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Resumen

El desarrollo de métodos tomogréficos precisos es de gran importancia para las
tecnologias cuanticas, como lo son la informacién cuantica, la computacién cuantica y
la metrologia cuantica. La tomografia cuantica ha mostrado ser especialmente dificil
en el caso de sistemas de alta dimension, donde el niimero de pardmetros a determinar
crece cuadraticamente con la dimension. En esta tesis mostramos que una tomografia
estandar adaptativa en dos pasos mejora la precision de la tomografia de un qudit,
reduciendo la infidelidad media desde O(1/v/N) a O(1/N) para toda clase de estado.
Comparamos este método adaptativo de dos pasos con tomografia estandar y limites
relevantes. En particular, mostramos mediante simulaciones numeéricas que hasta
la dimension 16 este esquema tomografico proporciona un mejor rendimiento que la
tomografia estandar a igual recurso N para cualquier tipo de estado, lo que lleva a

resultados cercanos al limite de Gill-Massar de la infidelidad para estados puros.
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Abstract

The development of accurate tomographic methods is of great importance for
quantum technologies such as quantum information, quantum computing and quan-
tum metrology. Quantum tomography as shown to be especially difficult in the
case of high-dimension systems where the number of parameters to be determined
grows quadratically with the dimension. In this thesis, we show that a two-step
adaptive standard tomography improves the accuracy of a single qudit tomography
by reducing the mean infidelity from O(1/v/N) to O(1/N) for all classes of state.
We compare this two-step adaptive method with standard tomography and relevant
bounds. In particular, we show by numerical simulations that up to dimension 16
this tomographic scheme provides a better performance than standard tomography
at equal resource N for any type of state, leading to results close to the Gill-Massar

bound for the infidelity of pure states.
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Chapter 1

Introduction

The study of quantum systems of high dimension is one of the great challenges of
the quantum theory. These provide several advantages over two-dimensional quan-
tum systems (qubits). For instance, it has been shown that with high dimensional
quantum systems (qudits), quantum communication protocols can be implemented
more efficiently, secure and resistant to noise [1-3]. Similarly, there are quantum com-
puting algorithms which can be implemented more efficiently through qudits |1-6].
They also allow us to build Bell inequalities that are more resistant to noise and with
larger violations of non-locality |7,8]. The reconstruction of unknown quantum states

of high dimension becomes a problem of special interest for these applications [9].

The techniques that allow us to reconstruct an unknown state through measure-
ments are known as quantum tomography. These techniques are fundamental in
the growing field of quantum technologies. The concept of quantum tomography
emerged for the reconstruction of functions of Wigner through quadratures [10,11].
Nowadays, quantum tomography allows us to characterize photonic systems [12],
trapped ions [13,14], continuous variable states [15], cavity fields [16], atomic ensem-
bles [17] and optical detectors [18,19]. These systems are widely used in areas such as
Quantum Computing [20,21], Quantum Information [22|, Quantum Metrology [23]

and Quantum Simulation [24].



The common tomography schemes consist in to determine the d? — 1 independent
real parameters which characterize a quantum state p by measuring a set of at least
d? — 1 operators in an ensemble of many identically prepared copies of the unknown
state. We denote the number of copies available as N. The state that minimizes
the likelihood function of this data is chosen as the estimated state p. Since the
number of parameters to be determined grows quadratically with the dimension, the

tomography of states becomes more complicated in high dimensions |14, 25].

Since we can only measure on finite ensembles, the estimated parameters by
quantum tomography have uncertainty. This uncertainty, which also might depends
on the experimental setup, is limited by a fundamental bound of quantum mechan-
ics: the quantum Cramer-Rao bound [26,27]. The lowest possible uncertainty is
given by the set of measurements which achieve this bound. Finding these mea-
surements in the multiparameter case is difficult and has only been found in some
particular cases [27,28]. Besides, there exist the Gill-Massar inequality [29], which
impose another quantum limit for estimates got through individual (non-collective)
measurements on each copy of the system. Generally, performing the quantum to-
mography of an unknown state on an arbitrary basis does not reach the optimum
imposed by these limits, so it is not optimal accuracy tomography. The accuracy
of the tomography is quantified through a notion of distance between the unknown
state and its estimate [30], being the most used the infidelity, because this is in-
versely proportional to the resource N available for the tomography [31]. However,
the infidelity presents a different behavior depending on the unknown state: scale
as O(1/v/N) for states with small rank and as O(1/N) for full rank states [32,33].
Therefore, the accuracy of the tomography also depends on the state to be recon-
structed. Being able to improve the accuracy is vital for quantum tomography ap-
plications, especially for high-dimensional systems where the number of parameters
to estimate grows quadratically with the dimension [14,25]. It has been proposed
to overcome this problem by means of adaptive quantum tomography [34]. This

consists of performing a sequence of reconstructions, where we use the information



obtained in previous measurements to then perform a better tomography. In the
case of quantum systems of dimension 2, it has been shown that a two-step adaptive
tomography reduces infidelity between the unknown state and its estimate at order
O(1/N) [32]: first perform a preliminary low-precision standard tomography; later
adapt the measurement bases with the information of the preliminary estimate and
perform a second standard tomography. Subsequently, the protocol was extended
to reduce the weighted quadratic error for a family of metrics, in order to reach the
Gill-Massar bound [35]. Other adaptive methods are the self-learning tomographies.
In these, the post measurements are chosen as the positive operator value measure-

ment (POVM) that minimizes a utility function [36-39].

In this thesis, we generalize this adaptive tomographic technique to the case of
a single qudit and compare the precision it delivery us with respect to standard
tomography , the Cramer-Rao bound and Gill-Massar bound. We show by simula-
tions that until dimension 16 this tomography presents a better performance than
the standard tomography at equal resource for any type of state, scaling as O(1/N),
leading to results close to the Gill-Massar bound for the infidelity of pure states.

In chapter 2, we introduce the mathematical framework used in this thesis. In
chapter 3, we introduce the foundation of quantum theory. In chapter 4, we briefly
review some common tomography schemes. In chapter 5, we study the two-stage
adaptive standard tomography in high dimensions and we perform computational
simulations to contrast its mean infidelity with the standard tomography error, the
Cramer-Rao bound and the Gill-Massar bound. In chapter 6, we present the con-

clusions of this work.



Chapter 2

Mathematical Framework

Quantum mechanics, like all physical theories, is built using mathematics as a
foundation [30]. In this chapter, we review the mathematical framework that will
allow us to formulate the quantum theory, and later, understand the main results of

this thesis.

First, we review the basic concepts of Hilbert space and linear operator, empha-
sizing properties of finite dimensional spaces. These topics allow us to construct
the notions of state, evolution and measurement of a quantum system. Then, we
review probability theory and statistics. This is necessary because measurements in

quantum mechanics are processes with random outcomes.

For vectors of a Hilbert space, which represents states quantum physical systems,
we use the Dirac notation |¢). For other kinds of vectors, like probabilities or
coordinate vectors, we use vector notation p, to distinguish them from quantum

states.



2.1 Linear Algebra

In this section we define Hilbert space’ and linear operator. We introduce proper-
ties like the Gram-Schmidt procedure, the spectral decomposition theorem and the
Fréchet derivative. We finish reviewing direct sum and tensor product between

Hilbert spaces.
2.1.1 Hilbert space

A set ‘H of vectors is called Hilbert space if satisfies the following axioms:

1. The space H is a linear vector space on the body of the complex numbers C.

That is, there exists two operations called sum (+) and scalar product (-)

+HxH—H, (2.1)
CCxH—H. (2.2)

For |a),|b),|c) € H and z,w € C. These operations satisfy

Commutativity of sum |a) + |b) = |[b) + |a) . (2.3)
Associativity of sum  (|a) + (b)) + |¢) = |a) + (|b) + |c)).

(2.4)

A zero vector exists |a) + |0) = |a) . (2.5)

Each vector has an additive inverse |a) + |—a) = [0). (2.6)
Distributivity of vector sum z-(|la) 4+ |b)) = z-]a) +2z-|b). (2.7)
Distributivity of scalar sum (2 +w) - |a) =z |a) +w - |a). (2.8)
Associativity of scalar product (zw) - |a) = z - (w - |a)). (2.9)

An identity number exists 1-|a) = |a) . (2.10)

For simplicity, we omit the dot of scalar product z - |a) = z|a) and write the

zero vector as |0) = 0.

!Named after David Hilbert, German mathematician (1862-1943).



2. An inner scalar product is defined in H.
() HxH—C. (2.11)

We denote the scalar product between |a) and |b) by (|a),|b)). However, we
usually employ the Dirac notation, that is, (a|b). The scalar product fulfills

the following properties

Linearity (|a), z|b) +w|c)) = z {a|b) + w (a|c) . (2.12)

Hermiticity  (alb) = (bla)”. (2.13)

Positivity {(a\a} 20 Via). (2.14)
(ala) =0 < |a) = |0).

Using (2.12) and (2.13), we can show that
(z]a),[0)) = (1b) 2 ]a))" = (2 (bla))" = 2" {alb) . (2.15)
The norm of the vector |a) is defined by
e} | = {ala), (2.16)
which satisfies the Schwartz’s inequality
[ Calb) [ < I[la) || [[16) ]| (2.17)
Two vectors |a) and |b) are said orthogonal if

(alb) = 0. (2.18)

3. The space H is complete. That is, every Cauchy sequence {|ay)}nen in H

converges in H.

A sequence {|a,) fnen of H is convergent if

Ve>0, 3IN>0, [lan) —la)|[<e, Vn>N, (2.19)



where |a) = lim,_,o |a,) is called the limit of the sequence. A sequence

{|an) tnen of H is called Cauchy sequence if
Ve>0, IN >0, ||lan) —|am)|| <€, Vn,m > N. (2.20)

Let us note that every convergent sequence in H is a Cauchy sequence but not

every sequence of Cauchy is convergent.

Vectors of a Hilbert space can be represented using a basis {|e,) }nenr, which is a
linearly independent? subset of H that spans H, that is

la) = anlen) Vla) € H. (2.21)
neN

The dimension dim(#) is the number of elements of a basis of H. We say # is finite
dimensional if dim(#) < oo and infinite dimensional if dim(H) = oco. For Hilbert
spaces with finite dimension, axiom 3 can be obtained from axioms 1 and 2. That
is, all vector spaces with inner product of finite dimension are a Hilbert spaces. For
simplicity, we call these spaces as finite Hilbert spaces.

A basis is orthonormal if

(enlem) = Snm, (2.22)

where 0, is the Kronecker delta defined by
1 n=m.
S = (2.23)
0 n#m.
Let us consider a non-orthogonal basis {|w,,) }n=1,. a4 of a d-dimensional Hilbert space.
There is a useful method, called Gram-Schmidt procedure, that allows us to produce
an orthonormal basis {|v,) }n=1, a4 from {|w,)}n=1_ 4. These vectors are computed

iteratively by

|wy)
v1) =
' [ ws) ] (2.9
k .
|U]g+1> _ ‘wk+1> Zi:l <U1’U)k+1> ‘UZ> k' _ 17 ,d o 1

k )
|| |weg1) — Zi:l (vilwga) [vi) ||

It is not difficult to verify that {|v,)}n=1,. 4 is an orthonormal basis by induction,

2A set of vectors is linearly independt if one of the vectors can not be written as a linear
combination of the others.



e Forn=1,

(vi|wz) — (vi]wsg) (vi]v1)
|| [wa) — (vi]wy) [v1) ]

<’01|U2> == =0. (225)

e Let us suppose that the vectors {|v,)},=1. a4 are orthogonal until n = m.

,,,,,

Testing for n = m + 1,

—<Um|wm+1> — Z:r;l (Vi|wig1) (Vm|vs)
(U |Vmi1) = I wmt1) = Doy (i wmi1) [vi) || (2.26)
(V| wint1) = 22000 (VilWint1) O
|| |wm+1> - ;11 <U¢|wm+1> |Uz> || (227)
 {on|wmgr) = (VW)
_H ’wm+1> — ?il <U¢‘wm+1> ’Uz> H (2‘28)
w (2.29)

Thus, any finite Hilbert space has an orthonormal basis. Therefore, the equation

(2.21) becomes,

|a) = Z&n |vn) (2.30)

where «,, = (v,]a). Besides, it can be written in matrix representation, that is,

a1 (v1la)
oy = = <U2:|a> e, (2.31)
aq (vala)

Moreover, the inner product on a finite Hilbert space in matrix representation is

{alb) = <Z W [0n) > B !vm>> (2.32)

n=1 m=1
d d
=3 > B (valvm) (2.33)
n:l mdzl
=3 a;Bmbum (2.34)
n=1m=1

=> aiB, (2.35)



A

=(af -+ a) (2.36)

Ba
Then, on finite Hilbert spaces, we can identity (a| with the transposed conjugate of
|a),

(a| = (of{ 042}). (2.37)

The set of all vectors (al is called the dual space H*.

2.1.2 Linear Operators
A linear operator A is a map from H to H', which satisfies linearity
A(zla) + w b)) = zA |a) + wA|b). (2.38)

We denote by L(H) the space of all linear operators from #H to itself. A linear
operator A € L(H) is bounded if

AN <CUINI VI eH, CeR (2.39)

Because in general the product between operators is not commutative, we define

the commutator of A and B by
A, Bl = AB — BA. (2.40)

If A commutes with B, we have [A, B] = O, where © is the null matrix.

We can represent an operator using the outer product. The outer product between

|a) and |b) is an operator |a)b|, whose action is defined by

(la)el ) le) = {blc) |a) (2.41)

Let us consider an orthonormal basis {|i)};=1.. 4 of a d-dimensional Hilbert space H,

then

,,,,,

(Z |z'><z'|> o) = > file) i) = o) (242

=1



10

Since the last equation is true for all |v) € ‘H, we obtain that

d

D il =T, (2.43)

i=1
with I; the identity operator on H. This is called the completeness relation. Thus,

we can represent an operator A € £(H) on a finite Hilbert space H as

A =l Aly (2.44)
= (Z |z‘><z‘|) A (Z rj><j|> (2.45)
= > {ildb Xl (2.46)
7 Ay Ap Aig
Ay Agp -+ Ay

=1 . .. | € Mxa(C). (2.47)
Adl AdQ S0 Add

where A;; = (i|A|7) and Mgxq(C) is the space of matrices of d X d over the complex
numbers.
An eigenvector of an operator A is a non-zero vector |a) such that it is propor-

tional to A |a),
Ala) =ala) . (2.48)

The proportionality constant a € C is known as the eigenvalue of A corresponding

to |a). They can be obtained by solving the characteristic equation,
det(A — al) =0, (2.49)

where det is the determinant function for matrices. Two operators that commute
(2.40) have the same set of eigenvectors but different sets of eigenvalues.
An important function of the matrix is the trace. The trace of A is defined be

the sum of its diagonal elements,

Tr(A) =) (iAli) =Y Ay (2.50)

=1 =1
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This function is characterized by being cyclic Tr(AB) = Tr(BA) and linear Tr(aA + B) =
aTr(A) + 8 Tr(B). Besides, this is equal to the sum of the eigenvalues of the matrix

Tr(A) = Zj:l ;-
The adjoint operator AT € L(H) of a operator A € L(H) satisfies the following

equation
(AMa), |b)) = (la) , A[b)). (2.51)

On finite Hilbert spaces, the adjoint operator AT is the transposed conjugate of A,

AL Ay - AZl
U ' a2 (2.52)
Ay Azq o Ay
In particular, an operator A € B(H) is called hermitian if
A=Al (2.53)
An eigenvalue a with eigenvector |a) of an hermitian operator A is real,
a = {a|Ala) = (a|Af|a)" = (a|Ala)* € R. (2.54)

An important class of hermitian operators are the positive semidefinite operators.

An operator A is called positive semidefinite if
(v|AJv) >0, V|v) #0. (2.55)

Then, these operators have non-negative eigenvalues. We denote by P(H) the set of
all positive operators that maps H on itself.

A operator U € L(H) is called unitary if it is invertible and UUT = UTU = 1.
These matrices form the special unitary group SU(d). Let |u) be an eigenvector of

U with eigenvalue u, then
(u|UTU|u) = (u[lju) = |u| = 1. (2.56)

The trace of A is invariant under unitary transformations Tr(UTAU) = Tr(A).
An operator A € L(H) is called normal if AAT = ATA. These operators satisfy

the following useful theorem,
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Theorem 1. (Spectral decomposition®) Any normal operator A on a d-dimensional
Hilbert space H is diagonal with respect to the eigenvector basis of A. That is, A can

be written as
d
A= a;la)ai, (2.57)
i=1

where {|a;) }i=1,_a are eigenvectors of A with eigenvalues {a;}i—1 . a-

The equation (2.57) can be rewritten using projective operators. An operator P

is projective if it satisfies

R P (2.58)
The operator P; = |a;)Xa;| is the projector onto the subspace with eigenvalue a;.
Then,
d
A=>"a;P. (2.59)
i=1

Clearly, hermitian operators and unitary operators are normal. Therefore, these
operators have a spectral decomposition. Furthermore, these also play an important
role in the formulation of Quantum Mechanics.

The function f of a normal operator A is defined by the following operator

d

FA) =Y fla) ai)al, (2.60)

i=1
that is, a function of operators is defined by the values of the function on the set
of eigenvalues of the operators. One of the most commonly used functions is the
exponential e?. An unitary operator can be written as U = e ¥ where H is
a hermitian operator. The exponential of an operator fulfill the Baker-Campbell-

Hausdorff formula,

ABe = B[4, B] + oA, [A, B + 5[4, 14,4, B]] + - (2.61)

3See proof in [30].
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As a last observation, let us note that the set of linear operators L(H), endowed

with the Hilbert-Schmidt product,
(A,B) =Tr (A'B), (2.62)

as an inner product, is a Hilbert space. This product induces a norm on operators,

1] = TAA) = /Te(ATA). (2.63)

2.1.3 Fréchet Derivative

In general, we can define notions of derivation on Hilbert spaces, like in H = C.
Therefore, we can derivate functions of operators. Let us suppose a finite Hilbert
space H. A continuous function f from U C L(H) to L(H) is said to be differentiable
at a point U € U if there exists T € L(H) such that

i WU +V) = fUO) =TV _

0. 2.64
A Il (2.64)

The operator T = Df(U) above is called the Fréchet derivative® of f at U [10].
Then, if f is differentiable at U, for all V' € L(H),

fU+4V) - fU)

Df(U)V) = Jim o~ (2.65)
i FU+ (t+t)V) = f(U+1V) (2.66)
to—0 toV
t=0
L 2.67
_Eﬂ + )to- (2.67)

This is called the directional derivative of f at U in the direction V. From (2.67),

we can see that the Fréchet derivative inherits the usual rules of derivation:
Linearity D(f+¢)(U) = Df(U)+ Dg(U). (2.68)
)

Chain rule D(g(f))(U) = Dg(f(U))-Df(U). (2.69)
Product rule  D[f(U) - g(U)|(V)=Df(U)V)-g(U)+ f(U) - Dg(U)(V). (2.70)

“Named after Maurice René Fréchet, French mathematician (1878-1973).



14

Derivatives of higher order can be defined by repeating derivatives. Thus, the pth

derivative of f is calculated as

DPf(U)(V,...,V,) = Lf(UHlVl +- V)

2.71
Oty -0t (2.71)

ti=...=tp=0

Using the Fréchet derivative, we can show the following useful theorem:

Theorem 2. (Taylor’s Theorem) Let f be a (p + 1) times differentiable function
from L(H) to itself. Then, for all X € L(H) and for small H € L(H),

"1

Hf(X +H) = f(X)=> DT O H]™)

m=1"

‘ - o(||m|p+1). (2.72)
where [H)™ is the m-tuple (H, H, ..., H).

2.1.4 Direct Sum and Tensor Product

We can combine two Hilbert spaces to form larger spaces taking their direct sum
or their tensor product. Let us consider a n-dimensional Hilbert space H and a m-
dimensional Hilbert space H', with {|v;) }i=1, ., and {|w;) }i=1,. m their orthonormal
bases, respectively.

First, the sum direct space H & H' is a n + m dimensional Hilbert space. These
spaces must only intersect at the zero vector, H N'H' = {0}. An orthonormal basis
of H@®H is {|vi), |w;)}, with i =1,...,n and j = 1,...,m. Vectors of H & H' have

the matrix form

v) & w) = <|’Zf]>>> (2.73)

On the other hand, the tensor product space H ® H' is a nm dimensional Hilbert
space. If |v) € H and |w) € H', the tensor product vector |v) ® |w) is on H & H'.
These vectors fulfill bilinearity

[v) @ (21 [w1) + 22 [w2)) =21 [v) @ |wy) + 22 [v) @ |wy), (2.74)
(21 ]v1) + 22 |va)) @ |w) =21 [v1) ® |w) + 22 |v2) @ |w) . (2.75)
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An orthonormal basis of H ® H' is {|v;) ® |w;)}, withi=1,...,nand j =1,...,m,

and its vectors are

| @) s = Z Z Qij [Vi)g @ Jwj)y, - (2.76)

i=1 j=1

The tensor product can be computed using the Kronecker product,

ay aq |b)

. (6%} _ (6%} ‘b>
@by =1 jeb=1 " (2.77)

(6% (6% ] ’b>

These operations are also valid for linear operators, because these are also Hilbert

spaces. For finite dimensional operators,

A G
Ao B= (@mm - ) (2.78)
All - Aln AllB e AlnB
AeB=| : .. : |eB=| : .. |, (2.79)

where O, ,,, is the null matrix of n x m.

2.2 Probability and Statistics

In this section, we introduce basic concepts of probability theory and classical
statistics, such as Fisher Information. These are necessary due to the statistical

nature of Quantum Mechanics.

2.2.1 Sample Space, Events and Probabilities

A random experiment is characterized by the impossibility of predicting with
certainty the result of it. The set of all possible outcomes w of a random experiment
is called the sample space €). If this set is countable, we call it discrete, otherwise

we call it continuous.



16

An event E is a subset of Q. The set {E;}i=1.. ., of events is called mutually

.....

exclusive if ;N E; = ( for all 4 and j, with i # j. That is, if an outcome of event

E; occurs, this event occurs and none of the other events can happen.

The probability p is a measure which acts on a sample space €2 and assigns a num-

ber between 0 and 1 to each event. Probability must satisfy the following conditions
1. p(E) > 0 for all events FE.
2. If £ =Q, then p(F) = 1.

3. If the events {E;};—1.., are mutually exclusive,

P(ULE) = > p(E). (2.80)

In many experiments, the probability of an event F; depends on another event
E5 having already occurred. This probability is called conditional probability and it
is defined by
P(FE1, E»)

BB =7

(2.81)
where p(Es) # 0.

Theorem 3. (Bayes’ Theorem) The conditional probability p(E,|Es) satisfies
p(Es|E1)p(E)

p(Er|E,) = (Es) (2.82)
where p(Ey) # 0.
Proof: From (2.81),
(B |By) = %, p(Bo| Er) = %. (2.83)
Because p(Ey, Ey) = p(Es, E1), we get
P(E1|En)p(E») = p(Ea| Ev)p(Er). (2.84)
Finally, if p(Es) # 0,
p(Ey| By) = LA EUD(E) (2.85)

p(EQ)
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2.2.2 Random Variables

A random variable X is a function that, to each result w € () assigns it a real
number. When we perform an experiment on a discrete random variable X, it may

take the value x with probability

p(X = 2) = p({w : X(w) = 2}). (2.86)

For simplicity, we define p(z) = p(X = z). On the other hand, when the random

variable X is continuous, it may take a value between x; and x, with probability
plry < X <o) =p({w : 71 < X(w) < z2}). (2.87)
A better form to express this probability is using the probability density f

pr; < X <xy) = /ZE2 f(z)dx. (2.88)

This function must satisfy

) >0, VzeR, (2.89)

/ f(x (2.90)

We can use the Dirac Delta to write the probability density of a discrete random

variable,
fa) =" plag)d(z — o). (2.91)

where 7 is the set of all possible values for X. We say that two random variables X

and Y are independent if

p(z,y) =p(z)p(y), if X is discrete. (2.92)
flz,y) =fx () fr(y), if X is continuous. (2.93)

The expected value of a random variable X is the weighted average of its values,

using the probabilities as weights. The expected value of a random variable X is
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defined by

Z xp(z), if X is discrete.
E(X) = *¢* (2.94)
/ xf(z)dz, if X is continuous.
R

Then, the expected value of the product between two independent random variables

X and Y is

E(XY) :/R/Ra:yf(x,y)da:dy (2.95)
- /R /R 2y fx (@) fy (y)dedy (2.96)
_ /R wfx(2)d /R yfy (y)dy (2.97)
— E(X)E(Y). (2.98)

The expected value of a function g(X) is

Z g9(z)p(z), if X is discrete.
E(g(X)) =4 (2.99)
/g(x)f(x)dx, if X is continuous.
R

Using (2.81), we can define the conditional probability of discrete random variables

and the conditional density probability of continuous random variables,

p(z,y)
p(zly) = , p(y) # 0. 2.100
(zy) o) () (2.100)
f(z,y)
fx(xly) = , fy(y 0. 2.101
Then, the conditional expected value of X given Y is defined as
Z zp(z|y), if X is discrete.
E(X|Y) =< *< (2.102)

/ zfx(x|y)dz, if X is continuous.
R

In general, we can work with a set of n random variables
Xy
X=1:]eR" (2.103)
Xn,
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and its corresponding expected value

EX)=| : | (2.104)
E(Xn)

Let us note that the expected value between sets of random variables X and Y is

an inner product. Then, this satisfies the Cauchy-Schwarz inequality,
E(XY)]? <E(X*)E(Y?). (2.105)

The variance of a random variable X is the expected value of the squared devi-

ation of a random variable X from its expected value E(X), that is,
Var(X) = E[(X — E(X))?. (2.106)
It can be rewritten as
Var(X) =E[(X — E(X))’]
=E[X?* - 2XE(X) 4+ E(X)?]
=E(X?) — 2(X)E(X) + E(X)?
=E(X?) - E(X)%
The square root of the variance is called the standard deviation o(X) = /Var(X).

This represents the dispersion of data around the expected value. The confidence

interval is defined by
| X —E(X)| <eo(X) (2.111)

with € > 1. The probability that X assumes a value in this interval is

p(\X —E(X)| < eU(X)) >1- L (2.112)

For instance, the random variable has a probability p = 1 — 1/9 = 8/9 of assuming
a value in the interval | X — E(X)| < 30(X). This leads that the error in a random

experiment is on the magnitude order of the standard deviation,

z—E(X) ~ O(c(X)). (2.113)
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where we have supposed that the random variable X assumes the value x.

The covariance between two random variables X and Y is defined by
Cov(X,Y) =E[(X —E(X))(Y —E(Y))]. (2.114)

It is a measurement of the correlation among the random variables X and Y. In

particular Cov(X, X) = Var(X). Analogous to the variance,

Cov(X,Y) =E[(X — E(X))(Y —E(Y))] (2.115)
=E[XY —E(X)Y — XE(Y) + E(X)E(Y)] (2.116)
—E(XY) — 2E(X)E(Y) + E(X)E(Y) (2.117)
=E(XY) — E(X)E(Y). (2.118)
The variance of a linear combination of two random variables X and Y
Var(aX + bY) =E([aX +bY]?) — E(aX + bY)? (2.119)
=a’E(X?) + 2abE(XY) + V’E(Y?) — *E(X)?
— 2abE(X)E(Y) — V’E(Y)? (2.120)
=a*[E(X?) = E(X)’] + V[E(Y?) — E(Y)?]
+ 2ab[E(XY) — E(X)E(Y)] (2.121)
=a*’VarX + b*Var(Y) + 2abCov (X, Y). (2.122)

If we are working with a set of random variables X, we have the covariance

matriz C(X), with elements

Let us suppose a vectorial function f(X) = AX, where A € C"*". The elements of

this function are
X) =) AuX. (2.124)
=1
Its covariance matrix is

Cii(f) =Cov[fi(X), f;(X)] (2.125)
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=E[fi(X) f;(X)] = E[fi(X)]E[f;(X)] (2.126)
=K Zn: Au X i Ajp Xy | — E i A X | E i Ain X5 (2.127)
=33 AuAp [E(XiXe) — E(X)E(X) (2.128)
= AudpCov(X;, Xy) (2.129)
:ZZAilCOV(Xlan)Ajk (2130)
—(ACAT),. (2.131)

For a non-linear function, we can linearize employing the Taylor series up to the first

order.

2.2.3 Fisher Information

Let us consider a random experiment where we want to estimate a set of n
parameters s = (31 e sn)T. Let us consider that the probability distributions of
this experiment is {p(z|s) }zez, with Z the set of all outcomes z. From the definition
of probability,

> plzls)=1 Vs (2.132)
zeT

Deriving the last equation

32,» lzp(ﬂs)] = ZP(SC|S)aii Inp(z|s) =E <821 lnp(x|s)) = 0. (2.133)

€T z€L

From the experiment we obtain estimations 8(z) = (%;(z) --- §n(:z:))T, which are

functions of the experimental outcomes. Besides,

95;(x)
——— =0. 2.134
Ds, (2.134)
Using the last equation we can define the following matrix

Q.
Gij :a—SiE(sj(a;)) (2.135)



22

:aii [Z p(xys)gj@)] (2.136)

—E ( 82,- In p(g;|s)§j(g;)> , (2.137)

Subtracting the equation (2.133),
0 . 0
Gy =E Elnp($|8)sj(x) ~E{ 5 (z|s) ) 5 (2.138)

_E <ai I p(z|s) [4,(z) — sj}) | (2.139)

For any vectors u and w in R", we get

n 2
3,j=1

- @ _2

= Z wE (% Inp(x|s)[$;(x) — 8j]> w; (2.141)

Li,j=1

12

g (2% Inp(a]s) <>—sj1wj> S ()

1,7=1

Using the Schwartz’s inequality (2.105), we obtain

Zul lnp (z|s) Z[éj(x) — sj]wj] (2.143)

= (u"Iu) (w'Cw), (2.144)

2

(u" Gw)?

where C is the covariance matrix and [ is the Fisher information matrix® defined by

0 0
I;=E (851' lnp(x]s)a—sj lnp(x|s)) : (2.145)
Therefore, for all uw and w, we have
T T
T u Guww Gu
Cw> ———— 2.146
wEw = utlu ( )
The right-hand side of this inequality is maximized when v = I~'Gw,
TGww™GI'G
w' Cw Zu Wi v (2.147)

utII-'Gw
®Named after Sir Ronald Fisher, British statistician and geneticist (1890-1962).
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uw GuwwTGI'Gw

w'Cw > T (2.148)
w'Cw >w'GI'Gw. (2.149)
Thus, we obtain the following inequality
C>GI'G, (2.150)
which is called the Cramer-Rao inequality [11,12]. This inequality means that the

matrix C'— GI~'G is positive semidefinite. It expresses a lower bound for the covari-

ance. A particular case of this inequality occurs when the estimator § is unbiased,
E[8(x)] = s. (2.151)

Here the matrix G is the identity matrix because

8]E _c%‘j

Gij = B, [8;(z)] = Bs,

= 0ij- (2.152)
The Cramer-Rao inequality for unbiased estimators is then
c>1 (2.153)

This establishes that the covariance matrix is bounded by below by the Fisher infor-
mation matrix. An unbiased estimation method is optimal if it reaches the Cramer-
Rao bound (2.153). It should be noted that there are not always unbiased techniques
that achieve this lowe bound.

From (2.153), we can also find a bound for the weighted mean square error
Tr(WC), where W is a positive matrix. For example, if W = I this is the mean

square error,
Tr(C) = Y E([5i(x) — si]). (2.154)
The Cramer-Rao bound for the weighted mean square error is

Tt(WC) > Te(WI™). (2.155)



Chapter 3

Quantum Mechanics

Quantum Mechanics is a theory which allows us to describe the behavior of mi-
croscopic physical systems, such as atoms and photons. The quantum theory has
deep differences with classical theories. The main one is the measurement process.
Classical physics implicitly assumes the properties of systems to be unchanged by
measurement processes. Thereby, different properties can be measured without any
interference among them. This is not the case in quantum physics, where the mea-
surements have random outcomes and they disturb the state of the system. Thereby,
the measurement of a property typically precludes the knowledge about other prop-
erties. Quantum Mechanics has allowed the development of many technological
applications, such as Quantum Information, Quantum Computation and Quantum

Cryptography.
In this chapter, we briefly enunciate the postulates of Quantum Mechanics. Then,

we present notions of distance between quantum states. We finish studying the

quantum theory of estimation.

24
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3.1 Postulates of Quantum Mechanics

In this section, we review shortly all the postulates of quantum mechanics. There
are four basic postulates which tell us how to describe all we need to know about a

quantum system [30,13].

3.1.1 State Space

The first postulate teaches us how to mathematically represent quantum systems.

Postulate 1. Fvery physical system s associated with a complex vector space with
inner product H (called o Hilbert space). The state vector of the system is a ray in

satd Hilbert space. This vector completely describes the system.

A ray is a one-dimensional subspace of H. Then, the states |¢)) can be identified
with an equivalence class' represented by a unitary vector | (¢[)) | = 1. Also, the
state [1) is equal to €% [h) up the global phase €. We call a 2-dimensional quantum

system a qubit (quantum bit)?,

[¢) = «|0) + B[1) (3.1)

where {|0),]1)} is the basis of the space and || |¢) || = |a|? + |8]*> = 1. In general, a

d dimensional state is called a qudit (quantum dit).

An alternative formulation is possible using a tool known as the density operator
or density matriz. The language of the density matrices is convenient to describe
systems that are not known in their entirety. This is a system that can’t be described
only with a state [¢)), instead we need a set of n states |¢;) with their respective

probabilities p;, called the ensemble of pure states {p;,|;)}i=1..n- The density

77777

operator of the system is defined by the equation

P = sz |thiXabi] - (3.2)

i=1

L An equivalence class is a set which satisfies an equivalence relation. A relation is of equivalence
if it fulfills: reflexivity, symmetry and transitivity.
2Inspired by the bit notion of classical computing.
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Note that the expansion (3.2) does not necessarily coincide with the spectral
decomposition of p and n can be different than dim(#). The class of operators that

are density operators are characterized by the following useful theorem:

Theorem 4. An operator p is a density operator associated to some ensemble {p;, Vi) }iz1..n

if and only if it satisfies the conditions:
1. The trace of p is equal to 1. That is, Tr(p) = 1,
2. p € P. That is, p is positive semidefinite operator.

Proof: Suppose p =" pi [i)1s] is a density operator. Then

Zpl Tr([ya)(ei)) Z pi=1, (3.3)

so the trace condition 1 is satisfied. Suppose |p) is an arbitrary vector in the state

space. Then

(plole) = sz (olips) (wilp) = Zp@ (ple) P > 0, (3.4)

so the condition 2 is satisfied.

Density matrices are classified into two types: if there exists a vector |¢) such
that p = [1)(¢], then we say that the state is pure; otherwise we say that the state
is mixed. A state p can be determined as pure or mixed by evaluating the purity

Tr(p?). Let us expand p in its spectral descomposition,

p= Z Ai [Aif Al - (3.5)

Thus, calculating the purity,

n

pr= 2 NN T (p?) = 3T (3.6)

i=1
Because p? < p;, equality will be achieved if and only if one of the )\; equals 1 and
the rest are 0. So a state p is pure if and only if Tr(p?) = 1.
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There are many representations of a density matrix. For example, a qubit can

be expressed by

I+7r'0), (3.7)

DO | —

1
p:§(]l—l—a:ax+yay+zaz):

T . . . T
where r = (x Y z) is a 3-dimensional real vector and o = (ax oy (TZ) are the

Pauli Matrices®,

S T U WY (N R

If we calculate the eigenvalues of p we can known the domain of r such that p is

positive semidefinite.

det[p — NI} =0 (3.9)
1{14+z=2x =z-i
jiet {5 ( r+iy 11—z —y2)\>] =0 (3.10)
(%) [(14+2z=2N)1—-2—-2)\) — (z+iy)(zr+1iy)] =0 (3.11)
(1—=2\2 -2 -2 —¢y* =0 (3.12)
(1—2)\)?2—|r|* =0. (3.13)

Using that |r| = /22 + y2 + 22, we have A\, = $(1£ |r]). Now, because Ay > 0, we
have |r| < 1. That is a 3-dimensional unitary sphere, where each point represents
a different density matrix. This sphere is called the Bloch Sphere, and gives us a
graphical representation of the qubits. From the purity we can identify two cases

depending on the value of |r|,

Te(p?) =M+ 22 =5 (1 + 7). (3.14)

N | —

Then, pure states are on the surface the sphere |r| = 1 and mixed states are inside

the sphere |r| < 1.

3Named after Wolfang Pauli, Austrian physicist (1900-1958).
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Figure 3.1: Graph of Bloch Sphere. Source: Made by the author

3.1.2 Evolution

The second postulate describes how the state changes with time.

Postulate 2. The evolution of a closed quantum system is described by a unitary
transformation. For an initial time to, at a any later time t the relationship between

the initial and final states is given by:

(1)) = U(t, to) [¢(to)) - (3.15)

A closed quantum system is a system that does not interact with any other system.

We can calculate the evolution of a density operator,

p(t) = D pelu()) (o) (3.16)
= > piU (s to) [u(to) X¥i(to)| U (¢, to)' (3.17)

= U(t, t0) (Zpi |¢z’(to)><¢i(to)|> Ut to)" (3.18)

=1
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= U(t, to)p(to)U(t, to)". (3.19)

Furthermore, the general evolution of a density matrix is a completely positive
map that preserves the trace, which can be represented by a set of n < d? operators

{K}i1.. n which satisfies .1 | K] K; = I, called Kraus Operators [30],

p(t) = Kip(to)K]. (3.20)

=1
3.1.3 Measurements

The third postulate describes how to obtain information from a quantum system.
The processes that allow us this are called measurements. This postulate is the main
difference between classical physics and quantum physics. Classical physics implic-
itly assumes the properties of systems to be unchanged by measurement processes.
Otherwise, in Quantum Physics the measurements have random outcomes and they

modify the state of the system.

Postulate 3. Quantum measurements are described by a set {My,} =1, ., called
measurement operators. The index m refers to the measurement’s outcomes that
may occur in the experiment. The measurement operators satisfy the completeness

relation
> MM, =1 (3.21)
m=1

If the state of the quantum system is |¢) immediately before the measurement, then

the probability that result m occurs is

p(m) = (Y|M} My|t) (3.22)

and the state of the system immediately after the measurement is

M)
V (I M M)

For a density matrix and a measurement {M,, },,—1

™) = (3.23)

----------

we have that the probability of obtaining outcome m is
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= ép(mli)m (3.24)
:i (Wil M, Mo [43) s (3.25)
= f; T (M}, Mo, [0i)i]) pi (3.26)
=Tr <MLMm nim |wz-><¢z-|) (3.27)
= T (M, M) (3.28)

where p(m]i) is the conditional probability of m if the initial state was [¢;). The

states of the ensemble after the measurement are
\/<¢z| M M, |1;)

with respective probabilities p(i|m). Then, the density matrix after the measurement

¥i") =

(3.29)

is

n/

=y p(ilm) [ (3-30)

i=1

=3 plilm) ( M I ) ( il M, ) (3.31)
i=1 \/W MM, |3 \/(%‘ MM, i)

P m| pz My, |¢z><¢Z|MT
Z p(m) (| M My |45)

_ ~ (] M, Mo [465) ps Mo [85:)(855] M, (3.33)

i—1 Tr(MJ@Mmp> <¢2|MrTan|?/Jz>
M S i) My,
_ MypMj,

Tr(M,Tanp>

(3.32)

(3.34)

(3.35)
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where we used Bayes’ theorem (3).
The simplest type of measurement is the projective measurement. A set of d
projective measurements is associated to a hermitian operator called an observable.

An observable O has a spectral decomposition

0= A lom)oml, (3.36)

m=1
where )\, and |¢,,) are its respective eigenvalues and eigenvectors. Then, because the
projectors T, = |¢m)Xém| are hermitian and idempotent, the probability to obtain

outcome \,, (or m for short) upon measuring the state |¢) is, according to (3.28),

p(m) = Tl"( me) Te(Tmp) = (Dmlpldm) , (3.37)
and the state after the measurement is, according to Eq. (3.35), given by

mo__ meﬁin — <¢m|p|¢m> |¢m><¢m‘
Tr <7Tjn7rmp> (Pm|p|Pm)

The expected value of O in the state p is

p = [Pm N Pm| - (3-38)

E(O|p) = Zmp ZmTr Tmp)

The expected values of two observables O; and 02 can be obtained simultaneously

=Tr(Op). (3.39)

if they share their base of eigenstates. This occur if the two observables commute
[O1,O2] = ©. Thereby, the expected values of two observables that do not commute
[O1, 03] # © can not be obtained simultaneously.

The most general measurement on a density matrix is the Positive Operators-
Values Measure or POVM. The POVMs are used when the post-measurement state
is unimportant and the probabilities are the main interest. A POVM is a set
{Em}m=1,.n such that the operators E,, are all positive and satisfy the relation
22:1 E,, = 1. We can consider M,, = \/E,, such that E,, = MLMm- Then we see
that the POVM satisfies the equation (3.21) >0 | M{M,, = >" | E, =1, and

m=1
therefore the set {M,, }m=1.. ., describes a measurement with POVM {E,, } -1

----------

The probability of outcome m is given by

p(m) = Tr(E,.p). (3.40)
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3.1.4 Composite Systems

The last postulate allows to describe quantum systems that are formed by two

or more subsystems.

Postulate 4. The state space of a composite physical system is the tensor product of
the state spaces of the component physical systems. If the subsystems are numbered

from 1 to n, the state space is
H=Hi1QH:® ... ® Hp. (3.41)

In particular, if the subsystems are prepared in the states {|1;) }i=1,. ., the state

of the system is

() = 1) ® [¥h2) ® ... ® [hn) - (3.42)

It is important to remark that not all states in the composite space are of this form.
If a state can be written in the form (3.42) we call it separable. Otherwise, we say it
is entangled.

Let us consider the two qubit space, which is a 4-dimensional Hilbert space. A

separable basis of this space is
00) =10) ®0) [01) =[0) ®[1) [10) =[)@|0) [11)=[1)@][1). (3.43)
On the other hand, an entangled basis is the Bell Basis,

|v*) = |01> + [10)) ™) = (J00) £ [11)). (3.44)

1
V2
The entangled states are used in Quantum Teleportation [11], Quantum Cryptogra-
phy [15] and fundamental tests of Quantum Mechanics [16].

To define entanglement of density matrices is a bit more complicated. Suppose

we have two systems H; and Hs,, whose state is p(12). We say that it is separable if

it is a convex combination® of products of density matrices,

(12 Zplpz ® pz (345)

1A convex combination of vectors {z;} is >, a;x;, where a; > 0 and >, a; = 1.
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Otherwise, the state is entangled. The entanglement measures of density matrices
are current research topics [17,48].

At last, we define the reduced density matriz as the state that allows us to describe
a subsystem of a larger system. We eliminate the subspaces in which we are not
interested tracing over them. Therefore, the reduced density matrix of #, for p(1?) €

7‘[1 ®H2 iS

PV = Tr, (p(lz)), (3.46)

where Tro(p) is the partial trace of p over Ha,

d
Try(p"?)) =Tr, ( > pipl” @ p§2)> (3.47)

ij=1

d
=Y pyp) T <p§2)> (3.48)

ij=1

d
= > pinl?. (3.19)

3.2 Distance between Quantum States

In many protocols in quantum information it is important to quantify how close
two quantum states are. Some examples of this are state discrimination, state to-
mography and processes tomography.

A distance measure is a function from density operators to the real numbers. It must

satisfy the metric axioms

0<d(p,o), Vp,o.
Positivity (3.50)

d(p,0) =0<= p=o0.
Symmetry d(p,o) = d(o, p). (3.51)
Triangle inequality d(p, o) < d(p,T) + d(7,0). (3.52)

We discuss two distance measures, the trace distance and the fidelity, which are

especially useful in quantum information.
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3.2.1 Trace Distance

The most natural distance measure is the trace distance. The trace distance

between p and o is defined by
1
D(p,d) = 5Tr,p—0-|7 (353)

with |A| = VATA. Tt consists of the sum of the absolute values of the eigenvalues of
p—o. Let A, and A_ two positive operators such as A = A, — A_. We call them
positive and negative parts of A, respectively. Therefore |A] = A, + A_. Because
Tr(p — o) = 0, we obtain Tr(p — o), = Tr(p — o)_. Therefore

D(p,0) = 3T [(p= o) + (= 0)-] = T [(o— 0).]. (3.54

Clearly, the trace distance satisfies positivity and symmetry. Moreover, it fulfills the

triangle inequality. Let P be a projective operator to (p — o),

D(p,0) =Tr[P(p — o)] (3.55)
—Te[P(p—7+7 - 0)] (3.56)
=Te[P(p — 7)] + Tx[P(1 — 0)] (3.57)
<Tr[(p = 7)4] + Tr[(7 — 0)] (3.58)
=D(p,7) + D(7,0). (3.59)

Thereby, the trace distance is a metric. This is important in state discrimination [19],
because the probability of distinguishing two states with equal a priori probability

is

P, =

DO | —

[1 + D(p, a)} . (3.60)

3.2.2 Quantum Fidelity

The second distance between quantum states is the fidelity. This is defined as

F(p,o) =Tr (\/\/ﬁa\/ﬁ)% (3.61)
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If o = [)(v| is pure, it reduces to the transition probability from p to |¢),

F(p,0) = (lply). (3.62)

Inspired by this, we define the infidelity as
Inf(p,0) =1— F(p,0). (3.63)

The fidelity (or infidelity) is not actually a metric on the space of density matrices.

However, we can construct a metric from it using the following theorem,

Theorem 5. (Uhlmann’s) Let us suppose p and o are states of a quantum system

H1. Introduce a second quantum system Ho, equal to Hi. Then

_ 2
Fp,0) = x| V161 (3:64)

where the mazimization is over all purifications |10) of p and |p) of o, that is

T ([0X¢]) =p,  Tra(leXel) =0 (3.65)

The states [1)) and |p) belong to C?, so we can calculate their distance using the
distance of C?. Since quantum states are invariant up to global phases, we must

include a minimization on all possible global phases,

dea =miml14) — el | (3.6
—min /(1= e () (19) - ele)) .67)
—min /2~ ZRe[e (017 3.69
V2= (3.69

This is called the Fubini-Study distance between pure states. Then, using (3.64) and

the last equation, we can define the Bures distance,

B(p,0) = \/2—2\/F(p,0). (3.70)

It inherits the metric properties of dca, so it is a metric too.
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For a 2-dimensional system, the fidelity can be calculated as,

F(p,0) = Tr(po) + /1 — Tr(p?)y/1 — Tr(c2). (3.71)
Let us suppose p and o are two infinitesimally close states, that is
F(p,o0)=1—dF + O(dF?). (3.72)

We have that the infidelity and the Bures distance coincide up to first order,

Inf(p,0) =1 — F(p,0) (3.73)
=1—1+dF + O(dF?) (3.74)

—dF + O(dF?), (3.75)

B(p,0)* =2(1- /F(p,0)) (3.76)
:2(1 1+ %F + O(dF2)> (3.77)

=dF + O(dF?). (3.78)

For this reason, we will use infidelity and Bures distance interchangeably. Besides,

fidelity and trace distance are related through the following inequality [30],

1 —/F(p.0) < D(p,0) < /1— F(p,0). (3.79)

Therefore, infidelity and trace distance are equivalent for infinitesimally close states,
1
§Inf(p, o) <D(p,0) < +/Inf(p,0). (3.80)

3.3 Quantum Fisher Information

In this section we generalize the Fisher information matrix and the Cramer Rao
bound to the quantum case.
Let us consider a d-dimensional quantum system in a state p(s) characterized by

the parameters s = (51 sn)T, which we want to obtain. This is known as the
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quantum estimation problem. Given a measurement set {F;};,—1 ., the probability

.....

of obtaining outcome 1 is

plils) = Tr (Eip(s)). (3.81)

The classical Fisher information (2.145) is

:ZP k|s) ( (k|s )%hlp(kﬂs)) (3.82)
_~~_ 1 9p(k|s) Op(k|s)
_kz:;p(kﬂs) ds; 0s,; (3.83)
- e i (Eag—()) I (Eaap—()) (3.84)
Let w € R",
wii = Zw’f”w” (3.85)
g i) e
Y Ty ~., 90(s)
_;p <Ekzl s ) - (3.87)

We define operators L;(s) such that they satisfy the equation

agi? = 2 (plo)Lils) + Li(s)ls) ). (3.89)

These operators are called symmetric logarithmic derivative of p(s) with respect to

s;. Then

> w2 =S i (pls) ) + Lifs)ols)) (3.89)

:% (P(S) Z w;Li(s) + Z wiLi(S)p(S)> : (3.90)
(3.91)



Writing L = Z w; L; and replacing in (3.87),

< i Ii|s) Ir (E’“L(S)'O(S)> ‘2

B Tr(wmmmwm})

:i : (VE/p3), VEL(5)Vo(5) ) |

where Re(z) is the real part of z and (-,-) is the Hilbert-Schmidt product.

Schwartz’s inequality (2. 17)

wt Tw <Z k‘

1
(k|s)

pnqs

!

k=1

plﬂs

1

(p(s)L(5)?)

I
=

t (EiL(s)p(s)L(s))

2

VB L@ Vi@

Tr (Ekp(s)) T (EkL(s)p(s)L(s)>

=Tr (P(S) Z w;Ly(s) Z ijj(5)>

=3 S (p<s> [Li8)Ly(8) + Ly () Li(s)] ) w,

i=1 j=1

—iiwi[‘]( >]

i=1 j=1

=w'J(s)w.

Thus, we obtain an upper bound of I,

I </,

2
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(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

Using

(3.97)

(3.98)

(3.99)
(3.100)

(3.101)

(3.102)

(3.103)

(3.104)

(3.105)
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where J is the Quantum Fisher Information matriz,

Jis(s) = % Tr (,0(5) [Lu(s)Ly(s) + Lj(s)Li(s)]> | (3.106)

This matrix establishes the Quantum Cramer-Rao Bound for the covariance matrix

26,27,
cC>I1r't>J" (3.107)

Let us note that the Quantum Fisher Information matrix does not depend explicitly

on the set of measurement operators {F;};,—1. ., but on the state p(s) and on the

parameters to be estimated. Besides, this inequality is only valid for an unbiased
estimate.

From Eq. (3.107) we can see that the reciprocal of the Quantum Fisher Infor-
mation matrix provides a smaller lower bound for the Covariance matrix than the
reciprocal of the Classical Fisher Information matrix. Thereby, the laws of Quan-
tum Mechanics allow for an improvement in the accuracy of estimations. In this
regard, the use of quantum systems for estimation purposes might surpass the accu-
racy achieved by solely classical means. This important result led to the new field of
Quantum Metrology [23|, which aims at improving the accuracy in the measurements
by exploiting quantum systems.

To estimate the set s of parameters we have at our disposal N quantum systems

equally prepared in the state p(s), that is,
PPN (s) = p(s) @ p(s) @~ @ p(s). (3.108)

This sample of size N is our primary resource. The symmetric logarithmic derivatives
L™ (s) of p®N(s) are defined by

)

apz:i(S) = %('0<S)L§N)(S) + LEN)(S)p(S)) (3.109)

Using the chain rule,

) )
85®p®---®p+---+p®---® Pop= (o4 L) (3110)
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This corresponds to the equation of L; per subsystem,
N = Liol®- @I+ +1®---QL; QL (3.111)

Then, the quantum Fisher information matrix becomes

v _1 N[ (V) (V) | 7 (V) (V)

I =3 <p LML 4 LML D (3.112)
N
~5 T p|LiLi + L;Li (3.113)
—NJ;;. (3.114)

From this ensemble of N copies we can obtain information about the set s of pa-

rameters by performing two different types of processes:

e Measuring each copy separately, or

e Measuring globally the collective system formed by all copies.

Let CN)(s) the covariance matrix and V) (s) the classical Fisher information ma-

trix, for an estimate with sample size N. The Quantum Cramer-Rao Bound becomes
4 1
c™ > [](N)} > gt (3.115)

where J corresponds to the quantum Fisher information of a single copy.

Here arises the question whether the Quantum Cramer Rao bound can be sat-
urated or not. One would like to know what quantum strategy allows us to attain
the Quantum Cramer-Rao bound. Such a strategy represents the optimal estimation
technique providing the highest possible accuracy allowed by the laws of Quantum
Mechanics. It has been shown that in order to approach the Cramer-Rao bound, col-
lective measurements must be used [28,50|. Nevertheless, these measures are difficult

to implement experimentally. This leads to another important constraint [29].

Theorem 6. (Gill-Massar) When we measure a state p with separable measure-
ments, the Fisher information matrices I and J must satisfy the Gill-Massar in-

equality

Tr (I<N>J*1) < N(d—1). (3.116)
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This theorem implies that it is generally impossible to construct a measurement
that is optimal for all parameters by separable measurements only. But, we can try

to find the best possible measurement by the following optimization problem

mSin Tr (WCW™(s)),
Tr (I (s)J(s)™') < N(d —1). (3.117)

where W is a positive defined matrix. The function Tr(WC’(N )) is called weight

mean square error. The solution to this problem is [51]

Tr (WC(N)) - ;) (Tr

N1 \/WJH/WD : (3.118)

VIR J-1/2
Tr(\/J—l/QWJ—1/2>

I™M = N(d—-1)VJ V. (3.119)

It reaches the classical Cramer-Rao bound C' = I~! and the Gill-Massar Inequal-
ity Tr (/™M J=1) = N(d — 1), but generally not the quantum Cramer-Rao bound.
Thereby, there could be a difference between the optimal separate measurements

and the quantum Cramer-Rao bound.



Chapter 4

Quantum State Tomography

In the previous section. we saw that a quantum system is described by a state.
Many quantum systems in Nature are in states that are unknown to us, so it becomes
necessary to formulate processes to estimate these states. Due to the probabilistic
character of the outcomes of a quantum measurement, the experimental determina-
tion of all properties that specify a quantum state becomes a difficult enterprise. In
order to achieve this goal several schemes have been proposed, the so called quantum

tomographic methods |25].

The tomographic methods are based on measuring a set of at least d*> — 1 oper-
ators in an ensemble of many copies of the unknown state, to then determine the
d?* — 1 independent real parameters which characterize p by inverting a linear sys-
tem. Finally, we perform a post-processing by maximum likelihood to get a positive
estimation. In this chapter, we briefly enunciate and review some techniques for

quantum state tomography.

42
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4.1 Preliminaries Aspects

In the first place, it is important to emphasize some preliminaries aspects about

the resources of the Quantum Tomography:

e Since a density matrix has d? — 1 independent coefficients, at least we can
perform an experiment with d*> — 1 outcomes. Due to the number of parame-
ters to be estimated grows quadratically with the dimension, the quantum to-
mographic problem inevitably becomes more complicated in high dimensions.

This is called the curse of dimensionality [14,25].

e The reconstruction of an unknown state be achieved through a single POVM

or through the concatenation of several projective measurements [9,52,53].

e Since the outcomes of quantum measurements are random, we must repeat
the measurements for estimating the parameters of the state. This means that
the estimated density matrix will always have a statistical error, which causes

problems on its positivity [27,54].

e Since the initial state cannot be cloned [55] and it changes after the measure-
ment, we must have access to more than one state preparation of the initial

state to be able to estimate it [30].

Thereby, the ensemble of copies available to perform the tomography must be
distributed in each of the different set of measurements. As example, let us suppose
we have access to N state preparations to perform its tomography by m sets of

measurements. The amount of sample per set of measurement is

Ny = —. (4.1)

4.2 Linear Inversion Tomography

Let us consider a d-dimensional Hilbert space. Any density matrix p of a qudit

can be uniquely represented by d? independent coefficients, so we need a set of d?
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linearly independent hermitian matrices to expand the density matrix, that is

d2—1

=0

where {s;}i—o.. 42_1 are real parameters. These parameters are such that the matrix

-----

p is positive. Note that because Tr(p) = 1, actually only d*> — 1 measurements will
be necessary to reconstruct the state. In general, we can perform m measurements
{M;}i=1, m (these can be projectors, observables or POVM elements) on the density

matrix p, obtaining results with probabilities {p;}i=1._ m.,

1=0

d?—1 d?—1
P = TI‘(M]p) =Tr (M] Z SiAi> — Z rI‘I'(]\4jAZ)$Z (43)
1=0

Defining p = (pl pm)T, s = (31 sdz)T and B;; = Tr(M;A;), the previous

equation becomes a linear system

p = Bs. (4.4)
If m = d* — 1 we get the solution by inverting B, that is,

s = B"'p. (4.5)

If m > d? — 1 the equation system is overcomplete. In this case, we search for the

least square solution,
s = argmin || Bs’ — p|*. (4.6)

This minimization can be easily solved

9 L 0

J=1

d2
Bjisk — pj
k=1

m

&2 2
Z Bjksk — pj] =2 Z
k=1

J=1

Bji.  (4.7)

m d? m
ZB]ZZBJkSk :ZBJZ]?] (48)
=1 k=1 j=1

B'Bs =B'p (4.9)
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Finally, the least square solution is
s=(B'B)"'B"p, (4.10)

where Bt = (BTB)_lBT is called the pseudoinverse of B. Then, by estimating p
experimentally, it is possible to reconstruct the density matrix p. In the next sections

we present some common tomography schemes that use the linear inversion.

4.2.1 Standard Qudit Tomography

Standard Tomography of a qudit consists in using generalized Gell-Mann' ma-

trices |9, 56] to reconstruct the state (4.2). This are given by

ot = li)| + il (4.11)
= =il - Lixil ), (412)

%=\ T (Z 1= Kk + 1k + 1r> , (4.13)

with 1 <i<j<d|and 1<k <d- 1. In total there are d> — 1 matrices. All of

g

them are hermitian and traceless. We can label these matrices employing a single

letter by

U(j71)2+2(i71) = O',i-z-, (414)
U(j—1)2+2i—1 = O';-gj, (415)
O'j2,1 = 0'571. (416)

These matrices satisfy the following products (A),
TI‘(O'iO'j) = 2(;” (417)

The identity operator together with the matrices {o;};=1 421 form a basis to d-
dimensional Hilbert space. Then, we can write any density matrix as

d?—-1

p = sol + Z 5i05- (4.18)
i=1

!Named after Murray Gell-Mann, American physicist (1929-).
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From the normalization,

d?—1
Tr(p) = so Tr(I) + Z s; Tr(o;) = sod. (4.19)

i=1
Then sy = 1/d. Performing d* — 1 measurements on the observables {o;}i—1 2 1

we can determinate the parameters {s;};—1 42 1,

.....

d?>—1 d?>—1
1
]E(UZ) = TY(O'Zp) = ETI' <Ui + E SjO'ﬂ)'j) = E Sj TI'(O'iO'j). (420)
j=1 j=1

Experimentally there are d(d? — 1) different outcomes of the eigenvectors of these

matrices. The matrices (4.11) and (4.12) have non-null eigenvalues {1,—1} with

eigenvectors
' sy O,
w3 L) 12<|>+|J>> -
-1 = -1)
' = Lo i),
o) +, ) ?(m ) -
L =)

respectively. The matrices (4.13) are diagonal and its eigenvectors are the canonical

basis {|k) }x=1.._a4 with eigenvalues

.....

(

2
—_ for |1), ..., |k).
k(k—i‘l)’ or ’ >7 7‘ >
oF = ) 9 for 5 1) (4.23)
ErT D or |k+1).
L0, for |k+2),...,|d).

The parameters can be obtained inverting B;; = Tr(c;0;) (4.5). From (4.17), we

have Bij = 25” and Blgl = (1/2)(5” Then,

d2-1

1
si=Y Bj'pi= SE(3). (4.24)
j=1
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Thus, substituting in (4.18) and defining S; = E(0;), we get

1 1 d?—1
—T1+=5" S0, 4.25
p=al+3 Zl o (4.25)
11 1 1 =
=—l+5 >, Sioh+5 >, Shoh+5) Sk (4.26)
1<i<j<d 1<i<j<d k=1

Therefore, we can do the tomography of an unknown state by obtaining the coeffi-

cients {S;}i=1..a2_1 by d* — 1 independent experiments.

4.2.2 Local Multiqudit Tomography

Let us consider a composite system of m qudits |9,30,56]. The Hilbert space
H of this system has dimension dim(#H) = d™, because it is a tensor product space
H=H® .. H,, where dim(H,;) = d for i = 1,...,m. The measurements that we
choose to perform on this system are only local measurements M = M| ® ... ® M,,,
because it is difficult to perform entangled measurements experimentally. Then,
since some observables have entangled eigenvectors, we can not perform Standard
Qudit Tomography to estimate the density matrix of this system. However, we can
represent the density matrix in terms of the local observables {oq, 0;}i=1, 421, With
oo =1,

d?—1 d?—1

P= D> Siin 0 @ ® 0y, (4.27)

11=0 im=0
-----

By, @+ ®0;,) = Tr (poy, @+ @, ) (4.28)

d?—1 d?2—1

— Z . Z Sy, Tr <0i10j1 R R Uimgjm,>' (429)

i1=0  im=0
Using Tr(o;0;) = ¢;0;5, where ¢ = d and ¢; = 2, with j =1,2,...,d,

d?-1 d?-1
E(0j, @ ®04,) = Y-+ Y iy Cinbigy Ot Sision. = Gy ** G 1o

i1=1 im=1

(4.30)
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It is a linear system (4.4), where its solution is

1
Sjl"'jm = —]E(UJI ® e ® U]m) (431)
Cjp w0 G

Because Tr(p) = 1 we have Sp,...o,, = 1/d™. Thus, we can express a multiqubit state
with local measurements as
— 1
P SIS D R (1.32)

.-CZ-

m

where S;,.; =
is
) ] d2—1 1 d?—1d>—1
p= EH®H+2_0Z (SOiH®Ui+SiOUi®]I> +§ Z ZSijUi@Uj' (4.33)
i=1

i=1 j=1

Therefore, measuring on the local observables {o;, ®---®0;, } .. d2—1 We can

S Jm=1,...,

perform the quantum tomography of an unknown state locally.

4.2.3 Mutually Unbiased Bases Tomography

Let us consider a Hilbert space with dimension d and D orthonormal bases {|aa)},
where a = 1, ..., D labels each basis and o = 1, ..., d labels each element of a given
basis. We call those bases a set of mutually unbiased bases (MUBs) if and only if
they satisfy the condition [53]

[{aolbs) P = 501~ 6) + b (4.34)

From this equation for different basis a # b, we obtain | (acr|bf)| = 1/d. For the
case where the dimension d is a integer power of a prime number, the system has
D = d+1 MUBs [53,57,58]. Otherwise, it is not known how many MUBs the system
allows.

We can use MUBs to perform the tomography of a state p on a prime power
dimensional space. We denote the projector onto the state |aa) as Il ,, = |aa)aq|

and their respective probabilities p,, = Tr(pll,,). From orthogonality,

1
Tr (Hmﬂbﬁ) = E(l — 6ab) + 5ab(5a5. (435)
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> Mpo=(d+ 1)L (4.36)

Thus, the operators Eu = (d + 1)7!1,, form a POVM. Since the MUBs elements
are linearly independent, the identity operator together with d? — 1 operators {Il,,}
witha =1,...,d+ 1 and o = 1,...,d — 1 form a basis in the d-dimensional Hilbert

space. Then, any density operator can be resolved through these bases,

d+1 d—1

pP= ol + Z Z Caallaa; (437)

a=1 a=1

where ¢ and ¢, are real parameters. Using the trace condition Tr(p) = 1,

d+1 d—1 d+1 d—1
Tr(p) = Tr (CH]I +) > caaHaa> =ad+ Y > Con, (4.38)

a=1 a=1 a=1 a=1

c zé <1 - Z icaa) : (4.39)

Thus, it is possible to write the density matrix as

- —]I + % % e < a0 — —I[) : (4.40)

a=1 a=1

Performing measurements in the I, operators,

1 d+1 d— 1
Paa = Tr(gap) = == ZZ Cy Tr { e <Hb5 — E]I)} (4.41)

It is a linear system (4.4), then we can obtain the parameters ¢,p inverting

Baa,bﬂ =Tr |:Haa (Hbﬂ — éﬂ)] (442)
= Tr (Moo Ilys) — clz Tr(Mye) (4.43)
1 1
=—(1-— - = 4.44
d( 6ab) + 5ab6aﬁ d ( )

=6 <5a5 - é) . (4.45)



This is a block matrix with blocks (Bpiock)aps = (00 — 1/d),

Bblock 0 0
0 Bblock 0
B = . . . )
... B
0 0 block ) 41 yait
1 1 1
l=3 —a g
_1t _1
d d d
Bblock’ = . .
_1 S ) [
d d d/ d—1xd—1

20

(4.46)

(4.47)

It can be easily checked than its inverse matrix is Bb_ﬁl,aa = 0pq (0go + 1). This is also

a block matrix,

Bl 91 o 0
B_l _ 0 Bblock e 0

: 4 g i1
0 0  Byock d—1xd—1

2 1 1

L. INA 2 |
Bblock =n- .

11 d+1xd+1

d+1 d—1
(BB_l)aoz cy — Baa bﬁBb_ﬁC»Y

b=1 B=1
d+1 d—1

= Z Oab (505 — d) Obe (55,y + 1)
b=1 B=1
d+1 d—1

= Gadoe Y <5aﬁ — d) (0, + 1)
8=1 B=1

1 d—1
Sup Oy — = +1— 2=
(=301
:(sac5a’y
_Haa,cv

Then, the coefficients are

d+1 d—1 1
€8 :ZZB?EM ( aa 3)

a=1 a=1

(4.48)

(4.49)
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_ di di Sy (S50 + 1) (paa - é) (4.57)

a=1 a=1
d+1 d—1 1 1
_ _ 1 _ = 4.
Z Z 5ba (6Bapaa déﬁa + Paa d) ( 58)
a=1 a=1
1 — d—1
1 e 4.59
Pos = + ;Pb p (4.59)
=Pbg — Pbd- (4.60)

Substituting in (4.40), we have

d+1 d—1 1
H + Z Z paa pad ( - d]l) (461)

a=1 a=1
d+1 d+1 d—1 1
I e — D — =1 4.62
+;;p — Pad) < d) (4.62)
d+1 d d—-1 1
a aa aa__]I I
zpd zz (e 5+ )
d+1 d—1 1
— “ II,, — =1 4.63
sz( 1) (4.63
SN
a=1 a=1 d+1
d+1
(d—1) 1
— I—1I,4— I— I 4.64
;pad< ad d d(d+1> ( 6)
d+1 d—1 1 d+1 1
= aa Haa ——:1TI) - a —1I - Ha 4.65
;;p ( d+1) ;pd(d—l-l d) ( )
d+1 d 1
= ao Haa_—]I . 466
>3 (M= 7277) (.60

Therefore, we can perform the tomography of an unknown state by measuring D =

d + 1 independent basis on a prime power dimensional Hilbert space.

4.2.4 SIC-POVM Tomography

For a Hilbert space of dimension d, a symmetrically informatically complete

POVM or SIC-POVM is a set of d* operators E,, = m,/d, where {7y }n=1. s
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are projectors that satisfy
1
d+1’

It is not known if SIC-POVMs exist in all dimensions, but it has been conjectured

Tr(mm;) = for all ¢ # j. (4.67)

SO[ y I ]
Let us consider a Hilbert space endowed with a SIC-POVM. We can use the
SIC-POVM to reconstruct the density matrix p because it contains d? elements,

d2

p= Z CiTri, (4.68)

=1

where the {¢;};—1. 4 are real coefficients. From the trace condition, we have

-----

Tr(p) = Z ¢ Tr(m;) (4.69)

d2
1=) a. (4.70)
=1

Now, if we measure the SIC-POVM {E;} on the state p, we obtain

p; = Tr(pE;) (4.71)
1 &
=1
||
== Z ¢; Tr(mm;) + ¢; Tr(n}) (4.73)
=z
1 _ & Ci
1 i | 4.74
d ZZ_; d+1 G (4.74)
| i#j
11— Cj
1 | 4.
7 [d+ 1 +c]] (4.75)
1 1
= |4l 4.
—d [d +c]1 (4.76)

1
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Thus, the expression (4.67) becomes

d2

=3 [(d + 1), — ﬂ . (4.78)

i=1
and the unknown density matrix can be estimated with an experiment in the SIC-
POVM {Ej}j:L...,d2-

4.3 Maximum Likelihood Estimation

The reconstruction of p via linear inversion has a problem; although it preserves
hermiticity and the trace of the states, these might not be positive semidefinite.
This is because we can only obtain estimates of the probabilities experimentally. Let
us consider an experiment where we have N identically prepared copies of a state
p and we perform measurements {E;};—1 . In the experiment we estimate the
probabilities p; = Tr(pE;) using the numbers of detections 7n; of E; as
n;
pi = - (4.79)
Since experimental measurements are random variables, they necessarily fluctuate

for every finite sample size N [54|. This experiment is analog to the roll of one d

sided die. Then, the number of detection n; = Np; has multinomial noise,
Var(n;) = Np;(1 — p;). (4.80)

Because of the above, when we employ linear tomography the estimated density

matrix p has error A. This error affects the positivity of the density matrix,

(plplp) = (pl(p+A)lp) = (elple) + (plAlp) . (4.81)

Thereby, when (p|p|p) is smaller than — (p|Alp), the mean value might be negative
{(p]ple) < 0. Thus, the solution p might not be a positive semidefinite operator. To
solve this problem we use the well-known concept of mazimum likelihood estimation
(MLE) |56,62,63]. If we have observed a set of detections fo = (f; - ﬁm)T from

m measurements {£; }i—1. ., the likelihood function is

£(pl) = [ (o)™ (4.82)
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For computational simplicity, we work with the log-likelihood function,

Fpla) = log (L(pi) = > islog ((Tr(pE) ). (4.83)

It can be approximated by a Gaussian distribution [63] for large sample size,
1y [ni(p)—ﬁﬁ L~ Ni[Tx(Eip) — ]
_ = - - 4.84
PN = =52 Nl —p) ~ 2 = Wmp -] Y

where N; is the sample on which FE; was measured. Then, the estimated density

matrix is

p(n) = argmax F(p|n). (4.85)
pEP

This optimization is usually done by a gradient descent algorithm by parameterizing

p by Cholesky Decomposition

plt) = (T(T ()g;t() £)’ (4.86)
with £ = (tl tdz)T a vector of reals parameters and T'(t) a lower triangular
matrix,

t 0 e 0
Ty = | e t.z A (4.87)
laz—1 + it te_3 + ity - t.d

As our initial guess, we consider our tomographic density matrix by linear tomogra-

. [5
Prin] - _ : . (4.88)
\/ linkttn

Thereby, the tomography by linear inversion together with post-processing by MLE

phy,

p(tguess> =

provide a complete solution for the problem of Quantum Tomography.
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Maximum Likelihood Estimation

Ensemble of Meansurement 1N i) — ]2
N copies of = {Ei}i=1...m — 7; —= F(p|n) = — 3 Z % —
p n; = NZTT‘([)EZ) =1 e ¢

p () = argmax F(p|n)
pEP
Figure 4.1: Diagram of the quantum state tomography. Source: Made by the author.

The disadvantage of this method is that it quickly becomes intractable in high
dimensions. For example, a post-processing time of two weeks has been reported for

the reconstruction of a state in dimension d = 28 [14,64].

4.4 Research in Quantum Tomography

Quantum tomography is a current topic of research. Due to the high number of
experimental results of the standard tomography d(d? — 1), initially the research fo-
cused on the formulation of tomographic methods with the least possible number of
measurement outcomes [37,52,53,65]. Examples of this are MUBs tomography with
d(d + 1) outcomes and tomography by SIC-POVM with d? outcomes. Nowadays, it

is also investigated tomographic methods that increase the accuracy of the estimate

for a given ensemble size [32,35, 66| and tomographic methods with a priori infor-
mation [66-08]. Besides, experimental realizations of all these quantum tomography
protocols are investigated [14,69-72]. In particular, methods that involve POVMs

and collective measurements are especially difficult to implement. From the compu-
tational point of view, it seeks to formulate new post-processing methods and faster

algorithms to reduce computing times [63,64,73].



Chapter 5

Adaptive Standard Quantum
Tomography

The quantum tomographic protocols described in the previous chapter are based
on a fixed set of measurements. These methods have different accuracy depending
on the state. This unwanted feature can be overcome by performing a sequence of
tomographic reconstructions, where we use the information about the state obtained
in previous measurements to then perform a better tomography in the next round.
This is called adaptive quantum tomography [31,36-39]. The simplest protocol con-
sists in performing a two-stage standard tomography [32,33,35]. In the first stage, a
low accuracy estimate is obtained. The basis of eigenvectors of this estimate is then
used to adapt the measurement base of the Pauli matrices for a second, higher accu-
racy tomography. Other more elaborated methods are the self-learning tomographic
methods [36—-39], which optimizes a utility function between each step. These meth-

ods are characterized by a high computational expense.

In this chapter, briefly review two-stage adaptive quantum tomography for a
single qubit. Afterward, we generalize the two-stage adaptive standard tomography
to the case of a single qudit, that is, higher dimensional quantum systems. Finally, we
study the accuracy provided by adaptive quantum tomography in higher dimensions

and compare it with the relevant bounds.

26
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5.1 Motivation: Qubit Adaptive Tomography

In this section we describe the adaptive tomography of a qubit in the state p
[32,33]. The standard tomography of a qubit consists in measuring the observables

{04,04,0.}, since we have that

1
=5 (]I + S0, + Syoy, + Sz0z>- (5.1)

Each observable has two outcomes {—, +}. Let ;3{ the estimate of the probability of
outcome j = + when we measure observable o; with ¢ = z,y, z. The experimentally
obtained probabilities have, in the case of a perfect detection procedure, multinomial

noise (4.79,4.80)

pﬂ_':n_g:?’”g
N N’

K "~ , 3 . ,
COV(pZ N ) = ﬁpi(f%,j/ —p)= Np?(%' -p), (5.2

where N is the total number of detections and Nj is the fraction of N employed in
the measurement of the observable ;. The estimate S; of S; = E(a;) = Tr(po;) is
given by

~

Si =P — Py - (5.3)

Then, the variance of S; is (2.122) given by

Var (S) —Var (ﬁj) — Var (ﬁ;) +2C0v (ﬁj, ﬁ;) (5.4)
Z%:p;“(l—pTHpZ(l—pi‘)+2pfp{} (5.5)
:% :1 —p2 —p: + 2p+p,] (5.6)
:% :1 — (i - pZ)Q] (5.7)
_% 1- 52 (5.8)

Clearly, the variance depends on the state p.
On the other hand, the fidelity between states of a single qubit can be calculated
as (3.71)

F(p,0) =Tr(po) + /1 — Tr(p?)y/1 — Tr(c?). (5.9)
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Let us suppose that o = p + A is an estimate of p with error A, which is hermitian

and traceless.
1 N

In general, the error matrix scale as the uncertainty (2.113),

|A]] =v/Tr(A?) (5.11)
3 3 1/2
1 - 1A .
=Tr ( 5 ;@sy — S))o; [5 ;(sj — sj)aj] ) (5.12)
-3 1/2
y * R
fige-s o
~O(1/VN). (5.15)
Then
F(p,p+A) =Tr(plp + A]) + /1 = Te(p?) /1 - Te([p + A]?) (5.16)
=Tr(p?) + Tr(pA) + /1 — Tr(p?)/1 — Tr(p® + pA + Ap + A?).

(5.17)

If p has a high purity, that is, 1 —Tr(p?) &~ 0, the the fidelity approximately becomes
Flp,p+A) = 1+Tr(pA)+(’)(||A||2>. (5.18)

Otherwise,

2 2 Tr(2pA + A?)
F(p,p+ A) =Tr(p?) + Tr(pA) + (1 —Tr(p )>\/1 T (5.19)

:Tr(p2)+Tr(pA)—|— (1—T1“(p2)> (1_Tr(20A+A2)> +(’)<||AH2)

21— ()]
(5.20)

(NG
(5.21)

Tr(A?)
2

=Tr(p?) + Tr(pA) +1 — Tr(p?*) — Tr(pA) —
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+ o(|yA||2>. (5.22)

Therefore, the fidelity for high purity states scale as [|A|| ~ O(l/\/ﬁ) and for
mixed states scale as ||A[|? ~ O(1/N). This occurs because the fidelity is sensitive

to the zero-eigenvalue. To minimize the infidelity, we must accurately estimate this

|
)\i:§<1:|:,/S§+S§+S§). (5.23)

eigenvalue,

On the basis of eigenvectors of p the eigenvalues only depend on |S{%9)|,
1 4
Ay = 5(1 £ |Sidias) ). (5.24)
If the state has hight purity S| ~ 1, the uncertainty of S\ is
§(diag)) 5 (diag)|?] ~
Var(§(#e9 ) ~ |1 = 819" ~ 0. (5.25)

diag

Thereby, the uncertainty of S4499) and the eigenvalues vanish in this basis. That is,

the infidelity is minimized measuring the observables on the basis of eigenvectors of
p.

This tomography is not feasible since it requires knowing the base of eigenstates of
an unknown state. However, we can perform standard tomography on a sample of size
Ny < N to generate a first estimate pg of p. Thereafter, we perform a second standard
tomography on the remaining sample of size N — Ny, writing the observables o; in
the basis of eigenvector of py. This new tomographic scheme provides an infidelity
that scale as [|A]]> ~ O(1/N) for all states, at the expense of increasing the total
number of measurement outcomes. The choice of the fraction of the sample Ny is
not trivial. However, it had been suggested that Ny = N?/3 would be sufficient [28],
but numerical simulations have shown that the choice Ny = N/2 provides the best
results [32,33].

This adaptive quantum tomographic scheme can be easily generalized to minimize
the weighted mean square error Tr(WC') of the parameters {S,, S,,S.} [35]. This

is equivalent to the optimization problem with J the Fisher information matrix of
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(5.1). The solution to his problem is (3.118), which attain the upper bound of Gill-
Massar inequality. Supposing W diagonal and rotating the observables to the basis

of eigenvectors of p,

w, 0 0 10 0
W=1{10 w, 0], Jt=(01 0 (5.26)
0 0 w, 00 1-52

The classical Fisher information matrix becomes

N A/ Wy 0
0
0

0
Vo, 0], (5.27)

I = wy
Vg + JWy + y/w, (1 — S?) 0 T
and
| N /Wy 0 0
1J 0 w, 0 ) (5.28)

RV PR N e Y X G ) W S N e gy

Clearly, the maximum of the Gill-Massar inequality is reached Tr(IJ ') = N (3.116).

The optimal measurement protocol has weighted mean square error

Te(WC) = %[\/w_ + iy + /(1 — 52)] . (5.29)

and it is attained measuring the observables with probabilities

Pa = Vi , (5.30)
Vs + /Ty + /(1 — 5?)

by = \/w_y s (531)
Vs + /Ty + /w1 — 52)

p- w1 =5 (5.32)

W+ /iy + (1= 5?)
Therefore, the second tomography must be performed with different samples per

observable,
N; = Np;, i=x,, 2. (5.33)
In particular, in the case W =1 we have that

Te(C) = %(2 +V1-52)° (5.34)
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e =T s T o o
If W = J, we obtain the adaptive quantum tomography scheme for optimizing the
infidelity,

(5.35)

Tr(JC) = (5.36)

9
N )
and thus

Pr =Dy =Dp. = % (5.37)

Figures (5.1) and (5.3) compare the mean infidelity over 10° randomly chosen
qubits with respect to the resource N (E). The mean infidelities had been obtained
by standard tomography, diagonal tomography, adaptive tomography with Ny = N/2
and Ny = N?/3, and weighted adaptive tomography W = I with Ny = N/2. The
dot-dashed lines are the best fit Inf(N, o, 5) = /N* by least squares. Tables (5.1)
and (5.3) show the fit coefficients.

From the simulations, it can be seen that with the same resource, adaptive tomog-
raphy and weighted adaptive tomography delivers better infidelities than standard
tomography. Moreover, adaptive tomography and weighted adaptive tomography
scale better with the sample size N than standard quantum tomography because
they have higher fit coefficient a. Besides, it can be seen that the initial sample that
delivers the best infidelities for pure states is Ny = N/2. On the other hand, the ini-
tial sample that delivers better infidelities for mixed states is Ny = N?/3. Weighted
adaptive tomography delivers infidelities close to adaptive tomography except for
quasi-pure states, despite the Weighted adaptive tomography minimizes another er-

ror function.
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1072
—— Gill-Massar

2 1073 —— Cramer-Rao
[ Standard
o
= ® Diagonal
- 107 ® Adaptive N/2
©
S Adaptive N%/3

10-5 ® WAdaptive N/2

107

102 103 104 10° 106
Resource N

Figure 5.1: Comparison of mean infidelity obtained from the simulation of the

standard tomography and adaptive tomography of 1000 2-dimensional pure states.
Source: Made by the author.

Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.988535035084
0.845224681067
0.977353943227

o B
Gill-Massar 1 2.25
Cramer-Rao 1 0.75
Standard 0.522668908263 | 0.274554132708
Diagonal 1.00730675152 | 1.02387919204

2.77264762811
1.23603792696
3.10776158269

Table 5.1: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 1000 2-dimensional
pure states. Source: Made by the author.
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—— Gill-Massar

—— Cramer-Rao
Standard

® Diagonal

® Adaptive N/2
Adaptive N?/3

® WAdaptive N/2

Mean Infidelity
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o
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=
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108

10°
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102 103

Figure 5.2: Comparison of mean infidelity obtained from the simulation of the stan-
dard tomography and adaptive tomography of 1000 2-dimensional pure states with
noise. Source: Made by the author.

Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.931322971963
0.966225512222
0.670216628787

| | o | 8 |
Gill-Massar 1 2.25
Cramer-Rao 1 0.75
Standard 0.546279818001 | 0.25649091079
Diagonal 0.916058230105 | 0.90762871724

2.22114366554
2.52922075262
0.487350341131

Table 5.2: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 1000 2-dimensional
pure states with noise. Source: Made by the author.
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1071
1072
—— Gill-Massar

ey 10-3 —— Cramer-Rao
g Standard
= ® Diagonal
% 104 ® Adaptive N/2
S Adaptive N%/3

10-5 ® WAdaptive N/2

1076

102 103 104 10° 106
Resource N

Figure 5.3: Comparison of mean infidelity obtained from the simulation of the stan-
dard tomography and adaptive tomography of 1000 2-dimensional full rank states.
Source: Made by the author.

| | a | 8 |
Gill-Massar 1 2.25
Cramer-Rao 1 0.75
Standard 0.939440415495 | 2.24594502968
Diagonal 1.01955462218 | 2.82365939907

Adaptive N/2 1.02533901125 | 6.04325441363
Adaptive N?/3 | 1.05096054007 | 4.2472844212
WAdaptive N/2 | 1.01263809377 | 6.46776209741

Table 5.3: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 1000 2-dimensional
states with rank 2. Source: Made by the author.
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5.2 Foundations

The formulation of the qubit adaptive tomography require the use of quantities
such as variance, fidelity and the quantum Fisher information matrix. In this sec-
tion, we generalized these concepts to the case of a single qudit. Thereafter, these
generalizations will be employed to extend adaptive tomography to the case of higher

dimensional quantum systems.

5.2.1 Variance of Standard Tomography

Let us consider the standard tomography (4.25) of an unknown qudit. If we aim at
the estimation of p with N preparations of the state, we employ N/(d? — 1) different
samples to obtain each parameter S; = E(o;). This is equivalent to measuring
each observable with probability p(o;) = 1/(d* — 1), with j = 1,....,d* — 1. The
variance of measuring N times the parameters can be calculated using the fact that

the conditional probabilities {p(i|ox)}i=1... 4 have, for a perfect detection process,

multinomial noise, that is,

d?>—1

Cov (p(ilon), p(ilon)) = “——p(ilow) [3; = p(jlon) |- (5:38)

Then, for SF; and S}

757

Var™ (57¥) =Var (p(+|0}?)) + Var(p(—|of?)) + 2Cov (p(+]of?), B(—|of?)) (5.39)

)

:d2]; 1 [P+ [1 = p(+)] + p(=lo) [1 = p(=lo3?)]
+2p(+oTp(~ 03] (5.40)
:dZJG 1 :p(+|aij) — p(+|o) + p(—|oTY) — p(—|o%)?
+2(+o3 (10| (5.41)
:dzj\—f 1 :p(+|aij) +p(—lof?) = [p(+]ofY) — p(_|gij)ﬂ (5.42)
—dzj\_, : :p(+\aij) +p(—loi}) — (S;T;y)ﬂ (5.43)
o zv] "
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The parameters S; are a linear combination of {p;}i—1__4,

5:=3%"r Ty — —[h — ko ] 5.45
k ; kIPL Kl k;(k: T 1) E>1 k+1,1 ( )
where hy>; is the step function defined by
1, k>1
hkzl - (546)
0, k<l
Then, we can calculate their variances as
VarV) SZ Z Ll kn Cov(Pn, Prm) (5.47)

m,n=1

d
2
- E RN (thm - k5k+1,m) (thn - k5k+1,n) COV(ﬁnaﬁm) (548)
= k(k+1)

d
2 A A
:k(k —|— 1) n%;1 Cov(pn7pm) (thnthm - k5k+1,nhk2m
— kthn(Sk-i-l,m + k25k+17n(5k+17m> (549)
k
Z COV pn7pm S Z COV(ﬁkJrl’ﬁm)
n,m=1 m=1
k
— kY Cov(pn, Pry1) + K> Cov (P, ﬁk+1)] (5.50)
n=1
k
Z COV pnvpm — 2k Z COV(ﬁk+1,ﬁm)
n,m=1 m=1
+ k}2var(ﬁk+1)] (551)
d —1 k
N an Z PnPm — —Pk+1 Z Pm
k + 1 n,m=1 m=1
+ 5 (pkﬂ - (pk+1)2>] (5.52)

d2 -1 2 k k 2
= S bt K — (Z Pa — kpkH) (5.53)
N k(k+1) [

n=1
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R (R zk: + K | — (57)° (5.54)
N k(k + 1) g pTL pk‘-i—l k ° °
In standard tomography, each coefficient is estimated independently. Therefore, the

covariance matrix is diagonal with elements

n ?—1r

Var(N) (SZI]) :T _pi —i—pj — (SZ)Z} 5 (555)
A ?—1r

Var(N) (Szy]) = N _pi —i—pj — (S%)Zi| 5 (556)
o 1] 2 . .

w6~ [ (e 0] oo

We see that the uncertainty in the estimation of the coefficients {S;}i—1.. 421, de-

scribed by the elements of the covariance matrix, also depends on these parameters,
that is, the uncertainty in the estimation of the parameters defining p depends on p
itself.

Since these parameters depend on the basis on which p is expressed, the uncer-
tainty of the tomographic reconstruction depends on the basis on which it is per-
formed [32,33]. In particular, if the state p has rank r, its parameters {S;};—1, a2-1

on its basis of eigenvectors are

SE =0, (5.58)
S =0, (5.59)
4 2 k‘
- AN — kg , k<,
W@ & ]
S: = (5.60)
2
R — >
k(k+ 1) kzm
\
(5.61)

.....

d>—1

Var(N)(gfj) = Var(N)(Siyj) = [Ai + 7] (5.62)

For k < r, the variance of S}, is

L k(ki 3 (;An+k2)\k+1> - (S,j)2] , (5.63)

N

Var™)(57) =
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and for k£ > r the variance becomes

k(ki 3 (Z An + mkﬂ) - (55)2] (5.64)

= 2 2 5.65
N [k(k+1)_k(k+1)] (5.65)

=0. (5.66)

d>—1

Var™ (62) = N

,,,,,

5.2.2 Approximation of the Fidelity

In this section, we calculate the second order approximation of the fidelity by

resorting to the Fréchet derivative. The fidelity between two quantum states p and

Blp, o) = Tr(\/m>2. (5.67)

The main advantage of resorting to the Fréchet derivative is that it does not require

o is defined as

a particular parametrization of the space of density matrices, so this calculation is
valid for any class of tomography.
Let us consider that the density matrix p has rank » < d and that the state o is

an infinitesimal perturbation of p, that is,
o=p+A, (5.68)

where A is a hermitian and traceless matrix such that ||A|| = /Tr(A?) < 1. For a

tomographic process, A is the error matrix. In the case of a standard tomography

we have
A=0o—p (5.69)
d2—1 d2—1
1 1 A 1 1
1 d?>—1 A
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The norm of this matrix is similar to the uncertainty (2.113)

1Al =/Tr(A2) . (5.72)
( s [; L Sm]) | (5.73)
= =
== Z )(S; — S;) Tr (010])] (5.74)
: ;i Y
== Z ] (5.75)
~O<1/\/_> (5.76)

Without loss of generality, we can write p as a direct sum between the subspace with

rank r and a d — r null matrix ©,4_,,

T @r —r
p=pr DOy, = (@f_M @;zd_r) (5.77)
Writing
- Ar Ar,dfr
A= ( A= ) (5.78)

where Ay, € P(H) and Tr(A,) = — Tr(A4—,). Thus,

\/E @'rd T Ar A'r,d—'r’ \/E ®r,d—r
\/EA\/_ (Gd T, @d r Ad T, Ad—r @d—r,r @d—r (579)

P \/EAT d—r \/E @r,d—'r’
®d T @d r ) (@d—’r,r ®d—7‘ (580)
(VAT O
N ( ®d—7‘,r ®d—7‘ (581)
=P/ B Oy (5.82)

Thereby, the fidelity becomes

Flp.p+-0) =y + fAf) (583

2
=Tr <\/p$ ©® @d—r + \/EAT\/E @& @dr) (584)
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=Tr(¢,o% + mArﬁr)Q (5.85)
~1e(y/Var (e + ) w—) (5.5

Therefore, the fidelity between p and p + A only depends on the range of p. Let us
note that p,. + A, is not a quantum state, but this will not influence our arguments.

Defining f(A) := v/A, we can write the fidelity as

Flp,p+A) =Tr [£(0} +VorAri/pr)] (5.87)

Now, we can approximate F'(p, p + A) by performing the Taylor expansion of f(A)

around B,
f(A+B) = f(A) + 3 — D F(A)(B]"), (5.5%)

where Df(A)(B) is the Directional Fréchet Derivative (2.67). In our case A = p?
and B = /p,A./p,. It should be noted that this expansion does not depend on any

parameterization of density matrices. The first and second derivatives of f are (C)

By
[Df(A)B)],, = Tot v (5.89)
[D2F(A)(B)(C)],, = Z ( Ci
N V_ Vit \/— NGRS
Cij By,
. 5.90
RN \/_> (520
Thus, the approximation of the square root function up to second order is
B;;
[WHB} =/;0ij + ———"— ¢_+\/_

BV Eav 3 Gy R CIDANGLD

Taking the trace,

™(VATB) -y [VA+ B (5.92)

=1



T

| Bii|?

From A = p? and B = \/p,A,\/p,, We get

2

-----

2 2= (i + ar)

Bij = /Aid; (Af

AJX),

=1l,...,

vectors correspond to the non-null subspace of p,
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S| +O(IB|P). (5.93)

(5.94)

(5.95)

+O(|IA[F)

(5.96)
+O(||AlF)

(5.97)

(5.98)

Bij: \/)\i/\j <AZ’A|A]>, i,j:L...,T’.
Then,
S W NN Ao\ ,
F A) = N+ ———F — ———| (M]A|A
VEGrFE) =3 |k SRR - e SRSl (e
g 1 SN
= Xt o AN = 5 ) e A [P
< |" g 2 £ (A + \p)?
1 D3 AR = 5 30 A+ O(IAI)
2 i=1 Z Z 2 i,k=1 (Ai + A)? ' * '
The first order term can be rewritten using Tr(A) = 0,
r d d

A =Tr(A) = Y (A == ) (MIAN).

=1 i=r+1

i=r+1

The second order term can be rewritten because A is hermitian,

-y [(Ai—km?’ (AN 2+

M
WP

Ai
(XA P+ ——5

Ak

<>\k + )\1)2

(5.99)

(5.100)

AL ﬂ (5.101)

| (Al ATIA) !2] (5.102)
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1 — M\ 4

=5 T OGAID P —2 G A 2 - 103
I~ A+ N

=5 2. 0, 1ol AR T 104
22 S A (5.104)
1 A P

T2A Nt (5.105)

\ [
_

Thus, the fidelity up to second order becomes

d
1 (A
VE A =113 (nal ——§j' MWL L ogiar), 6100

i=r+1

and the infidelity between p and p 4+ A is

Inf(p,p+A) =1 = F(p,p+ A) (5.107)
d 2

_ 1 [ ul A [ 3

=1- 1—52; (Al ) Z o oAl
(5.108)

d
| A)
= > (A + Z‘ A' +|A’“ +0(l1A]%). (5.109)
i=r+1

For a low rank state, the linear term in the expansion of the infidelity dominates,

Wf(p.p+A) = 37 (MJAIN) + O(IA]1). (5.110)

1=r+1
Otherwise, for a full rank density matrix, the first order term vanishes because p
does not have a null subspace. In this case, the approximation becomes up to second
order |31]

d
1 XA 2
tni(p.p+ &) =3 3 HAEREE L oae). (5.11)
ik=1 v

In summary, the infidelity is linear in ||A|| for low rank states and quadratic in ||A|]
for full rank mixed states. This has as consequence that the tomography (5.76) of a
low-rank state scales as ||A|| ~ O(1/v/N), while the tomography of a full-rank state
scales ||A[|? ~ O(1/N).
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5.2.3 Bounds of Quantum Tomography

We now calculate the quantum Fisher Information matrix of a single qudit

spanned by means of the Gell-Mann matrices (4.25), that is,

11
p=-l+3 Z S;0;. (5.112)

First, we must obtain the symmetric logarithmic derivatives (3.88)

dp 1
=—\pl; +L; A1
1 1
57 =5 (oLi+ Lip) (5.114)
o; =pL; + Lip. (5.115)

Projecting in the basis of eigenvectors {|\;) }i=1,.a of p,

(Aslodhe) = O lpLd ) + (| Liplhe) (5.116)
Oulorlaw) =X + ) OgILilwe) (5.117)

Supposing \; # 0 for all i = 1, ..., d,

1
/\j+/\k

(NILil k) = (Ajloi| k) - (5.118)

Then, the quantum Fisher information matrix (3.106) is

1
1 d
=3 <Ak|(p{LiLj+LjLi})m> (5120
k=1
1 d
=5 > Al [LiLj + LjLZ} ) (5.121)
k=1
1 d
=3 D7 M| QulalA) (NIZ5I) + el s Uil | (5.122)
k=1
1< A
k
=3 2 T poge L M) (s h) + Oulos N (e | (3129)

=
I

1
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d
1 A
2 22 | G I ulos Ae) + s uls e Ol

(5.124)

(5.125)

(5.126)

Let us note that this is only true for full rank density matrices. Let us consider the

infidelity for full rank density matrices (5.109),

A
Inf(p, p+ A) = 22% +O(J|A[]%).
ik=1 v

For standard tomography, the error matrix is given by (5.71)

(5.127)

(5.128)

(5.129)

(5.130)

(5.131)

1 d?—1
A= Zl (S = Si)o;
Then,
d
1 AR (Ak|AIN)
Inf( A) ==
uf(p. p+ 2121 i + Ak
1 AiloulAe) (ilom| A
- 3 (8 —Sm)< IO'zI;> (;IU |Ai)
i,k=11,m=1 i T Ak
d?-1 d
1 1 (Aol M) (Aklom|Ai)
S (St = 8) (Sm — Sm) = Z :
4 Il,m=1 2 i,k=1 >\ T )\k
Taking the expected value,
1% . 1 Odlor ) Ovelom] A
E[Inf(p, 0+ 8)] = 37 B[(5 - 5) (50— 50)] 5 3
Im=1 i k=1

:i Tr <CJ)

(5.132)
(5.133)
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where C'is the covariance matrix. The last expression relates infidelity to the covari-
ance matrix, which allows us to find the quantum Cramer-Rao bound for infidelity.

Then employing C > J~'/N, where N is size of sample, we get

1 1 21
> -7y — — — ]
E Inf(p,p+A)} > r (J J) o Tr(l) = =

(5.134)

The lower bound CR = (d*—1)/4N is the Cramer-Rao bound of the infidelity, which
describes the optimal measurement among all measurement strategies (separable or
collective). Therefore, with a sample N we can distinguish p from p = p + A with
an accuracy of O(1/N) for the infidelity.

Besides, replacing W = J in (3.118) we obtain

E|Inf(p, p + A) ﬁdi . (Tr x/iJ—lx/?D (5.135)
:ﬁﬁ(ﬂ"ﬂy (5.136)

iNd ! (2 1) (5.137)

= (@~ 1)(d+ 1), (5.138)

where GM = (d*> — 1)(d + 1)/4N is the Gill-Massar lower bound of the infidelity,

which is the optimal bound for separable measurements. Clearly,

E|Inf(p, p + A)] > GM > CR. (5.139)

5.3 Qudit Adaptive Tomography

As we saw, the accuracy of quantum tomography depends on the state itself and

the basis on which we perform the tomography. To minimize the infidelity

d
Ol AN
Inf(p,p+A) = > (MJAIN) + E 4 A’+‘>\k +0(]|1A]%), (5.140)
i=r+1

we must accurately estimate the eigenvectors of small eigenvalues of p to cancel

the first term. We will prove that this can be achieved by performing a standard
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tomography on the basis of eigenvectors of p, that is, by measuring the following
observables

=| ‘)W! + Al (5.141)

—i |/\Z W] — A |), (5.142)

\/ k 1) (Z A — K |/\k+1></\k:+1|> (5.143)

The first term of the infidelity only depends on diagonal Gell-Mann matrices,

d d2—1
PROTLNEDS Z (i = 55) (il [ ni) (5.144)
i=r+1 j=1 i=r+1
d—1 d
=3 > (55 =5 (ulojn) (5.145)
3=1 i=r+1
r—1 d
=3 > (S =55) (il
j=1 i=r+1
d—1 d
30> (8285 ulozn - (5.146)
j=r i=r+1

The first term at the right hand side vanishes. The diagonal matrices entering in

this term are lineal combinations of projectors onto the eigenstates of p, that is the

set {[Ai)iy, s

.....

(Ailog|Ai) = L} (Al (Z [AXAR] = IAj+1><Aj+1|> i) (5.147)

J+1
=\ j+1 (Zdzk jcszﬁl) (5.148)
—0. (5.149)

The second term is also canceled because this contains the difference S7 — S”f , which

is of the order of magnitude of the standard deviation (2.113,5.76),

1 2 : 2y o Z\2 .
N z(@+1)<;A”+MZ“> (S")]’ ST 550)

0, 1>

(57— 57)?
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Thus, the first order term of infidelity is completely canceled by measuring in the
base of eigenvectors,

d

> (AN ~o0. (5.151)

i=r+1
Therefore, this tomography improves the quality of the infidelity, reducing the dis-
tance between p and its estimation from O(||Al]) to O(]|A[|?) for all states,

Ol AN
Inf(p, p+ A) = Z' A' +’A’“ +0o(l1A]1%). (5.152)

Similarly to (5.133),

d>—1 r
1 A A 1 >\z oA A Om )\,L
E|nt(p,p+4)] =7 D E[(Si=5)(Sn =5 |5 (A z|;>ﬁ;’ i)
1 ik=1 i k
(5.153)
Defining
1
Jij =3 Z -l ) (Nfole) (5.154)
kl=
we can write the mean infidelity as
E [Inf(p, o+ A)] — T (CJ) (5.155)

where J is the contribution of the non-null range of p to the quantum Fisher infor-
mation matrix.
This tomography can not be done because the state p is unknown. Despite this,

we can perform the following algorithm:

1. We first obtain an estimate of the basis of eigenvectors of p. This can be gener-
ated by means of a preliminary estimate py obtained by standard tomography
using a fraction Ny of the sample. It is not necessary that this estimation be
with MLE, but rather the linear estimation (4.88) is enough, however the es-
timation with MLE should present better performance. In the worst case, the
accuracy of this estimate is O(1/v/Np). Let {):?} X

777777777
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eigenvalues and eigenvectors of the estimate py. We can write the estimated
eigenvalues as 5\? = \; +6;, where {J;} are the errors, and the estimated eigen-
vectors as a rotation of {|A),},_, , with the unitary matrix U = e7%, where

)y is hermitian and traceless,
A0 = U |\ (5.156)

Then, the estimated density matrix up to first order is

po=> A >\><>\ (5.157)

=> AU XA U (5.158)

= Z (i 3) (IAa)N] + 1[0, [N}l ] + O(110]]%)) (5.159)
=+ (51» IO + i [Q0, (AN })

+ Zidi [Q0, [Xa)N] ] + O(1190]12). (5.160)

Given that the error Ay = p — pp in the estimated density matrix in the worst
case scales as O(1/y/Ng) (5.76), we have that §; ~ O(1/V/N) or ||Qo|| ~
O(1/+/Ny). Since only the eigenvectors will intervene in the protocol, we sup-

pose that
|1Q0]| ~ O(L> (5.161)
VN
Thereby, using the Baker-Campbell-Hausdorff formula (2.61)
[ Xg?>]2 [ U2 (5.162)
— Ol DA U (5.163)
= O (1A [0 0]+ 39 i I ] ) )
+O([[Q][) (5.164)

=Qi5 4+ 1 (A][Q0, AN IA) — % (A [907 [0, [Ai)As] ]] A7)



+O([[]]) (5.165)
—0, 3 Ol [0, [0, T A + O (6160
=04 (1= BN ) + 112D P+ Ol ) (5.167)
=Qi; — O([1]). (5.168)

Analogously, the probability of projecting the unknown state p onto the eigen-

states of pg is given by

p = (N A0) (5.169)
= (XU pU ) (5.170)
= 0 (o+ [90,6] + 3 90 120 )] ) 00 + Ol (517
=X +1 (N[ [Q0, p] [ N;) — % (Nl [Qo, [Qo,p]] 1IN 4+ O([|Q0] %) (5.172)
=i — 5 Ol [0, [0 7]] 17 + O (5173)
=X\ — O(]|]]?). (5.174)

2. Thereafter, we perform a second standard tomography with the remaining
sample N — Ny, writing the Gell-Mann operators on the basis of eigenvectors
of po. The basis of eigenvectors must be ordered decreasingly according to
their respective eigenvalues. In this case, the linear term of the infidelity is not

canceled (5.146).

For the first sum of (5.146), we have

(R X?>:\/j (M (Z!A XY JWH(;‘H\)
i (10t -l

~O (111 (5.177)

~QO i . 5.178
(+) (5.178)

)\> (5.175)

~—~

5.176)
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For the second sum of (5.146), for k > r, we have

k 2
2 2
(Sp)? = —( P} — kpy 1> = ——— 1 O(||*).  (5.179)
k(k+1) ; ’ ’ k(k+1)
Thereby
z LAY 1 2 . 2 2\2
(i = S0~ o |5 T > A+ E e | = (S7) (5.180)
n=1
1
NN_NOO(HQOHQ) (5.181)
1

Therefore, the worst accuracy of the second estimate is

S A No(ﬁ) +0< = _1N0)N0> (5.183)

i=r+1

0 ( ! ) | (5.184)
V(N = No)No

which is similar to the scaling of the second order term in the Taylor series.
The choice of Ny plays a key role in the performance of the two-stage adaptive
quantum tomography. In case of qubit has been proposed to choose the pre-
liminary ensemble as a fraction or a power of the total sample size N, that is
Ny = N/a or Ny = N° with b > 2/3. The first choice leads to an infidelity that
scales as O(y/a(1 — a)/N), while with the second choice the infidelity scales as
O(1/NU+9/2) . For example, if we use Ny = N/2 and Ny = N?/3 as the initial

sample
d 2
Ny = N/2 = :ZH AN ~O (N) (5.185)
d 1
i=r+1

Finally, we must obtain the estimate by MLE. This optimization can be done
with the measurements of both steps. However, for a large resource it is suffi-

cient to use the measurements of the second step.
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Preliminar
—_— —_—
]:0 Standard Tomography
Ensemble of l
N copies of Diagonalization
’ /
N—N, - Second —_

Standard Tomography

Figure 5.4: Diagram of the two-stages adaptive standard tomography. Source: Made
by the author.

Moreover, we can define an adaptive quantum tomography which reduces another
figure of merit, as the mean squared error Tr(W(C'). Let Jy the quantum Fisher
information matrix of py on its basis of eigenvectors (D). Then, the classical Fisher

information matrix becomes,

JO—1/2WJ0—1/2

Tr<\/J01/2WJ01/2>

Let suppose that Iy has eigenvalues {a;};—1 421 with eigenvectors {r;};—1 421

Ip=(d—1+\/Jo Vo. (5.187)

Then, the Gill-Massar bound can be attain measuring the observables {’r;fa'}i:l

..... -1
with probabilities
D= T [T Jg ey = ———[rT Ty )] (5.188)
i d—1 "1 00 i d—1°¢ 0 AR :
where o = (o7 - -- adz_l)T. If [Jo, W] = 0, we obtain
VW J
Iy =(d—1)—F—2 . (5.189)
Tr( WJO—1>

Let us suppose {b;}i—1, q2—1 and {w;};—1 _42—1 are the eigenvalues of J, and W,

respectively. We get

e S (5.190)
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We can write these probabilities more explicitly considering that,

Jy © © ws e ©
Jo=1© J o], W=|(6e W o], (5.191)
© 0 5 e o W
where (D)
. 1
[J5 Jijirj :m5z’z"5jj', (5.192)
1
[ I3 )i =m5ii/5jj/, (5.193)

k!
J? ’ ’ —+ O |. 5.194
il =5 (ZA, . ) (5.19)

Since J§ and J{ are diagonals, their elements are eigenvalues of Jy,

1
[ - | 5.195
b=t = mn (5,19
On the other hand, J§ is not diagonal and it cannot be explicitly diagonalized. Let us
suppose {r;}x—1,. q are the eigenvectors of J§ with eigenvalues {0} }x—1,. 4—1. Then,

the optimal measurements are {0 To } with probabilities

j) 1]’

v (5.196)

Pl = - : :
Zl§i<j§d Ai + )‘j _\/ wfj + \/ wf’ + Zk 1 wk[bz]

Pl = v (5.197)

21§i<j§d Ai A -V wy; + \/ wiy' + Zk L WibE] !

. ij 0k
P = -
Zl§i<j§d VAF A Vv wi; + 4/ wﬁ’ + Zk L WibE] !

where 1 <i<j<dand k=1,....d—1.

, (5.198)

We will study some particular choices of W:

e If W =1, the minimized function is the mean square error (2.154). The optimal

To } with probabilities

pi; =i = VA — (5.199)
221<z<]<d\/)\ +)‘ +Z bZ

observables are {‘7137 0T
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. o]~
Py =
221<7,<]<d V )\ + /\ + Zd ; bz

Despite this technique decreases the mean squared error and does not decrease

(5.200)

the infidelity, we will study its effects on infidelity.

e If W = J, the minimized function is the second order infidelity (5.133),

Tr(JC) = 4Inf(p, p). (5.201)
The optimal observables are {am, e crk} with probabilities
1
;= . 202
Pi= (5.202)

5.4 Simulations

We perform computational simulations of adaptive quantum tomography in order
to study its accuracy. We compute and compare the mean infidelity between a state
and its estimate by standard tomography, diagonal tomography, adaptive tomogra-
phy with Ny = N/2 and Ny = N?/3, and weighted adaptive tomography W = I
with Ny = N/2. The measurement outcomes have been simulated by multinomial

distribution (4.79), obtaining estimated probabilities {ﬁi }i: when the matrix oy,

1,...d
has been measurement. Thereby, the estimated expected value of the Gell-Mann

matrix oy, is

Z Mgl (5.203)

where {\F},—; 4 are the eigenvalues of oy, (4.21,4.22,4.23). The estimation by max-
imum likelihood was only performed in the second step of the tomographies. The

mean infidelity on the state space is obtained by (E)

M
. 1 .
/ Inf(p, p)dulp) = 57 > " Inf(pi, pi), (5.204)
H i=1

where {p;}i=1.. n are M uniformly distributed random states. We analyze the mean

1111

infidelity of states in different dimensions and with different ranks. Besides, we fit

the function Inf(N, a, B) = B/N® to the data by least squares.
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5.4.1 Pure states

Figures (5.5) to (5.10) compare the mean infidelity with respect to the sample size
N for pure states in different dimensions. The dots are the simulated tomographies
and the dot-dashed lines are the best fit by least squares. Tables (5.4) to (5.9) show
the fit coefficients. It can be seen that with the same amount of resources adap-
tive tomography and weighted adaptive tomography achieve better mean infidelity
than standard quantum tomography. Moreover, adaptive tomography and weighted
adaptive tomography scale better with the sample size N than standard quantum
tomography because they have a higher fit coefficient . Adaptive tomography with
No = N/2 achieves the best infidelity for pure states in all dimensions. Diagonal
tomography delivers mean infidelity equal to or less than the Cramer-Rao bound,
because the Gill-Massar bound for the estimation of a pure state (which only has
2[d — 1] independent real parameters) is
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Figure 5.5: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 1000 3-dimensional pure states.
Source: Made by the author.



o 54
Gill-Massar 1 8.0
Cramer-Rao 1 2.0

Standard
Diagonal
Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.486840610328
0.997295586425
0.955865495569
0.749563017847
0.907667688012

0.648924437556
2.33049882612
8.2410556636
2.58419396358
6.76682644859
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Table 5.4: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 1000 3-dimensional
pure states. Source: Made by the author.
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Figure 5.6: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 1000 4-dimensional pure states.
Source: Made by the author.



o s
Gill-Massar 1 18.75
Cramer-Rao 1 3.75
Standard 0.448386208637 | 0.8606839038
Diagonal 0.996933431113 | 3.46605333551

Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.974034326237
0.736461721101
0.904034355563

23.6266047634
5.84541370537
14.4229945003
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Table 5.5: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 1000 4-dimensional
pure states. Source: Made by the author.
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Figure 5.7: Comparison of mean infidelity obtained from the simulation of the stan-
dard tomography and adaptive tomography of 100 6-dimensional pure states. Source:
Made by the author.



o s
Gill-Massar 1 61.25
Cramer-Rao 1 8.75
Standard 0.445524616668 | 1.77256685365
Diagonal 1.02862952388 | 7.93763170438
Adaptive N/2 | 0.970478935162 | 72.667504549
Adaptive N2/3 | 0.704983162844 | 13.4376970486

WAdaptive N/2

0.88929748672

34.6595173618
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Table 5.6: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 100 6-dimensional
pure states. Source: Made by the author.
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Figure 5.8: Comparison of mean infidelity obtained from the simulation of the stan-
dard tomography and adaptive tomography of 100 8-dimensional pure states. Source:
Made by the author.



a 54
Gill-Massar 1 141.75
Cramer-Rao 1 15.75

Standard
Diagonal
Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.487009852719
1.0263897093
0.947713881087
0.673339697624
0.918303133516

4.5493865281
12.3663703431
123.795827206

20.819804269
92.8045975921
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Table 5.7: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 100 8-dimensional
pure states. Source: Made by the author.
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Figure 5.9: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 10-dimensional pure states.
Source: Made by the author.



a 54
Gill-Massar 1 272.25
Cramer-Rao 1 24.75

Standard
Diagonal
Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.498608354403
1.03492218404
0.93630391787

0.642792892212

0.918908650875

7.29716124083
18.5328804977
193.445155351
25.2454127239
158.452446585
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Table 5.8: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 100 10-dimensional
pure states. Source: Made by the author.
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Figure 5.10: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 16-dimensional pure states.
Source: Made by the author.
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| | o | B |
Gill-Massar 1 1083.75
Cramer-Rao 1 63.75
Standard 0.521728796368 | 19.2589060538
Diagonal 1.02687772882 | 33.6100975019

Adaptive N/2 | 0.979562162464 | 1050.388139
Adaptive N?/3 0.6115039318 | 52.6933278002
WAdaptive N/2 | 0.960106416413 | 823.5077895

Table 5.9: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 100 16-dimensional
pure states. Source: Made by the author.

5.4.2 Low rank states

Figures (5.11) to (5.15) compare the mean infidelity with respect to the sample
size N for low rank states in different dimensions. The dots are the simulated to-
mographies and the dot-dashed lines are the best fit by least squares. Tables (5.10)
to (5.14) show the fit coefficients. It can be seen that with the same amount of re-
sources adaptive tomography and weighted adaptive tomography achieve lower mean
infidelity than standard quantum tomography. Moreover, adaptive tomography and
weighted adaptive tomography scale better with the sample size N than standard
quantum tomography because they have higher fit coefficient o. Nevertheless, this
fit coefficient is lower than the fit coefficient for pure states, that is the protocol
reduces its performance by increasing the rank of the state. Adaptive tomography
with Ny = N/2 achieves the best mean infidelity for low rank states in all dimensions.

Adaptive tomography does not reach the Gill-Masar bound for low rank states.
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Figure 5.11: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 1000 3-dimensional states with
rank 2. Source: Made by the author.

Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.904625777431
0.76693327354

0.867208473038

| | a | 8 |
Gill-Massar 1 8.0
Cramer-Rao 1 2.0
Standard 0.5735058611 1.1044278579
Diagonal 0.965589328922 | 6.3288165699

10.2298582157
3.3590855469
8.23804336571

Table 5.10: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 1000 3-dimensional
states with rank 2. Source: Made by the author.
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Figure 5.12: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 1000 4-dimensional states with
rank 2. Source: Made by the author.

a 54
Gill-Massar 1 18.75
Cramer-Rao 1 3.75

Standard
Diagonal
Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.490159011952
0.984495791835
0.893368706158
0.693821250691
0.831483384519

1.34052701646
13.2059544052
25.1088552827
5.07688005339
16.2403694326

Table 5.11: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 1000 4-dimensional
states with rank 2. Source: Made by the author.
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Figure 5.13: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 6-dimensional states with
rank 3. Source: Made by the author.

Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.828636047109
0.645557303655
0.764583373286

| | a | 8 |
Gill-Massar 1 61.25
Cramer-Rao 1 8.75
Standard 0.494166775132 | 3.98878822666
Diagonal 0.962419872982 | 43.9666089538

56.7238428081
12.0368688206
33.7432853016

Table 5.12: Comparison of fit coefficients of mean infidelity obtained from the sim-
ulation of the standard tomography and adaptive tomography of 100 6-dimensional
states with rank 3. Source: Made by the author.
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Figure 5.14: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 8-dimensional states with
rank 4. Source: Made by the author.

Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.763999993169
0.600350756358
0.721262563098

| | a | 8 |
Gill-Massar 1 141.75
Cramer-Rao 1 15.75
Standard 0.500377450872 | 8.03219811731
Diagonal 0.923805528625 | 82.3712503188

75.8414101667
18.0493252385
52.1603730077

Table 5.13: Comparison of fit coefficients of mean infidelity obtained from the sim-
ulation of the standard tomography and adaptive tomography of 100 8-dimensional
states with rank 4. Source: Made by the author.
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Figure 5.15: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 10-dimensional states with
rank 5. Source: Made by the author.

a 54
Gill-Massar 1 272.25
Cramer-Rao ! 24.75

Standard
Diagonal
Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.495213050342
0.857016622493
0.708378540134
0.560884394015
0.676096905836

12.3665995864
91.4237327082
82.0456789328
21.3959430662
61.2521742538

Table 5.14: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 100 10-dimensional
states with rank 5. Source: Made by the author.
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Figure 5.16: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 16-dimensional states with
rank 8. Source: Made by the author.

Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.660504196059
0.504061815008
0.640672964757

| | a | 8 |
Gill-Massar 1 1083.75
Cramer-Rao 1 63.75
Standard 0.48469739021 | 30.6180207697
Diagonal 0.813359936615 | 296.013394515

201.326947904
37.2065879176
160.711830893

Table 5.15: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 1000 16-dimensional
states with rank 8. Source: Made by the author.

5.4.3 Full rank states

Figures (5.17) to (5.21) compare the mean infidelity with respect to the sample
size N for full rank states in different dimensions. The dots are the simulated to-
mographies and the dot-dashed lines are the best fit by least squares. Tables (5.16)

to (5.20) show the fit coefficients. It can be seen that with the same amount of re-
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sources adaptive tomography Ny = N/2 and weighted adaptive tomography achieve

similar mean infidelity than standard quantum tomography.

Adaptive tomogra-

phy Ny = N?/3 achieve lower mean infidelities than standard quantum tomography.

Adaptive tomography does not reach the Gill-Massar bound for full rank states.
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Figure 5.17: Comparison of mean infidelity obtained from the simulation of the stan-
dard tomography and adaptive tomography of 1000 3-dimensional full rank states.
Source: Made by the author.

a f
Gill-Massar 1 8.0
Cramer-Rao 1 2.0

Standard
Diagonal
Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.895737828827
0.99844569546
0.990872733639
1.02255040469
0.983177160201

9.30606562924
13.3146866104
24.9249150176
19.8135798498
23.5067587495

Table 5.16: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 1000 3-dimensional
full rank states. Source: Made by the author.
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Figure 5.18: Comparison of mean infidelity obtained from the simulation of the stan-
dard tomography and adaptive tomography of 1000 4-dimensional full rank states.
Source: Made by the author.

| | a | ki |
Gill-Massar 1 18.75
Cramer-Rao 1 3.75

Standard 0.874049329003 | 27.681258897
Diagonal 0.999840098803 | 49.352890542
Adaptive N/2 1.00269203039 | 103.489236591
Adaptive N?/3 | 1.02730740327 | 83.3834150242
WAdaptive N/2 | 0.979969804744 | 87.6667655073

Table 5.17: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 1000 4-dimensional
full rank states. Source: Made by the author.
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Figure 5.19: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 6-dimensional full rank states.
Source: Made by the author.

Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.932765720494
0.922941749331
0.880612280843

| | a | 8 |
Gill-Massar 1 61.25
Cramer-Rao 1 8.75
Standard 0.815134790472 | 64.3366062038
Diagonal 0.93617018919 | 127.409248003

245.03533196
155.81935465
154.608851485

Table 5.18: Comparison of fit coefficients of mean infidelity obtained from the sim-
ulation of the standard tomography and adaptive tomography of 100 6-dimensional
full rank states. Source: Made by the author.
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Figure 5.20: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 8-dimensional full rank states.
Source: Made by the author.

a 54
Gill-Massar 1 141.75
Cramer-Rao 1 15.75

Standard
Diagonal
Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.731163938682
0.834762307376
0.804268517365
0.803363580332
0.768960257541

68.3112146739
121.71674307
172.798273961
131.237330839
125.288470459

Table 5.19: Comparison of fit coefficients of mean infidelity obtained from the sim-
ulation of the standard tomography and adaptive tomography of 100 8-dimensional
full rank states. Source: Made by the author.
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Figure 5.21: Comparison of mean infidelity obtained from the simulation of the stan-
dard tomography and adaptive tomography of 100 10-dimensional full rank states.
Source: Made by the author.

a 54
Gill-Massar 1 272.25
Cramer-Rao 1 24.75

Standard
Diagonal
Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.662719194324
0.747587012886
0.702127721825
0.706770996405
0.684711846901

62.9094012451
95.4349333021
116.099265098
93.9709275126
98.0978592067

Table 5.20: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 100 10-dimensional
full rank states. Source: Made by the author.
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Figure 5.22: Comparison of mean infidelity obtained from the simulation of the stan-
dard tomography and adaptive tomography of 100 16-dimensional full rank states.
Source: Made by the author.

Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.586882311134
0.603959490009
0.588604619127

| | a | 8 |
Gill-Massar 1 1083.75
Cramer-Rao 1 63.75
Standard 0.59238121467 | 100.176478771
Diagonal 0.666535189765 | 162.087937747

123.700912096
113.761293979
123.391942412

Table 5.21: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 1000 16-dimensional
full rank states. Source: Made by the author.

5.4.4 Pure States with Noise

Figures (5.23) to (5.34) compare the mean infidelity with respect to the sample

size N for pure states with noise in different dimensions. That is

1—-A
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where we have chosen A = 0.999 and A = 0.99. The purity of these states is,

1—A 1—A

() =T | (Moo + - 00) (Mot + 2501) | sa0n
VA DU A D
X+ < ) ) d (5.208)
L, 2020 124N
=\"+ p + 7 (5.209)
(1Nt
_<1 d)A . (5.210)

For A = 0.999 and XA = 0.99, the purities of those states is near to 99.8% and 98%, re-
spectively. This class of states is important due to the fact that it is usually employed
to model errors in certain experiments. The dots are the simulated tomographies
and the dot-dashed lines are the best fit by least squares. Tables (5.22) to (5.33)
show the fit coefficients. It can be seen that with the same amount of resources
adaptive tomography and weighted adaptive tomography achieve lower mean infi-
delity than standard quantum tomography. Moreover, adaptive tomography and
weighted adaptive tomography scale better with the sample size N than standard
quantum tomography because they have higher fit coefficient a. Adaptive tomogra-
phy with Ny = N?/3 delivers the best infidelity for low dimensions but reduces its
performance in high dimensions, where Ny = N/2 lends to better mean infidelity.
This is because, despite the purity decrease with de dimension, the unknown state
has several eigenvalues near to zero. Adaptive tomography Ny = N/2 and weighted
adaptive tomography Ny = N/2 achieve similar mean infidelity. The unusual behav-
ior of diagonal tomography is due to that for low resource small eigenvalues are not
distinguished, so the achieved mean infidelity is similar to a pure state. For a large
enough sample, the mean infidelity achieved by diagonal tomography is similar to a

full rank state.
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Figure 5.23: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 1000 3-dimensional pure states
with noise A = 0.999. Source: Made by the author.

Standard
Diagonal
Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.540221028399
0.752108320951
0.844502901297
0.854791892538
0.735244597942

| | a | ki |
Gill-Massar 1 8.0
Cramer-Rao 1 2.0

0.784448215824
0.649085586915
3.73755966892
4.34028742453
1.84333061196

Table 5.22: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 1000 3-dimensional
pure states with noise A = 0.999. Source: Made by the author.
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Figure 5.24: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 1000 4-dimensional pure states

with noise A = 0.999. Source: Made by the author.

| a Ei
Gill-Massar 1 18.75
Cramer-Rao 1 3.75

Standard
Diagonal
Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.506600622327
0.594617125513
0.749321456463
0.809036870001
0.693853919176

1.15465550647
0.272645581637
3.31198111333
8.24295347788
2.19293300341

Table 5.23: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 1000 4-dimensional
pure states with noise A = 0.999. Source: Made by the author.
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Figure 5.25: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 6-dimensional pure states
with noise A = 0.999. Source: Made by the author.

Standard
Diagonal
Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.516797507705
0.467189789879
0.782064781967
0.766570859865
0.762897162451

| | a | ki |
Gill-Massar 1 61.25
Cramer-Rao 1 8.75

2.94261402836
0.158564714912
13.3079856921
19.6234857519
10.7414705412

Table 5.24: Comparison of fit coefficients of mean infidelity obtained from the sim-
ulation of the standard tomography and adaptive tomography of 100 6-dimensional
pure states with noise A = 0.999. Source: Made by the author.
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Figure 5.26: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 8-dimensional pure states
with noise A = 0.999. Source: Made by the author.

Standard
Diagonal
Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.530843722277
0.464155852402
0.816341671561
0.72138055061
0.807348785568

| | a | ki |
Gill-Massar 1 141.75
Cramer-Rao 1 15.75

5.7824827963
0.232010687621
36.1950617003
28.2573262078
32.5844828634

Table 5.25: Comparison of fit coefficients of mean infidelity obtained from the sim-
ulation of the standard tomography and adaptive tomography of 100 8-dimensional
pure states with noise A = 0.999. Source: Made by the author.
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Figure 5.27: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 10-dimensional pure states
with noise A = 0.999. Source: Made by the author.

Standard
Diagonal
Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.553350380036
0.465216319499
0.844056495002
0.67051003048
0.828021608827

| | a | ki |
Gill-Massar 1 272.25
Cramer-Rao 1 24.75

10.8172157727
0.319513599256
82.6329174255
28.9403148461
66.16230481

Table 5.26: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 100 10-dimensional
pure states with noise A = 0.999. Source: Made by the author.
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Figure 5.28: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 16-dimensional pure states
with noise A = 0.999. Source: Made by the author.

Standard
Diagonal
Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.563494051051
0.345544918203
0.889996968123
0.634482960243
0.866205686123

| | a | ki |
Gill-Massar 1 1083.75
Cramer-Rao 1 63.75

27.2124622128
0.133907026198
405.194498184
62.4984663451
284.400555289

Table 5.27: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 100 16-dimensional
pure states with noise A = 0.999. Source: Made by the author.
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Figure 5.29: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 3-dimensional pure states
with noise A = 0.99. Source: Made by the author.

Adaptive N/2
Adaptive N2/3
WAdaptive N/2

0.864305458869
0.91322822953
0.717420015388

| | o | 8 |
Gill-Massar 1 8.0
Cramer-Rao 1 2.0
Standard 0.528425655925 | 0.70829593936
Diagonal 0.846353175779 | 2.3592544272

5.69665745524
6.75067544367
2.2376740063

Table 5.28: Comparison of fit coefficients of mean infidelity obtained from the sim-
ulation of the standard tomography and adaptive tomography of 100 3-dimensional
pure states with noise A = 0.99. Source: Made by the author.
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Figure 5.30: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 4-dimensional pure states
with noise A = 0.99. Source: Made by the author.

o 5
Gill-Massar 1 18.75
Cramer-Rao 1 3.75

Standard
Diagonal
Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.432147979285
0.801343622837
0.78524726407
0.877138930205
0.578957257659

0.599381533441
4.50162895128
7.25601432931
15.9366968172
1.27717646592

Table 5.29: Comparison of fit coefficients of mean infidelity obtained from the sim-
ulation of the standard tomography and adaptive tomography of 100 4-dimensional
pure states with noise A = 0.99. Source: Made by the author.
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Figure 5.31: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 6-dimensional pure states
with noise A = 0.99. Source: Made by the author.

Adaptive N/2
Adaptive N2/3
WAdaptive N/2

0.639690378102
0.719327852801
0.518698314956

| | o | 8 |
Gill-Massar 1 61.25
Cramer-Rao i 8.75
Standard 0.468978203196 | 1.8454848187
Diagonal 0.566441530146 | 1.22291751384

5.29884666942
12.9680522034
1.76457614137

Table 5.30: Comparison of fit coefficients of mean infidelity obtained from the sim-
ulation of the standard tomography and adaptive tomography of 100 6-dimensional
pure states with noise A = 0.99. Source: Made by the author.
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Figure 5.32: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 8-dimensional pure states
with noise A = 0.99. Source: Made by the author.

Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.589682460744
0.650609782925
0.56740939244

| | o | 8 |
Gill-Massar 1 141.75
Cramer-Rao 1 15.75
Standard 0.504690504702 | 4.26365382741
Diagonal 0.434589318888 | 0.580526235074

6.24512411671
13.8815159729
4.95852960559

Table 5.31: Comparison of fit coefficients of mean infidelity obtained from the sim-
ulation of the standard tomography and adaptive tomography of 100 8-dimensional
pure states with noise A = 0.99. Source: Made by the author.
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Figure 5.33: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 10-dimensional pure states
with noise A = 0.99. Source: Made by the author.

Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.627594623655
0.635005219492
0.610657397526

| | o | 8 |
Gill-Massar 1 272.25
Cramer-Rao 1 24.75
Standard 0.543474571266 | 9.20315039447
Diagonal 0.386584133611 | 0.511949191381

14.6317704245
20.1848087699
11.6999022371

Table 5.32: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 100 10-dimensional
pure states with noise A = 0.99. Source: Made by the author.
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Figure 5.34: Comparison of mean infidelity obtained from the simulation of the
standard tomography and adaptive tomography of 100 16-dimensional pure states
with noise A = 0.99. Source: Made by the author.

Adaptive N/2
Adaptive N?/3
WAdaptive N/2

0.625732423436
0.610296783383
0.603786790486

| | o | 8 |
Gill-Massar 1 1083.75
Cramer-Rao 1 63.75
Standard 0.567622294413 | 25.2422062666
Diagonal 0.358187207654 | 0.692795186052

31.4910865197
45.90060537
22.8357306162

Table 5.33: Comparison of fit coefficients of mean infidelity obtained from the simu-
lation of the standard tomography and adaptive tomography of 100 16-dimensional
pure states with noise A = 0.99. Source: Made by the author.



116

5.4.5 Summary of the Simulations

From the simulations, it can be seen that with the same amount of resources, at
least one adaptive tomographic method leads to better mean infidelity than standard
tomography. For low rank states, adaptive tomography with Ny = N/2 delivers the
best mean infidelity. On the other hand, for mixed states, adaptive tomography with
Ny = N?/ leads to the best mean infidelity. In the case of pure states, this method
provides mean infidelities close to the Gill-Massar bound. In the case of states with
higher rank, this does not hold. For pure states with noise, the best technique is
the adaptive tomography with Ny = N?/3, but from a sufficiently high dimension
the best technique is the adaptive tomography with Ny = N/2. Weighted adaptive
tomography with Ny = N/2 delivers mean infidelity close to adaptive tomography
with Ny = N/2, despite it does not minimize the infidelity. Therefore, the optimal
value of the preliminary ensemble Ny to optimize the two-stage adaptive standard
tomography depends on the rank, dimension and the small eigenvalues of the state
to be reconstructed, so in general, this is unknown. We recommend using adaptive
tomography with the choice Ny = N/2 for the reconstruction of an unknown state,
because this method delivers in the best case (low rank states) a much better mean
infidelity than standard tomography and a similar mean infidelity in the worst case

(full rank states).



Chapter 6

Conclusion

We have generalized the two-stage adaptive tomographic method for a two-
dimensional system (qubit) to the case of a d-dimensional system (qudit), with d
arbitrary. In the first stage, a low precision estimate pg is obtained by standard
tomography on a fraction Ny of the total number NV of identically prepared copies of
the unknown state to be reconstructed. Later, we adapt the measurement base of the
Generalized Gell-Mann matrices to the basis of eigenvectors of py and perform a sec-

ond higher accuracy standard tomography on the remaining ensemble of size N — Nj.

The two-stage adaptive tomographic protocol is based on the Taylor series of the
infidelity and on the uncertainty of measurements in Gell-Mann matrices. We have
obtained the series expansion of the infidelity by means of the Fréchet derivative,
which has the advantage that it does not require a parameterization of the states.
Thereby, this expansion is valid for any type of tomography. The variance in the
measurements of the Gell-Mann matrices has been obtained by propagating the un-
certainty of the measurement outcomes, which are in a multinomial distribution. The
uncertainty in the estimation of the parameters defining the unknown state depends

on these parameters.

The two-stage adaptive tomographic method improves the average infidelity be-
tween an unknown state of any rank and its estimate from O(1/v/N) to O(1/N).
Thereby, this protocol delivers a much better infidelity than standard tomography
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for equal resource N, with N large enough. In the case of pure unknown states,
this method provides mean infidelities close to the Gill-Massar bound. Thereby, this
protocol is near to the optimal estimation strategy for pure states by separable mea-

surements. In the case of states with a higher rank, this does not hold.

We have also formulated a two-step adaptive tomography that reduces the weighted
mean square error in order to attain the Gill-Massar bound. We have studied its
effect on infidelity, although it minimizes another figure of merit. The weighted adap-
tive tomographic method delivers mean infidelities marginally worse than adaptive
tomography for all types of states. It is necessary to study in more detail the effect

of this algorithm on the weighted mean square error by numerical simulations.

We have seen that the performance of the two-stage adaptive tomographic method
depends on the particular distribution of the ensemble among the two stages of the
tomography. In general, the optimal value of Ny is unknown. However, detailed sim-
ulations point out that the sample size of the preliminary estimation that leads to
better mean infidelity for low rank states is Ny = N/2. Instead, the sample size that
delivers the best mean infidelity for full rank states is Ny = N?/3. We recommend
using adaptive tomography with the choice Ny = N/2 for the reconstruction of an
unknown state because this method delivers in the best case a much better mean

infidelity than standard tomography and a similar mean infidelity in the worst case.

Adaptive tomography requires measurements in the standard tomographic bases,
which exist in any dimension. Therefore, this protocol can be applied to any dimen-
sion, which is an advantage over mutually unbiased bases based tomography. This
is because the latter exists in dimensions that correspond to integer powers of prime
numbers, otherwise its existence is uncertain. Besides, two-stage adaptive tomog-
raphy has an experimental advantage over tomography by SIC-POVM, because the
bases to be measured are easier to implement than a POVM on high dimensions.

Moreover, computational expense of this two stages adaptive tomography method
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is lesser than a self-learning adaptive tomography. However, this method also has
several disadvantages. In the first place, this method is difficult to implement in
multipartite systems, because it requires measurements on entangled bases. Another
disadvantage of this method is that it requires twice the number of measurements
as standard tomography, that is 2d(d*> — 1) measurement outcomes. Besides, the
computational expense is higher than that of standard tomography, because it needs
to diagonalize the preliminary density matrix and the post-processing is with twice

the data.

Adaptive two-step tomography improves the accuracy of the mean infidelity. So
far, our analysis considers a source of error of finite character of the ensemble to be
measurement. The realization of simulations of this algorithm considering experi-
mental noises is pending. For example, it is observed that the detection of photons
has Poisson distribution instead multinomial distribution. These simulations would
allow us to find ranges where the improvement in accuracy of the infidelity pro-
vided by this method is not overshadowed by experimental noise. Besides, these
simulations would be useful for experimental realization of the two-stage adaptive

tomographic method.

The two-stage adaptive tomographic method improves the precision of the re-
construction of an unknown state, which has positive implications in applications
of Quantum Mechanics, such as Quantum Information, Quantum Computation and
Quantum Metrology. This method can contribute to the formulation of new adaptive
tomographic methods in high dimensions. The natural extension of this method is to
replace the standard tomographies by mutually unbiased bases based tomographies,
which has already been studied in the context of qubits. This protocol reduces the

number of outcomes from 2d(d* —1) to 2d(d+ 1) on prime power dimensional spaces.



Appendix A

Products between Gell-Mann
matrices

In this appendix we proof the product between the Gell-Mann matrices,
Tr(o0;) = 20;.
e If j = [ it is impossible that i = m,
Te(ofot,) = Te [ (11 + 1)l ) (1ol + lmyil ).
=I5 [0 ¥+ Sy 1] + B | + 8o 301 ]

= 0j10im + 0jm0ir + 0:10m + Oimji,
= 28;10 .

Te(atot,) =i2Te | (1G] = )il ) (100m] = fm)l ) |
= — T (61 |i¥m| = A [i)0] = 6 )om] + i |70
= —0j10im + Sjmbit + 60m — Oy
= 2618;m.

Tr(ogot,) = =i T [ (1] + 15l ) (10m] = mi ) |
= ATy [ [i)m] — By [0 + 6 7] — 61 131
=—i <5jl(5im — OjmOit + 0510 — 5im5jl)
= 0.
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e Let us suppose k < m,

k
Tr(oio%) = \/k<k - 1)7‘;(7” T (; 00— k& + 1)k + 1|)

X (Z\nxm —m|m+ 1)<m+1|>
S G i)

l,n=1

(A.14)

2
VE(k+ D)m(m +1) b

m—+1
—k (Z Oin [k 4 10| = Sk rmir |k + 1m + 1|>

n=1

= mk5k+17m+1 |k’ T 1>(m 1 1| (A15)
— 2 [k:—k(l—é ) + k%0 ] (A.16)
k(£ Dm(m + 1) m m '
2Kk + 1)dm
~ VE(k+ Dm(m + 1) (A.17)
= 20km (A.18)

e Because 1 # j,

9 k
Tr (Uzafj) = Tr <

> NI =k |k + 1)k + 1

=1

iK1+ |j><z'|}>

(A.19)

>
=
_.I_
=

k k
2
- T 8 |1 8 1)
WD (Z s K1+ 3
— kv [k + 1] — Ky e+ 1><z'|> (A.20)

2
= ) [5@‘ + 0ji — kOry1,i0k41,5 — k5k+1,j5k+1,ii| (A.21)

~0 (A.22)

L%l - |j><z'|}>

(A.23)

k

Z |1 — k |k + 1)k + 1]

=1

z . 2
Tr(ojol;) = —i RET D) Tr <



k+1 (Zahu Zal]u i| — kdpypr [k + 1)

2
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Appendix B

Generalized Bloch Representation

Let us consider the representation of qudits by Gell-Mann matrices,

= -11+ Z Sio;. (B.1)

The purity of p is

d2 1
+ - Z S;S; Tr(0i0;) (B.2)

z]l

Tr(pz)

1
Yy Qy
g S:Sim Tr O'z]O'lm) + 1 g SiiSm Tr O'wdlm)
1<Z<j<d 1<i<5<d
1<l<m<d 1<l<m<d

&I»—* &Ir—‘

+- ZSfSZTr (B.3)
’L] 1
1
Z G 20adim + 7 D G5 20a0m

1<Z<j<d 1<i<j<d
1<l<m<d 1<l<m<d

d—1
1 z z
+7 > 82820, (B.4)

ij=1

1 1 T \2 1 Y\2 1 2\2
=3ty 2 By 2 S50 (B5)
1<i<j<d 1<i<j<d i=1
d2 1

Z S2. (B.6)

Q.Ir—‘
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Then, using 1/d < Tr(p?) < 1, we get

d2-1

0< Z 52 < 2— (B.7)

where the upper bound represents the pure states and the lower bound represents the
maximally mixed state. The last inequality told us that the states are on the inside
of a d?> — 1 dimensional sphere with radius ry = \/2(d — 1) /d, which is analogous to
the Bloch sphere, but in higher dimensions. But since —1 < Sfj <1, -1< Slyj <1
and —k+\/2/k(k +1) < S; < \/2/k(k + 1), actually the states are only a section of
this sphere.



Appendix C

Derivatives of Square Root Function

Here we calculate the first and second derivatives of square root function f(A) =

VA by Freshet derivative. They can be obtained from the product rule
Df*(A)(B) = DIf - fI(A)(B) = Df(A)(B) - f(A) + f(A) - DF(A)(B).  (C.1)
Since D f?(A)(B) = B, we obtain that
Df(A)B)-vVA+VA-Df(A)(B) = B. (C.2)

Let us now consider {|a;)}i=1  the

77777777

corresponding eigenvalues of A, where r is the dimension of A, which in this case is

equal to rank of p. Expanding on this basis, we have

T

> ([DAANB)], /a0 + Vaids [DF(A)B)] ) = B (C.3)

Var[Df(A)(B)],, + vai[Df(A)(B)],, = Bu (C.4)
(Vai + vax) [Df(A)(B)],, = Bux (C.5)
Then,
B,
[DF(A)B)],, = NG (C.6)

Since A = p? is full rank, there is no indetermination in the derivative. For the

second derivative we use the product rule again,
D*f*(A)(B)(C) = D[Df*(A)(B)](C) (C.7)
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=D[Df(A)(B)- f(A) + f(A) B)|(C) (C.8)

=D*f(A)(B)(C) - f(A) + Df(A )( ) fF(A)(C) (C.9)

+ Df(A)(C) - Df(A)(B) + f(A) - D*f(A)(B)(C) (C.10)

=D’ f(A)(B)(C) - VA+ Df(A)(B) - Df(A)(C) (C.11)

+ Df(A)(C) - DF(A)(B) +VA-D*f(A)(B)(C). (C.12)

Using D?f?(A)(B)(C) = 0 and writing per component,
Bij Cjk
' Z( O/t T s s +

N \rﬁ =+ vty [D (4 ><B><c>]jk) (13)

=@ [D*F(A)BYC)],, + V[ D AB)C)],,

O]k C'j Bjk
+Z(W+¢_\/_+¢_+\/_+\/_\/_+\/—) (1
~(vai +van [P A (B)C)],,

Cik Cij B
+ ! 1 ] (C.15)
Z(\/ /G5 \Ja; +\Jax  NJa; + \/aj \Ja; + \/a )
Then, the second derivative is

) - B;; Cjk‘
[D*f(A)(B)(CO)],, = \/a—z+\/—z<\/_+\/—\/—+\/_

O'j ng
ENCEN \/_> (C.16)




Appendix D

Quantum Fisher Information Matrix

of Adaptive Tomography

Let J the quantum Fisher information matrix of p. We will obtain this matrix

by getting its blocks,

Jr o Jry  Jrz
J=|J¥w Jv J¥|.
JE o JY J*

Let us suppose i < j and i’ < j,

d
[ g5 Z )\k\U A (Mo
1
k=
1
= O+ OOy
1
——— ;0
)\ + A
d
Nijargr =5 Z )\k:|0 (A1) (Nl
1
k=
1
AN (90550 — dijrGjr)
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(D.9)

(D.10)

(D.11)

(D.12)

(D.13)

(D.14)

(D.15)

(D.16)

(D.17)

(D.18)

(D.19)

(D.20)

(D.21)

(D.22)

<hk21 . kakﬂ,l) (h,g,zl . k’5k,+1,l> (D.23)
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754
—Dhp>p1 + Opr |- D.24
AT (ZAZ L — ) (0.21)

Thereby, the quantum Fisher matrix is diagonal except in the block JZ,

e e
J=|e J o]. (D.25)
o 0 J



Appendix E

Integration on the State Space

In quantum information, it is common to find the need to perform integrals over

quantum states,

r= [ Flo)u(o) (E.1)

An example can be the mean of some function over the space of Hilbert. From the
numerical point of view, these integrals are solved by the method of Monte Carlo.
This consists in estimating this integral using the average of the function evaluated

in NV uniformly distributed random states {p; }i—1._n,

Ty = % ; F(p;). (E.2)

The exact integral is obtained at the infinite limit of the estimate,

N—oo
The states are generated by uniformly Haar measure |71], that is a unitary invariant
measure,
du(p) = dp(U'pU). (E.4)

In order to do this, we us a matrix Z, whose z; elements are randomly chosen

according to the complex normal distribution,

1 .
p(zij> = ;6 I2i51°, (E5)
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Then, the probability density of Z is

N
1 sy L Iz
12) = ]I pleyy) = e 02 = e m#2), (E:6)

2,0=1

This density probability is invariant under Z — U Z, because the trace is cyclic,

fUZ) = LefTr(UTZTZU) _ Lef’l‘r(ZTZ> = f(2). (E.7)

2 2
N N

We can decompose the matrix Z into a unitary matrix () and an upper triangular

matrix R,
7 = QR. (E.8)

This is called the QR decomposition of Z. The columns of the matrix () are the
vectors of the base resulting from applying the Gram-Schmidt procedure (2.24) to
the columns of the matrix Z. The probability density of () is

£(O) = 1 e_Tr((QR)TQR) Le—Tr(RTQTQR) Le—Tr(RTR)' (E.9)

- 2 2 2
aN aN N

The matrix ) has uniformly probability density and unitary invariant because this
does not depend on (). Therefore, this method generates a unitary matrix ¢ uni-
formly distributed by Haar measure.

Thereby, the following density matrix is uniformly distributed by Haar measure,

p=QLQT, (E.10)

where L is a diagonal matrix with the eigenvalues of p. The way to select L defines
different random density matrices. The probability measure of p has a product

form [75]

du(p) = du(L) x du(Q). (E.11)
In particular, we have chosen L = RRY/ Tr(RRY),

RRT

Of = QRQR)!  zZ1
Tr(RRY)

= T (QRQR)) ~ T(ZZT) (B12)

p=Q
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