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“What is a man? A miserable little pile of secrets.”

— Dracula, Symphony of the Night (1997)

A mi familia: Jaime, Doris, Ximena, Felipe y Roger.
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Abstract

In this work we propose and analyze an HDG method for the Stokes equation whose do-
main is discretized by two independent polygonal subdomains with different meshsizes.
This causes a non-conformity at the intersection of the subdomains or might even leave a
gap (unmeshed region) between them. In order to appropiately couple these two different
discretizations, we propose suitable transmission conditions such that we preserve the high
order of the scheme. On the other hand, stability estimates are established in order to show
the well-posedness of the method and the error estimates. In particular, for smooth enough
solutions, the L? norm of the errors associated to the approximations of the velocity gradi-
ent, the velocity and the pressure are of order h**!, where h is the meshsize and £ is the
polynomial degree of the local approximation spaces. Moreover, the method presents su-
perconvergence of the velocity trace and the divergence-free postprocessed velocity. Finally,

we show numerical experiments that validate our theory and the capacities of the method.
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Resumen

En esta tesis se propone y analiza un método HDG para la ecuacién de Stokes cuyo do-
minio es discretizado por dos subdominios poligonales independientes entre si y de difer-
ente tamafio de malla. Esto produce una no-conformidad en la interseccién de ambos do-
minios e incluso puede generar un gap (regién no discretizada) entre ambos. Para acoplar
de forma adecuada estas dos diferentes discretizaciones, se proponen condiciones de trans-
misién apropiadas de manera de preservar el alto orden del esquema. Por otro lado, se
establecen estimaciones de estabilidad para demostrar unisolvencia del esquema propuesto
y estimaciones del error. En particular, para soluciones suficientemente suaves, la norma L?
de los errores asociados a las aproximaciones de la velocidad, su gradiente y la presién son
de orden h**! donde  es el tamafio de malla y k el grado polinomial de los espacios locales
de aproximacion. Ademads, se demuestra superconvergencia tanto de la aproximacién de la
traza de la velocidad, como del postproceso de la velocidad que satisface la condicién de
de divergencia nula. Por dltimo, se presentan experimentos numéricos avalando la teoria y

mostrando las capacidades del método.
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CHAPTER 1

Introduction

In different applications, interfaces divide the domain of interest 2 C R? (d = 2, 3) into sev-
eral subdomains. For instance, in the case of solid-fluid interactions, the boundary of the
solid corresponds to an interface where the equations of motion for the fluid are coupled
with the elasticity equations of the former via appropiate transmission conditions, namely
the no-slip condition (continuity of the velocities) and the balance of forces (or, more specif-
ically, of the stresses). Nonetheless, as the geometrical complexity and the required spatial
sampling of the subdomains increases, e.g. when the region occupied by the fluid requires a
finer mesh compared to the meshsize of the discretization of the solid, it is not uncommon to
mesh these regions separately, leading to a mismatch between the two discretizations as one
can observe in Figure 1.1. As mentioned in [42], it is possible to identify in the literature two
configurations where the domain is discretized by the union of different computational sub-
domains. In the first one, subdomains are independently meshed, originating a discretiza-
tion of the domain made of dissimilar meshes, where the discrete interfaces of neighboring

subdomains need to be properly “tied” (cf. [27]), as is the case in Figure 1.2 (left), which can



lead to gaps and overlaps between the two meshes; in the second configuration, an interface
is endowed with two different grids originating from non-matching interfaces as happens,
for example, in the domain decomposition method like in [44]. An example of this can be
seen in Figure 1.2 (right), where both grids follow a linear interpolation of the physical in-
terface. We note that, while gaps can occur when that interface is not polygonal, overlaps

between the domains are ruled out in this case.

In general, methods that deal with smooth boundaries and interfaces can be classified as
fitted or unfitted, where the former adjusts the discretization to the not necessarily polygonal
boundaries and interfaces (cf. [3], [4]), as is the case with isoparametric [2] or isogeometric
[26] elements, while the latter considers discretizations that are relatively independent of
the curved side (we refer the reader to [20, Sect. 1] for a thorough review of unfitted meth-
ods). Although fitted methods present easy implementation of previously known methods
with high accuracy, the construction of such a mesh might result too difficult for complex
geometries; in the case of isoparametric elements, the complexity relies on the computation
of non-linear maps which result in the need of higher-order quadratures for the basis func-
tions. Furthermore, the use of curvilinear maps might not eliminate the spatial mismatch
of the discretizations unless the parametrization of the interface can be represented exactly
by these mappings. On the other hand, unfitted methods present a more simple geometric
approach, but at the cost of presenting a higher difficulty to devise high-order methods as
the variational crime is much higher in this case. In the context of finite differences, the
Immersed Boundary method (IB) has been shown to obtain first order accuracy for the ve-
locity [35] and, in the case of Finite Element methods, Mortar methods have been used to
impose the transmission conditions using Lagrange multipliers, but with sub-optimal con-
vergence rates [28, 29]. Higher-order results have been obtained with the Cut Finite Element
method (CutFEM) [5, 6], which uses a Nitsche-type approach by adding pressure stabiliza-
tion and ghost penalty terms, although the results remain quasi-optimal as inf-sup stable
spaces must still be chosen in this case. Thus, with the aim of devising a high-order method
that takes into account the very complex geometries usually present in fluid-solid interac-

tion problems, while remaining computationally modest, we present a high-order unfitted



HDG method for the Stokes problem with an interface.

In [11], a high order method for problems with curved interfaces is shown to be optimally
convergent. It draws upon the ideas of the polynomial extension finite element method
(PE-FEM), originally developed for problems with smooth boundaries [12], where instead
of adjusting the mesh to the curved domain, a polynomial extrapolation of the approximate
solution is used to match the prescribed Neumann or Dirichlet boundary condition. This ap-
proach has been successfully applied in the context of HDG methods during the last decade
in works such as [20] and [40].

Let us briefly describe the historic perspective of the development of HDG methods. The
main criticism of Discontinuous Galerkin (DG) methods is due to the fact that they have
too many globally coupled degrees of freedom. In order to overcome this drawback, [16]
introduced a unifying framework for hybridization of DG methods for diffusion problems,
where the only globally coupled degrees of freedom are those of the numerical traces on
the inter-element boundaries. The remaining unknowns are then obtained by solving local
problems on each element. To be more precise, at the continuous level, the intra-element
variables can be written in terms of the inter-element unknowns by solving local problems
on each element. These problems, called local-solvers, can be discretized by a DG method,
generating a family of methods named HDG methods. Furthermore, the analysis of general
geometries and the estimates for meshes with hanging nodes for these methods is carried
outin [9, 10].

We will now discuss the HDG method and its applications related to our context. In ad-
dition to diffusion equations, in the context of fluid mechanics, HDG methods have been
developed for a wide variety of problems such as Stokes flow equations [15, 19, 36, 17, 21],
quasi-Newtonian Stokes flow [31, 32], Stokes—Darcy coupling [33], Brinkman problem [1, 30]
and Navier-Stokes equations [39, 41, 8, 37], just to name a few. In particular, we take note of
[15], where a class of HDG methods for the Stokes problem considering a vorticity-velocity-
pressure formulation was derived. Furthermore, it was shown that the method can be hy-
bridized in four different ways including tangential velocity /pressure and velocity /average

pressure hybridizations.



Hybridization for DG methods for Stokes was initially introduced in [7] as a technique that
allowed the use of globally divergence-free velocity spaces without having to actually carry
out their almost-impossible constructions. The technique was then further developed, with
a similar intention, in the framework of mixed methods in [13, 14]. Later on, the analysis of
an HDG method based on a velocity gradient-velocity-pressure formulation was analyzed
in [17], where an element-by-element postprocess of the velocity was introduced in order to

achieve a globally divergence-free condition.

This work is closely related to the technique developed in [18, 20, 23] to handle curved do-
mains, which is based on transferring the boundary condition to the computational bound-
ary using a line integration of the extrapolated approximation of the gradient. This tech-
nique has been successfully applied and analyzed in different contexts [24, 40, 43, 22]. In
our case, based on the ideas of [26], which extend the transferring technique of [20] from
the curved boundary case to the curved interface one, this work proposes an extension of
the ideas presented in [43] to the context of a Stokes interface problem, which, to the best of

our knowledge, has not been introduced as of yet. To that end, we consider the following

formulation:

L-Vu=0 on (), (1.0.1a)
—V.-(WL—=pl)=f on (2, (1.0.1b)
V-u=0 on (2, (1.0.1¢)
u=g onT, (1.0.1d)
[u] =0 onZ, (1.0.1e)
[(vL —pl)n] =0 onZ, (1.0.1%)
/p =0, (1.0.1g)

Q

where O C R? will be a polygonal (d = 2) or polyhedral (d = 3) domain with boundary
[ = 0Q; Q1 0% C Q are two disjoint open subsets such that Z := QI N Q2 is the interface
that separates them, v > 0 is a constant viscosity, f € L?() is the volumetric force acting

on the fluid, g € HY*(Q) is the boundary data that satisfies [,,g-n = 0 (n being the



outward unit normal to (2), and [«] := - n* + % - n~ is the usual jump operator. While the
method presented in [43] allows us to deal with curved boundaries and thus removing the
restriction for 2 to be polygonal or polyhedral, for the sake of simplicity we choose to avoid

this in order to focus on the treatment of the transmission conditions on the interface.

The remainder of this work is organized as follows. In Chapter 2 we will introduce the HDG
scheme along with a postprocess for the recovery of the pressure and the construction of a
divergence-free approximation of the velocity, as well as the necessary notation related to
the discretization and transferring segments. In Chapter 3 we carry out the analysis of the
a priori analysis of the method, first presenting the main results and later their respective
proofs. Then, in Chapter 4 we present numerical results to validate our theoretical estimates.
Finally, in Chapter 5 we discuss some applications of the method that were left out of the

analysis.

Figure 1.1: Example of dissimilar meshes for a complex geometry, where the difficulty to
approximate the non-polygonal interface (black solid line) leads to gaps (shaded region).

AVAVAWV,

Figure 1.2: Example of dissimilar meshes (left) and non-matching meshes (right). In the first
case, two independent meshes that approach the interface must be properly “tied”, while in
the latter the boundaries of each discretization respect the interface, leading to gaps in the
non-polygonal case.



CHAPTER 2

The HDG method

2.1 Notation and preliminaries

2.1.1 Computational domain

The physical domain €2 consists of two disjoint open subdomains, Q' and Q?, with outward
unit normal vectors n' and n?, respectively, such that Z = Q N Q2 represents the interface
between the two subdomains. For i € {1,2} and h; > 0, let Q} = {K} denote a (I' N 99')-
conforming triangulation of {2, with boundary T'}, , made of polyhedral elements K of size
proportional to h;. Without loss of generality, suppose hy > h;. We assume each element K
is a simplex, a quadrilateral (d = 2) or a hexahedron (d = 3). Also, to simplify notation, we
will just write h instead of h; when there is no confusion, i.e., when the label & indicates the
size of the triangulation 2}, or 2. In Figure 2.1, we can observe the physical domain (left)
and its corresponding independent discretizations (right), where the physical interface 7 is

approximated via two discrete interfaces, Z} and 77, that are far from each other.



2.1. Notation and preliminaries

I

> = N

Figure 2.1: The physical domains (left) and the corresponding discretizations (right).

The family of triangulations {2, },,~¢ is assumed to be shape-regular, i.e., there exists x; > 0
such that for all elements K € Q and all h > 0, hi/px < k;, where hg is the diameter of
K and pg is the diameter of the largest ball contained in K. For every element K, we will
denote by nx the outward unit normal vector to &, writing n instead of nx when there is

no confusion. The set of all the faces e of Q}, is denoted by &;.

2.1.2 Connecting segments

We introduce a mapping ¢ : Z; — Z} such that for each point x* € 7}, we associate a point
x! = p(x?) € 7. We denote by /(z?) the segment starting at * and ending at ', with unit
tangent vector m and length |¢(z?)|. The segment o (x?) is referred as the connecting segment
associated to ? and is assumed to satisfy two conditions: it does not intersect the interior of

another segment and its length |¢(x?)] is of order at most max{hy, ha} = ho.

Now, let v? be a vertex of Z7. We assume that the point v associated to v? is a vertex of Z;.
Thus, Z} induces a partition of Z} that we denote by F7? = {F'}, where every face F' of the
partition corresponds to the opposing face to some e € I}, i.e., F = ¢~ '(e). An example of
such a partition can be seen in Figure 2.2, where each face on the bottom mesh is divided
into two faces corresponding to the opposing side of some face in the upper mesh. This

partition is induced by the connecting segments between the vertices (solid black arrows)



2.1. Notation and preliminaries

and an example of the mapping ¢ for an arbitrary point 2 on the bottom interface (dashed

AVAVAVEAN

arrow).

vv

Figure 2.2: Partition F7 of Z? induced by Z} via ¢.

Leti € {1,2}. Given a face e € Z} belonging to the element K, € Qj, we define the extrapola-
tion patch as

K :={x+n't:0<t<|l(z)|, = €e}.

We denote by ht (resp. 4.) the largest distance of a point inside K! (resp. K&') to the plane
determined by the face e. In other words,
hJ_

- = max |dist(x, e)|, de == max |[{(x)],

xeK, xEce

where dist(x, e) denotes the distance from x to the face e. We note that J. is a measure to
the local size of the gap and ¢ := max. J. is an upper bound of the gap. We define the ratio
7. := 0,/h+ and its maximum R; := maxr,. An illustration of this notation can be seen in

ecl;
Figure 2.3 for the leftmost element of thehupper mesh.

i

Figure 2.3: Extrapolation region and gap for the leftmost element of the upper mesh.



2.1. Notation and preliminaries

2.1.3 Spaces and norms

Given an element K and a non-negative integer k, IP;(K’) denotes the space of polynomials
of total degree at most k£ on K. For any face ¢, P;(e) denotes the space of polynomials of total
degree at most k on e. Then, we define P, (0K) := J,cyx Pr(e) as the space of total degree
at most k on K. Given a region D C R?, we denote by (-,-)p and (-, -)sp the L*(D) and
L*(9D) inner products, respectively. The L*-norms over D and 9D will be denoted by |||,
and ||-||,,- We use the standard notation for Sobolev spaces and their associated norms and
seminorms, where vector-valued functions and their corresponding spaces are denoted in

bold face, and blackboard bold for the tensor-valued case.

For a given polynomial of degree k and i € {1, 2}, we introduce the finite dimensional spaces

Vi = {G eL*(): G|, € [Pu(K)™, VK e},

Vi ={veL*(Q): v|, €[P(K)"  VKeQ,},

Vii={q€ LQ(QZ) g q‘K € Pr(K), VK € Qﬁl},
M ={peL*&): p| €Pe)’, Vee&},
My (Z;) = {p € L*(T}) : p, € [P(e)]’, Ve € T, }.

The inner products for the triangulation 2}, (i = 1,2) are given by
('7 )QZ = Z ('7 '>K7 <'7 >dQ}Z = Z <'7 '>3K> and <'> >I}L = Z<7 ')67
Ke, Ke, e€T}
and their corresponding norms will be denoted, respectively, by

1/2 1/2 1/2

2 2 2
o = | S oy = S IR sand = (ST

KeQj KeQj e€T]

To avoid proliferation of unimportant constants, we will use the terminology a < b when-

ever a < Cband C is a positive constant independent of h.



2.1. Notation and preliminaries

2.1.4 Extrapolation operator

The region enclosed by Q} and Q7 will be denoted by Q§*. We notice that Q§*' is not meshed.
As a consequence, we don’t have an HDG approximation in there. That is why the HDG
approximation of the velocity gradient L and the pressure field p will be locally extrapolated
from the computational domain Q} U Q3 to Q$*'. More precisely, let G| : [Pr(K)]**? — R be
a tensor-valued polynomial function which is defined on an element K in Q; U Q3 such that

K N Qo #£ (. We will define its extension to Q5** as
Eg (y) =Glk(y)  Vye Q™. (2.1.1)

Note that the extended function E,,, is either a tensor-valued whose support inclued Q5**.

Ik

Each element K will have its own extended function.

2.1.5 The HDG projection

In the analysis, we will employ the HDG projection defined in [17]. Let : € {1,2} and
(L,w,p) € HY Q) x H* () x H' (), we take its projection IT}, (L, u, p) := (Iy:L, [y, ITy:p)
as the element of Vi x V}? x V;! defines as follows. On an arbitrary element K of 2}, the values

of the projected function on K are determined by requiring that

(Ily:L, G) g = (L, G)k VG € [Pr_y(K)]™*  (2.1.2a)

(Myiu, v)x = (u, v)x Yo € [Py (K)]Y  (2.1.2b)

lvip, @)k = (B, Ok VgePra(K) (212

(tr My, q) i = (trL, q)x VG e Pp(K)  (2.1.2d)

(Vlyiln — Tlyipn — tvllyiu, p)e = (VL — pn — Tvu, ). Vi € [Py(e)]?  (2.1.2e)

for all faces e of the simplex K, where 7 > 0 is the stabilization parameter of the HDG
method. Furthermore, if (L, w,p) € HeT1(Q}) x H»(Q8) x H1(Q), for 1,1, € [0,k],

we have that the above defined projection satisfies (cf. [17, Theorem 2.1]) the following

10



2.2. The HDG scheme

properties:

[u = Tyl <A™ || piess (1) + Wt () V- (VL - Pz »

(2.1.3a)

V(L = Tyl || ¢ + 15 = Tyl ¢ S g™ WL = Plllgers ey + 30 [ ga

+7v | — My (2.1.3b)

where I is the identity tensor.

2.2 The HDG scheme

Since the computational domain ), U7 does not necessarily coincide with the physical do-

main 2, we introduce the following decomposition to impose the zero-mean of the pressure

p=p"+p,

1 . . ~.
where p' = P p is the mean of p on the computational domain and p'is a
|Qh U Qh’ Qlua?

function that belongs to L§(Q;, U Q7)) = {q¢ € L*(Q, UQ}) : (¢, Daruez = 0}; we write

pi=p

Qi -
For i € {1, 2}, we are looking for the approximation (L, u}, pi, ui) € Vi x Vi x Vil x M} of

(L

Qi Ular s Doi s Ulgs ) that satisfies

(Li, G)og + (uf,, V- G)gy — (@, Gr)g; =0, (2.2.1a)
(VL VU)o — (5, V- )qi — (G4n",v) a0 = (f,0)ai s (2.2.1b)
—(uh, Va)oy + (U, - 1, @)ag; =0, (2.2.1¢)

(@ m)rinzi = (9, W)rinz (2.2.1d)

(@hn', K)oairi =0, (2.2.1e)

11



2.2. The HDG scheme

for all (G,v,q, ) € Vi, x Vi x V}! x M}, where
oyn' i=vlin' —pin' —Tv(ul, —a,)  on €. (2.2.11)

and 7 is a positive stabilization function defined in 9Q; U 993, assumed to be uniformly
bounded. The previous system is coupled via a global uniqueness condition of the pressure

across both subdomains

(Phs Dt + (72, Doz = 0, (2.2.1g)
and the imposition of suitable transmission conditions,

(@, — iy, ) =0, Y€ My(Ty), (2.2.1h)

(G + b ) =0, VYue My(T}), (22.10)

where @ y 4, are approximations of u|z; and —(vIL — pI)n®|z2 on the opposite interface,

respectively, defined as
ik
() = a2 (2?) + |0(a?) /0 By (2(s))m(x(s))ds 2.2.1j)

and

5 (x?) = —I/E]L%L(CEQ)'IIQ + Ej; (*)n? — tv(u; (') — a; (xh)), (2.2.1k)

where ' € 7} is the corresponding point to * € Z; under the mapping ¢ and x(s) :=
! + (! — x?)s for s € [0,1]. Here E denotes the local extrapolation defined in subsection

2.1.4.

Remark 1. Instead of the transmission conditions (2.2.1h) and (2.2.1i), it is also possible to alterna-

tively choose

(U — iy, )2 =0, Ve My(Z7), (2.2.2)

(Gin' + 5%, ) =0, Ve My(T}) (223)

12



2.2. The HDG scheme

where, for x* € I}, its corresponding point €* € I7 and T(s) = x* + (&' — x?)s, for s € [0, 1], we
define
1
il (2?) = @) + ()| / By (3(s))ym(@(s))ds (2.2.40)
0

and
Gr(xt) = —vEp; (xh)n' + Ep (hn' — rv(ui(x?) — i (x?)). (2.2.4b)
221 Recovery of p,

In this section, we follow the method proposed in [43] with slight differences in order to

incorporate the two approximations p;, and p3.

Since 0 = / p= Q|7 + / D, a natural approximation is
Q Qext

1 )
pPrapt === | b (2.2.5)

but it is not clear how to approximate p, on Q5** since we do not have an HDG approxima-

tion in the unmeshed area. Thus, we propose

and then

from which we set

ph = DR+ P (2.2.6)

as our approximation of p.

2.2.2 Divergence-free postprocessing

For i € {1,2}, we consider the divergence-free postprocessed solution (u})’ defined in [17],

which in the two dimensional case is the piecewise polynomial function satisfying, for all

13



2.2. The HDG scheme

K e Qi and e € 0K,
(up,)" € Py (K)

(u)' — ), Vw)g =0  Vw € Py(K), (2.2.7a)

(V x (u}) —w, wbg)g =0  Yw € Pp_1(K), (2.2.7b)

(up)' =) -n,p)e =0 VYpePye), (2.2.7¢)

(@((up)" ) —n x ({Ly}n) , 0p)e =0 Yy € Prya(e) ™ (2.2.7d)

where n x a := nyay; —nqaq, Oy := n20; +n,0, is the tangential derivative, V x u := 01us — 014

is the two-dimensional curl, w}, := (I} )2; — (L})12 is an approximation of the vorticity, by is
1

the usual bubble function associated to the simplex K and {x} := 5 (xT + ) is the usual

average operator.

We note that, while [17] shows that the postprocessed solution is divergence-free in 2 when
it coincides with the computational domain, in our context we would have that u} is diver-

gence free in ), U Q7 as we do not have an approximation of u;, in the non-meshed region.

14



CHAPTER 3

Analysis of the HDG method

We will divide this chapter in two sections: first, we will state all the main results and
estimates that derived from the analysis of the method mostly without proof so as not to
distract the reader too much with technical details and provide a cleaner, less confusing
outline; later, in the next section, we will show the derivation of the previously stated results

in a more detailed fashion.

In order to provide a more streamlined explanation of the results discussed in this chapter,
all which rely on smallness assumptions that depend on multiple constants, we open with
a small section dedicated to the auxiliary estimates that we use to prove our estimates and

where some of these constants come from.
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3.1. Auxiliary results

3.1 Auxiliary results

3.1.1 Extrapolation estimates

For e € 7} U}, we define
V= {G € [Po(KZ")]™? : Gn, # 0 oneach e C K™}

where we denoted by n, the interior normal vector to K" along the face ¢, i.e. the exterior

normal vector to K. pointing in the direction of K&**. We can then introduce the constants

Gne|| gext .
ot = = —H I O™ = bt su K (3.1.1)

= —— sup P
‘ \/T_eGer ||Gne||Ke 7 ‘ ‘ GeVk HGne| K.

Adapting the result in Lemma A.2 of [20] to the tensor-valued case, we have that these

constants are independent of the meshsize, but depend on the polynomial degree £.

On the other hand, following the ideas in [20] adapted to our case, it will be useful to in-
troduce the following auxiliary functions. Let e € Z7? that belongs to K, and K&*. For a

polynomial function G on K., we define

i 2 1 |£(w2)| 2 2 i 2
Mo @)= gy [ (e @ nt) —Ba @) wids 612

for i € {1,2}, where we recall that * € e and x' € Z; are connected by the segment ¢(x?).

Adapting Lemma 5.2 in [20], we have that

162 8y, | < Sercsici Gl VG € V(K (3.1.32)
e e \/§ e
. 1

Hwyl/? |, = 57 |htonGnl|, . VG e H'(K™) (3.1.3b)

The following lemma, adapted from [42] to the tensor-valued case, will be useful in the error

analysis of the method and, specifically, in the development of a duality argument later on.

Lemma 1. Suppose that ¢ : I} — I} is a bijection. The following assertions hold true: If ¢ €

16



3.2. Main results

H?*(Q) and ® := V¢, then

[117 (6~ po )~ 10" (@0 pn?

[l (¢~ @ o)

2
Ih

If ® € H'(NQ), then
[l7 (@~ @ o o)

Sl

h

Let F € Fy, e = p(F) and K, the element e belongs to. If p € P(K.), then

lp—po@llp < Coeh™ |p]

~

Ke

o 019l

<02 1Bl g

(3.1.4a)

(3.1.4b)

(3.1.4¢)

(3.1.4d)

Finally, we recall the discrete trace inequality ([38, Lemma 1.21]): if ¢ is a scalar, vector or

tensor-valued polynomial in K, then

loll. < Ceh 2 16l .,

(3.1.5)

where C!" is independent of the meshsize but depends on the polynomial degree.

3.2 Main results

In this section we will show, under certain assumptions, a stability estimate associated to

the HDG method. Namely, we take the polynomial degree k > 1 to avoid technicalities and

assume that

(A1) Q; NQF =0, i.e. there is no overlap between the subdomains,
(A.2) the mapping ¢ : Z} — 7} is a bijection,
1

(A.3) foreache € 7}, m = n* and m = —n/!,

(A4) there are no hanging nodes, i.e. F =77,

17



3.2. Main results

(A5) 72 max ((CLCF) (82 + 62/%)h %) + max ((CLCFCEY)?62h ") + max rl (CFCM)? <

eGI}L eEZ eeI

»-l&l>—‘

(A.6) = max51/2 “12 { maxdr <
2 ce1} e€1?

N | =

1
(A7) Chdmax h H(C7)? < T where C, is a positive constant, independent of the meshsize,
ecl,

that will appear in Lemma 7.

(A.8) Cy {(52 (T + 2 + max h *(O™)? ) +4 ( + 1+ dmaxr? (C’S’“Cénv)z) + 21/2h2} i
eEZ eEZ 16

where h := max{h;, hg}.

w1 1/ o _
(A9) 8°C5 (Cy + C¥) < 1g Where Cy = —(T V2 max ((CLOSY)?(02 + 62/%)h.?)

v? e€T}

Lotroexty2527, =4 | 9 5h tr
Fmax (GO ah ) +2maxdh (O + 5

Lemma 4, C} := 20, max {6 h Ctr) (621 °(CS%)?)} is a constant that will appear

) is a constant that will appear in

in Corollary 3, and 03 is a positive constant, independent of the meshsize, that will

appear in 8.

(A.10) BCL max.eqt CLO 0 he 82 1 B2, MaX.ez2 S.he '/? < 1— 2712, where § is the constant

associated to an inf-sup condition that will appear in the proof of Lemma 8.

Note that the purpose of (A.1) is to simplify the analysis, but our method still works, without
any modification, when there are overlaps, as long as the other assumptions are satisfied.
An example of this is given in Chapter 5. As discussed in [42], assumption (A.2) is not too
strong when Z; and Z; share the same topological properties, which is expected when both
meshes are built from the same CAD geometry. These two assumptions will be assumed to

hold along the manuscript without explicitly mentioning them.

Assumption (A.3) means that the direction of the connecting segments must be parallel to
the normals computed at its ends. Fortunately, the estimates of this work are also true if,
instead of (A.3), we assume 1 +m - n'! and 1 — m - n? are small enough, i.e. the direction of

the connecting segments does not deviate too much from the normals at its ends.

Assumption (A.4) is related to the fact that, under the presence of hanging nodes, the map

o fails to preserve polynomials on e € Z} to polynomials on the corresponding faces { F'} C

18



3.2. Main results

Z?. This would force us to use the L? projection onto M} in our arguments, which will
ultimately lead us to the appearance of lower powers of h in the error estimates as seen in
[42]. Nevertheless, it is possible to prove that the method is still optimal in all the variables,

except in . where the order of convergence loses half a power of h (see Chapter 4).

Finally, (A.5)-(A.10) refer to smallness assumptions regarding the meshsize and the size of
the gap. We note that these assumptions are satisfied for small enough h and if ¢ is propor-
tional to at least a power of 2 of i, which is the case when Z;| and Z7 correspond to piecewise
linear interpolations of the interface Z. We end this section by mentioning that, while most
constants present in assumptions (A.5)-(A.10) vanish when there is no gap, this is not the
case for (A.9). In fact, we see that as  goes to 0, the term 812Cy (Cg“ + C;‘) goes to 3—12 This
is coherent with [43], where a similar inf-sup argument is used in order to prove an estimate
of the pressure when there is no such gap in the mesh. We also observe that the left-hand

sides in all the assumptions are bounded even for small viscosity.

3.2.1 Stability estimates

We introduce a modified version of (2.2.1) with artificial source terms that will help us to be
more explicit with our estimates in order to reuse these results both for the well-posedness
of the scheme and the error bounds. Therefore, we consider the same problem (2.2.1), but

(2.2.1a) is replaced by

where H' € L?(€) is a given function such that it is orthogonal to polynomials of degree

k —1, and (2.2.1h) and (2.2.1i) are replaced by

(@, — i, pypy = (Ti, W)z,  Yp € Miu(Z}) (3.2.1b)

@+ o, = (T,w),  Yue My(T}), (3:2.1¢)
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3.2. Main results

where T} and T are given functions belonging to L*(Z}}) and L?*(Z}), respectively. In par-
ticular, to show well-posedness, H' and T will be zero, whereas H' and T; will be related to

projection errors when proving the error bounds.

For our convenience, let us define

1/2
2

‘o +ZHTW = )|y + |17 (@ 0 0 - )

S<Lh7uh7uh7uh (Z HL |

h

(3.2.2)

We are now ready to state the main results of this section.

Theorem 1. Suppose Assumptions A hold true. If T is of order one, k > 1 and h < 1, then there
exists hy € (0,1) such that, for all h < hy, it holds

2

S(Lp, wn, @p, )* S Z |2 :

1
o+ 3 IFIIE +llglE + (1o Ty + (|0l
=1

Iz
I,

(3.2.3)

Morover, if elliptic regularity of the dual problem (3.3.7) holds true, it holds

2
Z { QZ N (5 + 1/52 + max 52h + h2 + h2) S(Lh, up, 'E,h, ﬂh)Q
=1 (3.2.4)

]2 2 2 2 2
+Z I3, + IF115 + gl + 1T + 1Tl

=1

7

uh

and

ZH

Since the S(Ly, up, wp, Up) is present in upper bounds for ||L}l||ﬂ7h (a trivial result that fol-

Qz N thuhauhauh) + ||f||?2 . (325)

lows from its definition), ||u} |

Qi and ||p}, Qi for i € {1,2}, the fact that the estimate (3.2.3)

depends solely on the source data will provide an easy proof of the well-posedness of the

scheme and, later on, of the error estimates of the scheme.

3.2.2 Well-posedness of the scheme

Theorem 2. The HDG scheme (2.2.1) has a unique solution.
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3.2. Main results

Proof. Let all sources to be equal to zero, i.e, H' =0, H* =0, f = 0,9 = 0, T = 0 and

T, = 0. Since (2.2.1) is a square system, we just need to show that it has the trivial solution.

From (3.2.2) and Theorem 1, it is clear that

2 2
DI+ D72 o, — @) [ = 0
i=1 i=1

and, from (3.2.4) and (3.2.5),

2 2 2 2
D IAIE + D Nl + DI, + Do 72 = @log, =0 (326
i=1 i=1 i=1 i=1

Thus, fori € {1,2}, we have that L} = 0, u}, = 0 and pi, = 0. Since we also have that u} = u},

on 99, it follows that u! = 0, too.

3.2.3 Error estimates

Theorem 3. Suppose Assumptions A and elliptic regularity hold true. If T is of order one, k > 1
and (L,u,p) € HT(Q) x H~T1(Q) x H'**(Q) for I,,1,, € [0,k], then there exists hy € (0, 1)

such that for all h < hy, it holds
2 1/2 2 1/2 9 1/2
(Se-titt) o+ (Sh-wili) = (Sl-alk )
=1 =1 =1

rS (1 + V—1)1/2h10+1 |VL . ﬁHhH[loJrl(Q) 4 (1 + V)1/2hlu+1 |u|Hlu+l(Q) (327)

Now, considering the postprocess of the pressure detailed in subsection 2.2.1, Theorem 3 in

[43] alongside Theorem 3 allows us to deduce the following corollary.
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Corollary 1. Suppose the same assumptions of Theorem 3 hold and (L, w, p) € HF(Q) x H*(Q) x
H*Y(Q). Let h = max{hy, ho}. It holds that

2 1/2 2 1/2 2 1/2
(St-siley) o+ (Slhe-willy) +(Sholly) 0t e29
=1 =1 1=1

Next we show the error estimates for the divergence-free postprocessing of u}, fori € {1, 2},

defined in subsection 2.2.2.

Corollary 2. If the assumptions of Corollary 1 hold true and u € H*2(Q), if (u},)" satisfies (2.2.7),
then it holds

2 1/2
(Z [ — (uZ)"I@L) < Wi (3.2.9)
=1

3.3 Proofs

3.3.1 An energy argument

We will now prove the estimate found in Theorem 1. But first, in order to showcase an
important technique that will be used constantly throughout the analysis of the terms asso-

ciated to the mismatch between Z} and Z7, we prove the following lemma.

Lemma 2. Let i € {1,2}. We define T' := (G} n’, },)1: . It holds that

1 2 1.1 -1 =1 1 1,1 —1 1
T +T° = <0hn + EU}L'n? °c@Y L,up — U’h)I}lL + <0_hn + Ea}an o ’,u’h>I;1L

-V
h

|€|_1/2 (ﬂi oY — ai)HIQ + V<A12L,21 (CL'2)7 alQL S ai>z2
h

+(Bhn?, @, 0 0 — W)z + v{(T(up — Uy), U 0 @ — Up) 72

Before proving this result, we point out that in the case where there is no gap, T* + T2 = 0

in virtue of the fact that 7} = 72, 42 = w7 and (2.2.1j).
h hr U, h J
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Proof. We decompose

T' + T% = (Gyn', ty) 7y + (G50, Up) 22

Al a1 1 =1 ~22 =2 ~2
= (opn —0p0@ 7uh>I}L+<Uhn 7uh_uho<P>I§+T7

where

T ={(Gr09 " Uy + (Ghn*, G} 0 )2

Since ¢ : I? — I} is a bijection such that ? — ¢(x?) = |{(x*)| m(z*) and we are under

2:

the assumption that m = n —n', which implies that both interfaces are parallel, then ¢

must be affine (a translation, even) on each F' € Z?. Furthermore, if we assume that there

1

are no hanging nodes, then ¢! is also affine for each ¢ € Z}. Thus, both 7} o ¢! and

@} o ¢ are polynomial when restricted to e € Z;; and F € I}, respectively. In other words,
o1 op € M(Z}) and @2 o p € M, (Z7).

Using the transmittion conditions (2.2.1i) and (2.2.1h), we have that

T = (G090 i) — Gy, U 0 ) + (G, 0 0~ Th) g + (T, G5 0 ) 12

and, since |Z}| = |Z?| because of the previous assumptions,

T = (5,00 " 0w, by o@)r — (3,00 @)z + (5,09, Ti)p + (Tb, G 0 )72

= <T17 6}1 © 90_1>Z}1l + <T27 ai © 90>I,2L
Adding and substracting convenient terms, we obtain

T =(Ti,5,0 ¢ ') + (Th, U 0 @) 72
= _<T17 Uilznl + Eo}an o 9071>I,11 + <h‘;1/2T17 hi/Qafan1>I}L

3

+ (|12 T, 1072 (@ 0 0 — @)z + (7P Te, (@ — i)z + (T, 0 ) 7

€
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3.3. Proofs

From the definition of the flux (2.2.1f) and definition (2.2.1k), we obtain
ont —Glop !t =on' + Eqip2 0 !

and so, replacing this into the original sum and expanding the numerical flux on the second

term,

T +T? = Gin' —6,0¢ ", a%)z; + (Gin?, 4;, — 1, 0 P12
= (opn' + B2 0 <P‘1, ﬁi>zl +(opn? — Tv(up — 4;), Uj, — Uy 0 )72
=

O',ll’n + F oln? o (p ’U,h>zl + <0'hn + Egirﬂ o So_la ’u’}L>Z’11

+ (oin?, a7 — 0 o ‘p>I;2L — <7'1/(’u% —uy), u; — U o cp)zle +T

On the other hand, from (2.2.1j) and the assumption m = n?, we have

iy o p(x?) = uj(x®) + |[((x?)] / Ep: (z >+’ (%) s)n’ds
= u; (z%) + (2 ]/ Ep; (2 +n? |[((x?)] s)n? — Lj (2*)n’ds + |(x?)| L; (a*)n’
—iA%, (a?) ’
=4} (%) + ‘E ’ Aii(a?) - |€(3V32)| (VL;(2*) — pp(2*)I) n* + |€(f2)|ﬁi(w2)n2
= a(a?) + ()] A2 (a?) + N ety 4 Ly
and so
Tin(a?) = eéw (@ (2?) — i} 0 p(a?) — VAL, (2?) — i (zP)n®. (331
Replacing this in T! + T?, we have
T' +T? = (o3n' + Ejipo 007 Uy, — wp )z + (opn! + Epip 007 )
(i (@) - i so<w2>> B Rop) L@ - ey

h

— (Pin, i, — 10y © @)z — (Tv(wy, — Uy), Uy, — U 0 )z
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Flipping the signs of some terms in order to have i} o ¢ — @; in the second argument of the

inner products, we obtain the desired result. O

Now we continue with the proof of Theorem 1. To that end, we provide the following

lemma.

Lemma 3. It holds that

2 . 2
Sov (il + 772t = @i o, ) + v ||l @ o e — )| -
= " (3.3.2)

Z“Z( (HL L)y + (£, wh)ay + (9,5n)ry1z; )

where

I' = {o}n' + Ea.l,nQ o Lpfl,ﬂi — ’u,,ll>1i, 1% := —(Ty,0pn' + E01n2 o 9071>I}L
I’ :={ojn'+ E sln2 O e ! 1>z}11, I := (h, he T hl/Q/\l >Il

I* = vlhyz, 0 @ = W)z, 1% = (|01 T, 1072 (37 0 @ — 7))
I* = (P2 0 — )z, 17 = (T, R - ) g
IPo=v(r(uh — ), 00 — )z, 1= (b PTo hPug) g,

Proof. In (2.2.1), for i € {1,2}, we test with G

Qi :VL;},'UQ;; :’U'ZIQQ;L :ﬁ%and

o, onli\Z,

u,  onoQ \Ti.
The resulting system is

(L, vLy)ey + (wy,, V- vLy )or — (U, VILER) gy = (H, VL, )qr
(L, Vg )i — (B, V- up )y — (G40 up)ons = (F,44)ai
—(up, VBi)ag + (@, - 1, Ph)aa; = 0,
(U, 5n2>rg\zg = (g, 82”6%\1;17
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U e I
(hmn 7uh>8Qz\F}L =0.

Noting that Vp;, = V - (, ) and, reversing the integration by parts used to deduce the weak

formulation,

(L, Vg ) g — (B V - g ;. = (VILy, — DL Vg )

= (V- (vLy = Bl )y, + (WL, — Bl oy,
we can sum, for a fixed 7, all the equations previously stated to obtain

(uh, V- Loy — (V- (L, = B0), ug )i — (Wi, Vi, )oy
H(VIL, — ByL ) a0 —(0M, uh) s

(), - 1, Py s — (U, VL) a0 (3.3.3)
(L, Ly s + (@, 00 )iz + (0N, U)o r

Notice that the first three terms cancel out and the next two terms can be written as (7v(u}, —
U}, ), uj,) o in virtue of the definition of 5nj,. On the other hand the sixth and seventh terms

can be rewritten as

— (@), vLyn)ag; + (@, - 1, Br)aoy = — (@, (VLj, — Bpl)n)an;
= —(@), ,n' + (), — ﬁz»aﬂg

= —(@;,, 5,0 gy — (Tv(w;, — W), U)o -

Noting that the first term of this expression is the same as the last two terms of the left-hand

side of (3.3.3), albeit integrated on different domains, we write

—<"7§Luazni>m;i + <ﬂz,32ni>p;\zg + (3"7’2,"7989;\% = —<a2732ni>1,§-
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3.3. Proofs

Thus, (3.3.3) is simplified to,

v(L, L ey, + (Tv(u), — ), w),— @)ooy — (U, 53n')z;

= v(H,Lj)o; + (f, uh)ay + (9,5, )ri 2

or, equivalently,

v (il

We sum over i € {1, 2} to obtain

i i ]2 i i i ~ii
o T |77 (i, — uh)”aag) —T' =v(H L))o + (f, ) +(9,0,7 )ri 7 -

S (il

i=1

i + HTl/2 Ham) ZTZ

—Z( (B Ly)oy, + (£, i)y + (9.5, ) -

(3.3.4)
The result follows from (3.3.4) and Lemma 2. O
Lemma 4. Under assumptions (A), it holds that
1 2 2
350w B @) < 3 Wl + 75 151l
8 4+ 2560 2Cs) (C™)*h, P + 8
T e, ((8 +256v2C5)(C")*h " +87) [|gllp
2 2
i 12 ~i |12
+ > Mkl + G5 > Al
=1 =1
2
1/2 + (8(03)2 + 256”—2(03)203 +8) he_1}1/2 T, i
h
+||v V2 (40 + 477 4+ 2(CF) A, )1/2T2H12. (3.3.5)
h
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3.3. Proofs

where we recall that
1 —1/2 ext\2/ ¢2 3/2 T vext\2 ¢271 —4
Oy = (7 max ((Co OO + 09hC?) + max (C.CrCryoch. )

1
9 try\2 )
+ rergxéh e +—25603 )

and Cs > 0 is a constant, independent of the meshsize, that will appear later on in the analysis. We

make this last term appear by choosing 5, = eb = 2560~ (C™)2Cs.

Proof. We can bound each term in the right-hand side of (3.3.2) as follows: For I', we can

use Young's inequality with £; > 0 to obtain

rey { 77 (okm + By 07|+ 55 2k - a;)||j}
eEIl
Since ¢ is an isometric bijection (under our assumptions) and n' o ¢ = —n?, for F' = ¢(e),

2 2
= H7’_1/2 (U,llnl o+ E01n2)
e h F

- H7'_1/2 (V<EL;11 —L; op)n? + (Epn — pr o cp)’n2>

2

§2{ H7‘_1/2 (u(E]L1 —L;o go)) H
h F

~1/2 ~1 2

e (- pie ),

H771/2 (U;llnl + Eg}llnz o 5071)

2

F

and so

2

2
P ol ims -sien) [ (5 o)

eEI}L
1
%, 772 (wp, — ||}
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3.3. Proofs

For I?, a similar argument yields

2 2 1
P e 5 oo o +ea |y ol o )
e}

for e5 > 0.

Before continuing with the remaining terms of the right-hand side, we will provide an es-

W(Ey —Lio cp)HF and

€9 HEI;}L —pj o cpHF According to Lemma 1, there exists C! > 0 such that

HV(E% Lo go)H < VOO B

and

[~ o] < creman .

therefore

I'< [maxeﬁ L(Croext)?s? } LA ||Ql [maX&T_l(CelCeeXt) dzh } H~hH91

ecT} eEZ}ll

+221|| 2 (@)

eEZl

]2 < {maxag(ClCeXt) 52 :| HL ||Ql |:m%X62(Clcext) 52 :| H~hH91
S

ecT}

+ max — (C*")2h; ! ||u; >
hilQl
eGI1 252 h

For I3, using Young’s inequality with ¢35 > 0, we have

2
oy to 0 - @ < S {21 g+ o 10 o -ad) )
e€l? 3
2
< |max 2 (czvomy| Jud HmZ =l @ e e - ap))
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3.3. Proofs

and so

2

< V{maxgr (cerei™) } ||IL2HQ2 + Z 2 H|€| V2 (32 0 — uh)

ecT?
eeI

For I*, first we use Young’s inequality with ¢4 to obtain

It < 2{54 H|€|1/2 522

eGI

j€17Y2 (it 0 ¢ — @7

2
284‘ 6}7

and then, using a discrete trace inequality, we have that

H|€|1/2ﬁhn2Hj <4, ||p hH (8. hoLCm)

‘Nh“K

and so

ﬁquwhwﬁmm+z—wamhw'm2

e€T?

For I°, once again we use Young’s inequality, now with 5 > 0, to obtain

~2N ~ ~ €5 ~
(rtut — ). o~ g < 3 { 310 rtad - 3|

e€I2

167 (@ 0 ¢ — )

1

285 ‘

< {max ) T:| H7'1/2 (u; —
ecT? 2

1 _ R N 2
+3 5 |l @he s —ad)

‘22
e€ Z2 h

h Hzg

)

and so

< y{max;é T:| ZHTI/Q —u}) Ham + Z Hm Y2 (i 0 ¢ — ip) 2

€12 e

For 16, we follow an argument similar to / I with g > 0 to arrive at

1 < k(LT PN Ly e COT PR il + 3 g [

eGI
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3.3. Proofs

For I”, first we decompose it into

I" =v(hPTy, BPLynt) 5 — (h YT, B PPty g
(P TR = @)
_VZ 1/2T h1/2L1 > Z<h 1/2T h1/2phn>

ecZ) e€l}
— Z 1/2 1/2T h1/2 1/2( a}ll»e
eeIl

and then we use Young’s inequality with £, %, % > 0 to each of these terms to get

(TP, < 5 )T+ o ||h;/2uui

(c
HL .

| /\

 letnsyemy )+ 58

- 1 _ 1 5

S M O [ETR e T O
1 Cr)?

< 3 ey 2+ SEF Il

_<hg1/271/2T17hi/QTl/z(u}l—a}ll»e < % H(é.?h 1/2T H + — 5 m Hh1/27_1/2(u111_ai11)uz
< ity + G O e al,
Putting everything together, we have
(e’ (C)? 1 (Ce)?
1" S vmax e Lo +max 55— (Bl +vmax S Il - @),

+ % H{(V&t? +eb 4+ V&‘?) hgl}lﬂT

h
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3.3. Proofs

For I®, Young’s inequality with g > 0 suffices to obtain

2
I LA RSN

eEh eEh

For I, we use Young’s inequality with ¢4 to get

<= Z‘

EEI eeZ

~ 2
@ - )

For I'°, we use Young’s inequality with ¢, followed by a discrete trace inequality to get

70 < = Z‘

eEI

1/2 1/2T2

t 212
—l—maX—(C’ 2 H hHQQ
e EGIQ 2510 h

For the sixth and seventh term, we use Young’s inequality with €11, 12 > 0 to obtain

2
OZVH]U Qzﬁﬁzmﬂ‘m ZHL‘
=1

QZ/

[\

@,

2

1 = 9

o« D (e <enlfllo+ 5> [luil
=1 12 =1

Finally, for the last term we have

[\

2

Z<ga CLOAN AV Z<ga vLin' — ppn' — tv(u), — 'UJ;L))F;'L\I;‘L
i=1 i=1
2

= Z 1/297 h1/2 vLyn' — pyn )>F \Zi — VZ g7 uh))Fg\z;'L

=1

Using Young's inequality with £f5, e}y > 0 and a discrete trace inequality, for i € {1,2} we

have

_ i1 ~ a1 ygL - gp - C
(g, K (i = o < {—&—ﬁmepw‘ Ll
e€T\

- 2
2 }

(Cr)?
2el,
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3.3. Proofs

and so
2

—1/2, 11/2 R SR A L p\p—1 2
;Ule g h (’/Lh" phn)m\zﬁgeer;f?ﬁ{rz\q (V513+513)he lgllr

Ctr 2 2 )
+ max 1/( i:) ZHLZ ;Z

2

(Ce)? 2

+ max Z o

ecDI\TIUT2\T2  EY5 th Q,

For the second term and ;4 > 0, we have

—vz g7l - By <0 S X D g0 S B L - a)
i=1 ecT \T} i=1 eI \I} 14
<o (L ) ol
1/2 _
v eF}L\Ilur,QL\I2 2514 Z ” h Ha%
With these estimates in mind and dividing by v > 0, from (3.3.2) we obtain
~ 2 ) ~ 2 . ) ~ 2
! Zl Lo + €2 Zl 17472 (atf, — )|y + € 1072 (@ 0 0 — 1) .
< O3 NG + CIFIE + Cllghe + €7 [luills, + €D 6l
1=1 i=1 i=1
+ H{V_lfa_l +(F v e T ; + {72 (esbe + et + 510he_1)1/2T2H;g
h
(3.3.6)

where

Cl:=1—vmax(e;7 ! + &5 + &6) ((CLC*)?62h %) —

max 27 cextommy
e€L} e€l? 2 ( )
1 1 1
— — —  max (T )(Ctr)
2611 eeriura\zz \ely el
~ 1 1 1 1
C?:=1— max — max —(5 T — max

— — Imax-— — max
e€l} 2ve, e€l? 2

e€TI\TLUT2\72 2614 ecT? 2&9

eel'LUr2\12 2€%
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3.3. Proofs

~ 1 1 1 1
03::1—max(—+ +—+—>

eGI}QL 263 21/64 265 258
= €1
Ct.=—=
2
co .= 12
7
Ch = max vl (wel, + LV 4 eur
€T \T1Ur2\72 ( ( 13 13) © 1 )
~ Ctr 2h 1 1 Ctr 2
C7::max<e> €+ +max<e)
e€r} 2vey 2V€19 e€I? 2e10
~ 1
C® = —max ((e17 7" + &2 + &) (CLCO)?62h. )
14 eEZl

1 1
4~ max 2 57O+ = max (

Voec? 2 V e€l'h UI2\T2

GG v

iz iz
€13 €7

In order for our estimate to work, we need C? > 0 for i € {1,2,3} and have every term
containing a negative power of & to be either accompanied by the gap § or dealt appropiately
via the choices of . For that purpose, we notice that the only negative powers of & that do
not have a gap term to compensate are present in C® and C7; in spite of that, C® is part of a
source term and, in the error estimates, this power of 1 is irrelevant as the term will vanish.
Thus, we choose 2 = v~ A1 (C)? to get

Cl=1- merng ((e177 + &6)(CLCE)?02h, %) — max ((CrCrCet)252h*)

1 1 1
~ max 2 3OO — —— —p max (— + ) (C)?

e€l? 2 211 ecl UTZ\T2 \ €13 8%

where the third term is roughly proportional to ¢*A2~*, which will limit our gap to be of at

least order A? in order for this estimate to work.
Afterwards, we choose ¢, = v~16, V2712, ¢y = 2, g5 = v 1171/2, el = el = 8(C)? and

~ 3
€11 = 2 to obtain C! = 1 Q', where

1
Q' =72 max ((CLOP(87 + 6/)h.®) 4+ max ((CLOFCE2h,*) 4+ max (O IV 4+ 1,

e€Z} e€T} e€T?
1 !
which, according to our assumptions, is bounded by — and hence C" > 1
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3.3. Proofs

For C? and C3, we have

~ 1 €5 1 1 1
C? =1 —max =627 — max 26,7 — max S— - max5-— — max ——
€I} ecT? 2 e€T]\TLUIZ\T2 2614 e€T? 289  e€ljUI2\T? 267

C’g—§—max L +L—i-L
4 e \2wsy 285 26y

: N 3
ChOOSIHg €4 = 41/_1/ €5 = 2/ €g = 4/ €9 = 4/ €14 = 81 5? = 8/ we are left with 02 = Z - Q2 and
~ 1
C3 = e where
1

Q? := —max 0% Y2 4 max o7
2 eGI,lL eGI}QL

1 ~ 1
is bounded in our assumptions by 3 to obtain C? > 7

Finally, we are free to choose €19 and £15. In order to make some later estimates easier, we

choose 19 = 2(C*)? and £;, = 20! to obtain C7 = 1. O

2
o and ZZI |55,

2
o We will employ a duality argument (section 3.3.2), and to bound Z P8

To

2
We observe that the right-hand side of (3.3.5) depends on Z H’u,}b‘ i
i=1

2
bound Z |||

@,
i=1 i=1
we will use an inf-sup condition (section 3.3.3).
3.3.2 A duality argument
2
We now provide a bound for » _ ||uj,|,, via a duality argument.
=1
For 0 € L?(2), let (®, ¢, ¢) be the solution of
P®+Vep=0 on €, (3.3.7a)
V-(v®—¢l) =6 on 2, (3.3.7b)
—V.-9p=0 on {2, (3.3.7¢)
=0 onl" (3.3.7d)
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3.3. Proofs

Suppose that elliptic regularity holds, that is,

V[ @l ) + v 1@l 20) + 101 S 10lm1q) - (3.3.8)

which is the case if 2 convex in two dimensions [34] or a convex polyhedron in the three-

dimensional case [25].

Lemma 5. It holds that

2 2 2

Z(Uﬁu 0)a; = —VZ {(HZ, ® —Ily:i®)g; + (H', V(9 - Hvifﬁ))ﬂg} + Z(VLZ, Q —IIyi®)q;
1=1 =1 =1
(3.3.9)
2 2 2
+) (Fvid)g + > (9, Par (v®n — ¢m))pi i + > T
i=1 =1 1=1
where Ty, := (G}n', @)z + (U, vPn' — ¢n')z:.
And, just like in Lemma 2, we emphasize that T,, + T3 vanishes if there is no gap.
Proof. Fori € {1,2}, testing (3.3.7) with (G, v, q) € Vi x V;’ x V), we obtain
(G, ®@)g: +(G,V)g: =0 (3.3.10a)
I/(’U, V- Q)Q’h - (Ua v¢)ﬂ}l = (’U, 9)92 (3310b)
—~(¢;V - @) =0 (3.3.10c)

If we use the identities from (31) in [43], we have

(G, @)y + (G, Vo)g = (G, @) — (V- G, Iyi@)q; + (Gn, @)ag;
Y(0,V - B)g — (10, V), = (v, V - Ty ®)gy + (v, (B — T B)m) gy
— (0, VIIyid)a; — (v, (6 — TTyid)non;
—(0, V- @)o; = —(Va, lvid)g; + (qn, @)og;,

where (IIy: ®, Iy, I1y:¢) is the HDG projection of (®, ¢, ¢).
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3.3. Proofs

If we add the first two equations of the dual problem and substract the third one, we obtain

(v,0)0; = (G, @) — (V-G 1llvid)o; + (Gn, @)og; +v(v, V- yi®)g:
+ (v, (@ — Iyvi®)n) oo — (v, VILvid)ai — (v, (¢ — llyig)n)an:
+ (Vg vid)g; — (an, d)oa;
— (G, ® — Ty + (G, Bony + (v, 1(® — T ®) — (6 — Ty e)m) poy
— (@m0, P)og; — (v, VIIyig)gi
+{(G, 1y @)g, + (0,07 Ty@)gy } — {(V+ (G = ql), Ty, }

Now, taking G = vL}, v = u}, ¢ = p;,, we have

(u§17 O)Q;L = (VIL;L» P — HVZQ))QZ + <UL1};ln7 ¢>6QZ + <’U;27 V(q) - HVZQ) - (¢ - HV’¢)n>6QZ
+ {(VL;, M)y + (uf, vV - HV@)%} + {(—v (WL — BD), Tyidh)oy }

and, using (2.2.1),

(u,, 0); = (vLj,, @ — Iy ®)q; + (vLyn, ®)o; + (up, V(@ — Ty ®) — (¢ — Iyi¢)n)oa;
- <ﬁ;w n, (b)@Qz - <a;1 'n, HV1¢>8Q}I
+ {I/(Hi, M) + (@), waI)n)a%}

+{(f. M@)o, — (v, — @), v @)oo, |
Adding and substracting convenient terms, we obtain

(uhs 9)9; = (vLj, ® — HVi(I))Q;'L + (G, ¢>asz;’l + (), v®n — ¢n>892 + v(H, HVZ“I’)Q;

+ (f Myid)as + (uf, — g, (@ — yi®)n — (¢ — Myid)n + 70(¢ — Myidh)) oo
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3.3. Proofs

We have that

(@', d)oq; = (T4, Pari)ony,
= (041", Parid)oni\ri + (031", Pari®)ri\zi + (0,n", Pard) g

= <a:}‘tni7 PMZQ,)>I}1

where we used (2.2.1e) with p = Pjsi¢ and the fact that ¢|r = 0 to eliminate the first and

second terms of the right-hand side, respectively.

From the definition of the HDG projection, we have that
(w), — U, v(® — Ly ®)n — (¢ — yig)n + 71(@ — Hyigh)) oy =0

using (2.1.2e) with u = u} — u,.

On the other hand, using (2.2.1d) with g = P (v®n — ¢n) and the fact that u}, is single

valued on internal faces, it follows that

(wj,, v®n — ¢n>69§1 = (@), v®n — ¢">aa;\rg + (), Pap (v®n — ¢n)>r;\zg + (U, v®n — ¢n>z;‘1

=(9,Pmi (v®n — én))ri\zi + (u,, vén — o)

dxd

Furthermore, since H" is assumed orthogonal to [P;_1(2)]"*?, we have

(H Ty @) = (H, Ty ® — ®)gy + (H', @)y
= (H', Tlyi® — ®)qy + (H', V¢ — VIIyig)o:
= —(H', ® — Tyi®)g; + (H', V(¢ — Tyi))gy

and so

(uj,, 0)a; = (VILj, @ — Ilyi®)q; + G é)zi + (W, v®n' — ¢ni>zg
—v(H, @ — Ilyi®)q; + v(H', V(¢ — i)y + (f, TIvig)g;
+ (9, Pri (v®n — 9m))ri g -
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3.3. Proofs

The result follows after summing over ¢ € {1, 2}. O

Lemma 6. It holds that

T} + T2 516l ((«W +6V2 V) 2 = )|+ 62y s

+ 02 max 220t O HL%HQQ + (16 + 6'/%) H|€|7l/2 (U} o p — 1)
h

EGI,QL

2
Ih

+ Y2 max hgl/zczr ||Z5hHQ,§ + Iefé‘f%%((fseh?/?Cgm) HLfle n reré%%(<5€h;3/202xt) th”% >

eGI?L

Tz 16llq + T2z (161l (3.3.12)

Proof. As we have done before, we will deal with these terms by expressing them in terms

of the mismatch between Z} and Z7.

Using (2.2.1h), and (2.2.1k) with (2.2.1f),

T, = (o,n', é)11 + (U, v®n' — <Z5n1>z,1l
= (opn' + Ejipp 097 + 5,00 1 @)1 + (U, Prg (v®n! — ont))p
= (o' + Eppzo@ 't + 6,090 @) + (0, Pag (v®n' — ¢n'))p

+ (T, PMé(V@nl — qﬁnl))z}lb
Mapping these integrals from Z}! to Z7,

TL = (32 0 9, Pags (v®n! — om1) 0 @)z + (51, o P
+ <0f1Ln1 o+ Ea}ln% ¢>I§ + <T17 PMh1 (V(P,n’l - ¢n1)>1,11

Since we're omitting hanging nodes from our analysis, we have that 5; € M, (Z?) and so we

can use (2.2.1i) to obtain

(G, ¢ o ‘P)Ig = (o, PM,%(Q" °© ‘P))Iﬁ

= —(on, Pr2(@ o))z + (Tn, Pppz(d o))z
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3.3. Proofs

= —(Gjn*, ¢o 90>I,2L + (T, PM,%(¢ °© 80)>z,2L-

Using that
~2 P @ 1 1 =2 P @ 1 1
(4 o p, M;(V n —g¢n)o ‘P>Z§ = (U, M,}(V n —o¢n )>Z,1L
= <ﬂ}2w v®n' — ¢n1>1}1l
— (@ o, (vBN! — on') 0 @)z,
the fact that n' o p = —n?, and adding and substracting (uj, (v®n* — ¢n?) o )72, we have

T, = — (i} o p — Uz, (v®n® — ¢n’) 0 )12
— (@an*, @ o p)rz — (U, (VBN — ¢on?) 0 p)z2

- <Ulin2 °p - Ea,an27 ¢>Z,2L + <T17 PM; (V@nl - ¢n1> + <T27 1:)M,QL ((:b o SD»I,QL)I}L-
Adding T%, we have

T, + T2 = — (i} 0 o — @), (v®n® — ¢n?) 0 o)
+(03n?, ¢ — P o @)z + (W, (v®N* — ¢n?) — (v®N® — ¢n’) o )z
—{opm®op — E;1p2, ¢>I§ + (T, PM;(V‘I””J1 —¢n') + (I, PM,%(¢ © 90)>I}2L>I}L
= —(uj, o p — U, (v®PN* — ¢pn*) 0 )72
+(Gin?, ¢ — ¢ o @)z — (uj, — Uy, (vEN? — ¢n?) — (vBN® — ¢n?) 0 )72

h

T (u, (vBn? — gn?) — (VBN — 6n?) o )z

h

- <a}11n2 oY — Ea}ana ¢’>Iﬁ + <T17 PM}L (V(Pnl - ¢n1)>I}L + <T27 PM,% ((:b © 90)>IZ'
Using (3.3.1), we have
(@in* 0 —dop)p =v(l| " (T op —0}), ¢ — Ppo)r — V(A ¢ — Po @)

- <ﬁl21n27 d) - ¢ © Q0>Ii - V<T(ui - al21>7¢ - ¢ © (P>I,21
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and so we can write

9
T, +Tp=> S,

where

8" = = (72w} — @), v (f — po @) + 7 ((v®n? - gm?) — (v@n? — om?) 0 @),
S = (102w, 1072 (v®n? — gn?) — (v®n® — gn?) 0 @)

S* = vl A2, 107 (6~ do )

st = (I (o0 — ) 107 (@ = g0 ) |0 (@ opin?)

§° = (e (@ o @ — @) 10" (6 0 @) )
8% = — (10" im0 (@ = g0 )

S” = <E0,11n2 —onfop,¢o cp>22
h

2
Ih

S8 = <T1,PM%(V‘I>n1 - ¢n1)>

1
Ih

S? = <T2, Parz(¢po 90)>I}2l

Using the Cauchy-Schwartz inequality, the estimates from Lemma 1, discrete trace inequal-

ities and the regularity assumption (3.3.8), we have

S5 |72 — @)y (7261l ooy + 720 9B — 0Tl

< (Y2 4 6127 12) || 712 ai)HI’Zi 10]|q

525 |l u?
Z

I — 6l < max 20 g 161

P < g1/ le/z Aii

1/2 3/2 rext i 2
) S0 maxr2C C iz 161l

s* 5 v 1072 (@3 0 — @)

12 - .
» 1D g2y S v0 HW (@} o —12)
h

0
10l

85 < 61/2

|72 (@} 0 — @)

|07 (i}, 0 o — @7)

1/2
Lloopln <0 0l
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S V1617 |, 19y S 0% max k2 [ |og MOl
eEIEL h
7 —3/2 fvext 1~
S5 |y 160l S max(0h 202 ol - 7 161

S8 < Tl v — 6l S T3l (61l

S0 < |1 Tell 2 6 0 @llzz < 1Tl 6]

and so (3.3.12) follows. O

Lemma 7. It holds that

> i

Qi < 205 <52T + 57’ + dmaxr (CeXtCmV> + V252 + 0 + max 62h (Cveext)Q

eGZh eEI

+ VQh? min{Lk} + I/2h§ mm{Lk})S(Lh, up, ﬁh, &h)z

+ 2Cy max {0.h, (CF)? + (62h 3 (CS*)? (Z 55,

eEI
420, ( th{lk} =, +Z||f|

Qi \IZ + ||Tl||11 + HT2||12> )

(3.3.13)
where Cy is a positive constant independent of the meshsize.

Proof. For the remaining terms of (3.3.9), we have the bounds

P — Ty

) 2
Z(IJLZ, ® —Ilyi®)q <v (Z ”LH i e 92)
i=1

QZ
i=1

2
< (hllnin{l,k‘} X h;nin{l,k}) Z ’

=1

i
Lillg

—sz: {(Hi, ® —Ilyi®)g; + (H', V(¢ - HViQS))Q;'L} < V(i ||| o {
(6~ Ty gy })

Swv (Z DansedisdIn ) 18],
=1
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2 2
> (f Hyip)o; < (
=1

i=1

2
QZ) ”¢||Q < ( Q;’L> HGHQ’
i=1
2

Z(Q;PMI (v@®n — ¢n)) rivzi < (Z lg rz\zz) [v®n — ¢n|p

i=1
( \f) 161l -

Since each of the terms in the right-hand side, save for the first one, has been bounded

by terms that appear in estimate (3.3.6) and the projection errors, we will now provide the

remaining bounds for T}, + TZ.

2
Z(U/h, 0) <(57’1/2 —+ 51/2 —1/2 + 61/2 maXT3/2CeXtCmV + )

72
i=1 ec

51/2—|—maX5 h 3/20ext+ hmln{l k}+ hmln{l k})

eGI

(>l

+ Y2 max h1/2CN ”ui“Qi 19]lq

2
Qi + Z HTl/Q(uZ g uh ”an + H|€| 1/2 uh op — 'u,h)

) 161l

e€l?
2
51/2 h 1/20tr 5 h 3/2cext ~; ' 0
( reréa%x —i—reréz%x( Z”ph i 16|
min{1,k i
(uzh R | QZ+Z||f|QZ+Z||g Fl\p+||T1||Zl+||T2||IQ> 11l
=1

which, after using Young’s inequality on the right side, leaves us with
2
D (u,0)q; < 02{ (5% + 077 + S max 3 (CF O

I
i—1 ec

+ 1202 + 60 + max 52h BO™4)? 4 1/2h?min{1’k} + VQhSmin{l’k}>

(Sl

o +Z 772 i, = @) [y + |11 (@ 0 0 — )

2
;
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)

\zz + ||T1||Il + ||T2||z2> }

+ omaxh; (O [Ju g + ma 8k (CE) + (B2n(C)? (Zth

GI
( Z h2m1n{1 k} HHZ

o +Z||f
+Z ||0||Q

Q’L

where C; > 0 is a constant independent of the meshsize as mentioned before.

- u; inQ)},
Taking 6 = , we have
2 2
u; in

2
i 112
3
> [l
i=1

o < C’g{ (527' + 6771 + 0 max 73 (CECIY)?

eEI

VR0 + 6+ maxGTh (O + yRm ) g

(S

Sﬁz\w = ) [og + 17 @0 — @)

2
IQ

N (nré%Xh (C;r)Q HuiHé% b~ ma}2( (5ehe_1(02f) (52 C’ext (Z H

e€Ty

)

< Zthm{l k) HHZ o + Z Hﬂ Q) \I, + ||T1||11 + ||T2||12> }
S .
i=1

Finally, the result frollows from assumption (A.7). O

Under assumption (A.8), we can replace (3.3.13) in (3.3.5) to obtain the following corollary.
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Corollary 3. It holds that

1 ~ ~ min min
gS(H‘muhauhauh)Q < (1 + 2051 (hi R {Lk}>> Z [l

: ( +402) 112

4 2
+(V2 max 6 h-! +4T+402> ol + (G5 + C5) 3 ;

e
6612

b ey v 2t wr 2 5 s ) |

2
+ H (2022 4 27171 (46, + 4771 + 2(C')2h ;1)) 2 T

where we recall that
C§ = 20y max {5 h C“) ((5zhg3(C§Xt)2)} .
eEI

3.3.3 Estimate of the pressure

2

Adjusting the proof of Lemma 2 in [43] to our context, we provide a bound for E 5, i as
h
i=1
follows.

Lemma 8. It holds that

2
> I
=1

;2 < 82C58 (L, wn, T, iy )2 + 8Cs || £112 (3.3.16)

where C'5 is a positive constant independent of the meshsize.
Proof. Let
~ ﬁh; on Q}IL U Q}QL

Pr ‘= .
0, onQ\ (2 UQ?)

/5h = / pn =0,
Q Qlun2
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3.3. Proofs

therefore, there exists 5 > 0 such that

o 5h7 V-w Q

il <6 sup BV o 3317)
weHY () HwHHl(Q)
w#0
Note that, since p, is an extension by zero of j, then||f||, = | Bllgsuez and, for v € L*(Q),
(pn, v)a = (P}, v)Q;L + (p3, v)Qi. Replacing this in (3.3.17), we get
. (D1, V- w)ar + (57, V - w) g2

Bl < B sup — b R h (33.18)

bR weHE(Q) ”wHHl(Q)

w#0

For i € {1,2}, let P' : H'(Q2) — V! be any projection such that (P'w — w,v)x = 0, Vv €
[P_1(K)]? forall K € Q.

Following (very closely) the proof of Lemma 2 in [43], we integrate by parts and use the

projection P’ to get
(P, V - w)Q;L = —(Vi}, w)Qg + (B, w>BQ§l = —(Vph, P"w)% + (ﬁ};ni,w)mz (3.3.19)
Integrating by parts again and using (2.2.1b) with v = P'w,

= (VL4 VPi’w)Q; - <31iznivpiw>aszg - (f,Piw)Q;L - <z5§;ni,P"w>ag;L

= (vLj, VPiw)Q;L - (yL};n",Piwb% + (rv(uy, - aZ)aPinQ;L - (faPiw)Q;L
Integrating by parts and using the projection,
(vLi, VPiw)Qi — (vLin', Piw)mz =—(wV- L, Piw)% =—-(vV- Lz,w)gz
Integrating by parts again, —(vV - Lj,, w)q; = (VLj, Vw)g: — (VLjn', w) s and so
—(Vﬁﬁl,Piw)% = (VLZ»V’U’)Q;L - <VL2”ia’w>an + (rv(uy, — ), Piw>a% - (f, Piw)ﬂz
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3.3. Proofs

Replacing this in (3.3.19),
(P V- w)gi = (VL Vw)qg: — (vLyn' — pyn’, w)o0; + (rv(uy, —ay,), Pi“’)aﬂ; - (f. Piw)nz
and, after adding and substracting (7v(uj, — @},), w)sq: ,

(5 V- )y = (VL Va)oy — (Gam's w) ey + (70(ul, — @), Pw — w)ons — (F, P'w)gy
Since 6} n’ and 7v(u}, — u},) are polynomials, we can use the L? projection onto M to get
(Ph» Vw)g = (vLy, Vw)o: — (@hn’, Prriw)a; + (T (g, —1ay,), Pi’w—PMi’w>an —(f, P"w)%.
and, using (2.2.1e) with p = Ppriw,

(Ph, V-w)qy = (vVILj, V)i — (@0, Papw)ry + (tv(w), — ), P'w —Pppiw) po; — (F, Plw)gs .
Since w € H; (), whose boundary coincides with both I', save for the interface, we have
(P, V- w)g = (VL Vw)g; — (Tin’, Pariw)zi + (tv(ul — ), P'w— Prriw)oos — (f, Piw)ﬂﬁl.
Using the Cauchy-Schwartz inequality, we obtain

(VL V) g < v ||Lj]

Vwlg; < v|[Li

Qz‘ Qi ”w“Hl(Q)

(tv(u}, — 4}), P'w — Prriw) oo <v Hrl/Q(uﬁl — ﬂfl)Ha% 7% (P'w — Pprw) Ha%

~(f, Plw)ey < [Fllgy [Pwllgy < 1Flloy l0llgy < [1Flly l1wl5r10)
and so, since,
H7'1/2 (Plw — PMi'l,U)H ;
sup 2 < max {17 max (Th'K)l/Q} ’
weHL(Q) |wl[ gr1q) KeQ,uaj
w#0
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3.3. Proofs

we can control all the terms on the right-hand side of (3.3.18) save for the ones with numer-
ator (Gj,n', Prriw)z;.

We deal with those terms as follows: first, since the first arguments of both terms are poly-
nomials, we can drop the L? projections and then add and substract convenient terms as we

did when expanding T* + T?, leading to

<8l11,n’17 PMh1w>Zi + <8}2Ln27 PM,%“’)IEL = <b-\fan17 w)l’}b + </0-\f2Ln27 w>I§ (3320)

<(/J'\}1L’I’L1 o 6flz © 30717 w>Z,1L + <ai21n27 w—wo 90>I,2L

+ <(~7111 © 90_17 w>I,1, + <3}2zn27 wo ‘P)I}%a
where the last two terms cancel out since

(Grop™ w)g1 + (Oin* w o )z = ( hy W O )7z + (@in?,wo P2
ill + 8}21’)’1,2, wo 90>I,2L
1

)+ 0’ Pag(w o @)z

:<”
:<~
=10.

: ~1.,1 ~1 1 _ 1,1 -1 =22 __ 2,2 =2 002 2 32
Since o,n' — 6, 0" = opn' + Epp2 07! and on® = vLpn® — ppn® — tv(u;, — uj), we

replace this in (3.3.20) and use the Cauchy-Schwartz inequality to obtain

<8}Ln17 w)l’}b + </0-\f2Ln27 w>I£ = <Ul11n1 + Eo}ln2 © ()0_17 w>2i + <VIL’%Ln27 w—wo (P>I}2L

< Halllnl + E;ip20 cp_l‘

1
Zh

v | [P (w0 —w o 9)|
IR g o — w0 ol

v |7 = @D g 7w —w o),
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3.3. Proofs

Since, fori € {1,2}, w € H(Q) Cc H'(Q}), we have that

lewllys < G llw] g

-~

|lw—wo go||I}21 <C2, 1;%%%(5@ ||w||H1(Q)

[he 2w —wo )|, < C2 maxdehe 2 0] o

ext

1/2 w — w o 90)”12 < CQ maX(S 7—1/2 ||wHH1(Q)

|71 ext e

where CJ. > 0 is a constant related to the trace inequality on ), and C2, > 0 is a constant

ext

related to the extrapolation error.

The rest of the terms can easily be bounded as previously done when they first appeared in

the analysis.

Hg}znl + B2 ot < z/maXC C™6.h; 8/2 HLhHQl +mz%XC’10€Xt5 h, 3/2 ||~thl
h

I €T
v|Lillz < v Lkl
152l < max k(2o
|72 = @)l < vl — @) g,

Finally, putting everything together, we obtain an estimate of the form

= 2 =z 2 . o z
C' Y |[Lillgy +C* D 77w = @)llogy | + C* Bl aguaz + 281 £l

=1 i=1

15l gg 0 < ¥

or, equivalently,

4 2
o T c? Z ”7'1/2 ;L)Hasz;l + B £l

N
A

= C) IBnllgyon < &>

=1
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3.3. Proofs

where

Cl=3 <1 + Cjy max CLC*6,h*/? + max h;1/256>
e€T,

eGIfL

C? = fmax {1, max (ThK)l/Q} + BC2, max 5,7/
KeQlua? e€T?

53 _ pAl 1 vext s 7 —3/2 A2 —1/2
C" = Bl max C O och, ™" + PO max dch, /7.
eEI}L EEI}L

If we assume that C L C? < 2, then we can conclude that there exists C; > 0, independent of

the meshsize, such that

1 :32 2 y
22 (1-) Xl

2 2
| o C
2 <Co (z Ly + D 72w —uhwzgz) + o 11
i=1 =1

L C
< C38S(Lp, up, G, 0y)* + V—gg HfH?z

and so
= ~i 12 4V203 ~ - N9 4C3 9
> |l o < | 7=~z | S s, wn)” + | o | [[fllo-
i=1 <1 — C3> <1 — C3>
1
By assumption (A.10), we have ———=— < 2 and so the result follows. m

(1 Goye
Aditionally, we can put together all the estimates we have derived so far to obtain an explicit

form of (3.2.3). In fact, if we replace the previous bound in (3.3.15), we have

2
1 ~ o~ min min
gS(Lha Up, Up, uh)2 S (1 + 2C2V2 <h? {1k} + h‘g {17k})> Z HH”?Z;L
i=1

2

+ (510450 151
4 —17-1

+ | 5 maxd, h, + 41 +4Cy | [|g]lp
1% eEI,%

+ 8V203 (Cg + C%) S(Lh, Up, &h, ﬁh>
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1/2 -1, —1/,,1/2 -1 try27, —1Y\\1/2 2
—i—”(202 +2 v (v T+ 6 8w (CF)h, )T

h
2

Y

+eos? + 2t s+ art s 2cy e
h

Using assumption (A.9), we have the explicit estimate

2

1 ~  ~ min min

— 8L, wp, Uy, p)? < <1 + 20517 (hf 4y h {l’k}» Z || H]
=1

2.
€,

16
2 2
+ (ﬁ 4G+ 803) TiH
n (% max 6= -1 + 47 + 402) gl
v eGI}QL

1/2 —1,,-1/,,1/2 —1 try27 —1\\1/2 2
+H(2c2 427 (pr Y2 4 5 I8u(CF) 2R ) AT,

+ H (205" + 277 (40, + 4771+ 2(C)2 ) AT

3.3.4 Proof of Theorem 1

It suffices to note that (3.2.3) corresponds to (3.3.21), (3.2.4) to Lemma 7, and (3.2.5) to Lemma
8. O

3.3.5 Proof of the error estimates

Leti € {1,2}. We define

EY :=HyL-Lj, &% :=Hyu—uj, & =Iyp—7p,

e" :=Ppru—1u), €’ n' =Py (vLn'—pn')—o,n’

where we recall that (ITy: L, ITyiu, Iy p) is the HDG projection of (L, u, p) and P, is the L?

projection onto M.
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3.3. Proofs

Moreover, for ' € 7}, let

2

€ ( —l—‘f ‘/ EE]LQ 2d8

<

and for x* € 77, let
7 (x?) = —vE u(2*)n’ + E_a (2*)n® — Tv(e®

By Lemma 3.1 in [17], it follows that, for i € {1, 2}, these projection of the errors satisfy

(EY, G + (%, V- G)g — (€%, 6n)yg = —(L — MyL, G)gy (3.3.22a)
(VEy , V)g: — (7, V - 0)gr — (Gn',v) g0 =0, (3.3.22b)
—(e,Vg)ay + (6" -1, q)pn; =0, (3.3.220)

(€™ Wiz =0, (3.3.22d)

Ci Mwaaizr: =0, (3.3.22e)

where

i

e n' =vE¥n' —P'ni — ru(e” — %) on 9. (3.3.22f)

Furthermore, the uniqueness conditions reads
(" Dop + (7, Doz = (yap — play + (Hy2p — Pz, (3.3.22g)

which, for k£ > 0, is simply

1

2
(Sp s 1)9,11 + (sp s 1)9,21 = 0.

For the analogue of the transmission conditions, we have that, for ' = ¢(z?),

2

e (x! x®) + [0(x? |/ E 2 (x(s))n’ds

IS

= (Papu — uj)(2?) + |((x® / Epn 2 (x yn’ds — |((a? / E;(z )n’ds

52



3.3. Proofs

— PM2u<w2) + ’g / EH 2L2 QdS — Uh( 1)

= Pareu(x®) + [((x?)] / y=1L%(x(s))n?ds — a; (x")
0
where we used (2.2.1j) and the definition of the extension operator. Furthermore, since

u(z' x?) + | £(x? |/ )n’ds,

we have that

~2

u(azl) — e (azl) =(u— PM2U)(£L‘2) + !E(af)} / (L — HVQIL,)(:B(S))TLQ + ﬂi(wl)
= (u — Pppu)(x?) + {E }A I 21L (x?) + |€(az2)‘ (L — Iy=LL)(x")

+ a7 (')
Thus, if we take p € M}, we have

(Pagae — €%, )7y = (= Pagpste) 0 07! 4 [0 A niin) + €] (L = T, )y + (i, )y

= ((u = Pppzu) o~ ! 4|/ Aw 1,1 + [€] (L — Hy:L), N>I}§ + (uy, M>I}l
Note that, since our analysis is free of hanging nodes, o ¢ € M} and so
{(uw—Pppu)op™t, p)zr = (U —Prpu, pop)r = 0.
Substracting the last term of the right-hand side, we obtain
)z = ([ Aw-m,n) + [€] (L — y2Ll), )3,

which is the analogue to (2.2.1h).

On the other hand, following the proof of [42] with ¢ := vIL — pI taking the role of g, we
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arrive at

e”n®+e  wpe = (v[(L — yiL) — (L — IIyiL) o o] m') 2
( )2z = (v [( yilh) — ( yil) o pln’)z (33.22h)

—([(p = Ty1p) — (p — My1p) o @] ') 72
which is the analogue to (2.2.1i).

The equations that the projection of the errors satisfy are similar to those of the HDG scheme,
where (L — Ilyi) plays the role of H' and 0 plays the role of f and g. For the transmission
conditions, we see that
T, = || Ay + 0] T¥

and

T, — {(I/ILl Iy - wI¥ — 1o (p} n',
in this context, where I := L — IIyuL, I := L — IIy2L and I?' := § — I, p.
To apply our previous estimates, we notice that
2

|2 (100 A + 11 1) net

2
]Il = [|AY2 (6] Apes ||; + \
h

2 2 2 2
S 54hf4 I]L H +(5h;1 I]L ’
Q) Q
and
1 1 1 1 2 1 1 2
| {wr = - w1 — 1 eent| S ongt|wr - )|
Z h

h

v

2
< oh;?! (HI/ILlH -
Qh

2)
o

By our assumptions, the terms of the form §h; ' are bounded for i € {1,2}. Therefore, by

applying Theorem 1 to the context of the projection of the errors, we have the estimate

2

~ 2 1
E(EL, e, e, e%)? < HIL2 + Huﬂl + ‘ |, (3.3.23)
073 074

2

o

where E(E*, ¥, P, %) is the analogue to S(LL, wy,, Us, Gy in the context of the projection of
g proj
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the errors. Thus, Theorem 3 follows by (2.1.3) and the estimates from Theorem 1 applied to
our context. More precisely, if (L, u, p) € H=1(Q}) x H»T1(Q) x Hl=T1(Q1), for I, 1, € [0, k],

we have that

2
HILQHQl < V—lhg(la—l-l) WL — ﬁm]?ﬂla+l(9) I hg(zum Iulfmuﬂ(g) ’
h

and

v

2 2
]Ll 2(l0'+1) ~r|2 2(lu+1) 2
HVI Hﬂi + ‘ o S hy WL = Pllp41(0) + Iy VUl -

and so, recalling that we set h = max{h, ho}, it follows that

5(EL7 e, gp,€u)2 <(1+ V—l)h2(la+1) VL — ﬁm%lﬁl(m +(1+ V)h2(lu+1) |u|§-_[lu+1(g) . (3.3.24)

Adapting the proof of Theorem 2 to our context and using (3.3.24), we obtain the upper
bounds found in (3). O
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CHAPTER 4

Numerical results

In this chapter we present the numerical results obtained for the HDG scheme presented in

(2.2.1) and implemented in MATLAB for the two dimensional case in order to validate the

1/2
2
2,

theoretical results. To that end, we define

) 1/2 2 1/2 2

o (Nh-tilly) e (Slheouilh) o (Sle-n
zzl s i=1 ) 12 =1

€q 1= (Z IPariw — ﬁ”i,mg) v Cur = (Z [ — ()| 52%) '
=1 i=1

Denoting by ¢; and ¢» any of the previous quantities for two consecutive meshes with N,

and N, elements, respectively, we define its estimated order of convergence as

log (q2/q1)

€.0.C. 1= —2—— .
log (N2/N1)
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4.1. Flat interface

In all of the following experiments, we will consider the exact solution

u = sin(m) sin(ry) ,  p=sin(27x)sin(27y).
cos(mz) cos(my)

with viscosities v € {1,1073,107%}.

4.1 Flat interface

We consider the physical domain © := (0,1)? divided by the flat interface y = 0.5 and
approximated via two subdomains €2}, := (0,1) x (0.5+6/2,1) and Q3 := (0,1) x (0.5—6/2, 1),
i.e. two rectangular subdomains that are a distance § apart in the vertical sense. We note that,
while our method is proposed to deal with curved interfaces, the actual shape of the physical
interface is irrelevant as the estimates depend of the gap between the discretizations of the

subdomains.

4.1.1 No gap

We take 0 = 0 and, s expected, this is the best-behaved case. In Tables 4.1, 4.2 and 4.3 we
observe the expected k + 1 convergence for the first quantities and the £ + 2 convergence of

the last two, as predicted by Theorem 3.

4.1.2 Positive gap of order h

This case is not covered in the theory previously discussed, since (A.5), (A.9) and (A.10) do
not hold. However, in Tables 4.4, 4.5 and 4.6 we see that we have k£ + 1 convergence for the
first variables in all three cases, but the convergence of ez and e, turns sub-optimal. For
k =1, we observe that it is strictly greater than k£ + 1 but not quite & + 2, while for & = 2 and
k = 3, it completely goes down to k£ + 1 as the rest of the variables.
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4.1. Flat interface

Table 4.1: History of convergence of the HDG scheme for v = 1 and 6 = 0.

N erL e.o.C. Cu e.o.C. ep e.o.C. €a e.0.C. Cor e.o.C.

32 | 153e01| — |848e-02| — |862e02| — |9.02e-03| — |550e-03| —
120 | 4.12e-02 | 1.99 | 2.43e-02 | 1.89 | 2.50e-02 | 1.87 | 1.34e-03 | 2.89 | 7.77e-04 | 2.96
466 | 1.13e-02 | 1.91 | 6.27e-03 | 2.00 | 6.11e-03 | 2.08 | 1.87e-04 | 290 | 1.17e-04 | 2.79

1812 | 2.83e-03 | 2.03 | 1.59e-03 | 2.02 | 1.53e-03 | 2.04 | 2.40e-05 | 3.02 | 1.48e-05 | 3.04
7186 | 7.25e-04 | 1.98 | 4.03e-04 | 1.99 | 3.92e-04 | 1.97 | 3.16e-06 | 2.94 | 1.95e-06 | 2.95
28794 | 1.82e-04 | 1.99 | 1.00e-04 | 2.01 | 9.74e-05 | 2.01 | 3.96e-07 | 2.99 | 2.48e-07 | 2.97

32 | 204e02| — |120e-02| — |193e02| — |121e-03| — |543e-04| —
120 | 2.63e-03 | 3.10 | 1.56e-03 | 3.09 | 2.11e-03 | 3.35 | 7.43e-05 | 4.22 | 3.39e-05 | 4.20
466 | 3.83e-04 | 2.84 | 2.22e-04 | 2.87 | 3.15e-04 | 2.80 | 5.89e-06 | 3.74 | 2.67e-06 | 3.75

1812 | 4.94e-05 | 3.02 | 2.83e-05 | 3.03 | 4.00e-05 | 3.04 | 3.81e-07 | 4.03 | 1.76e-07 | 4.01
7186 | 6.44e-06 | 2.96 | 3.59e-06 | 3.00 | 5.15e-06 | 2.98 | 2.55e-08 | 3.93 | 1.20e-08 | 3.90
28794 | 8.07e-07 | 2.99 | 4.47e-07 | 3.00 | 6.49e-07 | 2.99 | 1.60e-09 | 3.99 | 7.50e-10 | 3.99

32 | 230e03| — |149e-03| — |255e03| — |127e-04| — |4.14e-05| —
120 | 1.86e-04 | 3.81 | 1.17e-04 | 3.85 | 2.05e-04 | 3.81 | 5.68e-06 | 4.70 | 1.52e-06 | 5.00
466 | 1.34e-05 | 3.87 | 7.61e-06 | 4.03 | 1.37e-05 | 3.99 | 2.07e-07 | 4.88 | 6.56e-08 | 4.63

1812 | 8.36e-07 | 4.09 | 4.89e-07 | 4.04 | 8.54e-07 | 4.09 | 6.64e-09 | 5.06 | 2.05e-09 | 5.10
7186 | 5.85e-08 | 3.86 | 3.24e-08 | 3.94 | 591e-08 | 3.88 | 2.41e-10 | 4.82 | 7.58e-11 | 4.79
28794 | 3.65e-09 | 3.99 | 2.01e-09 | 4.01 | 3.68e-09 | 4.00 | 7.53e-12 | 4.99 | 2.38e-12 | 4.99

Table 4.2: History of convergence of the HDG scheme for v = 107* and § = 0.

N er e.0.C. Cu €.0.C. €p e.0.C. €a €.0.C. Cur e.0.C.

32 | 574e+01 | — |4.20e+01 | — |737e-02| — |583e+00| — |2.08e+00 | —
120 | 2.00e+01 | 1.59 | 1.28e+01 | 1.80 | 2.21e-02 | 1.83 | 1.07e+00 | 2.57 | 3.72e-01 | 2.60
466 | 5.30e+00 | 1.96 | 3.17e+00 | 2.05 | 5.43e-03 | 2.07 | 1.39e-01 | 3.01 | 5.44e-02 | 2.84

1812 | 1.36e+00 | 2.00 | 8.15e-01 | 2.00 | 1.37e-03 | 2.02 | 1.81e-02 | 3.00 | 6.83e-03 | 3.06
7186 | 3.56e-01 | 1.95 | 2.06e-01 | 2.00 | 3.54e-04 | 1.97 | 2.40e-03 | 2.93 | 9.38e-04 | 2.88
28794 | 8.90e-02 | 2.00 | 5.10e-02 | 2.01 | 8.80e-05 | 2.01 | 3.00e-04 | 3.00 | 1.17e-04 | 2.99

32 | 14le+01 | — |9.04e+00 | — | 1.87e-02| — |1.12e+00| — | 347e-01 | —
120 | 1.78e+00 | 3.13 | 1.15e+00 | 3.12 | 2.04e-03 | 3.36 | 7.04e-02 | 4.18 | 2.03e-02 | 4.30
466 | 2.77e-01 | 2.74 | 1.71e-01 | 2.82 | 3.07e-04 | 2.79 | 5.50e-03 | 3.76 | 1.76e-03 | 3.60

1812 | 3.55e-02 | 3.03 | 2.17e-02 | 3.04 | 3.90e-05 | 3.04 | 3.56e-04 | 4.03 | 1.17e-04 | 4.00
7186 | 4.61e-03 | 296 | 2.73e-03 | 3.01 | 5.01e-06 | 2.98 | 2.37e-05 | 3.93 | 7.82e-06 | 3.92
28794 | 5.83e-04 | 298 | 3.41e-04 | 3.00 | 6.31e-07 | 2.98 | 1.49e-06 | 3.98 | 4.95e-07 | 3.98

32 | 191e+00 | — | 1.35+00| — |253e-03| — | 1.21e-01 | — | 293e-02 | —
120 | 1.68e-01 | 3.67 | 1.09e-01 | 3.81 | 2.04e-04 | 3.81 | 5.65e-03 | 4.64 | 1.24e-03 | 4.79
466 | 1.19e-02 | 3.90 | 6.96e-03 | 4.05 | 1.36e-05 | 3.99 | 2.03e-04 | 490 | 5.41e-05 | 4.62

1812 | 7.45e-04 | 4.08 | 4.49e-04 | 4.04 | 8.49e-07 | 4.09 | 6.55e-06 | 5.06 | 1.68e-06 | 5.12
7186 | 527e-05 | 3.85 | 2.98e-05 | 3.94 | 5.87e-08 | 3.88 | 2.37e-07 | 4.82 | 6.37e-08 | 4.75
28794 | 3.28e-06 | 4.00 | 1.84e-06 | 4.01 | 3.66e-09 | 4.00 | 7.43e-09 | 499 | 1.99e-09 | 4.99
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Table 4.3: History of convergence of the HDG scheme for v = 107% and § = 0.

N er €.0.C. Cu e.0.C. ep e.0.C. €q €.0.C. Cur e.0.C.

32 | 574e+04 | — |420e+04 | — |738e-02| — |583e+03| — |2.08e+03 | —
120 | 2.00e+04 | 1.59 | 1.28e+04 | 1.80 | 2.21e-02 | 1.83 | 1.07e+03 | 2.57 | 3.72e+02 | 2.60
466 | 5.30e+03 | 1.96 | 3.17e+03 | 2.05 | 5.43e-03 | 2.07 | 1.39e+02 | 3.01 | 5.44e+01 | 2.84
1812 | 1.36e+03 | 2.00 | 8.15e+02 | 2.00 | 1.37e-03 | 2.02 | 1.81e+01 | 3.00 | 6.83e+00 | 3.06
7186 | 3.56e+02 | 1.95 | 2.06e+02 | 2.00 | 3.54e-04 | 1.97 | 2.40e+00 | 2.93 | 9.38e-01 | 2.88

28794 | 8.90e+01 | 2.00 | 5.10e+01 | 2.01 | 8.80e-05 | 2.01 | 3.00e-01 | 3.00 | 1.17e-01 | 2.99

32 | 14le+04 | — |9.04e+03 | — |1.87e-02| — |1.12e+03 | — |3.47e+02 | —
120 | 1.78e+03 | 3.13 | 1.15e+03 | 3.12 | 2.04e-03 | 3.36 | 7.04e+01 | 4.18 | 2.03e+01 | 4.30
466 | 2.77e+02 | 2.74 | 1.71e+02 | 2.82 | 3.07e-04 | 2.79 | 5.50e+00 | 3.76 | 1.76e+00 | 3.60
1812 | 3.55e+01 | 3.03 | 2.17e+01 | 3.04 | 3.90e-05 | 3.04 | 3.56e-01 | 4.03 | 1.17e-01 | 4.00
7186 | 4.61e+00 | 2.96 | 2.73e+00 | 3.01 | 5.01e-06 | 2.98 | 2.37e-02 | 3.93 | 7.82e-03 | 3.92

28794 | 5.83e-01 | 298 | 3.41e-01 | 3.00 | 6.31e-07 | 2.98 | 1.49e-03 | 3.98 | 4.95e-04 | 3.98

32 | 191e+03 | — | 1.35+03 | — |253e-03| — |12le+02| — |293e+01 | —
120 | 1.68e+02 | 3.67 | 1.09e+02 | 3.81 | 2.04e-04 | 3.81 | 5.65e+00 | 4.64 | 1.24e+00 | 4.79
466 | 1.19e+01 | 3.90 | 6.96e+00 | 4.05 | 1.36e-05 | 3.99 | 2.03e-01 | 490 | 5.41e-02 | 4.62

1812 | 7.45e-01 | 4.08 | 4.49e-01 | 4.04 | 8.49e-07 | 4.09 | 6.55e-03 | 5.06 | 1.68e-03 | 5.12
7186 | 527e-02 | 3.85 | 2.98e-02 | 3.94 | 5.87e-08 | 3.88 | 2.37e-04 | 4.82 | 6.37e-05 | 4.75
28794 | 3.28e-03 | 4.00 | 1.84e-03 | 4.01 | 3.66e-09 | 4.00 | 7.43e-06 | 4.99 | 1.99e-06 | 4.99

Table 4.4: History of convergence of the HDG scheme for v = 1 and § = O(h).

N erL e.o.C. Cu e.o.C. €p e.o.C. €aq e.o.C. Cour e.o.C.

32 | 143e01| — |814e-02| — |785e-02| — |9.02e-03| — |546e-03| —
120 | 4.10e-02 | 1.89 | 2.37e-02 | 1.87 | 2.44e-02 | 1.77 | 1.44e-03 | 2.77 | 8.40e-04 | 2.83
468 | 1.12e-02 | 1.91 | 6.20e-03 | 1.97 | 6.14e-03 | 2.03 | 2.11e-04 | 2.83 | 1.28e-04 | 2.76

1824 | 2.82e-03 | 2.02 | 1.58e-03 | 2.02 | 1.54e-03 | 2.04 | 3.70e-05 | 2.56 | 2.06e-05 | 2.69
7204 | 7.25e-04 | 1.98 | 4.02e-04 | 1.99 | 3.98e-04 | 1.97 | 8.93e-06 | 2.07 | 4.67e-06 | 2.16
28888 | 1.81e-04 | 2.00 | 9.95e-05 | 2.01 | 9.86e-05 | 2.01 | 1.95e-06 | 2.19 | 1.01e-06 | 2.21

32 | 224e02 | — |1.16e-02| — |248e02| — |228e-03| — |1.03e-03| —
120 | 2.82e-03 | 3.14 | 1.54e-03 | 3.06 | 2.72e-03 | 3.34 | 2.31e-04 | 3.46 | 1.11e-04 | 3.36
468 | 3.93e-04 | 290 | 2.18e-04 | 2.87 | 3.57e-04 | 2.98 | 2.37e-05 | 3.34 | 1.18e-05 | 3.30

1824 | 5.13e-05 | 2.99 | 2.80e-05 | 3.02 | 4.59e-05 | 3.02 | 2.95e-06 | 3.07 | 1.48e-06 | 3.05
7204 | 6.59e-06 | 2.99 | 3.57e-06 | 3.00 | 5.94e-06 | 2.98 | 4.08e-07 | 2.88 | 2.06e-07 | 2.87
28888 | 8.20e-07 | 3.00 | 4.45e-07 | 3.00 | 7.17e-07 | 3.05 | 4.32e-08 | 3.23 | 2.19e-08 | 3.23

32 | 252e03| — |126e-03| — |273e-03| — |391e-04| — |164e-04| —
120 | 1.93e-04 | 3.89 | 1.12e-04 | 3.67 | 2.08e-04 | 3.89 | 9.84e-06 | 5.57 | 3.88e-06 | 5.67
468 | 1.39e-05 | 3.87 | 7.63e-06 | 3.94 | 1.43e-05 | 3.94 | 3.74e-07 | 4.80 | 1.58e-07 | 4.70

1824 | 8.73e-07 | 4.07 | 4.87e-07 | 4.04 | 8.96e-07 | 4.07 | 2.19e-08 | 4.18 | 1.05e-08 | 3.99
7204 | 5.88e-08 | 3.93 | 3.22e-08 | 3.96 | 6.02e-08 | 3.93 | 1.20e-09 | 4.22 | 5.95e-10 | 4.18
28888 | 3.72e-09 | 3.98 | 2.01e-09 | 4.00 | 3.80e-09 | 3.98 | 8.04e-11 | 3.90 | 4.06e-11 | 3.87
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Table 4.5: History of convergence of the HDG scheme for v = 107% and 6 = O(h).

N eL e.o.C. Cu e.o.C. €p e.o.C. ea e.o.c. Cor e.o.C.

32 | 535e+01 | — |3.86e+01 | — | 6.52e-02| — |592e+00| — |2.50e+00 | —
120 | 1.99e+01 | 1.50 | 1.25e+01 | 1.71 | 2.15e-02 | 1.68 | 1.12e+00 | 2.52 | 4.12e-01 | 2.73
468 | 5.32e+00 | 1.94 | 3.16e+00 | 2.02 | 5.43e-03 | 2.02 | 1.49e-01 | 2.97 | 6.13e-02 | 2.80

1824 | 1.36e+00 | 2.01 | 8.09e-01 | 2.00 | 1.37e-03 | 2.03 | 2.01e-02 | 2.94 | 8.04e-03 | 2.99
7204 | 3.58e-01 | 1.94 | 2.05e-01 | 2.00 | 3.55e-04 | 1.97 | 3.11e-03 | 2.72 | 1.35e-03 | 2.60
28888 | 8.92e-02 | 2.00 | 5.10e-02 | 2.01 | 8.82e-05 | 2.00 | 5.15e-04 | 2.59 | 2.42e-04 | 2.48

32 | 1.6le+01 | — |9.02e+00 | — |2.08e-02| — |1.67e+00| — | 6.41le-01 | —
120 | 1.99e+00 | 3.16 | 1.15e+00 | 3.12 | 2.42e-03 | 3.25 | 1.79e-01 | 3.37 | 8.27e-02 | 3.10
468 | 2.87e-01 | 2.84 | 1.67e-01 | 2.83 | 3.31e-04 | 292 | 1.97e-02 | 3.24 | 9.66e-03 | 3.15

1824 | 3.73e-02 | 3.00 | 2.15e-02 | 3.02 | 4.27e-05 | 3.01 | 2.49e-03 | 3.04 | 1.25e-03 | 3.00
7204 | 4.78e-03 | 299 | 2.72e-03 | 3.01 | 5.55e-06 | 2.97 | 3.58e-04 | 2.83 | 1.81e-04 | 2.81
28888 | 5.92e-04 | 3.01 | 3.38e-04 | 3.00 | 6.75e-07 | 3.03 | 3.80e-05 | 3.23 | 1.93e-05 | 3.23

32 | 225e+00 | — | 1.12e4+00 | — |2.84e-03| — | 41201 | — | 1.74e-01 | —
120 | 1.76e-01 | 3.86 | 1.04e-01 | 3.60 | 2.10e-04 | 3.94 | 1.20e-02 | 5.34 | 5.05e-03 | 5.35
468 | 1.25e-02 | 3.88 | 7.01e-03 | 3.96 | 1.44e-05 | 3.94 | 5.08e-04 | 4.65 | 2.28e-04 | 4.55

1824 | 7.83e-04 | 4.08 | 4.47e-04 | 4.05 | 8.93e-07 | 4.09 | 2.40e-05 | 449 | 1.15e-05 | 4.40
7204 | 5.32e-05 | 3.92 | 2.96e-05 | 3.95 | 6.00e-08 | 3.93 | 1.27e-06 | 4.28 | 6.27e-07 | 4.23
28888 | 3.36e-06 | 3.98 | 1.85e-06 | 3.99 | 3.77e-09 | 3.98 | 7.04e-08 | 4.17 | 3.53e-08 | 4.14

Table 4.6: History of convergence of the HDG scheme for v = 107% and 6 = O(h).

N er, e.o.C. Cu e.o.C. ep e.o.C. eq €.0.C. Cur e.o.C.

32 | 535e+04 | — |3.86e+04| — |652e-02| — |592e+03 | — |250e+03 | —

120 | 1.99e+04 | 1.50 | 1.25e+04 | 1.71 | 2.15e-02 | 1.68 | 1.12e+03 | 2.52 | 4.12e+02 | 2.73

468 | 5.32e+03 | 1.94 | 3.16e+03 | 2.02 | 5.43e-03 | 2.02 | 1.49e+02 | 2.97 | 6.13e+01 | 2.80
1824 | 1.36e+03 | 2.01 | 8.09e+02 | 2.00 | 1.37e-03 | 2.03 | 2.01e+01 | 2.94 | 8.05e+00 | 2.99
7204 | 3.58e+02 | 1.94 | 2.05e+02 | 2.00 | 3.55e-04 | 1.97 | 3.12e+00 | 2.71 | 1.35e+00 | 2.59
28888 | 8.92e+01 | 2.00 | 5.10e+01 | 2.01 | 8.82e-05 | 2.00 | 5.16e-01 | 2.59 | 2.42e-01 | 2.48

32 | 1.6le+04 | — |9.02e+03 | — |208e-02| — |1.67e+03 | — | 6.4le+02 | —
120 | 1.99e+03 | 3.16 | 1.15e+03 | 3.12 | 2.42e-03 | 3.25 | 1.79e+02 | 3.37 | 8.26e+01 | 3.10
468 | 2.87e+02 | 2.84 | 1.67e+02 | 2.83 | 3.31e-04 | 292 | 1.97e+01 | 3.24 | 9.66e+00 | 3.15
1824 | 3.73e+01 | 3.00 | 2.15e+01 | 3.02 | 4.27e-05 | 3.01 | 2.49e+00 | 3.04 | 1.25e+00 | 3.00
7204 | 4.78e+00 | 2.99 | 2.72e+00 | 3.01 | 5.55e-06 | 2.97 | 3.58e-01 | 2.83 | 1.81e-01 | 2.81

28888 | 5.92e-01 | 3.01 | 3.38e-01 | 3.00 | 6.75e-07 | 3.03 | 3.80e-02 | 3.23 | 1.93e-02 | 3.23

32 | 225e+03 | — |1.12e+03 | — |284e-03| — |412e+02| — |1.74e+02 | —
120 | 1.76e+02 | 3.86 | 1.04e+02 | 3.60 | 2.10e-04 | 3.94 | 1.20e+01 | 5.34 | 5.05e+00 | 5.35
468 | 1.25e+01 | 3.88 | 7.01e+00 | 3.96 | 1.44e-05 | 3.94 | 5.09e-01 | 4.65 | 2.29e-01 | 4.55

1824 | 7.83e-01 | 4.08 | 4.47e-01 | 4.05 | 8.93e-07 | 4.09 | 2.41e-02 | 449 | 1.15e-02 | 4.40
7204 | 532e-02 | 3.92 | 296e-02 | 3.95 | 6.00e-08 | 3.93 | 1.27e-03 | 4.28 | 6.28e-04 | 4.23
28888 | 3.36e-03 | 3.98 | 1.85e-03 | 3.99 | 3.77e-09 | 3.98 | 7.04e-05 | 4.17 | 3.53e-05 | 4.14
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4.1.3 Positive gap of order h?

In Tables 4.7, 4.8 and 4.9 we observe that the theoretical results are validated as the gap being
of order h? recovers all the superconvergent quantities of the method, much like in the no

gap case.

Table 4.7: History of convergence of the HDG scheme for v = 1 and 6§ = O(h?).

k N eL €.0.C. Cu €.0.C. ep €.0.C. €q €.0.C. Cu* €.0.C.
32 147e-01 | — | 841e-02| — |7.84e-02| — |835e-03| — |535e-03| —
120 | 4.11e-02 | 1.93 | 2.43e-02 | 1.88 | 2.42e-02 | 1.78 | 1.31e-03 | 2.81 | 7.73e-04 | 2.93
462 | 1.14e-02 | 1.90 | 6.35e-03 | 1.99 | 6.19e-03 | 2.02 | 1.92e-04 | 2.85 | 1.20e-04 | 2.77
1816 | 2.83e-03 | 2.04 | 1.59e-03 | 2.03 | 1.53e-03 | 2.05 | 2.39e-05 | 3.05 | 1.47e-05 | 3.06
7170 | 7.33e-04 | 1.97 | 4.06e-04 | 1.99 | 3.94e-04 | 1.97 | 3.20e-06 | 2.93 | 1.99e-06 | 2.92
28832 | 1.81e-04 | 2.01 | 9.99e-05 | 2.01 | 9.75e-05 | 2.01 | 3.97e-07 | 3.00 | 2.47e-07 | 3.00
32 21202 | — | 123e-02 | — |212e-02| — |143e-03| — | 6.13e-04| —
120 | 2.67e-03 | 3.14 | 1.59e-03 | 3.09 | 2.23e-03 | 3.41 | 8.21e-05 | 4.32 | 3.72e-05 | 4.24
462 | 3.86e-04 | 2.87 | 2.24e-04 | 2.90 | 3.20e-04 | 2.88 | 6.16e-06 | 3.84 | 2.80e-06 | 3.84
1816 | 4.88e-05 | 3.02 | 2.81e-05 | 3.04 | 3.95e-05 | 3.06 | 3.84e-07 | 4.05 | 1.79e-07 | 4.02
7170 | 6.42e-06 | 2.95 | 3.59e-06 | 3.00 | 5.15e-06 | 2.97 | 2.63e-08 | 3.91 | 1.23e-08 | 3.89
28832 | 8.11e-07 | 2.97 | 4.48e-07 | 2.99 | 6.48e-07 | 2.98 | 1.64e-09 | 3.99 | 7.73e-10 | 3.98
32 2.03e-03| — |1.34e-03| — |2.09-03| — |145e-04| — |55le-05| —
120 | 1.79e-04 | 3.67 | 1.15e-04 | 3.72 | 1.97e-04 | 3.58 | 5.50e-06 | 4.95 | 1.53e-06 | 5.42
462 | 1.38e-05 | 3.81 | 7.81e-06 | 3.99 | 1.41e-05 | 3.91 | 2.16e-07 | 4.81 | 6.76e-08 | 4.63
1816 | 8.33e-07 | 4.10 | 4.88e-07 | 4.05 | 8.53e-07 | 4.10 | 6.64e-09 | 5.09 | 2.05e-09 | 5.11
7170 | 5.88e-08 | 3.86 | 3.27e-08 | 3.94 | 5.94e-08 | 3.88 | 2.43e-10 | 4.82 | 7.67e-11 | 4.78
28832 | 3.67e-09 | 3.99 | 2.01e-09 | 4.01 | 3.70e-09 | 3.99 | 7.62e-12 | 4.98 | 2.41e-12 | 4.97

Furthermore, in order to better illustrate the performance of the method, in Figures 4.1, 4.2
and 4.3, we observe the plot of the approximations of the first component of u, the pressure
field and the first component of the post-processed velocity for two different meshes, v = 1,

and k =1,2,3.
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Table 4.8: History of convergence of the HDG scheme for v = 107% and § = O(h?).

N eL e.o.C. Cu e.o.C. €p e.o.C. ea e.o.c. Cor e.o.C.

32 | 525e+01 | — |396e+01 | — | 6.45e-02| — |521e+00| — |2.00e+00 | —

120 | 1.96e+01 | 1.49 | 1.27e+01 | 1.72 | 2.15e-02 | 1.66 | 1.04e+00 | 2.44 | 3.58e-01 | 2.60

462 | 5.37e+00 | 1.92 | 3.20e+00 | 2.04 | 5.51e-03 | 2.02 | 1.43e-01 | 2.94 | 5.53e-02 | 2.77
1816 | 1.36e+00 | 2.00 | 8.15e-01 | 2.00 | 1.38e-03 | 2.03 | 1.80e-02 | 3.03 | 6.85e-03 | 3.05
7170 | 3.58e-01 | 1.95 | 2.07e-01 | 2.00 | 3.56e-04 | 1.97 | 2.42e-03 | 2.92 | 9.38e-04 | 2.90
28832 | 8.91e-02 | 2.00 | 5.11e-02 | 2.01 | 8.81e-05 | 2.01 | 3.01e-04 | 3.00 | 1.18e-04 | 2.98

32 | 153e+01 | — [9.51e+00| — |2.03e-02| — |129%+00| — | 4.12e-01 | —
120 | 1.85e+00 | 3.20 | 1.19e+00 | 3.15 | 2.16e-03 | 3.39 | 7.59e-02 | 4.28 | 2.39e-02 | 4.31
462 | 2.80e-01 | 2.80 | 1.73e-01 | 2.86 | 3.11e-04 | 2.87 | 5.71e-03 | 3.84 | 1.89e-03 | 3.77

1816 | 3.49e-02 | 3.04 | 2.15e-02 | 3.05 | 3.84e-05 | 3.06 | 3.55e-04 | 4.06 | 1.20e-04 | 4.03
7170 | 4.60e-03 | 295 | 2.74e-03 | 3.00 | 5.01e-06 | 2.97 | 2.42e-05 | 3.91 | 8.24e-06 | 3.90
28832 | 5.83e-04 | 297 | 3.41e-04 | 299 | 6.31e-07 | 298 | 1.52e-06 | 3.98 | 5.12e-07 | 3.99

32 | 1.63e+00 | — |1.19e+00 | — |2.08e-03| — | 143e-01 | — | 5.00e-02 | —
120 | 1.61e-01 | 3.50 | 1.06e-01 | 3.66 | 1.96e-04 | 3.57 | 5.52e-03 | 4.92 | 1.29e-03 | 5.53
462 | 1.22e-02 | 3.82 | 7.14e-03 | 4.01 | 1.40e-05 | 391 | 2.13e-04 | 4.83 | 5.57e-05 | 4.66

1816 | 7.44e-04 | 4.09 | 4.49e-04 | 4.04 | 8.48e-07 | 4.10 | 6.55e-06 | 5.08 | 1.70e-06 | 5.10
7170 | 5.27e-05 | 3.86 | 3.00e-05 | 3.94 | 5.90e-08 | 3.88 | 2.39e-07 | 4.82 | 6.38e-08 | 4.78
28832 | 3.30e-06 | 3.98 | 1.85e-06 | 4.00 | 3.68e-09 | 3.99 | 7.50e-09 | 4.98 | 2.03e-09 | 4.96

Table 4.9: History of convergence o the HDG scheme for v = 107% and § = O(h?).

N er, e.o.C. Cu e.o.C. ep e.o.C. eq €.0.C. Cur e.o.C.

32 | 525e+04 | — |396e+04 | — |645e-02| — |52le+03| — |2.00e+03 | —
120 | 1.96e+04 | 149 | 1.27e+04 | 1.72 | 2.15e-02 | 1.66 | 1.04e+03 | 2.44 | 3.58e+02 | 2.60
462 | 5.37e+03 | 1.92 | 3.20e+03 | 2.04 | 5.51e-03 | 2.02 | 1.43e+02 | 2.94 | 5.53e+01 | 2.77

1816 | 1.36e+03 | 2.00 | 8.15e+02 | 2.00 | 1.38e-03 | 2.03 | 1.80e+01 | 3.03 | 6.85e+00 | 3.05
7170 | 3.58e+02 | 1.95 | 2.07e+02 | 2.00 | 3.56e-04 | 1.97 | 2.42e+00 | 2.92 | 9.38e-01 | 2.90
28832 | 8.91e+01 | 2.00 | 5.11e+01 | 2.01 | 8.81e-05 | 2.01 | 3.01e-01 | 3.00 | 1.18e-01 | 2.98

32 | 153e+04| — |951e+03 | — |203e-02| — |129%+03 | — |4.12e+02| —
120 | 1.85e+03 | 3.20 | 1.19e+03 | 3.15 | 2.16e-03 | 3.39 | 7.59e+01 | 4.28 | 2.39e+01 | 4.31
462 | 2.80e+02 | 2.80 | 1.73e+02 | 2.86 | 3.11e-04 | 2.87 | 5.71e+00 | 3.84 | 1.89e+00 | 3.77
1816 | 3.49e+01 | 3.04 | 2.15e+01 | 3.05 | 3.84e-05 | 3.06 | 3.55e-01 | 4.06 | 1.20e-01 | 4.03
7170 | 4.60e+00 | 295 | 2.74e+00 | 3.00 | 5.01le-06 | 2.97 | 2.42e-02 | 3.91 | 8.24e-03 | 3.90

28832 | 5.83e-01 | 2.97 | 3.41e-01 | 2.99 | 6.31e-07 | 298 | 1.52e-03 | 3.98 | 5.12e-04 | 3.99

32 | 1.63e+03 | — | 1.19e+03 | — |2.08e-03| — |143e+02 | — |5.00e+01 | —
120 | 1.61e+02 | 3.50 | 1.06e+02 | 3.66 | 1.96e-04 | 3.57 | 5.52e+00 | 4.92 | 1.29e+00 | 5.53
462 | 1.22e+01 | 3.82 | 7.14e+00 | 4.01 | 1.40e-05 | 3.91 | 2.13e-01 | 4.83 | 5.57e-02 | 4.66

1816 | 7.44e-01 | 4.09 | 4.49e-01 | 4.04 | 8.48e-07 | 4.10 | 6.55e-03 | 5.08 | 1.70e-03 | 5.10
7170 | 5.27e-02 | 3.86 | 3.00e-02 | 3.94 | 590e-08 | 3.88 | 2.39e-04 | 4.82 | 6.38e-05 | 4.78
28832 | 3.30e-03 | 3.98 | 1.85e-03 | 4.00 | 3.68e-09 | 3.99 | 7.50e-06 | 4.98 | 2.03e-06 | 4.96
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4.1. Flat interface
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Figure 4.1: Approximation of the first component of w with v = 1 and a positive gap of
order h%. Columns: meshes with N = 32 and N = 462 elements. Topmost row illustrate the
dissimilar meshes with the dashed line as the flat interface, while the rest correspond to the
case k = 1,2, 3, respectively.

63



4.1. Flat interface

Figure 4.2: Approximation of p with v = 1 and a positive gap of order h%. Columns: meshes
with N = 32 and N = 462 elements. Topmost row illustrate the dissimilar meshes with the
dashed line as the flat interface, while the rest correspond to the case k = 1, 2, 3, respectively.
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4.1. Flat interface
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Figure 4.3: Approximation of the first component of u via a divergence-free postprocess with
v = 1 and a positive gap of order h?. Columns: meshes with N = 32 and N = 462 elements.
Topmost row illustrate the dissimilar meshes with the dashed line as the flat interface, while
the rest correspond to the case k = 1, 2, 3, respectively.
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4.2. Special cases

4.2 Special cases

4.2.1 Negative gap

While assumption (A.1) ruled out the case with overlaps between the meshes, as we men-
tioned before, the method works exactly the same as we can observe in Tables 4.10, 4.11 and
4.12. We note that, in this case, in order to carry out the pressure postprocess, we consider

all overlaps as regions with “negative area”.

Table 4.10: History of convergence of the HDG scheme for v = 1 and negative gap of order
h?.

k N er e.o.C. Cu e.o.C. €p e.o.C. eq e.o.C. ey e.o.C.
32 1.58e-01 | — |874e-02| — |1.10e-01| — | 1.11e-02| — |9.66e-03 | —
124 | 4.04e-02 | 2.02 | 2.32e-02 | 1.96 | 2.45e-02 | 2.22 | 1.29e-03 | 3.18 | 7.79e-04 | 3.72
464 | 1.13e-02 | 1.93 | 6.29e-03 | 1.98 | 6.14e-03 | 2.10 | 1.89e-04 | 291 | 1.17e-04 | 2.87
1812 | 2.84e-03 | 2.03 | 1.59e-03 | 2.02 | 1.53e-03 | 2.04 | 2.41e-05 | 3.03 | 1.49e-05 | 3.04
7234 | 7.27e-04 | 1.97 | 4.02e-04 | 1.99 | 3.93e-04 | 1.96 | 3.20e-06 | 2.92 | 1.96e-06 | 2.93
28870 | 1.82e-04 | 2.00 | 9.97e-05 | 2.01 | 9.76e-05 | 2.02 | 3.97e-07 | 3.02 | 2.48e-07 | 2.99
32 1.79e-02 | — | 1.02e-02| — |[130e-02| — |9.64e-04| — |252e-03| —
124 | 2.61e-03 | 2.85 | 1.44e-03 | 2.88 | 2.07e-03 | 2.72 | 7.65e-05 | 3.74 | 3.57e-05 | 6.29
464 | 3.85e-04 | 290 | 2.24e-04 | 2.83 | 3.18e-04 | 2.84 | 6.09e-06 | 3.84 | 2.78e-06 | 3.87
1812 | 4.95e-05 | 3.01 | 2.83e-05 | 3.03 | 4.01e-05 | 3.04 | 3.93e-07 | 4.02 | 1.82e-07 | 4.00
7234 | 6.41e-06 | 2.95 | 3.57e-06 | 2.99 | 5.13e-06 | 2.97 | 2.57e-08 | 3.94 | 1.23e-08 | 3.89
28870 | 8.05e-07 | 3.00 | 4.46e-07 | 3.01 | 6.44e-07 | 3.00 | 1.63e-09 | 3.99 | 7.68e-10 | 4.01
32 3.02e-03| — | 1.81e-03| — |3.82e-03| — |234e-04| — | 1.25e-03| —
124 | 1.81e-04 | 4.15 | 1.09e-04 | 4.15 | 1.98e-04 | 4.37 | 5.75e-06 | 5.47 | 1.83e-06 | 9.64
464 | 1.35e-05 | 3.94 | 7.67e-06 | 4.02 | 1.38e-05 | 4.04 | 2.11e-07 | 5.01 | 6.66e-08 | 5.02
1812 | 8.38e-07 | 4.08 | 4.89e-07 | 4.04 | 8.55e-07 | 4.08 | 6.67e-09 | 5.07 | 2.07e-09 | 5.10
7234 | 591e-08 | 3.83 | 3.26e-08 | 3.92 | 5.99-08 | 3.84 | 2.47e-10 | 4.76 | 7.67e-11 | 4.76
28870 | 3.68e-09 | 4.01 | 2.01e-09 | 4.02 | 3.70e-09 | 4.02 | 7.61e-12 | 5.03 | 2.42¢e-12 | 5.00

In Figure 4.4 we observe one of the meshes used in this case, where the dashed line repre-

sents the flat interface and the bottom mesh is overlapped on top of the other.

66



4.2. Special cases

Table 4.11: History of convergence of the HDG scheme for v = 107 and negative gap of
order h?.

k N erL e.o.C. €u e.o.C. ep e.o.c. €q e.o.C. Eur e.o.c.
32 701le+01 | — | 4.79%+01 | — |9.64e-02| — |7.63e+00| — |253e+00 | —
124 | 1.97e+01 | 1.88 | 1.22e+01 | 2.02 | 2.14e-02 | 2.22 | 1.02e+00 | 2.98 | 3.81e-01 | 2.80
464 | 5.31e+00 | 1.98 | 3.18e+00 | 2.04 | 5.45e-03 | 2.08 | 1.40e-01 | 3.00 | 5.44e-02 | 2.95
1812 | 1.36e+00 | 2.00 | 8.15e-01 | 2.00 | 1.38e-03 | 2.02 | 1.81e-02 | 3.01 | 6.83e-03 | 3.05
7234 | 3.58e-01 | 1.93 | 2.05e-01 | 1.99 | 3.55e-04 | 1.96 | 2.45e-03 | 2.89 | 9.44e-04 | 2.86
28870 | 8.92e-02 | 2.01 | 5.11e-02 | 2.01 | 8.81e-05 | 2.01 | 3.01e-04 | 3.03 | 1.18e-04 | 3.00
32 9.49e+00 | — | 6.58e+00 | — | 1.18e-02 | — 7.14e-01 — 2.53e-01 —
124 | 1.79e+00 | 2.47 | 1.06e+00 | 2.70 | 2.00e-03 | 2.62 | 7.07e-02 | 3.41 | 2.23e-02 | 3.59
464 | 2.79e-01 | 2.82 | 1.72e-01 | 2.76 | 3.09e-04 | 2.83 | 5.66e-03 | 3.83 | 1.86e-03 | 3.76

2 1812 | 3.56e-02 | 3.02 | 2.17e-02 | 3.04 | 3.91e-05 | 3.04 | 3.64e-04 | 4.03 | 1.23e-04 | 3.99
7234 | 4.58e-03 | 296 | 2.72e-03 | 3.00 | 4.98e-06 | 2.97 | 2.38e-05 | 3.94 | 8.11e-06 | 3.93
28870 | 5.79e-04 | 2.99 | 3.39e-04 | 3.01 | 6.27e-07 | 3.00 | 1.51e-06 | 3.98 | 5.13e-07 | 3.99
32 | 273e+00 | — |1.70e+00 | — |3.80e-03| — | 237e-01 | — | 8.02e-02 | —
124 | 1.64e-01 | 4.15 | 1.01e-01 | 4.17 | 1.97e-04 | 437 | 5.84e-03 | 5.47 | 1.70e-03 | 5.69

3 464 | 1.20e-02 | 3.96 | 7.02e-03 | 4.04 | 1.37e-05 | 4.04 | 2.09e-04 | 5.05 | 5.65e-05 | 5.16

1812 | 7.46e-04 | 4.08 | 4.49e-04 | 4.03 | 8.50e-07 | 4.08 | 6.60e-06 | 5.07 | 1.71e-06 | 5.13
7234 | 5.33e-05 | 3.81 | 2.99e-05 | 391 | 595e-08 | 3.84 | 2.44e-07 | 476 | 6.49e-08 | 4.73
28870 | 3.31e-06 | 4.02 | 1.85e-06 | 4.02 | 3.68e-09 | 4.02 | 7.50e-09 | 5.03 | 2.03e-09 | 5.01

Table 4.12: History of convergence of the HDG scheme for v = 107% and negative gap of
order h”.

k N er €.0.C. Cu €.0.C. €p e.0.C. €aq e.0.C. Coux e.0.C.
32 949e+03 | — | 658e+03 | — |1.18e-02| — | 7.13e+02 | — |253e+02 | —

124 | 1.79e+03 | 2.47 | 1.06e+03 | 2.70 | 2.00e-03 | 2.62 | 7.07e+01 | 3.41 | 2.23e+01 | 3.59
464 | 2.79e+02 | 2.82 | 1.72e+02 | 2.76 | 3.09e-04 | 2.83 | 5.66e+00 | 3.83 | 1.86e+00 | 3.76

2 1812 | 3.56e+01 | 3.02 | 2.17e+01 | 3.04 | 3.91e-05 | 3.04 | 3.64e-01 | 4.03 | 1.23e-01 | 3.99
7234 | 4.58e+00 | 2.96 | 2.72e+00 | 3.00 | 4.98e-06 | 2.97 | 2.38e-02 | 3.94 | 8.11e-03 | 3.93
28870 | 5.79e-01 | 2.99 | 3.39e-01 | 3.01 | 6.27e-07 | 3.00 | 1.51e-03 | 3.98 | 5.13e-04 | 3.99

32 | 273e+03| — |1.70e+03 | — |3.80e-03| — |237e+02| — |8.02e+01 | —
124 | 1.64e+02 | 4.15 | 1.01e+02 | 4.17 | 1.97e-04 | 4.37 | 5.84e+00 | 547 | 1.70e+00 | 5.69
3 464 | 1.20e+01 | 3.96 | 7.02e+00 | 4.04 | 1.37e-05 | 4.04 | 2.09e-01 | 5.05 | 5.65e-02 | 5.16

1812 | 7.46e-01 | 4.08 | 4.49e-01 | 4.03 | 8.50e-07 | 4.08 | 6.60e-03 | 5.07 | 1.71e-03 | 5.13
7234 | 533e-02 | 3.81 | 2.99e-02 | 391 | 5.95e-08 | 3.84 | 2.44e-04 | 476 | 6.49e-05 | 4.73
28870 | 3.31e-03 | 4.02 | 1.85e-03 | 4.02 | 3.68e-09 | 4.02 | 7.50e-06 | 5.03 | 2.03e-06 | 5.01
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4.2. Special cases

Figure 4.4: Overlapping dissimilar meshes with N = 32 elements with a flat interface
(dashed line).
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4.2. Special cases

4.2.2 Presence of hanging nodes

Table 4.13: History of convergence of the HDG scheme for v = 1, § = O(h?) and hanging
nodes present on the discrete interfaces.

k N er e.o.c. I e.o.c. €p e.o.c. €4 e.o.c. Cyur e.o.c.
76 1.85e-01 | — | 540e-02| — | 154e-01| — |198e-02| — |7.70e-03| —
290 | 5.71e-02 | 1.76 | 1.66e-02 | 1.77 | 3.88e-02 | 2.06 | 2.71e-03 | 2.97 | 9.42e-04 | 3.14
1150 | 1.93e-02 | 1.58 | 4.52¢-03 | 1.88 | 1.33e-02 | 1.55 | 4.53e-04 | 2.60 | 1.39e-04 | 2.78
4492 | 6.56e-03 | 1.58 | 1.17e-03 | 1.98 | 4.49¢-03 | 1.60 | 8.07e-05 | 2.53 | 2.43e-05 | 2.56
17986 | 2.29e-03 | 1.52 | 2.97e-04 | 1.98 | 1.59e-03 | 1.50 | 1.46e-05 | 2.47 | 4.45e-06 | 2.45
70030 | 7.90e-04 | 1.56 | 7.24e-05 | 2.08 | 5.43e-04 | 1.58 | 2.62e-06 | 2.52 | 8.23e-07 | 2.49
76 | 4.03e-02 | — |794e-03| — |458e-02| — |852e-03| — |4.01e03| —
290 | 4.18e-03 | 3.38 | 1.10e-03 | 295 | 4.39e-03 | 3.50 | 3.75e-04 | 4.66 | 1.77e-04 | 4.66
1150 | 6.21e-04 | 2.77 | 1.53e-04 | 2.87 | 5.07e-04 | 3.13 | 2.29¢-05 | 4.06 | 1.05e-05 | 4.11
4492 | 1.00e-04 | 2.68 | 2.01e-05 | 2.98 | 7.47e-05 | 2.81 | 1.11e-06 | 4.44 | 4.47e-07 | 4.63
17986 | 1.73e-05 | 2.53 | 2.57e-06 | 2.97 | 1.30e-05 | 2.52 | 1.08e-07 | 3.37 | 4.52e-08 | 3.30
70030 | 2.98e-06 | 2.59 | 3.16e-07 | 3.08 | 2.20e-06 | 2.62 | 8.96e-09 | 3.66 | 3.66e-09 | 3.70
76 334e-02 | — |[3.12e-03| — |720e-02| — |6.8%-03| — |3.03e03| —
290 | 6.20e-04 | 595 | 9.01e-05 | 5.29 | 1.25e-03 | 6.05 | 1.04e-04 | 6.26 | 4.75e-05 | 6.21
1150 | 2.80e-05 | 4.50 | 5.67e-06 | 4.02 | 5.05e-05 | 4.66 | 4.12e-06 | 4.69 | 1.96e-06 | 4.63
4492 | 1.50e-06 | 4.29 | 3.72e-07 | 4.00 | 2.25e-06 | 4.57 | 1.67e-07 | 4.70 | 8.26e-08 | 4.65
17986 | 1.05e-07 | 3.84 | 2.37e-08 | 3.97 | 1.29e-07 | 4.12 | 8.38e-09 | 4.31 | 4.21e-09 | 4.29
70030 | 8.05e-09 | 3.77 | 1.43e-09 | 4.14 | 8.29e-09 | 4.04 | 4.44e-10 | 4.32 | 2.24e-10 | 4.31

Following our assumption that hy > h;, we added the hanging nodes on the top mesh as
one can observe in Figure 4.5. For the case v = 1, shown in Table 4.13, we observe the loss
of half a power of h for the approximation of the velocity gradient, the velocity trace and
the postprocessed velocity, while the rest of the variables achieve optimal convergence as
before. Nonetheless, this is not the case in Tables 4.14 and 4.15, where small enough v allows
us to recover the optimality of the method. This suggests that the ratio between v and the

meshsize may dominate the error estimate for the previously sub-optimal quantities.
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4.2. Special cases

Table 4.14: History of convergence of the HDG scheme for v = 1073, § = O(h?) and hanging
nodes present on the discrete interfaces.

k N eL e.o.C. Cu e.o.C. €p e.o.C. €a e.o.C. Cor e.o.C.
76 391le+01 | — |2.67e+01 | — |4.64e-02| — |577e+00| — |247e+00 | —
290 | 1.43e+01 | 1.50 | 8.97e+00 | 1.63 | 1.54e-02 | 1.64 | 7.92e-01 | 297 | 2.92e-01 | 3.19
1150 | 3.88e+00 | 1.90 | 2.29e+00 | 1.98 | 3.95e-03 | 1.98 | 1.00e-01 | 3.00 | 4.00e-02 | 2.88
4492 | 1.02e+00 | 1.96 | 6.02e-01 | 1.96 | 1.03e-03 | 1.97 | 1.38e-02 | 291 | 5.11e-03 | 3.02
17986 | 2.62e-01 | 1.97 | 1.51e-01 | 1.99 | 2.60e-04 | 1.99 | 1.76e-03 | 2.98 | 6.70e-04 | 2.93
70030 | 6.48e-02 | 2.05 | 3.70e-02 | 2.07 | 6.40e-05 | 2.06 | 2.14e-04 | 3.10 | 8.46e-05 | 3.04
76 1.32e+01 | — | 542e+00 | — |211e-02| — |287e+00| — | 1.37e+00 | —
290 | 1.36e+00 | 3.40 | 8.02e-01 | 2.85 | 1.69e-03 | 3.77 | 1.30e-01 | 4.63 | 6.12e-02 | 4.64
1150 | 1.94e-01 | 2.83 | 1.16e-01 | 2.81 | 2.13e-04 | 3.01 | 6.03e-03 | 4.45 | 2.68e-03 | 4.54

2 4492 | 2.46e-02 | 3.03 | 1.53e-02 | 2.97 | 2.73e-05 | 3.02 | 3.65e-04 | 4.12 | 1.59e-04 | 4.14
17986 | 3.26e-03 | 2.92 | 1.96e-03 | 2.97 | 3.55e-06 | 2.94 | 2.17e-05 | 4.07 | 9.04e-06 | 4.14
70030 | 4.10e-04 | 3.05 | 2.40e-04 | 3.09 | 4.45e-07 | 3.06 | 1.34e-06 | 4.10 | 5.52e-07 | 4.11

76 | 4.63e+00 | — | 8.09e-01 | — |7.19e-03| — | 1.10e+00 | — | 4.89-01 | —
290 | 1.25e-01 | 540 | 7.17e-02 | 3.62 | 1.51e-04 | 5.77 | 9.76e-03 | 7.06 | 4.31e-03 | 7.07
3 1150 | 8.40e-03 | 3.92 | 4.87e-03 | 3.90 | 9.65e-06 | 3.99 | 2.08e-04 | 5.58 | 8.27e-05 | 5.74

4492 | 5.73e-04 | 3.94 | 3.34e-04 | 393 | 6.50e-07 | 3.96 | 5.81e-06 | 5.26 | 1.82e-06 | 5.60
17986 | 3.78e-05 | 3.92 | 2.14e-05 | 3.96 | 4.22e-08 | 3.94 | 1.81e-07 | 5.00 | 5.31e-08 | 5.09
70030 | 2.32e-06 | 4.10 | 1.30e-06 | 4.13 | 2.59e-09 | 4.11 | 5.54e-09 | 5.13 | 1.68e-09 | 5.08

Table 4.15: History of convergence of the HDG scheme for v = 107%, § = O(h?) and hanging
nodes present on the discrete interfaces.

k N er e.0.C. Cu e.0.C. ep e.0.C. €q €.0.C. Cux e.0.C.
76 391e+04 | — |2.67e+04| — |4.64e-02| — |578e+03 | — |248e+03 | —
290 | 1.43e+04 | 1.50 | 8.97e+03 | 1.63 | 1.54e-02 | 1.64 | 7.92e+02 | 2,97 | 2.92e+02 | 3.19
1150 | 3.88e+03 | 1.90 | 2.29e+03 | 1.98 | 3.95e-03 | 1.98 | 1.00e+02 | 3.00 | 4.00e+01 | 2.88
4492 | 1.02e+03 | 1.96 | 6.02e+02 | 1.96 | 1.03e-03 | 1.97 | 1.38e+01 | 2.91 | 5.11e+00 | 3.02
17986 | 2.62e+02 | 1.97 | 1.51e+02 | 1.99 | 2.60e-04 | 1.99 | 1.76e+00 | 2.98 | 6.70e-01 | 2.93
70030 | 6.48e+01 | 2.05 | 3.70e+01 | 2.07 | 6.40e-05 | 2.06 | 2.14e-01 | 3.10 | 8.46e-02 | 3.04
76 1.32e+04 | — | 542e+03 | — |211le02| — |286e+03| — | 1.37e+03 | —
290 | 1.36e+03 | 3.40 | 8.02e+02 | 2.85 | 1.69e-03 | 3.77 | 1.29e+02 | 4.63 | 6.11e+01 | 4.64
1150 | 1.94e+02 | 2.83 | 1.16e+02 | 2.81 | 2.13e-04 | 3.00 | 6.03e+00 | 4.45 | 2.67e+00 | 4.54

2 4492 | 2.46e+01 | 3.03 | 1.53e+01 | 297 | 2.73e-05 | 3.02 | 3.64e-01 | 4.12 | 1.59e-01 | 4.14
17986 | 3.26e+00 | 2.92 | 1.96e+00 | 2.97 | 3.55e-06 | 2.94 | 2.17e-02 | 4.07 | 9.03e-03 | 4.14
70030 | 4.10e-01 | 3.05 | 2.40e-01 | 3.09 | 4.45e-07 | 3.06 | 1.34e-03 | 4.10 | 5.52e-04 | 4.11

76 | 4.6le+03 | — |8.07e+02 | — |7.13e-03| — | 1.10e+03 | — |4.87e+02| —
290 | 1.24e+02 | 5.39 | 7.17e+01 | 3.62 | 1.50e-04 | 5.77 | 9.71e+00 | 7.06 | 4.28e+00 | 7.07
3 1150 | 8.39e+00 | 3.91 | 4.87e+00 | 3.90 | 9.64e-06 | 3.99 | 2.06e-01 | 559 | 8.12e-02 | 5.76

4492 | 5.73e-01 | 3.94 | 3.34e-01 | 393 | 6.50e-07 | 3.96 | 5.75e-03 | 525 | 1.77e-03 | 5.61
17986 | 3.78e-02 | 3.92 | 2.14e-02 | 3.96 | 4.22e-08 | 3.94 | 1.79e-04 | 5.00 | 5.13e-05 | 5.11
70030 | 2.32e-03 | 4.10 | 1.30e-03 | 4.13 | 2.59e-09 | 4.11 | 5.43e-06 | 5.15 | 1.58e-06 | 5.12
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4.2. Special cases

Figure 4.5: Dissimilar meshes with hanging nodes between the discrete interfaces. In this
case, the flat interface (dashed line) is far away from the meshes.
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CHAPTER 5

Conclusions and discussions

In this work we developed an HDG method for the Stokes equations of an incompressible
fluid whose domain is discretized by two independent polygonal subdomains with different
meshsizes. In order to obtain a stability estimate, we employed an energy argument, a
duality argument to bound the norm of the discrete velocity and an inf-sup condition for
the norm of the discrete pressure. In particular, the proposed scheme is stable under certain

hypothesis related to the size of the gap J in comparison to the meshsize h.

To obtain the previous estimates, a transferring technique, originally designed for non-
polygonal domains, was successfully adapted to our context. On the other hand, to deduce
the error estimates we used the stability bounds and the properties of the HDG projection.
This allows to conclude that our method is optimal under the assumptions in section 3.2 and
the numerical experiments presented validate these results, showing k + 1 convergence for
all the variables and % + 2 convergence for the divergence-free postprocess of the discrete
velocity. Furthermore, experiments that do not exactly fit under our assumptions were pre-

sented with positive results, suggesting the robustness of the method in broader contexts.
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5.1. On the swapped transmission conditions

5.1 On the swapped transmission conditions

While neither an explicit analysis or numerical experiments for the swapped tranmission
conditions (2.2.4) were given in this work, the symmetries present in terms such as those in
Lemmas 2 and 6 would allow us to carry out almost identical arguments should we have
used the swapped conditions and thus obtain the exact same error estimates. Moreover, the
numerical results presented in [42] strongly suggest that this would be case as the choice of
transmission conditions did not affect the optimality of the method for the diffusion equa-

tion.

5.2 On the presence of hanging nodes

While the analysis presented in this work assumed the absence of hanging nodes between
the discrete interfaces, the numerical experiments show that the method works even when
these are present. Comparing to the results obtained in [42], where the discrete gradient
also loses half a power of h when hanging nodes are present, from the analysis carried out
for the diffusion equation we see that the loss of optimality is due to the fact that an ex-
trapolated polynomial from one interface might not be a polynomial in the other, but rather
a piece-wise polynomial, which would force us to use L? projectors leaving extra terms in
the estimates. In fact, the similarities between both analyses suggests that it would not be
difficult to adapt the results to the case with hanging nodes to corroborate the numerical
behaviour shown in this work. Nonetheless, as discussed in Chapter 4, the errors show de-
pendence on v as small enough viscosities compared to the meshsize allow us to recover the
optimality of the method and so this is an important result to establish explicitly in future

work.
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