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Resumen

Los protocolos de información cuántica se ven favorecidos por el uso de tecnología usada
en telecomunicaciones. En particular, las fibras ópticas y el desarrollo de fibras ópticas
multinúcleos permite aumentar los canales de transmisión, lo que conlleva un mayor envío
de información, con posibles aplicaciones en criptografía cuántica y comunicación cuántica,
entre otros.

Con estas fibras se pueden fabricar divisores de haz multinúcleos de alta calidad basados
en un esquema de manipulación de los núcleos.

Mediante el uso de MBS de 4× 4, generamos sistemas cuánticos de cuatro dimensiones y
llevamos a cabo una tarea de generación de números aleatorios independiente del dispositivo
de medición, utilizando un interferómetro programable de cuatro brazos que opera a una
frecuencia de repetición de 2 MHz.

Gracias a las altas visibilidades obtenidas, superamos el límite de un bit de los protocolos
binarios.

En conjunto, este estudio allana el camino hacia sistemas cuánticos de alta dimensión
eficientes y escalables aprovechando la tecnología de fibra óptica multinúcleo, lo que supone
un avance significativo en el campo del procesamiento cuántico de la información.
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Abstract

Quantum information protocols benefit from the use of technology commonly employed in
telecommunications. In particular, optical fibers and the advancement of multi-core optical
fiber technology enable an increase in transmission channels, thereby allowing for a higher
data transfer rate with potential applications in quantum cryptography, quantum networks,
and quantum-enhanced sensing.

High-quality multi-core beam splitters based on a core manipulation scheme can be fab-
ricated with these fibers.

Using 4 × 4 multi-core beam splitters we generate four-dimensional quantum systems
and implement a measurement-device-independent random number generation task using a
programmable four-arm interferometer operating at a 2 MHz repetition rate.

Due to the high visibilities observed, we surpass the one-bit limit of binary protocols.

Overall, this study paves the way for efficient and scalable high-dimensional quantum
systems by leveraging multi-core optical fiber technology, significantly advancing the field of
quantum information processing.
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Chapter 1

Introduction

The utilization of quantum information technologies provides unconditionally secure commu-
nication models [1,2]. These models benefit from the incorporation of devices that are com-
monly employed in classical telecommunications. Thus, high-dimensional quantum systems
offer significant advantages over two-dimensional systems. To illustrate, the implementation
of quantum communication protocols in high-dimensional systems can be accomplished in
a manner that is more secure, efficient, and resistant to noise [3–5]. This enhancement in
protocols enables greater violations of Bell’s inequalities [6] and facilitates improvements in
complex computational and quantum communication tasks [7, 8]. These systems enable the
precise and regulated preparation and measurement of different quantum states in a variety
of bases.

In this thesis, we propose the construction of a programmable quantum circuit suitable
for a variety of experimental applications. Using high-dimensional beam splitters, we con-
struct a 4-path Mach-Zehnder interferometer, which is optimal for the efficient processing of
single or entangled high-dimensional quantum systems (qudits). Through this interferome-
ter, we generate qudits with dimension 4 and implement random generation independent of
the measurement device.
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2 Chapter 1

With this circuit, we achieved average visibilities greater than 99.4% and certified the
generation of 1.23 random bits per round. These results demonstrate that the use of qudits
is crucial for random number generation, as increasing the dimensionality is one of the few
strategies that enables the generation of a larger amount of randomness per measurement.
Furthermore, our scheme delivers a random bit rate of 60, 000 bits/s, reaching the state-of-
the-art in experiments manipulating high-dimensional states.

In chapter 2, a concise overview of quantum mechanics and quantum information is pre-
sented. Chapter 3 details the experimental framework within which the quantum information
processing scheme is developed. In chapter 4, the design and implementation of the circuit
are presented. In chapter 5, the results of the experiment are reported. Two appendices are
included, featuring experiments that utilize the proposed scheme, thereby demonstrating its
versatility.

The results presented in chapters 4 and 5 have been published in the paper Multi-core
fiber integrated multi-port beam splitters for quantum information processing [9].



Chapter 2

Foundational concepts of quantum

information

In this chapter, we will review some fundamental mathematical concepts necessary for un-
derstanding the proposal presented in this thesis [10].

2.1 Fundaments of Quantum Mechanics

2.1.1 Hilbert space

A Hilbert space, denoted by the symbol H, is defined as a linear vector space over the complex
numbers, denoted by C. It is closed under both addition (+) and the scalar product (·).

+ :H×H −→ H, (2.1)

· :C×H −→ H. (2.2)

A vector in H represents the quantum state of a physical system and is denoted using
the Dirac notation |ψ⟩. The inner product of the vectors |a⟩ with |b⟩ is written ⟨a|b⟩.

3



4 Chapter 2

Two vectors are said orthogonal if

⟨a|b⟩ = 0. (2.3)

A collection of linearly independent vectors {|en⟩}n∈N form a basis of H provided any |a⟩ in
H can be written as a linear combination:

|a⟩ =
∑
n∈N

αn |en⟩ ,∀ |a⟩ ∈ H. (2.4)

The number d of vectors forming the basis is the dimension of H, written as dim(H),

and does not depend on the choice of basis.

A basis is orthonormal if

⟨en|em⟩ = δnm, (2.5)

where δnm is the Kronecker delta defined by

δnm =

1 , n = m.

0 , n ̸= m.
(2.6)

If we consider the Gram-Schmidt orthogonalization process we can obtain an orthonormal
basis {|vn⟩}n=1,...,d from an non-orthonormal basis {|wn⟩}n=1,...,d. Thus, any finite Hilbert
space has an orthonormal basis. Therefore, the equation (2.4) becomes

|a⟩ =
d∑

n=1

αn |vn⟩ , (2.7)

where αn = ⟨vn|a⟩. Besides, it can be written in matrix representation, that is,

|a⟩ =


α1

α2

...
αd

 =


⟨v1|a⟩
⟨v2|a⟩

...
⟨vd|a⟩

 ∈ Cd. (2.8)

For any linear operator A, the trace of A is defined be the sum of its diagonal elements,

Tr(A) =
d∑

i=1

⟨i|A|i⟩ . (2.9)
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2.1.2 Qubit

In classical computing, the smallest unit of information storage and processing is the bit,
which can have two possible values: 0 or 1. A qubit, on the other hand, is a two-dimensional
quantum system that represents the minimal unit of information storage in quantum com-
puting. Like a bit, a qubit can assume the values 0 or 1, denoted as |0⟩ and |1⟩, which form
a basis for the space H. The quantum state describing a qubit is given by

|ψ⟩ = α |0⟩+ β |1⟩ , (2.10)

where α and β are complex coefficients so |α|2+ |β|2 = 1. We can observe that a qubit allows
a superposition state between |0⟩ and |1⟩.

The general state of a qubit in dimension 2 is given by

|ψ⟩ = cos

(
θ

2

)
|0⟩+ eiφ sin

(
θ

2

)
|1⟩ , (2.11)

where θ and φ are coordinates on the Bloch sphere, a graphical representation of quantum
states. In general, a d dimensional state is called a qudit.

An alternative approach to describing a quantum system, particularly in scenarios where a
comprehensive understanding of the system is unavailable, involves using the density matrix,
defined by the equation

ρ =
n∑

i=1

pi |ψi⟩⟨ψi| , (2.12)

where |ψi⟩ are the states necessary to describe the system and pi are their respective proba-
bilities. The matrix density must satisfy the following conditions:

• The trace of ρ is equal to 1. That is, Tr(ρ) = 1.

• ρ is a positive semidefinite operator. That is, ⟨φ|ρ|φ⟩ ≥ 0, with φ an arbitrary vector.

If there exists a vector |ψ⟩ such that ρ = |ψ⟩⟨ψ|, then the state is pure. In any other case,
we say that the state is mixed. A state ρ can be determined as pure or mixed by evaluating
the purity Tr(ρ2). A state ρ is pure if and only if Tr(ρ2) = 1, located on the surface of the
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Bloch sphere. The mixed states have Tr(ρ2) < 1 and are located in the interior of the Bloch
sphere.

Figure 2.1: Bloch sphere, a graphical representation of the qubits. Each point represents a
different density matrix.

2.1.3 Measurement

A major difference between classical and quantum physics is the measurement process by
which information about a system is obtained. In classical physics, the properties of a system
do not change after a measurement is made. In contrast, in quantum physics, measurements
can yield different results, which disturb the state of the system and preclude the possibility
of knowing other properties. The measurement postulate explains this and describes what
happens at the moment of measurement.

Postulate: Quantum measurements are described by a set of operators {Mm}m=1,...,n,
where m refers to the results of the measurement that may occur in a experiment. If the state
of a certain physical system immediately before a measurement is |ψ⟩, then the probability
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that result m occurs is

p(m) = ⟨ψ|M †
mMm|ψ⟩ , (2.13)

where M †
m is the transposed conjugate of Mm and the state of the system immediately after

the measurement is

|ψm⟩ = Mm |ψ⟩√
⟨ψ|M †

mMm|ψ⟩
. (2.14)

Expressed as a function of the density matrix ρ, the probability of an outcome m is given
by

p(m) =
n′∑
i=1

p(m|i)pi (2.15)

=
n′∑
i=1

⟨ψi|M †
mMm |ψi⟩ pi (2.16)

=
n′∑
i=1

Tr
(
M †

mMm |ψi⟩⟨ψi|
)
pi (2.17)

=Tr

(
M †

mMm

n′∑
i=1

pi |ψi⟩⟨ψi|
)

(2.18)

=Tr
(
M †

mMmρ
)
, (2.19)

where p(m|i) is the conditional probability of m if the initial state was |ψi⟩. Then, the states
of the ensemble after the measurement are

|ψm
i ⟩ =

Mm |ψi⟩√
⟨ψi|M †

mMm |ψi⟩
. (2.20)

Then, the density matrix after the measurement is

ρm =
MmρM

†
m

Tr
(
M †

mMmρ
) . (2.21)

The measurement operators {Mm}m=1,...,n satisfy the completeness relation
n∑

m=1

M †
mMm = I. (2.22)
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The simplest type of measurement is the projective measurement. A set of d projective
measurements is associated to a hermitian operator called an observable. An observable O
has a spectral decomposition

O =
d∑

m=1

λm |ϕm⟩⟨ϕm| , (2.23)

where λm and |ϕm⟩ are its respective eigenvalues and eigenvectors. Then, because the pro-
jectors τm = |ϕm⟩⟨ϕm| are hermitian, the probability to obtain an outcome m measurement
the state |ψ⟩ is

p(m) = Tr
(
τ †mτmρ

)
= Tr(τmρ) = ⟨ϕm|ρ|ϕm⟩ , (2.24)

and the density matrix after the measurement is

ρm =
τmρτ

†
m

Tr
(
τ †mτmρ

) =
⟨ϕm|ρ|ϕm⟩ |ϕm⟩⟨ϕm|

⟨ϕm|ρ|ϕm⟩
= |ϕm⟩⟨ϕm| . (2.25)

The most general measurement on a density matrix is the Positive Operators Values
Measure or POVM. The POVMs are used when the post-measurement state is unimportant
and the probabilities are the main interest. A POVM is a set {Am}m=1,...,n , such that the
operator Am are positive and satisfy the relation

∑n
m=1Am = I. We can consider Mm =

√
Am such that Am = M †

mMm. Then we see that the POVM satisfies the equation (2.22)∑n
m=1M

†
mMm =

∑n
m=1Am = I, and therefore the set {Mm}m=1,...,n describe a measurement

with POVM {Am}m=1,...,n. The probability of outcome m is given by

p(m) = Tr(Amρ). (2.26)

2.2 Random numbers

The generation of random numbers is arguably one of the most practical applications of
Quantum Mechanics, with uses in fields such as cryptography, communications, gambling,
and numerical simulations of physical or biological systems, among others [11]. Random
numbers are produced by a device that generates bits that are accessible to the user. The
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process of generating random numbers, defined as numbers produced through a completely
unpredictable process, should not depend on the specific device used.

Randomness must be generated by devices that replicate an intrinsically random pro-
cess. Some generators rely on pseudorandom algorithms, which expand a random base string
known as the seed. This seed serves as the input for a process that generates a long sequence
of bits, adhering to the statistical properties of a uniform distribution. These pseudoran-
dom number generators (PRNGs) are typically faster than other random number generation
methods, and their results are reproducible. For example, knowing the seed allows for the
exact replication of a simulation. However, this can be problematic for certain applications
where the numbers need to be unpredictable.

Other methods rely on physical processes that are difficult to predict, using their results to
generate a random sequence. These are known as true random number generators (TRNGs).
There are physical TRNGs that operate based on various principles, such as chaotic systems,
thermal noise in electronic circuits, or biometric parameters, among other examples. A
key distinction between pseudorandom number generators and physical random number
generators lies in their emphasis on product versus process randomness. In pseudorandom
number generators, the evaluation is confined to the output strings, with the focus placed on
the product of the deterministic algorithm. The aim is to determine whether the resulting
sequence exhibits the characteristics of randomness. To evaluate product randomness, the
output strings are analyzed and subjected to specific statistical tests. In contrast, physical
random number generators emphasize process randomness, seeking to identify a process that
inherently generates random outputs. The objective is to produce true random numbers from
fundamentally unpredictable physical phenomena, where randomness is typically defined as
unpredictability.

Usually, it is acceptable to use an unpredictable physical system as a source of random-
ness. However, there remains a question as to whether the underlying physical process is
truly random, or if we have an incomplete understanding of the system.

These methods can yield acceptable results for certain applications; however, some devices
may be vulnerable to tapping by providers or malicious actors, compromising the security
of the generated results and increasing susceptibility to information theft. To achieve a
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higher level of randomness suitable for secure applications, quantum-based generators are
required. This necessity has led to the development of quantum random number generators
(QRNGs) [12], which are devices that use quantum mechanical effects to produce random
numbers. Statistical tests [13] are commonly used to verify that the generated numbers
follow a uniform probability distribution. However, there remains uncertainty regarding the
implications of a given bit string passing these tests. Furthermore, it is inherently impossible
to certify true randomness with finite computational resources.

Quantum mechanics is characterized by its probabilistic nature, which inherently incor-
porates randomness as an intrinsic feature. However, implementing certain schemes often
requires consideration of imperfections in devices or external factors that may affect their
performance. One approach to addressing these challenges is the Device-Independent (DI)
approach, which provides protocols to certify randomness based on general assumptions
about the experimental setup, without requiring detailed knowledge of the internal workings
of the devices [14]. A distinguishing feature of DI protocols is their reliance on observed
statistics to infer the operation of the devices [15]. This characteristic ensures that the de-
vices need not be fully characterized, and the protocol’s security remains robust even if the
devices’ origin is untrusted, effectively mitigating concerns about detector attacks.

Despite the use of defective devices, DI-QRNG faces the challenge of achieving a low
bit generation rate, with a maximum recorded value of 114 bits/s [16], in addition to re-
quiring high efficiency. To address these limitations, several semi-DI schemes have been
proposed [17–20], including Measurement Device-Independent Quantum Random Number
Generation (MDI-QRNG). This approach relies on a reliable preparation device and an un-
known measurement device [21], which prepare different quantum states |ωx⟩ and produce
an output a. At the end of the process, the probability p(a|ωx) can be determined. This
scheme relies solely on the statistics of the obtained results, increases transmission distances,
offers a high generation rate, and is immune to detector attacks. This is particularly rele-
vant in the present day, as detectors are susceptible to side-channel attacks, which has also
motivated similar approaches in quantum key distribution (QKD) [14]. In MDI, since we
rely on the preparation device, different states are generated to test the proper functioning
of the measurement device in real time.

All of these devices employ quantum processes to generate randomness, so users must
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adhere to the laws of Quantum Mechanics.

2.3 Entropy

Entropy, in its various forms, provides a convenient way to measure randomness. Different
types of entropy offer a mathematical measure of how unexpected a value is [22].

For a random variable X with a probability distribution PX , where PX(x) represents the
probability of obtaining the outcome x from a discrete set A containing N possible values
for x, the Shannon entropy of X, H(X), is defined as:

H(X) = −
∑
x∈A

PX(x) log2[PX(x)].

Shannon entropy gives the average number of bits of information that can be obtained
from an individual measurement. If the cardinality of the set of possible outputs is N , and
a uniform probability distribution, all the outputs are equally likely and we need H(x) =

log2(N) bits to describe them [23].

Shannon entropy provides an approximate measure of randomness. The ideal scenario is
achieving an entropy value equal to or very close to log2(N). High entropy indicates that a
distribution is nearly uniform, allowing a larger number of bits to be extracted during the
process.



Chapter 3

SDM technology

In this chapter, we will describe the experimental setup of this thesis, including the devices
used in the configuration.

The experimental scheme is based on a prepare-and-measure scenario, where a device
receives an input x, generates a system in a ρx state, and sends it to the measurement
device. The measurement device then performs one of several possible measurements, y, and
returns a result b [24].

3.1 Beam splitter

A beam splitter (BS) is an optical device that splits a beam of light into two parts. It is
used in a variety of experiments and can consist of a glass prism, a semi-transparent mirror,
or an optical fiber.

The BS performs a transformation on state |ψ⟩, initially in modes k1 and k2, through a
unitary matrix, resulting in an output state with modes k′1 and k′2 :(

k′1

k′2

)
=

(
eiϕ sinω eiϕ cosω

cosω sinω

)(
k1

k2

)
, (3.1)

12
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where ϕ is the relative phase between the modes, sinω represents the reflectance, and cosω

represents the transmittance of the beam splitter.

3.2 Optical fiber

The accelerated development of quantum information experiments can be attributed to the
use of devices originally designed for classical communication [25, 26]. One such device
is the optical fiber, a medium for light transmission that has been extensively utilized in
telecommunications due to its ability to transmit large amounts of data over long distances.
An optical fiber consists of multiple layers that protect the core, through which the light
propagates. The core of the optical fiber is made of glass, with impurities that increase its
refractive index, ensuring that the light remains confined within the fiber. The transmission
window in telecommunications and the use of existing technology require the employment
of commercial fibers at a wavelength of λ = 1550 nm.

In order to increase transmission capacity, a technique called space-division multiplexing
(SDM) is employed, where fibers can support different spatial modes of propagation [27].
These include multi-core fibers (MCF) [28, 29], which consist of several single-mode (SM)
cores embedded in a common cladding. These cores are sufficiently separated from each
other to prevent light coupling between them and are used individually, and few-mode fibers
(FMF) [30], a specific class of multimode fibers that have a single core capable of supporting
multiple modes. Each mode exhibits minimal crosstalk with others and can therefore be
used to transmit information independently.

The employment of SDM fibers is currently preferred due to their effective manipulation
and transmission of high-dimensional quantum states over long distances, as well as their
application in quantum information processing (QIP), which facilitates the integration of
classical and quantum systems [31]. The presence of multiple cores within a single cladding
results in equal fluctuations between them, thereby improving the fiber’s stability against
mechanical or thermal variations. In this context, MCFs offer a distinct advantage in the
fabrication of Mach-Zehnder (MZ) interferometers, which exhibit enhanced sensitivity to
phase changes.
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The Mach-Zehnder interferometer works by splitting a light source into two independent
beams that follow separate paths. Then, both beams are recombined to form an interference
pattern. The light passing through each path can be altered in various ways (for example,
by changing the phase of one of the beams), which will affect the interference pattern at
the final detector. This type of interferometer has various applications, including phase
measurements, telecommunications, sensors, quantum computing, and integrated optics.

Figure 3.1: 4× 4 multi-core fiber.

In a multi-core fiber, a state is defined as a coherent superposition given by

|ψ⟩ = 1√
k

k∑
0

eiϕk |k⟩ , (3.2)

where |k⟩ corresponds to the state of the photon transmitted through nucleus k and ϕk is
the relative phase acquired during propagation through nucleus k.

3.3 Multi-core beam splitter

MCFs offer a distinct advantage in that they facilitate the fabrication of high-dimensional
beam splitters, compatible with existing multi-core technology. This capability enables the
construction of N -path interferometers, which can be used in various quantum information
schemes.

While a multi-path interferometer can be constructed with a known number of beam
splitters (BSs), there are certain advantages to using multi-core beam splitters (MBSs) over
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2-path BS grids. Specifically, the fabrication of MBSs requires only two MBSs with N ×N

cores, whereas the smaller number of BSs required is N(N − 1)/2 [32]. Moreover, the use of
MBSs has been shown to yield more stable interferometers, as evidenced by the fact that a 2-
MBS scheme can be controlled by modifying the control methods of a 2-path interferometer.
Conversely, a BS mesh necessitates the parallel control of multiple interferometers.

This device is crucial for quantum-information processing because it allows for the gener-
ation and measurement of a general class of quantum states. The MBS is fabricated directly
within a multicore fiber, using a tapering technique for MCFs [33]. By tapering the fiber,
the cores are brought together and, due to evanescent effects, there is light coupling from
one core to the others. Due to the symmetry of the MCF structure, the splitting ratio can
be made balanced for all core-to-core combinations.

High-quality 4 × 4 MBSs are constructed directly in a four-core optical fiber through a
tapering technique recently introduced in [33]. The objective of that work was to build multi-
arm MZ interferometers for multi-parameter estimation. The proposed approach involved
the use of a heterogeneous multi-core fiber, which has lower refractive index "trenches"
around the cores, to minimize inter-core coupling. In such fibers, at least two orthogonal
modes propagate over one core of the fiber, and under normal circumstances, these modes
never interfere. However, by tapering the fiber, an overlap between these modes was created
due to strong evanescence effects in the tapered zone. From the interference observed,
parameter estimation was possible. Interference was used to estimate different parameters
of a sample, effectively transforming the fiber into an instrument composed of several two-
path MZ interferometers. In the tapered region, the inter-coupling between different cores
was severely reduced by such trenches.

In this study, we demonstrate that by utilizing the aforementioned technique, but with
homogeneous MCFs—that is, fibers where the N cores are not constrained by refractive
index trenches—it is possible to construct high-quality N × N MBSs. The tapering process
entails local heating of a small transverse region of the fiber with length L, in conjunction
with the application of controlled longitudinal stretching tension. The fiber’s mechanical
state, characterized by partial softness, will undergo a transformation, becoming thinner
with a final diameter, Dw, at the center of the heated region. Consequently, the cores will be
brought together, and due to evanescent coupling, light will leak from one core to the others,
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similar to what is obtained in a standard fiber-optical bi-directional coupler. The splitting
ratio can be balanced by monitoring the transmission of a λ = 1550 nm laser beam through
the four-core fiber while tapering it. Finally, given that the MBS is directly constructed on
a MCF, it is compatible for connection with other MCFs by direct contact.

Figure 3.2: 4× 4 Multi-core beam-splitter.

The fabricated four-core MBSs were tested by first illuminating one of the cores of a
MCF. This fiber was connected to the MBS under test, and at the output, the light was
split across the other cores. The output power per core was then measured individually with
p-i-n photodiodes. The power at each core was found to be very stable, and the observed
average split ratio was (0.248± 0.01). The insertion loss of the 4× 4 MBSs is calculated to
be 4.3± 0.06%.

In general, symmetric 4 × 4 MBSs are parameterized in terms of the unitary operation
given by [32,34]

V =
1

2


1 1 1 1

1 eiϕ −1 −eiϕ
1 −1 1 −1

1 −eiϕ 1 eiϕ

 . (3.3)

Since the cores are equally distant from the center of the four-core MCF, in the tapered
zone, they will have the same length Lw. So, it is expected that the MCF MBSs should
be described by V when ϕ = 0. We confirm this by experimentally measuring the unitary
implemented by a 4 × 4 MCF MBS, resorting to the quantum process tomography technique
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introduced in [35]. Any unitary device is described by U =
∑

jk ujke
iϕjk |j⟩ ⟨k|. The param-

eters ujk for our MBS are obtained from the split ratios recorded in the procedure described

above. Relative phases are measured by sending states of the form |ϕj⟩ =
1√
2
(|1⟩+ eiφ |j⟩)

through the MBSs. At the MBS output ports, the probabilities of recording the photon
are given by p(k|j) = 1

2

[
u2k1 + u2kj + 2uk1ukj cos(φ+ ϕkj − ϕk1)

]
. Hence, by recording these

probabilities with respect to φ, we acquire the relative phases ϕkj − ϕk1.

Using the scheme described below to characterize the 4×4 MCF MBS gives the following
experimental estimate:

Ũ =


0.5 0.5 0.5 0.5

0.5 0.493 + 0.07i −0.497− 0.05i −0.499− 0.01i

0.5 −0.496− 0.06i 0.499 + 0.03i −0.499 + 0.03i

0.5 −0.5 −0.496 + 0.06i 0.499− 0.03i

 , (3.4)

while the corresponding unitary one is

Û =


0.499 0.501 0.499 0.499

0.501 0.491 + 0.08i −0.496− 0.06i −0.498− 0.01i

0.499 −0.495− 0.06i 0.498 + 0.03i −0.499 + 0.03i

0.499 −0.499− 0.01i −0.499 + 0.03i 0.499− 0.01i

 . (3.5)

The fidelity between the experimental estimate and the unitary estimate is

F (Ũ , Û) = 0.999± 0.001.

Note that the unitary estimate is almost a symmetric unitary matrix, or equivalently, the
absolute value of each coefficient of the matrix is approximately 1/2. Comparing the unitary
estimate with the symmetric unitary matrix (3.3) with ϕ = 0, we have the fidelity

F (Û , Vϕ=0) = 0.995± 0.003.
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MDI randomness generation

In this chapter, we detail the use of a high-quality multicore beam splitter with four cores,
constructed from commercial multicore fibers, in the fabrication of a programmable quantum
circuit. This circuit consists of a four-path Mach-Zehnder interferometer in optical fiber,
where we generate on-path encoded qudits, which are then transmitted through the circuit.
The detection results are subsequently stored and analyzed.

A high-dimensional scheme confers several advantages, including the increased amount of
information transmitted by a multicore fiber and the minimal thermal and phase variations
in each core.

4.1 Experimental scheme

In this scheme, we use a continuous-wave laser with a wavelength of 1546 nm as the source,
which is externally modulated by a Mach-Zehnder electro-optical device with a bandwidth
of 10 GHz to generate optical pulses 5 ns wide. Optical attenuators are employed to reduce
the average number of photons per µ pulse, thereby generating coherent states [25]. In our
experiment, we implemented average photon numbers per pulse of µ = 0.4 and µ = 0.2.
In this case, the probability of having non-zero pulses, i.e., pulses containing at least one
photon, is P (µ = 0.4) = 26.8%.

18
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The multi-arm interferometer works with a repetition rate of 2 MHz and has an integra-
tion time of 0.1 s.

Figure 4.1: Schematics of the experimental setup implementing the programmable quantum
circuit for HD quantum information processing. FMZ: fiber-pigtailed amplitude modulator,
ATT: optical attenuators, DEMUX: spatial demultiplexer unit, MCF BS: multi-core fiber
beam splitter, PMs: phase modulators, SPDs: single-photon detection modules.

The attenuated pulses are transmitted to a spatial demultiplexer (DEMUX) [36], which
is used to combine and separate the different transverse optical modes supported by the SM
fiber. The DEMUX consists of four independent SMFs connected to a four-core MCF, with
each individual fiber coupled to one of the cores of the MCF. After the DEMUX, only one of
the cores is illuminated. This multi-core fiber is connected to a 4-path MBS, which, in turn,
is connected to a second DEMUX via its MCF, separating each core into independent SMFs.
The state of the transmitted photon within the MCF is a coherent superposition given by
|Ψ⟩ = 1

2

∑4
k=1 e

iϕk |k⟩, where |k⟩ represents the state of the photon transmitted through the
k-th mode, and ϕk is the relative phase acquired during propagation in the k-th mode.

Each path is equipped with two 10 GHz bandwidth phase modulators (PMs), which fa-
cilitate the preparation and measurement of a more general class of qudits. Each PM is
equipped with a polarizer that aligns the photon’s polarization state, ensuring the indistin-
guishability of the modes and preserving the interferometer’s visibility [37,38]. The first set
of PMs is controlled by a programmable unit or FPGA1 and are used for state preparation.

The general form of the states that are prepared is

|χ⟩ = 1

2
(eiϕ

A
0 |0⟩+ eiϕ

A
1 |1⟩+ eiϕ

A
2 |2⟩+ eiϕ

A
3 |3⟩), (4.1)
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where ϕA
k is the phase applied by the first modulator in mode k and |k⟩ is the photon state

transmitted by the mode k.

The state projection is done by another 4× 4 MBS, whose input is first converted from
the four individual single-mode arms to a single four-core fiber by a third DEMUX unit. In
this case, the matrix that represents the 4-path MBS is given by [34]

BS =
1

2


1 1 1 1

1 1 −1 −1

1 −1 −1 1

1 −1 1 −1

 . (4.2)

Thus, considering the second set of PM independently controlled by the FPGA2, the
form of the measurement basis states at the end of the circuit are given by

|ψ0⟩ =
1

2
(eiϕ

B
0 |0⟩+ eiϕ

B
1 |1⟩+ eiϕ

B
2 |2⟩+ eiϕ

B
3 |3⟩), (4.3)

|ψ1⟩ =
1

2
(eiϕ

B
0 |0⟩+ eiϕ

B
1 |1⟩ − eiϕ

B
2 |2⟩ − eiϕ

B
3 |3⟩), (4.4)

|ψ2⟩ =
1

2
(eiϕ

B
0 |0⟩ − eiϕ

B
1 |1⟩ − eiϕ

B
2 |2⟩+ eiϕ

B
3 |3⟩), (4.5)

|ψ3⟩ =
1

2
(eiϕ

B
0 |0⟩ − eiϕ

B
1 |1⟩+ eiϕ

B
2 |2⟩ − eiϕ

B
3 |3⟩). (4.6)

where ϕB
k is the phase applied by the second modulator in the core mode k.

In orden to connect the second 4× 4 MBS to single-photon detectors (Di) and conclude
the measurement process, a fourth DEMUX unit is employed to split the four-core fiber
into four single-mode fibers. They are each connected to commercial single-photon detection
modules, working in gated mode and configured with 10% overall detection efficiency, and
5 ns gate width. The detectors counts are simultaneously recorded by the FPGA2 unit.
Through the control of the clock-synchronized FPGA units, one can program the generated
path qudit states and measurements to be implemented by the circuit.
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The interferometer is thermally insulated to minimize additional random phase drifts
between the single-mode fibers. Nevertheless, long-term phase drifts are presents, so we
implemented a control system to actively compensate for them. The control is implemented
by FPGA2 and based on a perturb and observe power point tracking method [39]. Each
applied phase can be decomposed as

ϕB
k = ϕbias

k + ϕmod
k , (4.7)

where the employed voltage driver is capable of supplying the sum of two independent
voltages Vbias y Vmod. Vbias is a low-speed signal used to control ϕbias

k , and this is intended
to compensate for a given phase drift ϕn

k . Vmod is the high-speed signal for modulating the
desired phase ϕmod

k . Since the total relative phase at the kth arm is

ϕB
k = ϕbias

k + ϕmod
k + ϕn

k , (4.8)

the phase drift compensation algorithm running in FPGA2 will perturb the kth PM to make
ϕbias
k = −ϕn

k , such that the phase noise is eliminated. This is done by maximizing the number
of photo counts at detector D0, which corresponds to a situation where there is constructive
interference. The algorithm does this sequentially to each PM at the measurement stage.

4.2 Operation and stabilization

When the system is initialized, the stabilization control typically takes around 15 s to align
the interferometer, where the control system is activated at t = 50 s. When this point is
achieved, the quantum circuit automatically prepares the desired states and performs the
required measurement over experimental blocks of 0.1 s. The control system monitors the
phase stabilization of the interferometer in real time, such that it stops the measurement
procedure every 0.2 s to check the stabilization. The circuit can realign itself and run for
several hours continuously.
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Figure 4.2: Active stabilization of the multi-arm interferometer.

To show the quality of the MCF-based multi-arm interferometer, we gradually generate
the quantum states associated with each outcome of the interferometer when all ϕB

k are set
to zero, obtaining the traditional interference curves. Based on the obtained results, the
visibility is calculated as Vk = |(Cmax

Dk − Cmin
Dk )/(Cmax

Dk + Cmin
Dk )|, where CDk indicates the

single counts given by the detector Dk (k = 0, 1, 2, 3), so the average visibility recorded is
0.992 ± 0.0015, showing that path qudit states can be prepared and measured with high
fidelities in out scheme.

Figure 4.3: Detection rate as a function of modulated phases ϕA
k .
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One relevant point is related with the overall detection efficiency of the circuit, which
is a crucial parameter for many fundamental studies and applications in QI science. In
our circuit, the transmission of the generated ququarts through the measurement stage is
43 ± 0.1%, which is limited mainly by the second set of PMs that add an average 2.05 dB
of insertion losses. Note, however, that this value represents a gain of up to two orders of
magnitude compared with some aforementioned HD experiments, where filtering techniques
drastically reduce the transmission of the employed schemes.

4.3 Weak coherent pulses

The implementation of the experiment requires the utilization of a source that approximates
a single photon. However, such a source is not readily available, necessitating the use of
weak coherent pulses as an alternative. These pulses are generated by attenuating a laser
beam, a technique that allows the system to operate closer to the single-photon regime.
This approach is employed to minimize the risk of information leakage or theft. The photon
number probability distribution of these pulses follows a Poisson distribution, as described
by

P (µ, λ) =
e−µµλ

λ!
, (4.9)

where µ > 0 is the expected number for a certain phenomenon to occur and λ = 0, 1, 2, ...

how many times the phenomenon occurs. We seek µ≪ 1, where the probability of generating
a pulse of two or more photons is very low.

4.4 Measurement device independent protocol

In the scenario of MDI RNG, an user in need of random numbers possesses a characterized
preparation device and an uncharacterized measurement device M [21]. This scenario is
relevant, as single-photon detectors are prone to side-channel attacks, which has motivated
the development of similar approaches in quantum key distribution [14]. The preparation
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device is used to prepare quantum quantum states ωx, that are measured by the unchar-
acterized measuring device M, leading to a classical outcome a. By repeating the process,
one estimates the probabilities p(a|ωx). M could have been constructed by an eavesdropper,
who aims to predict the outcome a. The eavesdropper in principle can even be quantum-
correlated with M, by holding half of an entangled state ρAE, the other half of which is
inside the device. M performs a measurement on the input state ωx and a part of ρAE,

while the eavesdropper makes a measurement on her part of ρAE to guess the bit generated.

The maximal probability Pg(x
∗) that the eavesdropper guesses correctly the outcomes a

for a given input x∗, compatible with p(a|ωx), can be estimated by the solution of a semi-
definite program [21, 40]. Finally, the amount of randomness that is certified per round
under the assumption that the eavesdropper carries out individual attacks is given by the
min-entropy of Pg :

Hmin(x
∗) = − log2 Pg(x

∗).

An implementation of the MDI RNG protocol with four-dimensional quantum states
involves the state preparation device that can randomly prepare five different states. Four of
them, {|ωx⟩}3x=0, are orthogonal to each other, and the fifth, |ω4⟩ , is mutually unbiased with
respect to the first four, so that | ⟨ωx|ω4⟩ |2 = 1/4,∀x = 0, ..., 3. The measuring device is set to
measure in the basis spanned by {|ωx⟩}3x=0, so that the measurement outputs are uniformly
random whenever the state |ω4⟩ is measured. The min-entropy for this ideal implementation
gives Hmin(x = 4) = 2, showing that two bits of randomness per round can be generated.
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Results

In chapter 4 we show that the probability of emitting j photons per pulse is characterized

by the mean photon number µ such that P (j) =
e−µµj

j!
. We consider states with average

mean photon numbers of µ = 0.2 and µ = 0.4, while recording the single, double and triple
coincidence counts between the four detectors Di. Tipically, for the experiment working
with µ = 0.4, we observe ∼ 50000 ± 225 single counts per second, ∼ 90 ± 9 double
coincidences, and only 1±1 triple coincidence count. For µ = 0.2, we have not observed any
triple coincidences. An eavesdropper can take advantage of the multi-photon components,
which decreases the amount of private randomness that can be produced. We partially
overcome this by using the multi-photon detection events in addition to single-photon events
to generate randomness. Thus, in our randomness analysis, we consider a multi-photon
Hilbert space truncated up to two photons. Moreover, we adopt the fair sampling assumption
and post-select on having at least one photon detected. Then, the set of input states has
the following for:

ρx = p(1) |ωx⟩ ⟨ωx|+ p(2)
∣∣ϕ(2)

x

〉 〈
ϕ(2)
x

∣∣ ,
where p(1) + p(2) = 1, |ωx=0⟩ = |0⟩ , ..., |ωx=3⟩ = |3⟩ are the states corresponding to one
photon traveling in each mode x, |ω4⟩ = (|0⟩ − |1⟩ + |2⟩ + |3⟩)/2 is the mutually unbiased
state, and

∣∣∣ϕ(2)
x

〉
refers to states where two photons are generated in a single pulse. In

this experiment, we observe 10 measurement outcomes: four single clicks corresponding to
photon detection at one of the four detectors Di(i = 0, ..., 3), and six coincidence detections
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between detectors Di and Dj with i ̸= j. The statistics of all these events are taken into
consideration in the randomness estimation.

The experiment operates at the repetition rate of 2 MHz. Over the course of one inte-
gration sample of 0.1 s., 90% of the rounds are randomly chosen by FPGA1 to send ρ4. The
other 10% of samples are uniformly chosen between ρx=0, ..., ρx=3. In this way, we prioritize
the generation of random bits, while still having enough statistics to certify the amount of
private randomness created. We continuously verify that the protocol is working properly
through the average success probability of identifying the states ωx

(
p̄ = 1

4

∑3
x=0 p(x|ρx)

)
. If

p̄ > 0.992, then the random bit sequence is recorded. Otherwise, the control system starts a
realignment procedure automatically. This threshold value has been chosen to maintain the
system producing more than one bit of randomness per experimental round, the maximum
that a RNG protocol based on dichotomic outcomes would achieve.

Figure 5.1: Single count detection rate considering only the selected sample.

This figures shows a fragment of the recorded data while the random number generator is
operating with µ = 0.4. The points in 5.1 represent the single-photon detection rate in kHz.
There are discontinuities that arise from the fact that only the results when p̄ > 0.992 are
displayed. Ei with i = {1, 2, ..., 13} represent small zones, between which the realignment
procedure occurs. The system is continuously realigning itself, but sometimes it does not
quickly achieve a visibility higher than the given threshold. The experiment ran over a total
of 103.7 h.
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Figure 5.2: Observed average success probability for each zone Ei.

The total average success probability is p̄t = 0.9946±0.0001. From all the recorded data,
the minimum entropy is estimated. The experimental Hexp

min is bounded by 1.133 < Hexp
min <

1.232, with its maximum value obtained at zone E4.

Figure 5.3: Average obtained randomness per experimental round for each zone Ei. The
dashed line represents the theoretical upper bound allowed for binary RNG protocols.

The average value is H̄exp
min = 1.153±0.007, which implies that the generator works with an

average private random bit key rate of ∼ 57650± 350 bits/s. With additional improvements
in temporal width of the pulses, and faster clock rates of the detectors, it should be possible
to increase this by at least two orders of magnitude. For the case with µ = 0.2, we obtain
similar results. In this case, Hexp

min is bounded by 1.134 < Hexp
min < 1.178, with the average

value given by H̄exp
min = 1.156 ± 0.003. Thus, we have demonstrated the robustness of the

MDI RNG method while being implemented with weak coherent states. Importantly, these
results show that the random number generator has been able to exploit the advantages
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provided by HD quantum systems, since it always produces a min-entropy greater than
one bit per experimental round. We notice that a theoretical upper bound to the private
random bit key rate is given by the min-entropy of the most likely measurement outcome,
which corresponds to an attack where an eavesdropper always bets on this outcome. In our
case, this corresponds to Hthe

min ≈ 2.03 for µ = 0.4 and Hthe
min ≈ 2.02 for µ = 0.2.
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Conclusion

This research presents a significant advancement in the application of high-dimensional quan-
tum information processing using multiport beam splitters based on multicore optical fiber
technology. We use a 4×4 MBS to experimentally show that a programmable quantum circuit
for efficient four-dimensional QI processing can be built using MCF-based technology. Since
it is constructed with commercially available components, it can be easily integrated with
telecom fiber networks. To demostrate the versatility and advantages of the circuit, we have
demostrated a MDI quantum randon number generator using four-dimensional photonics
states, which yield a maximum of 1.23 private certified random bits generated per exper-
imental round, surpassing the one-bit limit of binary protocols. To achieve these results,
we employ a theoretical approach that allows for the evaluation of available private ran-
domness using semi-definite programming and taking into account finite statistics of events.
Furthermore, our programmable circuit operates al 2 MHz repetition rate, generating about
6 · 104 random bits/s. With scalability taken into account, our results compare favorably in
terms of generation rate to other state-of-the-art quantum certified randomness generators,
while providing better scalability to even higher dimensions. These results demonstrate that
the space-division multiplexing technique offers a significant advantage for high-dimensional
quantum information processing. It is crucial as a robust new platform for implementing
universal programmable optical circuits, enabling the achievement of high visibility.
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Self-Testing Mutually Unbiased Bases in Higher Dimensions with Space-Division Multiplex-
ing Optical Fiber Technology [41].
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In the device-independent quantum-information approach, the implementation of a given task can be
self-tested solely from the recorded statistics and without detailed models for the employed devices.
Even though experimentally demanding, it provides appealing verification schemes for advanced quan-
tum technologies that naturally fulfil the associated requirements. In this work, we experimentally study
whether self-testing protocols can be adopted to certify the proper functioning of quantum devices
built with modern space-division multiplexing optical fiber technology. Specifically, we consider the
prepare-and-measure protocol of Farkas and Kaniewski [Phys. Rev. A 99, 032316 (2019)] for self-testing
measurements corresponding to mutually unbiased bases (MUBs) in a dimension d > 2. In our scheme,
the state preparation and measurement stages are implemented using a multiarm interferometer built with
multicore optical fibers and related components. Due to the high overlap of the interferometer’s opti-
cal modes achieved with this technology, we are able to reach the required visibilities for self-testing
the implementation of two four-dimensional MUBs. We also quantify two operational quantities of the
measurements: (i) the incompatibility robustness, connected to Bell violations, and (ii) the randomness
extractable from the outcomes. Since MUBs lie at the core of several quantum-information protocols, our
results are of practical interest for future quantum works relying on space-division multiplexing optical
fibers.

DOI: 10.1103/PhysRevApplied.15.014028

I. INTRODUCTION

The advent of quantum-information technologies comes
with promises such as exponential computational speed-up
compared to currently existing classical algorithms [1,2]
or unconditionally secure quantum communication [3,4].
However, the success of these protocols relies on certi-
fication methods to verify that the used devices perform
the tasks they are promised to perform. Furthermore, it
should be possible to perform these verification meth-
ods efficiently and using only classical resources. Conse-
quently, they are currently the subject of intensive study in
the quantum-information community [5–12], where they
are commonly referred to as self-testing protocols. The
strongest method is known as the “device-independent

*gustavocanascardona@gmail.com

approach,” which involves two parties sharing an entan-
gled quantum state, and the only considered assumption
for self-testing the proper implementation of a given task
is that these parties are spacelike separated. The cer-
tification is based solely on the recorded measurement
statistics of the two parties [13]. This method, however,
comes with a few drawbacks. First, it is rather challenging
to implement experimentally, as it requires the produc-
tion of entangled states with very high fidelities. Second,
in dimensions larger than two, the theoretical treatment
becomes complex as well. Accordingly, there are only
a few theoretical results available for high-dimensional
quantum states (qudits) [14,15] and the method has never
been experimentally demonstrated.

Nonetheless, the use of qudit systems is advantageous
for several quantum-information tasks. For example, they
allow for larger violations of Bell inequalities [16],

2331-7019/21/15(1)/014028(10) 014028-1 © 2021 American Physical Society
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improvement on quantum computation and communica-
tion complexity tasks [17,18], and higher randomness-
generation rates [19]. Thus, there is a current need for more
practical self-testing protocols in higher dimensions. In
order to alleviate the difficulties mentioned above, several
relaxations of the demanding device-independent scheme
have been introduced. One generic direction is to move
to the experimentally less demanding prepare-and-measure
scenario, in which instead of sharing an entangled state,
one party prepares a state and sends it to the other party,
who then measures it. In this scenario, further reasonable
assumptions are necessary to devise certification meth-
ods. These include bounds on the average energy of the
quantum states [20] or the indistinguishability of the differ-
ent states prepared [21]. Perhaps the most traditional such
relaxation is to fix the dimension of the quantum states
[6,22–24].

Recently, in Ref. [25], a method has been proposed for
self-testing high-dimensional measurements correspond-
ing to mutually unbiased bases (MUBs) in the prepare-
and-measure scenario, under the dimension assumption.
MUBs constitute a particularly useful family of quan-
tum measurements, with myriad applications in quantum
information. Among other tasks, they optimize state deter-
mination [26,27], generate the maximal amount of ran-
domness [28], and give rise to secure cryptographic pro-
tocols [3] (for a survey, see Ref. [29]). The authors of
Ref. [25] anticipate that their certification method can be
performed with currently available technologies in dimen-
sions larger than two. This is precisely the aim of the
current work, in which we experimentally study whether
self-testing certification methods can be adopted in the
platform of space-division multiplexing (SDM) optical
fiber technology to quantum-information processing [30].
In our scheme, we use single-photon path-encoded four-
dimensional quantum systems (ququarts) and the state
preparation and measurement stages are implemented by
resorting to an advanced four-arm interferometer built of
multicore optical fibers and related technology, which we
present next. As observed in Ref. [19], this scheme should,
in principle, attain the optical quality required for imple-
menting self-testing protocols. Indeed, here, in our test
of Ref. [25], we are able to record the corresponding
data with an average visibility of 99.89 ± 0.03%, which
allows us to self-test the proper implementation of a pair
of four-dimensional MUBs. Moreover, we also certify the
incompatibility of our implemented measurements and the
randomness extractable from their outcomes. Note that
while this same type of protocol has already been imple-
mented experimentally in higher dimensions [31–34], the
error rates have never been suppressed to a level that would
allow the self-testing of the measurements performed.

Our results highlight the advantages of modern SDM
technologies for high-dimensional quantum-information
processing, by demonstrating that devices based on this

technology can be self-tested. This means that state prepa-
rations and measurements can be performed on this
platform with very high fidelity. Furthermore, the self-
tested MUB measurements are widely useful in quantum-
information processing, proving this technology to be of
broad relevance in the field. Lastly, we note that the
self-testing protocol adopted can be regarded as a gen-
eralization of the quantum key distribution protocol of
Ref. [35].

II. THEORY

Formally, a pair of MUBs in dimension d corresponds to
two rank-1 measurements projecting onto the orthonormal
bases {|ai〉}d

i=1 and {|bj 〉}d
j =1 on Cd. We say that these bases

are mutually unbiased if

|〈ai|bj 〉|2 = 1
d

∀i, j ∈ {1, . . . , d}, (1)

that is, every pair of vectors from different bases has the
same overlap. One simple example is the eigenbases of the
Pauli X and Z operators on a qubit.

The prepare-and-measure self-testing method used in
Ref. [25] to certify d-dimensional MUB measurements is
based on the so-called 2d → 1 quantum-random-access-
code (QRAC) protocol. In a QRAC, the preparation side
(Alice) receives two uniformly random classical dits, i, j ∈
{1, . . . , d}. Based on this input, Alice prepares the d-
dimensional quantum state, ρij , and sends it to Bob on
the measurement side. Bob receives a uniformly ran-
dom classical bit, y ∈ {1, 2}, based on which he decides
which observable to measure on the state ρij . If y = 1,
his measurement is a d-outcome positive-operator-valued
measure (POVM), the measurement operators of which are
denoted by Ai. Similarly, for y = 2, he measures Bj . Recall
that for POVMs we have that Ai, Bj ≥ 0 and

∑d
i=1 Ai =

∑d
j =1 Bj = I. That is, a d-outcome POVM is a set of d

positive semidefinite operators that add up to the identity
operator. Let us denote the outcome of Bob’s measurement
by b ∈ {1, . . . , d}. The common aim of the parties is that
when y = 1, Bob’s output equals Alice’s first input, that
is, b = i, and when y = 2, they have b = j . To quantify
their success rate, we employ the average success proba-
bility (ASP) p̄ = 1

2 [P(b = i|y = 1)+ P(b = j |y = 2)] as
the figure of merit. According to the Born rule, the prob-
ability of Bob outputting b when Alice’s input is i, j
and Bob’s input is y = 1 is tr(ρijAb) and, similarly, it is
tr(ρijBb)when y = 2. That is, the ASP for a generic encod-
ing scheme ρij and measurement choice Ai and Bj can be
written as

p̄ = 1
2d2

d∑

i,j =1

tr
[
ρij(Ai + Bj)

]
. (2)
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In Ref. [25], the authors provide certificates for MUBs
based only on the recorded ASP in a QRAC. They show
that in dimension d, p̄ ≤ 1

2 (1 + 1/
√

d) =: p̄Q and this
maximum can only be attained if Bob’s measurements
correspond to a pair of MUBs. Moreover, even for sub-
optimal p̄ , one can certify the closeness of the employed
measurements to a pair of MUBs. Specifically, one can
bound the entropy of the generalized overlaps of the two
measurements and the sum of the individual operator
norms. These two measures together—having sufficiently
high values—imply that the measurement operators have
close-to-uniform overlaps and are close to being rank-1
projectors, that is, they are close to MUBs.

Specifically, the first quantity employed is the over-
lap entropy, HS(A, B) = H 1

2

{[
tr(AiBj)/d

]
ij

}
, where H1/2

is the 1
2 -Rényi entropy [note that for projective measure-

ments, tr(AiBj) = |〈ai|bj〉|2]. It has been shown that given
an observed ASP p̄ , it holds for the measurements A and B
that [25]

HS(A, B) ≥ 2 log
[
d
√

d(2p̄ − 1)
]

. (3)

The maximal possible value of the overlap entropy, log d2,
is reached by MUBs and can be certified upon observing
p̄ = p̄Q.

The second quantity is the sum of the norms, N (A) =
∑d

i=1 ‖Ai‖. It has also been shown in Ref. [25] that

N (A) ≥ d − 2 + √
2

d

[
1 −

√
d3(2p̄ − 1)2 − (d2 − 1)

]
,

(4)

and the same holds for B. The maximal possible value of
the sum of the norms, d, is reached if and only if the mea-
surements are rank-1 projective and this can be certified
upon observing p̄ = p̄Q.

Putting the above two bounds together, observing p̄ =
p̄Q implies that tr(AiBj) = 1/d for all i, j and that the mea-
surements are rank-1 projective. In other words, p̄ = p̄Q
certifies that Bob’s measurements correspond to a pair of
MUBs. By the continuity of the bounds in p̄ , it follows
that if the observed ASP is suboptimal, p̄ < p̄Q, but close
to optimal, then the overlap entropy and the sum of the
norms are both close to their unique MUB values. This
serves as a certificate that the employed measurements are
close to MUBs.

Lastly, the authors of Ref. [25] derive certificates for
two useful properties of the measurements: incompatibility
robustness and the amount of randomness generated. The
former, briefly speaking, is the maximal visibility of the
measurements at which they are jointly measurable (com-
patible) [36]. Clearly, for compatible measurements pairs,
this maximal visibility is 1 and the lower the value, the

more incompatible the pair is. Jointly measurable observ-
ables are of no use in nonlocal and steering scenarios [37]
and therefore it is important to quantify the extent to which
a pair of measurements is incompatible. In Ref. [25], the
authors show that the incompatibility robustness of A and
B is bounded by

η∗ ≤
1
2 d2(1 + smax)− N (A)2

d

N (A)2 − d − [d − N (A)][d − N (A)+ 1]
, (5)

where smax = maxij ‖√Ai
√

Bj ‖. Using the bounds in Eqs.
(3) and (4), one can then bound the incompatibility robust-
ness by the observed ASP. The value corresponding to a
pair of MUBs, η∗ = 1

2

[
1 + 1/(

√
d + 1)

]
, can be certified

upon observing p̄ = p̄Q.
The second quantity to certify is the amount of uncer-

tainty produced in the outcome of the measurements,
formulated as an entropic uncertainty relation [38]. This
amounts to a lower bound on the entropy of the measure-
ment outcome probabilities in a state-independent fashion.
Let us denote the Shannon entropy of the outcome prob-
abilities of the measurement A on the state ρ by H(A)ρ .
Then, it has been shown in Ref. [25] that given a QRAC
ASP p̄ , it holds that

H(A)ρ + H(B)ρ ≥

− 2 log
(

2p̄ − 1 + 1
d

√
d(d2 − 1)[1 − d(2p̄ − 1)2]

)

,

(6)

for any state ρ. Note that the maximal value for rank-1
projective measurements, log d, can again be certified upon
observing p̄ = p̄Q.

III. SPACE-DIVISION MULTIPLEXING
TECHNOLOGY

SDM is a classical telecommunication technique that
uses multiple transverse optical modes for increasing data-
communication capacity. The SDM technique is imple-
mented for optical communication links in both free space
and fiber optics [39,40]. It is considered a crucial solution
to overcome the so-called “capacity crunch” of fiber-optic
communications [40]. In this case, SDM technology is typ-
ically based on few-mode fibers (FMFs) [41–43], ring-core
fibers (RCFs) [44], and multicore fibers (MCFs) [45,46].
These are schematically represented in Fig. 1.

FMFs are a particular class of multimode fibers
(MMFs), which support only a few linearly polarized
transverse optical modes [41–43]. Each mode that is sup-
ported in a FMF has very low crosstalk to the others and,
therefore, can be used as an independent data channel.
RCFs are optical fibers with an annular refractive index
profile that supports multiple Laguerre-Gaussian beams
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SMF
MCF

(a) (b) (c)

(e)(d)

FIG. 1. The fibers and components typically used in the SDM
approach for fiber-optics communication. A schematic repre-
sentation of the cross section of (a) a few-mode fiber, (b) a
ring-core fiber, and (c) a multicore fiber (with four cores). Each
of them is composed of a core (white), cladding (light blue), a
coating (gray), a strength member (green), and an outer jacket
(yellow). A FMF supports the propagation of a few linearly
polarized modes. A RCF has an annular core that supports,
for instance, the propagation of some Laguerre-Gaussian optical
modes. The MCF is a single fiber with several single-mode cores
within its cladding. (d) The schematics of demultiplexer devices
used for efficiently coupling light into multicore fibers (insertion
loss <0.7 dB). (e) An example of a four-core fiber-integrated
multiport beam splitter.

carrying orbital angular momentum (OAM) [47]. Lastly,
there are MCFs, which are considered to be the most
promising solution for SDM, since their fabrication is cost
effective [46]. An MCF is a single fiber containing multi-
ple cores within the same cladding, which are sufficiently
separated from each other to avoid light coupling between
them. Typically, crosstalk between the cores is negligible
with more than 60 dB of attenuation [46].

Together with the development of these fibers, sev-
eral related components have been built to improve
the efficiency of SDM techniques. For instance, there
are multiplexer-demultiplexer (DEMUX) devices, used
to combine and separate the different transverse opti-
cal modes supported by the SDM fiber. Typically, these
devices have N independent single-mode fibers connected
to the SDM fiber, mapping N transverse Gaussian modes
onto the N particular optical modes supported by the
SDM fiber. For FMFs, DEMUXs called photonic lanterns
are used [48]. For RCFs, these devices are called mode
sorters. They are usually built with bulk optics [49] but
an important recent development is an all-fiber mode
sorter [50]. Finally, the DEMUXs used for MCFs are
devices composed of single-mode fibers (SMFs), each
one connected to one core of the MCF. These devices
are already commercially available and are built using a
fiber-bundle polishing-and-tapering technique, presented

in Refs. [51,52]. In Fig. 1(d), we show, as an example, the
schematics of a MCF DEMUX.

Our experimental setup is based on MCFs and in
this case another important device is the multicore fiber-
integrated multiport beam splitter (MBS), recently pre-
sented in Ref. [19] [see Fig. 1(e)]. This device is crucial
for quantum-information processing because it allows one
to implement distinct unitary operations representing the
change of basis from the logical basis to a basis that is
mutually unbiased to it. Thus, it allows for the genera-
tion and measurement of a general class of quantum states,
as we explain in the next section. The MBS is fabricated
directly within a multicore fiber, using a tapering technique
for MCFs [53]. By tapering the fiber, the cores are brought
together and, due to evanescent effects, there is light cou-
pling from one core to the others. Due to the symmetry of
the MCF structure, the splitting ratio can be made balanced
for all core-to-core combinations.

IV. EXPERIMENT

Recently, the technology developed for SDM has
become a platform for high-dimensional quantum-
information processing [30]. Initial efforts, based on path-
encoded qudits and multicore fibers [54–58], have now
been expanded to different types of fibers and encoding
schemes [59–62]. Nonetheless, this platform has not yet
been demonstrated to be compatible with modern self-
testing protocols of quantum states and circuits. Here, we
fill this gap by extensively studying the protocol of Ref.
[25]. Specifically, we measure the QRAC ASP and bound
all the quantities of Eqs. (3)–(6) with a four-arm Mach-
Zehnder (MZ) interferometer built of MCFs and the related
technology discussed above.

The state preparations in the QRAC protocol are real-
ized by photonic states. The initial photon source is a
continuous-wave telecom laser, operating at 1546 nm (see
Fig. 2). It is connected to an external fiber-pigtailed ampli-
tude modulator (FMZ), which is controlled by a field-
programmable gate array (FPGA) electronic unit to gen-
erate 5-ns-wide pulses. Then, we use optical attenuators
(ATT) to create weak coherent states. The attenuators are
calibrated to set the average number of photons per pulse to
μ = 0.2. In this case, the probability of having pulses con-
taining at least one photon is P(n ≥ 1|μ = 0.2) ≈ 18%.
Most of the non-null pulses contain only one photon and
represent 90.3% of the experimental runs. Therefore, our
source can be seen as a good approximation of a non-
deterministic source of single photons [63]. We note that
coincidence detections are not discarded in our analysis
and that the proportion of events where coincidence detec-
tions occurs is much smaller than 1.81%. It corresponds
to only 0.045%, which is a consequence, for instance, of
the fact that, in some cases, both photons go to the same
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FIG. 2. The experimental setup is based on a four-arm Mach-
Zehnder interferometer built of four-core multicore fibers (MCF)
and related technology (see Sec. III). The interferometer is used
for preparing and measuring path-encoded ququart states. At the
state-preparation stage, the initial state is prepared by a set com-
posed of a 4 × 4 MCF based multiport beam splitter (MBS0) and
phase (PM) and amplitude (IM) fiber-pigtailed modulators. The
measurement is achieved using another set of PMs and a second
MBS1 connected to four single-photon detection (SPD) modules.
The field-programmable gate array (FPGA) electronic unit auto-
matically controls the protocol implementation. See the main text
for details.

detector—or to the more general fact that, in most of the
cases, one photon is detected and the other is not.

The signal from the source is sent to a commercial-fiber
built-in DEMUX unit (DEMUX0), which consists of four
independent single-mode fibers, each of them connected
to one core of a four-core MCF. The source is connected
through one of the four SMFs of DEMUX0; therefore, only
one core of the MCF is illuminated. DEMUX0 is then con-
nected to a MCF-based 4 × 4 MBS (denoted MBS0), the
matrix representation of which is given by [19]

UMBS = 1
2

⎡

⎢
⎣

1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

⎤

⎥
⎦ (7)

in the logical basis. In our scheme, the logical states are
defined in terms of the core modes available for the photon
propagation over the multicore fiber [19,55]. Therefore, the

4 × 4 MBS corresponds to a Hadamard gate in dimension
four.

MBS0 is then coupled to a second DEMUX (denoted
DEMUX1) via their respective MCFs. In order to con-
trol the initial quantum state entering the interferometer,
we connect phase (PM) and amplitude (IM) fiber-pigtailed
modulators to each SMF of DEMUX1, these being con-
trolled by the FPGA. The general path-encoded ququart
state that we can prepare in the first part of the MZ is then
given by

|χ〉 = 1√
N

4∑

k=1

τkeiφA
k |k〉, (8)

where |k〉 represents the state of the photon transmitted in
the kth core (i.e., the kth logical state). τk and φA

k are the
transmissivity and relative phase, respectively, of core k
and N is the normalization constant.

Having prepared the state, the measurements are per-
formed in a similar fashion, using a second set of PMs,
DEMUX2 and MBS1 [19]. The resulting unitary operation
implemented is

UM = 1
2

⎡

⎢
⎢
⎢
⎣

eiφB
1 eiφB

1 eiφB
1 eiφB

1

eiφB
2 eiφB

2 −eiφB
2 −eiφB

2

eiφB
3 −eiφB

3 eiφB
3 −eiφB

3

eiφB
4 −eiφB

4 −eiφB
4 eiφB

4

⎤

⎥
⎥
⎥
⎦

, (9)

where φB
k is the phase applied in the core mode k at the

measurement side. After applying the phases, we con-
clude the projective measurement using a final DEMUX
(denoted DEMUX3), to send the outcomes of MBS1 to
four single-photon detectors (SPD). The detectors are trig-
gered commercial single-photon detection modules, con-
figured with 5-ns detection gates and 10% of detection
efficiency. The detection counts are recorded by the FPGA
unit. The measurement corresponding to the above pro-
cedure is the rank-1 projective measurement given by the
states

|α1〉 = 1
2
(eiφB

1 |1〉 + eiφB
2 |2〉 + eiφB

3 |3〉 + eiφB
4 |4〉),

|α2〉 = 1
2
(eiφB

1 |1〉 + eiφB
2 |2〉 − eiφB

3 |3〉 − eiφB
4 |4〉),

|α3〉 = 1
2
(eiφB

1 |1〉 − eiφB
2 |2〉 + eiφB

3 |3〉 − eiφB
4 |4〉),

|α4〉 = 1
2
(eiφB

1 |1〉 − eiφB
2 |2〉 − eiφB

3 |3〉 + eiφB
4 |4〉). (10)

That is, photon detection in path k corresponds to the
measurement outcome associated with |αk〉.

Therefore, in our experiment, we can prepare the state
of Eq. (8) and measure it in the basis defined by the
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orthorgonal states of Eq. (10). The PMs, DEMUXs, and
MBSs present an average insertion loss of 2.05 dB, 0.4 dB,
and 0.2 dB, respectively, contributing to a total 3.66 dB
of insertion loss for the entire measurement stage. Fiber-
based polarization controllers (PCs) (not shown for the
sake of simplicity) are used in each path to guarantee the
indistinguishability of the core modes, such that there is
no path information available to compromise the visibility
of the interferometer [64,65]. These PCs are placed at the
input of DEMUX2 and are calibrated before each experi-
mental round, keeping the polarization aligned for hours in
the laboratory environment.

The most destructive disturbance in the setup is a time-
dependent phase noise between the different arms of the
interferometer, which arises due to thermal and mechan-
ical fluctuations in the SMFs. For the preparation stage,
the total applied phase is modeled considering that φA

k =
φn

k + φc
k + φs

k. Here, φn
k represents the phase noise, φc

k the
phase-noise suppressor, which we control by a continuous
low-speed voltage signal, and φs

k the phase used to prepare
the desired state, which we control by a high-speed volt-
age. Both voltages are controlled by the FPGA unit through
a power driver (for more details, see the Appendix).
The phase noise is canceled out by controlling φc

k : a
control algorithm in the FPGA sets τk = 1 and φs

k = 0,
ideally preparing |χmax〉 = 1

2 (|1〉 + |2〉 + |3〉 + |4〉) and,
simultaneously, sets φB

k = 0, ideally measuring in the
basis A of Eq. (12). With these settings, if the phase
noise is null, the photon always arrives at SPD1, that is,
p1 = |〈α1|χmax〉|2 = 1. Similarly, by preparing the state
|χmin〉 = 1

2 (|1〉 + |2〉 − |3〉 − |4〉), the expected probabil-
ity of photon detection at SDP1 is p1 = |〈α1|χmin〉|2 = 0.
Therefore, we expect maximal counts for |χmax〉 and mini-
mal counts for |χmin〉. By collecting data at SPD1 for these
two settings, we can calculated the setup visibility, defined
as

VSPD1 = SCmax
SDP1

− SCmin
SDP1

SCmax
SDP1

+ SCmin
SDP1

, (11)

where SCmax
SDP1

(SCmin
SDP1

) is the number of accumulated sin-
gle counts of SPD1 given the state preparation |χmax〉
(|χmin〉). The algorithm sets a threshold visibility VSPD1 =
99.7% and adjusts the control phases φc

k until this thresh-
old is achieved. This algorithm is known as perturb and
observe maximum power point tracking [66]. Once the
threshold is reached (corresponding to φc

k ≈ −φn
k ), the sup-

pressor phase φc
k is held to begin the experimental round

and the experiment is performed using the fast-switching
phases φs

k and φB
k for preparing and measuring the states in

the protocol, respectively. To maintain high optical quality,
the system defines an interval of 0.1 s for the experimen-
tal data collection, after which it calibrates φc

k again to
counteract the time-dependent phase noise. The FPGA unit

controls and synchronizes the preparation and measure-
ment stages, both working at a repetition rate of 2 MHz,
achieving around 60 000 detections during a time interval
of 1 s.

The measurements, which we aim to certify, correspond
to a pair of MUBs, which we choose such that they can
be implemented in our setup using only phase modulation,
without the need for amplitude modulation. Specifically,
the two bases {|ai〉}4

i=1 and {|bj 〉}4
j =1 are given by the

columns of the matrices

A = 1
2

⎡

⎢
⎣

1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

⎤

⎥
⎦ , (12)

B = 1
2

⎡

⎢
⎣

−1 −1 −1 −1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1

⎤

⎥
⎦ . (13)

According to Eq. (9), A can be performed by setting the
phases φB

k = 0 for all k = 1, 2, 3, 4, while B can be per-
formed by setting φB

1 = π and keeping the other phases
equal to zero. In the QRAC protocol described above, Bob
chooses the measurement basis A or B according to his
input y. In our experiment, we perform this basis choice
simply by changing φB

1 : when y = 1, we choose φB
1 = 0

and when y = 2, we choose φB
1 = π .

The optimal state preparation for Alice’s input i, j is the
pure state [25]:

∣
∣ψij

〉 = 1√
3

[|ai〉 + sgn
(〈

ai|bj
〉) ∣

∣bj
〉
], (14)

which we can produce according to Eq. (8). The QRAC
protocol is then carried out by randomly preparing the
16 different states |ψij 〉 with i, j ∈ {1, 2, 3, 4}, randomly
measuring them in the bases A or B and collecting the
measurement statistics to estimate the average success
probability in Eq. (2). The choices of states and measure-
ments are implemented directly in the FPGA by resorting
to a pseudorandom-number-generation algorithm.

V. RESULTS

We present the recorded experimental data in two parts,
corresponding to the success probabilities related to the
measurements A and B of Eq. (2). In the experiment, data
are accumulated over 565 s, recording a total of 32 628 502
detections, with an average experimental detection rate of
57 883 detections per second. Figure 3(a) contains the out-
come probabilities for the interferometer’s outcomes 1, 2,
3, and 4 for each state |ψij 〉 upon measuring A. In Fig.
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FIG. 3. (a),(c) The outcome probabilities of the measurements A and B, respectively, for each state |ψij 〉. (b),(d) The ASP for
each state |ψij 〉 upon measuring A and B, respectively. The green line corresponds to the optimal ASP p̄ = 0.75, while the red line
corresponds to the minimal ASP such that the most demanding quantity, η∗, can be self-tested.

3(b), we show the ASP for each state |ψij 〉 upon measur-
ing A. On average, we observe an ASP of p̄A = 0.7491 ±
0.0002 for this measurement, where the error is calculated
using the Poissonian distribution for the number of pho-
ton detections. The analogous data for the measurement
B are depicted in Figs. 3(c) and 3(d), yielding an ASP of
p̄B = 0.7493 ± 0.0001 in this case.

Putting the above values together, the overall ASP
is p̄ = 0.7492 ± 0.0001. Using this result and Gaussian
error propagation, from Eq. (3) we obtain that HS(A, B) ≥
3.991 ± 0.001. From Eq. (4), we obtain that N (A) ≥
3.957 ± 0.006. These two results, together, self-test the
fact that the measurements are close to a pair of MUBs
[HS(A, B) = 4 and N (A) = 4].

Concerning the operational quantities, from Eq. (5),
we obtain η∗ ≤ 0.80 ± 0.01. Therefore, we certify a non-
trivial bound on the critical visibility of our measure-
ments at which they become compatible. This confirms
that the measurements used in the experiment are indeed

incompatible and therefore will be useful in future Bell and
steering experiments [58].

Lastly, from Eq. (6), we can bound the entropic uncer-
tainty: H(A)ρ + H(B)ρ ≥ 1.25 ± 0.05. That is, we obtain
a minimal entropy that can be extracted from the outcomes
of our measurements on any quantum state. This can be
used for secure random-number generation or quantum key
distribution protocols.

VI. CONCLUSIONS

With the development of quantum technologies, there
is a current need for certification schemes for prepar-
ing high-dimensional quantum states and measurements.
Since self-testing methods in nonlocal scenarios are com-
plicated both in theory and practice, recently proposed
methods for self-testing quantum devices in the prepare-
and-measure scenario become relevant. In this work, we
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demonstrate the viability of adopting such type of proto-
cols in higher dimensions to validate the proper function-
ing of quantum devices built with modern SDM technol-
ogy. Specifically, we self-test the proper implementation of
measurements corresponding to mutually unbiased bases
in dimension d = 4. This technology can be scaled to
perform quantum-information processing protocols up to
dimension 32 [67–69].

Our results show that SDM is an advantageous plat-
form for high-dimensional quantum-information process-
ing, achieving an exceptionally high optical quality with
visibilities greater than 99%. While experiments imple-
menting the same protocol have previously been per-
formed [31–33], our technique allows us not only to certify
the quantum advantage in random access coding but to
self-test the measurements under the dimension assump-
tion, as well as to certify their level of incompatibility
and the amount of randomness that can be extracted from
their outcomes. These results are of practical relevance
for future experiments relying on this technology, since
mutually unbiased measurements lie at the core of several
quantum-information protocols.
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APPENDIX: EXPERIMENTAL DETAILS OF THE
INNER WORKING OF THE FPGA

The FPGA electronic unit used in our experiment is
based on the scheme shown in Fig. 4. Inside the FPGA,
there are the following six main modules: the central pro-
cessing unit (CPU), detection control (DC), phase-noise
control (PNC), the preparation stage (PS), the measure-
ment stage (MS), and a pseudorandom-number generator
(RNG). The CPU module connects the FPGA unit with
the user, synchronizes all internal modules (including a
trigger for the single-photon source), controls the PNC
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FIG. 4. The electronic diagram inside the FPGA.

module process, and executes the QRAC protocol. The
RNG module is configured to randomly select the values
of the three variables, i, j , and y, from a preset pseudoran-
dom sequence. Note that the variables i and j are two bits
each, while y is a single bit. The variables i and j are used
by the PS module to prepare the desired state, while the
MS module uses the variable y to select the correspond-
ing measurement basis. The DC module synchronizes the
four SPDs with the trigger signal, records their detection
counts, and saves these data in four registers of 32 bits.
The experimental probabilities are calculated from these
data and they also provide the probability p1 to the PNC
module. The PNC module then uses these data to disturb
the control phases φc

k [66].
As described in the main text, if the visibility is greater

than a threshold, the phase-noise control (φc
k) is fixed to

the values found and then the PS and MS modules are
enabled. These modules prepare the required phases and
transmissions based on the three variables (i, j , and y) that
correspond to preset voltages to prepare the state and mea-
surement basis needed in this protocol. The modules work
at a repetition rate of 2 MHz. After 0.1 s of experimental
run, the PS and MS modules are disabled in order for the
PNC module to check visibility again.

The digital signals from the FPGA unit are converted
using two different digital-to-analog converters (DACs)
(see Fig. 4). Here, DAC1 is 12-bits serial and the oth-
ers are 4-bits parallel for high speeds. Note that four
drivers are required for each set of phases (φA

k and φB
k ) and

transmissions (τk).
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[13] I. Šupić and J. Bowles, Self-testing of quantum systems: A
review, Quantum 4, 337 (2020).
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Models for quantum computation with circuit connections subject to the quantum superposition princi-
ple have recently been proposed. In them, a control quantum system can coherently determine the order
in which a target quantum system undergoes N gate operations. This process, known as the quantum
N -switch, is a resource for several information-processing tasks. In particular, it provides a computa-
tional advantage—over fixed-gate-order quantum circuits—for phase-estimation problems involving N
unknown unitary gates. However, the corresponding algorithm requires an experimentally unfeasible
target-system dimension (super)exponential in N . Here, we introduce a promise problem for which the
quantum N -switch gives an equivalent computational speedup with target-system dimension as small as 2
regardless of N . We use state-of-the-art multicore optical-fiber technology to experimentally demonstrate
the quantum N -switch with N = 4 gates acting on a photonic-polarization qubit. This is the first obser-
vation of a quantum superposition of more than N = 2 temporal orders, demonstrating its usefulness for
efficient phase estimation.

DOI: 10.1103/PRXQuantum.2.010320

I. INTRODUCTION

Quantum mechanics allows for processes where two or
more events take place in a quantum superposition of dif-
ferent temporal orders. This exotic phenomenon results in
causal nonseparability [1–3], and it is likely to be espe-
cially relevant in quantum treatments of gravity [4–6]. In

*marciotaddei@gmail.com

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
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author(s) and the published article’s title, journal citation, and
DOI.

fact, quantum control of temporal orders could be real-
ized with quantum circuits exploiting hypothetical closed
timelike curves [7,8], and it would also arise naturally
due to the spacetime warping that macroscopic spatial
superpositions of massive bodies would cause [9].

From a more practical perspective, advanced quantum
computational models without definite gate orders have
sparked a great deal of fundamental interest, as they do
not fit into the usual paradigm of circuits with fixed gate
connections [6,7,10–13]. The best-known example is the
celebrated quantum N -switch gate SN , which coherently
applies a different permutation of N given gates on a
target quantum system conditioned on the state of a con-
trol quantum system [7,13,14]. The quantum N -switch

2691-3399/21/2(1)/010320(16) 010320-1 Published by the American Physical Society
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has been identified as a resource for a number of excit-
ing information-theoretic tasks. For instance, for N = 2, it
allows one to deterministically distinguish pairs of com-
muting versus anticommuting unitaries [12]; remarkably,
this translates into an exponential advantage in a commu-
nication complexity problem [15,16].

In general, circuits that synthesize SN with a fixed
gate order are known, but at the expense of quadratically
more queries to (i.e., uses of) the gates [12–14,17]. As a
consequence thereof, SN allows one to solve a promise
problem [12,14] on the permutations of N unknown uni-
tary gates with quadratically fewer queries in N than all
known circuits with fixed gate order. More precisely, the
permutation sequences of the gates are promised to dif-
fer only by a phase factor, and SN efficiently estimates
these phase differences. However, the algorithm for this
problem [12,14] requires the target-system dimension to
grow (super)exponentially with N , making it experimen-
tally demanding. In fact, all experimental realizations of
the quantum N -switch reported so far are restricted to the
simplest case of N = 2 gate orders [16,18–22].

In this work, we introduce a novel algorithm that
exploits the quantum N -switch and experimentally demon-
strate it for N = 4 unitary gates. Specifically, we find a
variant of the above phase-estimation problem, which we
name the Hadamard promise problem, for which the quan-
tum N -switch is also a resource but with considerably
milder constraints on the target-system dimension. On the
one hand, this problem plays a role in computation with
indefinite gate orders analogous to Deutsch-Jozsa’s [23]
or Simon’s [24] problems in the beginnings of quantum
computation: a proof of principle of improvements over a
previous paradigm. On the other hand, there are reasons to
expect that practical applications of the Hadamard promise
problem will be developed, both because closely related
phase-estimation problems already have many applica-
tions, and because it involves the quantum Fourier trans-
form, which is an important subroutine for a variety of
quantum algorithms with practical applications [25]. The
problem’s promise is that the products of the N unknown
gates applied in P different orders differ only in + or
− signs that are encoded into one of the columns of a
given (P×P)-dimensional Hadamard matrix; the problem
consists of finding which column it is.

The algorithm to solve this problem exploits the quan-
tum N -switch—consuming N queries to the gates—to
deterministically find the column. This represents a
speedup quadratic in N in query complexity (i.e., number
of queries) with respect to all known algorithms exploiting
circuits with fixed gate orders (see Refs. [14,26,27] for a
discussion of how to count queries in a quantum switch).
Hence, the algorithm is not only an interesting compu-
tational primitive on its own but also a practical tool to
benchmark experimental realizations of SN , because the
quantum N -switch is the only known process for which the

algorithm succeeds with unit probability for all gates satis-
fying the promise while only consuming N gate queries.
To demonstrate the practicability of the algorithm, we
implement it with a quantum N -switch of N = 4 gates
using modern multicore optical-fiber technology [28–31].
The four gates are implemented on the target polarization
qubits using programmable liquid-crystal devices, and the
spatial degree of freedom of a single photon is used as
the control system. We obtain an average success prob-
ability for the algorithm, over different sets of gates, of
psucc ≈ 0.95. Our results represent the first demonstration
of the quantum N -switch gate for N larger than 2, as well
as of its efficiency for phase-estimation problems involving
multiple unknown gates.

II. PRELIMINARIES

A. Quantum control of gate orders

In quantum computation, a quantum switch can be
described by a special type of controlled operation that
applies a particular unitary gate �x to a target system (t)
for each different state of a control system (c). We define
the quantum N -switch gate as

SN |x〉c |�〉t = |x〉c �x |�〉t , (1)

where |x〉c is the xth member of the computational basis
of the control system and |�〉t is an arbitrary state of the
target system. The heart of the quantum N -switch is the
operator �x := Uσx(N−1) · · ·Uσx(1)Uσx(0), which is a prod-
uct of the N unitary gates in a fixed set U := {UA, UB, . . .}
in their xth ordering. More precisely, σx is a vector with N
elements specifying the xth permutation of the N gates in
U, i.e., it specifies the ordering sequence of the unitaries,
so that σx(j ) is the j th element in the xth permutation. To
control the implementation of P, different permutations of
gates requires a control system of at least dimension P.
The dimension of the target system can be arbitrary and
we denote it as d. With SN defined as in Eq. (1), it is clear
that c coherently controls the order of the N unitary gates
applied to system t, which explains the name “quantum
control of gate orders” (QCGO). We note that the usual
definition [13,14] of the quantum N -switch deals only with
the specific case of all N ! permutations of the gates in U.
However, here (as in Refs. [32,33]) we are interested in the
more general case P ≤ N !.

Clearly, the general definition of QCGO is indepen-
dent of the specific choice of gates in U. A conve-
nient mathematical tool to capture that is the quantum
N -switch process WN , which produces the quantum N -
switch gate SN when given the set of gates U as input.
For the technical definition of processes, we refer the
reader to Refs. [1–3,34]. Intuitively, one can think of a
process as the quantum evolution generated by an exper-
imental arrangement with open slots for gates on the
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(a) (c)(b)

FIG. 1. (a) Abstract representation of the quantum N -switch for the case of N = 4. The process, W4 (light-gray region), can be
thought of as an experimental setup (e.g., a quantum circuit or interferometer) through which the composite control-target system goes
and with open slots for target-subsystem gates Ui (dark-gray boxes) for i = A, B, C, or D to be inserted. Inside W4, the connections
between these gates are coherently controlled by the control subsystem, an effect known as quantum control of gate orders. This
property is a physical resource for certain quantum computations (phase-estimation problems), and W4 is the resourceful object that
bears it. The concatenation of W4 with the inserted gates yields the quantum 4-switch gate S4, a joint unitary operation on the composite
system. (b) Concrete schematics of the specific variant of the quantum 4-switch process experimentally implemented in this work. The
target subsystem undergoes the four-gate sequence in a quantum superposition (center) of P = 4 different orderings (permutations
of the string ABCD): ABCD, BADC, CBDA, DACB. Each permutation is shown individually in a different color and panel. (c) In the
abovementioned computations, the target-subsystem gates are unknown. For the purpose of complexity analysis, they can be thought
of as produced upon request by a quantum oracle O. This takes as input i = A, B, C, or D and outputs a black-box device implementing
the unknown gate Ui. Each such call to the oracle counts as an oracle query. The N -switch process allows one to solve computational
problems on the phase relationships between permutations of the black-box gates with considerably fewer oracle queries—i.e., lower
query complexity—than any process with fixed (or classically controlled) gate connections.

target system to be inserted [10,11], as represented in
Fig. 1(a). Inside the process, the connections between the
inserted gates may be subject to the quantum superpo-
sition principle. For instance, in Fig. 1(b) we pictorially
represent our experimental implementation of the quantum
4-switch gate S4, with a coherent quantum superposition
of P = 4 different gate connections (each one in a dif-
ferent color) for the particular choice of permutation set
{ABCD, BADC, CBDA, DACB}. Such superpositions give
rise to QCGO, which corresponds to a specific type of
quantum control of causal orders [35] (and both phenom-
ena are in turn contained within the general notion of
causal nonseparability [1–3]). In particular, QCGO takes
place when those gate connections are coherently con-
trolled by a control system, as in Eq. (1). Aside from being
a fundamentally interesting phenomenon, QCGO turns out
to be a physical resource for interesting phase-estimation
problems, as we discuss next.

B. The Araújo-Costa-Brukner algorithm

The quantum N -switch process provides an advantage
for solving a particular phase-estimation problem [12,14]
to which we here refer as the Fourier promise problem. In
this type of problem, one has access to a quantum oracle
O for U, i.e., a black-box device that delivers a gate Ui ∈
U every time it is queried. See Fig. 1(c). No information
about the gates is available except for the promise that, for
the constant phase factor ω := ei2π/P and all x ∈ [P], they

satisfy the property that

�x = ωxy�0 (2)

for some fixed, unknown y ∈ [P], where the shorthand
notation [P] := {0, 1, . . . , P − 1} has been introduced. The
task is to determine which one of the properties holds, i.e.,
to find y.

The Araújo-Costa-Brukner algorithm to solve this
problem is based on the standard Hadamard test [36],
and shares similarities with the Kitaev phase-estimation
algorithm [37]. The control system is initialized in the
computational-basis reference state |0〉c, while the target
system starts in an arbitrary state |�〉t. A P-dimensional
quantum Fourier transform FP on c maps it to a uniform
superposition of all computational-basis states. Then, the
quantum N -switch gate is applied. Because of property (2),
this introduces the phase factor ωxy to each computational-
basis state |x〉c in the superposition, while the state �0 |�〉t
of the target system factorizes. The value of y is thus
encoded into the phases of the superposition state of the
control system. To map it back to the computational basis,
one uncomputes the Fourier transform (applying its inverse
F−1

P = F†
P). In symbols [14],

F−1
P SN FP |0〉c |�〉t = |y〉c �0 |�〉t . (3)

Then, y is finally read out by a single-shot computational-
basis measurement on c.
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To apply SN , one must consume N queries to O. There-
fore, the query complexity—i.e., total number of ora-
cle queries—of the algorithm is Q = N for all P ≤ N !.
Remarkably, causally ordered processes (i.e., those pro-
duced by circuits with fixed, or classically controlled,
gate connections) require considerably more queries to
solve the same problem. For instance, for P = N !, the
best causally ordered process displays query complexity
Q = �(N 2) [13,14,17], i.e., quadratically higher in N . A
downside of the algorithm, however, is that the target-
system dimension d must grow with the number P of
gate orders. This can be seen [14] by taking the deter-
minant of both sides of Eq. (2). For y = 1, and since
det �x = det �0, this imposes det �0 = ωxd det �0 (and,
hence, 1 = ei2πxd/P) for all x ∈ [P], which is possible only
if d ≥ P. This constraint is especially significant for exper-
imental realizations, where coherently manipulating high-
dimensional target systems together with high-dimensional
control systems is challenging [16]. For example, this
limitation implies that, if the polarization of a single pho-
ton (d = 2) is used as the target system, the algorithm
is useful only for P = 2, despite the fact that the spatial
degree of freedom of the photon is amenable to encode
much higher-dimensional control systems [38]. To over-
come this, we next introduce another variant of the phase-
estimation problem that is considerably less sensitive to the
determinant constraint.

III. A NEW COMPUTATIONAL PRIMITIVE: THE
HADAMARD PROMISE PROBLEM

We consider a different promise on the gates that the ora-
cle O outputs. Given a known (P×P)-dimensional square
matrix MP of entries mx,y = ±1, we require that the black-
box unitaries in U satisfy, for all x ∈ [P], the property
that

�x = mx,y�0 (4)

for some fixed, a priori unknown matrix column y ∈ [P].
The task is, again, to find y. In contrast to the complex-
phase relation of Eq. (2), the constraint that this real-phase
relation imposes on d is much softer. As one can see taking
the determinant of both sides of Eq. (4), the only require-
ment that arises now is that (mx,y)

d = 1 for all x, y ∈ [P],
which is satisfied by any even d. With this, the promise
problem finds application even when the target system is
a simple qubit, regardless of the number of permutations
P. Instead of a single complex phase factor, the value of y
is now encoded in a string of P real phase factors (i.e., a
column of MP). The question, then, is how to decode that
information. Luckily, the value of y can be mapped back
onto the computational basis of c with a simple procedure,
similar to that in Eq. (3), provided that MP is a Hadamard
matrix [36].

A Hadamard matrix (of order P) is a (P×P)-
dimensional square matrix MP with entries mx,y = ±1
and whose columns (or, equivalently, whose rows) are
all mutually orthogonal. The transpose M T

P of MP is pro-
portional to its inverse: (1/P)MP ·M T

P = 1, with 1 the
identity matrix. Such matrices can only exist for P equal
to 1, 2, or integer multiples of 4, and are conjectured to
exist for all such dimensions. In fact, they can be gener-
ated recursively for any P = 2k with k ∈ N. Here we are
actually interested in the subset of Hadamard matrices with
all +1s in the first row (x = 0) and column (y = 0). The
former condition is required by Eq. (4), whereas the latter
condition is necessary in our algorithm below for correct
encoding (see Appendix A 1 for details). With this, we can
formally rephrase this promise problem as follows.

Problem 1 (Hadamard promise problem). Given a
Hadamard matrix MP with all +1 entries along its first
row and column and a unitary-gate oracle O fulfilling
the promise, i.e., Eq. (4) for some column y ∈ [P] of MP,
compute y.

The algorithm to solve it with the quantum N -switch
gate is similar to the Araújo-Costa-Brukner algorithm but
with the quantum Hadamard gate HP associated to MP
playing the role of FP. The matrix representation of HP
in the computational basis is HP := MP/

√
P. Then, the

following algorithm solves Problem 1.

Algorithm 1. Initialize the joint system in the state
|0〉c |�〉t, with |�〉t an arbitrary target state. Then, apply
HP on c. Then, apply SN on the joint control-target system.
Then, apply H−1

P (= HT
P ) on c. This gives the state

H−1
P SN HP |0〉c |�〉t = |y〉c �0 |�〉t . (5)

Finally, read out y as the outcome of a single-shot
computational-basis measurement on c.

This algorithm thus provides the desired phase relation
between the P different permutations of the N unknown
unitaries under consideration. The validity of Eq. (5) is
proven explicitly in Appendix A 1. The query complexity
of the algorithm is the same as that of the Araújo-Costa-
Brukner algorithm: Q = N for all P ≤ N !. The crucial
resource for Algorithm III is the quantum N -switch pro-
cess. Similarly to the Fourier promise problem [14], no
causally ordered process is known to solve Problem 1 in
general (i.e., for any arbitrary set U of unknown gates
fulfilling the promise) with a query complexity linear
in N . In fact, the (querywise) optimal causally ordered
processes known to solve the problem in general are
simply the fixed-gate circuits that simulate the quantum
N -switch exactly (see Sec. VII), but these require consid-
erably more queries [13,14,17]. For instance, in the case
where all gate permutations are considered (P = N !), sim-
ulating the quantum N -switch exactly in the black-box
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scenario requires Q = �(N 2) oracle queries, i.e., quadrat-
ically higher in N . Another concrete example is the quan-
tum 4-switch process for the P = 4 permutations in the
set {ABCD, BADC, CBDA, DACB} [shown in Fig. 1(b)],
whose experimental implementation we describe below.
The optimal circuit to simulate it exactly in the black-
box scenario requires Q = 9 oracle queries, i.e., more than
twice as many as with S4 (see Appendix A 2).

IV. EXPERIMENTAL QUANTUM CONTROL OF
THE ORDER OF MULTIPLE GATE OPERATIONS

The experiment is illustrated in Fig. 2(a). It is based on
multicore optical fibers and new related technology [28],
which was recently introduced as a toolbox for quantum
information processing [29–31]. In our implementation of
the quantum 4 switch, the control system corresponds to

the spatial mode of a single photon, while the target is
its polarization. Following Algorithm III, a conventional
illumination scheme (see Sec. VII) is used to generate sin-
gle photons propagating over a single-mode fiber in the
initial spatial mode state |0〉c. The photons are then sent
through a 4CF-BS, which has been shown to realize with
high fidelity the H4 = M4/2 Hadamard operation given by
[39]

H4 = 1
2

⎡
⎢⎣

1 1 1 1
1 1 −1 −1
1 −1 −1 1
1 −1 1 −1

⎤
⎥⎦ . (6)

Note that this matrix is self-inverse. The 4CF-BS is placed
between commercial spatial multiplexer/demultiplexer
units [40,41], which couple four single-mode fibers (yel-
low fibers) to the four cores of the multicore fibers (green

(a)

(b)

Hadamard
gate

Hadamard
gate

Quantum 4-switch gate

FIG. 2. (a) Illustration of our implementation of the quantum 4-switch gate (S4). An input photon is divided coherently between
four spatial modes using a four-core-fiber beam splitter (4CF-BS), placed between commercial multiplexer/demultiplexer (DMUX)
units, as shown in (b). The four output modes are then sent to the quantum 4-switch gate S4. Each spatial mode is related to a unique
permutation of the four unitary polarization operations applied by S4 and indicated by a different color. The photons enter through the
IN side (right) and exit through the OUT side (left), where, for example, the notation “← A” means “from A” and “A←” means “to
A.” One can follow a certain path by looking at the output labels. For instance, the green input mode enters in C and continues to
“B, then D, then A, and finally exits,” corresponding to the operation of the four polarization unitaries in the order CBDA. After S4,
the four spatial modes are then recombined using a second 4CF-BS. Each output 0–3 is connected directly to a single-photon detector
(APD). The detection of a single-photon in the yth (y = 0, 1, 2, 3) output detector identifies in a single shot the phase relation y of the
four unitaries implemented in the quantum 4-switch gate. See the main text and Sec. VII for further details.
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fibers). These units connect to the 4CF-BS through the
multicore fibers [see the details in Fig. 2(b)].

After transmission through the 4CF-BS, the photon is
sent to the quantum 4-switch gate S4, which will coherently
apply different permutations of four unitary operations Ui
on the target system (photon polarization), depending on
the spatial mode. To see this, note that each output of
the 4CF-BS routes the photon through a different ordering
of the polarization operations Ui, which are realized with
controllable liquid crystal retarders (LCRs). To control the
implementation order of the Ui, we take advantage of the
DMUX units. Each single-mode fiber input to the quantum
4-switch gate is connected to a different four-core fiber on
the IN side of S4 using a DMUX unit. The other end of
each 4CF is attached to a fiber launcher. The photon leaves
the launcher in free space passing through the LCR and is
coupled back into another 4CF on the OUT side. The OUT
4CF is connected (via another DMUX) to single mode
fibers, which are then connected to the next 4CF (exploit-
ing the already installed DMUXs) back on the 4-switch’s
IN side, following the ordering showed in Fig. 2(a). For
example, a photon in the green input undergoes the opera-
tion of the four unitaries in the order C→ B→ D→ A,
resulting in the product unitary �2 = UAUDUBUC. The
other three inputs lead the photon through one of the
other three permutations shown in Fig. 1(b). After S4, a
second Hadamard operation is applied to the control sys-
tem using a second set of DMUX+4CF-BS+DMUX, in
accordance with Algorithm III. The setup is thus a four-
arm interferometer with each output directly connected
to an InGaAs APD, working in gated mode and config-
ured with 10% overall detection efficiency, and 5 ns gate
width. The detection of a single photon in the yth (y =
0, 1, 2, 3) output detector univocally identifies in a single

TABLE I. Tables of polarization unitaries used for
the implementations of two different quantum 4-switch
gates (both with the same set of gate permutations
{ABCD, BADC, CBDA, DACB}; here 1 is the identity, Z
and X are the Pauli operators). For both tables, each column
provides a different set U of oracle gates. In turn, each such
set exhibits the phase relations encoded—via Eq. (4)—in the
corresponding column y of the matrix in Eq. (6). That is, the
implemented oracle gates fulfil the problem’s promise with
respect to the experimentally implemented Hadamard matrix
and the chosen set of permutations.

Table 1(a) Table 1(b)

y y

0 1 2 3 0 1 2 3

UA 1 Z 1 Z UA (Z + X )/
√

2 1 Z Z
UB X X X X UB (Z + X )/

√
2 X X X

UC 1 Z Z 1 UC 1 Z 1 1

UD X X X X UD 1 1 1 X

shot the property y, indicating the phase relations of the
four unitaries implemented in the quantum 4-switch gate.

Before implementing the quantum 4-switch process, an
initial alignment procedure using a polarimeter is per-
formed. In-fiber polarization controllers (not shown in
Fig. 2) are used in all single-mode fibers of the quan-
tum 4 switch to ensure that every fiber corresponds to an
identity operation on the polarization. They are also used
at the final set of DMUX+4CF-BS+DMUX to guaran-
tee the indistinguishability of the core modes, such that
there is no path information available that would compro-
mise the visibility of the interferometer [42,43]. The LCRs
implementing the unitaries can be adjusted between iden-
tity and a half-wave plate by controlling the input voltage.
In this way, we can toggle between an identity opera-
tion 1 and one of the Pauli operators Z, (Z + X )/

√
2 or

X , when the orientation angle of the LCR is 0◦, 22.5◦,
or 45◦, respectively. Importantly, we note that the LCRs
are placed at the far-field plane of the 4CF launchers
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FIG. 3. (a) A sequence of about 8 min of measurement results
with our quantum 4-switch process taken in real time. Measure-
ments of 0.1 s duration are taken continuously, realized within
the phase stabilization routine (see Sec. VII), in which the four
sets of unitaries given each by the yth column of Table 1(a) are
toggled randomly every minute. The number labels correspond to
the columns of Table 1(a). Summary of experimentally obtained
success probabilities to identify the commutation relations of the
unitary operations in Table 1(a) [panel (b)] and Table 1(b) [panel
(c)]. See the text for more details.
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and that this guarantees that the unitary operations Ui
are indistinguishable when applied in different orders (see
Sec. VII). A computer-controlled field-programmable gate
array (FPGA2) unit is used to control the LCRs.

In Table I we list the polarization operations Ui for two
different implementations of the quantum 4-switch pro-
cess. Table 1(a) corresponds to orthogonal operations (for
each given column), while Table 1(b) includes nonorthog-
onal operations, which makes it more difficult to mimic
the quantum N -switch with a causally ordered process (see
below and Appendix A 3). In each table, the yth column
defines a different set U of the target-system unitary gates
and corresponds to the yth column of the Hadamard matrix
in Eq. (6) (see Sec. VII). In our experiment, by exploit-
ing the controlled LCRs, we are able to toggle between the
different sets U of unitaries in real time. In Fig. 3(a) we
show an example of the results recorded while switching
randomly (with uniform probabilities) between operations
corresponding to different columns of Table 1(a), about
every minute. In each 0.1 s measurement we detected
a total of about 6000 events. In Figs. 3(b) and 3(c) we
show a summary of experimentally obtained success prob-
abilities (each obtained from about 3× 104 events) to
identify the relative-phase relations between the different
permutations of the unitary operations in Table 1(a) and
Table 1(b), respectively. For Table 1(a), we obtain an aver-
age success probability of psucc = 0.948± 0.005, whereas
for Table 1(b), we obtain psucc = 0.959± 0.008. Error bars
correspond to one standard deviation, and are obtained by
error propagation of the Poissonian count statistics. These
results demonstrate the successful implementation of the
quantum 4-switch process.

V. BENCHMARKING EXPERIMENTAL
QUANTUM CONTROL OF MULTIPLE GATE

ORDERS

To benchmark the realization of QCGO, it is useful to
imagine a verification scenario, in which a verifier controls
the oracle, while the process is implemented by a prover.
The prover wishes to prove to the verifier that the process
does display QCGO, and the verifier can test this by ask-
ing the prover to compute properties of oracles involving
different gates. The quantum N -switch process allows the
prover to solve the computations with considerably fewer
oracle queries than any process with fixed (or classically
controlled) gate connections. Indeed, it is the only process
known to provide a unit success probability for Problem
1 in general (i.e., for any set of black-box gates satisfy-
ing the promise) with only N queries to the oracle. This
can be used to give the verifier evidence in favor of the
prover’s honesty. However, if the table of oracle gates
has a small number of columns—e.g., as in Table I—a
dishonest prover with side information about the table

can attain psucc = 1 with a causally ordered process (see
Appendix A 3), thus deceiving the verifier.

One way to benchmark experimental quantum switches
with minimal assumptions is by measuring so-called causal
witnesses [2,44]. Interestingly, by increasing the num-
ber of columns in the oracle-gate table (i.e., of possible
choices for the gate sets U) and suitably choosing their
prior probability distribution, Algorithm III can be turned
into a causal witness for the quantum switch. That is,
for sufficiently large oracle-gate tables and an appropri-
ate prior distribution for the gate sets U, an upper bound
pCCGO

succ strictly smaller than 1 can be found for the prob-
ability of success attainable by processes with classical
control of gate orders (CCGO). This provides us with a
gap from the probability of success obtained by the quan-
tum switch, which always remains unity in the noiseless
case. Details on our search for witnesses are given in
Appendix A 4.

Unfortunately, the number of measurement settings
required to measure such witnesses is prohibitively high in
practice for this experimental setup. For instance, the best
witness for W4 we can obtain with the abovementioned
approach gives pCCGO

succ ≈ 0.89, but requires an oracle-gate
table with 300 columns. Alternatively, weaker witnesses
with pCCGO

succ ≈ 0.92 can also be found, but these still require
60 columns. Our LCR-based setup cannot switch among
so many gates in a practical way. Nevertheless, it is yet a
remarkable feature of our experiment that we do reach val-
ues of psucc significantly higher than both bounds, which
would conclusively benchmark W4 for a higher number of
settings. In addition, we note that witnesses with similarly
high numbers of settings (259) have indeed been measured
in other platforms, though with much slower switching
times [19].

Alternatively, smaller oracle-gate tables suffice if the
verifier can actively reduce the prover’s potential knowl-
edge about the tables. One way to do this is by allow-
ing the verifier to apply a random basis rotation to each
gate before delivering it to the prover. For instance,
in this scenario, an upper bound pCCGO

succ ≈ 0.84 can be
obtained for an oracle-gate table with only 30 columns (see
Appendix A 4). Unfortunately, implementing such a causal
witness would require the ability to switch among a con-
tinuum of gates, which is again experimentally infeasible.
Nevertheless, here we are mainly interested in bench-
marking our implementation of W4 against experimental
imperfections, rather than against hypothetical malicious
provers exploiting side information about the gates’ bases.
In this regard, the experimentally obtained values in Fig. 3
are in the range psucc ≈ 0.93–0.97, which suggests that
our setup should be capable of obtaining average success
probabilities that are larger than the thresholds mentioned
above, for a larger number of settings. Though not yet con-
clusive, this provides encouraging evidence for the QCGO
of the implemented process.
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VI. DISCUSSION

Here we introduce the “Hadamard promise prob-
lem,” a novel computational primitive involving the rel-
ative phases between different permutations of multiple
unknown gates. We present an algorithm to solve it effi-
ciently, illustrating a quantum computational advantage
associated to the coherent quantum control of the order
in which a sequence of N unitary operations is applied.
Our algorithm, which we implement experimentally for
N = 4, exploits the quantum N -switch process to solve the
problem with N applications of the unitary gates, whereas
the known methods exploiting fixed gate orders use the
gates O(N 2) times. Both the problem and algorithm have
the advantage that the target system needs only be two
dimensional, as opposed to N ! dimensional as in pre-
vious proposals. This could inspire new approaches for
exploiting indefinite causal order in quantum computa-
tion and communication, as well as for studying causal
nonseparability in physical systems.

We experimentally implement the algorithm by con-
structing a quantum 4-switch process that coherently
controls four different gate orderings with high fidelity,
showing success probabilities for the algorithm of approx-
imately 0.95. The all-optical setup involves a four-path
interferometer constructed with new multicore optical fiber
technology. As discussed in Sec. VII, the best-known
quantum circuit with fixed gate orders solves this problem
with 9 gate queries. Our experiment thus corresponds to a
five-query improvement. Moreover, this is, to the best of
our knowledge, the first report of a quantum superposition
of more than 2 temporal orders. In addition, our implemen-
tation presents some technical advantages as well. On the
one hand, it is versatile in that the gate orders can be mod-
ified in a practical fashion by switching the optical fiber
connections and that the unitary gates themselves can be
automatically controlled through the liquid crystal polar-
ization retarders. On the other hand, the setup can be scaled
up to higher control-system dimensions in a straightfor-
ward fashion. This work constitutes a key step towards
realizing and verifying causal nonseparability among a
large number of parties, and should play an important role
in developing methods to exploit this resource.

VII. METHODS

A. Query complexity analysis

One may argue that implementing SN is not the only
way to solve Problem 1 (which is also true for the Fourier
promise problem [14]). Here, we estimate the query com-
plexity of other plausible approaches.

A natural approach one may attempt is to tomograph-
ically reconstruct the N unitary gates and then multiply
them to estimate the �x, from which one can infer y.

Since each �x is an N -fold product of the Ui, the over-
all error ε in its estimation is ε = �(Nε), where ε is
the statistical error of the reconstruction of each Ui. To
attain a constant overall error, one thus needs ε = O(1/N ),
which, by virtue of Hoeffding’s bound, in turn requires
q = O(1/ε2) = O(N 2) queries to each Ui. Moreover, since
there are N gates to reconstruct, the overall query com-
plexity is Q = O(Nq) = O(N 3), i.e., cubically worse in
N than with the quantum N -switch. Another alternative
is to tomographically reconstruct each �x directly, and
from that infer y. However, to query each N -fold prod-
uct �x, one must query all N unitaries, and there are
P such products. Hence, the overall query complexity is
Q = O(NP) ≥ O(N 2) if one considers P ≥ N (as we did in
our experimental demonstration), i.e., quadratically worse
in N than with the quantum N -switch. A third possibility
could be to directly estimate the signs of the commuta-
tors between the �x, and from that infer y. A canonical
tool for that is the well-known Hadamard test [36]. This
allows one to estimate overlaps of the form 〈�|t �x |�〉t
or 〈�|t �†

x�x′�x |�〉t directly from queries to �x or �x
and �x′ , respectively, for any state |�〉t. As before, each
query to �x accounts for N queries to the gates, and the
overall query complexity is again Q = O(NP) ≥ O(N 2).

Finally, one can simulate SN exactly with a circuit
with fixed gate orders. For the usual case where all
P = N ! permutations are considered, the optimal causally
ordered circuit that synthesizes SN in the black-box sce-
nario displays complexity Q = �(N 2) [13,14,17]. For the
concrete case experimentally studied here, P = N = 4,
the optimal causally ordered circuit that synthesizes S4
requires 9 queries (see Appendix A 2). In fact, this is
the reason why we choose the particular permutation
set {ABCD, BADC, CBDA, DACB}. Through a brute-force
search, we find that, from all quartets of permutations,
most of them require 7 queries or less with the simulation
strategy presented in Appendix A 2, some other 8 queries,
and a few of them (including the one chosen here) require
the maximum of 9 queries. Thus, the specific version of
the quantum 4-switch process implemented here provides
a gap of 9− 4 = 5 queries with respect to all causally
ordered processes.

B. Experimental details

1. Single-photon source

The single-photon light source is composed of a
semiconductor distributed feedback telecom laser (λ =
1546 nm) connected to an external fiber-pigtailed ampli-
tude modulator (Mach-Zehnder interferometer, MZI). An
FPGA unit (FPGA1) is used with the MZI to exter-
nally modulate the laser and generate optical pulses 5
ns wide. Optical attenuators (ATTs) are used before the
MZI to create weak coherent states with a mean photon
number per pulse of μ = 0.2. In this case, 90% of the
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non-null pulses generated contain a single photon. Thus,
our source is a good approximation to a nondeterminis-
tic single-photon source, which is commonly adopted in
quantum communications [45]. FPGA1 also controls the
active phase stabilization of the system and registration of
single-photon counts at each of the four detectors during
the measurement procedure (see below).

2. Indistinguishability of the multigate operations in
different orders

The four unitary operators Ui (i = A, B, C, D) are real-
ized using birefringent liquid crystal retarders. An impor-
tant aspect of the experiment is to guarantee the realization
of the same unitary operation Ui for all different orders
considered. That is, the implementation of Ui must be
independent of the illuminated core on the correspond-
ing 4CF at the IN side of the oracle. To achieve this,
the LCRs are placed in the Fourier plane of the objec-
tive lenses of the 4CF fiber launchers [see Fig. 4(a)]. At
the exit face of this fiber, the output single mode of each
core is given by a Gaussian function g(
r) centered at
the core position 
rc. At the Fourier plane of the launcher
lens, the spatial distribution of each core is given by the
Fourier transform F [g(
r− 
rc)](
s) ∝ exp(ik
s · 
rc/f )g(
s).
Therefore, irrespective of the illuminated core, all core
modes overlap at the same central point with the inten-
sity proportional to |g(
s)|2. This avoids spatial distinctions
as in certain implementations for N = 2 gates [18,19].
To guarantee this condition for our experiment, we used
a CCD camera to record the intensity distributions at
the Fourier plane (with the LCRs removed), as shown

(a)

(b)
0 1

23

0+1+2+3

4CF

4CF

LCR

Lens
Lens

Image
plane

FIG. 4. (a) Illustration of the 4CF launchers and the LCRs
implementing the unitaries Ui. The LCRs are placed at the
Fourier plane of the output coupling lenses. (b) Images recorded
at the LCRs plane, of each core alone, as well as the output when
all cores are connected, showing large spatial overlap between
the cores modes. This guarantees that the Ui are indistinguishable
when applied in different orders.

in Fig. 4(b). The images, obtained with an intense laser,
show the centering of the light distribution when a single
core is connected. The resulting interference pattern when
all cores are illuminated shows high visibility, confirming
spatial indistinguishability. This guarantees that the uni-
tary operations Ui are indistinguishable when applied in
different orders—a crucial requirement for a valid imple-
mentation of an N -switch [20].

3. Phase stabilization and measurement procedure

Phase (PHASE MOD) and intensity modulators (INT
MOD) are used after the first 4CF-BS, on each arm of
the interferometer [see Fig. 2(a)], to set the relative phases
between the four spatial modes to zero, and to adjust the
amplitudes. The FPGA1 unit is used to implement a con-
trol system to actively compensate phase drifts in the quan-
tum 4-switch process. The control is based on a perturb and
observe power point tracking method [39,46]. Basically,
the phase drift compensation algorithm will perturb the kth
phase modulator to cancel any phase noise using a high-
speed signal. The algorithm does this sequentially to each
phase modulator and in each step it maximizes the number
of photocounts in the output detector “0” with the LCRs
set to realize column y = 0 of one of the tables in Table I.
When the counts achieve a given threshold value for the
success probability, the voltages applied to the phase mod-
ulators are maintained constant, and an ON signal is sent to
FPGA2 to activate the LCRs by applying a constant volt-
age, realizing any one of the four columns of the respective
table in Table I, chosen by the user. After a 0.2 s deadtime
to allow for the LCRs voltages to reach the desired value,
a 0.1 s measurement stage is realized. After a single mea-
surement window, an OFF signal is sent to return the LCRs
to column 0. In this way, we can switch rapidly between
columns 0–3 of the tables. The control system monitors the
phase stabilization of the interferometer in real time after
every measurement.

We have used this phase stabilization routine in other
work [39], and obtained visibilities over 99%. Here, our
success probability is limited to about 95% due to slightly
imperfect polarization rotations of the LCRs, as well as
the difficulty in achieving proper alignment of the polar-
ization state for the different LCR combinations in each
path, which we observed in the initial alignment procedure
using the polarimeter (see Sec. IV).
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APPENDIX

1. Proof of Eq. (5)

First, note that (just like the Fourier transform) the
Hadamard gate HP maps |0〉c to the uniform superposition
of all computational-basis states (under the assumption
that the corresponding Hadamard matrix MP only has +1
values along the first column):

HP |0〉c |�〉t =
1√
P

∑
x∈[P]

|x〉c |�〉t . (A1)

Then, the quantum N -switch gate introduces the sign mx,y
to each computational-basis state |x〉c in the superposition

SN HP |0〉c |�〉t =
1√
P

∑
x∈[P]

|x〉c �x |�〉t

=
(

1√
P

∑
x∈[P]

mx,y |x〉c
)

�0 |�〉t , (A2)

where the second equality follows from Eq. (4). Now, by
definition, the state within the brackets is HP |y〉c. Hence,
applying H−1

P to both sides of Eq. (A2) yields Eq. (5).

2. Exact simulation of the quantum N -switch with a
fixed-gate-order circuit

It is possible to simulate the quantum N -switch—i.e.,
produce the same superposition of unitaries {�x}x∈[P]
as the quantum N -switch for whatever unitaries Ui are
inserted at its open slots—with a causally ordered circuit
at the cost of making more uses (queries) of each unitary.
The basic idea behind such a circuit is to apply the uni-
taries coherently controlled by a qudit. However, this is not
a straightforward task with black-box unitaries [26,47–51].
A workaround is to use ancillas and controlled swap gates
that coherently control whether each target-system gate is
effectively applied to the target system or to an ancilla. This
can be done with a circuit such as in Fig. 5, which uses a
P-dimensional control qudit and N d-dimensional ancilla
systems (one for each gate Ui). Importantly, as the reader
may verify, all N ancillas experience the same overall gate
sequence for all input states of the control register, which
guarantees that the ancillas disentangle from the target and
control systems by the end of the circuit. For instance,

FIG. 5. Fixed-gate-order circuit that simulates the quantum 4-switch process that is realized experimentally, i.e., with quantum
control of the four gate sequences �0 = UDUCUBUA, �1 = UCUDUAUB, �2 = UAUDUBUC, and �3 = UBUCUAUD. Before and
after each unitary Ui, a pair of controlled swap gates controls whether Ui is applied to the target system or to an ancilla; the control
qudit has dimension P = 4, here represented as two qubits (with x = 0, 1, 2, and 3 encoded as 00, 01, 10, and 11, respectively). Filled
circles indicate an operation conditioned on the |1〉c state; open circles indicate an operation conditioned on the |0〉c state. Conditioning
on negation of certain states is also needed, as exemplified in the legend below the circuit.
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for the circuit in Fig. 5, the final state of the ancillas is
U2

A |0〉anc,A UB |0〉anc,B UC |0〉anc,C UD |0〉anc,D.
With this circuit scheme, the problem of simulating

the superposition of unitaries produced by a quantum N -
switch reduces to finding a supersequence that includes all
the desired permutations as subsequences; the query com-
plexity of this scheme is then given by the length of the
shortest such supersequence [17,52]. In the experiment and
Fig. 5, ACBADACDB is the supersequence to the quar-
tet of permutations {ABCD, BADC, CBDA, DACB} (note
that the subsequences need not be contiguous). We have
made an extensive numerical search of all quartets of per-
mutations of A, B, C, D. There are (N !− 1 P − 1) =
(23 3) = 1771 unique quartets, where quartets that differ
only by relabeling are disconsidered (this amounts to, for
instance, only considering quartets that include some fixed
permutation, e.g., ABCD). Of those, most require a super-
sequence of length 8 or less (37 unique quartets require
length 6; 946 require length 7; 779 require length 8) and
only 9 require length 9. Since the higher the supersequence
length, the higher the query complexity of the simulation
by fixed-gate-order circuit, we chose one of the latter nine
quartets for our experiment (as well as Fig. 5). Note that all
nine black boxes are queried once, irrespective of whether
they are effectively used in the superposition or not; hence,
the query complexity of this simulation of the quantum
4-switch process is 9.

3. Fixed-gate circuit algorithms for the Hadamard
promise problem exploiting side information about the

gates

Let us revisit the adversarial scenario of a verifier who
controls the oracle and poses the Hadamard promise prob-
lem to a prover. The prover thus receives unknown (to
them) unitaries and uses them to the best of their abilities
to solve the problem and output the correct answer to the
verifier. As we showed, a prover in possession of a quan-
tum N -switch can solve the problem with 100% success
rate using only a single query from each unitary. We now
ask: can a prover solve the problem with access only to
fixed-gate-order circuits?

By performing the simulations in the previous section,
they are also able to solve the Hadamard promise problem
with 100% success rate. However, they must request addi-
tional queries of the oracle to the verifier, a tell-tale sign to
the latter that the quantum N -switch has not been realized.

We now explore the case of a prover with side informa-
tion on the unitaries from the oracle. More specifically, let
us suppose that they know the table of unitaries that the
verifier uses (Table I), but not which column is selected in
each run. This information aids the prover, who may no
longer need to produce the superposition of unitaries from
the previous section.

If Table 1(a) is used, the prover’s strategy is rela-
tively simple. By inputting a |+〉 := (|0〉 + |1〉)/√2 state
to black box UA, the output state will be either |+〉 if
UA = 1 or |−〉 := (|0〉 − |1〉)/√2 if UA = Z. With a mea-
surement of the output in the X basis, they can identify
UA (we call this an X -basis test on UA). Doing the same
procedure on UC, they identify this unitary as well and dis-
cover the column y of Table 1(a) being used. Since only 1
query or less of each unitary is needed, the prover can in
fact deceive the verifier in this case.

If instead Table 1(b) is used, the prover requires a
slightly more complex fixed-gate-order circuit to deceive
the verifier. It begins with an X -basis test applied to UC,
which reveals the content of that black box. In turn, UD is
revealed with an analogous Z-basis test, with input state |0〉
and measurement of output in the Z basis. If one of these
two black boxes is revealed to be a Pauli operator (Z or
X ) then that run of the promise problem has been solved
(y = 1 or 3, respectively). However, if both UC = 1 and
UD = 1, both y = 0 and y = 2 are possible, and the black
boxes UA, UB need to be used. Since the quantum N -switch
finds the correct value of y with probability 1, so is the goal
of the prover here. However, the two possible unitaries for
UA [(Z + X )/

√
2, Z] are not orthogonal, i.e., not perfectly

distinguishable, and the same happens with UB. No inde-
pendent use of UA and UB can tell the columns apart with
certainty. There is a viable strategy, though, using UA and
UB in sequence. Indeed, note that UBUA = 1 for column
0 and UBUA = −iY for column 2. A Z- or X -basis test
applied to the sequence of the two unitaries UA and UB
can distinguish these two possibilities, again solving the
problem with certainty.

If the prover does not know whether the verifier uses
Table 1(a) or 1(b), the former needs to first identify which
table is used. This table identification can be done with a Z-
basis test on UD, which reveals whether UD = X or UD =
1. The strategy for Table 1(a) is applied in the former case,
that for Table 1(b) in the latter case (note that column y =
3 is the same for both tables).

4. Causal witnesses for the 4-switch process

In order to certify, via the Hadamard promise prob-
lem, that a given process exhibits some QCGO, one may
look for the maximal probability of success pCCGO

succ that
processes with CCGO can reach: if this upper bound is
strictly smaller than 1, it becomes possible to experimen-
tally obtain a probability of success psucc > pCCGO

succ and thus
prove that these results cannot be explained by CCGO.

For a fixed choice of gate permutations and of the
Hadamard matrix under consideration, the “causal bound”
pCCGO

succ still depends on the specific choice of possible sets
U, and of the prior distribution with which each set is
chosen in each experimental run. Considering different
possible sets Uk, each satisfying the promise of Eq. (4)
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for some value y = yk and chosen with probability qk, the
probability of success (i.e., of obtaining the correct value
y = yk) of the Hadamard promise problem is obtained as

psucc =
∑

k

qkProb(y = yk | U = Uk). (A3)

To compute the above probabilities, and to obtain the
causal bound pCCGO

succ , we use the so-called “process matrix
framework” [1]. In this framework the process under con-
sideration (i.e., in our case, the circuit that connects the
four unitaries and the final measurement) is described by
the “process matrix” W, acting on the tensor product of all
input and output Hilbert spaces of the four unitaries and of
the final measurement. When the four qubit unitaries from
some quartet Uk = {U(k)

A , U(k)
B , U(k)

C , U(k)
D } are applied, the

probability Prob(y = yk | U = Uk) that the final measure-
ment in the computational basis {|y〉c}y∈[4] of Hc gives the
outcome yk for an arbitrary process matrix W is obtained
as

Prob(y = yk | U = Uk) = Tr[(|Uk〉〉〈〈Uk|� ⊗ |yk〉 〈yk|c)W]
(A4)

with

|Uk〉〉 := |U(k)
A 〉〉|U(k)

B 〉〉|U(k)
C 〉〉|U(k)

D 〉〉. (A5)

Here, “�” denotes the transposition in the computational
basis {|0〉 , |1〉} of Ht and |U(k)

i 〉〉 ∈ Ht ⊗Ht is the Choi
vector representation [53] of the ith unitary U(k)

i for i =
A, B, C or D, technically defined as |U(k)

i 〉〉 := 1⊗ U(k)
i |1〉〉,

with |1〉〉 := |0〉 |0〉 + |1〉 |1〉. According to Eq. (A3), the
success probability is then obtained as

psucc = Tr[GW]

with G =
∑

k

qk|Uk〉〉〈〈Uk|� ⊗ |yk〉 〈yk|c . (A6)

The process matrix describing the ideal 4-switch process
of Fig. 1(b) is given by W4 = |w4〉 〈w4| [2,3], where

|w4〉 = |0〉cp |1〉〉tp AI |1〉〉AOBI |1〉〉BOCI |1〉〉CODI |1〉〉DOtf |0〉cf

+ |1〉cp |1〉〉tp BI |1〉〉BOAI |1〉〉AODI |1〉〉DOCI |1〉〉COtf |1〉cf

+ |2〉cp |1〉〉tp CI |1〉〉COBI |1〉〉BODI |1〉〉DOAI |1〉〉AOtf |2〉cf

+ |3〉cp |1〉〉tp DI |1〉〉DOAI |1〉〉AOCI |1〉〉COBI |1〉〉BOtf |3〉cf

(A7)

and the superscripts indicate the Hilbert spaces in which
the various states are defined: cp , cf refer to the past and the
future of the control system, tp , tf refer to the past and the
future of the target system, AI and AO refer to the input and
output spaces of operation UA, and similarly for the other

parties. Note that, for the sake of clarity, in Fig. 1(a) we use
a simplified notation based on the necessary isomorphism
between tp , tf , AI , AO, and the other parties’ inputs and
outputs (as well as between cp and cf ).

In Algorithm III we input the initial control state HP |0〉
into cp , the initial target state |�〉 into tp , and apply
H−1

P to the resulting state of the control system in cf .
These fixed steps can be incorporated into the process-
matrix description. The resulting matrix that describes our
effective process is then W′4 = Trtf |w′4〉 〈w′4| with

∣∣w′4
〉 = 1

2 [|�〉AI |1〉〉AOBI |1〉〉BOCI |1〉〉CODI |1〉〉DOtf H−1
P |0〉c

+ |�〉BI |1〉〉BOAI |1〉〉AODI |1〉〉DOCI |1〉〉COtf H−1
P |1〉c

+ |�〉CI |1〉〉COBI |1〉〉BODI |1〉〉DOAI |1〉〉AOtf H−1
P |2〉c

+ |�〉DI |1〉〉DOAI |1〉〉AOCI |1〉〉COBI |1〉〉BOtf H−1
P |3〉c].

(A8)

Using this process matrix, we can verify that, for any
set Uk = {U(k)

A , U(k)
B , U(k)

C , U(k)
D } satisfying promise (4) for

some y = yk, one has Tr[(|Uk〉〉〈〈Uk|� ⊗ |yk〉 〈yk|c)W′4] =
1, so that the success probability of Algorithm III, using
the 4-switch process, is indeed unity.

Processes that display CCGO, on the other hand, are
described by process matrices from a particular subset
of all possible matrices, with some specific structure. In
Ref. [54], it was indeed shown that (in our scenario, with
four operations and a final measurement) CCGO process
matrices W must have a decomposition of the form

W =
∑

(i, j ,k,l)

W(i, j ,k,l),c (A9)

in terms of positive semidefinite matrices (not necessarily
valid process matrices) W(i, j ,k,l),c, for all 4! = 24 permuta-
tions (i, j , k, l) of {A, B, C, D} (hence with i �= j �= k �= l).
These must furthermore be such that the “reduced” matri-
ces W(i, j ,k,l) := Trc W(i, j ,k,l),c (where c refers to the space of
the final measurement), W(i, j ,k) := Trl W(i, j ,k,l) (where Trl
corresponds to the partial trace over the input and output
spaces of the operation Ul), W(i, j ) :=∑

k Trk W(i, j ,k), and
W(i) :=∑

j Trj W(i, j ) are of the form

W(i, j ,k,l) = W̃(i, j ,k,l) ⊗ 1lO , W(i, j ,k) = W̃(i, j ,k) ⊗ 1kO ,

W(i, j ) = W̃(i, j ) ⊗ 1jO , W(i) = W̃(i) ⊗ 1iO ,
(A10)

for some matrices W̃(·) in the appropriate spaces. Here 1lO

denotes the identity operator on the output space of the
operation Ul, and similarly for 1kO , 1jO , and 1iO .

To obtain the causal bound pCCGO
succ for all CCGO pro-

cesses—for a fixed choice of sets Uk and weights qk, and
hence a fixed operator G as defined in Eq. (A6)—one can
then optimize the value of psucc = Tr[GW] for all W in
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the class described by Eqs. (A9)–(A10) (which describes
a closed convex cone, which we denote by WCCGO) and
with the additional normalization condition [1,3,55] that
Tr W = 24:

pCCGO
succ = max

W
Tr[GW]

such thatW ∈WCCGO, Tr W = 24.
(A11)

As it turns out, this optimization is a semidefinite program-
ming (SDP) problem, which can in principle be solved
faithfully [2,44,55].

Another possible “dual” approach—now just for a fixed
choice of possible sets Uk—is to optimize the causal wit-
ness rather than the process matrix. Fixing the witness to
be of the form of G in Eq. (A6) allows us to optimize the
weights qk for each Uk: indeed, the optimization problem
can be written here (see Appendix H of Ref. [2]) as

pCCGO
succ = min

p ,{qk}k
p (A12a)

such that p1/24 − G ∈ SCCGO, (A12b)

G =∑
kqk|Uk〉〉〈〈Uk|� ⊗ |yk〉 〈yk|c ,

qk ≥ 0,
∑

k

qk = 1, (A12c)

where

SCCGO := (WCCGO)∗

:= {S | for all W∈WCCGO, Tr[SW] ≥ 0} (A13)

is the convex cone dual to WCCGO, which can, like the
latter, be described in terms of SDP constraints [2,44,55].

Let us note here that the above characterization of
WCCGO [via the decomposition of Eq. (A9), with the matri-
ces W(·) satisfying the constraints of Eq. (A10)] was shown
[55] to be a sufficient condition for the process matrix to be
“causally separable” [1,3,55]. It remains an open question
whether or not the class of causally separable processes is
strictly larger than that of CCGO. We nevertheless conjec-
ture that the “causal bounds” pCCGO

succ we obtain here hold
for all causally separable processes.

a. Causal witnesses with finitely many settings

As is clear from the discussion in Appendix A 3, if one
only uses the sets from Tables 1(a) and 1(b) in Table I, then
one can only get a trivial causal bound pCCGO

succ = 1. In order
to get a nontrivial bound, one needs to consider some other
possible sets of unitaries.

To this end, we consider unitaries taken from the set

G =
{
1, Z, X , Y,

Z + X√
2

,
Z + Y√

2
,

X + Y√
2

,

1+ iZ√
2

,
1+ iX√

2
,
1+ iY√

2

}
(A14)

(which have the nice property that their Choi matrices
|U〉〉〈〈U| span the full 10-dimensional space of all possible
Choi matrices for qubit unitaries), and looked for which
sets U = {UA, UB, UC, UD}with Ui ∈ G satisfy the promise
of Eq. (4). We find 460 different such sets: 316 satisfy-
ing the promise for y = 0, 60 for y = 1, 42 for y = 2, and
again 42 for y = 3.

SDP problem (A12) is large—indeed, G is a 210 × 210

matrix and the characterization of SCCGO imposes many
constraints—making it at the limits of tractability. To sim-
plify the problem further, we exploit an approach based on
“quantum superinstruments” introduced in Ref. [54]. To
this end, we first note that Eq. (A11) can be simplified by
rewriting Eq. (A6) in the form

psucc =
∑

y

Tr[G[y]W [y]] (A15a)

with G[y] =∑
kδy,yk qk|Uk〉〉〈〈Uk|�c ,

W [y] = Trc[(1⊗ |y〉 〈y|c)W] (A15b)

(where δy,yk is the Kronecker delta). Here, one now only
needs to optimize over the four smaller 28 × 28 matrices
W [y]. The fact that the W [y] must be obtained from some
CCGO process as in the second equation of Eq. (A15b)
implies similar SDP constraints as Eqs. (A9)–(A10) on
the W [y] directly [54]; more formally, one has {W [y]}y ∈
WCCGO

, where WCCGO
is again a closed convex cone.

Dual approach (A12) can then also be rewritten in the
simpler form

pCCGO
succ = min

p ,{qk}k
p (A16a)

such that {p1/24 − G[y]}y ∈ SCCGO
, (A16b)

G[y] =∑
kδy,yk qk|Uk〉〉〈〈Uk|�c ,

qk ≥ 0,
∑

kqk = 1, (A16c)

where the dual cone

SCCGO
:= (WCCGO

)∗

:=
{
{S[y]}y

∣∣∣∣ for all {W [y]}y∈WCCGO
,

∑
y

Tr[S[y]W [y]] ≥ 0
}

(A17)

can again be described by SDP constraints [54].
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We are able to solve the simpler SDP problem of
Eq. (A16) using the 460 sets of unitaries from G with
the splitting conic solver [56,57], obtaining a bound of
pCCGO

succ ≈ 0.92. We then progressively set to zero the small-
est weights and solve the SDP again, eventually reach-
ing 60 nonzero weights with no change in pCCGO

succ within
numerical precision (36 corresponding to sets satisfying
the promise for y = 0, 12 for y = 1, and 6 each for y = 2
and y = 3).

b. Causal witnesses with random rotations

The causal strategies described in Appendix A 3 exploit
knowledge of the basis that the unknown unitaries are
defined in. A possibility to obtain better bounds on pCCGO

succ
is therefore to allow the verifier to provide the unitaries in
an unknown basis. Given a set U = {UA, UB, UC, UD}, this
corresponds formally to providing the operations U(V) =
{VUAV†, VUBV†, VUCV†, VUDV†} for some unknown uni-
tary V. Note that if U obeys the promise of Eq. (4) then so
does U(V).

To construct better causal witnesses from this approach,
we start as before with a fixed choice of sets Uk and
then, in addition to choosing Uk with prior probability
qk, we randomly choose an unknown unitary V to be
applied according to the Haar measure. Equation (A6) then
becomes

psucc = Tr[GW]

with G =
∑

k

qk

∫
dμ(V)|U(V)

k 〉〉〈〈U(V)

k |� ⊗ |yk〉 〈yk|c ,

(A18)

where μ(V) is the normalized Haar measure over SU(2).
SDP problems (A11), (A12), and (A15) can then be solved
in the same way as described above.

We again consider the 460 sets of unitaries U with each
Ui ∈ G as in the previous section. The integration over
the Haar measure can be performed analytically by taking
an explicit parameterization of SU(2) unitaries. However,
since the |U(V)

k 〉〉〈〈U(V)

k |� are 28 × 28 matrices, this proce-
dure is nevertheless slow, even with automated symbolic
integration using, e.g., Mathematica. To simplify matters,

we exploit that fact that the Haar measure is unitary invari-
ant [i.e., d(V) = d(UV) = d(VU) for any unitary U], so
sets U and U′ that are equivalent up to a change of basis
give

∫
dμ(V)|U(V)〉〉〈〈U(V)| = ∫

dμ(V)|U′k(V)〉〉〈〈U′k(V)|. We
thereby find that there are 98 sets U that are inequivalent
in this way and that satisfy one of the properties yk.

Considering witnesses constructed from these sets, we
solved the dual SDP problem given in Eq. (A16). For
CCGO processes, we find the bound pCCGO

succ ≈ 0.84. Inter-
estingly, we find that the same bound can be reached by
considering the Haar randomization only over witnesses
using sets U containing only Pauli matrices, rather than
from the full set G. Indeed, this bound can be obtained by
randomizing over the 30 sets U given in Table II that we
found to have nonzero weights in the optimal witness we
obtained.

c. Derandomization

In order not to require the assumption that the prover
does not know in which basis the verifier provided each
set U, one could derandomize the approach above by using
a weighted quantum t design [58]. This is a finite set of
unitaries X together with weights w such that the aver-
age of any operator over them is equal to its average over
the Haar measure up to order t. Since |U(V)

k 〉〉 is an eighth-
order expression on V, an 8 design allows us to reproduce
exactly the witness with bound pCCGO

succ ≈ 0.84 with a finite,
fixed set of unitaries. Unfortunately, t designs are rather
large. It can be shown that the smallest size |X | of a
weighted 8 design for unitaries of dimension 2 is bounded
by 165 ≤ |X | ≤ 968, so the resulting witness would have
at least 4950 settings, and therefore be of little relevance
for experiments [59].

In order to obtain smaller witnesses, we instead sam-
pled five random qubit unitaries from the Haar measure,
and conjugated all 30 columns of Table II with these fixed
unitaries, obtaining a witness using 150 settings.

Solving the SDP in Eq. (A11) with the splitting conic
solver, fixing the prior probability of choosing each set
U(V)

k to be qk/5, where qk is the optimal weight obtained
for the full randomization of Uk in the previous section,
we obtained pCCGO

succ ≈ 0.96. By further optimizing over all

TABLE II. Table of 30 sets U = {UA, UB, UC, UD} involving the identity 1 and the orthogonal Pauli operators X , Y, Z only, satisfying
the promise of Eq. (4) (for some value of y, indicated in the first row) for the gate permutations � = {ABCD, BADC, CBDA, DACB}
and the Hadamard matrix of Eq. (6).

y

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 2 2 2 2 3 3 3 3

UA 1 1 1 Z 1 1 Z 1 Z Z 1 Z Z Z Z Z 1 Z Z Z Z Z 1 Z Z Z 1 Z Z Z
UB 1 1 Z 1 1 Z 1 Z 1 Z Z 1 Z Z Z X Z 1 Z X X X Z 1 X Z 1 X X X
UC 1 Z 1 1 Z 1 1 Z Z 1 Z Z 1 Z Z X X 1 X Z X Y X Z 1 X Z 1 Z Y
UD Z 1 1 1 Z Z Z 1 1 1 Z Z Z 1 Z Z 1 X X X Y Z Z X 1 Y X X 1 Y
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150 weights using the dual SDP, we find that this can be
improved to pCCGO

succ ≈ 0.93.
By using more than five random unitaries, this bound

can be lowered further. For example, with 10 random
unitaries we are able to obtain pCCGO

succ ≈ 0.89 (when opti-
mizing over all 300 weights).
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cuits cannot control unknown operations, New J. Phys. 16,
93026 (2014).

[48] J. Thompson, K. Modi, V. Vedral, and M. Gu, Quantum
plug ’n’ play: Modular computation in the quantum regime,
New J. Phys. 20, 013004 (2018).

[49] A. A. Abbott, J. Wechs, D. Horsman, M. Mhalla, and
C. Branciard, Communication through coherent control of
quantum channels, Quantum 4, 333 (2020).

[50] G. Chiribella and H. Kristjánsson, Quantum Shannon the-
ory with superpositions of trajectories, Proc. R. Soc. A:
Math., Phys. Eng. Sci. 475, 20180903 (2019).

[51] H. Kristjánsson, G. Chiribella, S. Salek, D. Ebler, and M.
Wilson, Resource theories of communication, New J. Phys.
22, 073014 (2020).

[52] P. Koutas and T. Hu, Shortest string containing all permu-
tations, Discrete Math. 11, 125 (1975).

[53] M.-D. Choi, Completely positive linear maps on complex
matrices, Linear Algebra Appl. 10, 285 (1975).

[54] J. Wechs, H. Dourdent, A. A. Abbott, and C. Branciard,
Quantum circuits with classical versus quantum control of
causal orders (to be published).

[55] J. Wechs, A. A. Abbott, and C. Branciard, On the
definition and characterisation of multipartite causal
(non)separability, New J. Phys. 21, 013027 (2019).

[56] B. O’Donoghue, E. Chu, N. Parikh, and S. Boyd, Conic
optimization via operator splitting and homogeneous self-
dual embedding, J. Optim. Theory Appl. 169, 1042 (2016).

[57] B. O’Donoghue, E. Chu, N. Parikh, and S. Boyd, SCS:
Splitting conic solver, version 2.1.2 (2019).

[58] D. Gross, J. Eisert, N. Schuch, and D. Perez-Garcia,
Measurement-based quantum computation beyond the one-
way model, Phys. Rev. A 76, 052315 (2007).

[59] Aidan Roy and A. J. Scott, Unitary designs and codes,
Designs, Codes Cryptography 53, 13 (2009).

Correction: The previously published Figure 1(b) was processed
improperly during the final production cycle and its rendition has
been corrected.

010320-16



Bibliography

[1] C. H. Bennett y G. Brassard, Proceedings of the IEEE International Conference on
Computers, Systems and Signal Processing (1984).

[2] A. K. Ekert, Physical Review Letters (1991).

[3] Č. Brukner, M. Żukowski y A. Zeilinger, Phys. Rev. Lett. 89, 19 (2002).

[4] G. M. Nikolopoulos, K. S. Ranade y G. Alber, Phys. Rev. A 73, 3 (2006).

[5] N. J. Cerf, M. Bourennane, A. Karlsson y N. Gisin, Phys. Rev. Lett. 88, 12 (2001).

[6] D. Kaszlikowski, P. Gnaciński, M. Żukowski, W. Miklaszewski y A. Zeilinger, Physical
Review Letters (2000).

[7] M. Araújo, F. Costa y Č. Brukner, Physical Review Letters (2014).

[8] D. Martínez, A. Tavakoli, M. Casanova, G. Cañas, B. Marques y G. Lima, Physical
Review Letters (2018).

[9] J. Cariñe, G. Cañas, P. Skrzypczyk, I. Šupić, N. Guerrero, T. Garcia, L. Pereira, M. A. S.
Prosser, G. B. Xavier, A. Delgado, S. P. Walborn, D. Cavalcanti y G. Lima, Optica 7,
5 (may 2020).

[10] M. A. Nielsen y I. L. Chuang, Quantum Computation and Quantum Information (2010).

[11] S. Pironio, A. Acín, S. Massar, A. B. de la Giroday, D. N. Matsukevich, P. Maunz,
S. Olmschenk, D. Hayes, L. Luo, T. A. Manning y C. Monroe, Nature 464, 7291 (2010).

[12] A. Acín y L. Masanes, Certified randomness in quantum physics (2016).

58



BIBLIOGRAPHY 59

[13] A. Rukhin, J. Soto y J. Nechvatal, Nist Special Publication (2010).

[14] H. K. Lo, M. Curty y B. Qi, Physical Review Letters 108, 13 (2012).

[15] S. Pironio, V. Scarani y T. Vidick, New Journal of Physics 18, 10 (oct 2016).

[16] Y. Liu, X. Yuan, M. H. Li, W. Zhang, Q. Zhao, J. Zhong, Y. Cao, Y. H. Li, L. K. Chen,
H. Li, T. Peng, Y. A. Chen, C. Z. Peng, S. C. Shi, Z. Wang, L. You, X. Ma, J. Fan,
Q. Zhang y J. W. Pan, Physical Review Letters (2018).

[17] M. Pawłowski y N. Brunner, Physical Review A - Atomic, Molecular, and Optical
Physics (2011).

[18] G. Cañas, J. Cariñe, E. S. Gómez, J. F. Barra, A. Cabello, G. B. Xavier, G. Lima
y M. Pawłowski, Experimental quantum randomness generation invulnerable to the
detection loophole (2014).

[19] T. Lunghi, J. B. Brask, C. C. W. Lim, Q. Lavigne, J. Bowles, A. Martin, H. Zbinden y
N. Brunner, Physical Review Letters (2015).

[20] J. B. Brask, A. Martin, W. Esposito, R. Houlmann, J. Bowles, H. Zbinden y N. Brunner,
Physical Review Applied (2017).

[21] I. Supić, P. Skrzypczyk y D. Cavalcanti, Phys. Rev. A 95, 4 (apr 2017).

[22] C. E. Shannon, The Bell System Technical Journal 27, 3 (July 1948).

[23] M. Herrero-Collantes y J. C. Garcia-Escartin, Rev. Mod. Phys. 89, 015004 (Feb 2017).

[24] A. Tavakoli, J. Kaniewski, T. Vértesi, D. Rosset y N. Brunner, Physical Review A
(2018).

[25] N. Gisin, G. Ribordy, W. Tittel y H. Zbinden, Reviews of Modern Physics (2002).

[26] H. K. Lo, M. Curty y K. Tamaki, Secure quantum key distribution (2014).

[27] D. J. Richardson, J. M. Fini y L. E. Nelson, Space-division multiplexing in optical fibres
(2013).

[28] S. Inao, T. Sato, S. Sentsui, T. Kuroha y Y. Nishimura (2014).



60

[29] K. Saitoh y S. Matsuo, Journal of Lightwave Technology (2016).

[30] P. Sillard, M. Bigot-Astruc y D. Molin, Journal of Lightwave Technology 32, 16 (2014).

[31] G. B. Xavier y G. Lima, Quantum information processing with space-division multi-
plexing optical fibres (2020).

[32] M. Reck, A. Zeilinger, H. J. Bernstein y P. Bertani, Physical Review Letters (1994).

[33] L. Gan, R. Wang, D. Liu, L. Duan, S. Liu, S. Fu, B. Li, Z. Feng, H. Wei, W. Tong,
P. Shum y M. Tang, IEEE Photonics Journal 8, 1 (2016).

[34] G. Weihs, M. Reck, H. Weinfurter y A. Zeilinger, Optics Letters (1996).

[35] S. Rahimi-Keshari, M. A. Broome, R. Fickler, A. Fedrizzi, T. C. Ralph y A. G. White,
Opt. Express 21, 11 (jun 2013).

[36] K. Watanabe, T. Saito, K. Imamura y M. Shiino, en Technical Digest - 2012 17th
Opto-Electronics and Communications Conference, OECC 2012 (2012).

[37] S. P. Walborn, M. O. Terra Cunha, S. Pádua y C. H. Monken, Physical Review A -
Atomic, Molecular, and Optical Physics (2002).

[38] F. A. Torres-Ruiz, G. Lima, A. Delgado, S. Pádua y C. Saavedra, Physical Review A -
Atomic, Molecular, and Optical Physics (2010).

[39] P. Bhatnagar y R. K. Nema, Maximum power point tracking control techniques: State-
of-the-art in photovoltaic applications (2013).

[40] S. Boyd y L. Vandenberghe, Convex Optimization (Cambridge University Press, 2004).

[41] M. Farkas, N. Guerrero, J. Cariñe, G. Cañas y G. Lima, Phys. Rev. Appl. 15, 1 (jan
2021).

[42] M. M. Taddei, J. Cariñe, D. Martínez, T. García, N. Guerrero, A. A. Abbott, M. Araújo,
C. Branciard, E. S. Gómez, S. P. Walborn, L. Aolita y G. Lima, PRX Quantum 2, 1
(feb 2021).

[43] M. N. Bera, A. Acín, M. Kus, M. W. Mitchell y M. Lewenstein, Randomness in quantum
mechanics: Philosophy, physics and technology (2017).



BIBLIOGRAPHY 61

[44] Vlatko Vedral, Introduction to Quantum Information Science (Oxford Graduate Texts,
2006).


	Agradecimientos
	List of Figures
	Resumen
	Abstract
	Introduction
	Foundational concepts of quantum information
	Fundaments of Quantum Mechanics
	Hilbert space
	Qubit
	Measurement

	Random numbers
	Entropy

	SDM technology
	Beam splitter
	Optical fiber
	Multi-core beam splitter

	MDI randomness generation
	Experimental scheme
	Operation and stabilization
	Weak coherent pulses
	Measurement device independent protocol

	Results
	Conclusion
	Appendix A
	Appendix B
	Bibliography

