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Resumen

La descripcion de los agujeros negros (BH) segtun la Relatividad General
(GR), en particular a través de la solucién de Kerr, se basa en suposiciones
simplificadas. En este contexto, investigamos el impacto de las desviaciones de
la solucién de Kerr en las imdgenes de agujeros negros supermasivos (SMBH).
Utilizamos simulaciones de Transporte de Radiaciéon Relativista General,
centrdndonos en la métrica de Kerr-Like, que presenta cuatro funciones no-
lineales de desviacion, es estacionaria, axisimétrica y asintéticamente plana.
Ademas, exploramos dos métricas de gravedad modificada: la teoria de Chern-
Simons y la de a’-corrected, ambas derivadas como limites de baja energia de

la teoria de cuerdas.

Para obtener iméagenes, empleamos el c6digo RAPTOR I, un trazador de
rayos de codigo abierto que admite diversas geometrias espacio-temporales.
Cuantificamos las desviaciones al estudiar la asimetria, el didmetro y el
desplazamiento de la sombra del BH, y las comparamos con un BH de
Kerr. Nuestros resultados validan la efectividad del método desarrollado
para medir desviaciones y muestran que estas afectan la forma de la sombra,
siendo especialmente relevantes las desviaciones A1 (r) y Ax(r) de la métrica
Kerr-Like. No obstante, observamos que la distribucién de la materia y las
emisividades alrededor del agujero negro también influyen. Por ende, la
geometria y los efectos de las desviaciones en la sombra no pueden predecirse

exclusivamente desde la forma del anillo de fotones.

Ademas, demostramos que las desviaciones originadas por teorias de gravedad
modificada, especialmente el limite efectivo de la gravedad de Chern-
Simons, son imperceptibles en las imagenes de agujeros negros. Asimismo,
presentamos la separabilidad de la solucién de agujero negro rotante lento en
la teoria a’-corrected en las ecuaciones de Hamilton-Jacobi, lo cual promueve

futuros estudios de su sombra.

Keywords — acrecién, discos de acrecion, fisica de agujeros negros, transferencia

radiativa.
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Abstract

The description of black holes (BH) according to General Relativity (GR),
particularly through the Kerr solution, is based on simplified assumptions. In
this context, we investigate the impact of deviations from the Kerr solution on
images of supermassive black holes (SMBHs). We utilize simulations of General
Relativistic Radiative Transport, focusing on the Kerr-Like metric, which
features four non-linear functions of free deviation, is stationary, axisymmetric,
and asymptotically flat. Additionally, we explore two metrics of modified
gravity: the Chern-Simons theory and the a’-corrected theory, both derived as

low-energy limits of string theory.

To obtain images, we employ the RAPTOR I code, an open-source ray-tracing
tool that supports diverse spacetime geometries. We quantify deviations
by studying the asymmetry, diameter, and displacement of the BH shadow,
comparing them with a Kerr BH. Our results validate the effectiveness of the
developed method for measuring deviations and show that these affect the
shape of the shadow, with the deviations A;(r) and Ay (r) of the Kerr-Like
metric being particularly relevant. However, we observe that the distribution
of matter and emissivities around the black hole also play a role. Thus, the
geometry and effects of deviations on the shadow cannot be solely predicted

from the shape of the photon ring.

Furthermore, we demonstrate that deviations arising from modified
gravity theories, especially the effective limit of Chern-Simons gravity, are
imperceptible in black hole images. Likewise, we present the separability of
the slowly-rotating black hole solution in the a’-corrected theory within the

Hamilton-Jacobi equations, which promotes future studies of its shadow.

Keywords — accretion, accretion disks, black hole physics, radiative transfer.
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Chapter 1
Introduction

The theory of General Relativity (GR) is widely accepted as the most well-

established explanation of gravity. Since its introduction by Albert Einstein

in 1915 ( , ), numerous physicists have conducted research and
predicted several effects and phenomena, such as gravitational waves ( ,
, ), the Shapiro effect ( , ), gravitational redshift ( ,
), and the existence of black holes( : ;
, ), to name a few.

To verify its validity, numerous tests have been developed and today can be

divided into two categories: weak field tests and strong field tests.

The weak field tests are performed in regions where the gravitational field
is weak, and the effects of General Relativity (GR) can be described as small
modifications to Newtonian gravity. These tests include the deflection of light
by the Sun, the precession of Mercury’s orbit, and the gravitational redshift of
light.

In contrast, strong field tests are conducted in areas where the gravitational
field is strong, and the effects of GR cannot be approximated as simple
modifications to Newtonian gravity. Examples of these tests include the
detection of gravitational waves, the periapsis precession in binary pulsars,

and direct observations of black holes.

The precession of Mercury’s perihelion, first observed by ( ),

defied explanation within the framework of Newtonian gravity. However,



Einstein’s General Relativity (GR) predicted this phenomenon, foreseeing
a precession value of approximately A¢ ~ 43" century ! ( , ),
representing the variability of the orbital axis over time. Current measurements
closely align, at 42”.98 4+ 4 century ! ( , ), with Einstein’s

predictions.

Einstein’s 1907 ( , ) prediction of light deflection in a gravitational
tield was experimentally verified during the 1919 solar eclipse by Frank Dyson
and Arthur Eddington ( , ). Modern measurements, such
as Very Long Baseline Interferometry (VLBI) ( , ), have
further confirmed this phenomenon. Additionally, another GR prediction,
gravitational redshift, was initially confirmed by ( ) for Sirius
B(16) and more recently by ( ) using the Russian satellite

RadiAstron. These tests validate GR, especially in the weak field regime.

Beyond this, ( ) work studied the Shapiro effect, while LIGO
( , ) detected gravitational waves in strong field conditions.
Meanwhile, the Event Horizon Telescope ( , ) captured

the first image of a black hole at the center of the M87 galaxy, putting Einstein’s

GR to the test in the strong field regime and further corroborating its validity.

Black holes are important for studying strong gravitational fields and are
a recognizable prediction of Einstein’s General Relativity. They provide
opportunities for testing the theory through strong field tests, including the
detection of gravitational waves and observations of black holes. The study
of black holes began with Schwarzschild’s spherically symmetrical solution
( , ) of Einstein’s field equations, which was later refined by

Lorentz and Eddington to determine their properties.

In 1963, Roy Kerr discovered another spherically symmetric but rotating
solution ( , ) that also supported the existence of gravitational
collapsing solutions which describe black holes. Later, Newmann extended
this solution to include electric charge. Building on these discoveries, the
scientists Werner, Carter, and David Robinson showed that black holes can be
tully characterized by three parameters: their angular momentum, mass, and

electric charge. This conclusion is now referred to as the No-Hair Theorem.

The observational search for astrophysical black hole candidates in the Universe



began in the 1970s. Nowadays, we have observational evidence that at least
two types of these objects exist: stellar-mass black holes (M ~ 3 — 100M)
and supermassive black holes (M ~ 10° — 10'°M,). There is also a belief that
intermediate-mass black holes could exist, but there is no clear theoretical or
observational clarity regarding them. However, in recent years, there have

been potential detections and interest in these objects ( , ;

, 2023).

Stellar-mass black holes form from the complete collapse of massive stars.
When a star depletes its nuclear fuel through fusion, internal gas pressure can
no longer counteract gravity, leading to collapse. This process often expels
much material violently. This happens primarily to stars of 25M, or greater,
creating a black hole. For lower masses, quantum pressure from electrons
or neutrons prevents strong gravitational collapse, resulting in white dwarfs
or neutron stars ( , ; , ). However,
stellar-mass black holes typically max out at around ~ 100M (

, ; , ), a limit strongly tied to the star’s metallicity.
Stellar evolution forecasts a population of 10® — 10'° such black holes in the
Milky Way ( , ). Since Cygnus X-1’s 1970 discovery (

, ), finding stellar-mass black holes has centered on spotting
compact objects in X-ray binaries with masses surpassing neutron star limits.
Over 50 X-ray binaries are now considered candidates, and with LIGO’s recent

implementation, fresh detection methods are being explored ( ,
).

Astronomical observations reveal that in a galaxy’s center, especially in large
and medium-sized ones, a substantial mass is concentrated within a small
volume ( , ). The situation is less certain for
small galaxies, where some may possess central masses while others might
not ( , ; , ). In the case of the Milky Way,
studying star orbits near its center indicates a mass of roughly M ~ 4 x 10°M,
within a radius less than R < 0.01pc ( , ; , ).
This substantial mass in such a confined space defies explanations involving
neutron star clusters or brown dwarfs, leading to the natural inference of a
supermassive black hole’s presence ( , ). Similar findings arise in

other galaxies like NGC4258, supporting the idea that these massive black hole



systems have masses ranging from M =~ 10° to 10!° M. While we anticipate
stellar-mass black holes forming from massive star collapses, the formation
process of supermassive black holes remains unclear. Although one might
hypothesize that they grow through gravitational capture of objects like stars,
the presence of 10!1° M, objects in distant galaxies when the universe was just
1Gyr old challenges this notion ( , )- They might have emerged
from the collapse of massive primordial clouds, mergers of multiple black
holes, or even super-Eddington accretion phases, as some models suggest

( , )- Yet, the precise formation mechanism remains a mystery.

A natural question that arises when studying supermassive black holes is how
to measure their mass. As their origin is unknown, estimating their mass is
challenging. To accomplish this, the M — ¢ relation is currently employed.
This relation is an empirical correlation between the stellar velocity dispersion

of the galactic bulge and the mass M of the supermassive black hole at the

center of the galaxy. It was first introduced in 1999 by ( ) and is
sometimes referred to as the Faber-Jackson law for black holes. The relation is
given by
Mpp ( 4 ) ‘
~A(—— ) 1.0.1
10Me 200km ! (1o0)

where the scaling values are chosen to correspond to typical SMBH masses
and velocity dispersions in galaxies, with parameters having values of A ~ 3
and a ~ 4 — 6. The precise value of # depends on the sample of investigated
galaxies; different authors suggest diverse values such as « = 4.24 £+ 0.41
( , ), & =4.8£0.5 ( , ), and a = 5.64

( , 20153).

Over the las decades, significant efforts have been dedicated to the detection
of black holes. The Event Horizon Telescope (EHT) ! recently achieved a major
breakthrough by capturing the first direct images of SMBH. The first image,
focused on visualizing the probable black hole at the center of the M87 galaxy
( , ), revealed a persistent, bright ring with a diameter of
approximately 40 micro-arcseconds, in agreement with the predicted photon

orbit around the "shadow" of this black hole. Another image, obtained by the

Here you can find the project: Event horizon project


https://eventhorizontelescope.org

EHT, unveiled the supermassive black hole Sgr A* ( , ) at the
heart of our galaxy. This image displayed a compact emission region with a
bright, thick ring in the center, which has a diameter of around 51.8 micro-
arcseconds and a slight brightness asymmetry. These remarkable achievements
not only confirm previous predictions but also serve as crucial tests of general
relativity, offering new opportunities to study these objects in the strong-field
regime. Studies of the strong field tests ( , ; ,

) suggest that astrophysical BHs are fully described by the Kerr solution.
However, BHs do not exist in a perfect vacuum and thereforer are not fully

axisymmetric, but are capable of evolving with time.

Although General Relativity (GR) appears to be a good theory for describing
gravity, there are experimental and theoretical reasons to suggest that an
extension beyond GR is needed. For instance, GR fails to predict the
accelerating expansion of the universe without incorporating dark energy.
In strong gravitational fields, GR predicts black hole (BH) solutions with
singularities - regions of infinite density and zero volume within the horizon,
where geometric quantities such as the Riemann tensor diverge. Hence, a more
comprehensive theory is required to fully describe these regions and resolve

the singularities.

To address these limitations of GR, there is a need for a more realistic solution,
such as the parametric forms of the Kerr metric or solutions to modified
gravity theories. This thesis focuses on exploring these possibilities by studying
the properties of black holes described by the Kerr-Like metric ( ,

), which is a general space-time that covers both possibilities and is
better described in a later section (2.5) and some black hole solutions beyond

Einstein’s gravity.

To study the properties of BHs in deviant Kerr spacetimes such as the Kerr-
Like spacetime, ray tracing can be employed to obtain realistically simulated
images of the accretion disk around the black hole, as well as its shadow. For
several years, scientists have been intrigued by the appearance of these objects,
particularly how light behaves around them. ( ) investigated
the appearance of a thin accretion disk around a Schwarzschild black hole
and introduced the concept of a "black hole shadow" for the first time. The

shape of this shadow depends, in principle, on the spin parameter, mass,



and the observer’s line-of-sight inclination towards the black hole or its
specific geometry (a topic we’ll delve into later in this study). Studies of the
appearance of the black hole at the center of our galaxy have been conducted
by ( ), including ray tracing algorithms to quantify observed
spectra with the intention of inferring parameters like its spin (

, ; , ; , ). It is also possible to

use GRMHD simulations to complement ray tracing studies, simulations

thoroughly examined by authors such as ( );
(2003); (2006); (2009), where authors

like ( , ; , ; ,
; , ; , ) include variability and radiative

efficiency properties. Leveraging advancements in this field, studies have also
been conducted to compare these simulations with observations of Sgr A*
( , 2007; , 2009; , 2015; , 2017) and
MS87 ( , ; , )- These investigations have
focused on quantifying and understanding shadow properties, as well as the
photon ring around these objects, and comprehending the potential features
that can be expected in observations of SMBHs ( , ;
, ; , , )- In recent years, numerous ray-
tracing software have been developed by authors such as ( );
( ); ( ). In particular, for this study, the Raptor I
code ? was used, which is capable of using arbitrary spacetimes and also to
characterize the properties of these images, the definitions of displacement,
diameter, and asymmetry by ( ). These definitions were used
to quantitatively describe the shadow of black holes and possible effects that

could be measured in an observation.

This thesis presents a wide range of radiative transport simulations in the
environment of a supermassive black hole (SMBH). We employ a HARM-
type plasma model with mass and distance parameters similar to those of
the SMBH in M87x and a spin parameter of 2 = 0.9375M. Additionally, we
apply the same spin value to the SMBH in SgrAx, introducing changes in
input parameters to create a more realistic model, following the parameters

introduced by ( , ). Furthermore, we conduct

2Which can be found at:RAPTOR


https://github.com/tbronzwaer/raptor

simulations using a thin accretion disk model based on ( ,

; , ) for a black hole with a mass of 10M;, to
assess the properties of BHs in this scenario. We calculate properties related
to the photon ring following the methodology of ( ) for a
Kerr-like metric and explore how they vary with the free parameters of this
spacetime. Additionally, we consider the effects of the plasma around the black
hole as determined by the corresponding disk model. We test various ranges
of first-order metric parameters and derive specific values for the diameter,
asymmetry, and displacement of the photon ring in these simulations. These
results are subsequently compared with those obtained by Johannsen and with
radiative transport simulations for the Kerr metric. We also observe minor
effects caused by non-circular photon orbits around the black hole, as well as

their implications.

Moreover, we examine the effects of specific deviations introduced by solutions
from modified gravity theories, such as the slowly rotating Chern-Simons
solution. Additionally, we obtain a slowly rotating black hole solution for the
a’-corrected theory and demonstrate its separability under the Hamilton-Jacobi

equations as a preliminary step towards studying its shadow in future projects.

This thesis is presented as follows: an overview of black holes and their
geometry is given together with the presentation of the Kerr-Like metric in
Chapter 2. Chapter 3 presents the codes and model used to perform the
simulations, as the methods utilized to characterize the black hole shadow. In
Chapters 4 the results are given. The main conclusions and a discussion is

presented in Chapter 5.
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Chapter 2

About black holes

In this chapter, we will focus on the fundamental principles of black holes
and their properties. Starting with Einstein’s theory of General Relativity,
we will delve into the mathematical solutions for black holes developed by
Schwarzschild and Kerr. We will explore the concepts of the event horizon and
the characterization of black holes based on their mass, spin, and other key
parameters. By the end of this chapter, we will concentrate on the description
of the Kerr-Like metric, its construction, and how it can be studied through

the geodesic equation to better understand its properties.

2.1 Compact Objects

I would like to start with a simple and general description of compact objects.
Some examples of these objects are white dwarfs, neutron stars, and black
holes. They all share a common origin known as stars (at least on a stellar scale).
Basically, these objects are formed when a star exhausts its nuclear fuel, causing
the loss of its hydrostatic equilibrium. The internal thermonuclear pressure is
no longer strong enough to counteract the gravitational collapse. As a result,
the star sheds its outermost layer through an explosion known as a supernova
and collapses its innermost material into one of the three aforementioned

objects, depending on the star’s initial mass and the magnitude of the collapse.

Among the compact objects, white dwarfs are the least massive ones, formed

from the remnants of low to medium-mass stars. Their masses range from
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Table 2.1.1: Comparison of compact objects with a normal star (Sun) extracted
from ( ).

Object Mass Radius Density | Surface potential
- (Mo) Ro) (g/cm?) (GM/Rc?)
Sun 1.98 x 10°° kg ~ M, | 10° m ~ Rg, 1 10-°
White dwarf < Mg ~1072R; <107 ~10*
Neutron star 1.5 —3.0M ~107°R, | <10® ~ 1071
Black hole few to billion Mg, 2GM/c? ~ M/R3 ~1

0.1 to 1.4 times that of the Sun. Neutron stars are more massive, resulting
from the collapse of massive stars. They have densities so high that electrons
and protons combine to form neutrons. Neutron stars typically have masses
of 1.4 to 3 times that of the Sun, packed into a radius of about 10 kilometers.
Black holes are the most massive objects, formed from extremely massive star
remnants. Their gravity is so strong that nothing, not even light, can escape.
Black holes can have a range of masses, from a few solar masses to billions. A

most clear comparison is shown in Table (2.1.1).

In contrast to ordinary stars, compact objects are a clear example of matter
under extreme conditions. When compared to stars of similar mass, compact
objects have much smaller radii, making them denser and possessing extremely
strong gravitational fields on their surfaces. Therefore, the study of these
objects requires advanced physical knowledge, such as General Relativity.
Even in the case of white dwarfs, where Newtonian gravity may appear
sufficient for their description, General Relativity is necessary to study their

stability.

2.2 General Relativity

The concept of gravity arose more than two thousand years ago with ancient
Greeks such as Aristotle, who believed that all objects in the universe fell
towards the earth because it was the center of the universe, or Archimedes, who
discovered the center of gravity of a triangle. Although these thoughts forged
the basis of the concept of gravitation, it was not until 1687, when Sir Isaac
Newton published his work "Principia Mathematica", that the mathematical

and physical foundations of the classical theory of gravity were established. In
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this work, Newton described that all bodies in the universe exert an attractive
force on all other bodies, called gravity. For many years, the Newtonian
concept of gravity was widely accepted by the scientific community of the
time. However, this understanding was fundamentally transformed in 1915
with the publication of Einstein’s theory of general relativity, changing our

perception of the nature of gravity.

Inspired by Faraday and Maxwell’s development of the electromagnetic field,
Einstein realized that gravity, previously thought of as an invisible force by
Newton, was not a force at all, but instead a manifestation of a field similar
to the electromagnetic field. This field was not an entity that existed in space
but rather was space itself. With this newfound understanding and building
upon his previous work on the theory of special relativity in 1905, Einstein
established several fundamental principles, such as the principle of relativity,
which states that the laws of physics are identical in all inertial frames of
reference. He also established the constancy of the speed of light for all
observers and introduced the concepts of time dilation and length contraction.
Time dilation states that time passes differently for two observers in relative
motion, with an observer in motion perceiving time to move more slowly than
an observer at rest, while length contraction posits that lengths appear shorter

for an object in motion relative to an observer at rest.

Motivated by these ideas and realizing that his theory of special relativity was
not in line with Newtonian physics’ perception of gravity, Einstein dedicated
himself to creating a new theory of gravity, founded on two fundamental

postulates:

The first postulate, known as the weak equivalence principle, states that all
objects, regardless of their composition and mass, will be affected by the same

acceleration under a gravitational field.

The second postulate, known as strong equivalence principle, states that locally,
the effects of gravity and acceleration are indistinguishable. This means that
in a small region of spacetime, an observer cannot tell whether a body in the

system is accelerating or is under the influence of an external gravitational
field.

These two principles are the most fundamental ingredients of Einstein’s theory,
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known as General Relativity (GR). There is a wide variety of experiments that

confirm these two principles, some of which are ( , ;
’ ; , ) for the weak equivalence principle and
( ’ ; , ) for strong equivalence principle.

Under these two postulates, the mathematical construction of the theory
can be carried out. Einstein based his theory on the idea of geometrizing
the gravitational interaction, meaning that spacetime was curved under
the effects of a gravitational field. Thus, inspired by the mathematics
and geometry developed by Bernhard Riemann, he described his theory
considering spacetime as a curved (pseudo-Riemannian) manifold with a
line element ds? = guvdxtdx", where the metric g,, and the transformations

between the coordinates systems, are Lorentzian type.

As the geometry in this theory is Riemannian and does not exhibit torsion
(since Einstein did not construct it that way), both metric properties and affine

properties are completely determined by a single object, the metric.

The metric is the dynamical field of the theory, and it is useful to define some
mathematical objects associated with it to better understand the following
discussion about the solutions. The connection, which in this case is described

by the Christoffel symbols, is defined as
M = 2% (D d d
I = Eg (9ugvp + vgup — v, (2.2.1)

where g,y is the covariant metric and ¢'* is the contravariant metric.

As GR is a theory built on a curved manifold that seeks to be invariant
under arbitrary coordinate transformations, it must be invariant under
diffeomorphisms. Therefore, the derivative used to operate mathematically
must satisfy this condition. The usual partial derivative is not an option
since it is not invariant under diffeomorphisms. In response to this, Einstein
introduced the concept of the covariant derivative of a tensor in his theory.
This type of derivative is constructed in a way that preserves the tensor’s

covariance under coordinate transformations and is defined as follows

V&t =0, + M8, (2.2.2)
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where ¢* is an arbitrary contravariant tensor and I'",, is the connection of the
theory. Similarly, it is possible to define the covariant derivative acting on an

arbitrary covariant tensor.

On the other hand, if one studies the commutativity property of the second
covariant derivatives of an arbitrary tensor, it is concluded that these do not

commute, and the following property is obtained

[vw vv]g)\ = vyvvg/\ - Vvvyg/\ = R/\pyvépz (2.2.3)

where RAPW is the Riemann curvature tensor defined as

R)\Pl,ﬂ/ = ayr)\yp - ayr)\‘up _'_ r)\‘ugl—‘o—yp - r)\ygro—yp. (2.2.4)

It is also useful to define, from the curvature tensor, the Ricci tensor, given by

contracting two indices of the Riemann tensor

va = Rypw// (2.2.5)

and the Ricci scalar, given by contracting the Ricci tensor with the metric, that

is
R := vagpv. (2.2.6)

With these mathematical ingredients capable of describing the geometry of
curved spacetime and the inclusion of the interaction between matter and

tields in this spacetime, Einstein constructed the equation

8tG

known as the field equation of the general theory of relativity, where the left-
1

hand side of the equation is given as Gy, = Ryy — 5 guvR and purely describes

the geometry of spacetime. The right-hand side of the equation includes the

energy-momentum tensor T, which describes the distribution and energy of

matter with which these fields interact.
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The field equations in general are a complex system of highly non-linear
differential equations. When solved, they result in a metric that can describe
the effects of a certain gravitational field under the matter that interacts with
it.

A useful equation to define in order to observe these effects, and for the
subsequent physical discussion in the following sections, is the geodesic
equation. It is a mathematical description of the weak equivalence principle

and can be expressed as follows

d?xH dxP dx” _

- woo-- =
e I

2 0, (2.2.8)

where I'* oo is the Christoffel connection and A is the affine parameter. In the
next section, we will discuss the Schwarzschild solution and focus on how it

was a fundamental piece in developing the concept of black holes.

2.3 Schwarzschild solution

The first exact analytical solution of Einstein’s field equations was developed by
the German astronomer Karl Schwarzschild in 1916. Schwarzschild developed
his solution to describe the gravitational field surrounding a spherically

symmetric mass at rest i.e with spherical symmetry and independent of time.

The fact that it has spherical symmetry implies that in this spacetime there
are three spatial Killing vectors, which obey the algebra of the rotation group
SO(3).

Starting from the preservation of these symmetries and the fact that in a
4-dimensional Riemannian space-time it is possible to define coordinates as

xt = (t,r,0,¢), such that the line element can be written as
ds® = —F(r,t)dt* + G(r, t)dr? + 12 [d@z +sin? 0dg?| (2.3.1)

where F(r,t) and G(r,t) are metric functions that depend on the radial and
temporal coordinates, and where the rest of the line element corresponds to
that of the 2-sphere.
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A convenient and possible ansatz for writing these two metric functions is the

following;:

F(r,t) = /D), (2.3.2)
G(r,t) = 8, (2.3.3)

such that the line element becomes,

ds?> = —ef g2 4 e80) g2 4 42 [d@z + sin 8d¢p? | , (2.3.4)

where it is clear to note that the covariant metric tensor only has terms on its

diagonal and can be written as

S = —efrh), (2.3.5)

g = 0807, (2.3.6)
2

8o =17, (2.3.7)

Spp = r*sin” 6. (2.3.8)

Similarly, the contravariant form of this tensor is

gt = —e=f0rh), (2.3.9)

grr _ e*g(r/f)’ (2.3.10)

g% = 712, (2.3.11)
1

ot — e (2.3.12)

Using this form of the metric tensor and introducing it into the field equations

(2.2.7) for a spherically symmetric object in vacuum, i.e., for
1
Ry — igWR =0 (2.3.13)

with T}, = 0, the equations reduce to
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0 - 1‘_2 - ; ar - 1"2 ’ (2314)
_9g(r,t)
0=-"5— (2.3.15)
1 19f(r,t) esth
O= 53—~ "5, — 2 (2.3.16)
0 — p-sn) | PF(t) 1 (9f(r,t) 2 1ag(r,1) af (r,1)
or2 2 or 2 or or
41 of(r,t) 98 t)\ | _ st 9*g(r, 1)
r or or o2
19g(r,t) 3f (r,t) 1 [9g(r,t)\*
2w a 2\Ca ) (23.17)

We note here that the last equation does not provide additional information.

From equation (2.3.15), it is possible to notice that g(r,t) is independent of
time, that is, g(7, ) = g(r). On the other hand, if we subtract equation (2.3.14)

from equation (2.3.16), we obtain
0
5 () +8(r )] =0, (2.3.18)

such that
f(r,t)+g(r,t) = H(t) (2.3.19)

with H(t) a function dependent only on time. And as g(r,t) = g(r), we have
that

f(r,t) =H(t) —g(r). (2.3.20)

As a consequence of this, we can choose H(t) = 0, without losing generality
of the solution, so that f(r,t) = f(r) = —g(r).

Given this, we observe that the components of the proposed metric do not
depend on time. If we then replace this result in equation (2.3.14), we notice
that it becomes identical to equation (2.3.16). Therefore, using (2.3.14) and

returning to the original variables with /(") = F(r), we obtain the equation
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oF(r)

o TE(—1=0. (2.3.21)

r

And if we also make a change of variable of the form u(r) := F(r) — 1, the

equation is reduced to
——+u(r)=0 (2.3.22)

and when solved, we obtain

G
T
r

u(r) = (2.3.23)

where C; is a constant, which for future convenience we will choose as C; = 2m,

where also m is a constant with dimensions of distance.

Therefore, the solution would be

F(r) =/ =1 27’” (2.3.24)
G(r)=e 1) = 12m . (2.3.25)
1— —
;

Then, the line element of the Schwarzschild solution can be written as

dr?
s
(1-%)
where r; := 2m = 2GM/c?, in which m := GM/c?, with M the physical mass

of the central object, G the universal gravitational constant, and c the speed of

is? — — (1 _ 1;) 2df + + 12 [dez +sin? 0d¢? | , (2.3.26)

light. Usually, we put G = 1 and c = 1 to use the geometric units.

Here Birkhoff’s theorem comes into play, stating that any solution to the vacuum
field equations of Einstein’s theory with spherical symmetry must have a stationary
and asymptotically flat exterior. As a result, the spacetime outside a static, spherically

symmetric object can be described by the Schwarzschild metric.
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2.3.1 Schwarzschild radius

The Schwarzschild solution given by the line element (2.3.26) is physically
interpreted as the description of a gravitational field outside r > ry for a
spherically symmetric star of radius rgp. However, this solution presents a
problem for r = rs = 2m, where it seems to explode for this particular value of

the radius 7, thus a "singularity in the metric" appears.

This particular point for r in the chosen coordinate system is known today
as the Schwarzschild radius and is denoted by rs = 2GM/c?. Each body
associated with a solution of this type has a characteristic distance given by
this radius. For example, if we approximate the Sun as a spherically symmetric
object and associate it with the Schwarzschild solution, we can obtain that this

radius is approximately

2GMg
Tso = —>
C

~ 3 km, (2.3.27)
a radius for which the matter distribution that forms the Sun surpasses it by far,
that is, the radius of the Sun is much larger than its associated Schwarzschild
radius, or 7 > 15, . Therefore, for this type of object, there is no problem with

the singularity in the metric, since r > rg and ro > 7s.

The problem with this "singularity" appears when we study compact objects

as described in (2.1), particularly for objects where their radius is ry < 7s.

The word "singularity" is used in quotation marks, since in this context we do
not yet know if it really corresponds to a singularity of the curvature, or if it
is only a singularity of the coordinate system, because one definition differs

from the other.

A coordinate system singularity is a particular point that explodes to infinity in
a given coordinate system, and which can be eliminated by the appropriate
change of coordinates. On the other hand, a curvature singularity is a given
point in the manifold that explodes to infinity and which is not removable by

an appropriate change of coordinates.

To mathematically differentiate an intrinsic singularity of the geometry (or

curvature) from an apparent singularity given by the coordinate system, it
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is necessary to use the calculation of invariant quantities in the theory, i.e.,
scalars, the simples case is the calculation of the Ricci scalar, given by equation
(2.2.6). However, this scalar is always R = 0 for any solution of the Einstein
tield equations in vacuum. Hence, it becomes necessary to utilize other scalars
obtained by contracting the curvature tensor. If a scalar diverges at a particular

point, it indicates that this point is a singularity of the geometry.

In the case of the Schwarzschild metric, the Kretschmann scalar is employed,

and it is

48m?>
r6

Ryuwpr RFPT = 2. (2.3.28)

Therefore, if we substitute the value of the Schwarzschild radius r = 2m into
the equation, we note that it does not diverge, so this value is not a singularity
of the geometry. It can also be verified that none of the scalars present in the
theory diverge at the Schwarzschild radius. On the contrary, if we introduce
r = 0 into the equation, we can notice that this value is a singularity of the

geometry.

2.3.2 Event Horizon

While the sphere located at r; = 2m is not a singularity of the curvature, it
remains an interesting limit to study, commonly known as the event horizon or
simply the horizon. Knowing this, we still need to understand what happens at
this horizon. Although we are aware that it is not a singularity of the curvature,
it poses a problem in the coordinates used to describe the Schwarzschild metric,

which prevents us from fully understanding what occurs when r < r,.

To understand the behavior of this spacetime near the horizon, it is best to

study what’s happening with the metric in its vicinity, that is, by evaluating

r=2m+e, (2.3.29)

where 0 < ¢ < 2m. Then, the line element of the Schwarzschild metric is given

by

s

ds* =
® 2m

2
dr + desz + (2m)2dO?, (2.3.30)
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where dQ0? = d6? + sin” 0d¢? represents the line element of the S? sphere with
a radius of 2m, and the remaining part of the line element corresponds to
Lorentzian geometry in d = 1 + 1 dimensions. If we focus our attention on the

first part of the line element (i.e., the Lorentzian part), it can be written as

2
ds? = — (ﬁ) dt? + de?, (2.3.31)

where
p? = 8me.

This metric is known as the Rindler space, which can be transformed back into

Minkowski space through a simple transformation:
T = psinh 5 X = pcosh 5 (2.3.32)
—F 4m —F 4m -

that converts the line element into

ds?> = —dT? + dX>. (2.3.33)

The coordinates (2.3.32) are the coordinates experienced by an observer

undergoing constant acceleration.

Considering that p > 0 corresponds to the exterior of the horizon, with
—oo < t < +00, we have that in Minkowski space it corresponds to the region
X > |T|. We can also analyze the behavior of this metric at the horizon itself,
where p = 0, so in Minkowski space X = T = 0 maps to its origin. Thus, if
t — oo and p — 0 while keeping the combination pe®*/#" fixed, the horizon

corresponds to the lines,

r=2m= X=+T. (2.3.34)

This implies that the event horizon of a black hole is not a timelike surface;

instead, it is a null surface.

From the metric (2.3.33), we notice that it makes perfect sense for all X,T € R

and that there is nothing suspicious about the point X = £T. However, in the
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latter case, it can be observed that the horizon presents interesting properties.
To study them, it is useful to have a global view of this type of coordinates for
a black hole.

The first step to do this is to introduce a new radial coordinate called 7., such
that

-2
dr? = (1 — 27’”) dr?, (2.3.35)
where
ro = r+2mlog [ =2 (2.3.36)
. = g ) 3.

Here it can be seen that the region outside the horizon, i.e., 2m < r < +o00, is
mapped to —oo < 1, < 400 in the new radial coordinate. Also known as the
tortoise coordinate, due to its slow change in r as r, varies when approaching

the horizon.

This type of coordinate is useful for studying the path of light rays traveling in

the radial coordinate, so if we consider null radial geodesics, it satisfies that

dr 2m dr
ds* =0= — =+ (1- =) = = = +1. 2337
SEVT ( ’ ) ~ (23.37)
Therefore, the radial geodesics are given by
t + r, = constant, (2.3.38)

where the plus sign corresponds to ingoing geodesics (as t increases, 7, must

decrease) and the minus sign corresponds to outgoing geodesics.

If we introduce

vV=1t-4r,, (2.3.39)
u=t—ry (2.3.40)
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as the null coordinates, we can construct the well-known ingoing and outgoing

Eddington-Finkelstein coordinates.

For our study interest, we will focus only on the ingoing coordinates as they
describe what we now know as black holes for the Schwarzschild metric. Using

the transformation (2.3.39), we can construct

-1
dt =dv —dr, =dv — (1 — 27m> dr. (2.3.41)

Substituting this into the Schwarzschild metric (2.3.26), we obtain

-1
ds? = — (1 — 27711) dv? + 2dvdr + rz(df)z + sin? 6d4>2), (2.3.42)

the line element for the Schwarzschild metric in the ingoing Eddington-
Finkelstein coordinates. Here we can see that the term dr? disappears, and
there are no longer singularities at r = 2m, although dv? changes sign for
values of r < 2m. It might appear that the metric is still problematic at these
values, but simply calculating the determinant of it reveals that this is not the

case, as

det(g) = —r*sin?9, (2.3.43)

where we note that the cross-term dvdr prevents the metric from becoming
degenerate at the horizon, and the signature remains Lorentzian for all values

of r.

On the other hand, the Schwarzschild metric written as in (2.3.26) is time-
independent since it has a timelike Killing vector K = d;. Similarly, in the
Eddington-Finkelstein coordinates, this Killing vector (K = d,)) also exists, but
it is no longer timelike (g,, < 0) throughout its domain, as it becomes spacelike
inside the horizon (i.e g, > 0). This means that the complete geometry of the

black hole is not time-independent.

Now, if we analyze the behavior of the light rays that escape from the black

hole using the coordinate transformation (2.3.40):
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u =t —ry = constant (2.3.44)

using v = t 4 r to eliminate t in the outgoing null geodesic, it is satisfied that

v = 2r 4 constant. If r > 2m, using the tortoise coordinates, we obtain:

2
v = 2r + 4mlog (%) + constant. (2.3.45)

Here, it is clear that the logarithmic term behaves poorly for values of r < 2m.
However, this can be solved by taking the absolute value of the argument in
the definition of r,, such that:

r« =1+ 2mlog (2.3.46)

2m

r—2m'

This means that r, has multiple valid values for both the exterior and interior
of the horizon, where r, takes values of r. € (—o0,+00) and r, € (—00,0),
respectively. Moreover, 7, = 0 represents the singularity. The outgoing

geodesics inside the horizon have the form:

2
v =2r+4mlog (%) + constant. (2.3.47)

We also note that for r = 2m, the term dv? disappears, hence this surface is

itself a null geodesic. Therefore, the horizon is a null surface.
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3 The Finkelstein diagram

=v-r

t«

r=2m

Figure 2.3.1: The Finkelstein diagram for ingoing Eddington-Finkelstein
coordinates.

Finally, this information can be better illustrated by using a Finkelstein diagram,
where it is easier to see the behavior inside and outside the horizon. In the
diagram shown in Fig. (2.3.1), light rays traveling on null geodesics for ingoing
Finkelstein coordinates are represented. The axes of the diagram are the time

t. and the radius r, related by the expression:

V=t4r,=t,+r. (2.3.48)

In the diagram, the incoming null geodesics are represented by red lines, and
the outgoing null geodesics are represented by blue lines. Additionally, the
dashed line represents the horizon boundary at r = 2m. Inside the horizon, the
outgoing geodesics inevitably move towards the singularity at r = 0, whereas
outside the horizon, the outgoing geodesics move away from the horizon
and escape to infinity. In the case of incoming null geodesics, the diagram is

designed to represent them as constant lines traveling at a 45 angle.

Furthermore, light cones can be represented in the Finkelstein diagram with
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the intention of understanding the behavior of massive particles near the
horizon. These can be constructed at the intersections of the outgoing and
incoming curves. We can observe that outside the horizon, the inclination of
the top part of the light cones becomes more vertical as they move away from
the event horizon. This means that a particle near the vicinity of the horizon
but outside of it can escape towards infinity. On the other hand, light cones
inside the horizon have an opposite inclination, always pointing towards the
singularity. This indicates that once the horizon limit is crossed, the trajectory

will inevitably fall towards the singularity.

This behavior of objects near the event horizon is what gives these objects the
name "black hole," as beyond the horizon, nothing, not even light, can escape
from it. Additionally, this diagram can give us an idea of what an observer
outside the black hole would see if they witnessed a companion entering it.
As the companion passes the horizon, they would not notice anything strange
and would continue on their path towards the singularity. However, the
external observer would not be able to see this because the light rays emitted
by the companion would gradually slow down as they approach the horizon.
The observer would perceive a static image of their companion, which, over
time, would gradually experience redshift given the infinite redshift surface
at r = 2m and that gy — 0 as we approach the horizon, by gravitational time

dilation, which can also be expressed mathematically as

2m

AT 1- o
L L (2.3.49)

AT 1_ 2_m

]

where r; and r, are the positions of the two "static" observers.

Similarly, the outgoing Eddington-Finkelstein coordinates can be analyzed, but
these would lead us to the concept of a white hole, which is not necessary to

explore for the understanding of this study.

2.3.3 Bound orbits in Schwarzschild metric

Finally, to fully understand the Schwarzschild solution, it is beneficial to

study the behavior of geodesics. Therefore, the first required ingredient is the
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non-zero components of the Christoffel symbols, which are given by

Tt = ﬁ (2.3.50)
= m(rr;fm) (2.3.51)
I = ﬁ (2.3.52)
pp = —(r—2m), (2.3.53)
by = —(r —2m) sin*§, (2.3.54)
1% = % (2.3.55)
I}, = —sinfcosf, (2.3.56)
Fﬁp = % (2.3.57)
g¢ = Z?ng (2.3.58)

If they are used in the geodesic equation, the following 4 equations can be

obtained, with the affine parameter A;

d*t 2m  dr dt

2 + Fr—om) dhdn 0, (2.3.59)

dAZ 13 dA r(r—2m) \dA

2 2

— (r—2m) [(3—?\) + sin® 0 (Z—f ] =0, (2.3.60)
2 2

% + %Z—/Q\j—; — sinf cos 6 (Z—i =0, (2.3.61)
2

d_¢+gd_¢ﬂ+2coseﬁd_¢ —0. (2.3.62)

dA2 " rdAdA  TsinfdAdA
These equations can be solved thanks to the numerous symmetries exhibited
by the Schwarzschild solution.

The metric has 4 constants of motion for a free particle, which is due to having

the same number of Killing vectors

M
Ky% = constant. (2.3.63)
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Three of them are spatial due to their spherical symmetry, and one is due
to temporal translations. Additionally, there is another constant that always

appears for geodesics, which is written as

_ dx¥ dx?
For massive particles, when A = 7 (i.e., timelike curves), we have ¢ =

—guwUMU" = +1. For massless particles, ¢ = 0, and for spacelike curves,

c=—-1

Now, if we look at what the Killing vectors imply for the conserved quantities
in the Schwarzschild metric, we notice that the symmetries indicate invariance
under temporal translations and spatial rotations. Therefore, we can infer that

there will be at least two Killing vectors associated with these quantities.

The conservation of spatial rotations leads to conservation of angular
momentum (which has 3 Killing vectors, 2 for its directions and one for
magnitude). Therefore, we can choose to work in the equatorial plane to
simplify the calculations. If the particle is orbiting outside the plane, we can
rotate the coordinate system until it is in the plane. Then, the two Killing

vectors associated with the direction of angular momentum imply that

7T
6=7, (2.3.65)

such that the remaining two Killing vectors are K = d; representing energy

and L = dy representing angular momentum magnitude, which lead us to the

equations
2m\ dt
(1 — 7) = E, (2.3.66)
d¢
2— p—
r ) L. (2.3.67)

Together, these conserved quantities applied to equation (2.3.64) lead us to the

2 2
_#+(%)+«F—¥g(%ﬁf):a (2.3.68)

equation
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which can be rewritten as

1 /dr\? 1.,
where
1 m L2  mL?
= ¢—0C— 3.7
V(r) et (2.3.70)

This is the effective potential of the Schwarzschild metric for particles moving
along geodesics in a plane, where the first three terms have a Newtonian
character and the last term represents the contribution of general relativity to

the potential, which becomes significant for small values of r.

This potential serves to describe the types of possible orbits. There will be
different values of V(r) for different values of L. The general behavior of
a particle will be to move along the potential until it reaches the "inflection
point" where V(r) = %Ez, at which point its motion will change direction. In
some cases, there is no inflection point, and the particle will remain in that
motion. The particle can also remain in circular orbits, where r is constant and

occurs when dV /dr = 0.

Therefore, by taking the derivative of the equation (2.3.70) with respect to 7,

we can find the radius for the circular orbit 7, via

emr? — L2re + 3mL%y = 0. (2.3.71)

The circular orbit will be stable if the value of r corresponds to a minimum of
the potential and unstable if it corresponds to a maximum. In general relativity,

it is possible to find a circular orbit for massless particles at

re = 3m, (2.3.72)

which is a maximum value for V(r). Therefore, a photon can orbit indefinitely
at this radius (known as the photon radius r,;). However, any perturbation

will cause it to either collapse to r = 0 or escape to r = co.



28 2.4. Kerr solution

For massive particles, circular orbits are given by

L2+ VLA —12m2L2

2m

(2.3.73)

Ye

and depend solely on the value of L. For large values of L, there are two
circular orbits, one stable and one unstable. As L — oo, the stable orbit grows
and approaches the value of 7. = L?/m, while the unstable orbit approaches

the value of circular orbits for massless particles, i.e., r. = 3m.

On the other hand, as L decreases, both orbits converge and coincide at the
value L = v/12m, for which

re = 6m. (2.3.74)

This value is the smallest possible for stable circular orbits in the Schwarzschild

metric and is known as the ISCO radius (Innermost Stable Circular Orbit).

It is important to note that these orbits are geodesics, and there is nothing
preventing an accelerated particle from going beyond r = 3m toward the event
horizon and returning, as long as it does not cross the horizon. With this
context, we can have a better understanding of the concepts that I will discuss

in the following chapters.

2.4 Kerr solution

Now, it happens that if we make an extremely massive object with spherical
symmetry rotate, it will necessarily have an axis of rotation, and thus the
invariance under rotations will be inevitably lost. Roy Kerr in 1963 proposed
this idea in his famous work ( , ) was the first to write the analytical
solution for Einstein’s field equations in a spherically symmetric and rotating
geometry. This solution, written in Boyer-Lindquist coordinates, takes the

form
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2mr
2mar sin® @
Q=5 (2.4.2)
%
8rr = X (2.4.3)
S0 = X, (2.4.4)
2ma’r sin® 0
Sop = (1,2 — a2%> sin” 6, (2.4.5)
where
A =r? —2mr+ a? (2.4.6)
Y. = 1? + a4’ cos? 6 (2.4.7)

that written as a line element is given as

2mr 4dmar sin® 0 >
2 _ <mr 2 *marsin-y &~ a2 2
ds® = (1 5 ) dt 5 dtde + Adr + 2d6

2, i 2
+ (1’2 — a2w> sin® 9d4>2. (2.4.8)

Important characteristics that can be observed from this line element are that
the Kerr solution is a stationary solution, it has axial symmetry (since the
metric coefficients do not depend on t or ¢, so d; and 9, are Killing vectors).
Furthermore, just like the Schwarzschild solution, which is invariant under the
discrete symmetries t — —t and ¢ — —¢, the Kerr solution is only invariant

under (t,¢) — (—t, —¢).

2.4.1 Properties

After a quick inspection, it can be noted that the solution depends on two
parameters, m and a, where 4 has dimensions of length, and when a = 0,
the Schwarzschild solution is recovered. Additionally, in the asymptotic limit

(i.e., ¥ >> m), the flat Minkowski geometry is recovered with the coordinates

(t,1,0,¢).
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On the other hand, the isometries given by the Killing vectors

9
K=z, (2.4.9)
r= 9 (2.4.10)
- a¢, . .

lead us to the fact that if we calculate the integrals of Komar of each of these
we obtain that m defines the mass of the object and that the solution of L leads

us to the definition of angular momentum as

J =am. (2.4.11)

Therefore, a is defined as the rotation parameter of the metric, and its sign will

determine the direction of rotation.

These two isometries (2.4.9) and (2.4.10) allow us to obtain and define two
important constants of motion for the solution, which are the energy E and

the angular momentum L, which can also be expressed as follows

p'=—E, (2.4.12)
p? = L. (2.4.13)

In terms of the four-momentum, where p' = uu' is the temporal component
of the four-momentum and p? = uu? is the azimuthal component of the

four-momentum, with y being the rest mass of a particle for a geodesic orbit.

But in addition to these, there is a third constant of motion that allows the

solution to be completely integrable.
The third constant of motion can be found using the Hamilton-Jacobi method

by solving the equation ':

_ 95 _ 1 495 95
ot 2% 9xt gxP

(2.4.14)

as Carter did in ( , ) and where S is the Jacobi action, which has the

form of

Method extracted from ( , )
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S = 22T~ Et+ Lo+ 5,(r) + 54(6), (2.4.15)

where T is the proper time. The Hamilton-Jacobi equation (2.4.14) is separable
for the four coordinates, which makes geodesic motion in the Kerr metric
integrable. From the separability of the equations and some algebra, it is

finally obtained that the Carter constant is defined by
Q=C—(L—aE)? (2.4.16)

or

L \2

0\2 20 | 2(,,2 _ 2

= —E - . 2.4.17
Q= (") +cose[a (i >+(Sm9)] 2417)
2.4.1.1 Event Horizon and Ergosphere

On the other hand, similar to the Schwarzschild metric, the Kerr metric exhibits

a singularity, such that the Kretschmann scalar associated with this metric is

48m?(r? — a® cos? 0)[X? — 16r%a> cos? 0]
X6 ’

RyvapRI™P = (2.4.18)

Here we can see that there is only one singularity when X = 0, which implies

that 72 + a2 cos? 0 = 0. Therefore, the singularity occurs if

r=0, (2.4.19)
cosf = 0. (2.4.20)

From this, it can be deduced that the singularity present in this metric is a ring

of radius 4 in the xy plane

P+yP=a% z2=0 (2.4.21)

with the change of coordinates given by
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df = dt + %dr, (2.4.22)
x = rsinf cos ¢ + asin @ sin ¢, (2.4.23)
y =rsinfsin¢g — asin 6 cos ¢, (2.4.24)
z =rcos6. (2.4.25)

Just like in the Schwarzschild solution, there is also an infinite redshift surface
in this Kerr solution, which can be found from the fact that on these surfaces

g1t = 0, resulting in the condition
1 —2mr +a*cos?’0 =0 (2.4.26)

from which the two surfaces appear as °

rei(0) = m 4 /m? — a? cos? 0 (2.4.27)

with S being a surface with a radius of 2m at the equator and a radius of
m + v/m? — a2 at the poles when a?> < m?, and S_ being a surface contained
within S. Here, rs1 from equation (2.4.27) coincides with the Schwarzschild

radius when a = 0, and rs_ corresponds to the singularity.

Now, if we perform the same analysis to find the radius of the event horizon,
we need to examine where g, diverges, that is, when A vanishes, implying
that

1> —2mr+a®> =0, (2.4.28)

so the horizon is at

r+ =md\/m?2—a?. (2.4.29)

And they only exist if 2% < m?. When a? > m?, a "naked" singularity appears

in the gravitational field since there is no horizon. The hypothesis that this

2Surfaces also known as Killing horizons, since for all points on them it holds that e, = 0,
with €/ being a Killing vector.



2.4. Kerr solution 33

cannot exist in reality is known as the Cosmic Censorship Conjecture proposed
by Penrose, which states that gravitational collapses have well-behaved initial

conditions and therefore cannot give rise to a naked singularity.

When analyzing the behavior of the aforementioned regions, three zones are

found where the Kerr solution is regular

[:74 <r<oo, (2.4.30)
Mir_<r<ry, (2.4.31)
HHI:0<r<r_, (2.4.32)

where the area described between the infinite redshift surface S; and the event

horizon r is known as Ergosphere.

2.4.1.2 ISCO radius

Now, if we consider a photon emitted in the direction of the coordinate ¢ in
the equatorial plane (i.e., @ = 71/2) of a rotating black hole. Since at the instant
of emission, its momentum has no r or § components, the condition for it to

be null is

ds? = 0 = gudt® + gip(dtdg + dpdt) + gepdd?, (2.4.33)

from which it is possible to obtain that

dp _ 8y | \/(@)2 _ 8 (2.4.34)
dt 8o S 8o

If evaluated at the Killing horizon (see footnote 2), this yields gy = 0, and the

non-zero solution appears as

d_cp_ 2a

e (2.4.35)

and can be interpreted as the photon moving around the black hole following
the same direction as its rotation. When the solution is zero, the interpretation
is that the photon cannot move against the direction of the black hole’s rotation,

illustrating that for massive particles, they will necessarily be dragged in the
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direction of the black hole’s rotation within the Killing horizon. Thus, with

this, we can define the angular velocity at the event horizon itself as

d¢ a

On the other hand, if we consider the geodesic equation (2.2.8),

d?xH dxP dxv
~ oo T —
= + T 50 e 0, (2.4.37)

where T is the proper time and plays the role of A as an affine parameter.

Considering also the normalization condition of the four-velocity given by
Quatxv =4, (2.4.38)
where ¢ is a parameter that defines whether the condition is for timelike

geodesics (6 = —1) or null geodesics ( = 0).

Following the work done by ( ) and using the condition (2.4.38) in
equation (2.4.37) for a circular orbit in the equatorial plane, where thanks to the
axial and reflection symmetries dr/dt = df/dt = d?r/dt? = 0, the geodesic

motion in the radial direction is reduced to,
18 ﬁ 2—|—8 ﬁd—4’+1a d_cp 2—0 (2.4.39)
2981\ gr 8 g ar 2980\ gr ) TV -

where d, = d/0dr. From this equation, we can find the Keplerian frequency (or

angular velocity in this particular case) ° in the equatorial plane as

_dg/dr _py _ 8w E \ (0r81p)? = 31gudrggy 2440
T dt/dr — p 3r8pp -
m
= L i (2.4.41)

31t is important to highlight that this coincidence between the Keplerian frequency and the
angular velocity only occurs in specific circular orbits in the Kerr metric. For elliptical or other
orbital configurations, the relationship between the Keplerian frequency and the angular
velocity may be different.
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where the sign + refers to prograde orbits and — to retrograde orbits,
depending on the value of the spin parameter a, where (2.4.41) is the angular

velocity for this particular case in geometric units.

Using this definition and the fact that we are working with circular orbits, in

equation (2.4.38) we can obtain the expressions

E_ 8t — 8ol (2.4.42)
Mo =g — 28100 — g2

0
5 = 8tp T 8pptlp (2.4.43)

V81— 28190 = ggp 2

which are the expressions for the energy per unit mass u and the axial angular

momentum per unit mass.

On the other hand, evaluating in the equatorial plane, the equation

P = —p* (2.4.44)

allows us to obtain the effective potential of the particles, given by

Vers(r) = pPutu, (2.4.45)
_ _%(gtfgz _2gEL + g9 1242) (2.4.46)
(B2 ) P 2M 2 4 ((—E? + p?) a? + L2) r — 2M (Ea — L)
N 4Mr? — 2a%r — 213 ’

(2.4.47)

from which we can obtain the innermost stable circular orbit, finding the

minima and maxima of this potential by solving

Viss(r) =0, (2.4.48)
AV,ee(r)
eff\")
—— o, (2.4.49)

and we obtain

risco = Re(3+ Za — [(3 — Z1) (3 + Z1 +22,)]V/?), (2.4.50)
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whete Z; = 14 (1— @) P[(1+a)3 + (1 —a) 3], 2y = (3a2 + 22)!72,
as =a/M,and Ry :=m = GM/ c? are known as gravitational radii, a concept

we will use later on.

2.5 Kerr-Like metric

The Kerr-like metric, described in ( ), is a spacetime constructed
with the idea of being regular in the exterior domain of its horizon and having
three constants of motion for its mathematical description to be fully integrable

and preserving the separability of the Hamilton-Jacobi equations.

This last sentence is the starting point to construct this metric, i.e, if we see the
Kerr solution in Boyer-Linquist coordinates as (2.4.1), we note that this solution
has a three constant of motion including the Carter constant ( , ),

which are found by Carter explicitly solving the Hamilton-Jacobi equations,

_ 95 _ 1 4595 95
ot 2% oxtgxP’

(2.5.1)

where T is the proper time.

Therefore, the path Johanssen took to search for a more general metric that
satisfied the separability of the equation (2.5.1) was to start with the expansion

of the Kerr metric in its contravariant form, meaning that from the equation,

9 9 1 9 212
g @ % _ P22 L
& xioxP AT [(r ”)at“a(p}
1 ) 5,017
S sin20 {%—Fasm 95}
AfdN> 1[0\
+§<5) +E(a_9) , (2.5.2)

he rewrote it as



2.5. Kerr-Like metric 37

3 9 1 p) 912
£ s = A% |7 P05 +aaalr) ]
+L {A (6)i+asin29A (9)3]2
$.sin%0 3 o ot
A a\> 1 9\ 2
+ 5 As(r) <§> + 5 A6(0) (@) (2.5.3)
with
S =4 f(r)+g(6), (2.5.4)

where the free scalar functions f(r), f(6), A;(r),i =1,2,5, and Aj(G),j =3,4,6

are introduced, so that the Hamilton-Jacobi equations remain separable.

As in the case of Kerr, the Hamilton-Jacobi function can be defined as:
1
S = E;ﬂr — Et + L,¢ + S, (r) + Sg(0), (2.5.5)

where y is the rest mass of a test particle on a geodesic orbit, L, is the axial

angular momentum and E is the energy, and

0S

S 1,
Here,
o dx®
Pr=n- (2.5.8)

is the particle’s 4—momentum. From the function (2.5.5) and the equation

(2.5.1) one can obtain the solutions for S,(r) and Sg(6) which are,

S,(r) = + / alr%1 /%{r)), (2.5.9)
Sp(0) = + / N Z((%)), (2.5.10)

(2.5.11)
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where
R(r) = P> — A{[r* + f(r)] + (L, — aE)*> + Q}, (2.5.12)
O0) =Q+ (L, — aE)2 — yz[az cos? 0 + 2(0)]
— — 12 [A3(8)L, — aA4(0)E sin?0]?, (2.5.13)
sin“ 0
P = (r?+a®)Ai(r)E — aAy(r)L,, (2.5.14)

and also obtain the Carter-Like constant and the relation between the momenta

pa and the constant of motion:

E=—p, (2.5.15)
L; = py, (2.5.16)
Q = As(0)ps — (L: — aE)* + p*[a’ cos” 6 + g(6)]
+ — 12 [A3(0)L, — aA4(0)E sin? ], (2.5.17)
sin” 6

From this, the equations of motion for a particle with rest mass u can finally

be found, as Johanssen did in ( )-

Thus, since there are equations of motion associated with particles moving
around this spacetime, it is valid to write the Kerr-Like metric which, in its

covariant form in Boyer-Lindquist coordinates, is given by

2[AA3(0)% — a? Ay (r)?sin?(0)]

S = TT02 1 ) A (r) As(0) — @A (r) Aa(0) sin(8)]2 @249
S oo
o = %5(0 , (2.5.20)
gop — %@ ’ (2.5.21)

Ssin®(6)[(r* 4 a?)2A1(r)? — a*AA4(0)* sin®(6)] (2.5.22)

8¢p = [(r2 +a2)A1(r) A3(0) — a2 Ay (r) Ay(6) sin2(0)]z .

This metric also depends nonlinearly on six independent free deviation

functions which in order to obtain an explicit form of this metric,
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( ), writes these functions as a power of series in M/,
o0 M n
Ai(r) = n;)“m (7) , i=1,2,5, (2.5.23)

and furthermore

Mn
fr)=) enas (2.5.24)
n=0
g(0) =M* Y vy sin®0cos’ 0. (2.5.25)
k=0

From the requirement that the metric be asymptotically flat, it can be obtained
that aqg = ap0 = asp = 1 and A3(0) = A4(0) = Ae(f) = 1. Additionally,
Johannsen sets a7 = a1 = as5; = 0, which defines the mass parameter M of
the central object and the spin parameter a of this metric without the need for

rescaling.

This metric can be further reduced by proposing constraints on its deviation
parameters using the Parametrized post-Newtonian Framework (PPN), where
the deviation parameters and function €, = a1y = g(6) = 0 can be fixed. See

( ) for more details.

Finally, summarizing these conditions, the Kerr-Like metric can be written as

follows:

S[A —a?Ay(r)?sin(0)]

S = T2 L ) Ay (r) — Ay (r) sinZ(ez)]z’ (2.5.26)
2 2 o S ot

0= A ) A s i

G = Mi(r), (2.5.28)

g0 =%, (2.5.29)

2o = %sin?(0)[(r* 4 a%)? A1 (r)? — a’Asin?(6)] ’ (2.5.30)

[(r2 + a2) A1 (r) — a2Ay(r) sin?()]?

where
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(e M n
Ai(r) =1+ ) ay (7) , (2.5.31)
=3
nOO M n
Ay(r) =1+ (7) , (2.5.32)
=2
nOO M n
As(r) =14 ) asy (7) , (2.5.33)
n=2
A =1>—2Mr+a?, (2.5.34)
Y =1r?+a?cos? 0+ f(r), (2.5.35)
o Mn
fry=13 €n—s (2.5.36)
n=3

are the free functions of the metric. The Kerr metric is recovered when all
the deviations parameters vanish, i.e., when A1(r) = Ay(r) = As(r) =1 and
fr) =0.

This metric is asymptotically flat, is consistent with the current PPN constraints
and has a correct Newtonian limit. Furthermore, an additional advantage of

this metric is that, due to its free functions, it can describe black hole solutions

in alternative theories of gravity that differ from the Kerr solution.

2.5.1 Properties of Kerr-Like metric

One of the key regions to analyze in this metric is its exterior domain with
the intention of ruling out possible singularities or pathological regions that
could be introduced by the free deviation functions (2.5.31). Thus, to discard
potential violations of Lorentzian signature or the existence of closed timelike

curves, we can start by analyzing the determinant of the metric, given by

$*sin? 0
det = — , 2.5.37
(8xp) As(r)[A1(r) (12 + a?) — a2 Ay(r) sin? 02 ( )
where this is not necessarily negative definite. ( ) then imposes

the condition

A(r)(r* +a?) — a*As(r) sin® 0 # 0, (2.5.38)
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to ensure that the determinant is negative definite. Additionally, from the

metric description in (2.5.26), we must have

5 >0, (2.5.39)
As(r) >0, (2.5.40)

which must be fulfilled everywhere inside and outside the horizon.

These conditions can be written for the lowest order of the free deviation
functions, which imposes constraints on the free parameters themselves.

Therefore, we have that

2r(r? + appyM?) sin? @ — r3(r?2 + a?)
M3(r?2 +a?) ’
(M + VM2 — a2)?
M? ’
(M + VM2 — a2)3
M3 )

wpz # 2 (2.5.41)

X5y > —

(2.5.42)

€3> — (2.5.43)

These limits were obtained by replacing r with r, with the intention of
obtaining lower limits for the deviation parameters that are valid for all radii,

r>r.

Furthermore, to rule out the existence of closed timelike curves, Johanssen
imposes an additional requirement on the (¢, ¢) component of the metric,

which is
Aq(r)(r* +a?)* — a®Asin® 6 > 0, (2.5.44)

which implies, at the lowest order, that

(M + VM2 —a2)?
. :

— 254
x13 > M (2.5.45)

This limit is also obtained for r = r.. If we combine this expression with the

condition (2.5.41), we obtain the limit

(M + VM2 —a2)?
M2 .

Moy > — (2.5.46)
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Therefore, the equations (2.5.45), (2.5.46), (2.5.42), and 2.5.43 define the lower
limits for the deviation parameters up to the lowest order in the metric (2.5.26),

depending on the mass and spin parameter.

Johanssen in ( , ) verified numerically that the metric does
not exhibit curvature singularities using these deviation parameters in the

Kretschmann scalar.

2.5.1.1 Event Horizon

The event horizon in the case of the Kerr-like metric is calculated following
the method in ( , ). Since the event horizon is a null surface
generated by null geodesics, the normal to the surface can be defined as n”,
satistying n/n, = 0. Taking this surface as a level surface of a scalar function

f(xa), we have
nt =VHf =0olf. (2.5.47)
Thus, the event horizon is defined by the condition
g" (9uf)(9vf) = 0. (2.5.48)

For metrics described in spherical-like, stationary, and axisymmetric

coordinates, the equation becomes
8"(9:f)? +2¢"(3:f) (3ef) + 8% (96f)* = 0. (2.5.49)
For the case of the Kerr metric, the function f is given by

f=r—H, (2.5.50)

where the null surface is defined by f = 0, and the level surface in spherical-

like coordinates is

¢"(H) =0, (2.5.51)
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from which
H=r =M+ VM2 —a2 (2.5.52)

In a more general case, it is assumed that
f=r—H(0), (2.5.53)

where the fact that H(6) depends on 6 is general enough to describe any

horizon for which there exists a unique horizon radius at any angle 6.

Using this method ( , ), it is determined that for the metric
(2.5.26), that

ro = H(6), (2.5.54)

which defines the ordinary differential equation,

2
g+ g% (%I) =0, (2.5.55)

where ¢'" = 1/g,, and g% = 1/gg9. At the poles and in the equatorial plane,

the equation reduces to

g =0, (2.5.56)

where the conditions (2.5.39) hold for any radius > r. Thus, g'" = 0 reduces

to
A=1>—2Mr+a®=0. (2.5.57)
Hence, the horizon is given by

re =M+ M2 —a2, (2.5.58)

which coincides with the Kerr event horizon for any angle 6.
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2.5.1.2 Ergosphere

On the other hand, the Killing horizon can be found by solving the equation

A2 sin? 0
2
— = , 2.5.59
St = SUSP0 =162 T2V A (1) — a2 Ag(r) sind 62 (2:5:59)
which reduces to the equation

A=0, (2.5.60)

for which the solution is r, so the Killing horizon coincides with the event

horizon.

As we know, the ergosphere is the area between the Killing horizon and the

event horizon. It can be determined by solving the equation

g =0, (2.5.61)

which reduces to the equation,

A —a*Ay(r)?sin?6 = 0. (2.5.62)

Thus, the shape of the ergosphere will depend on the spin parameter and the

free function A(r).

2.5.1.3 ISCO radius

By performing an analogous analysis to the one used in section 2.4.1.2, we can
determine the values for the angular momentum per unit mass, energy per
unit mass, Keplerian frequency, and the ISCO radius for the Kerr-Like metric.

Therefore, from the geodesic equation, we have the condition

Orgut? +20rg1ptd + 9,9* = 0, (2.5.63)

where 9, := d/0dr and the dot denotes d/dt. Here, the Keplerian frequency is
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—0r8tp & \/(argt¢)2 — 0r819r 8¢

O, —
’ 98¢

(2.5.64)

where the signs + and — refer to prograde and retrograde orbits, respectively.
Here, it is noticeable that the Keplerian frequency is independent of the free

function As(r) since it does not depend on gy

In terms of the constants of motion,

E+ guL
Oy = Pe _ _ Stgb T &1tz (2.5.65)

Pt SopE + gt4>Lz'

from which we can determine the energy and axial angular momentum as

E_ 8tt T 8tpQy (2.5.66)
mo /8 — 28190 — 89 -
_|_
L. _ LT — (2.5.67)
Z V=8t — 28190 — 8op (5

where again the signs + and — refer to prograde and retrograde orbits,

respectively. These expressions are also independent of the deviation function
A5 (7’) 4

On the other hand, the effective potential for the Kerr-Like metric can also
be obtained analogously to what we obtained for the Kerr metric. From the

equation
PP = =1, (2.5.68)

where p* is the momentum of the particles in an orbit and y is the rest mass.

Thus, the effective potential is given by the expression,

1
Vers(r) = —5(8"E* — 28" EL + g Ls%), (2.5.69)

41t should be noted that while these are independent of As(r), this only occurs for circular
orbits in the equatorial plane; for other types of orbits, they may depend on As(r).
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where circular orbits in the equatorial plane are governed by the equations,

Veff(r) = 0, (2.5.70)
AVeoss(r) _
— =0, (2.5.71)

and the radius of the innermost stable circular orbit (ISCO), in the particular
case of the Kerr-Like metric, is found by numerically solving the differential

equation

dE

— =0 2.5.72
dr ( )
to find its minima and maxima. As we can see from the expression for the
energy, it depends on the free functions f(r), A1(r), and A;(r). For example,
in the case of first-order deviations, at a given radius, the energy and axial
angular momentum increase for decreasing values of the parameters €3 and

apy, and for increasing values of ay3.

2.5.2 Kerr-Schild-Like metric

In order to study the behavior of this metric in GRMHD-type simulations, it
is useful for us to define it in Kerr-Schild coordinates, as we eliminate the

coordinate singularity present at the horizon r .

The derivation proposed by ( ) is similar to the one given
for the Kerr metric ( , ; , ). For null geodesics, the

following parameters are introduced

S
Il

, (2.5.73)

T m| &

(2.5.74)

=
I1l

Using these parameters, in the functions (2.5.12) and (2.5.13), they can be
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written as
R(r) 2 2 2 2
= [(r" +a°)A1(r) —aAx(r)S]” — A[({ —a)” + 1, (2.5.75)
O(0) 2 1 - 2 \2
i/ (C—a)” — sinz(?(g —asin®6)”. (2.5.76)
From the solutions for Sy and S,, we obtain the condition,
N+ (&—a)* >0, (2.5.77)
where if and only if
0 = 0y = const, (2.5.78)
& =asin’#, (2.5.79)
the equality holds. Thus,
1 = —a®cos* fy. (2.5.80)

These expressions for the parameters # and ¢ are identical for the case of the

Kerr metric.

Then, with these expressions, Johanssen obtained the equations of motion for

a photon, as follows

dt (12 4+ a®) A1 (r) (1 +a®) A1 (r) — a?Ay(r) sin? 6
L —IE= -

dA A 3

dr _ g _ (2 + a2) Ay (r) — a2 Ag(r) sin2 0
ﬁ = :|:l E =+ A5(7’) i

do

Y

dp 9E — aAy(r) (1 +a?)Ai(r) — a?Ay(r) sin® 0

dA A 2

where A is an affine parameter.

If we set E = 1, the principal null directions are given by the vectors,

14 = (I',£1",0,1%),

E,

(2.5.81)

(2.5.82)
(2.5.83)

(2.5.84)

(2.5.85)
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where using the incoming (—/") and outgoing (+!") principal null directions,

we can define the Kerr-Schild coordinates for the Kerr-Like metric as

lt

dtxs = dtgL F l_rdrBL/ (2.5.86)
1
drKS = :El—rdT’BL, (2.5.87)
dfxs = dbpL, (2.5.88)
19
dpxs = dppL F l_rdrBL- (2.5.89)

Setting E = 1, the principal null directions for this transformation are,

& —(0,41,0,0), (2.5.90)

However, this transformation, in practice, is quite cumbersome and may be very
difficult to carry out explicitly. Therefore, Johanssen proposes an alternative
transformation for the Kerr-Schild-Like coordinates, which eliminates the
transformation of the radial coordinate and also replaces the factor (% + a2)/A
in the expression of I' with 2Mr/A, following the work by

( ). As a result, the transformation (2.5.86) becomes,

2MrAq(r)

dtyg = ditpy — drgr, 2.5.91

KS BL = ywe BL ( )

drgs = drpL, (2.5.92)

dbxs = dopL, (2.5.93)
aAz(i’)

d =d — = _drpy. 2.5.94

¢xs = dPpL AVAS() BL ( )

So finally, the Kerr-Like metric transformed to the Kerr-Schild coordinates
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becomes

[A — a? Ay (r)?sin?(0)]

it = — T , (2.5.95)

g0 = ﬁ{fw) 2Mr + a2 Ay (r)2 sin(6)] (2.5.96)
— a?Ay(r)sin?(6)}, (2.5.97)

gto — Cal(r* + az)Al(r)AFz(r) —AZ sin2(9)’ (2.5.98)

YA

=4 (17()2 {A1(r)[A + 4Mr + a* Ay (r)? sin?(9)] (2.5.99)
—2a%Ay(r) sin?(0)}, (2.5.100)
__aEsin?(0) o, o 2

Srgp = N DL (1= +a”)Ay(r)°Ax(r) (2.5.101)
+2MrA(r) — a?Ay(r) sin?(0)], (2.5.102)

g0 =%, (2.5.103)

Gop = 3 sin?(0)[(r? + az)zz;ll(r)z — a?Asin?(0)] ’ (2.5.104)

where F = [(r2 +a?) A1 (r) — a®Ay(r) sin?()]?.

This metric will be very useful for the inclusion of this metric in the GRMHD

simulations and will be discussed again in the next chapter.

2.6 Accretion Disks

Accretion disks are fundamental structures formed by matter, mainly gas in a
plasma state, orbiting rapidly around interstellar objects such as stars or black
holes. To understand these disks, it is necessary to start with the fundamental
laws of physics, such as the conservation of mass and the conservation of the

stress-energy tensor

Vu(pu!) =0, (2.6.1)
v, T" =0, (2.6.2)

where p is the rest mass density, u" is the fluid’s four-velocity, V is the covariant

derivative, and T"" is the stress-energy tensor that describes the properties of
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the fluid. In the case of an accretion disk around a black hole, the stress-energy

tensor can be written in a generic form, as follows
T, = (T')F + (T")v + (T")m + (TF))R. (2.6.3)

The reason for writing the lower index is that the symmetries of the metric
generate conserved currents. In the Kerr metric, for instance, the axial
symmetry and the stationary nature of the metric generate conserved currents
of angular momentum and energy. In general, for metrics with one coordinate
x# suppressed, the source term on the right-hand side of the evolution equation
for T',, vanishes. These source terms do not vanish when the equation is

written with both indices up.

2.6.1 The fluid

From the previous equation, it can be seen that (T#,)r is the stress-energy

tensor for the fluid, and it is expressed as:

(T"))r = pHu"u, + 6", P. (2.6.4)

Here, the density, enthalpy, and pressure of the fluid are related, along with

other parameters that follow the first law of thermodynamics

dU = TdS — PdV « de = Hdp + nTds, (2.6.5)

where U is the internal energy of the system, T is the temperature, S is the
entropy, and € = pc? + IT is the total energy density, with IT being the internal
energy density.

In some cases, the equation of state associated with these quantities is assumed

to be that of an ideal gas, which is given by

pP= ng, (2.6.6)

where R is the gas constant and y is the average molecular weight.
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Thus, as in other cases, we work with two temperatures in the fluid, where
T; and p; are the temperature and molecular weight of the ions, and T, yi, are

those of the electrons, respectively. So,

R R
P=—poT, + —pT,. (2.6.7)
]uip ,uep

Plasmas with two temperatures are important for advection-dominated flows.
These types of plasmas are also significant when considering radiation, as
ions are generally heated through dissipative processes in the disk, while
electrons are the ones that radiate. They exchange energy with the ions
through Coulomb collision interactions. The electrons in the inner parts of
accretion flows are usually much cooler because the energy exchange process is
highly inefficient. However, cutting-edge research in plasma physics suggests
that there may be more efficient processes that could couple the ions and
electrons of the fluid. Hence, it is difficult to determine precisely the amount

of energy exchange experienced by the electrons.

When in equation (2.6.3), the only surviving value of the stress-energy tensor
is that of the fluid (2.6.4), it is called the stress-energy tensor of a perfect fluid,
fulfilling the Bianchi identity given by the conservation law of this tensor. From

this, we can obtain the constants of motion
B = —Hu;, ] = Huy, (2.6.8)

where | is the angular momentum of the fluid, and B is known as the Bernoulli
function, representing the total energy of the fluid. Consequently, the specific

angular momentum can be obtained as

=L (2.6.9)

I
B Ut !
which is a constant of motion for geodesic motion in the fluid.

2.6.2 Viscosity

The second term of the stress-energy tensor refers to the part that describes the

internal forces or pressures present in an accretion disk and is represented as
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(T")y = vso?y, (2.6.10)

where " is the strain tensor, defined as,
1
0’],{1/ — E(Vyuy + vVuy) - @g]/“/ 7 (2.6.11)
1

where | denotes the projection into the instantaneous 3-space perpendicular

to ut.

The vorticity is also a invariant term of the viscosity part, defined by

1

and the expansion,
1
e= g(Vyu”) (2.6.13)

The viscous stress tensor in the standard hydrodynamic approach is

proportional to the shear tensor, given by

Sty = vepaty, (2.6.14)

where the rate of heat generation by the viscous stress tensor in a certain

volume is given by

ot = / Styo",dV, (2.6.15)

On the other hand, the rates of viscous energy and angular momentum across

a surface S are given by

jS - /SVUCkV*N‘udS, (2616)

Bs = / SH kv N,dS. (2.6.17)

In astrophysical accretion disks, molecular viscosity cannot explain observed

phenomena due to its weakness. Instead, the turbulence generated by the
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magneto-rotational instability (MRI) serves as the source of stresses in the
disk. Nevertheless, these stresses can be modeled as effective viscosity within
standard hydrodynamics, avoiding the complexity of magnetohydrodynamics
(MHD). The Shakura-Sunyaev "alpha viscosity" prescription is used to
parameterize these stresses. This approximation, based on dimensional
arguments, remains relevant today and can be described by the kinematic

viscosity coefficient,

Vs =2 lyvyg, (2.6.18)

where [j is the correlation length of turbulence and vy is the mean turbulence
speed. Assuming that the velocity of turbulent elements cannot exceed the
speed of sound (vy < cs, where ¢ is the speed of sound) and that the size of
these turbulent elements cannot be larger than the disk thickness (lp < H), we

have

vo = aHcs, (2.6.19)

where 0 < o < 1 is a dimensionless coefficient, assumed to be constant by

Shakura and Sunyaev.

In the particular case of a thin accretion disk, the viscous stress tensor has an

internal torque given by

5[0
Trgp A pv*rg. (2.6.20)

However, for this case 7(dQ)/9r ~ —Q) and ¢s ~ (P/p)/? ~ QH, so the

torque is 1,y = —aP.

2.6.3 Electromagnetic part

The magnetic field in accretion disks can play an important role, including
generating torque to extract angular momentum, transporting energy and
angular momentum out of the system, contributing to accretion disk jets, and

even harnessing the differential rotation of the disk to trigger instabilities



54 2.6. Accretion Disks

leading to significant processes such as turbulence, energy dissipation, and

angular momentum transport, which are necessary for disk accretion.

In some accretion disks around black holes, an ideal MHD description
can be assumed, where infinite conductivity and zero magnetic diffusivity
are considered. In this case, magnetic field lines are frozen into the
fluid, theoretically satisfying the homogeneous Maxwell’s equation for these

accretion disks
VP,(*P”V) =0, (2.6.21)

where F#, is the dual. If the magnetic field four-vector is defined as b* = u"Ftv,

then using the condition b*uu = 0, we can obtain
*F‘uv - byuv - byu;‘. (2.6.2.2)

Using this equation, the homogeneous Maxwell’s equation leads us to the

induction equation, where its spatial and temporal parts lead us to

a1(\/—gB') = —9;(\/—g(B'v — B/v')), (2.6.23)
3:(v/—gB") =0, (2.6.24)

where B! = u'b’ — u'b!, and g is the determinant of the metric.

2.6.4 The radiation

Another crucial aspect in accretion disks is radiation, as it serves as a
mechanism for carrying excess energy away from the system. In the case of
geometrically thin and optically thick accretion disks, radiation is often highly
efficient and dissipates the locally generated thermal energy, thus maintaining
the disk in a relatively "cold" state. On the other hand, for disks dominated by
advection-dominated accretion flows (ADAFs), radiation is inefficient, causing

such disks to remain geometrically thick and optically thin.

In the context of optically thin disks, the radiation emissivity € is composed of
emissivities: bremsstrahlung ey, synchrotron €gyncn, and their Comptonized
counterparts €pc and €sypen,c. In the case of the optically thick limit, the

diffusion approximation is commonly used with the total optical depth T =
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Tabs + Tes, Which accounts for both absorption and electron scattering. In both
cases, radiation emission is essential for the behavior and temperature of

accretion disks, resulting in the total emissivity being expressed as follows

€br + Esynch T €br.C + Esynch,c  Optically thin (T << 1),
€= 8Tt
3HT

optically thick (t >> 1),

where ¢ is the Stefan-Boltzmann constant. For the intermediate case, solving

the transfer equation directly is necessary.

2.6.5 Thin Disk model

Most of the analytical accretion disk models assume steady and axially
symmetric states of the matter accreting around the black hole. In all these
types of models, physical quantities depend solely on the radial spatial
coordinate r and the coordinate z, which defines the height relative to the
rotation axis, in the case of cylindrical coordinates. Furthermore, it is assumed
that the disk’s thickness is small rather than large. These thin disks then satisfy
the condition z/r << 1 throughout the matter distribution.

In the case of the Kerr geometry, the equations that describe the physics of a

thin disk model are as follows:

* The equation of continuity or conservation of mass in this model is

: 14
M= —2r2AY?———, 2.6.25
iv 262
where A = r2 — 2Mr + a?, ¥. is the surface density defined as
+H(r)
X(r) = / p(r,z)dz, (2.6.26)
—H(r)

here z = £ H(r) is the height limit of the disk surface. Furthermore, V
is the radial velocity of the gas measured by an observer fixed at r and

co-rotating with the fluid.
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¢ The expression for the conservation of radial momentum is given by

V dv A 1dP

e A 0 2.6.27
1—-V2dr r  Xdr’ (2.6.27)

where

MA (Q-0H)Q-0p)

A=— —
BAOQF 1-O2R?

, (2.6.28)

with A = (12 +a?)? — a’Asin?6, Q = u? /u' which defines the angular
velocity with respect to the stationary observer. ) = Q) — w is the angular

velocity with respect to the inertial observer and

M1/2

+ _
Qk _ :t(rB/Zj:aMl/Z)’

(2.6.29)

which are the co-rotating and counter-rotating Keplerian frequencies.

Moreover, R = A/ (r>A!/2) which is the radius of gyration.

* Another conservation law of the model is the conservation of angular

momentum, given by the expression

M A1/2A1/2
(L= L) = =———al], (2.6.30)

where £ = uy, which is the specific angular momentum, - is the Lorentz
factor, Il = 2HP which is considered as the integrated vertical pressure,

and « is the standard alpha viscosity.

* The conservation law for energy is given by the equation

CallAy?dQ 32T M1 (dP P dp

r3 dr 3k _27rrp I;—1 dr rl;a) , (2.6.31)

where T is the temperature in the equatorial plane, x is the average

opacity and

=pg"+4-36")1T3—-1), (2.6.32)
(4-3B")(rs—1)
(1- ﬁ/ﬁm)(')’g -1)+p

T3=1+ (2.6.33)
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where also,

B= Pas (2.6.34)
(Pgas+Prad+Pmag), o
Bm = L, (2.6.35)
(Pgus + Pmag)
pr = pl_Pn) (2.6.36)

3Bm
and 1, is the ratio of the specific heat of the gas.

¢ Additionally, along with these conservation laws, we also have the

expression for vertical equilibrium, given by

M L%2—-a%(&%-1)

= 2.6.37

Y.H? 2r4 ( )
with £ = —u; and represents the energy conserved due to time symmetry.
Shakura and Sunyaev ( , ) added a couple of extra

assumptions to the model in order to reduce these differential equations to

just a set of algebraic equations.

If the radial pressure and velocity gradients vanish and the rotation is
Keplerian, i.e., () = QI‘:, then the radial momentum equation (2.6.27) becomes
the trivial identity 0 = 0. Furthermore, the angular momentum equation
(2.6.30) only requires us to specify L;,. Thus, if we assume that the torque
vanishes at the ISCO,

Lin = Li(ISCO). (2.6.38)

In the energy conservation equation (2.6.31), it is assumed that the right-hand

side is equal to zero, meaning that advective cooling disappears.

Given that the model also assumes a Keplerian-type rotation Q) = Q" and
furthermore, Q) = Q)(r), the equation for energy (2.6.31) has, as its first term on
the left-hand side, the viscous heating term which becomes a purely algebraic
term due to the assumptions. Similarly, the second term becomes algebraic

and represents radiative cooling.

Therefore, due to the algebraic nature of the equations (2.6.25)-(2.6.37), they
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can be analytically solved for this model, for the outer, inner, and middle parts
of the disk.

While this model is very useful for understanding the physics of accretion
disks, the relativistic correction calculated by ( , ) is
even more accurate and is the one we will use in this study. Thus, considering
the scaling factors m = M /Mg, and 1it = Mc?/ Lg3 where L,y is the Eddington

luminosity.

For the outer region (P = Pgs, k = Kf [free-free opacity]), the solution of the

model’s equations is:

F = [7 x 10%%erg em 25~ (m~Lin)r, 3 B~1C~1/2Q,
y — [4 % 105g cm— ](Oé_4/5m2/10ﬁ1(7)>{10)7’*_3/4./41/108_4/5(:’1/22)_17/208_1/20Q7/10,
H = [4 x 10%cm)] (s~ 1/107118/20,j,3/20),9/8 419/20 3=11/1001/2)~23/40 £ ~19/40 g11/20
— [4 % 10%g cm™ ]( ~7/10,,=7/10,3,11/20),-15/8 A ~17/2033/10p~11/40 £17/40 g11/20
T — [2 % 108K]( _1/571'13/10)r_3/4A_1/108_1/51?_3/2051/20Q3/1O,
B/(1—p) = [3](a" 10 _1/1017'1_7/20)ri/S.A—11/2089/101?7/40511/40Q_7/20,
[

T/ Tes = [2 X 1072] (i~ V/2)r3/ 2 ATV 232DV g4 Q712

where r, = rc?/GM.

On the other hand, for the middle region (P = Pgas, k = Kes [electron-scattering

opacity]), we have

F = [7 x 10%%erg em 25~ (m~Liin)r, 3B~ 1C~1/2Q,
% — [9 x 10%g cm~2)(a~¥/5m1/51ii3/5)3/5 5415112 ~4/5Q3/5,
H = [1 % 103cm](“*1/10m9/10m1/5)r§1/20A876/5cl/2D73/5871/2QI/SI
— [4 % 10'g cm 3] (a7 10 7/10352/5), 733120 AL R3/SDL/5g1/2 925,
T — [7 % 108K] (06_1/5m_1/5m2/5)7’*_9/108_2/51)_1/5 Q2/5,
B/(1—B) = [7 x 1073 (a1 10y~ 1/10,5,-4/5),21/20 g=139/5p2/5¢1/2 9415,
[

T/ Tes = [2 X 1070 (™ 1)rd/ 2 A7 B> DV 2E1/2Q 71,
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and the inner region (P = Pgas, kK = Kes) are considered

F = [7 x 10%%erg ecm 2] (mYin)r, 2 B~1C~1/2Q,
Y. = [5g cm™ ]( L~ )ri/zA’ZBﬁCl/zﬁ'Q*l,
H = [1 x 10°cm](rh) A*2B-3C'/2D71e71Q,
po=[2x107° gcm ](tx =i =2) 32 A~4BODE2Q 2,
T =[5 x 107K] (a~ V4m~1/4)r3/8 4-1/281/251/4
[3/(1 — [g) [4 x 10~ ]( 1/4m71/4m72)r§1/8A75/2B9/2D85/4szl
=

(Tff/Tes) 1% 10~ ]( 17/16 1/1617'1_2)r23/32A_25/8841/8C1/2D1/2825/16Q‘z.

Here, if we consider y = (r/M)l/2 and a, = a/M, we have that

A=14a2y*+2a%y7°, B=1+ay>,
C=1-3y2+2a,y 3, D=1-2y*+ay "

14+ay3
y(1=3y=2+2a,y—3)1/%’

E=1+4+4a%y* — 422y +3aty® Qy=

3 y 3(y1 — a:)? (y—yl)}
= —yo—Zain (L) - 1
2= [y =t n(]/O) N —v2) 1 —vs) - \yo—m

_ 3(y2—a)® | (y=y2\ _ 3(pz—a) y=¥s
% {1/2(}/2—3/1)(}/2—3/3)1 <1/0—1/2> ys(ys—yl)(%—}/z)l (yo—ysﬂ

where yg = (rs/M)/2, and y1, y», and y; are the three roots of y® — 3y +2a, =
0; which is

y1 = 2cos[(cos ' a. — 1) /3],
Y2 = 2cos[(cos L a. + 1) /3],
y3 = —2cos[(cos ' a.)/3].

The solutions of Shakura-Sunyaev and Novikov-Thorne are limited to being
local solutions. These solutions assume that the viscous torque becomes zero
at the ISCO, introducing a singularity in the model at that point. For very low
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accretion rates, this singularity does not affect the electromagnetic spectrum
or several other crucial astrophysical predictions of the model. However, in
astrophysical applications where the inner boundary condition is relevant, such

as global modes of disk oscillation, the Novikov-Thorne model is inadequate.

Furthermore, the numerical implementation used in this work will be described

in more detail in Section (3).

2.6.6 HARM simulations

All extreme astrophysical phenomena, such as those occurring in the active
nuclei of galaxies, quasars, gamma-ray bursts, and even supernova explosions,
are likely driven by some rotating compact object that involves strong
gravitational and magnetic fields. These kinds of objects are known as
relativistic magnetorotators. While the physics governing these objects is
well understood, their description involves highly nonlinear equations, which

hinder their study both observationally and evolutionarily in astrophysics.

Although the difficulty of studying these objects is evident, approximations
can always be made using other physical models that aim to get as close
as possible to the conditions in these extreme environments. A first step in
understanding these environments is to model them through non-radiative
magnetohydrodynamics (MHD), so that the plasma accreting onto these objects
is treated as a fluid. This reduces the degrees of freedom of the system and

radiation fields can also be ignored.

The code presented below, HARM (High Accuracy Relativistic
Magnetohydrodynamics) ( , ), aims to be a method
for numerically integrating the equations of general relativistic
magnetohydrodynamic (GRMHD) fluid dynamics and primarily focuses
on evolving the ideal MHD equations for a Kerr spacetime. This involves
considering a gas torus in hydrostatic equilibrium that is threaded by a weak
magnetic field. Here, the magnetorotational instability ( ,

) generates turbulence in the torus, and the resulting stresses transport

angular momentum outward, leading to accretion onto the central black hole.
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2.6.6.1 Theoretical scheme

Theoretically, the code solves the following fundamental equations: the
conservation equation for the particle number, the conservation of the energy-
momentum tensor that can be expressed in terms of four equations, and
the induction equation. Now, considering ¢ = 1, the first equation is the

conservation of the particle number,
(nu"),, =0, (2.6.39)
where 7 is the particle number density, u" is the four-velocity, and ; denotes

the covariant derivative of the expression (i.e., f;; = V,f).

For numerical purposes, n can be rewritten in the coordinate basis as the

"rest-mass density" p = mn, where m is the average rest mass per particle,

1

V=8

where g represents the metric determinant.

9u(/—gput) =0, (2.6.40)

The equations representing the conservation of the energy-momentum tensor

for this model are,

TH, =0, (2.6.41)

where written in the coordinate basis,

ot(y/—8T) = —0;(v/=8T") + /—8T AT s, (2.6.42)

where i is the spatial index and I'*; are the Christoffel symbols.

On the other hand, if we write the explicit composition of the energy-

momentum tensor for this model, it is given by the perfect fluid part,
(TH)p = (o +u+p)utu’ + pgh, (2.6.43)

where u is the internal energy and p is the pressure. On the other hand, the

electromagnetic part is given by
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1
(TH)pp = FFAFY, — ZgV”FaﬁF”‘fB, (2.6.44)
here F*F is the electromagnetic field tensor or Faraday tensor (where also for
convenience the factor v/47 is absorbed in the definition of F*f).

Furthermore, if we adopt the ideal MHD approximation, in which the electric
tield disappears in the fluid’s rest reference frame due to the high conductivity
of the plasma (i.e., E4+ v x B = 0). Likewise, the Lorentz force for a charged

particle vanishes in the fluid’s reference frame.

u, F* = 0. (2.6.45)

Additionally, defining the magnetic field four-vector as,

1
bt = Eewmuva,ﬂ (2.6.46)
where e#'* is the Levi-Civita tensor. Substituting this into the equation for

the electromagnetic field’s energy-momentum tensor and given the condition
byut =0,

(T]/lV)EM — bzul’luV _|_ %bzgl’w — bev (2647)

Furthermore, if we sum (T*")r and (T"")gp;, we obtain the energy-momentum
tensor of MHD as

1
(T"Ypup = (o +u+ p+ bH)ulu’ + (Ebz + p) g — by, (2.6.48)

which is used for describing the matter in this accretion disk model.

Additionally, the evolution of the electromagnetic field is given by the source-

free part of Maxwell’s equations, °

Fuup + Fapy + Foru = 0. (2.6.49)

SThe rest of the equations define the charge J# = F*,, which are not needed for the evolution
of the field, as it happens in non-relativistic MHD.
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Taking the dual of this equation, Maxwell’s equations can be written in their

conservative form as

F*, =0, (2.6.50)

1
where Fj, = E(—:;WKF"A is the dual of the electromagnetic field tensor. In ideal
MHD, it can be proven that

P = plyY — pYul. (2.6.51)

Considering this definition, and since the components of b¥ are not
independent, given the condition b*u, = 0, the magnetic field vector B’ = F*if
can be defined, where the spatial components and the temporal component of

the tensor b* in terms of B! are written as

b' = B'ul'g;,, (2.6.52)
b = (B +btu') /ut, (2.6.53)

leading to the spatial and temporal components of the induction equation,

given by the expressions

o (y/—gB") = —aj(\/—g(bjui — b)), (2.6.54)
1 .
——0,(\/—g¢B") =0, 2.6.55

respectively. This defines the condition for no monopoles. All these hyperbolic
equations define a GRMHD model and are written in their conservative form,

allowing their numerical resolution using well-known techniques.

2.6.6.2 Numerical scheme

Since HARM employs a complex theoretical scheme that is not analytically
solvable in principle, numerical solutions are necessary to compute the desired
physical quantities for the accretion disk model. Therefore, the authors
decide to use a conservative scheme to define their variables. While a full
understanding of the numerical scheme is not necessary for the purpose of

this study, a general explanation of it and how it’s implemented is provided
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(for more details, refer to ( , ))-

Firstly, the authors define a vector of conserved variables for each time step in

the algorithm, given by

U=./—g(ou!, T, T, B, (2.6.56)

which is updated using the fluxes F. They also define a set of "primitive"

variables, which are interpolated to model the flow within zones,

P = (p,u,v',B), (2.6.57)

where v' = u'/ut is the f’)-velocity.6 To evaluate U(P) and F(P), one needs to
find u' and b*, which can be mathematically obtained from the equations of

the theoretical scheme and the condition g, u*u" = —1.

Since the value that gets updated is U instead of P, one must solve for P(U)
at each step. In HARM, this is done using the multidimensional Newton-
Raphson method. Given that finding P defines the core of the algorithm, this
calculation is done very meticulously, minimizing numerical errors as much as

possible.

To evaluate F, a MUSCL-type scheme with "HLL" fluxes is used, where the
fluxes are defined at the zone faces. This provides values for PR and PL, which

are the primitive variables on the right and left sides of each zone interface.
This allows the "HLL" flux F to be obtained.

However, the pure "HLL" scheme doesn’t preserve any numerical
representation of V - B = 0. To address this, the authors use a flux-interpolated
constrained transport scheme ( , ), which can preserve the numerical

representation of V - B = 0 by smoothing the fluxes with a special operator.

The approximate HLL Riemann solver doesn’t require eigenvectors of the
characteristic matrix, unlike Roe-type schemes. Nonetheless, it requires the
maximum and minimum wave speeds (eigenvalues), which also determine the
time step through the Courant conditions. In HARM, to obtain the wave speed,

a wavevector k;, = (—w,k1,0,0) is first found that satisfies the dispersion

The functions U(P) and F(P) are analytic in principle, but their inverse operations are not,
and the expression F(U) is not simple.
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relation D(k;) = 0 for the relevant mode. The wave speed is then obtained as
w/k1. The authors address this directly in HARM by finding the approximate

dispersion relation and the quadrivelocity in the fluid.

2.7 Beyond Einstein Gravity

Although the theory of General Relativity has proven to be effective in
describing the universe, it still has some shortcomings and is unable to solve
some current physics problems, such as understanding the inflation of the
universe, dark matter, dark energy, and its lack of compatibility with quantum
theory. For these reasons and more, the study of modified theories of gravity
is fascinating and important. In this subsection, I will present two solutions
of the slowly-rotating black hole type for two actions of modified gravity that
have corrections of high-curvature terms to General Relativity (

, ; , ). These types of corrections are significant as
they inevitably lead to quantum gravity approaches and are a solid prediction
of string theory. When considering the low-energy limit of the string theory,
higher-order contractions of the Riemann tensor appear naturally. These
contractions are present in the action of modified Chern-Simons gravity
( , ) and a'-corrected gravity ( ,

) presented here. We will study these two solutions, focusing on how they
behave near the horizon, and compare them with the Kerr solution to measure

how quantifiable their deviations are.

2.7.1 Slowly rotating Chern-Simons black hole solution

Following the work developed by ( , ) in the theory
of modified General Relativity known as modified Chern-Simons gravity
( , ), it can be observed that in this particular theory,
slowly rotating black holes can be found. This implies that they possess a spin
parameter, but it is conditioned by 4 << M. To obtain this type of solution,
one typically starts from the action principle of the theory, which in this case

is,

S = Sgy + Ssc + So + Swmat, (2.7.1)
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where

Sey = x /V d*x\/—gR, (2.7.2)
Soc = % /V dx,/—g8 *RR, (2.7.3)

—g /v d4x/—glg™ (Va8) (V,8) +2V(8)], (2.7.4)
Suuat = / 4%/~ Lonar. (2.7.5)

The first term on the right-hand side of the equation (2.7.1) is the standard
Einstein-Hilbert term, the second term is the CS correction, the third term is
the action for a scalar field, and the last one describes an additional matter

source with £, being some Lagrangian density of matter.

In these terms, the following conventions are used: ¥ = 1/(167G), « and
are dimensionless coupling constants, ¢ is the determinant of the metric, and
R is the Ricci scalar. Additionally, the quantity *RR describes the Pontryagin
density, given by

*RR = *R7, %R, 5, (2.7.6)

where
1
*Rabcd — §€CdEfRub€fl (2.7.7)

with €°¥f being the Levi-Civita tensor in 4 dimensions.

The field equations of this theory are obtained by varying the action (2.7.1), so
they are given by

o 1 1
Rab + _Cab = E (Tab - Egtsz) ’ (2-7-8)
B8 = [3— -2 *RR (2.7.9)

where C,;, is the C-tensor, given by

C% = v,el0y,RY) 4 v RUP), (2.7.10)
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where v, = V9, v, = V,V, 0, and R, is the Ricci tensor, and [ = V,V* is
the D’ Alambert operator.

On the other hand, the energy-momentum tensor in the field equations is

defined as follows

Ty = T 4+ TS, (2.7.11)

where T;Z“t is the contribution of matter to the tensor and be is the contribution

of the scalar field, with its expression given by
1
Tsz =B | (Va0)(Vy8) — E(Vaﬁ) (V) — gV (9) | . (2.7.12)

We note that in the modification of Chern-Simons gravity of Einstein, the
strong equivalence principle is preserved (i.e. V,T% = 0). This is because
when one takes the divergence of the field equations, the first term on the
left-hand side of the first equation vanishes due to the Bianchi identities, while

the second term is given by
ab 1 s
V,C" = —3gv RR, (2.7.13)
where the equality of this contribution to the energy-momentum tensor leads

to the second equation shown in (4.2.1).

There are two different formulations in the theory, the non-dynamic and
dynamic formulations. The non-dynamic formulation is obtained by setting
B = 0 in equations (4.2.1), so that

e 1 1
R, + Ecﬂb =5 (T;g,ﬂf — EgabT”W> , (2.7.14)
0 = *RR. (2.7.15)

On the other hand, for the dynamic scheme, B can be arbitrary.

Now, using a perturbative approach, of the form

gar = 89 + 7 (8) + 2512 (9) + O(®), (2.7.16)
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where gflg)

(

a

(z) (9)

is some background metric satisfying the Einstein equations, g,

and g i) (9) are first and second-order perturbations of CS in the metric that
depend on ¢. Additionally, the parameter { serves as book-keeping to label

the small coupling approximation of the theory.

Furthermore, an expansion is performed in terms of the rotation parameter of

each component of the metric as follows

s =+ g @7.17)
g = Ty + day "+ et 27.18)
ey =iy + Pahg? + Cathy”. (2.7.19)

From this expansion, it is possible to find a slow-rotating black hole solution,
with the ansatz given by the Hartle-Thorne approximation, where the line

element is parameterized by

ds? = —f[1 + h(r, 0)]d + %[1 +m(r,0)]dr? (2.7.20)

+72[1 +k(r,0))d6% + 1*sin® 8[1 + p(r,0)][dp — w(r,0)dt]>.  (2.7.21)

Here, f =1 —2M/r is the Schwarzschild factor, and the line element is written
in Boyer-Lindquist coordinates. From this and the perturbative expansion of

the metric, it is possible to find the following line element

5
ds? = dsi + ZCCS

a &5 12M N 27 M?
M r4 7r 1072

) sin® fdtd, (2.7.22)

where ds? is the slow-rotation approximation of the Kerr metric, and

furthermore

w2

Ccs = BV (2.7.23)

is the weak coupling parameter, limited by {cs << 1 to be an effective gravity
theory ( , ). On the other hand, the scalar field ¢ is

5a a 2M 18 M?
9 = ggm <1 + T + 5}"2 ) COS 9, (2724:)
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which is the solution to the field equations of the theory to order O(a().

Some of the properties of this solution are its separability under the Hamilton-
Jacobi equations ( , ), and the positions of the event horizon
and the ergosphere are the same as in the case of Kerr (see Section 2.5.1.1
and 2.5.1.2). Due to the perturbation decaying as 1/r4, it indicates that this
solution is also asymptotically flat, and hence, the Arnowitt-Deser-Misner
(ADM) formalism’s mass and angular momentum remain unchanged. One
way to understand this is by calculating the energy for the scalar field outside

the horizon, which is given by

_ 16857K a?

9= 3364 MYCS

(2.7.25)

From this, we can observe that the term a?{cs goes beyond the perturbative
approximation we are working with, hence the contribution of the scalar field
to the total energy is zero, leading to the unchanged ADM mass and the

horizon area; the same can be done for angular momentum.

On the other hand, since the scalar field ¢ for the perturbation at this order
depends on the mass M and the rotation parameter a, we cannot necessarily

claim that it constitutes a violation of the no-hair theorem.

An interesting case where there is a deviation in this solution is the location of

the ISCO radius, which in CS gravity is given by

Risco = 6M F

2
4?” _ et | 77V6alcs (2.7.26)

18M 5184

where the upper sign is for co-rotating geodesics, and the lower sign is for

counter-rotating geodesics.

2.7.2 Slowly rotating o’ theory black hole solution
With the intention of performing the study of Kerr deviations given by another
modified gravity theory in ( , ; , , )

and ( , ) we studied the following principle of
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action related to string theory at low energy

S[guu ¢] = /M dix\/—ge 2[R +4(V¢)? (2.7.27)
+ a(Ryyp o RIM) — AR, RMY + R? — 16(9,90" $)? + O(a?)]. (2.7.28)

Considering the case where d = 4 the field equations are

R +40,¢0°¢ +4S", + aLgp —

1
320 (V” (0pp0°p) Db + (3ppd°p) Sy + 3 (ap4’ap¢)2) =0,

(2.7.30)
where G,y = Ryy — %ng is the Einstein tensor, and where
Spr = €V, (€7HVop) , Loy = R Ryyp — 4RRyy + R, (27.31)
and

Hyy = SR — 457, Ry +25% Ry + 287 Ryorv (2.7.32)

—8 (9p90°)) 0updup + Gy (2 (9p93°9)” — SR + ZSUARA0> :

Lagrangian Lgp is the integrand of the 4-dimensional Chern-Gauss-Bonnet
topological invariant which, in the absence of the dilaton and in d = 4, yields

the Euler characteristic; this is the EGB quadratic gravity Lagrangian.

In this context it is possible to find a static and a slow rotating black hole
solution, both of which can be found in ( , ). Slowly
rotating approximation can also be found following the similar perturbative
method as before. At first order in a and including the rotation parameter in

linear and quadratic terms as well as in terms of the form aa, the solutions
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reads

713

1 ~ ((p—r)cos*0+2r)a*\ ,
( e " ar? (2.7.33)

2, cind
(2 eosto) o (P4 ) sios T ) o

2 29 : 29
dSZI— <1_%+w+0‘f1 (1,)> dt2+2ﬂ (_VSI? —|—lxht(p (7’,9)) dtd(p +

with
2y 5y 4 8
fi (r)_r_4+ﬁ+r_2_ﬁ’ (2.7.34)
40 wu 2
i) =-35+3+5, (2.7.35)
A 2 2
ity (r) = sin2@ (% LAt ?’r}f - 6r ) , (2.7.36)

and with C being a new integration constant that, at this order, comes
to renormalize the angular momentum; see (2.7.40) below. The scalar

configuration is
2y 1 2

One can verify that, expanding both in the Gauss-Bonnet coupling, «, and in
the rotation parameter, g, all the field equations are solved at the right order;

namely
Ep = O (ocaz, (xz) . (2.7.38)

The angular momentum can be computed by using the Wald formalism, which

yields a form

J=- /S Q[0 (2.7.39)

2
with Q[d,] representing the Hodge dual of the Noether pre-potential for the

Killing vector d,. The angular momentum of the spacetime is given by

_ap [, _aC
]—2G (1 y). (2.7.40)

Solution (2.7.33)-(2.7.36) gives string theory modification to Kerr geometry.
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In particular, we see order O(aa) modifications to the off-diagonal term in
the Boyer-Lindquist coordinates. This will result in deviations from the GR
prediction of the Lense-Thirring precession. It will also induce modifications

to the spheroidal shape of the shadow of a rotating black hole.



Chapter 3. Computational methods 73

Chapter 3
Computational methods

To better understand our work, in this chapter, we address the numerical
and computational methods employed to obtain and analyze images of black
holes. We begin with a brief historical overview of black hole imaging and its
relationship with ray tracing in obtaining these images. We also describe the
ray tracing algorithm in use and the primary code utilized for obtaining the
images, offering insights into its internal structure and its application of fluid
physics and radiative transfer concepts in image generation. Furthermore, we
mention auxiliary methods applied in post-processing the images for analysis

and interpretation.

Black holes are fascinating objects that involve extreme physics near them.
Until the early 1970s, we only had some theoretical and mathematical ideas
about their behavior, especially near their event horizon and beyond. Ten
years after Roy Kerr’s publication ( , ) on the geometry of a rotating
black hole, James Bardeen ( , ), based on the analytical work of
Brandon Carter, studied how photons followed null geodesics around a black
hole, providing an approximation to the shape of the black hole’s shadow as
seen from a distant observer. At the same time, Chris Cunningham, under
Bardeen’s supervision ( , ), studied the circular
orbit in the equatorial plane of a star around an extreme Kerr black hole, taking

into account the relativistic Doppler effect on the star’s luminosity.

In 1978, under the guidance of his doctoral advisor Brandon Carter, Luminet

studied the appearance of a luminous accretion disk around a Schwarzschild
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Figure 3.0.1: First simulated image of a thin accretion disk around a
Schwarzschild black hole ( , ).

black hole ( , ). These accretion disks are present in systems with
binary stars that have black holes of certain solar masses and in the centers of
many galaxies that have black holes with masses ranging from a few to millions
of solar masses. Luminet calculated the bolometric appearance (considering
all wavelengths) of a thin accretion disk around a stationary black hole, as
seen from a distant observer or a photographic plate. Initially, he conducted
a geometric calculation, noting that the gravitational lensing effect gave a
distinctive quality to the appearance, allowing the entire disk to be seen when
observing the black hole head-on from the equatorial plane due to the strong
gravity around it. He then performed a numerical calculation, taking into
account the thin disk model by ( , ) its relativistic
version by ( , ), obtaining a historic image of the black hole.
Additionally, he observed that the frequency shift caused by Einstein’s gravity
and the Doppler effect were significant in the image, showing a contrast on
both sides of the image depending on the direction of motion of the accreting

material.

Later, other authors performed similar analyses, adding colors and obtaining
similar figures. However, around 1990, experts in general relativity and
computational programming such as Berkeley and Jean-Alain Marck generated
the first simulated images of a Schwarzschild black hole ( , ),

expanding on Luminet’s work in 1979. These simulations represented a
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groundbreaking computational approach to the physics of black holes, and
although images were recorded, there were no published details about the

algorithms used.

Regarding Ray tracing algorithms, the first work that explicitly used this
method to visualize the appearance of Schwarzschild and Kerr black holes
was developed by ( , ). This work marked the beginning of
extensive research on the appearance of black holes and accretion disks using
different plasma models and improvements in algorithms and computation

for Ray tracing simulations.

In our work, we used the publicly available Raptor I code to obtain images of
accretion disks around Kerr black holes, considering various deviations from
this geometry. We employed two accretion disk models: the numerical HARM
model ( , ) and the analytical Thin Disk model developed
by Page and Thorne. We will describe how the Ray tracing algorithm works
in general and how it is applied in the Raptor I code ( , )-
Additionally, we will provide a detailed overview of the code’s functioning,
from its inputs and integration algorithms to the implementation of the disk
models and emission models. Finally, we will explain how the code solves
the radiative transfer equation to obtain the intensity in each pixel of the final

black hole image.

3.1 Ray-Tracing

Ray tracing is an image rendering technique based on simulating the path of
light rays and their intersection with objects in a three-dimensional scene to
produce images as realistic as possible. The first historical record was given by
( , ), which was later improved by ( , ) and first used in

the generation of images of black holes, as mentioned previously by (

, 1997).

The algorithm is responsible for generating these realistic images based on the
path of the light rays traced back to a screen, where the image is drawn at each
pixel and captured by a camera or observer. In Figure 3.1.1, the functioning of

the algorithm can be seen schematically.
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Figure 3.1.1: An esquematic diagram of the ray tracing algorithm (

Image

Camera / 8 Light Source

=l View Ray

Scene Object

).

The process can be divided into several steps,

First, primary rays are generated from the camera, passing through each

pixel on the screen.

Then, the algorithm checks if these primary rays interact with any object

in the scene.

If the ray intersects, the algorithm proceeds to calculate the position of

the intersection with the object in the scene.

After obtaining this position, the algorithm considers how light from any
light source in the scene interacts with this particular point and what

properties the light has at that point.

At the same point, the algorithm verifies if there are other objects in the
scene that may cause light attenuation, shadow, or other effects at this

position.

If the material of the object in the scene has been given reflective or

refractive properties, these properties are also calculated at that point.

Finally, all the properties of the light at that point are combined, and

the intensity, color, and other properties of the image projected onto the
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respective pixel on the screen are obtained, corresponding to the position

where the light ray interacted with the object.

* Thus, by repeating this process for each pixel on the screen, the algorithm
can obtain the final image viewed from the perspective of the observer

or the camera.

This description of the algorithm is general, but it gives us an idea to
understand the algorithm used in the Raptor I code, which is used in this

study and which I will describe next.

3.2 RAPTORII

The Raptor I code designed by ( , ) is an open-source
code written in C programming language, was designed with two objectives:
minimizing physical assumptions in arbitrary space-times and enabling time-
dependent radiative transfer. It efficiently utilizes the GPU and CPU of the
system. By employing a ray-tracing algorithm, the code calculates the intensity
seen in each pixel of a virtual camera positioned in the observer’s frame.
The trajectory of photons around the black hole is determined by solving the
equation of the null geodesic. Once the photon trajectory values are obtained,
the radiative transfer equation is solved to determine the observer intensity

and the black hole image is then obtained.

One of the main advantages of RAPTOR I is that it is possible to integrate
radiative transfer problems in generic black hole spacetimes, as proposed in
alternative theories of gravity, as described in sections (2.5; 2.7). Therefore,
the calculation of the geodesic equations and the radiative transfer equation,
which will be presented in the following sections, is made independent of the
coordinate system or the geometry of the spacetime. Given this, it is important
that the coordinate system used in RAPTOR be accurate near the horizon and
also compatible with GRMHD simulations; thus, spherical-polar coordinates
are commonly used with the radial coordinate in logarithmic scale and a
denser polar coordinate mapping near the equatorial plane. These types of
coordinate systems are known as modified coordinate systems, see (

, ). In this work, two coordinate systems are used: the Modified
Kerr-Schild (MKS) coordinate system and the Modified Boyer-Lindquist (MBL)
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coordinate system, which can be found in Appendix A of ( ,

)- Additionally, a change of coordinates from the Kerr-Like metric to the
Modified Kerr-Schild-Like (MKSL) coordinates was performed (A) for its use
in RAPTOR L.

3.2.1 Inputs and Outputs of the code

The advantage of using RAPTOR for work lies in its great versatility when
selecting code inputs. One of its main benefits is the ability to choose
the spacetime in which we want to work. This is done directly in the file
parameter.h, where it’s possible to manually change the spacetime. On the
other hand, if a spacetime that is not included in the code needs to be used, it
can be added manually in the metric.c file. In this file, the metric should be
added in both its covariant and contravariant forms. Additionally, the initial
wave vector function should be modified as necessary for the given spacetime.
The connection can be calculated or manually entered in the same file. The

code takes care of the rest by itself.

Furthermore, the direct inputs of the code during execution can be modified

in the model.in file, where they are specified. Furthermore, using the terminal

Inputs
Mg [g]

Mt [g]
Absorption [-]
Image grid (Nx, Ny)
Camera size (&, B) [Rg]
Frequency at observer [Hz]
Stepsize

Table 3.2.1: Inputs for RAPTOR code.

when executing RAPTOR, you can select the file model.in, the dump file to
work with, Mp;t (similarly to the model.in file), the inclination angle 6y, Ry;qp,

R}y, and the initial temporal photon wave vector value.
Moreover, the value of Ty /T, can be chosen in the raptor_harm_model.h file.

Regarding the code’s outputs, RAPTOR has three types of outputs. The first is

a file containing the image in .dat or .vtk format, which contains the intensity
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values in Jansky [Jy pixel %]. The next output is a file that contains information
about the frequency at the observer and the energy spectrum. Lastly, it is
possible to enable, in the parameters.h file, the writing of an output file that
records the geodesic trajectory for each ray emitted from the camera towards
the object.

3.2.2 Virtual camera

Raptor I implements ray tracing by generating a virtual camera, where the
inclination of the observer is given by i, where i = 90° is looking at the black
hole along the equatorial plane and i = 07, is looking at the black hole along
the direction of its rotation axis, further this camera is characterized by the
affine parameters a and B (celestial coordinates) defined by (

, ) in the case of Kerr geometry. Where « is the distance from the
black hole rotation axis and g is the distance in the direction perpendicular
to «. The initial conditions for the wave vector k* in the Kerr geometry (BL-

coordinates) is then constructed following as

L= —aEv1— cos?i, (3.2.1)

Q = E?[B* + cos®i(a® — 1)], (3.2.2)
ki = —E, (32.3)
ky =1L, (3.2.4)
ko = sign()1/|Q — L2co26 + E2 cos? 6. (3.2.5)

Here, E is the energy of the wave vector, L is the angular momentum of the
wave parallel to the black hole’s rotation axis, and Q is the Carter constant
( , ) from equation (2.4.17). The radial component of the wave vector,
k", is fixed by the condition that it is a null vector, that is, k*k, = 0 (kK" can
be positive or negative depending on whether the light rays are outgoing or

ingoing, respectively).

3.2.3 Numerical integration of the geodesic equation

In general relativity and in theories where motion is dominated by metric

equations, test particles tend to move along geodesic paths. These trajectories
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can be described by the geodesic equation shown in (2.2.8). Massive particles
tend to move on timelike geodesics and are governed by the interval
dxt dxV
gwEE =-1, (3.2.6)
where T represents the proper time measured by an observer co-moving with
the particle. In the case of photons, which are massless particles traveling at

the speed of light, they follow null geodesics; hence, we have,

dxt dx¥
SN gn 0, (3.2.7)
where the geodesic equation is parameterized by the affine parameter A, for

which there is no proper time elapsed.

The geodesic equation can be solved analytically or numerically depending
on the case. As an analytical example, we have the Schwarzschild and
Kerr metrics in specific scenarios. In Raptor I, this equation is solved
using numerical algorithms as it transforms into four coupled second-order

differential equations

dx® N
=K (3.2.8)
dk®

To solve these equations, we initially need appropriate initial conditions and a
good numerical integrator such as Runge-Kutta or Verlet, which are algorithms

used by Raptor and are described below.

3.2.3.1 Runge-Kutta

The Runge-Kutta algorithm is one of the most popular ones used in a wide
variety of fields for solving ordinary differential equations. It has several
versions, such as second-order, fourth-order, and even sixth-order Runge-Kutta,
each with different levels of precision. The most widely used version within the
community and implemented in Raptor is RK4 (fourth-order Runge-Kutta). In

the case of the geodesic equation, we must consider eight dependent variables

IThe Lorentzian signature is (-, +, +, +), and we use geometric units (i.e., G =c =1)
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defined by x* and k%, and we also need to evaluate 32 update coefficients for

the integration. Transcribing this into equations, it appears as follows:

Cire = AAKY, (3.2.10)
Cope = AA (k“ + %cl,xa) ) (3.2.11)
Cape = AL (k“ + %cz,xa) ) (3.2.12)
Cyre = AA (K" + C310), (3.2.13)
Ciie = AAfY (X, KY), (3.2.14)
Coje = AASE <x" + %cllxi,kf + %cw) , (3.2.15)
Caje = AASE <xi + %czlxi,kf + %cz,ka) , (3.2.16)
Cape = AAF® (xl' +Cy ik + cg,ka) ) (3.2.17)

(3.2.18)

where the function f* represents the right-hand side of the geodesic equation,

and the index i represents all components, mixing wave vectors with positions,
that is, f*(x', k') = f*(x!, x%, 23, x%, k', k2, K3, k*).

Taking this into account, you can update the values of these components, such

as,

1
X%, = x% 4 E(CW +2Cp pt +2C3 20 + Cy ) + O(ANY), (3.2.19)

1
K, = k" + E(CW +2Cypa +2C34a + Cya) + O(AN). (3.2.20)

3.2.3.2 Vervlet

While the RK4 integrator described above is one of the most accurate, there are
others that can be even more precise. Calculating the connection coefficients is
one of the most computationally expensive tasks. Next, I will present another
integration algorithm called Verlet ( p ), used by Raptor I and
also employed by other authors such as ( , ; ,

), proposing it as a faster alternative to RK4, as it evaluates the connection

coefficients fewer times, the algorithm is
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N Y ak? (AL)? (3.2.21)
n+1 n n 2 a\ ; s
v 5 RV (3.2.22)
n+l,p — "n ) ’ o
n
dk" o o H v
ax) = Tk K (3.2.23)
n
1 [/dk* dk®
o I - “n “wro
ok 1 [(5) (%) e

This algorithm improves precision by using Eq. (3.2.24) to calculate the
derivative Eq. (3.2.23) with k¥n 41, p = k¥n and reevaluating it in Eq. (3.2.24).

The complexity of studying spacetimes with geometries representing black
holes is that numerical integrations become difficult near the horizon due to
possible coordinate singularities. Given this, the authors ( , )
and ( , ) introduced an adaptive step-size routine AA to

enhance the efficiency of integration algorithms in challenging regions, in this

case
dA = L (3.2.25)
AT [dA e T+ |dAs Y o
where
dra =€/ (K| +9), (3.2.26)
dA 2 = e min(x?,1 — x%) /(|K®| +9), (3.2.27)
A\ =€/ ([k?] +9). (3.2.28)

Here, J is a very small positive value that ensures there is no possible division
by zero, and € is a positive scaling parameter, which influences the scaling of

all the steps.

3.2.4 Radiative transfer

With the null geodesics already calculated for the light rays traveling from
the observer to interact with the black hole, it is then necessary to compute
the radiative transfer equation along them. The radiative transfer equation in
RAPTOR is implemented without accounting for radiation refraction effects

due to plasma, which is a good approximation if the radiation frequency is
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higher than the plasma frequency (i.e., v, = 89801t/ where n, is the electron

number density). Additionally, all forms of scattering and polarization can be

included in simulations with ray tracing, but in this case, they are not included.

RAPTOR calculates the radiative transfer equation, taking into account changes

in the plasma structure during the light transport, which are usually ignored.

The radiative transfer equation for the Lorentz invariant I, / v3, where I, is the

specific intensity of radiation at frequency v, is thus given by ( , ),
d Iy jv I,
— (L) =4 — 2.2
A (1/3) 2 (1/3) ’ (32.29)

where A is the affine parameter, defined to increase as the ray travels from the
plasma to the observer, v is the frequency of the photon, j, is the emission
coefficient of the plasma model, and «, is the absorption coefficient of the
plasma. All these quantities are calculated in the inertial reference frame that
is moving with the plasma (i.e., plasma frame). In the case of unpolarized
radiation, a change of reference frame is necessary to obtain the intensity in
the observer’s frame. Therefore, the frequency in the fluid’s reference frame is

given by,

v=—k"u,, (3.2.30)

where k* is the contravariant wave vector and u, is the covariant tensor for the
four-velocity. Thus, the value of v is used here to relate the absorption and
emission coefficients in the fluid’s reference frame to their Lorentz-invariant
counterparts, eliminating the need to explicitly construct the fluid’s reference

frame.

The integration of equation 3.2.29 from Ag to A,y allows us to find the intensity
observed by an observer. By relating this intensity to the intensity in the

plasma’s reference frame, it is possible to derive the following relationship
— L 3
Ly ops = 3 Vobs: (3.2.31)

On the other hand, Equation 3.2.29 can be directly integrated. However, much

more accurate results can be achieved numerically by solving the radiative
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transfer equation reformulated in terms of the optical depth (see

( )) Tv given by,

A
7(A) = /A vayd. (3.2.32)

0

Additionally, it can be noted that the optical depth in this case is a Lorentz
invariant. Therefore, the solution to the radiative transfer equation using
optical depth is given by the expression,
by = ! NI g 3.2.33
@) = S ep(-n) + [ ep-(n-w)Sdy, (3239
v,0

v

where T, ¢ describes the starting point of integration along the null geodesic.

It is possible to solve the above equation iteratively for each step of integration,
assuming that j, remains constant throughout the integration. Thus, the
equation becomes

I, I jv
V_g(TV) = W(TV,O) exp(—T) + B,

(1—exp(—mw)). (3.2.34)
By integrating in the opposite direction along the null geodesic compared
to previous approaches, a numerically more efficient method is achieved
for calculating the intensity perceived by the observer. This implies that by
splitting Eq. (3.2.34) into two separate equations for intensity and optical depth,
from the observer’s position toward the plasma, a particularly advantageous
approach to the problem is obtained. In this specific direction, it is established
as a requirement that the intensity at the observer’s position increases
monotonically with respect to the affine parameter A. This parameter is
the one describing the trajectory of rays in the opposite direction to A, as

defined in the previous scheme.

In addition to these improvements, this method offers three additional
advantages. Firstly, it allows for the simultaneous integration of the null
geodesic and specific intensity. Moreover, it enables halting the integration of
the null geodesic when the optical depth between the current location and the
camera exceeds a threshold value. Secondly, it eliminates the need for a data

structure to store the null geodesic in memory before performing radiative
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transfer calculations. This is because we simply integrate the observation
alongside the geodesic itself. Thirdly, this method enables the calculation
of suitable integration step sizes for both the null geodesic and radiative
transfer integration, selecting the minimum value between the two. This choice
prevents situations where the null geodesic integration, treated separately as
if in a vacuum, rapidly advances through a plasma that is densely opaque
in a significant frequency range. This can lead to inaccurate calculations and

radiative transfer problems.

Then equation can be written as

d IV,ObS - jv —
dA ( v, ) 12 exp (= Ty,obs(A)) (3.2.35)
where
A
(1) = [ au(Npud (3.2.36)
obs

Thus, with these equations, the total invariant intensity in the observer’s
reference frame can be obtained, taking into account the redshift effect.
In RAPTOR, to solve the differential equation (3.2.35), the corresponding
emissivity coefficient is calculated, as well as the absorption-dependent optical
depth for each step of the ray’s path. This is numerically solved through a
simple integration, summing up all the intensities that contribute to each of

the pixels.

3.2.5 Emission model

3.2.5.1 Thin disk emission

Since for an analytical description of a thin accretion disk like that of
Novikov-Thorne, it is necessary to know all the analytical values of the model
in order to control the physical variables and ensure the accuracy of the
description. We choose the radiative description of this model to be defined by
thermal equilibrium blackbody emission due to its simplicity and effectiveness.

Therefore, the flux is related to the disk temperature according to the standard
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Stefan-Boltzmann law, as
F(r) = aTj(r), (3.2.37)
which has a local intensity given by

1
IV = i . BV(V, TCOZ)/ (3238)

col

where

2hv? 1
¢z exp(hv/kgT,y) — 1’

By(v, Teor) = (3.2.39)
where Teoi () = feorTeff(7), feor is the spectral hardening factor, and By (v, Teo1)
is the Planck function that describes the behavior of the blackbody spectrum.

Additionally, in this case, it serves as the emission and absorption coefficient,

as it relates to them as B, = j, /«a,.

Thus, in this case, the intensity as seen from the observer’s reference frame is
y

given by the expression,

ngs BV(VI Tcol)

v3 4
col

3
_VobsI _
3 VT

L ops = (3.2.40)

In RAPTOR, this is implemented in the simplest possible manner, within the
radiative transfer equation where direct calculations of these values are used
and integrated for each pixel of the image. That is, in each step that follows

the wave vector, this total intensity value is calculated.

3.2.5.2 Synchrotron emission

Since the dominant emission in many low-frequency models for black holes,
such as the one found in Sgr A¥, is synchrotron emission from a magnetized
and relativistically hot plasma, it is worthwhile to consider this type of emission
for more realistic descriptions of black holes and with much more complex
models of accretion disks. In our case, we employ this emission type to perform
image calculations using the HARM disk model with the aim of understanding

how radiation transport behaves under deviations from the Kerr metric.
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Therefore, in this model, we have that

©, = kg > 1, (3.2.41)

eC2 o

with kp as the Boltzmann constant, T, being the electron temperature, and m,
its mass, the emission and absorption coefficients of the synchrotron model
depend on the electron’s distribution function. Assuming that the electron

follows a relativistic Maxwell-Jiittner distribution function, it is given by the

expression
nTH
Vrr—1 O,)
nH(y) =" T oP(=1/0:), (3.2.42)
) K2(1 /©p)
where n]H is the electron number density acting as a normalization constant,

obtained by integrating the distribution function over all possible Lorentz

factors for the electron, i.e.,
nIt = /1 nIH(y)dy. (3.2.43)

Moreover, 7 is the Lorentz factor for the electron, and K; is the modified
Bessel function of the second kind. The emission coefficient j, for synchrotron
emission is obtained by integrating this coefficient for a single electron over
all energies described by the aforementioned distribution function. Since this
function involves a Bessel function, direct integration is challenging. Therefore,

RAPTOR employs an approximate expression for the emission coefficient

provided by ( , ), so that the emission coefficient is
2, TH
TH _ V2nen, 1/2 | 911/1241/6)2 1/3
v,0) = ——— (X" +2 X exp|—X , 3.2.44
w0 = S o Pexp(-X'72),  (3244)

where X := v /v;, and vs defines the critical frequency for synchrotron emission,

given by

2/ eB
=3 ( ¢ C) @2sin6, (3.2.45)
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where B is the magnetic field in the inertial reference frame, 0 is the angle
between the photon wave vector k¥ and the magnetic field four-vector
b' in the fluid’s reference frame, and e is the elementary electric charge.
Here, the emission coefficient is given in CGS units, thus having units of
[ergs 'Hz 'em~3].

For the HARM model used, where frequencies v ~ 10'Hz, the emission

coefficient approximation is quite reliable.

On the other hand, the absorption coefficient for the thermal electron

distribution can be derived from Kirchhoff’s law, where

TH it
= 2.4
YT B, T (3:2.46)
where B, (v, T) is the Planck function (3.2.39), and where the temperature is
given by the term solved from equation (3.2.41), which is

_ mec?@,

=== (3.2.47)

So the expression becomes,

2hv 1
¢z exp(hv/(mec?@,)) — 1’

B,(v,T) = (3.2.48)
As the GRMHD simulations in the HARM case use geometrical units, the
plasma variables need to be rescaled using the scaling factors for the rest
mass density, pp = M/ £3, and the scaling factor for the magnetic field
By = c\/4mpg. Here, L = GM/c*> and T = GM/c? are the scaling factors
for length and time, respectively. It's important to note that these are only
functions of the black hole mass, where M is the mass scaling factor and is a

free parameter of the model.

On the other hand, the electron number density used in this model is given by

the expression,

_ Po -3
e = p (o + mp)cm , (3.2.49)

where m, and m, are the electron and proton mass, respectively.
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3.2.6 Fluid model

For the study of this thesis, two fluid models were utilized. The first one is

the analytical model of a thin accretion disk studied by ( ,
) and its relativistic version by ( , ). This model is
implemented in RAPTOR in a semi-analytical manner, similar to ( p )

for GRTrans, among many other authors. This model will serve us to explore
the Kerr, Kerr-Like metrics, and even the metrics studied in section 2.7, given
its easy implementation and the ability to control all variables within this
model due to its simplicity. On the other hand, we also used a more complex
numerical plasma model called HARM, developed by ( , )
which is dedicated to conducting GRMHD simulations based on the Kerr
metric as a background. For this reason, the study conducted on Kerr-Like
metrics with this model is more focused on understanding how these types
of deviations affect radiative transport in the image of the black hole. In the
following two sections, I will present more details about these models and
how they are implemented in RAPTOR.

3.2.6.1 Novikov-Thorne Thin disk model

RAPTOR implements the analytical thin disk model by ( ,

) and ( , ) for the accretion disk. In this model, the
accretion disk extends from the inner radius r;, = r1sco, which is analytically
calculated for Kerr and Schwarzschild black holes in RAPTOR, and numerically
in our case, to an outer radius 7,,+ = 1000R,. Consequently, the particles within
the disk move in nearly circular orbits at the equator, gradually being accreted
by the black hole. As explained in (2.6.5), this model assumes the absence of
torque at the inner edge of the disk.

The pixel intensities in the resulting image are obtained using the radiative
transfer equation (3.2.35), while the algorithm determines the plasma frequency

using the equation

v=—k"u,, (3.2.50)

where k* represents the wave vectors originating from the camera, and u, is

the 4-velocity in the plasma’s frame within the accretion disk.
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Since the model assumes a geometrically thin and optically thick disk, it is

inferred that the plasma’s 4-velocity is Keplerian, as given by the expression
u* = {ut,ur, u? u"’} ={A4,0,0, A0}, (3.2.51)

where

-1
A = . 3.2.52
\/gtt +2081p + gy 0252
Here the components of the metric g, are calculated for the corresponding
spacetime in Boyer-Lindquist coordinates.

Additionally, if necessary, RAPTOR numerically transforms the 4-velocity to

Kerr-Schild coordinates.
With these values already defined, the code calculates the energy flux from the

equation

F(r) = gy fas(r), (3.259)

where M is the mass accretion rate and

L,
faisk(r) = ——= J=R(E—OL.J (E— QL) —Zdr, (3.2.54)

where ¢ is the determinant of the metric.

dQ M? /T

Tin

This equation, when implemented in RAPTOR, is solved through two distinct
approaches: the first one analytically for the Kerr case ( ,
), and the second one numerically, implemented by us using trapezoidal

integration for the Kerr-Like spacetime.

With the energy flux calculation already performed, utilizing the emission
model provided by (3.2.5.1) and the radiative transfer equation, it becomes

possible to obtain the intensity measured in each pixel of the observer’s camera.

Therefore, when the algorithm is applied correctly, it becomes feasible to

generate images as shown in Fig. (3.2.1).
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Figure 3.2.1: Thin-disk simulation for BH with a mass 10M and spin a =
0.99 M. With angle of view i = 30°, i = 60° and i = 90°.

The input values for test purposes were for the Kerr case:

| Parameter | Thin-disk test value |
a 0.99M
Mgy 10M,,
dsource O-OSPC
Veam 241 x 10YHz
Fcam 10*R,
Resolution for [x, y] [300, 300]px
Range for [, f] [—15,15] R,
M 1.399 x 10¥¢/s
r1sco 1.24Rg
Tout 1000Rg
stepsize 0.001

Table 3.2.2: Settings extracted from the test using in ( )-



92 3.2. RAPTOR I

3.2.6.2 HARM model

RAPTOR includes the possibility to read data from HARM simulations,
which contains all the information about the disk model. In this case,
as described in Section (2.6.6), the simulation for this type of study was
carried out using a hydrostatic equilibrium gas torus crossed by a weak
magnetic field. HARM evolves the ideal MHD equations in the Kerr spacetime,
where magnetorotational instabilities generate turbulence in the torus, and
the resulting stresses transport angular momentum outward, leading to the

accretion of plasma around the central black hole.

RAPTOR has the capability to read these GRMHD snapshots formulated by
HARM. It is also capable of using a single snapshot, where the temporal
coordinate of the geodesic can be ignored (slow-light approximation), or
alternatively using a series of snapshots where the temporal geodesic is relevant

(fast-light approximation).

In this study, in order to solely analyze how deviations affect the transport of
radiation in black hole images for GRMHD simulation cases, we only explore

the first option.

The fluid variables in these simulations are saved in modified Kerr-Schild

coordinates and geometric units, where G =c =M = 1.

In RAPTOR, the implementation of the dump files is done by generating rays
from the camera, initially using Boyer-Lindquist coordinates to generate wave
vectors, which are later transformed to modified Kerr-Schild coordinates to
work correctly with the snapshots extracted from HARM. The fluid data is
stored by RAPTOR in dynamic arrays and interpolated for each value of the
wave vectors. Then, this data is used for calculating the frequency in the
plasma frame v = —k“u,, where u, is directly extracted from the dump file
and interpolated for the proper calculation of v. The emission and absorption
coefficient values are also calculated for a synchrotron emission model, in
order to proceed with the calculation of the intensity measured in each pixel by

the observer using the radiative transfer equation implemented in RAPTOR.

On the other hand, for GRMHD models, heavy ions are usually simulated.

However, these ions are not sources of emission in radiative processes.
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Therefore, there is a need to couple the ions to the plasma electrons. RAPTOR
implements a single fluid approach, where ions and electrons are related
through the expression
2
T, 1 By

Riow—5 + Rpich——+ 2.
T, lowl_'_ﬁ%"' hzgh1_|_ﬁ%/ (3.2.55)

where B, = Pggs/ Puag, defining the ratio of gas pressure to magnetic field

pressure Ppe = B2%/2, where additionally R;o, and Ry are free parameters.

In magnetically strong plasmas, f, << 1, thus T,,/T, — R, whereas
conversely, in magnetically weak plasmas, f, >> 1, and T,/ Te — Rpign-

For the cases we studied, we decided to set Rjy = Rpjgn = 1, as well as
keeping T,/ T, fixed. In Fig. (3.2.2), we can observe a simulation for the Kerr

metric, with the sole intention of studying the effect of radiative transport.

MBH 6.199095e+09 Mg, Angle 30.1° and FREQ 2.3e11(Hz) MBH 6.199095e+09 My, Angle 60.1° and FREQ 2.3e11(Hz)
15 1.0 15 1.0

B(GM[c?)

alGmM/c?) alGm[c?)

BlGM/cY)

alGmse?)

Figure 3.2.2: GRMHD simulation for SMBH with a mass 6.2 x 10°Mg, and spin
a = 0.9375 M. With angle of view i = 30°, i = 60° and i = 90°.

The parameters used for this simulation are given in Tab. 3.2.3.
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Table 3.2.3: Setup for the simulation of the SMBH with the distance and mass
of M87*.

Parameter Value
Mgy 6.2 x 10° M,
Distance 16.9 Mpc

a 0.9375 M
Fcam 10%R,
Range for [, B]  [-15,15]R,
Resolution [x, y] 500 px
Frequency 230 GHz
Inclination (°) 30, 60,90
T,/ Te 1.0

3.3 Kerr-Like metric implementation

Since RAPTOR is capable of utilizing different geometries through the free
implementation of various metrics for use in the calculation of the geodesic
equations and ultimately obtaining the black hole image through ray tracing,
the implementation of the Kerr-Like metric was carried out in a straightforward
and efficient manner. However, this was not done without first analytically
and numerically verifying its correctness. In this section, I present the steps

that were followed for its implementation and the verification of its accuracy.

Firstly, due to the use of plasma models that were numerically calculated
(e.g., HARM) as one of the background fluid models, it was necessary to
implement this metric in Kerr-Schild-like coordinates (2.5.2). Additionally,
the coordinates needed further modification due to the nature of HARM
calculations near the event horizon. Therefore, a small transformation of these
coordinates to modified Kerr-Schild-like coordinates was required, where the
radial coordinate r is of exponential type and the azimuthal coordinate 6 is
slightly modified by a parameter 1. When h = 1, the original coordinate is
recovered, and as i — 0, the zones concentrate in the region near the midplane.

This type of transformation can be found in Appendix Al.

RAPTOR implements metrics using functions that store values in two-index
arrays, introducing the covariant and contravariant metric analytically to
accelerate internal code processes. Therefore, one of the initial steps, in

addition to the change of coordinates for the Kerr-Like metric, was to calculate
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its contravariant form. From Eq. (2.5.95), one obtains

[(—ZMr —a? —12) Ay(r)* — a? (cos? (8)) + az] F

T (@4 72) AL(r) + Ag(r) 2 (cos(8) — 1) (cos(8) + 1) 5 (33D

i 2rM A (r) F/As(r) (3.3.2)
& T ((cos2 (0)) As(r) a? + (@ + 1) As(r) — An(r) @225 >

gt"’ _ a(Aq(r) Ax(r) —1)F (3.3.3)
[(cos? (8)) Aa(r) a2 + (a2 + 12) A1 (r) — Aa(r) a2 S o

grr _ AAs (7’) F (3.3.4)
[(cos? (8)) Ax(r) a2 + (a2 +12) A1 (r) — Ax(r) a2 & o

g — VAs(r) FAy(r)a (3.35)

[(cos? (0)) Ax(r) a% + (a2 + 12) A1(r) — Ax(r) a2]2 5
e % (3.3.6)
g¢¢ _ F (3.3.7)

[cos? (0) Aa(r) a2 + (a2 + 12) A1 (r) — Ax(r) a2)* Ssin(6)*

where F = [(r2 + a?) A1 (r) — a?Ay(r) sin?(0)]>.

This was calculated analytically using the symbolic computation software
MAPLE and the GRTENSOR III package. Verification of the correct
implementation of this metric was done using a Python script in which the
covariant and contravariant expressions of the metric were compared with
the expressions for the Kerr metric. To perform this comparison, we took the
Kerr-Like metric to the limit where it reduces to the usual Kerr metric, so that
Aq(r) = Ax(r) = As(r) =1 and f(r) = 0.

In Fig. (3.3.1), comparisons of the components can be seen. First, a comparison
was made with Kerr when the Kerr-Like metric reduces to it, and then tests

were conducted by activating the free deviation functions.
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Comparison between Kerr and Kerr-Like metric g
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Figure 3.3.1: Comparison between the covariant components g+ and g4 of the
Kerr and Kerr-Like metrics. In the left panel of the figures, the comparison can
be observed when the Kerr-Like metric has its free deviations set to zero (i.e.,
a13 = app = 0), thus reducing it to the Kerr metric. In the right panel of the
tigure, the difference can be seen when turning on the free deviations to first
order in both functions A1(r) and A,(r), such that they have their maximum
deviation values (i.e., a13 = —1 and app = 1).

In this figure, we can also observe that the labels of the lines indicate the
name "MKS," where I am referring to the coordinates used for the comparison,
which were the modified Kerr-Schild coordinates. The expression of the
Kerr metric in these coordinates was also extracted from the GRMonty code
( , ), which is also used in RAPTOR for describing the Kerr
metric. Furthermore, it was decided to display the comparison of these metric
components since deviations in these components result in a noticeable change

in the figures. The same analysis was performed for the rest of the components
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to ensure a proper metric implementation.

Similarly, the comparison of the contravariant metric components is performed

in Fig. (3.3.2), where a similar analysis to the previous one is carried out.

Comparison between Kerr and Kerr-Like metric gt
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Figure 3.3.2: Comparison between the contravariant components g'f and ¢'¢ of
the Kerr and Kerr-Like metrics. In the left panel of the figures, the comparison
can be observed when the Kerr-Like metric has its free deviations set to zero
(i.e., @13 = app = 0), reducing it to the Kerr metric. In the right panel of the
figure, the difference is evident when the free deviations are activated to first
order in both functions A;(r) and Ay (), such that they have their maximum
deviation values (i.e., a13 = —1 and ap = 1).

On the other hand, RAPTOR features an algorithm for performing the
calculation of the connection (i.e., Christoffel symbols in this case) numerically.
We initially used this algorithm to test the proper functioning of image

simulations with the implementation of the metric described earlier. While the
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numerical calculation of the connection yielded good results, it proved to be
inefficient, causing the simulation to consume excessive computational time
and preventing us from working with high resolutions. Therefore, considering
the favorable analytical behavior of the Kerr-Like metric, we calculated its
connection analytically for implementation in RAPTOR. This expression can
be found in Appendix A2. This significantly accelerated the code, enabling us
to conduct numerous tests with free deviation parameters, resulting in images

similar to those observed in Figure (3.3.3).

MBH 6.199095e+09 Mg, Angle 90.1° and FREQ 2.3e11(Hz) MBH 6.199095e+09 Mg, Angle 90.1° and FREQ 2.3e11(Hz)
15 10 10

15
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alGM/c?) alGM/c?)

B(GM/cY)
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Figure 3.3.3: GRMHD simulation for a SMBH with a mass similar to M87* and
spin a = 0.9375 M. In the left part of the figure a simulation of the Kerr-Like
metric with deviation parameter 13 = —1 and to compare this in the right
part of the figure a simulation of a Kerr metric, with angle of view i = 90° (i.e
edge-on).

Tests that will be shown in Chapter (4), where a subsequent analysis of these
will be conducted through the study of their intensity profile, allowing us to
calculate quantifiable shadow characteristics such as its diameter, displacement,
and asymmetry. The methodology for performing these calculations will be

presented in the following two sections.

3.4 Intensity profile

In the current section, I will present the use of intensity profiles for analyzing
images of black holes. Given the nature of accretion disks, where intensity
varies significantly from outside the black hole to the event horizon and is
affected by effects such as gravitational redshift and disk velocity, quantification

of this variation becomes essential. Particularly because ray tracing simulations
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for black holes provide us with comprehensive intensity information around

the black hole in each pixel of the image.

Therefore, drawing inspiration from works conducted by ( p ,

, ), we conducted a study of intensity profiles using a Python script
developed by Javier Lagunas and Javier Pedreros for utilization with the output
of GRTrans ( , ), which was modified to work with the output of
the RAPTOR code. The algorithm operates as follows: it reads the intensity
output of the image in each pixel, extracts its values along a minimally sized
rectangle following a straight line across the two-dimensional image of the
black hole. The straight line representing the rectangle is set to a specific value
for the B axis in the image, along with all possible values of «. In this case,
for a given B = 0, an angle ¢ = 0 is assigned to the straight line defining the
angle of the rectangle with respect to the abscissa (see the plots in the below
part of the Fig. (3.4.1)).

To perform a thorough analysis of these intensity profiles, a study was
conducted across different angles ¢ in order to understand the behavior of
the total image intensity from different axes. This allows us to quantify the
location of the event horizon, identify its peak intensity value associated with
redshift, as well as examine the shadow’s diameter, its displacement from the

central image axis, and the image deformation by quantifying its asymmetry.
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Figure 3.4.1: An Example of four simulated images of a Kerr BH with the
mass of Sgr A* (Above images) with the normalized intensity color bar and
below each image the intensity profiles for three different angles of intensity
measurement values. The white dashed line represents the circular orbit of the
photon ring for a Kerr BH, included for the purpose of comparison with the
shadow.

In the following section, I will explain how values of asymmetry, displacement,
and shadow diameter are quantified using intensity profiles and the equations

found in the literature for these values.

3.4.1 Displacement, Diameter, and Asymmetry

In order to quantify the shadows of the black holes through the intensity
profiles and to observe how much this shadow changes while studying the
Kerr-Like spacetime with certain deviation parameters in comparison with

the Kerr spacetime, the definition of displacement in the x-axis, given by

( ), is

D= |xmax - xmin|

= 5 , (3.4.1)

r0.8

Normalized Intcénsity

I
S

0.2
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where X,y and x,,;,, are the locations of the two maximum peaks for the
normalized intensity in a horizontal intensity profile. Similarly, it is possible
to define an offset in the vertical direction. From here the average radius can
be defined as,

o 1 27T _d
(R) = 27 Jo Rdu, (3.4.2)
where
Fz¢auﬁxﬁ+@h4%ﬂ (3.4.3)

Therefore the average diameter is given by L = 2(R). Thus, the asymmetry of
the photon ring is

A52¢ o . (3.4.4)

Given the diameter, asymmetry, and displacement equations used by Johanssen,
we are aware that this theoretical description is exclusively constructed
and calculated under the assumption that the exterior of the black hole is
surrounded by infinite light sources. This is distinct from our framework,
where the luminous source is an accretion disk with its own dynamics around
the black hole. While this holds true, it is possible to employ these equations
in the images to obtain an approximate quantification of these values, thus
providing us with an insight into how well a simple theoretical framework
aligns with practical measurements in observations or simulations of a black
hole. This also offers an approximate understanding of more fundamental

values such as the black hole’s spin and mass.

These values were computed for the images obtained in RAPTOR by studying
intensity profiles across all angles of the image, ranging from [0, 360] degrees.
This approach allows us to calculate the approximate diameter of the image
by identifying the points of maximum and minimum intensity in the profile,
which define the inflection point where the black hole’s shadow and hence
event horizon initially appear. Averaging these values for each angle yields an

approximate image diameter.
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Furthermore, with the diameter value established, it becomes feasible to
calculate the image displacement and asymmetry for each angle ¢, enabling
us to average these values and derive an overall approximate value for each of
them (see Fig. (3.4.2)).

Deviations a;3 =-1.0, a;; = 0.0, as; = 0.0
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Figure 3.4.2: (Blue line) is the fit calculated by Johanssen and the (Red dots) are
the values obtained by a post-processing data of the SMBH with the mass of
M87x and spin a = 0.9375M of the GRMHD simulated image.

In the following section, these values and intensity profiles will be analyzed
more comprehensively, associating them with specific cases in order to quantify
different metric deviations and compare them with the Kerr metric. This aims
to gauge the effectiveness of measuring these deviations in simulations and

potential observations.
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Chapter 4

Effects of the deviations from the
Kerr metric and GRMHD

simulations

With the intention of studying and quantifying deviations from the Kerr metric
in black hole images, this section presents a diverse range of simulations
to quantify how these deviations affect the shadow. The study begins by
examining the shape of the photon ring around the Kerr-Like black hole for
deviation parameters w13 = [—1,1], app = [—1,1], and a5, = [—1,1]. Simulated
images using RAPTOR for these deviations are generated for both a HARM-
type disk model and an analytical thin disk model by Novikov-Thorne. The
intensity profiles, diameter, displacement, and asymmetry are quantified and
compared with the photon ring results calculated and adjusted by ( ,

). These are further compared with potential observations.

Additionally, a similar analysis is conducted for a slowly rotating solution of a
black hole in modified Chern-Simons gravity theory, considering different
values of the coupling parameter {cs = [0,1], noting that the theory is
effective only for {cs << 1. Coupling values associated with observational
measurements of extreme objects like quasars and AGN (Active Galactic
Nuclei) are also considered. This section associates the analysis with the
Kerr-Like metric and presents thin disk simulations for different coupling

parameters of the theory.
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Lastly, a new perturbative result for a slowly rotating black hole is shown in
the context of a’—corrected gravity, which is a low-energy limit of string theory.
The metric is obtained in Boyer-Lindquist and Kerr-Schild coordinates, and
the possibility of separability for the Hamilton-Jacobi equations is introduced.
This sets the stage for future work involving the analytical integration of null
geodesics and conducting thin disk simulations to analyze different coupling

parameter values.

4,1 Kerr-Like metric simulations

To show you how deviations from the Kerr metric can affect the shadow of the
black hole, first, we analyze the effect of the Kerr Like metric at the first order
in the free deviation functions for a circular photon ring orbit. This shadow
can be obtained under the assumption that there are infinite light sources and

solving the equations

R(r) =0 and dl;gr) =0, (4.1.1)
where
R(r) = [(©* +a*) A1(r) — aAx(r)E)* — A[(G — a)* + 7], (4.1.2)

and where the axis for the image are [«, B] when ry — oo, such that

B =+,/0(i), (4.1.4)

here @(i) = 1 + a? cos? i — &? cot? i and 17 and ¢ can be obtained by solving the
equations (4.1.1) with R(r) given for (4.1.2).

Considering the low minimum limit of the deviations like ( , ),

i.e, when:
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(M + VM2 —a2)?

3 > — s , (4.1.5)
iy > — M VAZ/\éz — “2)2, (4.1.6)
X5y > — (M+ ]\Z/\I/f — a2)2, (4.1.7)

ey > My Ajﬁz —a) (4.1.8)

In the case of the spin value a = 0.9375, these values are €3 = a13 > —2.45 and

oy = sy > —1.82.

The photon rings can be graphically represented for these deviations as shown
in Figs. (4.1.1-4.1.2).
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Figure 4.1.1: Comparison between a Kerr photon ring for a circular orbit
(black line) for a BH with spin a = 0.9375 M and Kerr-Like with the deviation
parameters a3 = [—1,1] (red and blue line), respectively and angle of view
i =[1°,45°,90°].
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Figure 4.1.2: Comparison between a Kerr photon ring for a circular orbit (black
line) for a BH with spin a = 0.9375 M and Kerr-Like with deviation parameters
ay = [—1,1] (red and blue line), respectively and angle of view i = [1°,45°,90°].

This case is for the limit deviations values w13 = [—1,1] and ap = [—1,1]. We
consider just these two deviation parameters because the Keplerian orbits of
the circular photon rings around the BH (i.e Eq. (4.1.2)) is independent of the
deviation function As(r) and also because all terms that are affected by the
parameter €3 also contain the rest mass of the particle which are vanish for

photons geodesics.

41,1 HARM model simulations

To study and understand the impact of Kerr deviations on radiation transport
in GRMHD-type simulations, where snapshots of physical quantities from
the disk model are used based on the dump file extracted from HARM, it
is necessary to utilize the same input file. This is regardless of the fact that
deviations from Kerr geometry also alter the structure of the accretion disk

and the observable image.

Therefore, for the purpose of our study, we used the same dump file for both

the Kerr and Kerr-Like metrics.

We conducted multiple simulations of a supermassive black hole with the mass
of M87* in Kerr-Like spacetime, employing a synchrotron model for emissivity,

where the absorption coefficient follows the Kirchhoff’s law.
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The deviation functions for these simulations were truncated to the first order
in deviation, with the intention of comparing them to the work done by Tim
Johannsen ( , ). The free deviation parameters used in the
test were a3 € [—1,1], app € [—1,1], and a5y € [—1,1]. The values of these
parameters are slightly larger than the lower limits for these parameters to first

order, as given by the expression Egs. (4.1.5).

The simulations carried out to observe the effect of the deviations were
conducted for deviation values a ranging from —1 to 1, with steps of 0.1

between each of these values.

I will present below the results in two different ways, with the intention of
better illustrating the simulations, avoiding redundancy, and preventing overly
extensive outcomes. I will display the simulations of the images for two
different deviation values, namely, [—1, 1], considering that the lower value is
close to the previously calculated lower limit. On the other hand, to observe
the differences produced by the simulations, I will compare the values of
diameter, displacement, and asymmetry for four different deviation values,
which are [—1,-0.5,0.5,1].

The table (4.1.1) displayed below shows the input values used in RAPTOR to

perform the simulation of these images.

Table 4.1.1: Setup for the simulation of the SMBH with the distance and mass
of M87*

Parameter Value
Mgy 6.2 x 10° My,
Distance 16.9 Mpc

a 0.9375 M
Fcam 10%R,

" Range for [a, B]  [15,15|R,
Resolution [x, y] 500 px
Frequency 230 GHz
Inclination (°) 0,30,60,90
T,/ Te 1.0

4.1.1.1 Deviation parameter «3

Starting with the value of #13 = —1 and taking cues from the intuitive mental

visualization provided in (4.1.1). The simulations are displayed in Fig. (4.1.3).
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Figure 4.1.3: This figure displays a GRMHD simulation of a Kerr-Like black
hole, which has a mass similar to that of M87x (with a spin of a = 0.9375M
and a deviation parameter a13 = —1). In the upper panel, intensity maps are
presented from four different viewing angles (0, 30, 60, 90 degrees). These maps
show us how the shape of the black hole’s shadow and the intensity of the disk
change as we vary the viewing angle. The white line on each map represents
the contour of the photon ring in a Kerr SMBH, allowing us to compare it
with the shadow in this Kerr-Like metric.In the lower panel, intensity profiles
corresponding to the upper images are shown. Each image has three intensity
profiles taken from different angles. By observing how the height and location
of the peak points change along the x-axis in these profiles, we can perform
subsequent analysis of the diameter, displacement, and asymmetry of the black
hole’s shadow.

For a direct analysis of these images, it is useful to examine them based on
Figure (4.1.3), as it can be observed that the upper panel contains images of the
SMBH from 4 different viewing angles, ranging from face-on to edge-on. In
these images, a color map of intensities in each pixel of the black hole image, as
seen by the observer, is depicted. What is visible is the accretion disk around
this black hole, and the intensity is normalized with respect to its maximum
value. The white dashed line represents the circular orbit of the photon ring for

a Kerr BH, included for the purpose of comparison with the shadow in our
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simulation of the Kerr-like metric.

Additionally, the lower section displays normalized intensity profiles obtained
from data captured at three angles ¢, namely, from a vertical line, a horizontal
line, and one at 45°, in each of the upper images. Vertical lines mark the

intensity peaks, allowing for the calculation of x,x and x,y,.

Now, for the parameter aj3 = 1.0, the simulations are displayed in Fig. (4.1.4).

B(GM/c?)

-10 O 10
a(GM/c?)

— ¢=90°

£0.51 .51
-10 0 10 -10 0 10 -10 0 10 -10 0 10
r(GM/c?) r(GM/c?) r(GM/c?) r(GM/c?)

Figure 4.1.4: GRMHD simulation of a Kerr-Like black hole, which has a mass
similar to that of M87x (with a spin of 2 = 0.9375M and a deviation parameter
«13 = 1). In the upper panel, intensity maps are presented from four different
viewing angles (0,30, 60,90 degrees). These maps show us how the shape
of the black hole’s shadow and the intensity of the disk change as we vary
the viewing angle. The white line on each map represents the contour of the
photon ring in a Kerr SMBH, allowing us to compare it with the shadow in
this Kerr-Like metric.In the lower panel, intensity profiles corresponding to the
upper images are shown. Each image has three intensity profiles taken from
different angles. By observing how the height and location of the peak points
change along the x-axis in these profiles, we can perform subsequent analysis
of the diameter, displacement, and asymmetry of the black hole’s shadow.

The two previously shown figures display two different axes of the same

deviation parameter. If examined closely, one can discern the effect on the
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geometry of the black hole’s shadow. This effect is as expected when relating

it to the analysis of photon rings shown in Fig. (4.1.1 - 4.1.2).

We notice that, in comparison to the Kerr photon ring, the difference is slight
but nonetheless significant. To perceive the effect of these deviations more
clearly, we conduct a subsequent analysis of these images, calculations for
asymmetry, diameter, and displacement were performed based on intensity
profiles, as described in section (3.4.1), and then compared with the fittings
computed by Tim Johanssen ( , ) for the Kerr-like metric. In
following figures (4.1.5), these values can be observed for each viewing angle
towards the black hole, spanning from [0°,90°] with steps of 5° between each

value.

+ KL ai;3=-1.0 e KLa;3=1.0 Kerr

— ] *t-f**"t':':‘“":—.—.—l_;__m g
e .5 £ T
= S
L 8 =
(0] ()
5 8
=) .
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Figure 4.1.5: Comparison of diameter, displacement, and asymmetry values.
It includes the fit calculated by ( ) (Blue line) for a Kerr-Like
black hole with a deviation parameter o135 = —1 (Red dashed line), a13 = 1,
and a Kerr-Like simulation (Red dots and Blue stars) of a black hole with these
deviation parameters, respectively, alongside the simulation of a Kerr black
hole (Orange triangles). The graph illustrates how these values change as the
viewing angle varies from 0 to 90 degrees. It shows that the first two cases
exhibit similar trends, while the last one behaves differently. It is noteworthy
that there is a clear distinction in the values that consider deviations from the
standard Kerr metric.

Firstly, in Figure (4.1.5), we highlight that in the case of the diameter and
displacement of the shadow, the values are close to obtained by the fits from

( , ). However, this is not the case for asymmetry, where we
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notice that in the simulations its value increases significantly compared to the

fitting as we change the viewing angle.

Regarding the comparison with simulations performed for the Kerr metric,
a clear difference can be observed between the diameters and displacements
of the shadow. In the case of the diameter, these values are closer to each
other when viewing the black hole at an angle of approximately 45°, with
the greatest difference noticeable at 90°. On the other hand, concerning the
displacement of the shadow from the center of the image, we notice that the
values overlap more frequently than for the diameter. A greater displacement
is presented for 13 = —1 as we approach the view in the plane of the disk,
and for aj3 = 1, a lesser displacement, in comparison to the corresponding

values for the Kerr metric, which lie right between these two deviations.

Furthermore, we observe that for the displacement, there are many values that
deviate from the naturally projected curve. This is likely due to the fact that as
we change the viewing angle from a face-on angle to an edge-on angle, the
structure of the disk starts to obstruct the sampling of intensity, consequently
affecting the geometry of the viewed shadow. Therefore, this aspect becomes

particularly important when quantifying these shadow values.

Interestingly, in this model, the viewing angle towards the black hole seems
not to influence the diameter values significantly and only slightly affects the

case of asymmetry.

Finally, we observe that the differences in asymmetry values for angles
near face-on are minimal. However, as we approach the edge-on angle,
these differences become more evident and significant. We also notice that
asymmetry tends to increase as we change the view of the black hole towards
the plane of the disk. It is deduced that in this view, we will encounter more
pronounced differences in the geometry of the shadow, thus indicating that
this is where the most significant variations in shadow characteristics will be

observed.
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Figure 4.1.6: Comparison of how the values of diameter, displacement, and
asymmetry change as the viewing angle varies from 0 to 90 degrees in
simulations of a Kerr-Like black hole with deviation parameters a13 = —1 (Blue
stars), a3 = —0.5 (Red dots), a13 = 0.5 (Orange diamonds), a13 = 1 (Dark cyan
plus sign), and in the simulation of a Kerr black hole (Black triangles). Noticeable
differences are observed between the deviated values and the background
value for the Kerr simulation, although all differences are slight compared to
Kerr.

In Figure (4.1.6), the values of diameter, displacement, and asymmetry are
compared for the four deviations a3 = [—1,—0.5,0.5,1]. It is clear that for
the diameter, the difference among the four deviations is evident, with the
shadow’s diameter increasing as the deviation grows. On the other hand,
in terms of displacement, the difference between each of the values is less
pronounced, although we can still notice a distinction between the values [-1,
1]. The value of —1 exhibits a more shifted shadow compared to the center
of the image, while the value of 1 displays a lesser degree of displacement.
Specifically, the initial angles ranging from 0 — 45° are the ones with less
displacement when compared to the data analyzed for angles greater than
these.

4.1.1.2 Deviation parameter ay;

In order to continue with the simulations for the different deviation parameters
of the Kerr-Like metric, we proceed to conduct similar simulations to the

previous ones. However, this time, we focus on the deviation parameter
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ay. We use values of [—1,1] to showcase the simulations and values of
[—1,0.5,—0.5,1] for a subsequent analysis of the diameter, displacement, and

asymmetry values of the shadow.

Therefore, for ay; = —1, the simulation would appear as displayed in Fig.

(4.1.7).
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Figure 4.1.7: GRMHD simulation of a Kerr-Like black hole, which has a mass
similar to that of M87x* (with a spin of 4 = 0.9375M and a deviation parameter
apy = —1). In the upper panel, intensity maps are presented from four different
viewing angles (0, 30, 60,90 degrees). These maps show us how the shape of
the black hole’s shadow and the intensity of the disk change as we vary the
viewing angle. The white line on each map represents the contour of the
photon ring in a Kerr SMBH, allowing us to compare it with the shadow in
this Kerr-Like metric.In the lower panel, intensity profiles corresponding to the
upper images are shown. Each image has three intensity profiles taken from
different angles. By observing how the height and location of the peak points
change along the x-axis in these profiles, we can perform subsequent analysis
of the diameter, displacement, and asymmetry of the black hole’s shadow.

And also, for az = 1 value, we obtain the results as shown in Fig. (4.1.8).
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Figure 4.1.8: GRMHD simulation of a Kerr-Like black hole, which has a mass
similar to that of M87x (with a spin of 2 = 0.9375M and a deviation parameter
ap; = 1). In the upper panel, intensity maps are presented from four different
viewing angles (0,30, 60,90 degrees). These maps show us how the shape
of the black hole’s shadow and the intensity of the disk change as we vary
the viewing angle. The white line on each map represents the contour of the
photon ring in a Kerr SMBH, allowing us to compare it with the shadow in
this Kerr-Like metric.In the lower panel, intensity profiles corresponding to the
upper images are shown. Each image has three intensity profiles taken from
different angles. By observing how the height and location of the peak points
change along the x-axis in these profiles, we can perform subsequent analysis
of the diameter, displacement, and asymmetry of the black hole’s shadow.

Here we can observe a similar effect to the case of a13 for the BH shadow and

the deviation parameters ay = [—1,1].

However, by analyzing this through the values of diameter, displacement, and
asymmetry, we notice that the differences among them are smaller. The change
in the image’s diameter is almost imperceptible at low viewing angles under

60°. Similarly, the displacement is minor compared to the Kerr metric.
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Figure 4.1.9: Comparison of the diameter, displacement, and asymmetry values
for a Kerr-Like BH simulations with deviation parameters apy = —1 (Blue stars),
apy = —0.5 (Red dots), apr = 0.5 (Orange diamonds), apy = 1 (Dark cyan plus sign),
and in the simulation of a Kerr black hole (Black triangles) and how these values
change as the viewing angle varies from 0 to 90 degrees, showing noticeable
differences between the deviated values and the background value for the Kerr
simulation, although all differences are slight compared to Kerr.

We notice that while the displacements for ay; = —1 and ap; = 1 can be
distinguishable, with one having a smaller displacement than the other. In
comparison to Kerr, ap; = 1 behaves quite similarly at angles less than 50°,

and ap = —1 tends to behave similarly to Kerr for angles greater than 50°.

On the other hand, the asymmetry values for either of the deviations closely

resemble the values found for the simulations of the Kerr metric.

4.1.1.3 Deviation parameter a5

As mentioned earlier, the deviations provided by the free function As(r)
do not, at first glance, affect the shadow image for circular photon orbits.
Therefore, in practical terms, we have chosen to study it only for the value that
approaches the lower limit, in order to see if non-circular photon orbits exhibit
any significant changes in the image. Thus, for a5, = —1, the image appears

as shown in Fig. (4.1.10).



116 4.1. Kerr-Like metric simulations

o
ey
S
Q.
-10 O 10 -10 O 10
a(GM/c?) a(GM/c?) a(GM/c?)
¢=0° — @=45° — @=90°
1.0 1.0 1.0 1.0
\§0.5' 0.5 0.5 0.5
0.07 ‘ ‘ ‘ 0.0+ ‘ ‘ ‘ O.O—J }L M‘—‘ 0.0 JM&J d“
-10 O 10 -10 O 10 -10 O 10 -10 O 10
r(GM/c?) r(GM/c?) r(GM/c?) r(GM/c?)

Figure 4.1.10: GRMHD simulation of a Kerr-Like black hole, which has a
mass similar to that of M87x (with a spin of 2 = 0.9375M and a deviation
parameter a5y = —1). In the upper panel, intensity maps are presented from
four different viewing angles (0, 30,60, 90 degrees). These maps show us how
the shape of the black hole’s shadow and the intensity of the disk change as we
vary the viewing angle. The white line on each map represents the contour of
the photon ring in a Kerr SMBH, allowing us to compare it with the shadow in
this Kerr-Like metric.In the lower panel, intensity profiles corresponding to the
upper images are shown. Each image has three intensity profiles taken from
different angles. By observing how the height and location of the peak points
change along the x-axis in these profiles, we can perform subsequent analysis
of the diameter, displacement, and asymmetry of the black hole’s shadow.

Upon conducting further analysis for the values of diameter, displacement, and
asymmetry, in cases where as, = [—1, —0.5,0.5, 1], it can be observed that non-
circular orbits do have an impact on these values (see Fig. 4.1.11). However,
these effects are not substantial enough to yield a significant difference

compared to the values obtained for the Kerr metric.
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Figure 4.1.11: Comparison of how the values of diameter, displacement,
and asymmetry change as the viewing angle varies from 0 to 90 degrees
in simulations of a Kerr-Like black hole with deviation parameters as; = —1
(Blue stars), asp = —0.5 (Red dots), asp = 0.5 (Orange diamonds), asp = 1 (Dark
cyan plus sign), and in the simulation of a Kerr black hole (Black triangles).
Noticeable differences are observed between the deviated values and the
background value for the Kerr simulation, although all differences are slight
compared to Kerr.

4.1.1.4 Sgr A* case

Now, with the intention of studying this model from a more realistic
perspective, the input parameters are reconfigured to attempt to model the
SMBH of Sgr A*. This aligns well with the GRMHD model we are using,

so the parameters are based on ( , ) for the tests, as

they suggest that this modeling profile is more related to the sub-mm spectral
observations («).

Therefore, we proceed to conduct the same previous analysis, this time using

the appropriate input parameters for the Sgr A* model as given in Tab. (4.1.2).
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Table 4.1.2: Setup for the simulation of the SMBH with the distance and mass
of Sgr A*

Parameter Value
Mgy 4.5 x 10° M,
Distance 8.5 kpc

a 0.9375 M
Fcam 10%R,

" Range for [a, B]  [—15,15|R,
Resolution [x, y] 500 px
Frequency 230 GHz
Inclination (°) 0,30,60,90
T,/ T 3.0

The essential differences between this case and the previous one are that the
mass and distance to the black hole are different, particularly in this scenario,
drawing from ( , ) and using data from the Sgr A*
SMBH. Additionally, the parameter altered for the Harm model is the ratio of
proton temperature to electron temperature, which is set to T,/ T, = 3.0 which

makes the simulation be dominated by the disk.

With the previous results in mind, and noticing that the deviations in the Kerr
metric where the change in the shadow’s geometry becomes more pronounced
are w13 = [—1,1] and apy = [—1,1], as asp only slightly affects the shadow’s
geometry, we will focus on the lower limits of these deviations. Our intention
is to quantify and compare these lower limits with the results previously
obtained for M87*.

So, first for @13 = —1 and a3 = 1, we obtain the results given in Figs. (4.1.12-
4.1.13)
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Figure 4.1.12: GRMHD simulation of a Kerr-Like black hole, which has a mass
of SgrA* (with a spin of a = 0.9375M and a deviation parameter a13 = —1).
In the upper panel, intensity maps are presented from four different viewing
angles (0,30, 60,90 degrees). These maps show us how the shape of the black
hole’s shadow and the intensity of the disk change as we vary the viewing
angle. The white line on each map represents the contour of the photon ring
in a Kerr SMBH, allowing us to compare it with the shadow in this Kerr-Like
metric.In the lower panel, intensity profiles corresponding to the upper images
are shown. Each image has three intensity profiles taken from different angles.
By observing how the height and location of the peak points change along the
x-axis in these profiles, we can perform subsequent analysis of the diameter,
displacement, and asymmetry of the black hole’s shadow.
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Figure 4.1.13: GRMHD simulation of a Kerr-Like black hole, which has a mass
of SgrA* (with a spin of a = 0.9375M and a deviation parameter aj3 = 1). In
the upper panel, intensity maps are presented from four different viewing
angles (0,30, 60,90 degrees). These maps show us how the shape of the black
hole’s shadow and the intensity of the disk change as we vary the viewing
angle. The white line on each map represents the contour of the photon ring
in a Kerr SMBH, allowing us to compare it with the shadow in this Kerr-Like
metric.In the lower panel, intensity profiles corresponding to the upper images
are shown. Each image has three intensity profiles taken from different angles.
By observing how the height and location of the peak points change along the
x-axis in these profiles, we can perform subsequent analysis of the diameter,
displacement, and asymmetry of the black hole’s shadow.
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And now for ay; = —1 and ap; = 1. These simulations are displayed in Figs.
(4.1.14 - 4.1.15).

In these four figures (4.1.12 - 4.1.15), in the upper panel, we can find color maps
of SMBH intensities from four different viewing angles, ranging from a frontal
view to an edge-on view. These maps reveal the accretion disk around the
black hole and its intensity normalized relative to its maximum value. Its also
noticeable that, in contrast to the figures for the previous M87* model (4.1.3 -
4.1.8), the structure of the disk becomes more prominent, causing increased

obstruction in the view as we approach the edge-on viewing angle.

In the lower section of the image, as in the previous cases, normalized intensity
profiles from each of these color maps are shown, based on data captured
at three different angles ¢. The most significant difference between the two
cases is the presence of the disk in this model, which also results in greater
brightness throughout. As for the presence of deviations in these images, they
remain noticeable to the naked eye; however, their presence is influenced by
the disk’s structure, and compared to the images for M87*, the presence of

these deviations is affected by the disk as well.



122 4.1. Kerr-Like metric simulations

6p=0° 6o = 30° 6o = 60°
10 10 10
L
E 0.8
C BN\ 2 A\ aam B =
Q. >
-10 —10 —10 *é
-10 O 10 -10 O 10 -10 O 10 -10 O 10 06 Y
a(GM/c?) a(GM/c?) a(GM/c?) a(GM/c?) £
©
(O]
9=0° —— @=45° —— ¢=90° N
©
1.0 1.0 1.0 1.0 " E
[e]
=
£0.5] 0.5 0.5 0.5 2
0.0 0.01 o.o—"JbL o.oM
-10 O 10 -10 O 10 -10 O 10 -10 O 10
r(GM/c?) r(GM/c?) r(GM/c?) r(GM/c?)

Figure 4.1.14: GRMHD simulation of a Kerr-Like black hole, which has a mass
of SgrA* (with a spin of a = 0.9375M and a deviation parameter az = —1).
In the upper panel, intensity maps are presented from four different viewing
angles (0,30, 60,90 degrees). These maps show us how the shape of the black
hole’s shadow and the intensity of the disk change as we vary the viewing
angle. The white line on each map represents the contour of the photon ring
in a Kerr SMBH, allowing us to compare it with the shadow in this Kerr-Like
metric.In the lower panel, intensity profiles corresponding to the upper images
are shown. Each image has three intensity profiles taken from different angles.
By observing how the height and location of the peak points change along the
x-axis in these profiles, we can perform subsequent analysis of the diameter,
displacement, and asymmetry of the black hole’s shadow.
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Figure 4.1.15: GRMHD simulation of a Kerr-Like black hole, which has a mass
of SgrA* (with a spin of a = 0.9375M and a deviation parameter ay = 1). In
the upper panel, intensity maps are presented from four different viewing
angles (0,30, 60,90 degrees). These maps show us how the shape of the black
hole’s shadow and the intensity of the disk change as we vary the viewing
angle. The white line on each map represents the contour of the photon ring
in a Kerr SMBH, allowing us to compare it with the shadow in this Kerr-Like
metric.In the lower panel, intensity profiles corresponding to the upper images
are shown. Each image has three intensity profiles taken from different angles.
By observing how the height and location of the peak points change along the
x-axis in these profiles, we can perform subsequent analysis of the diameter,
displacement, and asymmetry of the black hole’s shadow.

Now, conducting the analysis of the diameter, displacement, and asymmetry
of these four figures (4.1.12 - 4.1.15), we obtain the Fig. (4.1.16).
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Figure 4.1.16: Comparison of the diameter, displacement, and asymmetry
values for a Kerr-Like BH simulations with the mass of SgrA* and with
deviation parametersai3 = —1 (Blue stars), app = —1 (Red dots), a3 = 1
(Orange diamonds), app = 1 (Dark cyan plus sign), and in the simulation of a
Kerr black hole (Black triangles). This comparison highlights how these values
change as the viewing angle varies from 0 to 90 degrees, revealing significant
differences between the deviated values and the background value for the Kerr
simulation. Furthermore, distinct differences are observed compared to the
previously shown deviations for the mass of M87*, particularly notable are the
more abrupt and larger changes as the viewing angle increases, especially in

diameter and displacement, changes expected to be caused by the structure of
the disk.

We can observe that in this case, the values obtained for diameter, displacement,
and asymmetry are greatly influenced by the disk. Additionally, a clear
difference in the diameter values among the different deviations is noticeable.
Here, we can see that the deviation with the greatest influence on the diameter
value is given by the free function Ai(r), while A,(r) barely changes its
diameter compared to Kerr, showing a more noticeable difference at angles of

view near edge-on.

On the other hand, we notice that in the case of displacement, the free function
Ay (r) plays a more significant role, being more prominent than A;(r) in

comparison to simulations of the Kerr metric.

Finally, the asymmetry behaves similarly in all three cases: for A;(r), A(r),

and the Kerr case. The most substantial differences between these values are
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found at angles close to 90°.

4.1.2 Thin-disk model simulations

As mentioned earlier, changes in the geometry of spacetime inevitably lead to
alterations in the structure of the accretion disk. To address this point similarly,
an analysis of ray-tracing simulations is carried out for a black hole in an
environment where the disk model is semi-analytic, using the Novikov-Thorne

model as a foundation and reference.

The purpose of this analysis is to observe the impact of Kerr deviations on the
structure of the disk itself and on radiation transport. Additionally, it aims to
confirm the accuracy of the effects observed in simulations with the HARM

model.

In this model, it is possible to control more parameters of both the disk and the
black hole itself, as for metrics derived from Kerr, factors such as Rjsco, the
Keplerian plasma velocity (), etc., change in conjunction with the spacetime

geometry.

Consequently, simulations were conducted following the input parameters
below for the thin disk model according to Tab. (4.1.3)

| Parameter | Thin-disk test value |
a 0.93M
Mgy 10Mg
dsource O-OSPC
Veam 2.41 x 10'7Hz
Fcam 10*R,
Resolution for [x, y] [300, 300]px
Range for [, B] [—20,20] R,
M 1.399 x 10¥¢/s
Tout 1000R,
stepsize 0.001
Table 4.1.3: Setting inpired in the test values used in ( )

We approach the analysis similarly to the previous cases, considering free
deviations in the range [—1.0, 1.0] for the images, and [—1.0, —0.5,0.5,1.0] for

quantifying the diameter, displacement, and asymmetry values. However, this
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time, we only focus on the deviation parameters aj3 and ayp, as previously
deduced that a5, loses relevance in affecting radiation transport and the black
hole’s geometry. In the conducted tests, the Rysco for this deviation tended to
coincide with the metric without deviations, and its effect on the structure and

geometry of the disk and shadow was also negligible.

4.1.2.1 Deviation parameter a3

Therefore, for a13 = —1 and a3 = 1, the simulations yield the following results
given in Figs. (4.1.17-4.1.18).
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Figure 4.1.17: Thin accretion disk simulation of a Kerr-Like black hole with a
mass of 10M, (with a spin of 4 = 0.93M and a deviation parameter a3 = —1).
In the upper panel, intensity maps are presented from four different viewing
angles (0,30, 60, 89 degrees). These maps show us how the shape of the black
hole’s shadow and the intensity of the disk change as we vary the viewing
angle. The white line on each map represents the contour of the photon ring
in a Kerr BH, allowing us to compare it with the shadow in this Kerr-Like
metric.In the lower panel, intensity profiles corresponding to the upper images
are shown. Each image has three intensity profiles taken from different angles.
By observing how the height and location of the peak points change along the
x-axis in these profiles, we can perform subsequent analysis of the diameter,
displacement, and asymmetry of the black hole’s shadow.
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Figure 4.1.18: Thin accretion disk simulation of a Kerr-Like black hole with a
mass of 10M, (with a spin of a = 0.93M and a deviation parameter a3 = 1).
In the upper panel, intensity maps are presented from four different viewing
angles (0,30, 60, 89 degrees). These maps show us how the shape of the black
hole’s shadow and the intensity of the disk change as we vary the viewing
angle. The white line on each map represents the contour of the photon ring
in a Kerr BH, allowing us to compare it with the shadow in this Kerr-Like
metric.In the lower panel, intensity profiles corresponding to the upper images
are shown. Each image has three intensity profiles taken from different angles.
By observing how the height and location of the peak points change along the
x-axis in these profiles, we can perform subsequent analysis of the diameter,
displacement, and asymmetry of the black hole’s shadow.
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Figure 4.1.19: Comparison of the diameter, displacement, and asymmetry
values for a 10M BH in a thin disk simulation between the fit calculated by
Johanssen (Blue line) for a Kerr-Like BH with a deviation parameter a3 = —1
(Red dashed line), o135 = 1 and a Kerr-Like simulation (Blue stars and Red dots)
of a BH with these deviation parameters, respectively, and with the Kerr BH
simulation (Orange triangles). This illustrates how these values change as the
viewing angle towards the BH changes, noticing a notable shift as we approach
edge-on angles. Here, the diameter consistently decreases in comparison to
the fits, and the displacement increases until decreasing abruptly near 90°,
while the asymmetry always grows. These changes induced by the deviations
are quite pronounced in comparison to Kerr in this model.

Something that we can notice almost immediately in the simulations of thin
accretion disks, compared to the previous ones and in comparison with the
photon ring calculated for the Kerr metric (white dashed line in the figures), is the
change in the size of the shadow or its diameter depending on the deviations.
In Fig. (4.1.17), we observe that the black hole’s shadow is significantly smaller
in relation to its respective photon ring for the Kerr metric. One reason for
this occurrence is likely that in the simulations of thin accretion disks, unlike
the simulations conducted for radiative transport analysis based on HARM,
the location of Rjscp is taken into account as the starting point of the disk’s
structure. Its value in the Kerr-Like metric differs from the Kerr metric, and

it is numerically calculated based on the minima of the effective potential, or
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rather in this case, based on the minimum energy

dE

— =0. 419
dr ( )
To verify the correctness of this simulation, it is possible to compare its image
with the one calculated by ( , ). They conducted a study of their
metric for thin disk simulations but did not compare it with the Kerr metric in

the same way as we did in this study.

Furthermore, upon comparison with the fits calculated by Johanssen
( , ), we observe how the shadow’s diameter significantly differs
from these calculations, decreasing as the angle approaches 90°. On the other
hand, the displacement behaves in a contrary manner to our expectations; for
the w13 = —1 values, the displacement is smaller than expected compared to

the fit, and also when compared to the a3 = 1 deviation.

Lastly, we note that the asymmetry values are lower than those of the Kerr
metric, which might appear counterintuitive, as deviations are expected to
induce changes in the shadow’s geometry. However, the asymmetry value
is directly related to the diameter. Thus, establishing a relationship between
these two values is necessary to better understand how the shadow’s geometry

differs from Kerr’s.

4.1.2.2 Deviation parameter ay;

Now, with the parameters app = —1 and ay; = 1. These simulations are
displayed in Figs. (4.1.20-4.1.21).
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Figure 4.1.20: Thin accretion disk simulation of a Kerr-Like black hole with a
mass of 10M, (with a spin of 2 = 0.93M and a deviation parameter ay = —1).
In the upper panel, intensity maps are presented from four different viewing
angles (0,30, 60, 89 degrees). These maps show us how the shape of the black
hole’s shadow and the intensity of the disk change as we vary the viewing
angle. The white line on each map represents the contour of the photon ring
in a Kerr BH, allowing us to compare it with the shadow in this Kerr-Like
metric.In the lower panel, intensity profiles corresponding to the upper images
are shown. Each image has three intensity profiles taken from different angles.
By observing how the height and location of the peak points change along the
x-axis in these profiles, we can perform subsequent analysis of the diameter,
displacement, and asymmetry of the black hole’s shadow.
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Figure 4.1.21: Thin accretion disk simulation of a Kerr-Like black hole with a
mass of 10M, (with a spin of a = 0.93M and a deviation parameter ap = 1).
In the upper panel, intensity maps are presented from four different viewing
angles (0,30, 60, 89 degrees). These maps show us how the shape of the black
hole’s shadow and the intensity of the disk change as we vary the viewing
angle. The white line on each map represents the contour of the photon ring
in a Kerr BH, allowing us to compare it with the shadow in this Kerr-Like
metric.In the lower panel, intensity profiles corresponding to the upper images
are shown. Each image has three intensity profiles taken from different angles.
By observing how the height and location of the peak points change along the
x-axis in these profiles, we can perform subsequent analysis of the diameter,
displacement, and asymmetry of the black hole’s shadow.
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Figure 4.1.22: Comparison of the diameter, displacement, and asymmetry
values for a 10M BH in a thin disk simulation between the fit calculated by
Johanssen (Blue line) for a Kerr-Like BH with a deviation parameter ay; = —1
(Red dashed line), ap; = 1 and a Kerr-Like simulation (Blue stars and Red dots)
of a BH with these deviation parameters, respectively, and with the Kerr BH
simulation (Orange triangles). This illustrates how these values change as the
viewing angle towards the BH changes, noticing a notable shift as we approach
edge-on angles. Here, the diameter consistently decreases in comparison to
the fits, and the displacement increases until decreasing abruptly near 90°,
while the asymmetry always grows. These changes induced by the deviations
are quite pronounced in comparison to Kerr in this model.

For the case of deviations a3, we once again notice a similarity in the shadow
deviations compared to w13, with the difference that upon analyzing the
diameter, displacement, and asymmetry parameters, we observe that for ay; =
—1, the shadow’s diameter closely resembles the Kerr case and significantly
deviates from the fits, decreasing as the angle grows. On the other hand, the
diameter for ay; = 1 is nearly two times smaller than for ay; = —1. This
stands in stark contrast to the results obtained from HARM simulations and
the expectations for photon rings, where the diameter for ay; should change

only by small amounts.

Regarding the displacement, its value differs from the fits and from Kerr, being

smaller and equal between the ay; = —1 and a3 = 1 parameters.

Finally, the asymmetry exhibits a similar behavior to the previous cases.
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And if we compare the simulations for these two deviation parameters, we

have in the Fig. (4.1.23) a comparison for the diameter, displacement and
asymetry.
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Figure 4.1.23: Comparison of how the values of diameter, displacement,
and asymmetry change as the viewing angle varies from 0 to 90 degrees
in simulations of thin accretion disk around a Kerr-Like BH with mass
of 10My and with deviation parametersais = —1 (Blue stars), apy = —1
(Red dots), w13 = 1 (Orange diamonds), apy = 1 (Dark cyan plus sign), and
in the simulation of a Kerr black hole (Black triangles). This comparison
reveals significant differences between the deviated and the Kerr simulation’s
background values.Furthermore, it shows a significant difference compared to
the simulations carried out with the HARM model. In this case, apart from
the disk’s effect on these values, a notable difference is observed due to the
geometry altering the position of Rjsco.

Now, if we analyze the deviations a3 and ap together, we notice that they
exhibit quite similar behaviors in terms of diameter for the values a3 = —1
and apy =1, as well as for 13 = 1 and app = —1. In the case of displacement,
we observe that the most differing value is a13 = —1, having a smaller
displacement than the other deviations and significantly smaller than for

the Kerr case, with all deviations being smaller than this.

Similarly, something occurs for the asymmetry, although the behavior of all

deviations is similar to each other.

Finally, it’s evident that for the thin disk model, the values in general differ
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from the fit calculated by Johannsen, in contrast to what we obtained for the
HARM case. When comparing with the Kerr metric, in the case of the thin
disk, the deviations seem to have a greater influence on the shadow, causing
more measurable changes compared to the HARM simulations. This might be
closely related to the shift in the position of the Rjsco for the Kerr-Like metric

with different deviations.

Therefore, we notice that the geometry, nature, and structure of the disk
play a significant role in measuring the black hole shadow and quantifying
observable values. Deviations from Kerr are observable and have an impact
on the structure of the disk itself and on the radiation transport around this
spacetime. Johannsen's fits, while serving as a reference to highlight differences
produced by the Kerr-Like metric in the shadow, could provide us with an
intuitive way of understanding how they affect reality, always with the disk

and its structure underlying this description.

4.1.2.3 Implications of the Kerr-Like simulations

Another fundamental feature presented by this metric is the possibility of
producing a similar image to a Kerr black hole for two completely different
spin parameters, which would tell us that in this case, the black hole cannot be
tully described by just its mass and rotation parameter. In the following Figure
(4.1.24), we can observe two thin disk simulations. The first one corresponds
to a black hole with a mass of 10M, and a rotation parameter a = 0.71M
in the Kerr spacetime. The second simulation is performed in the Kerr-Like
spacetime with a deviation parameter ay; = —1, a mass of 10M, and a spin

parameter of a = 0.93M.
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Figure 4.1.24: Comparison between two intensity maps of a thin accretion
disk simulations, one for a BH in a Kerr space-time with a spin parameter
a = 0.71M and mass M = 10M, and the second one is for a BH in a Kerr-Like
space-time with a spin parameter a = 0.93M with the same mass M = 10M
and the deviation parameter of ay; = —1, both for a four differents angles of
view, from face-on to edge-on, and the intesity values normalized and shown
in the side color bar.

If we analyze the shadow using measurements of diameter, displacement, and
asymmetry (see Fig. 4.1.25) for these two simulations, we observe that they
are practically identical. This contradicts the description given by the theorem,
as in this case, the black hole cannot be solely described by its mass and spin

parameter; it also depends on the deviation parameter.
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Figure 4.1.25: Comparison of diameter, displacement, and asymmetry values
between a Kerr BH simulation with a spin parameter of a = 0.71M (Black
triangles) and a Kerr-Like BH simulation with a deviation parameter az = —1
and a spin parameter of a = 0.93M (Red dots), both with a mass of 10M,. This
illustrates how these parameters change as the viewing angle varies from 0
to 90 degrees. It’s also worth noting that there are no apparent differences
between both simulations despite having different spin parameters.

4.2 Beyond Einstein gravity

While the Kerr-Like metric is a well-behaved spacetime that possesses three
constants of motion, it is not a specific solution of any particular theory of

gravity due to its high generality and freely adjustable deviation parameters.

Considering this, a particular focus of our study is also to understand how
deviations from metrics resembling the Kerr metric in modified gravity theories
can impact the images of supermassive black holes (SMBHs). In the following
section, we will investigate a specific solution within the framework of the
Chern-Simons modified gravity theory. We will demonstrate its derivation
in Kerr-Schild coordinates following the derivation shown by (

, ) in Boyer-Lindquist coordinates, as well as its effects on
the photon ring for circular orbits. These effects will be explored through
simulations of thin accretion disks, thereby highlighting its direct connection

to the Kerr-Like metric.

Furthermore, I will present a solution for a rotating black hole obtained within



4.2. Beyond Einstein gravity 137

the context of the a’-corrected theory. I will discuss its separability in the
Hamilton-Jacobi equations, which may potentially allow for the analytical
integration of null geodesics. This has implications for the future possibility of

obtaining the shadow and simulating thin accretion disks for this solution.

4.2.1 Slowly rotating Chern-Simons black hole solution

Given that for numerical simulations of black holes involving ray tracing to
obtain images of them, it is more feasible to utilize the metric in Kerr-Schild
coordinates, as these remain regular at the event horizon. In this section,
following the derivation of the slowly rotating black hole solution conducted
by ( , ), which we also presented in section (2.7), we
derive the same solution for Chern-Simons gravity but expressed in Kerr-Schild
coordinates. The metric in these coordinates was obtained by integrating the

field equations, as performing a direct coordinate transformation is not trivial.

To do this we will present the field equations again in an illustrative way

« 1 1
Rap + _Cab = ﬁ (Tab - EgabT> ’ (4.2.1)
B UG = ﬁ— - — *RR (4.2.2)
where C,, is the C-tensor, given by
Cub — VCGCde(aveRZ) + Vcd*Rd(ab)C, (423)

where v, = V8, v, = V, V0, and Ry, is the Ricci tensor, and [ = V,V* is
the D’Alambert operator.

4.2.1.1 Kerr-Schild form

To obtain the solution in Kerr-Schild form first using the perturtative approach,

of the form
gav = 84 +285) (8) + %63 (9), (42.4)

where
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0 0,0 1,0 20
gflb) = nﬁb )+ah(b )—I—azhflb ),

Cu) = Sy o+ Cahyy + Loy,
gy = Sy Py + Pathy”,

defining the space-time based on the line element

ds? = guvdxtdx",

we start with the following ansatz to write the metric

ds? — — (1 - g) (14 h(r,0)) di? + 2 (@) (14 m(r,0)) dtdr
+ 2k(r, 0)dtd¢ + <¥ + 1) (1+1(r,0))dr?

+2 (sin(@)zn(r, 9)) drd¢ 4+ r* (1 +s(r,0)) d6?
+2sin(0) (1 +w(r,0)) d¢?,

in terms of the free functions

(,0)
(r,0)
(r,0)

1(r,0) = al M) 4 q71(D) 4 421(20),
(r,0) = an0) 4 azn(D 4 424,(20))
(r,0)
(,0)

n(r,
s(r,0) = asM0) 4 gz 4 525(20),
w(r,0) = awM0) + a@w(l D 4 22020

here

(4.2.5)
(4.2.6)
(4.2.7)

(4.2.8)

(4.2.9)

(4.2.10)

(4.2.11)
(4.2.12)

(4.2.13)
(4.2.14)
(4.2.15)
(4.2.16)
(4.2.17)
(4.2.18)
(4.2.19)
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B0 (r,0) = w10 (r,6) = 109)(r,0) = s19)(1,6) = w1, 6) = 0, (4:2:20)

K20 (r,0) = n?9 (r,0) =0, (4.2.21)
n10)(r,0) = —w, (4.2.22)
K10, gy = 2N (Sir;z (©))a (4.2.23)
129 (r,0) = 2 (:f ‘Z’;(\Z)ziv)mz, (4.2.24)
m0) (r,0) = —w, (4.2.25)
50 (r,0) = w (4.2.26)
120)(, g) = —2 (:S‘Z’;(\Z)liv)[“z (4.2.27)

2 (cos? (0)) M —2M —r) a?

w20 (r,0) = ! 3

(4.2.28)

By introducing these values into the field equations, the following functions

are obtained as solutions

o (18M? + 10Mr + 5r%)

p0(r,0) = 81 EM cos 6, (4.2.29)
k(1) (r,0) = Cs r? (sin2 (9)) + i (189M2 il 13?;2;;20?2) (Sin2 (9)) ,
(4.2.30)
n (r,0) = Ny (), (4.2.31)
1) (r, 6y = G20 2;\2(? - G)r (42.32)
(4.2.33)

Where, without loss of generality ¢V (r,8) = ¢29(r,08) = 0, (1D (r,0) =
B-m((r,0), w(r,0) = sOV(r,0) = 0 and AV (r,0) = Li(r), also we can
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assume the following values for the free functions

_ AMPA(r) = Ag(r) 1* + My 1?

G1(r) S , (4.2.34)
A1) = 7 _]\:I)I(FZZM — (4.2.35)
Ly(r) = (2M—S)1 {;M s (4.2.36)
(4.2.37)
Here we select Cs = B = M; = M; = C; =0, G2(f) = 0 and
Ny (r) = a? (189M? + 120Mr + 70r2) (sin® (9)) . 1238)

112KB 76

Then the slowly rotating Chern-Simons solution in Kerr-Schild coordinates is

g =— (—1 + ziw _2M CS; i 6”2) , (4.2.39)
g = 2M_ 2MeosT 0, 42.40)
: 2 2 2\ cin2
Gp = _2M s;n2 Oa n an* (189M —}—131(1223/1:6—# 70r?) sin 9’ (4.2.41)
gn =1+ 2zrv1 M - oa”, (4.2.42)
) 2 2 2\ cin2
gy — —asinf — 2M s;n fa | (189M —ZEIO(];/I;—F 70r?) sin 0, (42.43)
Qo9 = 1° + a* cos® 6, (4.2.44)
20— (—2a%cos? 0 + (r j 2) a2 + r%) sin? 6 (4.2.45)
4.2.1.2 Relation with the Kerr-Like metric
On the other hand, in ( , ), it is proposed that the solution of

a slowly rotating black hole in Chern-Simons gravity can be mapped to the

Kerr-Like metric using the following expressions:
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5
Ny = —Ccs, (4.2.46)
15
= — 4247
N5 = 14CC5, ( )
27
= — 424
Ko = 16Ccs (4.2.48)

This is carried out for Boyer-Lindquist coordinates, where

a M° 12M  27M?\ . ,
8t gt(p + gCS (1 + 7 + 1072 >Sln 6 (4.2.49)
22
where {cs = ” 5M and gSLK is the (t,¢) component of the slowly rotating

Kerr metric.

It is straightforward to demonstrate that this mapping works equally well for
the metric in Kerr-Schild coordinates that we obtained. The new contribution

that arises in the metric due to the mapping is in the (7, ¢) component, therefore

12 27 M?
M M ) in’ 6 (4.2.50)

= ¢+ g “MS 1+ ==+
89 = 8y + glesy 7r 1072

and all others deviation parameters vanish.

4.2.1.3 Thin-disk simulations and analysis

The fact that the obtained metric is of the slowly rotating type implies that
this metric is restricted to spin with a small parameter, as we work within a
perturbative framework where the rotation parameter is limited up to order
2, discarding terms of O(a®) and higher. On the other hand, it is not clear
what the upper limit is for this rotation parameter. ( , )
studied the Kerr metric within this scheme and attempted to establish an
upper limit based on its behavior in electromagnetic observations of black
holes, concluding that it should be a < 0.6M. In this part of the section, we
attempt to find an upper limit for the spin parameter value from first principles,
i.e., through geometric scalars, considering the Kerr metric for this calculation.'

If we calculate the Kretschmann scalar for this metric, we find that

IThis makes sense as we use it as a background metric when performing the perturbative
calculation of solutions in modified gravity theories.
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K — 48M? (a® cos® 6 — 15 cos? 0a*r? + 15 cos? fa?r* — 16) 1051
o (r2 + a2 cos §)° ' (4250

where, if we do a expansion around a, then

48 M? 1008 M2 cos? 0a?

(M+m)6_ (M+ VM2 =)

~
~

s+ 0(a), (4.2.52)

here, if we require that the first term of the expansion be strictly smaller than

the second term, we obtain that
a < 0.416M, (4.2.53)

a value that allows us to establish the framework for analyzing the shadow in

this theory.

We will begin by studying the behavior of the photon ring, just as we did
for the Kerr-Like metric. Given that both metrics are compatible and it is
possible to map the Chern-Simons metric to the Kerr-Like metric, we can use
the expressions (4.1.1 - 4.1.3) previously used with the given mapping for the
function A;(r) given by the equations (4.2.46). Therefore, the photon rings in

this metric compared to the usual Kerr metric appear as follows:
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Figure 4.2.1: Comparison between photon rings for Kerr black hole (black
line) and for a Slowly rotating Chern-Simons black hole (cyan line) with a
spin parameter a = 0.4M (to works well in the slowly rotating limit) and
with a coupling values of {cs = [0.4,0.6,0.8]. The upper panel of the figure
shows an angle of view face-on (i.e 1°) and the lower panel of the figure
shows an edge-on angle of view (i.e 90°). This shows that initially there is
no difference between the photon rings for these two viewing angles and the
different coupling parameters for the theory.

One thing that can be directly concluded from the images of the photon rings
is that it is not possible to observe a significant difference compared to the
Kerr metric. Even if we approach the coupling value close to its maximum, it
does not exhibit a substantial deviation of the shadow as the Kerr-Like metric
does. This is likely due to the fact that the deviation in the Kerr metric occurs
for terms that scale as r~* or higher powers, which indicates that since the
deviation value is in the numerator and also small, the deviations will be

insignificant at that order.

However, while this applies to the photon rings, which are defined by solving
null geodesics for circular orbits, it is not immediately clear if the same happens
for non-circular orbits and for physical situations where the luminosity source
around the black hole is more realistic, as in an accretion disk, for example. At
this point, it is beneficial to use ray-tracing simulations to observe the black

hole shadow in a more realistic approach. Therefore, we proceed to employ
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thin accretion disk simulations based on the Novikov-Thorne model, as done
previously, for coupling values {cs = [0.,0.4,0.6,0.8]. Subsequently, we will
analyze the diameter, displacement, and asymmetry values to quantify the
shadow and compare with simulations conducted for the Kerr metric. The
inputs used in RAPTOR are summarized in Table (4.2.1).

| Parameter | Thin-disk test value |
a 0.4M
Mgy 10M,,
dsource 0.05pc
Veam 2.41 x 10"7Hz
Tcam 10*Rg
Resolution for [x, y] [300, 300]px
Range for [, B] [—20,20] R,
M 1.399 x 10¥¢/s
Fout 1000R
stepsize 0.001

Table 4.2.1: Settings based on previously for a thin accretion disk but with a
spin parameter a = 0.4M to works well in the slowly rotating limit.

Then the thin accretion disk simulations for a slowly rotating Chern-Simons
black hole solution with differents values of the coupling parameter are
displayed in Fig. (4.2.2).
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B(GM/c?)

a(MG/c?)

Figure 4.2.2: Comparison of intensity maps in thin-disk simulations within
the slowly rotating Chern-Simons black hole solution. This is conducted for a
black hole with a mass of 10M, and coupling values of {cs = [0.,0.4,0.6,0.8],
a spin parameter of a = 0.4M, and viewing angles of 6y = [0, 30, 60,89]°. The
normalized intensity is represented in the side color bar.

From these simulations, if we compare their diameter, displacement, and

asymmetry values, we obtain the figure (4.2.3).

Normalized Intensity
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Figure 4.2.3: Comparison between diameter, displacement and asymmetry
taking for a different inclinations angles from the simulations of a Kerr black
hole and for a Chern-Simons Slowly rotating solution with a coupling values
of {cs = [0.4,0.6,0.8]. Here it is shown how these parameters change as
the viewing angle varies from 0 to 90 degrees. This reveals that there is no
apparent change in these values for the different coupling values, namely 0.4
(Cyan stars), 0.6 (Red dots), and 0.8 (Yellow diamonds).

Here in the figure 4.2.3, we note that there is almost no observable difference
between the three simulations for the rotating black hole solution in the Chern-
Simons theory and the Kerr solution of General Relativity, except for a slight
difference in the displacement value at an observation angle of 50° where we
notice that the shadow displacement is slightly smaller for coupling values of
{cs = 0.6 and (s = 0.8. However, this difference occurs only at this specific
angle, so we could deduce that it might be a measurement error from the
algorithm or a potential area to explore possible deviations, a task that will

require further investigation in the future.

Another thing to consider when conducting the analysis of the black hole
shadow for this particular metric is that the value of {cs << 1 (
, ) for the Chern-Simons modified gravity theory to be effective..
However, when studying this limit and attempting to determine a value
through the use of observational data, it significantly deviates from the effective
theory limit. Thus, taking into account the upper limit defined by (
, ), for which
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&% ~ 10* km, (4.2.54)

where, by studying the variation of the orbital elements of a binary system

averaged over a period, ( , ) derived the equation

64
¢ < %Mrimd, (4.2.55)
which was used with the data derived from observations of PSR J0737-3039
A/B ( , ) to establish the upper limit as previously shown.
Where the mass used was M = 1.476 M), 75 = 4.2410°km.

If we calculate this bound in the dimensionless form of the coupling parameter,

we obtain
lcs = 4.51 x 10'4, (4.2.56)

for the same mass M = 1.476 M. This is completely beyond the upper limit
for the theory to be effective.

This leads us to the question of how far we can explore the value of this
parameter. To address this, an analysis was conducted on the values of
diameter, displacement, and asymmetry of the photon rings to understand
at what point the deviations become significant. Looking at Fig. (4.2.4), it’s
noticeable that when the spin is close to the maximum for this metric (i.e.
a = 0.4M), the deviation becomes substantial for values of s > 1. When we
visualize these as photon rings (4.2.5), we observe that significant differences
compared to Kerr exist for these values. This could motivate the exploration of
other theories that don’t have such restrictions or where the coupling can be
much more flexible. However, in the realistic scenario, the conclusion remains
that the differences are minimal compared to the results obtained from General
Relativity. At least in measurements of the environment around black holes,

these deviations are not visible, especially considering the current resolution
of the EHT.
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Figure 4.2.4: Comparison of diameter, displacement, and asymmetry calculated
by the photon rings for different values of the coupling term {cs = [0,10] with
a constant angle of view of 90°. In this scenario, it should be possible to observe
more significant changes compared to the Kerr metric, where these parameters
remain constant, along with a spin parameter of a = 0.4M. We notice that
as the coupling term exceeds 1, changes in the diameter, displacement, and
asymmetry parameters in the photon ring start to appear, in the hypothetical

case where (cg > 1.
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Figure 4.2.5: Comparison of the photon rings for a differents values of {cs > 1
and the Kerr metric photon ring boths with a 90° angle of view and spin
parameter 2 = 0.4M. Here, a noticeable difference in the shape of the ring is
observed on the left side, where there is a flattening towards the center as the
coupling value (g increases.

4.2.2 Slowly rotating a’-corrected black hole solution

We are interest to study the shadow of a rotating black hole, then it is natural
to study desformations of the Kerr metric due to the higher curvature and the
scalar field. In this approach there are two perturbative parameters, namely
three relevant parameters, namely the mass of the black hole M the rotation
parameter a which must be compared with the perturbative parameter « of

the theory. The most general solution in this form is in the following form
g =& (M, a) + «xg;(fv) (M, a) . (4.2.57)

However, it is not clear that such a solution can be integrated analytically. It

was obtained in ( , ) a slowly rotating version of
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(4.2.57) where expasion of the metric is of the form

Suv = gLO&O] + ocg,[}l}o] + ag][loijl] + ocag][};n + aszov,z] + O <a3,zxa2, oc2> (4.2.58)

¢ = ¢o+apy (r) +O (a3,zxa2,oc2> ,

2

where terms of the form aa” was neglacted, note that the system of equations

is consistent with cosidering corrections of the type aa not a? in the scalar fied.

4.2.2.1 Kerr-Schild form

As mentioned earlier, black hole simulations are better suited to Kerr-Schild
coordinates. Therefore, we will adapt the solution found in (
, ) to obtain the metric in Kerr-Schild coordiante which are regular at

the black hole horizon. The components of the solution are given by

g =—1+ g —afi(r) — azzcoiﬂ , (4.2.59)
Qir = g +aX (r) — azzr—];/l , (4.2.60)
Stg = LIM +ahiy (1,0) , (4.2.61)
gﬂ:1+¥+agl (r)+a22(M+%)C°;29_4M_r, (4.2.62)
o = 2M G20, (4.2.63)
Qoo = 17 + a*cos? 0, (4.2.64)
Zop = r2sin0 — a2 sin? 6 (2M coi2 0 —2M—r) ,

the function X (r) is a "pure gauge function" and consequently arbitrary so we

can set this X(r) = 0, The functions at order « are given by where we turned

2We use the notation G = c =1
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off each integration constant

4 10M 8M?

() =5+55+— (4.2.65)
o (1) = (24M* + 221\/[1; 2+ 1\/?3_]\/:;?;4 -:4 ]15Mr3 +6r%)  w2.66)
hip (r,0) = —sin® 0 (8%2 + i—ﬁd — %) (4.2.67)
¢1(r) = —% - rlz - ?,)TA;I : (4.2.68)

Finally, the set of these equations (4.2.59 - 4.2.68) results in the Kerr-Schild

coordinates version of the slowly rotating black hole solution obtained in

( , 2023).

4.2.2.2 Separability of Hamilton-Jacobi equations and implications

A first step in obtaining the shape of a black hole’s shadow is to consider
the null geodesic problem, which can be solved by integrating the geodesic
equations for photons. However, solving the geodesic equations in modified
gravity theories is not straightforward, just as it is not for the solutions in
general . To tackle this problem, two approaches can be taken. One approach
entails using numerical methods to integrate the geodesic equations, thereby
obtaining the shape of the photon rings (representing the shadow’s shape in
theoretical terms) for the black hole. The other approach depends on whether
the spacetime possesses sufficient constants of motion to allow for an analytical

solution.

Here we tried this second way, by defining space-time as

ds? = uvdxtdx", (4.2.69)



152 4.2, Beyond Einstein gravity

where the components are

2M cos? 0a? + 2r2M — 13 2

_ 3 2 2 3
= — ~ — o (12M° 4+ 5M%r 4+ 6r°M — 67 )
—a® (2M —r)cos? 0 — 2r°M — a’r + 1> 40M? — 6Mr — 612
&rr = 2 2.2
r(2M —r) 32M—r)r
Q00 = ¥+ a’cos’ @,
L2
0
Spp = s1r11’ (ZazMsin29+a2r+r3> ,
2aMsin” in” 6
Stp =~ + T (8M? 4+ 6Mr +6r%) o

This is the a’—corrected slowly rotating Kerr up to O (aa?). This is written in

the notation and form of ( , )-

As we mentioned earlier in ( , ), we have derived
E and L for this solution, representing the energy and angular momentum,
respectively. However, having only two constants is insufficient to solve the
geodesic equations. Drawing inspiration from a reference ( , ),
we proceed to investigate the separability of the Hamilton-Jacobi equation in

order to obtain a tool to solve the null geodesics equations, namely

9 1,05 0S

oA Zg oxH oxv '

(4.2.70)

where S is the Jacbi action. The components of ¢g#" are calculated up to order
O(waa). Then if the problem is separable, the Jacobi action S can be written in
the form

S = %(SA—Et—i—Lgo—i—Sr—i—Sg , (4.2.71)

where E is the energy, L is the angular momentum, S, is a function only
depends on the r coordinate and Sy is only a function of 8. We are interested
only in null geodesics, therefore we consider § = 0. In that case the equations

reduced to

2 2
gME? — 2¢!PEL + g?P12 4 ¢'" (%) + g% (%) =0. (4.2.72)

Replacing the contravariant for of the metric here, this equation can be written
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like
1 /dS,\* 1 [dSp\* 5, L2(Q2M —r) + 4rE2M?
(A(O) +0€A(1)> ? (W) —|- ﬁ <%> +El — COS 9+ Ezr (ZM_r)z
1 4L.Ma r3 1 12 (42.73)

YEr oM r—2M+?sin29

2 (12M3 4+ 5M?r + 6Mr* — 6r°) 1 4a (4M?+3Mr —3r?) L 0
o - = =0,
3M (r — 2M)? E  302M-—r)r
where
Ay =r*—2Mr+a*, (4.2.74)
. 2M  40M?

Here we observe that the Hamilton-Jacobi equation separates and depends
solely on the r coordinate. Therefore, it is possible to reduce it to two equations

with the separation constant 7. Then’

1 [dS,\?
(80 +a00) 2 ()
5 [ &% (2M — 1) + 4rM? 4ZMa r
r(2M —r) r—2M r—-2M

. (2 (12M3 + 5M2r + 6Mr* —6r°)  4a (4M? + 3Mr —3r%) g)

&2 (4.2.76)

3M (r —2M)? 3(2M —r)*r2
1 (dSe\> 5, 2 2
2\ = a“cos“ 0 — ¢ cot" 041, (4.2.77)

where { = L/E. Now we can separate

0)

S, =80 +astM,  sp=50 yaslV, (4.2.78)

replace this splitting into (4.2.76) and (4.2.77), collecting in & we will obtain the

«’ —corretions of S, and Sy of Kerr.

3Note that we sum and substract & that gives that cot? 6

1 (dSe\*> _ 5, g2 2_ 2 2 205”6
= a%cos? 6 — +n+&" =a"cos” 6 — +
E2 ( do ) sinZg | ¢ ¢ sinZ
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Finally, this outcome suggests that the equations for null geodesics can be
solved using analytical methods. This potentially allows us to determine
the shape of the shadow for the slowly rotating solution of a black hole in
a’-corrected. It also opens up the opportunity to explore it through ray tracing
simulations, employing models already demonstrated, such as the thin disk
model. This objective is on the horizon and is being prepared for investigation

at the time of writing this thesis.
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Chapter 5
Summary and discussion

Throughout this research, we delved into deviations from the Kerr metric
with the aim of clarifying their theoretical functioning, from the analysis
of their photon rings to their potential observability or measurability in
supermassive black hole (SMBH) observations. We do this by exploring the
radiative transport and the structure of the accretion disk in the vicinity of
these objects, using simulations of General Relativistic Magnetohydrodynamics
(GRMHD) and ray-tracing algorithms, particularly using the RAPTOR code.

We focused on deviations from Kerr metrics, particularly the Kerr-Like and
slowly rotating Chern-Simons metrics, further a slowly-rotating solution for
the a’-corrected theory, establishing a foundation for future investigations. We
compared simulations of these metrics with simulations based on the Kerr

metric to quantify their differences.

We observed that some deviations can significantly alter the morphology of
photon rings and the black hole shadow. This is particularly evident in the
Kerr-Like metric, in the first-order deviation parameters a13 and apy, which
influence the intensity profiles, diameter, displacement, and asymmetry of the
shadow. These deviations are maximized when the spin parameter approaches
its highest value (¢ ~# M), and the inclination angle of the black hole is closer
to edge-on (i ~ 90°). This is where a significant difference in the shadow
geometry compared to that produced by a Kerr black hole without these
deviations has been observed, particularly in its diameter and asymmetry, at

least for the cases we have studied, especially for the Kerr-Like metric.
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On the other hand, the structure of the accretion disk plays a crucial role
in quantifying the black hole shadow. Depending on the fluid model in the
vicinity of the horizon, shadow measurements can be distorted by the structure
itself, especially when the viewing angle of the black hole is perpendicular to
its rotation axis (edge-on), assuming that the disk is distributed along this axis.
We also note that in simulations where the disk dominates, the theoretical
adjustments calculated by ( ) for the diameter, displacement,
and asymmetry of the photon ring do not accurately reflect reality. However,

they provide information about the deviations.

We conclude that, in terms of the effect of radiative transport around these
deviant Kerr-like metrics, differences from the Kerr metric can be noticeable,
especially when the disk’s structure is also affected. Quantification based
on diameter, displacement, and asymmetry, derived from intensity profiles,

appears effective for measuring these deviations.

We note that the Kerr-like metric can produce similar images of a Kerr black
hole with different spin parameter. Deviations from the Kerr metric such as
apy = 1 with a certain rotation parameter can produce changes in the shadow
for thin-disk simulations such that it is indistinguishable from the shadow
for a Kerr black hole with a completely different rotation parameter. As well
as coupling values {cs < 1 in the slowly rotating black hole solution for the
Chern-Simons dynamic theory do not produce any significant effect on the

shadow of a black hole compared to the usual Kerr metric.

Our findings contribute to the literature on Kerr metric deviations and modified
gravity. They align with previous studies such as ( , /b, )
for Kerr-Like and ( , ; , ) for
the Chern-Simons solution. Our work expands the study of these theories and

explores new ones, like the a’-corrected theory.

This study opens the door to a deeper analysis of deviant Kerr metrics and
their impact on SMBH images. While our simulations focused on specific disk
models and theories, we aim to broaden our scope to include more complex
radiative transport models. We also emphasize the potential of this method
to distinguish deviations from the Kerr metric from the Kerr metric through

observations of black hole shadows.
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Our findings enrich theoretical understanding and could have observational
implications that could be measured by the Event Horizon Telescope (EHT).
We emphasize that ideal SMBHs for measuring these possible deviations in
observations are those with high spin values and inclination angles such
that we observe them through an axis perpendicular to their rotation axis.
Currently, the results obtained by the EHT ( , , ), which
show images of SMBHs at the center of our galaxy and in the center of Messier
87, suggest that when contrasted with GRMHD simulations, both sources
seem to have high spin parameters (2 > 0.5M), but low inclinations (i < 50°)
or rather near face-on inclinations. This indicates that these objects might be
where these deviations could be measurable, but only slightly. For stronger
tests, it would be useful to have sources that meet both characteristics. In
this context, additionally, the new ngEHT project (Next Generation Event
Horizon Telescope) will bring rapid advancements in improving the visibility
of these sources and new sources. By using advances in Very Long Baseline
Interferometry (VLBI) techniques, it will be able to create a virtual telescope
the size of the Earth, enhancing the resolution and sensitivity of observations.
This will allow capturing images and even videos of black holes, quantifying
photon rings, and improving the precision in measuring BH properties. It will
also enable advances in the study of magnetic fields in accretion disks and the
origin of jets. Ultimately, this will allow for a more accurate comparison of

Kerr-deviated images with the real image of a black hole.

Finally, these results inspire me to delve further into the intricacies of the
deviations from Kerr metrics and their effects on black hole images. My
comprehension of these enigmatic objects has deepened, and I am excited to

continue exploring and contributing to scientific advancement in this field.


https://www.ngeht.org
https://www.ngeht.org
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Appendix A

Supplementary calculations

A1l Modified coordinates

Here we present a non-trivial coordinates transformations used by RAPTOR

code. From Boyer-Lindquist coordinates to Modified Kerr-Schild coordinates,

Al1.1 From Boyer-Lindquist to Kerr-Schild

The transformations between the coordinate vector is given by (see. (CITAR
FONT.)):

2 _
P—t+Mina+ 2 (r ”), (A1.1)
ry —7r_ r—r_
~ a r—r4
<P—<P+r+_rln(r_r), (A1.2)
f=i ZTMU, (A1.3)
o= ¢+%f, (A1.4)

where the overdot means the differentiation with respect to the affine parameter
A, 1+ = M £+ vV M? — 42 denotes the outer and inner event horizon radius,
A = r?2 —2Mr + a% and M is the mass of the black hole.

On the other hand, four-vectors transform differently. In RAPTOR the inital
wave vector kg is always constructed in Boyer-Lindquist coordinates, so

must be transformed to Kerr-Schild coordinates. This is do it following the
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transformation of ( )
1 2r/A 0 0O
A 0 1 00
k* = k*, (A1.5)
0 0 10
0 a/A 01

where k* denotes de wave vector in Boyer-Lindquist coordinates and k* denotes

the wave vector in Kerr-Schild coordinates. The reverse tansformation is

1 —2r/A O
0 1 0
0 0 1
0 —a/A 0

Kt = k. (A1.6)

— O O O

A1.2 From Kerr-Schild to Modified Kerr-Schild coordinates

The modified Kerr-Schild coordinates (MKS) ( ), are denoted
by (£, x!,x%,¢), and are

x'=Inr—r (A1.7)
S Al8
X Pa— (AL1.8)
X = 6 (A1.9)

[l — +(1 — h) cos(27tx2)]’

where 0 < h < 1 is obtained by the GRMHD data and stretches the zenith
coordinate near the poles and the equatiorial plane. We do not put here the
transformation x?(#) because this requires solving a transcendental equation,

so RAPTOR find this coordinate numerically. The inverse transformation is

r =10+ exp x!, (A1.10)
0 = mx® + %(1 —h) sin<27'cx2>, (A1.11)
i=xl(r—rp), (A1.12)

6 = 722[1+ (1 — h) cos (27Ix2>]. (A1.13)
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2

to find 8 — x°. RAPTOR solves numerically the equation by a Newton-

Raphson algorithm (see Apendix of ( ))-

A2 Christoffel symbols of Kerr-Like metric

To determine the connection of the Kerr-Like metric in Kerr-Schild coordinates,
we utilized Maple software to perform analytical calculations of all components
of the Christoffel symbols, to provide a concise perspective and prevent the
document from extending beyond necessary limits, we will only present the
components (t,t,t), (r,1,1), (6,6,60), and (¢, ¢, $). The remaining components
can be found in the footnote link as a Maple document, where they are also

translated into the C programming language. '

oo A1(r) [(cos?(8)a? — a®) Ay (r)? + A(r)] F(r,0) 2X(r, 0)
7 45(r,0) [(cos?(0)a2 — a2) Ay (r) + Aq(r) (a2 + r2)] E(r, 0)
cos2()a? 4> A(r)]?
|:T — E:| Az(r) + Al(T’) |:M1’ + T:|
o 1 8(a%Ay(r) cos?(8) + A1 (r)a® + A1 (r)r? — a®Ay(r))F(r,0) As(r)
T 8%(r,0) (fle(V)(608(9)*1)8(605(9)+1)A2(r)2 4+ M2s2 4+ Mrg(r) + %ﬁ) Ay (r)2 + ..
o _ 23(r,0)
% 25(r,0)
e _ _ay/As(r) sin®(0) Aa(r)
4 43.(r,0)
2 .2
(10 (- 30) Enss)
2 2
X F(r,0) ((—a* = ) As(r) + A5 (r) sin®(6) )
(A2.1)
In the denominator of the equation for I'";,, the "..." is used to represent the

omitted terms due to their excessive length.

ILink


https://www.dropbox.com/scl/fi/k0u7gqkfrf6atliesn0qx/Christofell-Kerr-Like.mw?rlkey=5x560s5qeuq22by6j6qd7p22a&dl=0

	ACKNOWLEDGEMENTS
	Resumen
	Abstract
	Introduction
	About black holes
	Compact Objects
	General Relativity
	Schwarzschild solution
	Schwarzschild radius
	Event Horizon
	Bound orbits in Schwarzschild metric

	Kerr solution
	Properties
	Event Horizon and Ergosphere
	ISCO radius


	Kerr-Like metric
	Properties of Kerr-Like metric
	Event Horizon
	Ergosphere
	ISCO radius

	Kerr-Schild-Like metric

	Accretion Disks
	The fluid
	Viscosity
	Electromagnetic part
	The radiation
	Thin Disk model
	HARM simulations
	Theoretical scheme
	Numerical scheme


	Beyond Einstein Gravity
	Slowly rotating Chern-Simons black hole solution
	Slowly rotating ' theory black hole solution


	Computational methods
	Ray-Tracing
	RAPTOR I
	Inputs and Outputs of the code
	Virtual camera
	Numerical integration of the geodesic equation
	Runge-Kutta
	Vervlet

	Radiative transfer
	Emission model
	Thin disk emission
	Synchrotron emission

	Fluid model
	Novikov-Thorne Thin disk model
	HARM model


	Kerr-Like metric implementation
	Intensity profile
	Displacement, Diameter, and Asymmetry


	Effects of the deviations from the Kerr metric and GRMHD simulations
	Kerr-Like metric simulations
	HARM model simulations
	Deviation parameter 13
	Deviation parameter 22
	Deviation parameter 52
	Sgr A* case

	Thin-disk model simulations
	Deviation parameter 13
	Deviation parameter 22
	Implications of the Kerr-Like simulations


	Beyond Einstein gravity
	Slowly rotating Chern-Simons black hole solution
	Kerr-Schild form
	Relation with the Kerr-Like metric
	Thin-disk simulations and analysis

	Slowly rotating '-corrected black hole solution
	Kerr-Schild form
	Separability of Hamilton-Jacobi equations and implications



	Summary and discussion
	Bibliography
	Appendix
	Supplementary calculations
	Modified coordinates
	From Boyer-Lindquist to Kerr-Schild
	From Kerr-Schild to Modified Kerr-Schild coordinates

	Christoffel symbols of Kerr-Like metric


