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Resumen

Estudiamos la termodinámica de capas bariónicas BPS magnetizadas, las cuales
poseen tanto carga bariónica como flujo magnético. El estudio termodinámico
de este sistema resulta altamente no trivial debido a que la carga topológica, que
aparece naturalmente en el lado derecho de la cota BPS, es una función no lineal
de la carga bariónica. Estas capas fueron construidas a través de la ecuación de
Hamilton-Jacobi de la mecánica clásica en el modelo sigma no lineal acoplado
minimalmente a la teoría de Maxwell, la cual es una de las teorías efectivas más
relevantes para la cromodinámica cuántica (QCD) en el régimen fuertemente
interactuante del límite de bajas energías que también toma en consideración las
interacciones electromagnéticas. Para la construcción de la función de partición
grancanónica del sistema (que resulta interesante por su relación con la función zeta
de Riemann), utilizamos herramientas del efecto Casimir para derivar una relación
analítica entre la carga topológica, la carga bariónica y el flujo magnético. Con
base en esto y utilizando física estadística clásica, fue posible derivar cantidades
termodinámicas relevantes de estas capas, tales como la energía, la entropía, la
capacidad calorífica y la susceptibilidad magnética, logrando identificar el potencial
químico bariónico crítico. Los efectos del potencial químico de isospín también
pueden ser incluidos: en particular, construimos una cota BPS explícita y las
correspondientes configuraciones BPS para el caso en el que el potencial químico
de isospín es no nulo. Por otro lado, derivamos de forma analítica, a partir del
tensor de energía momento del sistema, la ecuación de estado y la velocidad del
sonido tanto para el caso con potencial químico de isospín cero como distinto de
cero. Desde el punto de vista técnico, es un resultado bastante notable derivar
expresiones explícitas para todas estas cantidades termodinámicas de un sistema
magnetizado fuertemente interactuante a densidad bariónica finita. Finalmente,
la interpretación física de nuestros resultados analíticos será discutida.

Keywords – Termodinámica, Modelo sigma no lineal, Cota BPS, Capas bariónicas,
Potencial químico de isospín, Ecuación de estado, Efecto casimir
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Abstract

We study the thermodynamics of magnetized BPS baryonic layers, which possess
both baryonic charge and magnetic flux. The thermodynamic study of this
interacting system is highly non-trivial because the topological charge, which
naturally appears on the right-hand side of the BPS bound, is a non-linear function
of the baryonic charge. These layers were constructed using the Hamilton-Jacobi
equation of classical mechanics in the non-linear sigma model minimally coupled to
Maxwell’s theory, which is one of the most relevant effective theories for Quantum
Chromodynamics (QCD) in the strongly interacting regime of the low-energy
limit, which also takes electromagnetic interactions into account. To construct the
grand canonical partition function of the system (which is interestingly related to
the Riemann zeta function), we used tools from the Casimir effect to derive an
analytical relationship between the topological charge, the baryonic charge, and
the magnetic flux. Based on this, and using classical statistical physics, it was
possible to derive relevant thermodynamic quantities of these layers, such as energy,
entropy, heat capacity, and magnetic susceptibility, successfully identifying the
critical baryonic chemical potential. The effects of the isospin chemical potential
can also be included: in particular, we constructed an explicit BPS bound and
the corresponding BPS configurations for the case in which the isospin chemical
potential is non-zero. Furthermore, we analytically derived, from the energy-
momentum tensor of the system, the equation of state and the speed of sound for
both the cases with zero and non-zero isospin chemical potential. From a technical
point of view, it is a quite remarkable result to derive explicit expressions for
all these thermodynamic quantities of a strongly interacting magnetized system
at finite baryonic density. Finally, the physical interpretation of our analytical
results will be discussed.

Keywords – Thermodynamics, Non-linear sigma model, BPS bound, Baryonic
layers, Isospin chemical potential, Equation of state, Casimir effect
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Chapter 1. Introduction 1

Chapter 1

Introduction

The study of nuclear matter under extreme conditions, such as finite density,
low temperatures, and external magnetic fields, is one of the most significant
open problems in modern theoretical physics. This is largely motivated by the
consideration of astrophysical environments in which these conditions occur, such
as the interior of neutron stars or in heavy-ion collisions [1, 2, 3, 4, 5, 6, 7, 8, 9,
10, 11, 12, 13]. In these scenarios, nuclear matter is expected to form ordered
patterns, these non-homogeneous condensates are known as nuclear pasta phases
[14, 15, 16, 17, 8, 18, 19, 20, 21, 9, 22, 10, 23, 24, 25]. These structures can take
different forms such as tubes (spaghetti) or layers (lasagna); we will be particularly
interested in the latter.

Quantum chromodynamics (QCD), as the field theory describing the strong
interaction, should be able to describe these phases. However, in the low-energy
regime with finite baryonic density, which characterizes these systems, we face
several difficulties. First, the QCD coupling constant increases as the energy
decreases (and vice versa), making it impossible to use perturbation theory in
this region. On the other hand, computational methods such as lattice QCD are
severely limited by the well known sign problem [26, 27, 28, 29]. Because of these
difficulties, it is essential to search for effective models that capture the essence of
QCD and allow for an analytical treatment.

In this context, the Skyrme model has proven to be an excellent tool for this
purpose. In the low-energy limit of QCD, baryons emerge as topological solitons
(skyrmions) in a mesonic field theory [30, 31, 32, 33, 34, 35]. There is compelling
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evidence connecting the properties of baryons with those of these skyrmions, which
justifies the use of this type of model to describe hadronic structure. Following
this line of research, recent works have proposed ansatz that allow one to obtain
exact analytical solutions corresponding to hadronic matter distributed in tubes
and layers configurations [36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50,
51, 52, 53, 54]. Nevertheless, the construction of purely magnetic configurations,
which are of great astrophysical relevance, had remained elusive until recently.

The main objective of this thesis is precisely to address this gap by providing a
concrete and analytically tractable example of a strongly interacting system with
finite baryon charge, similar to the lasagna-type phase of nuclear pasta. To this
end, we focus on the study of magnetized baryonic layers. Unlike previous works
that included coupled electric and magnetic fields, here we succeed in constructing
purely magnetic configurations thanks to a technique based on the Hamilton–Jacobi
equation of classical mechanics. This formalism allows us to derive a nontrivial
BPS (Bogomol’nyi–Prasad–Sommerfield) bound for the nonlinear sigma model
with global SU(2) symmetry, minimally coupled to Maxwell theory (G-NLSM)
[55, 56, 57, 58]. Although in this thesis we do not use the full Skyrme model, the
Hamilton–Jacobi technique can be extended to include the Skyrme term. This
extension will be part of future work.

It is important to emphasize that, although the full Skyrme model requires a
fourth-order term (the Skyrme term) to stabilize the solutions in a finite space
[59], our solutions are defined in a fixed finite spatial volume. This condition,
following Derrick’s theorem, circumvents the need for such a term, allowing us to
work with the G-NLSM and drastically simplifying the analysis.

The BPS nature of our solutions is fundamental for the study of thermodynamics.
Thanks to it, we can establish an analytical relation between the topological charge,
the baryon charge, and the magnetic flux of these configurations. A crucial step in
this process is the determination of the “chemical potential” for the magnetic flux,
denoted by I0, which arises as an integration constant in the Hamilton–Jacobi
equations. Although it is not possible to obtain a closed analytical expression for
I0, in this work, using tools from Casimir effect theory, it was possible to find
an analytical approximation for this quantity. This calculation is essential for
constructing the grand canonical partition function of the system, and from it
deriving its fundamental thermodynamic properties, such as the internal energy,
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entropy, heat capacity, and magnetic susceptibility. Moreover, from the energy-
momentum tensor of the configurations, we have been able to derive the equation
of state and the speed of sound.

Finally, a natural question is whether this analysis can be extended to more
realistic conditions. In particular, the inclusion of the isospin chemical potential
is essential for a more complete description of these magnetized baryonic layers.
Far from destroying the BPS property, we will show that the presence of this
chemical potential modifies it in an elegant and manageable way. As will be
seen, its effects can be interpreted as a dressing or modification of the coupling
constants of the system. Notably, the analysis of the energy-momentum tensor
extends naturally to the isospin case, allowing us to obtain the equation of state
and the speed of sound also in the presence of this potential, which reinforces
the completeness of our thermodynamic study. For the sake of clarity, we will
first develop the formalism for the case without isospin chemical potential and
subsequently introduce its effects in order to construct the isospin-dependent BPS
magnetized baryonic layers.

This thesis is organized as follows: in chapter 2, we present the G-NLSM. Chapter
3 is devoted to the ansatz for the construction of magnetized Baryonic layers, the
corresponding BPS bound, the topological charge and its relation to the magnetic
flux, as well as a discussion on the boundary conditions for H(r) and finally we
introduce a couple of approximations for the integration constant I0. The grand
canonical partition function is constructed in chapter 4, where we also compute
several relevant thermodynamical quantities, we also construct the equation of
state and derive the speed of sound, and we explore the contribution of an external
magnetic field to the energy and compute the magnetic susceptibility. In chapter 5,
the effects of the Isospin chemical potential will be included, and we will construct
the BPS bound and the corresponding BPS configurations in the case in which
the Isospin chemical potential is non-zero. Chapter 6 contains some comments
and concluding remarks.

This thesis is based on the results presented in [60], of which the author is a
co-author. The figures presented throughout this manuscript correspond to the
original plots from that work and are included here using the original source files,
rather than independent reproductions.
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Chapter 2

The Non-Linear Sigma Model

In this chapter, we introduce the framework of our study: the Non-linear
Sigma Model (NLSM). As an effective field theory, the NLSM provides a robust
description of the low-energy dynamics of Quantum Chromodynamics (QCD), a
regime where standard perturbation theory fails due to color confinement. First, in
section 2.1, we discuss the gauged version of the NLSM, introducing the coupling
with the Maxwell theory to account for electromagnetic interactions. Then, in
section 2.2, we construct and analyze exact solutions representing magnetized
BPS baryonic layers. These solutions are of great physical interest as they serve
as a theoretical baseline for understanding ordered hadronic structures under the
influence of magnetic fields.

2.1 Gauged Non-Linear Sigma Model

To describe the low-energy limit of QCD, we consider the nonlinear sigma model
minimally coupled to Maxwell theory in (3 + 1) dimensions with global SU(2)

symmetry, whose action is given by

S = −1

4

∫
d4x {KTr{ΣµΣµ} − FµνF

µν} , (2.1.1)

where K = f2
π

4
is the coupling constant of the G-NLSM and fπ is the pion decay

constant [61], whose numerical values will be discussed later in chapter 4. A mass
term for the pions could also be included, however the mass of the baryonic layers
is many orders of magnitude larger than the pion mass, so that the mass term can
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be safely neglected. The indices µ, ν = 0, 1, 2, 3 denotes spacetime indices, where
0 corresponds to the timelike component. Moreover,

Σµ = U−1DµU, Fµν = ∂µAν − ∂νAµ, (2.1.2)

where Aµ represents the U(1) gauge field and U is a scalar field taking values in
SU(2), defined as a map

U : R3 → SU(2). (2.1.3)

In the following sections, the SU(2) valued U field will be parametrized using
generalized Euler angles [62, 63, 64], since every element of SU(2) admits a unique
representation in this parametrization,

U = eτ3F eτ2Heτ3G. (2.1.4)

Here F (xµ), H(xµ) and G(xµ) represent the three scalar degrees of freedom of the
SU(2) field

F,G,H : R3+1 7→ R. (2.1.5)

As already shown, for instance, in [52], this parameterization leads to configurations
in which baryons are organized in layers.

The covariant derivative introduced in (2.1.2) is defined as

DµU = ∂µU + Aµ[τ3, U ], (2.1.6)

where τj are defined as τj = iσj, with σj the Pauli matrices.

By varying the action with respect to the fundamental fields, the equations of
motion of the model are obtained as

DµΣ
µ = 0, (2.1.7)

∂µF
µν = Jν , (2.1.8)

where the conserved current Jµ is given by

Jµ =
K

2
Tr
{
Ô3Σ

µ
}
, Ô3 = U−1τ3U − τ3. (2.1.9)
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Furthermore, the energy-momentum tensor for the G-NLSM is

Tµν = −K

2
Tr

{
ΣµΣν −

1

2
gµνΣ

αΣα

}
+ T̄µν , (2.1.10)

such that T̄µν is the energy–momentum tensor associated with the electromagnetic
interaction, given by

T̄µν = −FµαF
α
ν +

1

4
FαβF

αβgµν . (2.1.11)

Different solutions of the equations of motion are classified by a topological
invariant, which we denote by B, defined as the index of the map U , namely
B = index(U). This index takes integer values and is directly associated with the
number of baryons in the system, which we will refer to as the baryonic charge
[59], and which can be computed explicitly as follows

B =
1

24π4

∫
V

ρB, (2.1.12)

where V is the volume of the system and ρB defined as

ρB = ρB1 + ρB2 (2.1.13)

represents the baryonic density (see [53] and references therein), where

ρB1 = εijkTr
{
(U−1∂iU)(U−1∂jU)(U−1∂kU)

}
, (2.1.14)

ρB2 = −3εijkTr
{
∂i
[
Ajτ3(U

−1∂kU + ∂kUU−1)
]}

. (2.1.15)

Therefore, the quantities defined in (2.1.12), (2.1.13), (2.1.14) and (2.1.15) are
both topological invariants and gauge invariant quantities.

2.2 Magnetized BPS baryonic layers

As stated in the previous section, the choice of a suitable ansatz is crucial for
obtaining analytic solutions to the field equations. In this section, we will study
an ansatz that yields static purely magnetic solutions in the BPS limit.
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To this end, we explicitly compute the quantities introduced in the previous
section using the Euler-angle parametrization (2.1.4). Since we aim to study the
emergence of topologically nontrivial inhomogeneous condensates at finite density
and finite volume, the simplest way to incorporate this into the calculations is to
introduce the following flat metric

ds2 = −dt2 + L2(dx2 + dy2) + L2
rdr

2 (2.2.1)

where x, y and r are dimensionless Cartesian coordinates that have ranges

0 ≤ x ≤ π, 0 ≤ y ≤ 2π, 0 ≤ r ≤ 2π. (2.2.2)

The dimensionality of the space is encoded in L and Lr. A more detailed discussion
of the units of measure and their specific values will be given later in 4.1. This
metric describes a box of volume V = 4π3LrL

2, where the gauged solitons live.
The area of the layer is given by A = 2π2L2. It is important to note that the
coordinates x and y are tangential to the layer, while the coordinate r is orthogonal
(see [52, 51, 53]). As a consequence, both the energy density and baryonic density
depend only on the coordinate r.

Let us consider the following static ansatz for the SU(2) valued scalar field U and
for the U(1) gauge field Aµ

U = epyτ3eH(r)τ2epxτ3 , (2.2.3)

Aµ =
(
0, 0,

p

2
− u(r),−p

2
+ u(r)

)
, (2.2.4)

where p must be an integer according to the theory of Euler angle parametrization
for SU(2) (see [62, 63, 64]). As shown in [43, 39, 40], with this ansatz, the seven
coupled field equations reduce to two

H ′′ + 4

(
Lr

L

)2

sin(2H)

((p
2

)2
− u2

)
= 0, (2.2.5)

u′′ − 4KL2
r sin

2(H)u = 0, (2.2.6)
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with the following energy density:

T00 =
K

L2

[
p2 cos2(H) + 4 sin2(H)u2

]
+

K(H ′)2

2L2
r

+
(u′)2

(LrL)2
(2.2.7)

and baryonic density

ρB = −12p
d

dr
[u(1 + cos(2H))]. (2.2.8)

Since the baryonic density (2.2.8) is a total derivative, the baryonic charge depends
only on the boundary values of H and u, as expected. The choice of these boundary
conditions will be discussed later in 3.5. It is worth mentioning that, since the
configurations of interest are static and purely magnetic, the field equations are
obtained by minimizing the energy, which is equivalent to treating the energy
density as a Lagrangian. When the isospin chemical potential is included in the
calculations, the free energy must be minimized.
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Chapter 3

The BPS Bound

In this chapter, we address the mathematical and physical simplifications provided
by the Bogomol’nyi-Prasad-Sommerfield (BPS) bound. Finding exact solutions
to highly non-linear field equations is notoriously difficult; however, saturating a
BPS bound allows us to reduce second-order differential equations to first-order
ones, guaranteeing the stability of the solitonic configurations. The development
of this chapter, particularly the derivation of the BPS bound and the application
of the Hamilton-Jacobi equation strategy (sections 3.2 to 3.5), is strongly based
on the methods and results presented in [55].First, we discuss BPS solitons in field
theory 3.1. Then, in section 3.2, we introduce a novel Hamilton-Jacobi equation
strategy to systematically derive these bounds. Then, in section 3.3, we apply
this powerful mathematical tool to our specific case of magnetized BPS baryonic
layers. Afterwards, in sections 3.4 and 3.5, we study the relationship between
the topological charge, the magnetic field, and the boundary conditions on the
profile H(r), providing a clear physical meaning to the baryonic charge. Finally,
in section 3.6, we discuss a useful approximation scheme for these configurations.

3.1 BPS solitons in field theory

On the framework of classical field theory, BPS solitons are defined as localized,
stable, and finite-energy solutions of nonlinear equations of motion. As explained
in [65], these non-dissipative configurations are of great importance since they
allow one to explore the non-perturbative regime of various physical theories,
behaving in some respects as classical extended particles.
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Within the wide variety of soliton solutions, BPS
(Bogomol’nyi–Prasad–Sommerfield) solitons are of great interest. These
configurations emerge in theories where the energy of the system possesses a lower
bound given by a topological invariant charge, known as the BPS bound. When a
configuration saturates this bound, the second-order equations of motion reduce
to first-order equations (BPS equations).

One of the most important features of the BPS equations is not only that they
reduce the order of the equations, but also that they open a range of exact
mathematical and analytical tools, even in cases where it is not possible to
find closed solutions. An example where these BPS solitons appear is type II
superconductors (described by the Abelian Higgs model). Although in this theory
the BPS equations do not have analytical solutions, it is still possible to study
various properties given the BPS configuration. Without knowing the exact
analytical solutions, we can understand the dynamics of multiple vortices and
calculate how many fermions can be trapped in the core of a vortex.

From a pedagogical point of view, the most elementary case of BPS solitons is
the kink in (1 + 1) dimensions, which provides a toy model to understand the
saturation of the energy bound and topological stability in one spatial dimension.
One step further are the vortices in (2 + 1) dimensions, which exhibit vanishing
interactions in the BPS limit and allow us to study configurations classified by a
topological winding number.

It is precisely this mathematical tractability, combined with the topological
stability inherent to the saturation of the BPS bound, that makes this formalism
an indispensable tool. In the context of this work, we will use this formalism to
model magnetized baryonic layers using a technique based on the Hamilton–Jacobi
equation of classical mechanics to find a BPS bound for the G-NLSM and its
corresponding BPS configurations.

3.2 Hamilton-Jacobi equation strategy

Consider the positive definite energy density T00 of a static system involving two
interacting degrees of freedom, J1 and J2. In the present case, J1 and J2 are
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related to H and u and are functions of a single spatial coordinate r:

T00 =
(∂rJ1)

2

2
+

(∂rJ2)
2

2
+ V (J1, J2). (3.2.1)

In this context, V (J1, J2) represents the interaction term between the two degrees
of freedom. Since the configuration is assumed to be static, the field equations for
J1 and J2 can be obtained by treating T00 as the action density. To establish a
BPS bound for these fields, we introduce two auxiliary quantities, Γ1 and Γ2, to
be added to the gradients of J1 and J2 according to the following properties:

(∂rJ1 ± Γ1)
2

2
+

(∂rJ2 ± Γ2)
2

2
= T00 + (total derivative). (3.2.2)

This requirement leads to two conditions. First, the auxiliary functions must
satisfy

(Γ1)
2

2
+

(Γ2)
2

2
= V (J1, J2). (3.2.3)

Second, the mixed term must be expressible as a total derivative with respect to
r,

Γ1∂rJ1 + Γ2∂rJ2 = total derivative. (3.2.4)

To fulfill the second condition, it is necessary to assume the existence of a function
W such that

Γ1 =
∂W

∂J1
, Γ2 =

∂W

∂J2
, W = W (J1, J2). (3.2.5)

With this choice, the mixed term becomes

Γ1∂rJ1 + Γ2∂rJ2 = ∂r(W (J1, J2)). (3.2.6)

Combining these results with the first condition yields a non-linear partial
differential equation for the function W ,(

∂W

∂J1

)2

+

(
∂W

∂J2

)2

= 2V (J1, J2) =⇒ (3.2.7)

total derivative = ∂rW, (3.2.8)

which is precisely the form of a Hamilton-Jacobi equation for the function W ,
with the interaction potential V playing the role of an effective potential.
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If this Hamilton-Jacobi equation admits a solution, the energy density can be
expressed as a sum of squares plus a total derivative, leading to a lower bound on
the total energy,

E ≥ |W (2π)−W (0)|. (3.2.9)

This bound is saturated when the fields satisfy the first order equations

∂rJk ±
∂W

∂Jk
= 0, k = 1, 2. (3.2.10)

which define the corresponding BPS configurations.

3.3 Application: magnetized BPS baryonic layers

With the technique described in the previous section, and with the following
definitions:

Γ1 =
Lr√
K

∂W

∂H
, Γ2 =

LrL√
2

∂W

∂u
, (3.3.1)

the Hamilton-Jacobi equation associated to the energy-density (2.2.7), is given by,

L2
r

2K

(
∂W

∂H

)2

+

(
LrL

2

)2(
∂W

∂u

)2

=
K

L2

[
p2 cos2H + 4u2 sin2H

]
. (3.3.2)

This Hamilton-Jacobi equation has an analytical solution if we impose the following
relations,

L =
p√
2K

↔ A =
π2p2

K
↔ A =

(
2πp

efπ

)2

(3.3.3)

where we have explicitly written the quantization condition in terms of the pion
decay constant fπ. In consequence, the BPS bound (whose definition is presented
later) is saturated when the surface area of the layers is quantized according to
that constant. Once this condition is satisfied, the solution of the Hamilton-Jacobi
equation (3.3.2) turns out to be

W =
4K

3
2

pLr

u cosH =⇒ (3.3.4)

∂W

∂H
=

4K
3
2

pLr

u sinH,
∂W

∂u
=

4K
3
2

pLr

cosH. (3.3.5)

The solution of the Hamilton–Jacobi equation that we have just found, associated
with the G-NLSM, allows us to write the energy density in a BPS like form as
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follows:

T00 =
1

e2

{
K

2(pLr)2

[(
pH ′ ± 4

√
KLru sinH

)2
+ 4

(
u′ ∓ p

√
KLr cosH

)2
± dW

dr

]}
,

(3.3.6)
where W is the solution of the Hamilton-Jacobi equation. From here we will only
consider the upper sign in the BPS like energy-density (3.3.6). In this way, we
can find the following bound for the energy:

E =

∫
d3x

√
−gT00 = ALr

∫ 2π

0

drT00 ≥ |Q|, Q =
ALr

e2
|W (2π)−W (0)|, (3.3.7)

where the area of the baryonic layer A is quantized according to (3.3.3).

The first order BPS equations, which imply the second order equations (2.2.5)
and (2.2.6) (this follows by differentiating with respect to r), are:

H ′ +
4
√
KLr

p
u sinH = 0 (3.3.8)

u′ − p
√
KLr cosH = 0. (3.3.9)

It is important to note, in order to simplify future calculations, that if we divide
equation (3.3.9) by p, we find that the quantity u(r)/p does not depend on p. For
this reason, we define

v(r) ≡ u(r)

p
(3.3.10)

which is p-independent.

By using the BPS conditions (3.3.8) and (3.3.9), one can find an analytic relation
between the gauge field v and the SU(2) profile H, given by the following equation:

dH

dv
= − 4

p2
v tanH =⇒ (3.3.11)

H(r) = arcsin
[
exp

(
−2v2(r)− I0

)]
, (3.3.12)

where I0 is an integration constant. This solution, together with the BPS equations
(3.3.8) and (3.3.9), identically satisfies the field equations 2.2.5 and (2.2.6). In
this way, the complete set of field equations is reduced to the following quadrature
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by using (3.3.12)

v′ =
√
KLr

√
1− exp (−4v2(r)− 2I0). (3.3.13)

By integrating the equation (3.3.13), we obtain

2π =
1√
KLr

∫ v(2π)

0

dτ√
1− exp(−4τ 2 − 2I0)

, (3.3.14)

where τ = v(r). Here, for convenience, we choose v(0) = 0. On the other hand,
for the physical analysis of v(2π), we must compute the magnetic flux in the
y-direction:

Φ = LLr

∫
drdxFrx =

p2πLr√
2K

(v(2π)− v(0)), (3.3.15)

which implies that v(2π) is proportional to the total magnetic flux in the y

direction,

v(2π) =

√
2K

p2πLr

Φ. (3.3.16)

3.4 Topological charge and magnetic field

In order to construct the grand canonical partition function of the system, we
must first determine explicitly both the baryonic charge (particle number) and
the energy (topological charge) of the system at the BPS point. To this end, let
us now consider the baryonic charge (2.1.12) with the baryonic density (2.2.8).
Using the solution of H defined in (3.3.12), it takes the explicit form

B =
1

24π2

∫
ρB =⇒

|B| = 4

√
2KΦ

πLr

(
1− exp

(
− 8KΦ2

p4(πLr)2
− 2I0

))
. (3.4.1)

On the other hand, we can compute the topological charge explicitly in terms of



3.4. Topological charge and magnetic field 15

0.0 0.2 0.4 0.6 0.8 1.0
B( )

0

2

4

6

8

10

12

Q
(

)

Figure 3.4.1: Parametric plot of the topological charge Q versus the baryonic
charge B, both as a function of the magnetic flux Φ.

the magnetic flux using the expressions of Q (3.3.7), H (3.3.12) and Φ (3.3.16):

Q =
π2p2Lr

K
[W (2π)−W (0)] =⇒

Q =
4
√
2KπΦ

Lr

√
1− exp

(
− 8KΦ2

p4(πLr)2
− 2I0

)
. (3.4.2)

It is interesting to compare the above expressions for both the baryonic and
topological charge in order to see the nonlinearity of the system. From equations
(3.4.1) and (3.4.2), it is possible to obtain the following relation:

Q

B
=

π2
√
K√

1− exp
(
− 8KΦ2

p4(πLr)2
− 2I0

) (3.4.3)

In this way, we can plot the topological charge and the baryonic charge in order
to illustrate the nonlinear relation between these two quantities (see Fig. 3.4.1).

As we can see, unlike non-interacting systems, there is a nonlinear dependency
between the baryonic charge and the topological charge. However, as both the
baryonic and topological charges increase, they enter a linear regime, just as
expected.



16 3.5. On the boundary conditions of H(r)

3.5 On the boundary conditions of H(r)

The definition of the boundary conditions on H(r) deserves a deeper discussion.
From the physical point of view, the baryonic density ρB defined in Eqs. (2.1.12),
(2.1.14) and (2.1.15) have to be interpreted physically and concretely as the
baryonic density : namely, a density with the property that its integral is the
baryonic charge. Thus, one could think that the only reasonable boundary
conditions are the ones where the baryonic charge is an integer (and this is
certainly a reasonable viewpoint). On the other hand, in situations in which the
baryonic charge is very large (as in neutron stars) it is also possible to consider the
baryonic charge as a continuous quantity. Indeed, variations of ±1 baryons are
very small compared to a total baryonic charge of the order of 1010. Under these
conditions, baryons can be considered as continuous variations of the mesonic
field and the baryonic charge can be described as a continuous variable. In this
subsection, we will show that in our case both viewpoints are reasonable and that
the second one (where the baryonic charge is considered as a continuous variable)
has some technical advantages (see also Section 4.3).

The boundary conditions on the functions appearing at the exponents of equation
(2.1.4) are generally defined in such a way that the map U describes a closed
manifold, isomorphic to an S3 (see, for instance, [59] or [53]). Nevertheless, the
introduction of the magnetic field defined by the ansatz (2.2.4) and the definition
of the BPS equations (2.2.5) and (2.2.6) compromise the closure of the manifold.
In particular, the map U introduced in (2.2.3) is isomorphic to S3 with two points
removed. A simple way to see this is the following. First of all, let us observe
that, in order to get a closed manifold, one should impose the following boundary
conditions on the exponent of (2.2.3)

0 ≤ y ≤ 2π, 0 ≤ x ≤ π. (3.5.1)

Furthermore, H should be a continuous function on 0 ≤ r ≤ 2π such that (see,
for instance, [52, 53, 62, 63, 64] for further details)

0 < H(r) <
π

2
or

π

2
< H(r) < π for 0 < r < 2π,
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with boundary conditions

H(0) =
π

2
and H(2π) = 0 (3.5.2)

for the first case, or
H(0) =

π

2
and H(2π) = π (3.5.3)

for the second case (notice that sin(H(r)) decreases, due to (3.3.12)). The
condition (3.5.1) is automatically satisfied by the definition of the space in which
the system is defined. On the other hand, the BPS equations (2.2.5) and (2.2.6)
lead to the solution for H(r) outlined in (3.3.12). It is straightforward to observe
from here that sinH(r) ̸= 0 for each r, thus avoiding the ending points defined
in (3.5.2) or (3.5.3). The condition H(0) = π/2 can be obtained when I0 = 0,
but in this case the relation (3.3.14) implies that v(0) = v(2π) = 0, thus leading
to H(r) = π/2 for each r. One can deduce that H(r) does not span the whole
interval necessary to close the manifold. This, clearly, also affects the baryonic
charge. Indeed, B only depends on the boundary conditions of v(r) and H(r), as
arises from (2.1.12) and (2.2.8). For closed manifolds, B takes integer values. In
our case, the boundary conditions of v(r) and H(r) are linked together using the
equations (3.3.12) and (3.3.14). In particular, it is possible to define I0 in terms
of v(2π) through equation (3.3.14) and v(2π) in terms of H(2π) through equation
(3.3.12) (notice that, when we fix v(0) = 0, then I0 only depends on the choice
of H(0)). Therefore, one can write the value of B in terms of H(2π), v(2π) or
I0. For instance, we can define everything in terms of I0, which now can assume
arbitrary values, since it is not constrained by the closeness conditions of the
manifold. This way, the baryonic charge B varies continuously with I0.

It is worth mentioning here that the solutions to the equations (3.3.8) and (3.3.9)
describe systems with E = Q, where Q > 0, unless I0 = 0, in which case we have
the trivial condition Q = 0. The parameter I0 can be used to define a continuous
deformation of the solutions with Q > 0 to solutions with Q = 0. In this sense, the
system is not topologically stable. Nevertheless, once all the boundary conditions
are fixed, the solutions have finite energy for I0 ̸= 0.

Interestingly, when I0 → ∞, then H(r) → 0. In this case, the map U does not
wrap around S3 at all. The contribution to the baryonic charge is given entirely
by the presence of the magnetic field (in particular, it derives from the volume



18 3.6. Approximation

integral of (2.1.15), since the volume integral of (2.1.14) is zero). In this situation,
the quantity Q defined in (3.3.7), only differs from B by a multiplicative constant.
Explicitly,

B = 8p2π
√
KLr and Q = π2

√
KB.

Therefore, the obtained solution is characterized by E = Q > 0, where the
positivity of the energy is guaranteed only by the magnetic field contribution.

Now, two questions are in order. Are the solutions obtained from (3.3.8) and
(3.3.9) stable for fixed values of B? What is the interpretation of the quantity B

in this paradigm?

In order to answer these questions, we need to observe that both B and Q only
depend on the boundary conditions. Once the latter are fixed, B and Q are
invariant under the symmetries of the system. Then, for each sector characterized
by B fixed, also Q is fixed and the energy associated with solutions to the Skyrme
equations (2.2.5) and (2.2.6) has a finite minimum given by equation (3.3.7). This
minimum is reached by the solutions to the BPS equations (3.3.8) and (3.3.9).
Furthermore, we give B its original interpretation of baryonic charge. From a
physical point of view, the fact that it can assume continuous values could be
interpreted as due to a quantum correction that screens the baryonic charge. This
interpretation would deserve a deeper investigation at a more fundamental level,
but this is out of the scope of this thesis.

3.6 Approximation

For the development of this work, it is essential to find an analytic relation between
the baryonic charge B, the topological charge Q, and the magnetic flux Φ. This
requires determining an analytic expression for the integration constant I0. To
this end, we define the function F , which depends on both Φ and I0, as follows:

F (Φ, I0) =

∫ √
2K

p2πLr
Φ

0

dτ√
1− exp(−4τ 2 − 2I0)

. (3.6.1)

Unfortunately, it is not possible to obtain a closed form expression for this integral.
However, an accurate analytic approximation can be obtained using standard
Casimir effect techniques (see [66] and references therein), based on the expansion
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Numerical solution
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Figure 3.6.1: Comparison between the analytic approximation and the numerical
integration of (3.6.1), both for small values of I0 (Fig. 3.6.1a) and for large values
of I0 (Fig. 3.6.1b). Here

√
2KΦ/(p2πLr) = 1 (which corresponds to Φ ≈ 105 fm2,

see Section 4.1 for a discussion of the units of measure).

of the integral in terms of Bessel functions.

In this way, for I0 > 0 we obtain the following analytic approximations for the
integral (3.6.1). As shown in Fig. 3.6.1, these analytic expressions are in excellent
agreement with the numerical results.

F (Φ, I0) ≈
√
2K

p2πLr

Φ− 1

4
ln
(
1− e−2I0

)
(3.6.2)

F (Φ, I0) ≈
1

4
log

(
1 +

8K2Φ2

p4π2L2
rI0

+

√
8K2Φ2

p4π2L2
rI0

(
2 +

8K2Φ2

p4π2L2
rI0

))
. (3.6.3)

Note that (3.6.2) fails for I0 → 0. Indeed, the approximated expression (3.6.2)
diverges for very small values of I0. In this limit, we use the expression (3.6.3).

The explicit computation of these approximations is reported in Appendix A.

From (3.6.2) and (3.6.3), and given that F (Φ, I0) = 2πLr

√
K, one can explicitly

determine v(2π) in terms of I0. Namely,

v(2π)(I0) ≈


[
2π

√
KLr +

1
4
ln
(
1− e−2I0

)]
For I0 ≥ ε,√

I0
2
sinh(4π

√
KLr) For I0 < ε,

(3.6.4)
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where ε is a positive, real quantity that minimizes the error of the approximation
with respect to the original relation F (Φ, I0) = 2πLr

√
K. This quantity can be

determined numerically (in our case, it is of the order of I0 ≈ 10−12). In Fig.
3.6.2, the comparison between the function (3.6.4) and v(2π) obtained through a
numerical solution of F (Φ, I0) = 2πLr

√
K is shown.

Approximated solution

Numerical solution

0.0 0.2 0.4 0.6 0.8 1.0

221.2
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222.0

I0

v
(2
π
)

Figure 3.6.2: Comparison between the analytic approximation of v(2π) (3.6.4)
and the numerical solution of F (Φ, I0) = 2πLr

√
K. Here F is defined in (3.6.1),

where K = 2 fm−2 and Lr = 25 fm.

Through the equation (3.6.4), we can obtain analytically the dependence of I0 in
terms of the boundary condition v(2π):

I0(v(2π)) ≈

 −1
2
log
[
1− exp

(
4v(2π)− 8π

√
KLr

)]
For v(2π) ≥ ε̃,

v2(2π) 2
sinh2(4π

√
KLr)

For v(2π) < ε̃,

(3.6.5)

where ε̃ plays the same role as ε in (3.6.4). This approximation can be used to
define analytic expression for the quantities B and E in terms of v(2π), which, in
the general case, have the form

B = 4p2v(2π)
(
1− e−4v2(2π)−2I0

)
, (3.6.6)

E = 4p2π2
√
Kv(2π)

√
1− e−4v2(2π)−2I0 , (3.6.7)

where I0 can be replaced with (3.6.5).
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Chapter 4

Thermodynamics

In this chapter, we transition from the classical field description of isolated
baryonic layers to the macroscopic thermodynamic properties of a statistical
ensemble of such configurations. Understanding the statistical mechanics of
these systems is crucial for astrophysical applications, particularly for describing
the behavior of dense nuclear matter and the so-called nuclear pasta phases
inside neutron stars. First, in section 4.1, we establish the units of measure
used throughout our thermodynamic analysis. Then, in sections 4.2 and 4.3, we
compute the partition function considering both integer and continuous values
for the topological charge B. Afterwards, in sections 4.4 and 4.5, we derive the
fundamental thermodynamical quantities, culminating in the construction of the
equation of state and the calculation of the speed of sound of the system. Finally,
in section 4.6, we analyze the response of the system to an external field, evaluating
the Maxwell equations and the magnetic susceptibility.

4.1 Units of measure

Before proceeding with the thermodynamic analysis, it is useful to establish the
order of magnitude of the physical quantities under consideration. This will allow
us to obtain numerical estimates of the thermodynamic quantities and to compare
them with observational or experimental data.

At this point, a remark is necessary. The model developed in this work should be
regarded as a preliminary framework. In particular, the solutions obtained here
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are appropriate for describing baryonic crystals arranged in layered structures,
reminiscent of the lasagna phase of nuclear matter expected in neutron stars.
However, the actual physics of neutron stars is considerably more involved than the
simplified description provided by our model. For example, nuclear pasta phases
are typically embedded in a background medium consisting of nucleons in a liquid
state together with an electron gas (see for instance [10]). In the present analysis
we neglect the interaction with this surrounding medium, although such effects
are essential for obtaining realistic estimates of the relevant physical quantities.
The aim of this work is therefore to establish the foundations for a consistent
treatment of these systems, which are otherwise extremely difficult to analyze
using purely analytical methods. More complete treatments will be explored in
future work.

With this in mind, we set Lr ≃ 25 fm. Due to the constraint (3.3.3), the lengths
of the remaining edges of the box, denoted by L, depend on the parameter p.
Consequently, this quantity cannot be fixed independently. The volume of the
system is given by V = 42π3p2Lr

2K
.

Finally, we adopt the following conventional values for the constants

fπ = 2
√
2 fm−1 ≃ 180 MeV (K =

f 2
π

4
= 2 fm−2). (4.1.1)

4.2 Integer values of B

From the expression for the baryonic charge (3.6.6), and replacing in it the
approximation for v(2π) given in (3.6.4), we can observe that the quantity B/p2

possesses a maximum value. Indeed, by taking the limit I0 → ∞, we obtain

lim
I0→∞

B

p2
= 8

√
KLrπ. (4.2.1)

whose value depends on the choice of the parameters of the system, as can be
observed in Fig. 4.2.1.

As mentioned in the previous chapters, since the baryonic charge B represents
the number of baryons in the system, it is natural to associate this quantity with
an integer. To analyze this case, we will consider the values of v(2π) for which
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Figure 4.2.1: B/p2 as a function of I0. Here K = 2 fm−2, Lr = 25 fm (The
dashed line represents the maximal value obtained for I0 → ∞).

B/p2 = n, where, in order for B to be an integer, n must also be an integer (in
this case this condition has to be imposed by hand). As shown in (4.2.1), n has
an upper bound, whose maximum value is nmax = [8

√
KLrπ], where the square

brackets denote the integer part. If the width of the layers increases, that is, if Lr

increases, the maximum value of n also grows (since n scales linearly with Lr). In
our case, we will use Lr = 25 fm which gives nmax = 888, for the analysis of the
following sections. However, due to this large number of baryons, the analysis with
a discrete baryonic charge becomes computationally demanding. For this reason,
in this section we will use smaller values, namely Lr = 1 fm, which corresponds to
nmax = 35. Later, we will analyze the case of large Lr, for which we will introduce
a continuum extension of the baryonic charge.

The values of v(2π) that satisfy B/p2 = n were determined numerically, as shown
in Fig. 4.2.2. It can be observed that v(2π) enters on a linear regime for large
values of n.

0 5 10 15 20 25 30 35

0

2

4

6

8

n

v
(2
π
)(
n
)

Figure 4.2.2: Values of v(2π)(n) as a solution of the equation B/p2 = n. Here
K = 2 fm−2, Lr = 1 fm.
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As noted before, v(2π) is practically linear over the entire range of n. This behavior
will be useful later in our analysis.

4.2.1 The partition function

Based on the discussion above, we can define the grand canonical partition function
of the system as:

Z(β, µB) =
+∞∑

p=−∞

nmax∑
n=1

e−β(E−µBB), (4.2.2)

where β = 1/T is the inverse temperature, E is the energy defined in (3.6.7), µB

is the baryonic chemical potential, and B is the baryonic charge defined in (3.6.6).

Notice that both E and B share the common factor p2. Therefore, we can factor
out p2 from the exponent of the partition function, obtaining

Z(β, µB) =
+∞∑

p=−∞

nmax∑
n=1

e−βp2F(n,µB), (4.2.3)

where we define F as the free energy in units of p2. By explicitly substituting the
expressions for E and B into the exponent, we obtain the following expression for
the free energy

F(n, µB) = 2π2
√
nK
√
v(2π)(n)− nµB, (4.2.4)

whose behavior is shown in Fig. 5.3.5a.

Note that the quantity v(2π) is expressed as a function of n. On the other hand,
the sum over p converges only if F(n, µB) > 0. This condition is satisfied when

µB < µ∗
B(n), with µ∗

B(n) =
F(n, µB = 0)

n
. (4.2.5)

The values of µ∗
B are shown in Fig. 4.2.3b. Since µ∗

B converges to a constant value
as n increases, in order for the inequality F(n, µB) > 0 to be satisfied for every
n, we must consider the value of v(2π)(n) evaluated in nmax, which we denote
as µ̃B = µ∗

B(nmax). Once these convergence criteria are satisfied, the sum over p
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Figure 4.2.3: Free energy F as a function of n for µB = 0.2 (Fig. 5.3.5a), and
critical chemical potential µ∗

B as a function of n (Fig. 4.2.3b). For large n, F
becomes linear while µ∗

B approaches a constant value. Here K = 2 fm−2 and
Lr = 1 fm.

leads to the well-known theta function θ3 (see Appendix B and [67]). To simplify
the notation from this point onward, we introduce the function

ξ (τ) = θ3(e
iπτ ). (4.2.6)

Therefore,
∞∑

p=−∞

e−βp2F(n,µB) = ξ

(
iβ

π
F(n, µB)

)
. (4.2.7)

Note that the theta function (4.2.7) diverges when n = 0, since F(0, µB) = 0.
For this reason, we define the sum in the partition function to run from 1 to
nmax. Moreover, this is equivalent to considering only states with non–vanishing
baryonic charge, which is necessary for the formation of the layers. In this way,
the partition function reduces to

Z(β, µB) =
nmax∑
n=1

ξ

(
iβ

π
F(n, µB)

)
. (4.2.8)

This sum clearly converges to a finite value, since n is bounded from both below
and above. The behavior of the partition function Z as a function of β and µB is
illustrated in Fig. 4.2.4.

Let us briefly pause to make the following observations. Recall that when I0 → ∞,
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Figure 4.2.4: Partition function Z(T, µB) as a function of T = 1/β and µB .
Here K = 2 fm−2 and Lr = 1 fm. The dashed line in (Fig. 4.2.4b) represents the
value of µ̃B.

n reaches its maximum value nmax. Consequently,

1− exp
(
4v(2π)− 8π

√
KLr

)
→ 0. (4.2.9)

In this limit, it follows from the expression for the baryonic charge (3.6.6) that
v(2π) ∝ n. More specifically, in this limit we obtain

v(2π) =
n

4
. (4.2.10)

In this regime, the energy (3.6.7) is also proportional to n. This behavior can be
visualized in Fig. 4.2.2, which suggests that the free energy F is also proportional
to n for sufficiently large values of n, as shown in Fig. 4.2.3. In particular, in this
regime F can be approximated as

F(n, µB) ≈ n [µ̃B − µB] , (4.2.11)

with µ̃B = π2K. When µB ≈ µ̃B, then F(n, µB) ≈ 0 and the theta function
diverges. The degree of the divergence can be studied through the identity (see
Appendix B)

ξ(τ) =
1√
−iτ

ξ

(
−1

τ

)
. (4.2.12)
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In our case, τ = iβ
π
F(n, µB). Therefore, the function ξ(τ) can be written as

ξ

(
iβ

π
F(n, µB)

)
=

1√
β
π
F(n, µB)

(
1 + 2

∞∑
p=1

qp
2

)
. (4.2.13)

where q = exp
(
− π2

βF(n,µB)

)
. When β(µ̃B − µB) is small enough, then q ≈ 0 and

ξ

(
iβ

π
F(n, µB)

)
≈ 1√

β
π
n [µ̃B − µB]

. (4.2.14)

Notably, this approximation is valid also when n is small. In this case, µ̃B is
replaced by µ∗

B(n) and β is small enough.

This divergence shows that µ̃B represents the maximum value of the chemical
potential, beyond which the present analysis is no longer reliable (see also the
discussion in Section 4.4). It is important to stress that deriving a finite range for
the baryonic chemical potential through an explicit analytic expression constitutes
a remarkable result, especially in light of the well-known difficulties encountered
by Lattice QCD at finite baryon density.

4.3 Continuous values of B

As mentioned previously, when considering a large number of baryons, the
difference between B and B + 1 becomes negligible. Therefore, we can ignore
the assumption that B takes only integer values and instead adopt a continuum
approximation. In fact, our model allows n to vary continuously between 0 and
nmax. This can be interpreted as an effective quantum screening of the baryonic
charge, allowing it to be treated as a continuous variable.

Moreover, the analysis of a continuous baryonic charge becomes particularly
relevant when the width of the layers is large. In this case, as discussed in the
previous chapter, we consider Lr = 25 fm, which corresponds to nmax ≈ 888.58.
The behavior of the partition function analyzed in the discrete case can be extended
to the continuous case by considering the following.

When n is treated as a continuous variable, the sum in the partition function
becomes an integral, giving
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Z(β, µB) =

∫ nmax

0

ξ

(
iβ

π
F(n, µB)

)
dn, (4.3.1)

where now nmax = 8
√
KLrπ is a real number. The behavior of the partition

function for continuous n, as a function of the temperature T and the baryonic
chemical potential µB, is shown in Fig. 4.3.1.
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Figure 4.3.1: Partition function Z(T, µB) as a function of T = 1/β and µB .
Here K = 2 fm−2 and Lr = 25 fm. The dashed line in (Fig. 4.3.1b) represents
the value of µ̃B.

Note that, as n → 0, the theta function diverges as n− 1
2 . Therefore, the integral

remains convergent.

Interestingly, taking this continuum approximation leads to a connection with the
Riemann zeta function when nmax is large. Indeed, if we consider the following
function

Θ(x) = ξ(ix), (4.3.2)

it holds

∫ ∞

0

x
s
2
−1(Θ(x)− 1)dx = 2

Γ(s/2)

πs/2
ζ(s), (4.3.3)
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for any s such that Re(s) > 0. In this situation, assuming β(µ̃B − µB) not too
small, we can approximate F(n, µB) ≈ n [µ̃B − µB]. Furthermore, let us define

Z̃(β, µB) = Z(β, µB)− nmax. (4.3.4)

Thus,

Z̃(β, µB) ≃
∫ ∞

0

[
Θ

(
β

π
F(n, µB)

)
− 1
]
dn

=
2

β

ζ(2)

µ̃B − µB

=
π2

3β(µ̃B − µB)
. (4.3.5)

More generally, one can compute the expectation value of an extensive quantity
Q(n) = wns as

⟨Q(n)⟩ ≃ w

Z(β, µB)

∫ ∞

0

[
Θ3

(
β

π
F(n, µB)

)
− 1
]
ns dn

=
w

βs

1

(µ̃B − µB)s
Γ(s+ 1)

ζ(2s+ 2)

ζ(2)
. (4.3.6)

This expression receives two types of corrections. The first arises from the finiteness
of nmax and leads to terms of order e−βnmax(µ̃B−µB). Consequently, the formula
cannot be reliably applied when βnmax(µ̃B − µB) is small. The second source of
corrections originates from the fact that the behavior of µ∗

B changes for small
values of n. In particular, by using Eqs. (4.2.4) and (4.2.5), we can explicitly
write

F(n, µB) = n [µ∗
B(n)− µB] , (4.3.7)

µ∗
B(n) = 2π2K

1
2

√
v(2π)(n)

n
. (4.3.8)

In order to express v(2π) in terms of n, we need to solve the relation B/p2 = n.
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To this end, we consider Eq. (3.6.6) using the approximations (3.6.5). The explicit
expression for B/p2 then reads

B

p2
≈


4v(2π)

[
1− e−4v2(2π)(1− e4v(2π)−8π

√
KLr)

]
for v(2π) ≥ ε̃,

4v(2π)

[
1− e

−4v2(2π)
(
1+ 1

sinh2 (4π
√
KLr)

)]
for v(2π) < ε̃.

(4.3.9)

Since the second relation holds for very small values of v(2π), in this limit we can
write

B

p2
≈ 16v3(2π)

(
1 +

1

sinh2 (4π
√
KLr)

)
. (4.3.10)

Then,

v(2π) ≈

 n

16
(
1 + sinh−2 (4π

√
KLr)

)
 1

3

(4.3.11)

for very small v(2π). The exact value of v(2π) for values that are not very
small must be determined numerically. However, Fig. (4.3.2) indicates that
the dependence of n on v(2π) (and vice versa) is approximately linear when
nmax is large. In particular, from Fig. 4.3.2b it is evident that the linear
approximation remains valid starting from relatively small values of v(2π) (around
0.8, corresponding to n ≈ 3.2).

In the following, we employ the linear approximation for v(2π) in order to simplify
the computations.

4.4 Thermodynamical quantities

The BPS tools that we have discussed offer us the unique opportunity to study
the thermodynamics of interacting systems. When studying thermodynamics,
one usually considers free gases (without interaction), but here, as can be seen in
the relation between the topological charge and the baryonic charge (3.4.3), this
system is clearly interacting.

Since we have obtained an explicit expression for the grand canonical partition
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Figure 4.3.2: Values of B/p2 = n in terms of v(2π). Here K = 2 fm−2 and
Lr = 25 fm. The (Fig. 4.3.2a) illustrates the relationship across the full range
of v(2π). In contrast, (Fig. 4.3.2b) displays the same relationship for small
values of v(2π), comparing it against the approximation (4.3.11) and the linear
approximation n = v(2π)/4.

function of the system, we can now compute several thermodynamic quantities
as functions of the temperature T and the baryonic chemical potential µB. The
thermodynamic quantities analyzed in this section are the following:

Internal energy:

U = −∂ lnZ
∂β

; (4.4.1)

Entropy:

S = kB

[
lnZ − β

∂ lnZ
∂β

]
; (4.4.2)

Average number of particles:

⟨N⟩ = 1

β

∂ lnZ
∂µB

; (4.4.3)

Heat capacity:

CV = kBβ
2 ∂2 lnZ

∂β2
. (4.4.4)

where, recall that β = 1/kBT , with T being the temperature and kB the Boltzmann
constant (which we set equal to 1 from this point onward). The behavior of these
thermodynamic quantities is shown in Figs. 4.4.1, 4.4.2, 4.4.3, and 4.4.4. In some
cases, we have considered relatively high temperatures in order to better visualize
their behavior.

The plots in Fig. 4.4.1 are particularly relevant, as they reveal the existence of
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Figure 4.4.1: Average numbers of baryons as a function of the temperature T
(Fig. 4.4.1a) and baryonic chemical potential µB (Fig. 4.4.1b). Here K = 2 fm−2

and Lr = 25 fm. The dashed horizontal line represents the case with ⟨N⟩ = 1.
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Figure 4.4.2: Internal energy as a function of temperature T (Fig. 4.4.2a) and
baryon chemical potential µB (Fig. 4.4.2b). Here K = 2 fm−2 and Lr = 25 fm.

lower bounds either for the temperature T at fixed values of µB (see Fig. 4.4.1a)
or for the baryonic chemical potential µB at fixed values of T (see Fig. 4.4.1b).
From Fig. 4.4.1a it follows that, once the baryonic chemical potential is fixed, the
temperature must exceed a threshold value (T ≥ T0(µB)) in order for at least one
particle to be produced. Conversely, when the temperature is fixed, the baryonic
chemical potential must satisfy µB ≥ µB,0(T ).

Remarkably, when µ̃B − µB is sufficiently small, the allowed temperature range
overlaps with the one typically associated with the formation of nuclear pasta,
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Figure 4.4.3: Entropy as a function of temperature T (Fig. 4.4.3a) and baryon
chemical potential µB (Fig. 4.4.3b). Here K = 2 fm−2 and Lr = 25 fm.
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Figure 4.4.4: Heat capacity as a function of temperature T (Fig. 4.4.4a) and
baryonic chemical potential µB (Fig. 4.4.4b). Here K = 2 fm−2 and Lr = 25 fm.

namely 0.5 MeV ≤ T ≤ 15 MeV [10, 68]. This feature can be directly inferred
from the approximation (4.2.14). In fact, when µ̃B −µB is very small, one obtains

⟨N⟩ ≈ 1

2β(µ̃B − µB)
. (4.4.5)

Therefore, ⟨N⟩ > 1 whenever T > 2(µ̃B − µB), taking kB = 1. The lower bound
for T approaches zero as µB approaches µ̃B. Nevertheless, one must keep in
mind that T cannot coincide with this lower bound, otherwise the approximation
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(4.2.14) ceases to be valid. Moreover, the case µB = µ̃B leads to divergences in
some thermodynamic quantities. Consequently, the behavior of the system cannot
be analyzed exactly at T = 0 MeV. However, by appropriately tuning µB, one
can reach very low temperatures within the range typically associated with the
formation of nuclear pasta.

It is also worth noting that the value µ̃B ≈ 888.27 MeV obtained in our model
is slightly smaller than the baryonic chemical potential usually associated with
nuclear pasta formation, although it is not dramatically different. Indeed, typical
estimates lie in the interval 930–1000 MeV (see, for instance, [69]).

As already observed in the case of integer baryonic charge, the limit µ̃B cannot be
exceeded. The divergent behavior exhibited by some thermodynamic quantities
near this value may be interpreted as a signal of a phase transition. However,
it should be emphasized that our model only describes a specific configuration
of nuclear matter, namely layered baryonic structures. As a result, the possible
existence of other phases cannot be explored within this framework. For this
reason, µ̃B should be regarded as a limit of validity for the present model.

Another noteworthy feature is that the model does not predict an upper bound
for the temperature, which is usually associated with phase transitions. This
suggests that the structures studied in this thesis may persist even at very high
temperatures.

Examining the plots in Fig. (4.4.3), one observes that the entropy does not vanish
in the limit T → 0. This behavior originates from the presence of a degenerate
state corresponding to p = 0. Indeed, when T becomes very small (so that
β → ∞), the only surviving contribution to the partition function comes from
the ground state at p = 0. This state is characterized by vanishing volume, as a
consequence of the relation (3.3.3) imposed to obtain the BPS conditions, and
also by zero energy. Nevertheless, it can contain 0 ≤ n ≤ nmax layers, which leads
to a degeneracy. In particular,

lim
β→∞

Z =

∫ nmax

n=0

1 dn = nmax. (4.4.6)
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As a result, the entropy becomes

lim
β→∞

S = kB ln(nmax). (4.4.7)

Finally, the heat capacity Cv, shown in Fig. 4.4.4, displays a characteristic
Schottky-like anomaly [70]. The position of the peak can be determined analytically
by using the approximations (4.2.14) in the limit β(µ̃B − µB) → 0 and (4.3.5)
for finite values of β(µ̃B − µB). Interestingly, for certain values of µB, the peak
temperature occurs around T ≈ 10–15 MeV, which corresponds to the temperature
range usually associated with the transition from pasta-like structures to uniform
nuclear matter [71]. As µB → µ̃B, this peak shifts toward T → 0. Although the
absence of a singular behavior (typically manifested as a λ-peak) suggests that
no true thermodynamic phase transition is present, this feature deserves further
investigation in future studies.

4.5 Equation of state and speed of sound

Using the BPS properties of the magnetic layers presented in Chapter 3, we can
analytically derive the equation of state P = P (ϵ) (where P is the pressure and ϵ

is the energy density), and from this compute the speed of sound cs, defined by
c2s = ∂P/∂ϵ, which is subject to the causality condition 0 < c2s ≤ 1.

To this end, we consider the energy-momentum tensor T µ
ν = gµρTρν , which in

matrix form takes the following structure:

T µ
ν =


−ϵ 0 0 0

0 T1 0 0

0 0 T2 D

0 0 D T3

 , (4.5.1)

where the energy density ϵ = T00 is defined in Eq. (2.2.7), while the remaining
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components of the tensor are given by

T1 = −
K
(
p2 cos2H + 4u2 sin2H

)
L2

+
K(H ′)2

2L2
r

+
(u′)2

L2
rL

2
, (4.5.2)

T2 = T3 = −K(H ′)2

2L2
r

, (4.5.3)

D =
K

L2

(
p2 cos2H − 4u2 sin2H

)
− (u′)2

L2
rL

2
. (4.5.4)

To directly identify the energy density and the pressures of the system, we
diagonalize the energy-momentum tensor, which then takes the following structure:

(TD)µν =


−ϵ 0 0 0

0 T1 0 0

0 0 T2 +D 0

0 0 0 T2 −D

 . (4.5.5)

Using the BPS property H = H(v) (3.3.12), we can express the energy density as
ϵ = ϵ(v), and similarly the pressures of the diagonalized energy-momentum tensor,
obtaining:

ϵ = 4K2
(
1 + e−4v2−2I0(4v2 − 1)

)
, (4.5.6)

T2 +D = −16K2v2e−4v2−2I0 , (4.5.7)

T2 −D = T1 = 0. (4.5.8)

The trace of the energy-momentum tensor takes the form (TD)µµ = −ϵ + 3P ,
assuming that the system behaves as a perfect fluid without dissipation. In this
way, we can write the total pressure of the system as follows

P =
1

3
(T2 +D) = −16

3
K2v2e−4v2−2I0 . (4.5.9)

Remarkably, Eq. (4.5.6) can be inverted, allowing us to obtain v = v(ϵ) in closed
analytic form:
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v(ϵ) = ±1

2

√
1−W0

((
1− ϵ

4K2

)
e1+2I0

)
, (4.5.10)

where W0 denotes the principal branch of the Lambert W function. By substituting
this expression for v(ϵ) into (4.5.9), we obtain an analytic expression for the
equation of state P (ϵ):

P (ϵ) =
4

3
K2
(
1− ϵ

4K2
− e−1−2I0+W0[(1− ϵ

4K2 )e1+2I0 ]
)
. (4.5.11)

Note that the energy density ϵ must satisfy the following inequality in order to
ensure that v(ϵ) takes real values: W0

[(
1− ϵ

4K2

)
e1+2I0

]
≤ 1, due to the square

root appearing in Eq. (5.5.10). As a consequence, the system exhibits negative
pressure, as can be seen in Fig. 4.5.1, as given by the equation of state (4.5.9).
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Figure 4.5.1: Equation of state as a function of ϵ for different values of I0. Here
K = 2 fm−2, Lr = 25 fm.

The endpoints of the curves on Fig. 4.5.1 arise from the mathematical structure
of the description, in particular from the appearance of the W Lambert function.
Regions where the compressibility becomes negative are mechanically unstable and
should therefore be replaced by a phase–coexistence construction; consequently,
that branch of the equation of state is not physically realized [72].

It is also worth noting that negative values of the pressure indicate that the system
tends to collapse. Such a result is not unexpected, since our analysis only considers
states composed of purely baryonic dense matter. A more complete treatment
should include the contribution of the electron gas, which plays a crucial role in
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stabilizing the system and yielding a positive total pressure. Similar behaviors
have been reported in [73, 74].

On the other hand, although at first glance one could say that in this work we
study the thermodynamics of a classical system, since we have solved the classical
equations of motion, the model is a semiclassical description of pions, and therefore
there exist quantum effects that may justify why the pressure is negative.

The speed of sound cs can be obtained by differentiating the equation of state
(4.5.11) with respect to the energy density ϵ:

c2s =
∂P

∂ϵ
=

1

3

(
1

1 +W0

[(
1− ϵ

4K2

)
e1+2I0

] − 1

)
. (4.5.12)

Similarly, to ensure real and positive values of the speed of sound c2s, we must
impose a constraint on the energy density. In this case, c2s ≥ 0 when

W0

[(
1− ϵ

4K2

)
e1+2I0

]
≤ 0. (4.5.13)

Therefore, ϵ ≥ 4K2. The behavior of the speed of sound c2s is shown in Fig. 4.5.2.
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Figure 4.5.2: Speed of sound as a function of ϵ for different values of I0. Here
K = 2 fm−2, Lr = 25 fm. The magenta line represents the conformal limit c2s =

1
3
.

The values of ϵ for which c2s > 1 are not physical and are associated to the use of
the Lambert function.

Here, let us highlight a couple of important points.

First, we observe that the speed of sound exceeds the conformal limit 1
3

(as shown
in Fig. 4.5.2). This behavior has also been found in other models describing dense
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nuclear matter (see for instance [75]). On the other hand, in the case studied
in this thesis, the speed of sound overcomes the speed of light, namely when
c2s = 1 (see Fig. 4.5.2), and diverges near the endpoints of the equation of state
(see Fig. 4.5.1). Once again, this feature is likely an artifact of the model. In
a more realistic scenario, the curves shown in Fig. 4.5.1 would extend beyond
the endpoints, with the pressure eventually becoming positive and the system
undergoing a phase transition at sufficiently high energy densities. In such a
regime, the speed of sound would remain finite. However, the present model does
not provide a reliable description of the system at these large energy densities.

A second aspect concerns the magnitude of the energy density itself. The
constraints imposed by the model lead to values that are significantly larger
than those typically associated with nuclear pasta, or more generally with dense
nuclear matter.

Despite these limitations, the model still makes it possible to define an equation
of state and to estimate the speed of sound. Achieving this, particularly through
analytic methods, is generally a difficult task in the study of dense nuclear matter.

4.6 External field and magnetic susceptibility

In this section, we analyze the effects of an external magnetic field on the
magnetized BPS baryonic layers. To this end, we introduce a perturbation
of the magnetic field of the form

v(r) → v(r) + ber, (4.6.1)

where be denotes the magnitude of the external magnetic field, which is taken to
be arbitrarily small. This perturbation also induces a small variation in H(r), so
that

H(r) → H(r) + I(r, be), (4.6.2)

where I(r, be) is a function of both r and the external field be, which must be
determined. Its natural to impose the following condition on this function,
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I(r, 0) = 0. (4.6.3)

Since be is small, we expand I(r, be) to first order in be, obtaining

I(r, be) ≃ be
∂I(r, 0)

∂be
= beη(r), (4.6.4)

Here, we used the condition (4.6.3). In this way, the equation of motion for H

(2.2.5), at first order in be, becomes

H ′′ + 4

(
Lr

L̄

)2

sin(2H)

(
1

4
− v2

)
+ be

{
η′′ + 8

(
Lr

L̄

)2 [
η cos(2H)

(
1

4
− v2

)
− vr sin(2H)

]}
= 0, (4.6.5)

where the prime denotes the derivative with respect to r, and L̄ = L
p
. The

functions H and u correspond to the solutions of the BPS equations (3.3.8) and
(3.3.9). Consequently, the terms in Eq. (4.6.5) that are independent of be are
automatically satisfied. The remaining part of the equation then provides a
differential equation for the perturbation η. Using the relations (3.3.12), we can
express H in terms of v. In particular,

cos(2H) = 1− 2e−4v2−2I0 (4.6.6)

sin(2H) = 2e−2v2+2I0
√

1− e−4v2−2I0 (4.6.7)

In this way, the equation for η can be written as

η′′ + fη = g, (4.6.8)
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Figure 4.6.1: Numerical solution for v(r) and η(r). Here K = 2 fm−2, Lr = L =
25 fm and I0 = 0.01
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Figure 4.6.2: Numerical solution for f(r) and g(r). Here K = 2 fm−2, Lr =
L = 25 fm and I0 = 0.01

where

f(v, r) = 2

(
Lr

L̄

)2 (
1− 2e−4v2−2I0

) (
1− 4v2

)
, (4.6.9)

g(v, r) = 8

(
Lr

L̄

)2

vr
(
2e−2v2+2I0

√
1− e−4v2−2I0

)
. (4.6.10)

Note that, in order to obtain a solution for η, we must first determine a numerical
solution for v(r) and, consequently, also for f(r) and g(r). The numerical solutions
of these functions are shown in Figs. 4.6.1 and 4.6.2. On the other hand, for
I0 ≤ 1, we find that v(r) ≈ r, and as I0 becomes smaller the solution enters a
linear regime. This is consistent with the fact that small values of I0 correspond
to the low–energy regime and, therefore, to a strongly interacting regime.
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4.6.1 The Maxwell equations

The perturbation induced by the external magnetic field be also affects the Maxwell
equation (2.2.6), which represents the field equation for the function v(r). In this
case, an external current Je must be introduced so that it contributes as follows

v̂′′ − 4KL2
r sin

2(Ĥ)v̂ = Je, (4.6.11)

where v̂(r) = v(r) + ber and Ĥ(r) = H(r) + beη(r) are the perturbed fields. At
first order on the perturbation be, (4.6.11) becomes

Je =
[
v′′ − 4KL2

r sin
2(H)v

]
− 4beKL2

r

(
r sin2H + ηv sin(2H)

)
. (4.6.12)

The term in square brackets, which is independent of be, is identically zero as a
consequence of the field equation (2.2.6). Hence, the external current takes the
form

Je = −4beKL2
r

(
r sin2H + ηv sin(2H)

)
. (4.6.13)

4.6.2 Contribution to the energy density and total energy

Using the results discussed above, we can compute the energy density (2.2.7) to
first order in the external magnetic field perturbation, obtaining

T be
00 = T00 + be

[
8K

L̄2
vr sin2H

+
4K

L̄2
η

(
v2 − 1

4

)
sin(2H) +

K

L2
r

η′H ′ +
2v′

(LrL̄)2

]
. (4.6.14)

By making use of the field equations (2.2.5) and (2.2.6), the perturbed energy
density T be

00 can be expressed as

T be
00 = T00 +

be
L2
r

d

dr

(
2v′r

L̄2
+KηH ′

)
. (4.6.15)
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In this way, the contribution of the external field to the energy density can be
written as a total derivative. The derivatives of the fields H ′ and v′ are replaced
using the BPS equations (3.3.8) and (3.3.9), together with the condition (3.3.3).
Explicitly, we obtain

T be
00 = T00 +

4K
3
2 be

Lr

d

dr
(r cosH − vη sinH) . (4.6.16)

Using this energy density, we can compute the total energy, including the effects
of the external field be, by integrating (4.6.16) over the volume of the layers

Ebe = E + beδE, (4.6.17)

where

δE = 8π3K
1
2 cosH(2π)− 9π2p2K

1
2v(2π)η(2π) sinH(2π). (4.6.18)

The contribution of the external magnetic field be to the total energy can be
written in terms of the magnetic flux Φ and the integration constant I0, using the
BPS relation (3.3.12) together with Eq. (3.3.16). In this way, we can obtain a
relation between the magnetic flux Φ and I0, as was done previously when solving
the integral (3.3.14) numerically, or by considering its analytic approximation
(3.6.4), in order to determine this relation explicitly. On the other hand, we must
specify the boundary conditions for η(2π) in order to understand the behavior of
the total energy in the presence of the external magnetic field. With this in mind,
we first compute the contribution of the external magnetic field to the baryonic
charge.

Bbe = B + beδB, (4.6.19)

where



44 4.6. External field and magnetic susceptibility

δB = −12p2be
[
4π(1− sin2(H(2π))) −4η(2π)v(2π) sin(H(2π)) cos(H(2π))] .

(4.6.20)

The presence of the external magnetic field should not alter the value of the
baryonic charge. Therefore,

4π(1− sin2(H(2π)))− 4η(2π)v(2π) cos(H(2π)) = 0, (4.6.21)

which solution is

η(2π) =
π

v(2π)

cos(H(2π))

sin(H(2π))
(4.6.22)

Using this result, we can explicitly compute the contribution to the energy (4.6.18)
due to the presence of the external magnetic field, obtaining

δE = −π3p2K
1
2 cos(H(2π)). (4.6.23)

The contribution to the total energy arising from the presence of the external
magnetic field is shown in Fig. 4.6.3, where the analytic approximation (3.6.4)
has been used.
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Figure 4.6.3: Contribution of the external field to the total energy as a function
of the flux Φ. Here K = 2 fm−2 and Lr = 25 fm.

It is important to note that when the external magnetic field is positive, namely
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be > 0, or equivalently when it is parallel to the magnetic field of the layers, the
contribution to the energy satisfies δE < 0. This indicates that the solutions
describing the magnetic layers exhibit ferromagnetic behavior.

The contribution to the free energy at first order in be can be written as

Fbe = F + benp
2 δµB, (4.6.24)

where

δµB =
1

np2

(
δE − Lr

∂δE

∂Lr

)
. (4.6.25)

4.6.3 Magnetic susceptibility

With the results presented in this section, we can now compute the magnetic
susceptibility analytically from the partition function, using the following
expression

χ =
µ0

β
lim
be→0

(
∂2 lnZbe

∂be
2

)
, (4.6.26)

where µ0 is the vacuum magnetic permeability and Zbe is the perturbed partition
function, computed using the free energy Fbe given in (4.6.24). The behavior of
the magnetic susceptibility as a function of temperature is shown in Fig. 4.6.4.
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Figure 4.6.4: Magnetic susceptibility as a function of the temperature T for
different values of µB. Here K = 2 fm−2, Lr = 25 fm.

This behavior can be analyzed in more detail in the low and high temperature
limits by writing the magnetic susceptibility χ explicitly as
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χ =
µ0β

π2Z2

nmax∑
n=1

[
∆2(n)Θ′′(x)|x=β

π
x0(n)

Z (4.6.27)

−∆(n)Θ′(x)|x=β
π
x0(n)

nmax∑
m=1

∆(m)Θ′(x)|x=β
π
x0(m)

]
,

where x0(n) = n(µ∗
B(n)− µB) and ∆(n) = n δµB(n). In this equation, the prime

denotes the derivative with respect to x. This expression is also valid in the case
where n is treated as a continuous variable, in that case, the sum must be replaced
by an integral.

For high temperatures (or small values of β), we use the approximation (A0.7)
for Θ(x) in order to obtain

χ ≈ µ0

4β

nmax∑
n,m=1

[
3∆2(n)

[x0(n)]
5
2 [x0(m)]

1
2

− ∆(n)∆(m)

[x0(n)]
3
2 [x0(m)]

3
2

]
(4.6.28)

Since β = 1/(kBT ), then, χ ∝ T in the high temperature limit.

For low temperatures (or large values of β), we can explicitly use the following
expression for Θ(x)

Θ(x) = 1 + 2
∞∑
p=1

e−p2πx. (4.6.29)

Thus,

d

dx
Θ(x) = −2π

∞∑
p=1

p2e−p2πx, (4.6.30)

and

d2

dx2
Θ(x) = 2π2

∞∑
p=1

p4e−p2πx, (4.6.31)
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where x = β
π
n(µ∗

B(n) − µB). Then, when β → ∞, both the first and second
derivative goes to zero with order e−β. Moreover, Θ(x) → 1 and Z is a finite
constant different from zero. This means that χ → 0 as β → ∞.

Similarly, these expressions remain valid when n is considered as a continuous
variable.

The increase of the magnetic susceptibility with temperature observed in Fig.
4.6.4 can be understood as follows. At low temperatures, this growing behavior
may be related to the Hopkinson effect, which is characteristic of ferromagnetic
and ferrimagnetic materials [76]. As the temperature approaches the Curie
temperature Tc, the magnetic susceptibility is expected to begin decreasing.
However, at sufficiently high temperatures the present low–energy model ceases to
be applicable, and therefore the current expression for the magnetic susceptibility
should only be regarded as reliable in the low–temperature regime.
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Chapter 5

The Effects of the Isospin Chemical

Potential

In this chapter, we expand our previous thermodynamic analysis by including the
effects of the isospin chemical potential. In realistic physical scenarios, such as the
interior of neutron stars, nuclear matter is highly asymmetric in its isospin content,
containing a significantly larger fraction of neutrons than protons. Introducing an
isospin chemical potential is essential to accurately model this asymmetry. First,
in section 5.1, we derive the modified BPS bound to account for this new chemical
potential. Then, in section 5.2, we study the subsequent approximations and
the behavior of the topological charge. Afterwards, in sections 5.3 and 5.4, we
recalculate the partition function and the macroscopic thermodynamical quantities
to explicitly show their dependence on the isospin. Finally, in section 5.5, we
present the modified equation of state and the speed of sound for the system with
a non-zero isospin chemical potential, contrasting these results with the symmetric
case.

5.1 Modified BPS bound

To introduce the asymmetry between protons and neutrons in our theory, we
must include the effect of the isospin chemical potential. As has been previously
studied, in the case of a field theory with internal symmetry SU(2) (see, for
instance [77, 78, 79, 80] and references therein), the effects of the isospin chemical
potential µI can be introduced by modifying the covariant derivative as follows:
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DµU → D̄µU = DµU + µI [τ3, U ]gµ0. (5.1.1)

With this definition of the derivative, and considering the ansatz previously
presented in (2.2.3) and (2.2.4), the energy density becomes the free energy
density in the presence of the isospin chemical potential:

T I
00 = T00 + 2Kµ2

I sin
2H, (5.1.2)

where T00 is the energy density without the effects of the isospin chemical potential
(2.2.7). In this case, and for consistency, the equations of motion are now obtained
by minimizing the free energy density:

H ′′ +

(
Lr

L

)2 (
p2 − 2L2µ2

I − 4u2
)
sin(2H) = 0, (5.1.3)

u′′ − 4uKL2
r sin

2H = 0. (5.1.4)

Remarkably, the system with the inclusion of the isospin chemical potential still
admits a BPS formulation similar to the one presented in Chapter 3. Using the
Hamilton–Jacobi technique, the free energy density T I

00 can be written as a sum
of squares plus a total derivative and a constant:

T I
00 =

K

2L2
r

(
H ′ +

4Lr

√
K + µ2

I

p
u sinH

)2

+
2(K + µ2

I)

L2
rp

2

(
u′ − pKLr√

K + µ2
I

cosH

)2

+
dW

dr
+ 2Kµ2

I (5.1.5)

where the superpotential W is the solution of the Hamilton-Jacobi equation:

W =
4K
√

K + µ2
I

pLr

u cosH, (5.1.6)
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and the BPS condition now requires the following quantization condition:

L =
p√

2(K + µ2
I)

↔ A = π2 p2

K + µ2
I

. (5.1.7)

In this way, the free energy takes the form:

FI =

∫
d3x

√
−gT I

00 = ALr

∫ 2π

0

drT I
00 ≥ |EI |, (5.1.8)

where

EI =
ALr

e2
|W (2π)−W (0) + 4πKµ2

I |. (5.1.9)

With the above, the BPS equations modified by the presence of µI are:

H ′ +
4Lr

√
K + µ2

I

p
u sinH = 0, (5.1.10)

u′ − pKLr√
K + µ2

I

cosH = 0. (5.1.11)

Note that, as expected, the first-order BPS equations modified by the isospin
chemical potential imply the second-order field equations depending on µI . Similar
to the case with µI = 0, by using the BPS condition as in 3.3, the first-order
equations of motion are reduced to the following quadrature:

2π
√
KLr =

∫ v(2π)

0

√
K+µ2

I

K
dv√

1− exp
(
−4(K+µ2

I)

K
v2 − 2I0

) , (5.1.12)

with pv(r) = u(r) such that v(2π) is p-independent. Similarly to the previous
sections, we can write v(2π) in terms of the magnetic flux in the y direction as
follows

Φ =
p2πLr√
2(K + µ2

I)
(v(2π)− v(0)). (5.1.13)

If we consider v(0) = 0, we can solve for v(2π) in terms of the magnetic flux Φ

v(2π) =

√
2(K + µ2

I)

p2πLr

Φ. (5.1.14)
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Let us note that, due to the presence of the isospin chemical potential, the magnetic
flux is reduced. With the above, we can rewrite the baryonic charge BI and the
topological charge QI as functions of the magnetic flux and the isospin chemical
potential:

BI =
4
√
2(K + µ2

I)

πLr

ΦMΦ, (5.1.15)

EI =
4
√
2πK

Lr

Φ
√

MΦ +
4π3p2LrKµ2

I

K + µ2
I

, (5.1.16)

where

MΦ = 1− exp

(
−8(K + µ2

I)
2

Kp4π2L2
r

Φ2 − 2I0

)
(5.1.17)

5.2 Approximation and topological charge

In order to obtain an analytic expression relating the topological charge, the
baryonic charge, the magnetic flux, and the isospin chemical potential, we must
repeat the analysis presented in 3.6 to find an analytic expression for the integration
constant I0 (5.1.12). For this purpose, it is useful to introduce the following
rescaling:

s2 =
(K + µ2

I)

K
v2 =⇒ v =

√
K

K + µ2
I

s. (5.2.1)

In this way, (5.1.12) takes the following form:

2π
√
KLr =

∫ s(2π)

0

ds√
1− e−4s2−2I0

. (5.2.2)

Note that the previous expression has the same form as (3.6.1). In this way, we
can use the approximations presented in 3.6 to derive an analytic expression for
v(2π)(I0) and its inverse I0(v(2π)):
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Figure 5.2.1: Baryonic charge (Fig. 5.2.1a), total energy (Fig. 5.2.1b) and
energy per baryon (Fig. 5.2.1c) in terms of µI . Here K = 2 fm−2, Lr = 25 fm.

s(2π) =

√
K + µ2

I

K
v(2π) ≈


[
2π

√
KLr +

1
4
ln
(
1− e−2I0

)]
for I0 ≥ ε,√

I0
2
sinh(4π

√
KLr) for I0 < ε,

(5.2.3)

I0 ≈


−1

2
log

[
1− exp

(
4

√
K+µ2

I

K
v(2π)− 8π

√
KLr

)]
for
√

K+µ2
I

K
v(2π) ≥ ε̃,

K+µ2
I

K
v2(2π) 2

sinh2(4π
√
KLr)

for
√

K+µ2
I

K
v(2π) < ε̃.

(5.2.4)

This allows us to define the baryonic charge BI and the topological charge (energy)
EI in terms of v(2π) and the isospin chemical potential µI ,

BI = 4p2v(2π) M, (5.2.5)

EI =
4π2p2K√
K + µ2

I

v(2π) M+
4π3p2LrKµ2

I

K + µ2
I

, (5.2.6)

where

M = 1− e−
4(K+µ2

I )

K
v2(2π)−2I0 . (5.2.7)

Figure 5.2.1 shows the topological charge, the energy, and the energy per baryon.
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5.3 The partition function and its dependence on

the chemical potential

Similar to the case without the isospin chemical potential, we define n as follows:

n =
BI

p2
, (5.3.1)

where n is considered as a continuous quantity, motivated by the observations
outlined in the section 4.3.

As in the case with vanishing isospin chemical potential, the quantity n converges
to a finite value when I0 → ∞, which in this case depends on µI

nmax(µI) = lim
I=→+∞

BI

p2
=

8πKLr√
K + µ2

I

. (5.3.2)

Note that we can also derive a maximum value for the magnetic flux directly by
using the approximation for I0 given in (5.2.4):

Φmax =

√
2π2p2KL2

r

K + µ2
I

. (5.3.3)

It is worth emphasizing that, due to the presence of the isospin chemical potential,
the value of nmax decreases due to its effect, as can be seen in Fig. 5.3.1.
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Figure 5.3.1: nmax as a function of µI . Here K = 2 fm−2, Lr = 25 fm.

With all the above, we can compute the grand canonical partition function,
including the effects of µI , as follows:
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Z(β, µB, µI) =

∫∫ +∞∑
p=−∞

e−βp2FI(n,µB ,µI) dn dnI . (5.3.4)

where
FI(n, µB, µI) = GI − nµB − nIµI , (5.3.5)

and nI is the isospin number. As we will see later in this chapter, nI is not an
independent quantity, but rather depends on n. In this way, the double integral
in the definition of the partition function (5.3.4) becomes a single integral such
that n ∈ (0, nmax(µI)].

On the other hand using equations (5.1.15) and (5.1.16) we obtain that,

GI =
2π2K√
K + µ2

I

√
nv(2π)(n, µI) +

4π3KLrµ
2
I

K + µ2
I

. (5.3.6)

We must analyze the free energy in depth in order to understand the behavior of
the partition function. To this end, we first note that the quantity nI corresponds
to the isospin charge, defined as follows:

QI =

∫
d3xJ3

0 , (5.3.7)

where J3
0 is the 0 component along τ3 of the isospin current

Ja
µ = 2KTr

(
DµUU−1τa

)
, (5.3.8)

and Dµ is the usual covariant derivative. In this way, we obtain the following
expression for the isospin charge:

QI =
8KLrµIπ

2p2

K + µ2
I

∫
dr sin2H, (5.3.9)

which also corresponds to the volume integral of the component of the energy
density (5.1.2) associated with the isospin chemical potential. By using the BPS
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equations, we can rewrite the isospin charge in terms of v(r) as follows:

QI =
8µI

√
Kπ2p2

K + µ2
I

I, (5.3.10)

where

I =

∫ √
K+µ2

I
K

v(2π)

0

e−4x2−2I0

√
1− e−4x2−2I0

dx. (5.3.11)

The numerical solution to the integral (5.3.11) is graphically represented in Fig.
5.3.2.
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Figure 5.3.2: Behavior of QI/p
2 as a function of I0 for different values of µI (Fig.

5.3.2a), and as a function of µI (Fig. 5.3.2b). Here K = 2 fm−2 and Lr = 25 fm.
Note that QI reaches a maximum for a specific value of µI and then tends to zero
for large values of µI . This behavior is due to the decrease in the total number of
baryons, as shown in (Fig. 5.2.1).

As we mentioned before, the isospin charge QI , and therefore nI , is not an
independent quantity, but rather depends on the baryonic charge. In particular,
using the relation (5.1.15), we can rewrite I0 in terms of n and substitute this
expression into (5.2.5). In this way, the double integral in the partition function
reduces to a single integral over n.

Let us observe that the ratio between the isospin charge QI and the baryonic
charge BI is determined by

QI

BI

=
2π2

√
KµI

(K + µ2
I)v(2π) M

I, (5.3.12)
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where M and I were defined previously in (5.2.7) and (5.3.11), respectively. In
Fig. 5.3.3, this ratio is shown numerically. We can observe that, once the boundary
conditions in the solution for H(r) are fixed and with I0 fixed, the ratio (5.3.12),
for large values of the isospin chemical potential, becomes constant.
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Figure 5.3.3: The ratio QI/BI as a function of µI . Here K = 2 fm−2, Lr = 25 fm.

It is possible to obtain a good approximation for the integral (5.3.11) by using
the approximations presented in Appendix A. When I0 is not too small, that is,
for I0 > ϵ, we can consider the following approximation:

I ≈ 1

8

[
Li2
(
e−2I0

)
− 2 log

(
1− e−2I0

)]
. (5.3.13)

On the other hand, for the case I0 ≤ ϵ, which means that K+µ2
I

K
v2(2π) is also small

(see equation (5.2.3)), we consider the following approximation:

I ≈ 1

4

[
ln
(
1 + x+

√
x(2 + x)

)
(5.3.14)

−
K+µ2

I

K
v2(2π)

x

(√
(1 + x)x+ arcsin(

√
x)
)]

,

where x =
K+µ2

I

K
4v2(2π)

I0
. The comparison between the numerical solution and the

analytic approximations is shown in Fig. 5.3.4.
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Figure 5.3.4: Comparison between the analytic approximation and the numerical
integration of (5.3.11) as a function of µI . Here K = 2 fm−2, Lr = 25 fm and
I0 = 0.1. The term v(2π) is given by equation (5.2.3).

In this way, we define:

α(n, µI) =
QI

BI

=
π2µI

4v(2π)(n, µI)

√
K

K + µ2
I

Î(n, µI), (5.3.15)

where Î takes different approximations depending on the value of I0. For I0 ≤ ϵ:

Î(n, µI) =
A+

K+µ2
I

K
v(2π)2(n, µI)B

K+µ2
I

K
v(2π)2(n, µI)

(
1 + 1

sinh2(4π
√
KLr)

) (5.3.16)

where

A =
1

2
ln
[
cosh2(4π

√
KLr) (5.3.17)

+ sinh(4π
√
KLr)

√
1 + cosh2(4π

√
KLr)

]
,

B = −cosh(4π
√
KLr)

sinh(4π
√
KLr)

− 4π
√
KLr

sinh2(4π
√
KLr)

(5.3.18)

And for I0 > ϵ:

Î(n, µI) =
Li2
(
e−2I0(n,µI)

)
− 2 log

(
1− e−2I0(n,µI)

)
1− e−4

K+µ2
I

K
v(2π)2(n,µI)−2I0(n,µI)

. (5.3.19)

The dependence of v(2π) and I0 as functions of n and µI has been defined by
imposing the condition (5.3.1) and using the relations (5.2.3) and (5.2.4). In this
way, we can write the free energy as
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FI(n, µB, µI) = n[µ∗(n, µI)− µB − α(n, µI)µI)], (5.3.20)

where µ∗(µI , n) = GI(µI , n)/n.
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Figure 5.3.5: Free energy as a function of n and µI for different values of µI

(Fig. 5.3.5a)and n (Fig. 5.3.5b). Here K = 2 fm−2, Lr = 25 fm and µB = 0.

As in the case with vanishing isospin chemical potential, in order to obtain a
well-defined partition function, the free energy must be positive. We can study the
sign of the free energy in terms of µB, µI , and n̂ through the following observations.

We begin by setting µB = 0. Recall that our previous approximation holds for two
different ranges of I0, which correspond to two different ranges of n̂ =

√
K+µ2

I

K
n

(see equations (5.2.3) and 5.2.4). Consequently, we should analyze the free energy
in terms of (n̂, µI) rather than (n, µI). This relationship is shown in Fig. 5.3.5.
Specifically, the plot in Fig. 5.3.5a shows that F(n̂, 0, µI) is mostly linear with
respect to n̂. Therefore, we can apply the same linear approximation used for the
µI = 0 case. In this limit, the free energy expression becomes:

F(n̂, 0, µI) ≈
π2
√
K

K + µ2
I

(
K + 3µ2

I

)
n̂ (5.3.21)

− 20π3µ2
IKLr

K + µ2
I

.

As we can see in 5.3.5, both plots show that for certain values of n̂ and µI , the
free energy becomes negative. Using the linear approximation, we observe that in
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order to avoid this problem, n̂ must satisfy

n̂ ≥ µ2
I

K + 3µ2
I

20π
√
KLr. (5.3.22)

From this, we can note that for each µI there exists a lower bound for n̂. This
bound is zero only when µI = 0. This situation is represented in the plots of Fig.
5.3.5.

Considering the previous analysis, the partition function takes the following form
when µB = 0:

Z(β, 0, µI) =

√
K

K + µ2
I

∫ n̂max

n̂min(µI)

ξ

(
iβ

π
F(n̂, 0, µI)

)
dn̂, (5.3.23)

where n̂min(µI) =
µ2
I

K+2µ2
I
(1 + 12

√
KLr), n̂max = 8π

√
KLr.

For the case when µB ̸= 0, the free energy is given by

F(n̂, µB, µI) ≈
π2
√
K

K + µ2
I

[(
K + 3µ2

I −
√
K + µ2

I

π2
µB

)
n̂

− 20µ2
Iπ
√
KLr

]
. (5.3.24)

Hence, the inclusion of the baryonic chemical potential also affects the range of n,
leading to

n̂min(µB, µI) =
20π

√
KLrµ

2
I

K + 3µ2
I −

√
K+µ2

I

π2 µB

. (5.3.25)

This leaves us with an upper bound for µB. Indeed, it can be seen from (5.3.24)
that µB must satisfy

µB ≤ π2 K + 3µ2
I√

K + µ2
I

≡ µ̃B(µI). (5.3.26)

Additionally, another necessary condition is n̂max − n̂min(µB, µI) ≥ 0. This is
obtained when

µB ≤ µ̃B(µI)−
5µ2

Iπ
2

2
√

K + µ2
I

, (5.3.27)
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which is smaller than µ̃B(µI). When n̂min(µB, µI) approaches n̂max, then the
partition function approaches to zero.

A representation of the partition function in terms of T and µB, for different
values of µI , is shown in Fig. 5.3.6.
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Figure 5.3.6: Partition function as a function of T and µB for different values of
µB (Fig. 5.3.6a), T (Fig. 5.3.6b) and µI . Here K = 2 fm−2 and Lr = 25 fm.

The physical interpretation of this behavior is not immediately clear. However,
it is important to recall that providing an analytical description of isospin in
strongly coupled systems of baryonic crystals is generally a challenging problem.
Therefore, the present analysis should be regarded as an indication of a possible
direction for further investigation.

5.4 Thermodynamical quantities

In this section, we analyze the same thermodynamic quantities as in Section 4.4
(namely, the average number of baryons, the heat capacity, the internal energy,
and the entropy). These thermodynamic quantities are shown in Figs. 5.4.1 and
5.4.2. It is straightforward to see that for µI = 0 we recover the same expression
for the free energy. Therefore, we will focus only on the cases with µI ̸= 0.

As can be seen in Fig. 5.4.1, regarding the behavior of the average number of
baryons, it is clear that the temperature required for the creation of baryons
increases with the isospin chemical potential µI . On the other hand, as was
observed in the previous analysis with µI = 0, as µB increases, the temperature T

required for the creation of baryons decreases.



5.4. Thermodynamical quantities 61

The behavior of the remaining thermodynamic quantities as functions of µI is
particularly interesting. In fact, we observe that nuclear matter tends to condense
as µI increases. As shown in Figs. 5.4.2b and 5.4.2d, both the heat capacity
and the internal energy decrease, eventually reaching negative and therefore non-
physical values. This behavior may signal the presence of a phase transition that
lies beyond the regime captured by our model.

Finally, it can be seen from the entropy plot (Fig. 5.4.2), when considered as a
function of temperature, that it exhibits the same behavior as in the case with
vanishing isospin chemical potential. That is, when T → 0, the entropy takes a
positive value different from 0. In this case, this value depends on the isospin
chemical potential µI .
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Figure 5.4.1: Average number of baryons as a function of T and µI for different
values of µI (Fig. 5.4.1a), T (Fig. 5.4.2a) and µB. Here K = 2 fm−2 and
Lr = 25 fm.
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5.5. Equation of state and speed of sound with non-zero isospin chemical

potential

5.5 Equation of state and speed of sound with

non-zero isospin chemical potential

The effects of the isospin chemical potential coupled to the G-NLSM, and
additionally subject to the BPS condition of the magnetized baryonic layers,
modify the structure of the energy–momentum tensor, which in this case reads

T µ
ν =


−ϵ 0 −L2C L2C

0 T1 0 0

C 0 T2 D

−C 0 D T3

 , (5.5.1)

where

ϵ = 2Kµ2
I sin

2H +
K

L2

[
p2 cos2(H) + 4 sin2(H)u2

]
+

K(H ′)2

2L2
r

+
(u′)2

(LrL)2
(5.5.2)

T1 = −2Kµ2
I sin

2H −
K
(
p2 cos2H + 4u2 sin2H

)
L2

+
K(H ′)2

2L2
r

+
(u′)2

L2
rL

2
, (5.5.3)

T2 = T3 = −2Kµ2
I sin

2H − K(H ′)2

2L2
r

, (5.5.4)

D =
K

L2

(
p2 cos2H − 4u2 sin2H

)
− (u′)2

L2
rL
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, (5.5.5)

C =
4KµI

L2
u sin2H. (5.5.6)

Using the BPS conditions and then diagonalizing the tensor, we obtain that it
takes the following form in its matrix representation:

(TD)µν =


− ϵ

2
+
√
Ω 0 0 0

0 0 0 0

0 0 T2 +D 0

0 0 0 − ϵ
2
−

√
Ω

 , (5.5.7)

where Ω = ϵ2

4
− 2L2C2. Finally, by taking the trace of the energy–momentum

tensor, we obtain that the pressure can be written as P = 1
3
(T2 +D). In this way,
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both the pressure P and the energy density ϵ can be written as functions of the
profile v(r) as follows:

ϵ(v, µI) = 4K2

[
1 + e−

4(K+µ2
I )

K
v2−2I0

(
4(K + µ2

I)

K
v2 − 1

)]
+ 2Kµ2

I , (5.5.8)

P (v, µI) =
2K2

3

(
µ2
I

K + µ2
I

− 8v2e−
4(K+µ2

I )v
2

K
−2I0

)
. (5.5.9)

As in the case with vanishing isospin chemical potential, the energy density can
be inverted, yielding the following expression

v(ϵ) = ±

√
K

4(k + µ2
I)

√
1−W0

[(
1 +

µ2
I

2K
− ϵ

4K2

)
e1+2I0

]
. (5.5.10)

In this way, the pressure can be written in terms of ϵ:

P (ϵ) =
4

3
K2

(
1 +

µ2
I

2K
− ϵ

4K2

)
− 4

3
K2e

−1−2I0+W0

[(
1+

µ2I
2K

− ϵ
4K2

)
e1+2I0

]
. (5.5.11)

The representation of the pressure in terms of the energy density for different
values of µI is given in Fig. 5.5.1. Note that, at low energies, there exists a region
in which the pressure is positive (in contrast to the case without isospin chemical
potential). From this, we can say that the isospin chemical potential has the effect
of stabilizing the system at low energies.
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Figure 5.5.1: Pressure as a function of ϵ for different values of µI . Here
K = 2 fm−2, Lr = 25 fm, I0 = 0.01.
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The speed of sound c2s, defined as the derivative of the pressure with respect to
the energy density, finally takes the form

c2s =
∂P

∂ϵ
=

1

3

 1

1 +W0

[(
1 +

µ2
I

2K
− ϵ

4K2

)
e1+2I0

] − 1

 , (5.5.12)

which is represented in Fig. 5.5.2.
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Figure 5.5.2: Speed of sound as a function of ϵ for different values of µI . Here
K = 2 fm−2, Lr = 25 fm, I0 = 0.01. The magenta line represents the conformal
limit c2s =

1
3
. The values of ϵ for which c2s > 1 are not physical and are associated

with the use of the Lambert function.

In the limit µI → 0, the expressions for ϵ(v) and P (v) consistently recover the
results presented in Section 4.5. Consequently, the observations discussed there
for the case µI = 0 remain valid also in the present case.
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Figure 5.4.2: Thermodynamical quantities as functions of T and µI . Here
K = 2 fm−2, Lr = 25 fm.
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Chapter 6

Conclusion

In the present thesis, we have analyzed the semiclassical thermodynamics of
magnetized BPS baryonic layers in the nonlinear sigma model minimally coupled
to Maxwell theory (G-NLSM), which possess both baryonic charge and magnetic
flux. For the mathematical construction of these layers, we have utilized tools
from the Hamilton-Jacobi equation of classical mechanics and BPS soliton theory.
The G-NLSM describes the low-energy limit of quantum chromodynamics (QCD),
which also includes the electromagnetic interactions of the hadronic degrees of
freedom. In the case where the isospin chemical potential vanishes, the topological
charge, which plays the role of the energy of these layers and appears naturally
on the right-hand side of the BPS bound, is a nonlinear function of the baryonic
charge. Due to this, and given that it is a strongly interacting system, the
analysis of the thermodynamics of magnetized baryonic layers proves highly non-
trivial. Using techniques from Casimir effect theory, we were able to calculate an
analytical relationship between the topological charge, the baryonic charge, and
the magnetic flux, thus achieving the construction of the grand canonical partition
function, which is interestingly related to the Riemann zeta function. With this,
we have been able to analytically obtain various thermodynamic quantities such
as the internal energy, entropy, heat capacity, and magnetic susceptibility of these
layers. Remarkably, this analysis can be extended to include the effects of the
isospin chemical potential, which is essential for the description of nuclear pasta
phases. We have explicitly constructed the BPS bound and its corresponding
BPS configurations by introducing the effects of the isospin chemical potential.
The topological charge that naturally appears on the right-hand side of the BPS
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bound (which is also a nonlinear function of the baryonic charge), in this case,
takes the role of the free energy of the magnetized baryonic layers. Furthermore,
we have been able to construct the equation of state analytically via the energy-
momentum tensor and, using this, calculate the speed of sound for both the
case where we consider the isospin chemical potential and the case where it is
zero. Deriving explicit thermodynamic expressions at finite baryonic density for a
strongly interacting magnetized system is a non-trivial achievement, especially
taking into account the lattice QCD sign problem at finite baryonic density. The
properties of these thermodynamic quantities appear reasonable and may be
useful for improving our understanding of highly interacting magnetized baryonic
systems.

As a final comment, the introduction mentioned the possibility of describing
nuclear pasta phases using our results, particularly the lasagna phase. However,
a direct comparison of the physical quantities in this work with neutron star
physics is not possible at this stage, as it requires an extension of the model.
Although we were able to describe the physical properties of ordered structures of
baryons organized in layers, which would constitute the solid part of the lasagna-
type structures (a significant achievement, as these results are generally difficult
to obtain using analytical tools), our analysis omits the contribution of liquid
and gaseous nuclear matter, as well as the electron gas surrounding these layers.
Omitting these contributions makes a reliable comparison with experimental data
impossible. The study of these extensions will be part of future work.
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Appendix A

On the approximation of the

integral (3.3.14)

Equation (3.3.14) is assumed to be independent on p and relates v = u(2π)/p to
I0. I0 is thus expected to be independent on p. To solve this equation one should
be able to compute the integral (3.6.1) that we rewrite as

G(v, I) =

∫ v

0

dx√
1− e−(4x2+2I)

= v +K(v, I). (A0.1)

where

K(v, I) =

∫ v

0

( 1√
1− e−(4x2+2I)

− 1
)
dx. (A0.2)

Now, let us consider the function K. Its derivative w.r.t. v is

1√
1− e−(4x2+2I)

− 1 (A0.3)

which for positive I and x not too small (already x ≥ 1 is good) is approximately
zero. Therefore, we can approximate (for such values of v) K(v, I) with K(∞, v).
By using

(1− x)−b − 1 =
∞∑
n=1

Γ(b+ n)

Γ(b)n!
xn, (A0.4)
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we get

K(∞, v) =
1

4

∞∑
n=1

Γ(n+ 1
2
)

Γ(1
2
)n!

√
π

n
e−2In. (A0.5)

Now, the Stirling formula gives a good approximation for the Gamma function
for arguments larger than 1:

Γ(n+
1

2
) ≈ (n− 1

2
)n−

1
2 e−n− 1

2

√
2π(n− 1

2
)

≈ nne−n
√
2πn(en)−

1
2

≈ n!(en)−
1
2 . (A0.6)

Therefore,

K(∞, v) ≈ 1

4

√
π

e

∞∑
n=1

1

n
e−2I0n

= −1

4

√
π

e
log
(
1− e−2I0

)
. (A0.7)

Since
√

π
e
≈ 1, this justifies (3.6.2). However, the letter seems to become not

so good when I0 → 0 since it diverges. The reason is probably that the above
derivation fails when I0 is very small and v also is small. In this case, ∂vK fails
to be small, and the constant approximation is not good. In this situation, we
conveniently rewrite

G(v, I) =
1

4

∫ 4v2

0

ds√
s

1√
1− e−(s+2I)

=
1

4

∫ 4v2+2I

2I

ds√
s− 2I

1√
1− e−s

. (A0.8)

Assuming that I ≤ 2v2 ≪ 1, we can approximate
√
1− e−s ≈

√
s so that

G(v, I) ≈ 1

4

∫ 1+4v2/I

1

dt√
t2 − 1

=
1

4
log

(
1 +

4v2

I
+

√
4v2

I

(
2 +

4v2

I

))
, (A0.9)
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which is equivalent to

1 +
4v2

I
= cosh(4G(v, I)). (A0.10)

Therefore, (3.3.14) gives

u ≈ p

√
I0
2
sinh(4π

√
kLr). (A0.11)

This is expected to be the correct expression when I0 is very small.
That this is the right behavior when u → 0 can also be inferred from (3.3.14).
Indeed, let us set I0 ≈ 2λū2, with ū := u(2π)/p. Changing the variable τ into ūp,
(3.3.14) becomes

2π
√
kLr =

∫ 1

0

ūdx√
1− exp(−4ū2(x2 + λ2))

. (A0.12)

Since x2 + λ2 is bounded by 1 + λ2, for u very small, we can Taylor expand the
exponential to first order, getting

2π
√
kLr ≈

1

2

∫ 1

0

dx√
x2 + λ2

=
1

2
arcsinh

1

λ
. (A0.13)

Therefore,
1

λ
= sinh(4π

√
kLr), (A0.14)

confirming (A0.11).
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Appendix B

The Jacobi theta constant θ3(q)

The third Jacobi theta function is

ϑ3(z, q) =
∑
n∈Z

qn
2

e2iπz, (A0.1)

convergent for |q| < 1. The associated theta constant is

θ3(q) := ϑ3(0, q) =
∑
n∈Z

qn
2

. (A0.2)

Let us introduce the function

Θ(x) := θ3
(
e−πx

)
=
∑
n∈Z

e−πxn2

, Re(x) > 0. (A0.3)

By using the Poisson’s resummation formula

∑
n∈Z

f(n) =
∑
m∈Z

f̃(m), (A0.4)

with

f̃(m) =

∫ ∞

−∞
e−2iπmtf(t), (A0.5)

to the function Θ, with f(y) = e−πxy2 and f̃(m) = e−
πm2

x /
√
x, we get

Θ(1/x) =
√
x Θ(x). (A0.6)
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Notice that when Re(x) → +∞ then Θ(x) → 1, so, for Re(x) → 0+ we have

Θ(x) =
Θ(1/x)√

x
≈ 1√

x
. (A0.7)

Finally, we notice that, for Re(s) > 0,

∫ ∞

0

(Θ(x)− 1)x
s
2
−1dx =2

∞∑
n=1

∫ ∞

0

e−πxn2

x
s
2
−1dx

=
2

πs/2

∞∑
n=1

1

ns

∫ ∞

0

e−zz
s
2
−1dz

=
2

πs/2
Γ(s/2)ζ(s). (A0.8)
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