines are the times when the
protostars accreted 25%, 50%, 75% and 90% of the gas mass.
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Figure 4.2.10: Final masses of the 10 most massive objects in all simulations
performed to 0.25 − 0.35 Myr. The blue color is the mass acquired through
collisions and the orange color is the mass obtained by accretion. It is noted that
accretion is the predominant means by which massive objects obtain mass for all
temperatures explored here.
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Figure 4.2.11: Boxplot for the three 8000 K simulations and the
300 K, 500 K, 1000 K simulations, in this order from left to right for the masses
of protostars that collided with the MMOs. There is a slight incline from larger
masses to higher temperatures.

collisions. In addition to this slight difference, no great difference is observed for
the different temperatures. In the middle panels, the mass acquired by the MMO
through accretion is shown. By this mechanism the MMOs of the 500 K, 1000 K,
5000 K and 8000 K simulations acquire their mass, where the contributions of
collisions are sporadic peaks in the evolution of the MMO. As for the case of
8000 K, in the simulations with lower temperature, accretion plays a fundamental
role in the initial evolution of the MMO. Since this is the only way for the MMO
to acquire mass, increase its radius and be the object with the highest probability
of collisions. We observe that the highest point of the mass obtained by accretion
is synchronized with the period of collisions, since these are closely related because
the accretion increases the cross sections of the protostars, causing more collisions.
This means that in the moment of more accretion, thare is a higher probability of
collisions.
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In the last panels we show the total ∆mT and ∆RT acquired by the MMOs, where
we can clearly see moments in which the MMOs do not acquire mass or their
acretion rate drops drastically. Apparently these short famine periods occur earlier
for higher temperatures. This is because when the gas collapses, high densities
and therefore high pressures are reached in the gas. This translates into lower
accretion rates as a result of the pressure resisting to the gas collapse, preventing
it from falling into the MMO. We can verify that those moments of low accretion
occur when the densities and pressures of the gas increase, as can be seen in Fig.
4.2.7.

Just as for the MMO the accretion plays a fundamental role to obtain its mass,
for the following massive objects it also seems to be the case. In Fig. 4.2.10 we
show that clearly the way in which most of the most massive protostars obtain
their mass is by means of accretion. But it seems to be more likely that there are
collisions with other protostars for higher temperatures.

At the end of the simulation, we determine the final mass of the MMO, its radius,
mean accretion rate and the total number of collisions. The results are presented
in the Fig. 4.2.13.

Starting with the maximum mass that the MMO reaches by the end of each
simulation at different temperatures, we observe that the maximum mass is
practically the same for all simulations, where they all consume almost all available
gas, there being a difference of the final masses of the MMOS of only 300−400 M⊙

for the different temperatures, which corresponds to 1.33% of the total mass.

Observing the radii of the MMOs in the bottom left panel of Fig. 4.2.13 we notice
that their behavior apparently does not behave monotonically, i.e. it does not
decrease or increase monotonically at low or high temperatures, but rather It
has two behaviors. First, the radius tends to decrease for higher temperatures,
probably due to a combination of higher mean accretion rates and larger final
masses for lower temperatures, leading to larger final radii for lower temperatures.
Second, since lower temperature simulations tend to have higher accretion rates,
they consume most of the gas quickly and therefore their MMOs start to reduce
their radius earlier in the evolution, due to lower final accretion rates. Compared
to the simulations with temperatures of 8000 K, their accretion is limited by
the gas pressure, which causes them to remain for a longer period of time with
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Figure 4.2.12: The left panels show the time evolution of the mass obtained by
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Figure 4.2.13: Parameters of the most massive object as a function of the initial
temperature in each simulation. Mass reached at the end of the simulation (upper
left), mean radii (lower left), mean accretion rates (upper right), and number of
total collisions at the end of the simulation (lower right).

constant accretion rates, reaching more swollen final states on the radii.

Unlike the radius, we see a clear trend in the number of collisions for the different
temperatures, where there is a trend of more collisions for the higher temperatures,
probably because in the simulations with higher temperatures the mean speeds
of the protostars are a little minor. Also, we notice that most of the collisions
always occur close to the time of the MMO formation, around 6000 yr.

Finally we observe in the mean accretion rate for the MMO a clear trend of lower
accretion rates for higher temperatures, although in all cases the accretion is
around ∼ 1 M⊙/yr , which explains the rapid formation and evolution of the
MMO, the pressure difference resulting from fragmentation may come to play a
major role in the evolution of the MMO. This is because the change in temperature
does not have an impact on the first moments of the collapse and on the formation
of the MMO in the cluster, but it does seem to have an effect on the later stages,
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because it directly affects the collapse of the gas and hence accretion, which is the
main means by which the MMO acquires mass.
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Chapter 5

Discussion and conclusions

5.1 Summary and conclusions

In this thesis, a numerical self-consistent implementation has been presented
to investigate the possibility of SMBH seed formation through collisions and
accretion. For this purpose three-dimensional multi-physics simulations including
hydrodynamics and N-body dynamics were performed using the Smoothed Particle
Hydrodynamics Tree code FI and the Hermite predictor-corrector code Ph4 for
N-body dynamics in the AMUSE framwork. These were combined with realistic
accretion recipes and the sink creation method proposed by Hubber et al. (2013).

We performed a serie of simulations using the AMUSE framework of a protostellar
cluster embedded in a compact gas cloud at very low metallicity, both initially
following a Plummer density profile (Plummer, 1911) and varying the initial
temperature of the gas. Our main result is that the collisions and accretion
model is a possible candidate for the formation of SMBH seeds. Even for different
gas temperatures, in all simulations the formation of a central massive object
occurs. However, in our simulations the radiative feedback of the stars is not
implemented, which would cause the internal energy of the gas to increase, leading
to a high increase in its kinetic energy in long time periods. This implies that
at late times the total energy of the gas would be positive. However, the total
energy of the system is always maintained in a virial equilibrium. This can affect
the fragmentation in lower-temperature simulations, preventing the necessary
densities for the formation of protostars.
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Investigations of the formation of SMBH seeds incorporating a hydrodynamic
treatment provide more information on the possibility of the formation of SMBH
seeds through collisions and accretion, allowing us to know how the gas evolves in
these scenarios and how the gas temperature affects the formation of an MMO.
In our work, we first present the results simulating a dense primordial gas in its
atomic phase, with a temperature of 8000 K. We show the relationship between
the mass of the gas and protostars, the accretion rates of the MMO and protostars
and relationships between the different types of collision products. Also assuming
possible cooling by molecular hydrogen, we explore the possibility of SMBH seed
formation for gas clouds with temperatures of 5000 K, 100 K and 500 K. Our
results can be summarized as follows:

For the hottest gas cases (8000 K) corresponding to atomic hydrogen cooling, the
formation of a SMBH seed occurs rapidly and includes almost all of the mass in
the system. Thanks to the high temperatures of the gas, the fragmentation of the
gas is inhibited and it collapses isothermally towards the cluster center, reaching
high densities allowing an ideal scenario for the formation of protostars as well
as high accretion rates. Thanks to the gas inflow, the protostars are dragged
towards the cluster center, causing early periods of runaway collisions and a rapid
predominance of the MMO in the cluster. We observe that due to the rapid gas
accumulation, the protostars in the cluster center grow in mass and inflate their
radii caused by the high accretion rates. The inflation of the radii leads to larger
cross sections, which increases the probability of collisions, leading to an early
period of runaway collisions, with the protostars near the center being most likely
to become the MMO. Since the MMO quickly reaches an accretion peak, its radius
increases explosively monopolizing cluster collisions. Also due to the rapid collapse
and collisions of protostars, the main mechanism by which the MMO acquires
its mass is through accretion. Due to the prevention of fragmentation, the gas
quickly reaches high densities, causing the pressure in the center of the cluster to
increase exponentially, this produces an outward pressure, resisting gravitational
collapse. This triggers moments of low or no accretion, which causes the gas to
collapse more slowly, allowing a monolithic collapse. This delay allows for more
homogeneous accretion rates of the protostars, allowing not only the MMO to
accumulate large amounts of mass through accretion. The uniform accumulation
of the gas by the protostars causes an increase in the mean radius, allowing a



5.2. Discussion 109

higher probability of collision.

For the simulations with temperatures of 5000 K, 1000 K and 5000 K we find very
similar behaviors compared to the case of 8000 K, where the gas collapses towards
the center of the cluster due to the Jeans instability and quickly forms an MMO.
Due to the high accumulation of gas in the center of the cluster, as well as for the
simulations with higher temperatures, the beginning of the evolution of the MMO
is marked by high accretion rates. Thanks to the fragmentation triggered by low
temperatures, the densities reached in the center of the cluster are lower and
therefore also the pressure. This means that there is no strong central pressure
that is related to the collapse of the gas and regulates the accretion of the MMO.
Therefore, we observe that higher accretion rates are reached for simulations with
lower temperatures, which leads to a faster system evolution, reaching almost all
of the gas accretion at ∼ 0.25 yr. As in the first part of the evolution of the system
the collapse is not regulated by an outward pressure, high accretion rates are
reached, however with time the gas begins to accumulate increasing the pressure,
but when the pressure is high enough to resist the gas collapse, ∼ 90% of the gas
has already been consumed.

Naturally, the variation in temperature affects the evolution of the cluster, either
delaying its collapse or allowing high accretion rates. However, all our results
strongly suggest that the interaction between gas and stars can lead to the
formation of a single massive central object of the order of ∼ 104 M⊙ being a
plausible scenario for the formation of a SMBH seed.

5.2 Discussion

Our research provides an intuition about the formation of SMBH seeds including
gas and stellar dynamics, as well as a first approximation considering different types
of cooling modeled via different isothermal temperature evolutions corresponding
to the presence of atomic hydrogen or molecular hydrogen cooling. The numerical
implementation of the gas helps us to elucidate how its interaction with protostars
affects the formation of SMBH seeds in the early Universe. However our
implementation is limited, since in our simulations of compact gas clouds, with
virial radii of 0.14 pc we extended the limits of single smoothing length codes,
requiring the implementation of sink particle creation to be able to resolve high-
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density zones, typically in the vicinity of the MMO.

In our model, in the interactions between the protostars, collisions between them
are allowed, providing a mechanism for the formation of a central massive object
in the cluster. However, we did it in a simplified way, without considering mass
loss during collisions, assuming an invariance in the densities of the resulting
protostars, etc. The implementation of a more complete model to characterize
the collisions between the protostars is necessary, since it is possible that very
violent collisions do not result in a collision product in the form of protostars.
In addition, the mass loss during the collisions can generate an impact on the
evolution and the final mass of the MMO in the cluster as can be seen in Alister
Seguel et al. (2020).

The gas dynamics was modeled with the FI code, solving the gas dynamics
including the thermodynamic equations in a Lagrangian framework. Using an
N-body code and the Bridge method, we calculate the gravitational interaction
between the protostars and the gas. However, even when the gas is modeled
numerically, we still neglect its chemical evolution, radiation and feedback
phenomena. It is modeled here as a monoatomic gas, assuming a fixed abundance
of 75% mass in H and 25% mass in He and no interactions with radiation.
Considering cooling and heating effects will allow us to study feedback from
protostars that could limit the accretion time scale, possibly leading to lower
protostar masses. This could affect the MMO since gas accretion would play a
minor role, as shown in Schleicher et al. (2022). Cooling caused by molecular
hydrogen could impact the gas inflow due to fragmentation, strongly affecting the
accretion rates and therefore the final mass of the MMO. Furthermore, the cooling
by heavier metals together with early fragmentation can prevent the formation
of an MMO, because the cluster does not become compact enough. Finally, the
analyzed scenario can be strongly influenced by the metallicity of the gas, which
influences the cooling, fragmentation, feedback, dynamic effects of the gas and
even the initial mass function of the resulting protostars.

From the results of the simulations we observe that the change in temperature
does not present a change in the possibility of the cluster in creating an MMO,
since for all temperatures an MMO is always formed in practically the same way
and reaching the same mass percentages in similar times. The difference in the
evolution of the MMO occurs in the second half of its evolution, where as a result
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of the lower densities the gas collapses faster for lower temperatures, potentially
producing a more massive MMO, due to higher accretion rates. On the other
hand, for the simulations with higher temperatures, a central density is quickly
reached, controlling the accretion of the MMO and prolonging it for a longer time.
This maintains an inflated radius of the MMO for longer time, allowing for more
collisions to happen.

As we have already mentioned in this work we have not yet robustly implemented
cooling or heating processes, but our results agree with those found by Chon
and Omukai (2020) in the super competitive accretion scenario, where only a few
central stars grow into supermassive stars while the other protostars compete for
the gas reservoir. They explored similar scenarios including tabulated density-
temperature values pre-calculated with one-zone models and our results agree
with their low metalliciy cases (< 10−4 Z⊙), where they obtain binary systems of
masses of ∼ 104 M⊙ in 104 yr, obtaining an efficiency of ∼ 90− 100% but in the
same way as in our simulations approximately the total gas mass was accreted.
In comparison in our simulations and according to similar efficiencies obtained by
Reinoso et. al., in preparation, for a time of 104 yr we obtain masses of the MMOs
of ∼ 2.2− 2.4× 104 M⊙ for the simulations from higher to lower temperatures,
reaching an efficiency of ∼ 70% of MMO for simulationes with Mgas/MJeans ≈ 5.3

and an efficiency of ∼ 80% for simulationes with Mgas/MJeans ≈ 340. As we know
from previous works (Das et al., 2021b; Schleicher et al., 2022; Chon and Omukai,
2020) the efficiency of MMO formation is highly sensitive to the initial conditions,
but another interesting related parameter is the initial instability of the gas, where
together with the results obtained by Solar et al. (2022) simulations suggest that
the instability of the gas directly affects the efficiency of MMO formation, being
apparently faster for more unstable systems. With these unstable conditions and
accretionary scenarios, the system is more susceptible to the creation of massive
MMOs and with high efficiency, as obtained by Sassano et al. (2021). Even
considering higher metallicities, the results considering effects of super-competitive
accretion are more likely to produce more massive BHs. On the other hand, initial
conditions such as metallicity, background radiation, etc. directly impact the
SMBH seed formation scenario, as well as affect the mass function of supermassive
black holes, as shown in Sassano et al. (2021), so to elucidate questions about the
formation of the first galaxies and BHs in them future observations of the early
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Universe from the JWST in the near-infrared will be very important.
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