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Abstract

We investigate the resonant absorption kink oscillations in a plasma slab with linearly
inhomogeneous particle densities. Different thicknesses of the layers and angles of
the background magnetic field to the plane of the slab are studied via 2D—3V PIC-
hybrid simulations.

We identify the resonant absorption of the large-scale mode in the inhomogeneous
layers and compare its damping rate with a single fluid, linear MHD estimation.
Scales in the order of the proton inertial length are achieved in most of the simulated
cases, particularly in the case of thinner layers and for moderately magnetized slabs.
Quasi-perpendicular fluctuations consistent with Kinetic Alfvén Waves (KAWSs) are
generated at the layers only when resonant absorption occurs.

The KAWSs interact non-linearly and generate a parallel electric field, which sub-
sequently produces density structures and accelerates protons. This causes strong
heating and flat-topped distribution. We derive an analytical estimate for this par-
allel field that reproduces the most relevant signals of the dispersion relations during
and after resonant absorption. The transverse particle dynamics are driven by the
cross-field drift, causing the transverse temperature to oscillate and grow exponen-
tially due to small-scale fluctuations. Therefore, the proton distribution functions

are largely shaped non-resonantly by the KAW activity.
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Resumen (Spanish)

Investigamos la absorcién resonante de oscilaciones kink en un plasma de protones
tipo ldmina con densidades de particula linearmente inhomogéneas. Se estudian
diferentes grosores de capas y dangulos del campo magnético de fondo con respecto
al plano de la simulaciéon por medio de simulaciones 2D—3V PIC-hibridas.

Identificamos la absorcion resonante del modo de escalas més grandes en las
capas inhomogéneas y comparamos su tasa de amortiguamiento con una estimacién
de teoria MHD de un sélo fluido. Las fluctuaciones alcanzan escalas en el orden de la
longitud inercial del protén en la mayoria de los casos simulados. Particularmente,
en el caso de capas mas delgadas y para slabs moderadamente magnetizados. Sélo
cuando la absorcion resonante ocurre, se generan fluctuaciones cuasi-perpendiculares
en las capas, consistentes con Ondas de Alfvén Cinéticas (KAWs).

Las KAWs interactian de forma no-lineal y generan un campo eléctrico par-
alelo, que subsecuentemente genera estructuras en densidad y acelera protones. Esto
causa fuerte calentamiento y distribuciones tipo flat-top. Derivamos una estimacién
analitica para este campo paralelo que reproduce las senales mas relevantes de la
relacién de dispersion durante y después de la absorcion resonante. El drift E x B
domina la dindmica transversal de particula. Esto causa que la temperatura transver-
sal oscile y crezca exponencialmente por fluctuaciones de escalas pequenas. Por lo
tanto, la dindmica de las KAWSs deforma de manera importante la funciéon de dis-

tribucién de los protones por medio de interacciones no-resonanates.
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Chapter 1

Introduction

1.1 Background and motivation

Resonant absorption is a process in which electromagnetic (EM) energy is converted
into plasma energy with a mode conversion on the resonant layer where the incident
EM wave phase speed matches that of the local plasma modes [1-3]. Resonant ab-
sorption operates in plasmas with inhomogeneities in density, proton bulk-velocity,
and/or the background magnetic field [4-6]. Due to these inhomogeneities, glob-
ally large-scale modes, whether driven or excited, can locally resonate and transfer
energy into narrow regions via wave-wave coupling [7, 8]. This causes small-scale
fluctuations, damping of the global mode [7, 9], and plasma heating [10, 11].

The damping rate of global kink-modes involving fast waves [9, 12], and for
slow and Alfvén waves [12] have been determined for the oscillation localized in the
inhomogeneous regions of the plasma. The damping time-rate depends sensitively
on the density profile across the transition layer [13]. During the damping, models
predict that the global kink transverse oscillations become local azimuthal [9, 12, 13]
or normal Alfvénic motions [14, 15] concentrated in the inhomogeneous layers. Such
localized motions generate enhanced parallel vorticity [16, 17].

Resonant absorption of kink modes has been demonstrated to be a robust pro-

cess in complex, pressure-balanced configurations, such as multi-stranded loops [7],



sheared flows [18], and non-linear 3D single-fluid MHD simulations of magnetized
plasmas slabs with external driver [19, 20], and in cylindrical columns [18, 21-24].
Resonant absorption may coexist with Kelvin-Helmholtz instabilities (KHI), sup-
plying energy at small-scales for it to occur [22; 23]. It is observed that resonant
absorption generates small-scale, transverse fluctuations at the resonant layers.

In solar corona structures, strong transverse inhomogeneities in density and tem-
perature allow for processes such as resonant absorption and phase-mixing [25]. Ob-
servational research find transverse oscillations in coronal structures whose ampli-
tudes decay in time and space (e.g. TRACE [26, 27]; Hinode [28]; CoMP and
ATA/SDO [4, 29-31]; IRIS [32]). Thus, the propagation of waves launched by the
Sun is affected by the presence of such inhomogeneities.

Observed damping lengths and times are consistent with resonant absorption of
kink modes into Alfvénic modes in coronal loops [9, 33, 34], threads and filaments [9,
35], and in the quiescent corona [29, 36]. A statistical study on individual coronal
loops reinforces this interpretation via correlations between the measured oscillation
frequency and wave-power [36]. Analyses of data on solar prominences from IRIS,
and Hinode and SOT indicate signatures of resonant absorption, such as heating,
and transverse and azimuthal displacements [32]. Numerical MHD simulations show
that density gradients generated by a KHI can trigger additional resonant absorp-
tion [22]. Thus, resonant absorption may be a relevant process operating in coronal
environments.

Resonant absorption concentrates energy into progressively smaller spatial scales
around the regions of resonance. In this process, fluctuations may reach spatial
scales in the order of the proton Larmor radius or the proton inertial length, chan-

neling energy to particles. Here, dissipative and kinetic effects become necessary to



describe the physics of the plasma, such as non-thermal features and wave-particle
interactions. These effects are not accounted by single-fluid MHD theory. Therefore,
a kinetic approach would allow us to describe the microscopic physics and reveal
further processes when flucuations reach kinetic scales.

Particle in Cell (PIC)-hybrid works have identified only qualitative features of
resonant absorption [37, 38]. They reported nonpropagating structures of enhanced
particle density, caused by cross-field modulation of the global fluctuations [37,
39]. Simulations using 2D—3V Vlasov-hybrid schemes showed that finite-amplitude
KAWSs grow from global Alfvén waves in the regions of inhomogeneity. Fluctuations
reach scales in the order of the proton Larmor radius via phase-mixing [40-42]. These
works are relevant because they suggest mechanisms in which finite-amplitude KAWs
can be generated in inhomogeneous plasmas at kinetic-scales from global, large-scale
fluctuations.

Moreover, observational research links KAWs with plasma energization, distribu-
tion heating, and particle acceleration in low-£ inhomogeneous plasmas such as in the
solar corona, coronal loops, and magnetospheric plasma-sheet [43-45]. Such energiza-
tion implies the presence of wave-particle interactions. In this regard, Vasquez [38]
suggests resonant wave-particle interactions leading to parallel heating via transit-
time damping in a low-£ plasma. Distribution functions are not explored in this
work. These findings motivate a kinetic research of resonant absorption as a potential
channel for energy from large-scale, kink oscillations to KAWs toward small-scales.

Finite-amplitude Alfvén waves and KAWSs in plasmas may cause complex, non-
linear effects and further wave-particle interactions. Pairs of counterpropagating
Alfvén waves can couple, generating a parallel electric field under specific conditions

of the amplitudes of the magnetic field fluctuations [46, 47]. The coupling generates



nonpropagating density cavities where particles are accelerated depending on the
combined polarizations, resulting in fluctuations with characteristic spectral signa-
tures in wavenumber and frequency [47]. This process may be of interest in coronal
and magnetospheric plasmas.

In inhomogeneous, low-/3 environments, stationary finite-amplitude Alfvén waves
may also couple to ion-acoustic fluctuations. The coupling can produce density
modulations via non-linear ponderomotive forces and ion parallel heating by Landau
damping [48]. Interactions between finite-amplitude KAWSs or Alfvén waves, and
ponderomotive forces may expel ions, generating kinetic-scale cavities. This process
leads to regions of enhanced density in magnetospheric plasmas [49-52]. Similar
studies focus on ponderomotive forces and the formation of cavities in the context of
turbulence in coronal plasmas [53, 54]. Generally, magnetic fluctuations are stronger
in cavities [54], while regions of enhanced particle density have been correlated with
temperature enhancement [51, 54]. Heating has been inferred from the study of
magnetic field spectral fluctuations, which exhibit a spectral break [53].

Non-linear processes may involve the transverse dynamics. In low-3 plasmas,
fluctuations have frequencies smaller than the ion cyclotron frequency €2;, and waves
satisfy non-resonant conditions [55]. Non-resonant interactions have been investi-
gated for finite-amplitude Alfvén waves. The configurations consider a monochro-
matic wave and a spectrum of random-phased waves [56-58]. This interaction has
been described as driven by the cross-field drift E x B [59]. Another approach to this
process is from particle motion, finding pitch-angle scattering [56-58], which leads
to effective heating [60]. Kinetic Alfvén waves also interact non-resonantly [61, 62],
and their dynamics are dominated by the cross-field drift in the low-3 regime [63].

Simulations of resonant absorption suggest that particles show scattering in velocity



space in the directions parallel (||) and transverse (L) to the background magnetic
field, vy — v, [38]. This may be interpreted as pitch-angle scattering, though the
underlying mechanism is not clearly specified.

Therefore, there is evidence of processes accounted by a kinetic description oc-
curring in inhomogeneous and coronal plasmas. They may be triggered when fluc-
tuations reach small enough scales due to resonant absorption. Further, different
species contribute differently to the dynamics. Such processes are not accounted by
single-fluid MHD theories. In this thesis, we study the resonant absorption of kink
oscillations of an inhomogeneous plasma using a kinetic model to study the multi-
fluid and kinetic pictures of the process when fluctuations are transported toward

kinetic scales.

1.2 Objectives

The main objective of the present research is to study a known MHD process via a
kinetic model, which introduces different physical processes that cannot be accouted
for by a fluid model of an inhomogeneous plasma when fluctuations reach scales in
the order of the proton inertial length. This is achieved via two objectives: 1. To
provide a multifluid characterization of resonant absorption in a 2D slab, comparing
quantitative and qualitative features with known results from MHD theories and to
determine the nature of the fluctuations which grow around the magnetic field lines
that are resonant with an excited perturbation. 2. To characterize the physical
processes that are triggered by resonant absorption when small scales are reached
by fluctuations in a 2D slab, and to provide a kinetic picture via the description of

the distribution functions at the zones of resonance of this system. This analysis



is conducted for different layer thicknesses of the slabs, and different angles of the

background magnetic field with respect to the plane of the simulation.

The specific objectives are described below.

1. Multifluid characterization of resonant absorption in a slab

1.1.

1.2.

1.3.

To identify qualitative features of resonant absorption

To identify qualitative features of resonant absorption, such as the de-
velopment of small-scale structure and fluctuations in the inhomogeneous
regions of the slab in scalar (density) and vector quantities (transverse
bulk-velocity and magnetic field components); the refraction of waves
propagating in the plasma; and the vorticity enhancement in the direction
parallel to the background field. Vector quantities are rotated to the axes

aligned with the background magnetic field.

To estimate the damping time-rate due to resonant absorption
To estimate the damping time-rate in the bulk velocity components. This
requires determining the oscillation frequency of the plasma associated
to the excited kink oscillations and the damping time of the said quanti-
ties. This damping time-rate is compared with a prediction from linear
MHD theory for slab geometry with oblique magnetic field, and in the

approximation of thin inhomogeneous layers.

To determine the spatial scales reached by resonant absorption

To identify quantities in which small-scale structures are developed due to
resonant absorption and tracking their time evolution in order to compare
the scales reached by the fluctuations using characteristic kinetic lengths.

This is achieved via spatial spectral decomposition.

6



1.4.

To characterize the small-scale fluctuations

To analyse fluctuations related to small-scale structures through a spectral
decomposition, and to determine the polarization in the plasma physics
sense, spatial structure, cross-correlation, and dispersion relation. Fea-
tures are compared with theoretical properties of linear waves. The anal-

ysis is restricted to a region where fluctuations are localized.

2. Underlying physical processes and kinetic features

2.1.

2.2.

2.3.

To study of the correlation between density fluctuations and the

electric field parallel to the background field

To analyse the parallel electric field and density fluctuations spectrally
through wavenumber decomposition. The analysis allows us to character-
ize the formation of density small-scale structures where resonant absorp-

tion occurs, and to establish milestones in the evolution of the plasma.

To determine the origin of the parallel electric field fluctuations

in the slab

To find a physical mechanism relating the excitation of the waves at the
regions where resonant absorption occurs, density structures, and the par-
allel electric field, considering the spectral decomposition of density and

vector quantities in the parallel direction.
To study of proton phase-space portraits related to the direc-
tions parallel and transverse to the background magnetic field

To construct projections of phase-space at zones where resonant absorp-

tion occurs and the parallel velocity to identify wave-particle interactions



2.4.

2.5.

associated with the excited small-scale waves. These projections also al-

lows us to determine how density structures are formed at particle level.

This is done in the same way with the transverse velocity, and allows us to

determine the wave-particle interactions in the perpendicular direction.

To study of temperatures in the parallel and transverse direc-

tions

To characterize the evolution of the temperatures in zones of relevance,
where resonant absorption occurs, in the directions parallel and trans-
verse to the background magnetic field. This allows us to determine how
energy from global scales is channeled to particles, and the structure of

the disribution functions.

To study of temperature ratios

To track the evolution of the temperature ratios in regions of relevance,
where resonant absorption occurs. These ratios allows us to discern
whether there is a direction in which the plasma is preferentially ener-
gized. They also allow us to characterize parameters related to sources of

free energy, such as temperatures anisotropy and gyrotropy.

1.3 Methodology

The main objective of this research is achieved via numerical simulations using a
2D—3V PIC hybrid code of a magnetized, inhomogeneous 2D slab plasma composed
by kinetic protons and massless, fluid electrons written in Fortran 90.

We choose a 2D-space setting, because it allows for waves and particles to move

in different directions within the plane of the simulation, in constrast to a 1D setting.
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This is necessary for resonant absorption to occur. With regard of computational
resources, it is less demanding than a spatially 3D configuration. The slab configu-
ration is a first approximation to study resonant absorption in a coronal loop.

The PIC-hybrid model is suitable for our purposes, because we are focused on
the low-frequency kinetics of protons while ignoring further details of the electrons
dynamics. The code is modified using as a basis a code originally developed by A. F.
Vinas [48, 64-67]. The code uses a non-sympletic algorithm that bounds energy fluc-
tuations in computing particle motion. Digital filtering with compensation is applied
on the moments of the distribution function to eliminate small-scale, noisy, non-
physical fluctuations and to retain physical information at large-scale fluctuations.
Further details of the model are provided in Chapter 5. The code is implemented to
use OpenMP parallelization for Fortran.

Fortran data from simulations are loaded by the Julia library FortranFiles. j1 [68]
(used in specific objectives 1 and 2, particularly in 2.4 and 2.5). Spectral analysis
is achieved via the use of the library FFTW.j1 [69] (used in specific objectives 1.1
to 2.2). Finally, distribution functions and phase-space portraits are constructed
with histograms using particle data through the library StatsBase.j1 [70] (used in
specific objective 2.3). Fit to data is carried out with the library LsqFit [71] (used
in specific objectives 1.2, 2.4, and 2.5). The language Julia and all of the required

libraries have MIT license.

1.4 Outline of the document

The document is organized as follows. Chapter 2 shows a brief review of coronal

plasmas and coronal loops, the fluid theoretical framework, and the fluid equilibrium



state. Chapter 3 presents the background for kinetic theory and interpret the dis-
tribution functions, and discusses the equilibrium distribution function. Chapter 4
presents the characterization of Alfvén and kinetic Alfvén waves, and non-linear
coupling studied in this research. Chapter 5 describes the model of the 2D—-3V
PIC-hybrid simulation, the initialization of the inhomogeneous plasma, and the cor-
responding numerical implementations. Chapter 6 describes the identification of
resonant absorption in the results of our simulations, using as a basis the existing
MHD features of the phenomenon. Chapter 7 presents the characterization of the
fluctuations excited in the plasma after the resonant absorption of the excited per-
turbation. In Chapter 8, the kinetic processes induced by resonant absorption in the
direction parallel to the background magnetic field are studied. Chapter 9 studies
the kinetic processes related to the dynamics transverse to the background magnetic

field. Finally, we present the conclusions of this work in Chapter 10.
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Chapter 2

Coronal Observations and Fluid Framework

The solar corona is the outermost layer of the solar atmosphere. It is a tenuous
plasma compared with the lower atmosphere [72]. The coronal plasma is highly
ionized and strongly interacts with the magnetic field of the Sun, rendering the
structure of the solar corona as highly inhomogeneous [73, 74].

The solar corona has several structures characterized by the magnetic field mor-
phology and the local conditions of the surrounding plasma [75]. Among them, there
are coronal loops, which are the structures of interest for our research. In these
environmental conditions, these strongly magnetized and inhomogeneous structures
enable processes such as resonant absorption. In this process, the global mode acting
on the structure is damped and transfers energy to localized regions.

Fluid theory has been largely used to model large-scale plasma phenomena. In
this Chapter, we present fluid-related theory that is required for this work. We
use linear MHD theory to derive the exponential damping rate of the global mode
undergoing resonant absorption [7, 15, 76]. Multifluid theory is used to define a
pressure-balanced equilibrium state for the system we are investigating. This allows
us to isolate the evolution of resonant absorption from any other possible process.
The multifluid approach is used because the plasma has two components (protons

and electrons), and the largest spatial scales of the system are defined on fluid scales.
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2.1 Coronal Plasma Background

Typically, the coronal temperature is in the order of 2—2.5 x 10 K, considering both
active and inactive regions [75], whereas the magnetic field strength is 1 — 4 G [77]
with particle density in the order of 10® — 10% cm™ [78]. These parameters yield a
plasma 3 = 87nT/BZ in the order of 8 ~ 10~* — 10~!. Thus, the solar corona is
typically a strongly magnetized plasma.

The collisionality of the coronal plasma is characterized by a mean free path ~ 1
Mm for protons and electrons, and collision time ~ 10 s for protons and 0.25 s for
electrons [79]. Whereas the gyration radii are ~ 1 m for protons and ~ 0.022 m for
electrons, and inertial lengths ~ 20 m for protons and 0.5 m for electrons, assuming
a proton-electron plasma with quasi-neutrality. Its collisionality is larger than that
of the solar wind [80]. Nonetheless, the electromagnetic-scales remain dominant over

collision scales.

2.1.1 Coronal Loops

Among the structures in the solar corona, there are coronal loops [81, 82]. Coronal
loops are arch-shaped structures in the solar corona that are visible in the X-ray
band. These structures are anchored at the chromosphere and exhibit high luminos-
ity because they are composed of magnetic flux-tubes where the plasma is strongly
confined and isolated from the surrounding environments [73] (see Fig. 2.1).
Detailed observational research provides further characterization of coronal loops.
Measurements show that the particle density and the background magnetic field
along coronal loops [83] are nearly uniform over an extension of ~ 40 Mm around

the apex of the structures. The particle density around the apex has a lower bound,
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Figure 2.1: Coronal loops bundles. Image from SDO, 171 A filter. Figure from Reale
[73].

typically in the order of 10® cm™2 [73, 74, 83-85], which allows for the largest proton
inertial length to be in the order of v4 /€, = ¢/w,, ~ 23 m (where vy = By/\/4wmyng
is the Alfvén speed, Q, = ¢,Bo/m,c is the proton cyclotron frequency, and w,, =
\/4mq2ng/m,, is the proton plasma frequency), and electron inertial length ~ 0.5 m.
These spatial scales, which are related to particle motion, are much smaller than all
the characteristic lengths of a coronal loop, considering its full axial length, radius,
and density gradient. Both scale-ranges have effects on each other. Therefore, if

only the fluid scales are modeled, as in MHD theory, physics triggered at particle
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scales is missing from the global picture.

The background magnetic field magnitude is typically in the order of 10 G [83,
84]. In this region, the temperature is in the range of 10° K in cool loops to more
than 107 K in flaring loops [73]. Accordingly, the parameter beta lies within the
range for generic coronal plasmas (3 ~ 10~% — 1072). Its collisionality is roughly the
same as that presented above.

Violent events such as flares in active regions perturb these structures in the
solar corona. Coronal loops are dynamic. Their geometry and luminosity, based on
temperature, and density, vary in time [86]. The dynamics of these structures have
been observed and studied via image-based analyses with wavelength in the band of
171 A (Extreme Ultra-Violet range of observation) using data from TRACE [26, 87]
and SDO [31, 82, 84, 88]. The images generated with data obtained at this band
have limited resolution. Instrumentation on board SDO has spatial resolution in the
order of 0.5 Mm at 1 AU [73, 86, 89]; and more recently SolO, with spatial resolution
in the order of 100 — 200 km at the perihelion 0.3 — 0.55 AU [90, 91]. This resolution
is determined by the design of the optical instrumentation on board and the size of
the sensors in the 171 A band [92-94].

The oscillations of the loops have been described as standing, transverse waves,
asymmetric with respect to the axis of the loop, where the body oscillates as a whole

with respect to said axis, and having nodes at the feet of the loops [26, 87].

2.2 Resonant Absorption in MHD

In here, kink oscillations and their damping due to resonant absorption based on

Goossens [95] are recalled. Both are treated under a linearized, single-fluid MHD
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approach.

2.2.1 Kink Oscillations

The oscillations of coronal loops are consistent with the kink mode predicted by MHD
linear theory [87, 96]. Typically, these oscillations are observed to become rapidly
damped in time [26, 30, 31, 84] or to persist for several oscillation cycles [82, 88].
Kink oscillations in coronal loops are observed by setting slits along the structures.
Then the slits are tracked in time (see Fig. 2.2).

Damped standing kink oscillations are of interest. They have been studied with
regard to the damping of fluctuations in connection to coronal heating [10, 11, 86].
The problem has been theoretically modelled via single-fluid MHD theory, consid-
ering a dense slab (in Cartesian coordinates [15]) or column (in cylindrical coordi-
nates [9]) immersed in a tenuous medium. Equations are linearized and obtain the
oscillation frequency and the damping rate for exponentially damped oscillations of
the global scale kink perturbations by resonant absorption at the interface, consider-
ing thin and thick inhomogeneous layers [9, 13, 14, 33, 98]. Standing kink oscillations
can be obtained without other approximations by solving the linearized equations
for the Lagrangian displacement & along the density gradient. In particular, the
Klein-Gordon equation for the lagrangian displacements is solved by Terradas [99],
specifying initial conditions in the displacements, £(0) = 0, and in the fluid veloc-
ity, 0§/0t|,_, = v. Damped oscillations are obtained analytically. Kink oscillations
may involve different single-fluid MHD modes in a fluid plasma such as Alfvén, and
fast and slow modes [12]. Fluctuations generated during resonant absorption in-
herit properties of these modes [17]. In particular, Alfvénic fluctuations involve zero

displacements along the background magnetic field.
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Figure 2.2: Analysis of kink oscillations in coronal loops using data from SDO.
Identification of coronal loops and partition into slits, labeling specific slits S22, S29,
and S14 [(a) to (c)]. Frames (c) to (e) show the evolution of three slits in time.
Figure from Zhong et al. [97].
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2.2.2 Damping by Resonant Absorption

The damping time-rate caused by resonant absorption can be obtained from the

single-fluid, ideal MHD equations [100],

dp
el . = 2.2.1
L9 (pw) =0, (22.1)
% u-Vu=—Vp+jxB (2.2.2)
py o Vu=—Vp+-jxB, 2.
dp
5 TV (w)=0,
V- -B=0,
4 .
10B
-— == E 2.2.4
E+uxB=0,

via a perturbative analysis considering Fourier-Laplace transformations. We are
interested in the problem solved in rectangular geometry. Calculations follow the

procedure shown in Goossens [95]. Perturbed quantities are

P = po -+t pP1,
UZUQ+L11,
B =B, + By,

P = Do+ D1,

where quantities with subscript 0 are equilibrium quantities, and subscript 1 are

perturbations. Equilibrium quantities are non-uniform in principle. The Lagrangian
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displacement £ is related to the perturbative bulk-velocity as u; = 0€/0t. Equations
are written in terms of the displacement &. The system of MHD equations is reduced

to the following set [95].

p1=—V-(p§),

82_5——V +i[(V><B)><B—|—(V><B)><B]
Poatzf b1 . 0 0l

B1:VX<€XBO)7

pr=—V-(po§).

The total pressure P’ is introduced in the analysis, which involves the gas and

the magnetic pressures. The zeroth and first orders are given by

P =P+ P
B? B, B
= |po+ 2|+ |p1+ UNad ;
8 47

where P = p; + By - Bo/4n. By introducing P’ and reordering terms in the

momentum equation, it is found that

0*¢ , 1
pow:—VP1+E{B0'VB1+B1‘VBO}

1
— — VP +—[By-V|°¢.
47

The plasma is restricted to 2 dimensions on the plane xy. Thus, no fluctuations
propagate along z. We set inhomogeneities only along x (see Fig. 2.3). The density
profile is defined piece-wise with homogeneous regions with densities py, [region (I)]

and pey, [region (II)] such that py, > pen. Both regions are connected with inhomoge-
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neous regions of width [ in x [region (III)]. The background magnetic field By and
the equilibrium pressure py are defined as uniform. The field By is defined as being
perpendicular to the density gradient, in the plane yz. Generally, this field is defined
as By = By [sin ¢y + cos ¢z]. This configuration is shown in Fig. 2.3.

Figure 2.3: Scheme of the inhomogeneous plasma we consider for the calculation
of the damping time-rate with a 2D plasma in the xy—plane. Regions (I), (II),
and (IIT) are indicated (gray shades). The background magnetic field By (green) is
defined on the yz—plane. Angles ¢ (red) and x (blue) are indicated.

The vector quantities are decomposed in a base aligned with respect to the back-
ground magnetic field By following the rotation matrix (A.1.4). Since the rotations
lead to €, ; = —X, the dependencies and direction = are maintained in the analysis.

Considering that the system has only propagation along y, the wavevector k = k,y
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becomes

k = k?”/é” + kL72/e\L72

= ky [sin g€ — cos g€, 5] . (2.2.5)

The linearized equations in terms of € are Fourier-Laplace transformed with initial
condition adiabatically turning perturbations on. In these conditions, perturbed

quantities acquire the explicit dependency
Az, y,t) = A'(z) exp {i [kyysing + k1 sy cos o — wt] },

where the frequency w = wg-+i7v is complex. Here, wg is the oscillation frequency and
v is the growth/damping rate of the fluctuations. This means that the amplitude
of physical quantities in this system exponentially grows or decays in time. We
are interested in the resonant absorption of Alfvénic waves. Accordingly, parallel
Lagrangian displacement and pressure variations along B are regarded as negligible.

Accordingly, the components of the momentum equation become

dP
po (w* —w?h) & = dxl’ (2.2.6)
po (w? —w?h) E1p =tk oP, (2.2.7)

where wy = Byg - k/\/4mpy is the Alfvén frequency, and is actually a function of z.

The character of Alvénic waves also involves incompressibility, V - & = 0 [15, 101].
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The following equation is obtained

d 1 APl KiL,H
dz [po(w? —wj) dz | po(w? —w?)

(2.2.8)

The total pressure P| is solved for regions (I) and (II), where the Alfvén fre-
quencies are homogeneous. Inside the region (III), the perturbation is resonant with
the plasma. For a monothonically increasing or decreasing density profile, there is
a single point x that is resonant with the perturbation, x = x4. The problem is
further solved by assuming that the transition layer is thin. Thus, it is reduced to a
small neighborhood around = = x 4. Without loss of generality, the density p;, is set
for x < x4 and pe, for x > x4. In such a case, the solutions for regions (I) and (IT)

are continuous. This condition avoids divergent pressure gradients. The pressure

field is given by [95]

/ . kia(x—za)
Pl,in = Ae )
Pll — AeFra(z—za)
en .

From Equation (2.2.6) the corresponding lagrangian displacements in x are given

by

ki oA
Eoin = ( e )ek“(x_“), (2.2.9)
pPo (W= — wA,in
ki oA
Eoen = — —2 e kra(o—ea) (2.2.10)

po (0? = wh ) '

The displacements (2.2.9) and (2.2.10) allow to solve Equation (2.2.8), which

leads to the jump condition for displacements [9, 14, 15]. This condition allows
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us to obtain the dispersion relation of large-scale fluctuations by the resonant layer
including its damping rate. Integration is made around x = x4 by assuming a thin
layer.

+
A ki o Pl
2

LD -sl) - [t

Ta

(2.2.11)

The denominator is expanded around x = x4 up to first order. At the zone
of resonance, the frequency w is the Alfvén frequency at © = x4, w = wa(xa).
Considering the dependency of w, on z, it is found that

dpo
dx

2 2(1‘)"’( — 24 sz(xA)

W —wy o(za) (2.2.12)

TA

With this change of variables, it is found that the integral in Equation (2.2.11) is
singular at x = x4 and has a simple pole. By following the integration procedure in
Appendix A.2 and using the result of Equation (A.2.4), Equation (2.2.11) becomes

the jump condition for displacements

kizP{(xA)
wi(wa) |dpo/dzl,

Eo(ah) — &olay) = —im (2.2.13)

This integral along with the explicit dependencies of the of the displacements at
both sides of the resonant layer (2.2.9) and (2.2.10), lead to the dispersion relation
for waves exhibiting damping due to resonant absorption at the section x4 at the

inhomogeneous layer [12, 95]. Due to the thin layer approximation, the exact location
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of x4 is not of relevance.

Pen (wQ — wien) iy ’kj_,2 Pen (W2 - wgl,en)

=T .
pin (w2 — wi;0) wi(wa) |dpo/dl, ,

1+ (2.2.14)

The damping rate is solved with the approximation of weakly damped waves,
|7| < |wg|. This means that w? ~ w% + 2iywg. In solving for the complex frequency

w, it is assumed that w4 (z4) can be approximated to a frequency wy, given by

2 2
pinwA,in + penwA,en

Pin + Pen

wy

which is the frequency for kink oscillations in the case of a sharp transition be-
tween both regions (I) and (IT). By using the explicit definition of the local Alfvén

frequency, the damping rate is obtained.
2
v T (Pin = pen)” |ky cos ol

— === : 2.2.15
on =8 (ot pen) Mool (2219

The damping time-rate is computed as a ratio of times, where 7p = 27 /wg, is the

oscillation period, and 7p = 1/ || is the damping time. Thus,

T_D o 4 (pin +pen) |d,0[)/d£L‘|$A

Tp w2 (pin — pen)2 |ky cos | .

We note that the angle ¢ is related to the angle x, which is its complementary
angle. Thus, cos¢ = siny. The angle x is defined as x = atan [By./By,| (see angle
x in Fig. 2.3). The density profile used throughout this research is introduced to
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compute the explicit form of the damping time-rate.

p
pen7 |Z' - .T0| Z -,E-I—)

pu(e,0) = S o(a) | 22722 [(a = au) 4 ot)ee] 4 g oo < Jo =l <,

| Pins |z — mo] < 2

(2.2.16)

where o(x) = sign(zg — x), [ is the width of the linear transition from pe, to pin,
ry = R+1/2, and R is the distance from the center of the slab xy to the middle

point of the linear transition, as shown in Fig. 2.4. This density profile has two zones

Pp

Pin

— Ty —T_ L— Ty (.’,U—ZUo)

Figure 2.4: Section of the mass-density profile of protons for a section y in the initial
condition. Figure from Carril et al. [39] .

where resonant absorption occurs, one on each layer. By taking one of the resonant
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layers with wavenumber k, = w/L,, the damping time-rate is obtained

7—_D_ 1 i Pin T Pen Ly/R
P |sinx|7r3 |pin_pen| l/R .

(2.2.17)

2.3 Multifluid Equilibrium for an Inhomogeneous Plasma

The density gradient in the plasma requires to introduce an equilibrium condition at
the largest spatial scales. The equilbibrium condition allows dynamics only triggered
by the perturbation. For this purpose, a pressure-balanced equilibrium is set. We
consider a plasma composed of protons and electrons. Macroscopically, this plasma
consists of two fluids. Therefore, the equilibrium condition of the slab is set through

a multifluid approach.

2.3.1 Equations of the Model

The multifluid equations are derived from the kinetic equation for each of the species
s composing the plasma. For this research, we consider the mass conservation, the
momentum conservation laws [102] for a collisionless plasma, and the non-relativistic

Ampere-Maxwell equation, in a quasi-neutral plasma.

@gj + V- [nsu,] =0, (2.3.1)
B 1
ou, Y,V = & [E MR 1 — VP, (2.3.2)
ot mg C NgMmg
4
V xB = %j, (2.3.3)

Z gsns =0, (2.3.4)
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where n, and u, are the particle density and the bulk-velocity u, of the species s
respectively, ¢, is the charge of the species s, and j is current density of the plasma.
The pressure tensors of all of the species are assumed to be isotropic, so that P, = p,l.
Furthermore, by using the thermodynamic definition of temperature for all of the
species with initially isotropic, Maxwellian distributions and the definition of the
diagonal components of the pressure tensors, it is found that the pressure p; is given

by the ideal gas equation of state

Ps = nSTS7 (235)

where T, contains information from the Boltzmann constant.

2.3.2 Equilibrium Conditions

The aim is to define a multifluid static equilibrium condition to initialize the plasma
given arbitrary density n, and temperature T, profiles. Under these conditions, the

dynamic equations are reduced to

V - [nsus] = 0,

u, x B

MeNsUg - VU = GsNg [E + } — Vps. (2.3.6)

We assume the dependency ng = ng(x), so that all of the quantities depend only
on z. Therefore, the continuity equation implies that us, = 0 for all s. Because of

the dependency on z, the advection term in the momentum equation is zero. By
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summing over all of the species of the plasma, the momentum equation leads to

1
E +
C

g,
S

E QSns uS
S

xB-V> p,=0.

The term associated to the electric field is zero due to quasi-neutrality. The term

in the magnetic forcing corresponds to the current density, j. Thus,

1
ZixB-V s = 0. 2.3.
C_]X Esp 0 (2.3.7)

The Maxwell-Ampere law is used in the limit of non-relativistic dynamics (2.3.3).

Accordingly, the magnetic forcing becomes,

1, 1 _ 1 L
EJXB_47T[V><B]><B_47T{B VB 2VB}. (2.3.8)

Because of the dependency on x, it is necessary that the magnetic field B has
only components y and z. Therefore, only the gradient of the magnetic energy is

non-zero in Equation (2.3.8), and the momentum equation (2.3.7) becomes,

B? B?
\Y 8_7r+ZS:pS =Y 8—7T+zs:nsTs = 0. (2.3.9)

The magnetic field of this equilibrium configuration, the background magnetic
field B = By is fixed as uniform in the plasma. Since the field By has components

in y and z, for convenience it is defined as

By = By [sin py + cos ¢z] . (2.3.10)
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The system we study is 2D and defined on the plane zy. For the angle ¢ = 90°,
the magnetic field is fully contained in the xy— plane. The uniformity of By is used
in order to have an analytical approximation (condition required for the procedure

in section 2.2) to compare with the simulation data.

2.3.3 Proton Temperature Profile

Equation (2.3.9) is applied to a magnetized plasma composed of protons and electrons
with a background magnetic field as in Equation (2.3.10), and an inhomogeneous
proton temperature distribution 7, such that it compensates the proton density
profile n,, given. The electron temperature 7. is given, and due to quasi-neutrality,
ne = n,. Equation (2.3.9) implies that the argument of the gradient is a uniform
quantity in the plasma. We consider a reference point where the density is known:
the maximum of ion density, ng, and set a reference proton temperature 7Ty,, given.
Therefore, the constancy of the argument in Equation (2.3.9) leads to the proton

temperature distribution for any point x in the plasma.

Ty(z) = — '~ {Top T — Te(x)”p_(f”)} .

1y () o

A brief discussion is provided regarding the electron temperature distribution 7.
Electron dynamics occur at time-scales much shorter than the proton dynamics and
related kinetic processes. Accordingly, electrons are nearly at instantaneous equilib-
rium conditions [103]. Another assumption for electrons is that they are isothermal,
implying that electrons rapidly redistribute energy leading to large thermal conduc-
tivity. Thus, space fluctuations of temperature are negligible [104, 105]. Accoridngly,

in this research we set a constant, uniform electron temperature T, = T,9. Thus, the
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temperature profile used in this research is given by

T,(x) = % {Top + T [1 - ”pn—(:)] } . (2.3.11)

This temperature profile provides an equilibrium of the fluid quantities. It defines
the proton temperature everywhere in the space domain and establishes a thermally

inhomogeneous plasma.
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Chapter 3

Kinetic and Particle Frameworks

Fluid theories are not valid when fluctuations reach scales in the order of the ion
Larmor radius or ion inertial length [106]. Waves may interact with the plasma
by resonating with specific populations of particles, depending on their velocity, or
may shape the distribution function via wave-particle interactions. When collisions
are frequent, perturbations are relaxed [107] and the plasma can be described using
macroscopic, averaged quantities as a fluid with local thermal equilibria [108].

In the case of a collisionless or weakly collisional plasma, the particle distributions
deviate from the thermal equilibrium [105]. This requires including kinetic effects in
the model. The phenomena predicted by kinetic theory can significantly influence
macroscopic scales [109].

This Chapter provides a review of the formalism underlying the particle distri-
bution function from individual particle dynamics to the statistical, single-particle
distribution function, including the Debye shielding and the Vlasov-Maxwell system
of equations. This is the basis to build and analyze distribution functions using
particle data from simulations. We further use this formalism to study the particle
distribution for the equilibrium for the pressure-balanced equilibrium state derived
in Chapter 2 and its validity based on Brunner [110]. This framework allows us to
connect the macroscopic, MHD equilibrium with the microscopic, kinetic equilib-

rium.
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3.1 Particle Distribution Function

3.1.1 Microscopic Description

A microscopic description of a plasma considers each particle ¢ of a species s com-
posing the plasma. Each of these particles follows trajectories with instantaneous
positions r; 4(¢) and velocities v; 4(¢). In a collisionless plasma, particle positions and

trajectories evolve by the equations of motion considering the Lorentz force (in CGS

units),
% = Vi, (3.1.1)
dv; q v; s x BM
LS A8 |pM oy Tes 2 3.1.2
dt Mg + c ( )

The fields EM and BM are the electromagnetic fields self-consistent with the
collection of particle distributions. The apostrophe means that they are the fields due
to all of the particles but 7. The microscopic quantities due to all of the particles of
the plasma correspond to mean values and short-scale, fast varying fluctuations [105].

Such a system of particles of the species s is fully characterized in the microscop-

ical sense by the function [109]
No(r,v,t) = > o[ =1 ()] 6 [v = vis(t)]. (3.1.3)

The function N, indicates whether any of the N, particles of the species s is at
the coordinates (r,v). It is intrinsically discontinuous, unbounded, and leads to a
complex description of the plasma.

This distribution allows us to obtain the source terms, and charge and current
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densities. Thus, the Maxwell equations of the microscopic fields are

V- -EM= 47quS/NSd3v,

V- -BM =0,
19BM
VxEM=__-2"_
% c Ot '’
4 47 OFEM
VxBM=" qS/VNSdSU+—7Ta—.
c c Ot

S

The time-evolution for the functions Ny is obtained from the particle equations

of motion (3.1.1) and (3.1.2) [109]. This yields

v x BM

C

ON, .
+v- VN, + & {E'MJF
ot M

] VN, = 0. (3.1.4)

In order to solve the dynamics of this plasma, it is necessary to solve the coupled
equations of motion of each particle. Therefore, a simpler approach is required
while retaining microscopic information of the plasma. This is made via a statistical

approach.

3.1.2 The Debye Shielding

The notion of shielding is required to continue with the statistical approach for a
plasma. We follow the standard discussion for the Debye shielding [111, 112]. We
consider a uniform distribution of charged particles space, thermal plasma with zero
net charge, and a test charge slowly introduced into the plasma. The interparticle
interaction is due to the Coulomb force.

In the transient stage, the particles close to the test charge will move according
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to their respective electrical charge until a stationary equilibrium is achieved. The
reaction of the plasma to counteract the electric field of this perturbation is labeled
as shielding [113]. The resulting electrostatic potential of the test charge is affected
by the plasma.

By considering each of the species of the plasma as a fluid of temperatures T,
densities ng, and charges ¢s. The closure in Equation (2.3.5) is considered. The mul-
tifluid momentum equations (2.3.6) for the case of slowly varying dynamics obtains

the Boltzmann relation [111],

ns = nge * ¢/Ts ’

where ¢ is the total electrostatic potential. This potential is solved via the Poisson
equation, considering the contribution of each species and the test charge. In the
limit of a small perturbative potential |gs¢| < Ty, the electrostatic potential in the
plasma is given by [112, 113]

where \p is the total Debye length given by

1 1
== — (3.1.5)
Ab 2 Abs

S

T.
Aps = 4 G 1.
D 4mnpsq? (3.1.6)

The interpretation is that for » > Ap, the potential is close to zero. That is, the

potential of the test charge has been shielded. Whereas for » < A\p, the potential is
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similar to that of the test charge alone. This interpretation is valid as long as there
is a large number of charges within a sphere of radius A\p [111]. Accordingly, it can
be interpreted as the distance of closest approach in Coulomb scattering [105].

The Debye length must be much smaller than the size of the system for the shield-
ing to be dynamically relevant. This is a fundamental definition of a plasma [105,
107]. This length is small compared with the fluid scales in MHD plasmas and is not
present in the model. It is introduced through quasi-neutrality. On the contrary, the
Debye length appears in kinetic theory and is necessary to establish the collinsionless
character of the plasma.

This length defines another fundamental property of a plasma. For a distribu-

1/3 :
/ , where ng is the

tion of particles, the mean interparticle distance is related to n,
particle density. It is associated to collisions. By definition, a plasma verifies the
condition 1 > 1/ngA} [105], meaning that the characteristic length of the electro-
static interaction is dominant over the collision distance. It is also interpreted as

having a large number of particles within a sphere of radius Ap.

3.1.3 Statistical Description - Phase-space Density

The statistical description is a bridge between the macroscopic and the microscopic
descriptions of a plasma. For this purpose, we consider a plasma composed by N
particles of different species, described by a 6 N —dimensional phase-space. Following
Ichimaru [114], given a macroscopic state of the plasma, there are vg, arbitrarily
large, microscopical possible realizations.

The N —distribution function Fy is defined in terms of the phase-space coordi-

nates ¢; , = (rys, vi,s) for the particle 7 of the species s. This distribution depends
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on all of the particle coordinates,

FN = FN ( .- 7Ci—l,s’ Ci,s) Ci—‘,—l,s’ R EREE Cj—l,u) Cj,u) Cj—l—l,u? R at) :

It is defined on an infinitesimal volume [] ;0 dC; o In phase-space containing vg

microscopic configurations as

q

EFy H d¢;, = I/]lglgloo n
]7a
The function Fy is normalized to the unity and satisfies the Liouville equation.

That is, the conservation of the distribution function Fi in phase-space [109].

dFy OFy
. = W—i—zi:vi-viFN—i—zi:az‘ -V, Fy =0,
where a; is the acceleration of the particle 7.
The introduction of Fy allows the compuation statistical averages of any macro-
scopic quantity of the plasma. Reduced distribution functions of the species s, for a

specific number of particles, are obtained by integrating over the phase-space coor-

dinates of the remaining particles.

3.1.4 Single-particle Distribution Function

We aim to construct a formalism for a collisionless plasma. The one-particle distribu-

tion function of the species s, fl, is obtained by integrating Fyy over the phase-space
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of all of the particles except for one particle of the species s.

Vi t) =V / Fy (CrorConrot) T] 4¢50 TT A€o
Jj=2,s 1,aF£8
where V' is the volume occupied by the system of particles.
The distribution function f! is equivalently interpreted as the statistical average

of the function (3.1.3) for the species s with distribution function F [109].

<Ns> = / FNNS(X7 v, t) H de,a'
J,o
The expansion of the summatory of the distribution (3.1.3) leads to N, identical con-
tributions, corresponding to the number of particles of the species s. The integration

yields

/ FyNo(x,v,t) [ d¢;, = N,

[T, = |
/

j=2,s i,aFSs

where 7y and ¢ = (r,v) and is the average particle density. Here we introduce the
equivalence f, = fl. Therefore, this single-particle distribution provides a complete
statistical description of the plasma at the one-particle level.

Higher-order functions of N, can be obtained, which contain simultaneous in-
formation of two or more particles. Following Goldston [105] and Krall and Triv-

elpiece [109], the evolution of the reduced distribution fs can be obtained by av-
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eraging (3.1.4) over the 6N —phase-space with the distribution Fly. This procedure
introduces two-particle correlations (NsN,,). The equations for these correlations are
obtained from Equation (3.1.4). In time, the resulting equation requires correlations
(NyN,N,). By repeating the same procedure, higher-order correlations are required
to solve the dynamics of the distribution f;. The system of equations is the BBGKY
hierarchy, and its solution requires establishing a closure relation [107].

To proceed, the notion of statistical correlation is introduced. Correlations quan-
tify the degree to which the state of a particle at phase-space coordinates ¢ in a
system is affected the presence of all of the other particles [109]. Considering that a
plasma verifies 1 > 1/ng)\3), charges may move close to each other up to a distance
~ Ap particles are affected by Coulomb scattering only at distances ~ Ap due to
collective shielding (subsection 3.1.2). Thus, particles are statistically uncorrelated
or weakly correlated, since the interaction is mediated by the fields generated by the

whole particle distribution rather than between individual particles.

2

2. = fsu- This distribution can be ex-

We consider second-order correlations,

panded as

fsu (Ca Cla t) = fS(Ca t)fu(cl? t) + gus (C? Clv t) ‘

The first term corresponds to the limit of zero statistical correlation. The second
term quantifies the probability of finding particles being attracted near neighbours
rather than repelled [109]. Tt is possible to show that the function g depends strongly
on the ratio 1/ngAY), and thus it can be neglected. Higher-order correlations involve
higher powers of this ratio and are similarly neglected.

Thus, particles in a collisionless plasma are approximately statistically uncorre-

37



lated. To a good approximation, it can be treated as an ideal gas. These approxima-
tions render the single-particle distribution f as a sufficient and tractable statistical

description of the system.

3.1.5 The Vlasov-Maxwell System of Equations

In a collisionless plasma, the equation for the distribution function f, is obtained by
the statistical average of the equation ruling the function Ny, Equation (3.1.4). The
result is the Vlasov equation [109, 115],

0 s
Livve L

1
5 o (E oV X B) ~vv] fo=0. (3.1.7)

The electromagnetic fields E and B are the statistical averages of the microscopic
fields EM and BM, respectively. These are the average fields caused by all of the
particle distributions. Their evolution is obtained by statistically averaging over the

microscopic Maxwell equations,

V-E =A4np,, (3.1.8)
V-B=0, (3.1.9)
10B
E=—-—— 3.1.10
47 47 OE
B=—j+ ———. 3.1.11
VX c It c Ot ( )

This procedure provides the source terms of charge and current density in terms

of the single-particle distribution function, rather than in terms of all of the particle
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data.

Pe = quns/fsdgv, (3.1.12)
J= quns/vfsd%. (3.1.13)

The Vlasov-Maxwell system (3.1.7)—(3.1.13) evolves self-consistently.

3.2 Exact Equilibrium Distribution Functions

The fluid equilibrium condition given by the pressure-balanced structure established
in section 2.3 does not necessarily describe a kinetic equilibrum /stationary state.
Therefore, it is necessary to connect the fluid and the kinetic equilibria by con-
structing a proton distribution function such that it obeys the temperature profile
in Equation (2.3.11).

In here, we follow a similar procedure of Brunner [110] to obtain a distribution
function f, to first-order approximation to the exact equilibrium function ff built
via the constants of motion of the system [116-119]. For this purpose, we calculate
the equilibrium electric field associated with an arbitrary density profile from the
equilibrium fluid equation for electrons (2.3.6), pressure (2.3.5), and assuming zero

bulk velocity, du, = 0. The density and temperature profiles are inhomogeneous,

E)=- V¢

L0 [Imyvife Ny
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3.2.1 Particle Lagrangian and Constants of Motion

In here, we assume that particles interact only through the mean electric and mag-
netic fields, neglecting the presence of electromagnetic fluctuations that arise due to
particle thermal motion of charged particles [120-122]. Therefore, the one-particle
Lagrangian is enough to describe particle motion.

The one-particle Lagrangian

1 Ay v
Ly, = §mp212 — @9+ ap OC ’ (32.2)

is used to derive the proton equations of motion, where A is the vector poten-
tial associated with the background field in Equation (2.3.10), given by A, =
xBy (— cos py + sinpz). The Lagrangian (3.2.2) does not depend explicitly on y
or z, so that the momenta in y and z are conserved quantities. From the respective

equations of motion, we find that

dv

d_ty = 2, cos ¢, (3.2.3)
dv, .

5 = €Y, sin . (3.2.4)

Integration of Equations (3.2.3) and (3.2.4) leads to two constants of motion W,
and W.,.
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Wy = v, — 28, cos ¢, (3.2.5)

W, = v, + 2Q,sin p. (3.2.6)

We combine the constants of motion from Equations (3.2.5) and (3.2.6), and
redefine them as the gyrocenter position X, following other works that use a similar

analysis [110, 123-125].

1 1
X =z+_—[-vycosp+uv,sinp| = —
Qp

S [—W, cosp + W, singp]. (3.2.7)
P

Since the Lagrangian does not depend explicitly on time, the total proton energy

&p is another constant of motion,

1
Ep = §mpU2 + @, (3.2.8)

where ¢ is the electrostatic potential derived in Equation (3.2.1).

3.2.2 Exact Equilibrium

With these constants of motion, we build a Maxwellian-like distribution for pr [110,

124],
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N, (X) Ey(X, V)

P(X,&) = == ——exp {—p—’} . (3.2.9)
p 05 =g (X) 7,(X)

This function is an exact equilibrium for an arbitrary inhomogeneous density

and temperature profiles in the guiding center, and the background magnetic field

in Equation (2.3.10). The function N, is not exactly the particle density, and it is

defined such that the zeroth moment of ff is the density profile in the initial instant.

3.2.3 First order Approximation

The first order approximation of the distribution ff (&p, X) of a stationary state of
the Vlasov-Maxwell system (3.1.7)—(3.1.13) is estimated via a Taylor series expansion
in X with respect to X = x taking |—v, cos ¢ + v, sin ¢| =~ vy, up to first order in
the smallness parameter r,/li, where r, = vy,,/€, is the proton gyroradius, and [,

is the inhomogeneity characteristic length [110, 123],

ofF 1
;; o [—v, cosp + v, sing] . (3.2.10)

ff(X,v) ~ fE(x,v) +

p

By computing the zeroth moment of the distribution function, we obtain the

function N, valid up to first-order expansion in the smallness parameter (3.2.10),

/ff (X, &, (X, v)]d* ~ /pr [z, &y (z,v)] P = n, ().
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Thus,

N, (z) = n,(z) exp {ﬁf&) In {”1;(:)] } . (3.2.11)

Now we proceed to evaluate the terms of the distribution (3.2.10) using Equa-

tions (3.2.1), (3.2.8), and (3.2.11). The zeroth-order term yields the distribution

ff(x,v):%exp{_vzﬁ e, {np@)]}

7T3/2U§hp( thp(‘r) 61)(.73 o
ny () v?
_ exp | — , (3.2.12)
7T3/2U‘§hp<x) [ Ughp(x) ]

which corresponds to an inhomogeneous Maxwellian distribution function with
arbitrary density and temperature profiles. We redefine the zeroth-order term as f,.

The derivative yields

ofk 2
o g [ (0 5) aE (5)]

A comparison is made between the zeroth-order term, which corresponds to the
distribution in Equation (3.2.12), and the first order-term. We estimate the velocities
v, and v, such that the largest value of the first-order term is obtained. For the
parameters of interest, we find that these velocities may be as large as 4vyy,p, which
is at the tail of the proton distributions. In any case, by taking this value or in

the order of wy,,, the zeroth order term is dominant. We provide a discussion in

Chapter 5 about the closeness of the distribution f;; (z,v) to the exact distribution
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for the parameters we use in this research.
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Chapter 4
Alfvén and Kinetic Alfvén Waves, and Non-

linear Coupling

Alfvén waves are pervasive in astrophysical plasmas, particularly in the solar atmo-
sphere and in the solar wind [4, 126, 127]. They involve incompressible, electromag-
netic fluctuations and propagate parallel to the background magnetic field [128].

As Alfvén waves reach sufficiently small spatial scales, they may acquire quasi-
perpendicular propagation, develop a significant electrostatic component, and be-
come right-hand polarized [129, 130]. With such features, they become kinetic Alfvén
waves (KAWSs).

Finite amplitude Alfvén waves and Kinetic Alfvén waves may couple and generate
stationary, non-propagating structures. Particularly, the counterpropagating Alfvén
waves [47]. In this Chapter, we review features of circularly polarized Alfvén and
kinetic Alfvén waves that are relevant to this work. In particular, we use circularly
polarized Alfvén waves to generate a large-scale perturbation. Also, we describe the

non-linear coupling that motivates the analysis presented in a subsequent Chapter.
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4.1 Circularly Polarized Alfvén Waves

4.1.1 Multifluid Dispersion Relation

A plasma composed of fluid electrons and protons is studied for parallel propaga-
tions along the background magnetic field By = ByX. Equations (2.3.1) to (2.3.5).
Following Terradas, Vinas, and Araneda [48], the dispersion relation for parallel

propagating waves is obtained. Fields are assumed to be harmonic.

gy = g e FI7t) (4.1.1)

0B, = B e (hiz=t), (4.1.2)

for the species s, which involve only perpendicular fluctuations. The notation A, =

Ay, + 1A, has been used. From the induction law, the electric field is obtained,

w
E =—i1—0B,. 4.1.3
6 1 ZkHC 1 ( )

The magnetic forcing to first order in the perturbations is given by

(SLISJ_ X B[) = — ?;Bo(Sl,ISA_. (414)

The momentum conservation equation (2.3.2) is evaluated to first order in the
perturbations using Equations (4.1.1) to (4.1.4). We assume no pressure gradients,

because these fluctuations carry no density fluctuations

w5u51l = QS—— + Qséusjl,
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where Q; = ¢sBy/msc is the cyclotron frequency of the species s. This equation

leads to the the amplitude u; o in terms of the magnetic field amplitude B

Qs :|£BJ_O (4.1.5)

Us, 10 = |:w — Qs I{” BO .

In the following calculations, a plasma composed of protons and electrons is
assumed. The waves of interest involve very low frequencies such that [Q.| > |w|.
The plasma is assumed to verify quasi-neutrality, ng, = n¢. = no. The dispersion
relation is obtained by computing the transverse current density j, from the species

density current

JL = qpno [up, 10 — Ue, 10] ¢i(kiz—ot)

w w 5BJ_
= — —_— 4.1.6
W0 [w - Qp] By’ (1)
and from the Ampere law (2.3.3),
) c
JL = —V x (SBJ_
4m
c

The dispersion relation is obtained by equating Equations (2.3.3) and (4.1.7),

w? QZ w
= + 2 1=, (4.1.8)
Q2 kﬁvip Q,

where va, = By/+/4mngm, is the Alfvén speed. The obtained frequency depends
on the sign of w = o wy (wo > 0), which determines the sense of polarization of

the wave, being left-hand polarized in the plasma sense for o, > 0 and right-hand
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polarized for o, < 0 [48, 130]

k202 402
ol | “Ap P
— =0, —1xo,/l+ 55 ¢. (4.1.9)
Q, 2022 { kﬁvip
A similar definition is introduced for the sign of k|, k = opko, where ky > 0.

This frequency (4.1.9) makes the bulk velocity (4.1.5) self-consistent with the plasma.
Therefore, a superposition of such waves introduced as a perturbation of a plasma

in equilibrium is also self-consistent.

4.1.2 Superposition of Circularly Polarized Waves

The dispersion relation (4.1.8) is also valid for superpositions of waves. In particular,
it is valid for a standing wave (superposition of counter-propagating waves). The
following construction is based on the work of Terradas, Vinas, and Araneda [48].
For left-hand polarization, the monochromatic wave is characterized by the following
components, using the relation (4.1.5) and the dispersion relation (4.1.8). The bulk-
velocity components are set to follow left-hand polarization for forward propagation

(0, >0, 0 >0),

Sy, = ugsin (kox — wot) ,

Sy, = — g cos (kox — wot) ,
By w
0B, =— uOTO—O sin (kox — wot) ,
By w
0B, = uOTO—O cos (kox — wot) .
UAp 0

48



The bulk-velocity components are set to represent left-hand polarization for back-

ward propagation. (o, > 0, oy < 0),

Sy, = — upsin (kox + wot)
ou, , = — ug cos (kox + wot) ,
B
0B, =— uOTOCﬂ sin (kox + wot) ,
UAP k(]
B
0B, = — uoTOﬂ cos (kox + wot) .

It is possible to perform a superposition of waves such that,

oy, = 2ug sin (koz) cos (wot) ,

duy, , = — 2ugp sin (kox) sin (wot) ,
B
0B, = QuoTOﬂ cos (ko) sin (wot) ,
/UAp 0
B
B, = QuOTOﬂ cos (ko) cos (wot) .

The same calculation is repeated for right-hand polarization waves. By applying the

same superposition, the following fluctuations are found

Sy, = 2ugsin (koz) cos (wot) ,

Sy, = 2ug sin (kox) sin (wot)

B
B, = QUOTOE cos (ko) sin (wot) ,
UAp 0
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B
0B, = — ZUOTOﬂ cos (ko) cos (wot) .

4.1.3 Construction Initial States

From the above obtained superposition of counter-propagating left- and right-hand
polarized waves, it is possible to further build a superposition of these stationary
fluctuations. From the dispersion relation (4.1.9) it is clear that the frequencies wy are
not the same for left- and right-hand polarized waves. However, if the wavenumber
ko is set to be small enough, both frequencies tend to be identical. Therefore, it is

possible to perform a superposition such that

Sy, = 4ugsin (koz) cos (wot) ,
dup . =0,
0 Wo .
0B, = 4ug—5——— cos (koz) sin (wot) ,
UAp 0

0B, = 0.

The initial state is obtained by setting ¢ = 0, for which all of the components are

Zero except one,
Sy, () = ug sin (ko) (4.1.10)

with bulk-velocity fluctuations transverse to the background magnetic field. The

prescription of this initial condition excites kink oscillations in the plasma [99].
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4.2 Kinetic Alfvén Waves

For the study of Kinetic Alfvén waves (KAWSs), we consider two approaches: lin-
earized two-fluid model and Vlasov-Maxwell. The two-fluid equations are found to
represent appropriately signals observed in the dispersion relation from simulation
data. The kinetic approach would be suitable because it considers the kinetics of
the system. This difference suggests that the kinetic effects of the linear waves per
se are accurately explained by a fluid model of the waves. We note that the calcula-
tions presented here provide an approximate model of the waves, since they consider
uniform plasmas.

Properties of KAWSs based on literature are also presented below.

4.2.1 Two-Fluid Approach

A 2D plasma without resistivity is considered for calculations on the plane xy. Ohm’s
law is obtained from multifluid equations, ignoring non-linear advective terms, quasi-

neutrality, and a plasma composed of protons and electrons [108, 131].

me 0j 1

vpe -

1
S, = ixB+E+ -uxB. (4.2.1)
npqs Ot nyq, NpQpC c

Other equations used in this model [130] are Equation (2.2.1), the parallel compo-

nent of the momentum equation along the background field By (2.2.2), the equation

for the compressibility, V - u [divergence of Equation (2.2.2)], and an equation for

ol



the vorticity, w = V x u [curl of Equation (2.2.2)],

1
p% (V-u)=—V’p+ EV -(j xB), (4.2.2)
ow 1 .

The Ampere (2.2.3) and induction (2.2.4) laws are used. The system of equations
is completed with an equation for the magnetic field B by obtaining the curl of

Equation (4.2.1),

0B, ,0B | ,
E—/\SVE—VX(UXB) %VX(JXB), (424)

where A\, = c/wye is the electron inertial length, and wy,. = /4mn.q2/m. is the

electron plasma frequency. The system is completed with an equation for the current

density j from the curl of Equation (4.2.4),

drdj  Am 5 00)
T CAeVat—Vx V x (ux B)

1

Npdp

V x (j x B)} . (4.2.5)

The dispersion relation for KAWSs in this model is obtained by first-order pertur-
bative theory in the same way as in subsection 2.2.2, but with homogeneous quanti-
ties. We focus on the direction parallel to the background magnetic field By (2.3.10).
Equations (4.2.4) and (4.2.5) become respectively

OBy OBy

7 - )\zvz ot = [Bo . Vu1|| — BO (V . ul)] — — Bo : vjl”’ (426)
A Ojy AT 59001 1 ¢ 9
S VA VA Al - I B, (V2By). 42.
c ot ALV ot 0 Vw1|| + gy 4 0 (V 1||> ( 7)
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The linearized system of equations is Fourier-transformed in space and time, with

dependencies
Az, y,t) = A'exp {Z [k‘”y sing + kjoycosp + k| 1o — wt} } .
The dispersion relation in these conditions yields

272
272 UAkH
{]_‘I’)\ekf —7

2 T k2n,T,
><{[1+A§k2] [‘j —”p;’] - [1— [

vik? vy w?

_ U%kﬁ w_2 _ n, Tpk®
w2 0 [
(4.2.8)

By introducing the proton inertial length A, in the wavenumbers, it is found
that the ratio )\g/)\g = mg/m,. Thus, all of the terms involving the electron
inertial length are neglected. Other approximations are introduced [130]. The
limit of quasi-perpendicular propagation, |k,| > |k,|. This condition implies that
k11| > |ky|,|kL2|. Therefore, k* ~ k2. Because of the order of magnitude of the
frequencies we are working with, |w| < ,. Thus, the dispersion relation (4.2.8)

leads to the frequency for KAWSs in the two-fluid model,

_ kivi
WKAW = UAkZ” 1+ 202 ﬁp, (4.2.9)
p

where (3, = 2n,T,/v%. In this calculation, the effect of the electron temperature has

been neglected. The group velocity is obtained by evaluating the gradient of the
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frequency wkaw (4.2.9) in wave-vector space,

1 kov} 1.

— . 4.2.10
kUAﬁ 292 Bp +l€yy ( )
292 p

Vg KAW = VKWKAW = WKAW

4.2.2 Vlasov-Maxwell Approach

The plasma is collisionless and magnetized with background field (2.3.10). Protons
and electrons are assumed to have Maxwellian distribution equilibrium functions
fos(v) (3.2.12) with homogeneous densities and temperatures. The Vlasov-Maxwell
system (3.1.7)—(3.1.13) is perturbed to first order with respect to the equilibrium con-
figuration, and Fourier-Laplace transformed considering an adiabatically perturbed

system [107]. The system of equations is then reduced to the form [132]
D(w, k) - 0E; =0, (4.2.11)

where 0E; are first order perturbations of the electric field in Fourier-Laplace vari-
ables, and D is the dielectric tensor, which contains the dispersion properties of the
plasmas as functions of the complex frequency w = w, + iy, and the wave-vector k.
Nk Lo

and zero flux parallel to Bg in the equilibrium state [132]. Also, the limit of small

We are interested in the limit of quasi-perpendicular propagation,

frequencies is considered, |w| < Q5. Following Lysak and Lotko [129], these ap-
proximations lead to a decoupled fast mode. Further approximations are non-
relativistic fluctuations, v%/c> < 1, and large parallel wavenumbers, k )\ . <1,

where Ap. = Uthe/2wpe is the electron Debye length. This reduces the dielectric
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tensor to

2 2.2 2
c 1 7 kHC kjkiac
v4 b, w? w?
2 —b 2 2
k‘”k’l,lc e °¢

I, (b + 62 Rl
w? /{?ﬁ—)\%o(e)[ +Ce (Ce)]_ w2 s

T

where by = k2p2/2, ps = vus /€2 is the Larmor radius of the species s, (. = w/kjvine
is the resonance factor, I is the modified Bessel function of order zero, and Z is the
plasma dispersion function [133]. Non-trivial solutions of waves are obtained for zero
determinant in the matrix representation of the dielectric tensor. This is reduced to
the following dispersion relation,

W' 1N BeApks N by
VA2 2N (14 GZ (G e dy(be) | 1—etly(b,)

(4.2.12)

In the conditions we are interested in this research, we consider the limits of small
particle Larmor radii, b, < b, < 1, for which e~ I,(b.) 1 and b,/[1—e % I4(b,)] ~
1 + 3b,/4. Finally, we evaluate the limit of zero electron mass. Thus, the KAWs

3 k202
wraw = Vakjy [1+ 3 6;‘5,,. (4.2.13)
p

We note that the frequencies (4.2.9) and (4.2.13) differ by a factor 3/4 in the

frequency is obtained,

transverse wavenumber k, inside the square root. The group velocity associated
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with this frequency is

1 Sk 1.
k2U2 o 2 Bpx + y
+ % ?Z%A Bp 8 Qp k

Vg KAW = WKAW
Y

4.2.3 Properties of KAWs

Research based on theoretical predictions of first-order perturbative kinetic and fluid
approaches allows us to investigate the properties of KAWs. Kinetic Alfvén waves
are labeled as quasi-electrostatic modes due to the development of an electrostatic
electric field along the wave-vector direction [130, 134] as small-scale fluctuations are
developed in the direction transverse to the wave-vector. This is quantified by the

ratio Rg

(I x 0Bx|)y

Rp = S B
P (k- 0E]),

(4.2.14)

where (...), is the wave-vector average, with the Fourier transform obtained on a
specific space domain. This ratio compares the electric field component induced
by charge separation (k - dEy) against the component related to electromagnetic

induction (k x dEy). The magnetic compressibility is measured by the ratio

Cy :éjﬁi?, (4.2.15)

where (...) is space average on a specific domain, and 8% = 0B} + dB? | + 6B ,.
This ratio is the order of 1072 — 107! [134] for highly oblique wave-vector (6 > 80°).

This ratio is in the order of the unity for the Kinetic Slow mode and the whistler
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mode for the same range of wavenumbers.

Kinetic Alfvén waves are characterized for having right-hand polarization in the
plasma physics sense [135] for 3, in the range of values of interest (8, ~ 107%) and
for highly oblique wave-vector (|k1 1| > |ky|) [136-138]. The wave polarization is
related to the magnetic helicity o, [139],

Om = 5Ak : 5Bk, (4.2.16)

where A is the magnetic potential. This quantity provides information about the
helical structure of the electromagnetic fields of the waves in space with respect to
the wave-vector direction. For o, > 0 means left-hand helicity whereas o,, < 0

means right-hand helicity. This is illustrated in Fig. 4.1. The sign of the magnetic

Figure 4.1: Scheme of two circularly-polarized waves having left-hand helicity (red
wave o, > 0), and right-hand helicity (blue wave, o, < 0), with their respective
wave-vectors.

helicity o,, also provides the orientation of the rotation depending on the direction

of propagation k and on the background magnetic field By. Right-hand polarized
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waves follow the signature o, > 0 for forward propagation (k-Bg > 0), and o, < 0
for backward propagation (k-Bgy < 0) [135, 138, 140]. Normalized cross-correlations
0. show correlations between the magnetic field and bulk-velocity of protons [135,

139],

~ 2Re{duy - 6b}
0 |” + [0by|*

(4.2.17)

c

where 0by = 0By/ \/m. This quantity is characteristic of Alfvén waves, o, =
—1 for forward propagation (¢. = +1 for backward propagation), and is inherited by
KAWs for a broad range of wavenumbers [137, 139]. This means that proton bulk-
velocity fluctuations and magnetic field fluctuations are anti-correlated in space.

Other transport ratios are the proton compressibility [141],

_ |5npk|2
"B

(4.2.18)

which measures the ratio of density fluctuations against magnetic fluctuations. Ki-
netic Alfvén waves have density fluctuations such that this ratio is in the range
~ 1072 — 1 for 8, ~ 1072 [137]. This means that KAWs exhibit density fluctuations
that are smaller or in the order of the magnetic fluctuations. Another ratio is the
Alfvén ratio rajpen [137, 142],

ra - |5upk|2
Ifven — 5 -
|0Bx|

(4.2.19)

This quantity measures the magnitudes of bulk-velocity fluctuations against mag-
netic field fluctuations. Alfvén waves and KAWSs are characterized by a value

raitven = 1 for a wide range of values of 3, [137]. This ratio is used to distinguish
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Alfvénic fluctuations from other modes [143].
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Chapter 5
Equations, Discretization, Numerical Al-

gorithms, and Parameters

5.1 System of Equations

We choose a PIC-hybrid model, because we are focused on the low-frequency kinetics
of protons while ignoring further details of the electrons dynamics.

This model is collisionless. Although collisions are much more frequent in a coro-
nal plasma than in the solar wind [106], the order of magnitude of the electromagnetic
scales (Larmor radii and inertial lengths) remains much smaller than the collisional
ones (discussion in subsection 2.1). Non-thermal features may arise in the coronal
plasma, such as thermal anisotropies, suprathermal particles, and beams [80, 144].
Thus, we choose a kinetic model.

Furthermore, since we are interested in the transition from MHD phenomena to
kinetic phenomena, proton kinetics becomes relevant. Accordingly, the scales we
consider are far from the scales where electron kinetics becomes relevant. Thus, we
choose hybrid model.

The kinetic component can be modeled through a particle model (PIC, particle
equations of motion) or a distribution function model (Vlasov equation). The nu-
merical resolution of the Vlasov equation introduces an object that has dimensions

Ny x Ny x Ny, x N,, X N, at each iteration, which is computationally demanding. It
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is more convenient to solve the equations of motion for each particle composing the
plasma for positions z, y, and velocities v,, vy, v,. With regard of the distribution
function, this quantity is necessary to analyze the plasma kinetically. This object is
not solved directly by a PIC model, but it can be constructed approximately from
particle data. Therefore, we choose a PIC model for the kinetic component.

The PIC-hybrid model in 2 spatial dimensions and 3 velocity dimensions [48,
64-67, 145-147] consists of a kinetic component modeled as individual particles dis-

tributed on a discretized spatial grid. Particles are moved by the Lorentz force (in

CGS units).

dr,

= Vs, 5.1.1
7 =V (5.1.1)
dvy g vs X B (r,, 1)

=2 |E(r,,t) + ——-"21, 5.1.2
T m. (rs,t) + . (5.1.2)

where the electromagnetic fields are evaluated at the particle position r,. The elec-
tric and magnetic fields are self-consistent with the particle dynamics. The second
component of the model is given by the fluid electron momentum Equation (2.3.2)

and assuming an isotropic stress tensor without shear or viscous effects,

du.
dt

u. x B

NeMe = @Ne [E + } — Vpe. (5.1.3)

The electron density n, is obtained by introducing the condition of quasi-neutrality (2.3.4),
ne = n,. With regard of time-scales, the electrons dynamics occur on time scales
much shorter than those of protons (see subsection 2.3.3), due to the mass difference
with protons, m./m, = 5.44662 x 10~* < 1. Thus, we neglect the contribution of

the electron mass.
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Since electrons respond faster compared with the proton time-scales, they rapidly
achieve equilibrium. This implies that any possible gradient of electron temperature
is rapidly relaxed. Electrons heat conduction is fast [105]. Due to quasi-neutrality,
the electrons density evolves in a time-scale in the order of proton time scales.
Thus, electron compression is slower than the thermal conduction. Accordingly,
electron temperature is set as uniform (adiabatic heating involves the opposite scale-
ordering) [105], and following the isothermal closure relation (2.3.5), p. = n.T.. For
the scales of interest, energy variations are not expected to affect electrons. There-
fore, the electron temperature is set as constant in time.

By introducing the Ampere-Maxwell law without the displacement current, and
in the limit of zero electron mass, Equation (5.1.3) can be used to model the electric

field,

T

QeTle

1 (1
E=— {—[VXB—ji]XB}—i— Ve, (5.1.4)

QeNle ( C

where j; is the ionic density current obtained as

ji = Z js = Z qsNsUs.

s, ions s, ions

This equation is entirely defined on the spatial grid. In this assumption, electrons
respond instantaneously in the time-scales we consider in the simulations. Finally,
the model requires the induction law (8.2.11) for the evolution of the magnetic field

having the electric field (5.1.4).
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5.2 Discretization of the Equations

The discretization and general implementation of the Equations (5.1.1), (5.1.2),
and (5.1.4) is presented and fundamented. The discretized equations are solved
for a time-step At. The spatial domain is defined in the plane zy, given the lengths
of the system, L, and L,. The domain is discretized into IV, x N, cells, where N, is
the number of cells along x and N, is the number of cells along y.

The number of spatial cells, the size of the domain, and the time-step must obey

the CFL condition [148]. For a 2D setting, this condition is given by

VRAL [L + L} <1, (5.2.1)

A2 Ay?

where v, is the Alfvén speed. This condition comes from the discretization of the
wave equation [148, 149]. In this case, it is a wave propagating at the Alfvén speed.
Here, Az = L,;/N, and Ay = L,/N,. Physically, this condition requires that the
time-step is capable of solving the time-scales that can develop in the system [149].
Otherwise, non-physical fluctuations may grow [148].

The space discretization is schematized in Figure 5.1. Particles move and field
quantities are defined on each cell of the grid (blue cells, physical grid). They are
defined from cell 1 to IV, or N,. In order to handle boundary conditions, ghost cells
(gray cells) are defined around the physical grid. These cells have indices 0, NV, + 1,
and N, +1. Therefore, all of the grid-defined arrays have N, +2x N, 42 components.
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Figure 5.1: Scheme of the space discretization used in the simulation. Physical
cells are shown in blue (indices 1 to N,, and 1 to N,). Ghost cells, used to handle
boundary conditions, are shown in gray (indices 0, N, + 1, and N, + 1). Cell widths
and length domains are indicated (green).
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5.2.1 Normalization of Variables

This research works with non-dimensional variables. For this purpose, we introduce

the following normalizations
e Particle charge ¢, is normalized with the proton charge g¢,, g, = ¢s/q,-
e Particle mass m is normalized with the proton mass, m, = ms/m,,.

e Time t, time-step, frequencies w, w,, damping/growth rates v are normalized
with the proton cyclotron frequency Q, = ¢,Bo/myc, t = Qut, Al = Q,At,

[wa wﬁﬁ] = [Wa Wry ’7] /QP

e Particle density with the total ionic density ng = ), i . R0sMs/Myp, Ty =

n,/no. A similar normalization is used for the mass density, po = m,ny.

e Particle velocities and bulk-velocity components are normalized with the Alfvén

speed v4 = By/\/4mngm,,, U; = vj/va, 04, = duy;/va. Here, j is a specific

component of the vector.

e Position, lengths, and wave-vectors are normalized with the proton inertial

length \, = v4/Q,, T =10, /v4, L = LQ,/va, k = kva/Q,.

e Magnetic field components are normalized with respect to the background mag-

netic field By, B; = B;/By.

e Electric field components are normalized with respect to the factor vaBy/c,

Ej = EjC/B(ﬂ)A.

e Temperatures are normalized with the factor B2 /4mng, T,; = 4mnoT,;/B2.
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For the sake of completeness of the quantities we use in this research, we define
thermal speed of the species s as vy, = \/m , and the parameter ( of the species
s as follows, 3s; = 8mnsTy;/B3. For convenience, we introduce the parameter S, in
with the density ng as S = 8mngT,/B3 in the equations of motion. This is noted
because we use the hypothesis of quasi-neutrality in the PIC-hybrid equations, and

the electron density is not uniform.

5.2.2 Shape Functions, Moments of the Distribution Function, and Source

Terms

In principle, it is possible to define the kinetic species as point-particles via a distri-

bution of finite N, particles on the discretized spatial domain [147]

f(r,v,t) = 25 v —r; ()]0 [v—vi(1)].

The number of particles NV, in an actual plasma is in the order of the Avogadro
number. This is not computationally feasible. Therefore, a reduced number of
particles N, is used. The use of such a distribution may lead to spatial discontinuities
due to the possibility of empty cells or abrupt spatial variations in particle densities
between cells. Such discontinuities lead to a noisy distribution and divergent fields,
introducing effects caused by the very discrete nature of the particles [147, 148]. To
avoid such problems, articles are defined with finite size, physically representing a
cloud of particles or a macro-particle.

Macro-particles are defined by shape functions .S, which are evaluated at a po-
sition r on the grid, given the position r; of the macro-particle i, S = S(r — r;).

Typically, shape functions are piecewise and defined by polynomials of degree n. The
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larger n is, the more the numerical noise on the densities and fields is reduced [148].
However, it requires a larger number of evaluations and a higher consumption of
computational resources per macro-particle. Nevertheless, noise is still generated
in the simulation. In one spatial dimension, the shape functions are defined as
Sy = Si(x — z;). For higher dimensions, is possible to use multilinear shape func-

tions. In particular, for two dimensions [148, 150],
S(r—r;) = Su(x — )5, (y — vi)- (5.2.2)

Shape functions are defined in such a way that the integration over the spatial
domain yields [ S(r —r;)d?r = 1. They are used to compute the moments of the
distribution function of the species s by interpolating the particle contribution at a

position r; to the closest grid cell at r. This is achieved as follows,

Ny /N

ns(r) = F, Z S(r—r;,), (5.2.3)

Np/Ns
F
u,(r) = e ; S(r—rj,) Vs, (5.2.4)
Np/Ns
1 F
Tis(r) = 5ms 0 > S(r—rj) [oge — wa(r)?, (5.2.5)
S j=1

where F} is a normalization factor which considers the number of particles per cell,

1 Nos
Fy = : 5.2.6
max [IT,(r)] Zz,ions mino ( )
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where Il is the unnormalized particle density,

N, /N

IL,(r) = Z S(r—rj),

and the factor involves the maximum number of particles per cell. This factor is
necessary in inhomogeneous plasmas, in order to have the correct particle density

per species. In the case of homogeneous plasmas, this term is reduced to

Np/Ne
N,N,’

max [II] =

where N, is the number of species in the plasma.
The source terms are the ionic charge and current densities, p. and j;, respectively.

They are also computed via the shape functions.

Ny /N

Pt = 3wk Y S, (5.2.7)

s, ions

Ns NP/NS
Jir)= > qF Y S(r—rj) vy (5.2.8)
s,ions j=1

In this research, we use shape functions of order n = 2, requiring 3 nodes in one

dimension. For the macro-particle j of the species s we have

(1 /3 2 3 1

Y Y o _Z < g -

2 (2 5]3) ) 2 = 5]5 < 27

)3, 1 1

Sw(x xjs) = 3 Z - g]s? _5 S 5]5 < 5) (529)

1/3 2 1 3

— ) < < =

\2 (2 +€j$) ) 2 — 5]5 — 27
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where ;5 = (x5 — x) /Az, being z,, the position of the center of the macro-particle
and x is the position of the center of a cell. This is illustrated in Fig. 5.2. A macro-
particle at x, on the grid-axis x interpolates a physical quantity via the function S
to the center of the cells the macro-particle spans (black dots and dash-dotted black
lines). Considering the 2D shape function (5.2.2), the shape function we use in our

research is symmetric and involves 9 cells.

S(x —xp)

0.8

' |
Az

cell

Lp

Figure 5.2: Scheme of shape function of order 2 (blue) on the domain x of a particle
with position x,. Cells limits and middle points are indicated. Black dash-dotted
lines indicate the value of the shape function associated to a cell. Red dashed lines
indicate the nodes of the piece-wise function (5.2.9).
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5.2.3 Initialization
Inhomogeneous Density Profile

The initial distribution of particles following an arbitrary mass density profile pg, =
pop(,y) is achieved by using a method typically used to load particles in the velocity
dependency given a velocity distribution [147, 148]. First, particles are uniformly
distributed along y. Then, for fixed positions ¥y, the position x; for the particle ¢
is determined by making the relative number of particles R; along = equal to the

relative accumulative density. This is achieved by solving the equation

POp(miv Yo, 0)

———= = R;, 5.2.10
POp(any()?O) ( )

where y is a fixed section in y, and I, is the accumulative mass-density given by

ng(xi,yo,O):/ pop(, Yo, 0)dzx. (5.2.11)
0

In particular, Equation (5.2.10) is solved via the secant method. The ratio R;
ranges from 0 to 1, and is estimated as follows: For a fixed section 1, along x, each
particle is labeled with a number ¢ in increasing order. The ratio R; is then computed
as the ratio between the number of the particle 7 and the total number of particles

along x for fixed .

Particle Distribution Function

For the initialization of the velocity dependency of the particle distribution (3.2.12),

a pseudo-random number generator function is used to provide numbers with a
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Gaussian distribution for the partcle velocities. In this way, a seed for the velocity
magnitude of a particle at the position (xg, y9) within the space-domain is obtained

straightforwardly from a Maxwellian distribution.

f=+/—In[F (rand)], (5.2.12)

where F' is the function providing pseudo-random numbers. The velocities are com-
puted in the axes of the background magnetic field (2.3.10), because it requires the
use of the thermal velocities at (xg,yo) using the temperature (2.3.11). Typically,
distribution functions are characterized by thermal velocities defined with respect to
the background magnetic field. The proton temperatures defined on the space grid

are given by

Ty () By {50p + Beo {1 - n’;fx)] } :

- 87TTL() np(l'o) 0

Tpi(7) = Ty (),

due to the isotropic initialization. The grid-defined thermal speeds are

T (T) = 1/ 2T (%), (5.2.13)

Tthp L (T) = Tynyp||(T). (5.2.14)

The thermal speeds at the position of the particle (Zo,7,) are interpolated via

the shape functions (5.2.2) from the thermal speeds defined at the grid (5.2.13)
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and (5.2.14).

Nc
Ethpj (I‘is) = Z @thpj(fl)S (I’l — ris) . (5215)
1, cells
The combination of Equations (5.2.12) to (5.2.15) allows us to compute the mag-
nitude of the particle velocities in the directions parallel and perpendicular for a
particle at the position (Zo,7,). These numbers are strictly positive. The veloc-
ity components for the equilibrium are obtained by inserting sines and cosines of

pseudo-random phases, €andom and @random, as follows.

6p|| = EtthfCOS grandomu (5216)
ﬂpJ_,l = Etth_f COos (brandom; (5217)
UpJ_,Z = 6tth_f sin ¢random- (5218)

Finally, the velocities (5.2.16) to (5.2.18) from each particle are rotated to the

axes of the simulation, (z,y, z) via the inverse rotation matrix (A.1.5).

Initial Perturbation

The initial perturbation is set considering the bulk-velocity fluctuation caused by
a superposition left- and right-hand polarized Alfvén waves (4.1.10). Considering
that such fluctuations are feasible, we choose the perturbation in the component z,
transverse to the background magnetic field (2.3.10) and fully contained in the plane

of the simulation.

Oy, (y) = uosin (kyoy) X, (5.2.19)
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where ug is the perturbative amplitude, and kg is the perturbed mode. The mode is
chosen to involve the largest scales along y, therefore, kyy = 27 /L,. In order to im-
plement the initial perturbation in Equation (5.2.19), it is necessary to add a drift to
the particle velocities (5.2.16) to (5.2.18) based on the particle location. The pertur-
bation is a grid-defined quantity. Therefore, the drift added to each particle velocity

must be interpolated to the particle position using the shape functions (5.2.2),

ﬁpO (ris) = ZC ﬁpO (I'l) S (I‘l — I'z‘s) . (5220)

1, cells

5.2.4 Discretization of the Field Equations

The electromagnetic fields are solved by a 2D finite difference scheme. The Equa-
tions (5.1.4) and (8.2.11) are discretized in time in 2nd-order in the time-step. Given
the initial magnetic field of the plasma and the initial density of the species, the cor-
responding electric field is obtained by the following equation. All of the quantities

are normalized following subsection 5.2.1.

1
P:(0)

.

E(0) = {[VxB(0) - j;(0)] x B(0)} — 27.(0)

V5.(0).

Then, the following iterations are computed using the iterative Horowitz method [151].
The method is implicit in time, and uses a corrector-predictor approach [152] to
solve the fields at each time-step. Given the electromagnetic fields for a time-step n,
the fields for the time-step n + 1 is obtained via iterations of the discretized equa-
tions (5.1.4) and (8.2.11). Auxiliary fields are used, which correspond to the fields at

half time-step, n+ 1/2. The discretized equations are shown below. For an iteration
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k > 0, the magnetic field is obtained via the induction law,

S ——ry

B, =B, — ATV x Bl s, (5.2.21)
=) Lk &
Efie =5 [En+1 +E,|. (5.2.22)

For k = 0, the algorithm defines Efﬁl = E,,. For the advance of the electric field,

we have the following equation,

L) 2 a1l = =)
E. ;=2 {[V X B i1 — ji,n+1/2i| X Bn+1/2}
pc,n+1/2
B =_ =
— = Vﬂc,n+1/z - E,, (5.2.23)
pc,n+1/2
=® Ligk &
B.iip= ) |:Bn+1 + Bni| . (5.2.24)

The electromagnetic fields converge to the solution through successive iterations,
taking the fields of the iteration k£ as a correction of the predicted in the iteration
k — 1. This is achieved with Equations (5.2.21) to (5.2.24). The method provides
a good estimation of the fields by 4 — 9 iterations [151]. In this research, we use
15 iterations. Note that the electromagnetic fields at the steps n + 1 and n + 1/2
vary with the iterations. The fields at the time-step n and the source terms are
not modified. Periodic conditions are enforced in the calculation of the derivatives
involved in the curl of the electric field, and by equating the fields with their opposite
borders. This is applied to the fields after each calculation, including the half-step
fields.
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5.2.5 Discretization of the Spatial Partial Derivatives

Partial derivatives in space are computed by a centered, 4th order in AT and Ay
scheme using periodic boundary conditions. Given a grid of N nodes, the derivative

of the array A at a node m such that 3 < m < N — 2 is given by

0A@n) _ A(@m—2) = 8A(@n-1) + 84 (Tpos1) — A (EmH).

T 1OAT (5.2.25)

For nodes m out of that range, the calculation is as follows.
314(5’%\/—1) _ f(IN—?)) - 8f (951\/1—22; Sf (Tn) —_A (1’1)’ (5.2.26)
31‘%;@ _ f(xN—Q) - 8f (931\1;2;_814 (Z1) :A (5U2)’ (5.2.27)
3?(9(;1) _ f(mN_l) —_8A (xlg\;)A—;_8A (xg)_— A (I’g)’ (5.2.28)
91‘2(;2) _ A(zy)—84 (9511)22;314 (T3) — A(Ta) (5.2.29)

The derivatives are also defined on the ghost cells for periodic boundary condi-

tions.

OA(@N+1)  OA(T)

7w ow
OA(T,)  OA(Ty)
ot 0T

5.2.6 Discretization of the Particle Equations

The particle Equations (5.1.1) and (5.1.2) are solved using the Boris algorithm

with gyrophase correction. This method is second-order in the time-step At, non-
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symplectic, and phase-space volume conservative [148, 153, 154]. The algorithm up-
dates the velocity by splitting the advance by electric field forcing and magnetic field
forcing into three steps: one advance by half-step with the electric field, a rotation
with the magnetic field, and the remaining half-step with the electric field [148, 150].
Such splitting and ordering of the stages allows for the algorithm to be reversible
in time, aside from numerical imprecisions [155]. For this purpose, we redefine the

electromagnetic fields as

At G, —
e; = _%E7
2 My
AT, —
b,= 18
2 my,

for the advance of particles of the species s. Note that these fields are evaluated at
the particle position. This is made by interpolating the electromagnetic fields at the
position of the particle i of the species s, r;s, by using the shape functions (5.2.2),

Ne

E(ry) =Y E®)Srm—ri), (5.2.30)

1, cells

B(ri,)= Y B(r)S(r—ri), (5.2.31)

where N, is the number of cells covered by the shape function representing a macro-
particle and r; is the position of a cell [ in which the macro-particle is located. The
shape functions in the field interpolations (5.2.30) and (5.2.31) is of the same order as
that used in moments (5.2.3) to (5.2.5), and in the source terms (5.2.7) and (5.2.8).
This choice avoids introducing non-physical effects such as particle self-forcing [148].

Given the electromagnetic fields, the velocity advance in a time-step for the velocity
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of a particle ¢ of the species s at the step n — 1/2,

ﬁSi = Vsi,n—l/? + es,n, (5232)
Wi = Uy + F (Wai; bsn) (5.2.33)
Vsi,n—i—l/Q =Wy + €sn» (5234)

where F is a function representing the rotation by the magnetic field forcing in a

half-step. For the case of the gyrophase correction the rotation [154] is given by

2 b,
1 + tan? |by | Usi + s b an by,

s,n

byl

F (Ugi; bs.n) tan |bg| .

(5.2.35)

This rotation is an approximation to the exact rotation of the particle velocity
during one time-step Af. A scheme is shown in Fig. 5.3. The magnetic forcing
rotates the velocity by an angle # = 2|bs,| with unitary vector b,/ |bs,|, out of
the plane (green in Fig. 5.3) of the velocity U,; (blue in Fig. 5.3). The rotation is
separated into two stages with angles 6/2 [148, 153, 156]. The first stage rotates the
vector ug; with magnitude tan |b,,| (solid, black in Fig. 5.3),

b
> tan [bg,| . (5.2.36)
[bnl

ﬁs_z = Uy + Uy X

The second stage rotates U, to the vector wg; (solid, red in Fig. 5.3) by obtaining
the rotated vector F with magnitude sin 2 |by;| (dash-dotted, red in Fig. 5.3). The

vector W; is an approximation to the exact vector W<t (solid, dark red in Fig. 5.3).
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Figure 5.3: Scheme of the magnetic rotation of the velocity vector in the plane
transverse to the normalized, local magnetic field b, ; of the Boris algorithm with

gyrophase correction. Intermediate vectors and rotations in Equations (5.2.32),
(5.2.33), (5.2.35), and (5.2.36) are shown.

By using the trigonometrical identity,

2tan |bg |

sin2bonl = 5oL T

Equation (5.2.35) is obtained, completing the rotation by magnetic field forcing.

Finally, the position advance is made with the velocity V; 41/ from the position

fsz’,n to Fsi,n—i—la
fsi7n+1 = fsi,n + Atvsi,n_i_l/z. (5237)

The property of phase-space volume conservation leads to bounded variations in
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the total energy in a conservative system. The Boris algorithm in Equations (5.2.32),
(5.2.33), (5.2.34), and (5.2.37), can be defined as a one-step map g : zy = (Fk,vk,l/g) —
Zii1 = (fkﬂ y Vi1 /2) [153]. The properties of non-symplecticity and phase-space vol-
ume conservation can be deduced from the Jacobian matrix of the map g, 015 /0z.

This matrix does not verify

ovp" [0vs] _
[0zk1 J{(‘?zkl_']’

where J is the 6 x 6 symplectic matrix, given by

0 I
J= ,
-I 0
with 0 being a 3 x 3 matrix of zeros, and I being a 3 x 3 identity matrix. There-
fore, the map is not symplectic at each time-step. However, the determinant of the

transformation is equal to the unity, so that the phase-space volume is conservative

for each time-step, although it is not symplectic [153].

5.2.7 Digital Filter

As mentioned in subsection 5.2.2; a PIC code introduces intrinsecal numerical noise
due to the discreteness of the particles. Without control, noise may grow to large
amplitudes and dominate the dynamics of the simulation at the expense of the actual
physical processes. This issue can be minimized by (i) increasing the order of the
shape functions, (ii) applying filters to grid-defined quantities, or (iii) increasing the
number of particles per cell.

In this subsection we focus on the specific use of digital filters applied to the
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source terms, the charge density (5.2.7) and the current density (5.2.8). The choice
is made based on using less computationally demanding methods.

Source terms are filtered with the purpose of reducing the numerical noise,
smoothing the quantities, and for compensation [148]. Smoothing reduces the am-
plitudes of small-scale fluctuations caused by numerical noise. However, this may
affect quantities at large scales, eliminating actual physical processes of the simu-
lation. Thus, compensation is used to reduce this effect. In order to discuss the
filtering, we consider a one-dimensional, grid-defined quantity ®(x) at a cell j with
characteristic weight W constant [148]. Generally, a filter may be defined with sev-
eral nodes. For the sake of brevity, we focus only on the filter used in this research,

a three-node filter,

W (2,.1) + ® (x) + W (x
(I)ﬁltered(xj) — (ZL‘] 1) +1 _’_(2]12/_'_ (xj+1). (5238>

The filter (5.2.38) is symmetric for momentum conservation. The filter is Fourier-
transformed to obtain the coefficients W, considering that the system has periodic

boundary conditions.

1+ 2W cos (kAx)
14 2W

piittered (1) — ®(k) = My (kAx)D(k).

The value W = 1/2 leads to an attenuation of order O [(k’Aaj)Q], and decays to
zero as the argument of the cosine tends to 7, which means that small scales are
reached. Therefore, small-scale numerical noise is reduced from the simulation. The
smoothing filter My, can be applied several times to the quantity ®.

To eliminate the residual order of the attenuation, a final compensation filter,

My, is applied after N successive applications of the smoothing filter. The compen-
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sator has the same functional form My .
(k) = My, ME (k). (5.2.39)

The coefficient of the compensator W, depends on N. It is obtained by expanding
the resulting numerator of the filters with compensation in Taylor series. Here, W,
is the value that eliminates the second order term in kAz. For this research, we use
N =5, leading to W, = —5/14. We apply the filters for quantities defined on a 2D
grid as

W (x5, 1) + W (21, y1) + 2P (x5, 1) + W (2541, 51) + WP (25, y111)
2(1+2W) ’
(5.2.40)

My =

centered at a node [z;,]. We note that this filter can be improved. Birdsall and
Langdon [148] develops a 2D formalism which also includes the corner cells around
the center. Not just the side cells. We currently do not have an estimation of the

difference in applying that filter compared to the one in Equation (5.2.40).

5.3 Spectral Analysis

5.3.1 Damping Time-rate from Simulations

In order to compute the damping time-rate from simulation data, it is necessary

to estimate the oscillation frequency wsn/$2,, and the damping rate /2, used to

81



derive Eq. (2.2.17),

™D WsIiM
— = . 5.3.1
™ 27|y ( )

In this work, we estimate the oscillation frequency wspy from the kink oscillations
of the slab in a domain in z restricted to the oscillatory slab, including the inhomo-
geneous layers in density fluctuations dn, = n, — n,, and the oscillating frequency
of the perturbed bulk-velocity component du,, (5.2.19). The frequency is obtained
from the dispersion relation in both spaces w, — k&, or w, —k, during the time-interval
where damping is observed. This is supported by the analysis of the spectra in both
decompositions.

The damping rate v is estimated from a spectral analysis of the perturbed bulk-
velocity (5.2.19). This component is decomposed in wavenumber k, at different
sections z within one of the inhomogeneous layers. Then ~ is estimated from the

envelope of the time-evolution of the perturbed mode k&, of du,,.

5.3.2 Wave Polarization in the Plasma Physics Sense

In plasmas, the particle gyromotion with respect to a background or mean magnetic
field By is relevant to describe the underlying physics. Therefore, the polarization
of the electromagnetic waves in the plasma physics sense is measured with respect
to the direction of the background magnetic field By [135].

In order to determine the polarization of the waves we find in the electromagnetic

fields, we use the dispersion relation plots in w, — k; and w, — k, spaces at specific
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Figure 5.4: Scheme of two circularly-polarized waves counter-propagating in the
direction y on the plane xy (gray surface) with opposite magnetic helicity (red for
forward propagation, and blue for backward propagation). The background magnetic
field By (green) and the direction of the phase velocities v.

regions of the plasma, the phase velocity v, [157] given by

Wy

Vo
and the spatial helical structure given by the spectral magnetic helicity o, (4.2.16),
which is measured with respect to the wave-vector direction. Circularly polarized
waves counter-propagating in y, constrained to the plane xy are shown in Fig. 5.4
along with their respective phase velocity vectors. Their helicity determines their

spatial structure (o, > 0 left-hand helicity, red wave; and o,,, < 0 right-hand helicity,

33



blue wave).

€1,2,

=
N—

8
A

€12,

N

Y

Y

Figure 5.5: Same as Fig. 5.4 but with the observer facing the background magnetic
field By (green). The plots at the left-hand show the sense of polarization of the
waves in the plasma-physics sense using the axes provided by the rotation (A.1.4).
Wave vectors k; and ks are contained in the plane xy (gray surface).

The phase velocity components are estimated by using the dispersion relation
plots. This gives the direction of propagation of the signals in x and y. The phase

velocity indicates in which direction the helical structure provided by o,, is traveling.
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Then, the sense of polarization of the wave is determined by an observer pointing
opposite to the background magnetic field By as shown in Fig. 5.5 from Fig. 5.4.
The rotation of the fields projected onto the plane of observation corresponds to the
sense of the polarization. In the example of Fig. 5.5, the forward propagating wave
with o, > 0 (red wave) has a right-hand polarization (RHP) as seen by the observer.
On the other hand, the wave with o, < 0 (blue wave) seen by the same observer
measures the same sense of rotation as the red wave. Therefore, both waves are RHP
in the plasma physics sense.

A more straightforward method is proposed by Smith et al. [135] which requires
only the magnetic helicity o0, and normalized cross-correlation o.. However, this
method is proposed for Alfvén waves in homogeneous plasmas only. These results
do not necessarily follow for KAWs in inhomogeneous plasmas. The more generic
result using the product Byo,w,/k (being > 0 for right-hand polarized waves and

< 0 for left-hand polarized waves).

5.4 Construction of the Particle Distribution Functions and

Temperatures

The distribution functions and phase-space portraits are constructed as 2D-histograms
of the particle data, which consists of the particle positions (z,, y,), and the velocities
(Up||> Up, 1,15 Vp,1,2), aligned with the background magnetic field By. Histograms are
constructed using the package StatsBase. j1 of the Julia programming language.
The perpendicular directions are defined such that (L;) is aligned with = and
(L5) is contained in the plane y — z and perpendicular to By [transformation is given

explicitly in Appendix A.1, Equation (A.1.3)]. Each histogram captures a pair of
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variables, averaging over the remaining ones. Since the proton distribution functions
vary throughout the space domain, specific spatial domains are selected to analyze
the local kinetic features of the plasma.

For the averaged space variable, small sampling domains are selected. In x—domain,
we examine two regions: inside one of the inhomogeneous layers at * = x1, Ry =
[x1 — Aly, 1 + Al,] [inside region (III) in Fig. 2.3]; and at the center of the slab,
r =29 =L;/2, Ry = [x9— Al,, x5+ Al,] [inside region (I) in Fig. 2.3]. The domain
width Al, sampled varies from 2 (I/R = 0.2) to 4 cells (I/R = 0.5). These widths
allow us to sample enough particles to construct the distribution functions and to
capture small-scale features of the distributions.

In the y—domain, the important regions are: y = y; = 3L,/4, R,y = [y1 —
Aly,yp + Aly); and y = yo = L,/2, Ryp = [y2 — Aly, yo + Aly]. The width Al, of
this region is 13 cells, covering the cavity and the winglet separately. This regions
are found relevant in the analysis of results prior to the study of the phase-space
portraits and velocity distribution functions.

The velocity distribution functions are computed as 2D-histograms of the particle
data. The histograms use a pair of velocity components, averaging over the remaining
one. Sampling regions in the space domain follow those used in the phase-space
analysis. In z, the domain is restricted to the left-inhomogeneous layer R,;. The
domains in y are restricted to R, X Ry1, and to Ry X Rys.

We track the temperatures in the background magnetic field-axes, Ty, T),1 1, and
T, 2 using the same spatial domains employed for the phase-space portraits and the
velocity distribution functions. Thus, we examine a density cavity (R, x R,1) and
a density winglet (R,1 x R,1). Temperatures are space-averaged in these domains to

characterize their time evolution.
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5.5 Parameters used in the Simulations and Limitations

5.5.1 Parameters used for the Simulation

The dimensions of the system we use and the parameters we use in this research are
discussed in regard of realistic parameters measured in coronal environments. The
simulations consider a spatial domain of lengths L,$,/vs = 170 and L,Q,/vs4 =
251.32 as in the previous works studying resonant absorption with a PIC-hybrid
model [37, 38|, where Q, = ¢,By/m,c is the proton cyclotron frequency and vy =
By/ \/W is the Alfvén speed inside of the of the slab at the initial instant.

The spatial grid is defined with 256 x 256 nodes, having an improved resolution
in the direction of the density gradient. On this grid, 1024 macro-particles per cell
are used. Both the resolution and the number of macro-particles per cell are higher
than those used in the cited works. With these conditions, we choose the time step
Q,At = 0.05 so that it verifies the CFL condition (5.2.1).

The density profile in Equation (2.2.16) has fixed parameters pi,/po = 1, pen/po =
0.5 and R),/va = 40, so that the slab and the inhomogeneous layers are totally
contained within the domain in x and away from the boundaries. We briefly refer to
the spatial lengths of our system. Particle density in coronal loops is found to be at
most ~ 10% ecm™3 [73, 74, 83-85]. This allows for the largest proton inertial lengths
to be in the order of 23 m. Therefore, the size of the plasma we use is both smaller
than a coronal loop (spatial scales in the order of 1 — 100 Mm [27, 83]), and smaller
than what can be measured with the current technology (SolO allows for a spatial
resolution in the order of 100 —200 km [90, 91]). Thus, the size of the spatial domain
and of the inhomogeneities we consider may not represent observable structures in

the solar corona.
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Observational research finds that quantities such as the background magnetic
field and the particle density vary along a whole coronal loop, but they remain nearly
uniform in a range of ~ 40 Mm around the apex [83]. Therefore, the configuration we
use corresponds to a short section around the apex of the loop. In any case, it allows
us to investigate the physics of resonant absorption from a multifluid perspective,
including kinetic effects when fluctuations reach spatial scales in the order of the

proton inertial length.

5.5.2 Closeness of the Initial Distribution to Exact Equilibrium

As discussed in Chapter 2, the system in MHD equilibrium is not an exact equilibrium
condition from a kinetic framework, but it is possible to consider it as close enough
to such a condition for our research.

A simulation test is conducted to verify that the system with the conditions given
by Equations (2.3.10) and (2.3.11) behaves as an equilibrium state without external
perturbations. We track the fluctuations of the total energy of the system, the mag-
netic field fluctuations, distribution functions, and the density profile for a range of
time Qtiesr = 2400 with parameters such that the distribution (3.2.12) deviates the
most from the exact distribution (I/R = 0.2). These quantities remain identical to
the initial condition except for noisy fluctuations throughout the space domain, with
amplitudes ~ 1073 B,. This supports the conclusion that the distribution (3.2.12) is
an equilibrium state, or at least as a quasi-stationary state for long periods of time
before the perturbation du,, (5.2.19) is applied.

The chosen parameters lead to a proton gyroradius in the order of 107! proton
inertial lengths, smaller than the width of a spatial cell, whereas the order of magni-

tude of the length of the inhomogeneity is at least in the order ot 10 proton inertial
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lengths. By evaluating the series expansion of the exact stationary distribution up
to first-order in the parameter r,/l;,, we find that the first order term is inversely
proportional to the inhomogeneity scale, so that the ratio [/R = 0.2 provides the
largest first-order term. The ratio between the first- and zeroth-order terms is at
most 1.5 x 1073 at the bulk of the distribution function, favouring the zeroth-order
term, Equation (3.2.12). The same conclusion is found at the tail of the distribu-
tion, [—v, cos ¢ + v, sin @] ~ 4vy,, with the ratio growing up to 1.5 x 1072 at most.
Noisy fluctuations are in the order of the distribution fluctuations at the equilibrium.
Therefore, it is possible that such fluctuations dampen deviations of the zeroth order
term (3.2.12).

This explains the absence of variations in the test simulation, and allows us to
use it as a state quasi-stationary enough for our research, despite the fact that it is

not an exact equilibrium solution of the Vlasov equation.

5.5.3 Validation of the Approximation for Non-linear Coupling
Comparison of Rotations with Electric Field Data

In order to check the applicability of the approach of Mottez [47], it is necessary to
test the transversality of the electric field fluctuations with respect to the axes of the
magnetic field lines B. This means to test 5Eﬁ = 0 by using the electric field data
from simulations and the rotations with the transformation (8.2.3). This is done by

is, and tracking its maximum value in time.

checking how close to zero ‘5Eﬁ
Then, the parallel component 5E|1|V[°“ez caused by the non-linear coupling is com-
puted from the simulation data using the unit vector (8.2.6) under the assumption

of (5Eﬁ = 0. This equation requires computing the transverse components in the

39



axes of the magnetic field line, dE] ;, with the unit vectors (8.2.4) and (8.2.5) to
first order in the angles 6, ;. Then, the closeness of this approximation is tested by
computing the difference between the parallel field data and the rotation of Mottez

[47] |0E) — 0E}™"*”|, and tracking the maximum value in time.

Approximations for the Analytical Calculations

In this research, the angle ¢ is different from 90°. Thus, the components of the
induction laws related to the transverse components (8.2.13) and (8.2.14) involve
gradients of the components d F in both z and y, which are neglected in the calcu-
lations. These terms are explicitly computed from simulation data considering the
mode k, = 2k, (dominant mode in k, in gradients of 0 ), and compared with the
respectives gradients of the transverse components considering the mode k, = ky
(dominant mode in k, in gradients of JE ;) at a section x at the center of the left
inhomogeneous layer, where the largest fluctuations occur. This comparison aims to
provide an estimation of the difference in orders of magnitude of the neglected terms
with respect to retained terms.

We proceed with the partial derivatives with respect to time t of the amplitudes
of the transverse magnetic field components in the induction law [second line in
Equation (8.2.15)]. The mode k, = ky is tracked in both components 6B, ; and
0B o taking simulation data in the same section z. The idea is to obtain the
growth/damping rate to compare it with the frequency w’ in Equation (8.2.15).

This rate is obtained as follows for magnetic field amplitude Bf ; of the component
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¢ with propagation 7,

OB /ot

5.5.1
B (5.5.1)

YBLl,i =

The component B ; is related to resonant absorption and its damping rate is
used as the characteristic time-scale. The component B, 5 represents the growth
of localized fluctuations, and does not exhibit an exponential growth rate. Equa-

tion (5.5.1) is applied to this component.

5.5.4 Closeness of Cross-field Drift to Proton Bulk Velocity

The analysis conducted regarding the dynamics in the direction transverse to the
background field (2.3.10) considers a comparison between the bulk velocity and the
cross-field drift components. This is made by evaluating the maximum value of

|0up1 j — vEmL,;| as a function of time.
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Chapter 6
Multifluid Resonant Absorption on a Slab

Geometry

The simulation setting corresponds to a magnetized 2D plasma slab with density
profile (2.2.16) [Fig. 2.4], and a uniform background magnetic field (2.3.10). The
fluid quantities are set with a pressure-balanced condition, leading to a proton tem-
perature profile (2.3.11). The slab is perturbed with bulk velocity (5.2.19) in the
fundamental mode in y with amplitude ug/v4 = 0.1.

Other parameters are 3. = 0.005, By, = 0.01. The grid is defined with N, x N, =
256 x 256 nodes, lengths Q,L, /vy = 170, Q,L,/va = 251.32. The total number of
particles considers 1024 macro-particles per cell before initialization with the density
profile (2.2.16).

Simulation settings consider: 1. Fixed angle ¢ = 45° with different ratios [/ R =
0.2,0.3, 0.4, and 0.5; 2. Fixed ratios [/R = 0.2 and 0.5, with different angles ¢ = 10°,
22.5°, 33.75°, 45°, 56.25°, 67.5°, and 80°.

6.1 Resonant Absorption in the Plasma

The process of resonant absorption is observed in the plasma slab during the evo-
lution of the system. The zones that are resonant with the perturbation excited

at the initial instant are located in the inhomogeneous layers between the slab and
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the tenuous medium. This is observed in Fig. 6.1, which shows the evolution of the

proton density n, at five different instants of the simulation for the ratio [/R = 0.4.

(@) Q,t=0.0 (b) Qut = 600.05

(c) Qpt =1200.05 (d) Qpt=1800.05 (e) Qpt=2200.05 1.0

0 50 100 150 0 50 100 150 0 50 100 150 0 50 100 150 0 50 100 150
XQp/Va XQp/Va XQp/va XQpl/Va XQp/Va

Figure 6.1: Evolution of the proton density n, as function of x and y at five different
instants. Ratio [/R = 0.4 and ¢ = 45°.

The perturbation (5.2.19) causes the whole slab to oscillate in the direction trans-
verse to the background magnetic field. These correspond to kink oscillations. The
amplitude of the perturbation allows the slab structure to persist during the evolu-
tion of the plasma. The oscillations of the slab have nodes at y = 0, L,/2, and L,,
and antinodes at y = L, /4 and 3L, /4. During the evolution of the plasma, zones
of enhanced density are developed around the antinodes, caused by ponderomotive
forces [gradient-driven forces; see Fig. 6.1 (b)] which are typical in low beta plas-
mas [48, 158, 159]. This is identified in the enhanced density at the antinodes of the
slab undergoing kink oscillations [48, 158].

As the large-amplitude oscillations cease, they become localized at the layers
(around x = zy + R), where small-scale structures form around the nodes. They
correspond stationary to density holes, where there are depletions of protons. At
later times, the density enhancements at the antinodes are displaced from within the
slab to the nodes and towards the boundaries of the slab. We label these structures as

winglets. Both the holes and the winglets persist in the simulations. Their formation
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involves kinetic features which will be studied in Chapter 8.

For other ratios [/ R, density holes and winglets are also formed in the inhomoge-
neous layers. Although not shown here, the widths of these structures at the layers
grow proportional to the value of I/R. Therefore, these strutures are formed for dif-
ferent ratios [/ R, suggesting that the width of the layers does not alter the physics
significantly for fixed angle .

6.1.1 Resonant Absorption Observed in Vector Quantities

Resonant absorption is also observed in the vector quantities. To analyze vector
quantities, the bulk velocity and the magnetic field fluctuations are rotated from
the system of axes of the simulation, x — y — z, to a system of axes aligned with
the background magnetic field By ||, L1, Ls. This rotation is given by the transfor-
mation (A.1.3). Since magnetic fluctuations are such that §B/B; ~ 0.1, the mean
magnetic field in space is aligned with the background magnetic field By at all times.
Therefore, the transformation (A.1.3) is constant for all the simulations.

Figure 6.2 shows the evolution of the fluctuations of the magnetic field compo-
nents 0B = B — By during the resonant absorption process found for /R = 0.4.
In the component dB), small-scale structures are formed around the zones of the
inhomogeneous layers, at the zones where the proton density holes are formed. The
amplitude of these fluctuations is smaller than that of the other components of the
fluctuating magnetic field. In the component 6B, ;, variations occur mostly along
the dependency on y mostly in the mode associated with the excited large-scale
mode (5.2.19), with decreasing amplitude as the resonant absorption occurs. Simi-
larly, small-scale fluctuations are formed in the zones of the inhomogeneous layers,

which become noticeable around instant €2, = 960.05. In the component 0B 5,
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Figure 6.2: Evolution of the magnetic field fluctuations 0By [(a) to (e)], 6B 1 [(f)
to (j)], 0BL2 [(k) to (0)] as function of z and y at five different instants. Ratio
[/R = 0.4 and ¢ = 45°.

small-scale fluctuations grow in amplitude during this process in the zones of the
inhomogeneous layers, where the proton density holes are formed, having extreme
amplitudes in the zones of the density minima. This indicates that there is energy
transfer between the perpendicular components of the magnetic field fluctuations
during resonant absorption from scales in the order of the size of the system, ~ L,,
to scales in the order of the width of the inhomogeneous layer around the resonant
magnetic field lines, ~ . The comparison between the components 65 ; and 6B o

indicates that the excited waves have changed their direction of propagation, and
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localized within the layers.

Figure 6.3 shows the evolution of the energies associated with the perpendicular
components 6B ; [frame (a)] and 0B, » [frame (b)] for different ratios {/R. The
component 05 ; is associated with the large-scale, global mode, whereas 6B 5 is
associated to localized, small-scale fluctuations. Both energies are computed con-
sidering a domain in x restricted to the oscillating inhomogeneous layers around
2, /va = 45. The energies of the components 0B ; decrease in time with increas-
ing magnitude damping rate for thicker layers. After time ,t ~ 900, the energy
becomes more damped with a larger ratio {/R. In the component 6B, 5, fluctua-
tions grow in time during the damping of the energy in 6B, ; with the energy for
a smaller ratio [/ R having smaller amplitudes. Then, the energy in 6B, » reaches a
saturation, with the energy in smaller ratios [/ R exhibiting the smallest mean value.
Accordingly, there is less energy contained in the small-scale structures for thinner
layers. This is in agreement with the theoretical interpretation of the damping due
to resonant absorption with the efficiency in transferring energy to small scales from
the global mode [9, 15].

Because energy is being transferred to the component 0 B » and small-scale struc-
tures are developed in it, we follow the spectral fluctuations 0B, 5 in wavevector
k—space at five instants during the damping in 0B, ; caused by resonant absorption
for ratios [/R = 0.2 and 0.4 (Fig. 6.4). Signals with a wide range in wavenumber
k. having quasi-perpendicular wavevector are generated in all of the cases. This is
consistent with the structures in 6 B, » at the layers [Figs. 6.2 (k) to (0)]. The spectra
in k, are obtained by restricting the domain in x in a way such that it involves the
plasma slab with the oscillating inhomogeneous layers. In all of the cases of [/ R, the

amplitude of signals grows toward smaller scales, predominantly in k,. This range
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Figure 6.3: Evolution of the magnetic energies of the components (a) dB 1,
E 0B, 1], associated to the large-scale mode, and (b) 6B, 2, E[0B 2], associated
to the small-scale luctuations in the inhomogeneous layers for different ratios I/ R
and fixed angle ¢ = 45°. Their calculation involves only a domain containing the
inhomogeneous layers. A damping-rate is estimated for the energy E[0B ;].

is broader in [/R = 0.2 and decreases with wider inhomogeneous layers. Fluctu-
ations in a smaller space domain involve a large number of Fourier modes in the
overall waves. The scales reached during resonant absorption and at further times
are discussed in a forthcoming section of this research.

According to the wavevector decomposition shown in Fig. 6.4, although the damp-
ing is stronger and energy is larger in small scales both for larger ratios {/R, the
energy transfer reaches the smallest scales for smaller I/R. By taking /R = 0.2, we

observe that although the less amount of energy is transferred from the large-scale
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Figure 6.4: Evolution of the 2D magnetic spectrum |6 B, 5(k)|* in log-scale for I/ R =
0.2 [(a) to (e)] and 0.4 [(f) to (j)] as function of k, and k, at five different instants
during the process of damping. Case of ¢ = 45°.

mode in 0B, ;, the closer to kinetic scales (vak, /€2, 2 1) are small-scale fluctuations
in 0B 5.

Figure 6.5 shows the evolution of the proton bulk-velocity components [computed
as in Equation (5.2.4)] during the process of resonant absorption for /R = 0.4. These
components are rotated to the axes aligned with By. The spatial dependency of the
components is similar to that found in the magnetic field fluctuations in Fig. 6.2. In
the component du,, fluctuations develop within the plasma slab, indicating a flow of
plasma with sinusoidal variations along y due to the projection of By along the axis
of the slab. In the component du,, 1, the initial perturbation (5.2.19) is observed
mostly within the plasma slab oscillating in time whose amplitude is reduced during
the process of damping in the same way as in the magnetic field component 0B .
The component du, » develops small-scale fluctuations of growing amplitude in the
inhomogeneous layers around the resonant magnetic field lines. Accordingly, the flow
of the plasma occurs mainly in the direction of the kink oscillations in the initial
instants to the other transverse direction, localized in the inhomogeneous layers and

the density holes. Zones of zero flow in du,; » occur at the zones of largest width
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Figure 6.5: Evolution of the proton bulk-velocity fluctuations du, (amplitude scale
factor 1072) [(a) to (e)], du,. 1 (amplitude scale factor 1071) [(f) to (j)], dupl o
(amplitude scale factor 1071) [(k) to (0)] as function of z and y at five different
instants during the process of damping. Ratio [/R = 0.4 and ¢ = 45°.

in x of the holes. The largest flows occur in the winglets limiting the holes. These
features are observed in all of the simulated ratios /R, differing in the width of the
region where the fluctuations develop along z.

In summary, during resonant absorption in both the proton bulk velocity and
the magnetic field fluctuations, large-scale waves propagating with direction y are
refracted around the resonant magnetic field lines. These fluctuations acquire wave-

vector mostly aligned with z. In the axes of the background magnetic field By, their
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wavevectors change from the plane ef —e; o (y) to the direction e, ; (x). Energy
is deposited at small spatial scales in the direction parallel to the proton density
gradient. This process is observed in the damping of large-scale fluctuations in the
magnetic field component 6B ; [Figs. 6.2 (f) to (j)] and the simultaneous growth
of small-scale fluctuations in the component dB » [Figs. 6.2 (k) to (0)] and in their

respective energies (Fig. 6.3).

i
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(a) Qpt =240.05
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Figure 6.6: Evolution of the parallel proton vorticity w, as function of x and y at
five different instants. Ratio /R = 0.4 and ¢ = 45°.

The proton vorticity w, = V x du, has been studied with regard of resonanty
absorption. Theoretical research of resonant absorption of kink-modes in cylindrical
plasma columns based on single-fluid MHD models [16, 17] predict that the com-
ponent parallel to By is enhanced with respect to the transverse componnts. This
occurs in the resonant regions. The vorticity is zero everywhere else.

The parallel component wy is shown in Fig. 6.6 for the ratio [/R = 0.4. The
parallel vorticity is enhanced at the inhomogeneous layers where resonant absorp-
tion occurs. The zones of maximum amplitude correspond to the winglets observed
in the proton density at the nodes of the slab having the same sign in y = 0 and
L,, and opposite with respect to y = L, /2, allowing the flow of particles from one

winglet to the other via the density holes. The parallel vorticity is nearly zero at
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the center of the density holes observed in Fig. 6.1. As resonant absorption occurs,
the vorticity continues to be enhanced, remaining nearly zero anywhere else in the
plasma. The perpendicular components of the vorticity remain at low amplitude in
all of the plasma, even in the inhomogeneous layers. Numerically, we find the ratio
lwpi [/ |y |2 ~ 1072, where |w,, |* = 21+ w5 It also indicates that the large-
scale fluctuations excited in the inhomogeneous layers are of Alfvénic nature. This
feature provides further features of these simulations consistent with resonant ab-

sorption at the inhomogeneous layers. We observe this feature for all of the simulated

ratios [/ R.

6.1.2 Mode Decomposition of du,, ;

Further analysis shows the Fourier decomposition of the bulk-velocity component
dup, 1, in which the perturbation is set and energy is injected at large scales.

We are interested in characterizing the decay of large- to small-scale fluctuations
during resonant absorption. The procedure is described in subsection 5.3.1. The
component du,, 1(r,t) = —du,,(r,t) is Fourier-decomposed in wavenumber space
k, at fixed sections z, considering the whole domain in y. Figure 6.7 (a) shows
the evolution of the density fluctuations for modes in k, of the plasma slab for the
ratio [/R = 0.4 at the section x = L,/4 inside the inhomogeneous layer, where the
absorption is expected to occur. The first mode of the plasma slab in y, k, = kyo,
exhibits an exponential decay during the time-interval 450 < Q,t < 1300. By
repeating this analysis across the whole plasma slab, we find that the damping of the
excited mode is highly non-uniform. We focus on the inhomogeneous layers, where
resonant absorption occurs [Fig. 6.7 (b)]. By repeating the analysis for other layer

thicknesses, /R = 0.2, 0.3, and 0.5, on du,, 1, it is found that the space-dependency
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Figure 6.7: (a) Mode decomposition of the bulk-velocity component éu,, ; in k, for
the domain in y comprising the plasma slab at the fixed section z€2,/v4 = 41.83594
inside the left inhomogeneous layer. Mode 1 (solid lines) with the estimated damping
rate (dashed lines). (b) Evaluation of the damping rate for modes 1 in k, across the
whole plasma slab. Ratio /R = 0.4 and ¢ = 45°.

on z is similar within the inhomogeneous layers during the same time interval.
Figure 6.8 shows the damping rates associated with resonant absorption [frame
(a)], the oscillation frequencies of the slab compared with the left- and right- mode
frequencies [frame (b)], and the damping time-rate [frame (c)]. These quantities
are shown for different [/R. Generally, the magnitudes of the obtained damping
rates decrease with the thickness of the inhomogeneous layers [Fig. 6.8 (a)]. This
tendency is expected from single-fluid MHD theory on resonant absorption in the

case of weakly damped fluctutuations [7, 9, 13, 160, 161]. This occurs because the
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phase of the oscillations of the local magnetic field lines varies the most for smaller
ratios [/ R, thus for thin layers there are fewer magnetic field lines in phase close to
the resonant layer than for larger /R, making the energy-transfer process to take

longer for smaller [/R [161].
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Figure 6.8: Oscillating properties of the plasma column for different ratios [/ R based
on the component du,, ; in the inhomogeneous layers. (a) Damping rate v/€2,; (b)
oscillation frequency wsmv/€2, of the plasma columns estimated from the simula-
tions (blue) and the extreme values of the left and right mode frequencies (6.1.1)
and (6.1.2); and (c) calculation of the damping time-rate m,/7p for different ratios
[/ R based on MHD theory (2.2.17) and on simulation data (5.3.1).
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By following the dispersion relation in w, — k, of the proton density fluctuations
for the same domain used in z, the frequency of oscillation of the plasma slab can
be obtained. The dispersion relation is obtained for the instant t, considering a
variable time-window At, depending on the ratio /R, so that the time-Fourier
transform considers a time-range to — At,, <t < ty. The frequency is solved initially
in the same time range used to estimate the damping rate. By extending the time-
window to involve previous instants, it is noted that the most intense signals observed
in the dispersion relation remain mostly unchanged but with less uncertainty in
frequency. Therefore, we use a time-window ,At,, = 1020 for all of the cases. The
oscillation frequency remains mostly independent of [/ R and corresponds to w,. /€2, =
1.84799x1072. This oscillation frequency is compared with the frequencies of the left-
and right-modes frequencies in homogeneous plasmas for parallel propagation [48],
using the parameters from the slab and the tenouous medium. In such a case,
they obey the dependency in Egs. (6.1.1) and (6.1.2), obtained from the general

Equation (4.1.9). These frequencies use local parameters of Alfvén speed, and density

) _
(.UL(x) _ k UA /UAp( ) _1 + 1 +4 QQ 'U124 (6 1 1)
Q, 2(22 v k%A vi, ()| o
wr(r) szA V% () L et Q2 i (6.1.2)

Q, 202 ] i /{ZQUA vi, () |

where the Alfvén speeds ratio considers the Alfvén speed is vq4 = B/ \/W
computed with the normalization density ng, and va, = By/ \/W is the
local Alfvén speed computed with the local proton density. Due to the angle of the
magnetic field with respect to the plane of the simulation, the perturbation (5.2.19)
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with wavenumber £, means that the excited waves propagate with wavevector given
by Equation (2.2.5) based on the transformation in Eq. (A.1.5), which means that
perturbations propagate along the background magnetic field By and in the perpen-
dicular direction €, 5. Therefore, the use of Egs. (6.1.1) and (6.1.2) in the analysis
is for comparison purposes only.

The frequencies measured from the simulation are located within the range of
the left and right modes frequency (6.1.1) and (6.1.2) respectively, as observed in
Fig. 6.8 (b). The frequency uncertainty in the order of 6 x 10~%. Therefore, the
closeness to the theoretical frequencies using the parameters of the inside of the slab
is not significant.

With the damping rate v/, [Fig. 6.8 (a)] and the oscillation frequency wgn /S,
[Fig. 6.8 (b)], it is possible to compute the damping time rate which is a quantity
predicted by MHD theory for the transverse oscillations of a plasma slab with inho-
mogeneous layers given by a linear profile under a single-fluid, ideal plasma with no
background flow and uniform background, pressure-balanced magnetic field under
the condition of thin transition layer approximation, /R < 1, [13-15]. The damp-
ing time-rate mp/7p under such conditions is given by Eq. (2.2.17) (see section 2.2

for further details),

T_D_ 1 i pin+pen Ly/R
P [sin x| 73 [pin — pen| /R '

(6.1.3)

The damping time rate obtained from the damping rate v and oscillation fre-
quency w, from the spectral analysis of the fluctuations of the proton density or the
perturbed bulk-velocity component (5.3.1). A comparison between these estimations

is shown in Fig. 6.8 (¢) for [/R = 0.2, 0.3, 0.4, and 0.5. The damping time rate from
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the simulations deviates continuously for smaller ratios [/ R, being more accurate for
the ratios [/R = 0.3 to 0.5. Generally, deviations increase for thinner inhomoge-
neous layers. It is interesting to note that although the used ratios [/ R do not verify
the condition of thin layers strictly, the MHD damping time-rate (6.1.3) is a good
estimation of the damping for thicker layers.

The thin transition layer approximation remains valid as long as the relative size
between the inhomogeneous layers and kinetic scales is large, that is, strictly MHD-
scales are involved. In these simulations, kinetic effects may be triggered for thinner
layers, contributing to the discrepancies. Numerical effects may also be acting when
fluctuations achieve lengths close to the grid-lengths.

In the next section, the scales reached by resonant absorption in the simulations
are discussed and shown to reach the wavenumber associated with the ion inertial

length.

6.1.3 Scales Reached by Resonant Absorption

The development of small-scale fluctuations in the spectral densities of the magnetic
field, and proton bulk-velocity fluctuations is observed in k, within the domain of
the plasma slabs for all of the simulated ratios [/ R. Both quantities exhibit a similar
spatial dependency in both coordinates = and y for components in the same direction.
Therefore, only the spectral densities of the magnetic field fluctuations are followed.
Figure 6.9 shows the evolution of the spectral power density of magnetic fluctuations
of each of the components of the magnetic field as functions of k, averaged over
k,, during the process of damping observed in the spectral decomposition of én, =
n, — nop. The Fourier transform in x considers a domain that comprises the plasma

slab and the oscillating inhomogeneous layers.
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Figure 6.9: Evolution of the spectral density of magnetic field energy fluctuations
of the component ‘5B|||2(sohd black line), [6B. 1]* (solid red line), and |08, o|*
(solid orange line) for ratios {/R = 0.2 and 0.4 (ratio varying along columns) at
four instants (time-varying across columns) during the process of damping due to
resonant absorption (€2,¢t < 720.05), and and at the end and longer times (£2,t >
1200.05). Important scales are shown for each ratio, k; (dashed blue line, associated
with the length of the inhomogeneity), ky, (dashed black line, associated with the
proton inertial length), and Kiog max, Klog,min (dotted orange line and dashed red line,

respectively, showing the range of characteristic scales of the density gradient). Case
of p = 45°.

Important scales for each ratio [/R are shown for comparison as wavenumber
k.: the proton inertial length, ky, = m/d, where d, = v4/€,; the length of the
inhomogeneous layers, ky, = m/l, the lengths associated to the density gradient,

important in the kinetic theory of inhomogeneous plasmas [123, 162], computed as

1dn,]"
Alog:{ ﬂ} . (6.1.4)

n, dx

In particular, we identify the maximum value where n, = Nep, Kiogmax = 7/ Alog -

and the minimum value at n, = Ny, Kiogmin = 7/ /\10g|nm; the proton gyroradius is

also considered and is given by k, = m/p,, where p, = \/B,1v4/€,. Due to the
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range of values considered for 8, = 3,, these scales are not reached in the simulation
(pp€2p/va >~ 0.1 — 0.316228).

The condition of closeness to the proton gyroradius scale of the slab or the tenuous
medium, kp, ~ 1 (equivalent to kA, ~ 8—10), is not reached either. The wavenumber
associated with the proton inertial length is fixed for all of the simulations, and it is
close to the upper boundary of the wavenumber domain, ky,v4/€, = 7.

Figure 6.9 shows that the scales associated with the inhomogeneities are much
larger than that of the proton inertial length. Initially, at €2,¢ = 240.05, the spectra
exhibit a two-range power-law dependency, changing slope within the range of scales
comprised by Kiog min a1d Kiog max int all of the cases of [/R. The slopes of the spectra
at scales smaller than Kjogmax are larger up to kinetic scales. Peaks arise in the
spectra in the component 0B, 5 from Kjogmax toward kinetic scales in the order of
kyva/S), =~ 1 during the damping caused by resonant absorption (observe instant
Q,t = 720.05). Successive peaks are observed toward k,v4/€2, =~ 2. These peaks
are more evident in the case of [/R = 0.2 and 0.3, showing energy transfer toward
kinetic scales for thinner inhomogeneous layers. With the growth of fluctuations,
the amplitude of the component 0B, » becomes larger than that of the components
0B, and dB). Peaks are also formed in the component §B) at scales k,v4 /S, ~ 1
as large-scale fluctuations are damped, more evident for smaller ratios {/R.

By the end of resonant absorption and at further times,the energy peaks continue
to ever smaller scales, eventually reaching the proton inertial length scale. This is
most evident for the ratios {[/R < 0.3, as noted in Fig. 6.9 at times 2,t > 1200.05,
as time advances. Nevertheless, the level of fluctuations at smaller scales for the
cases of [/R = 0.4 and 0.5 still increases, although peaks of smaller amplitude are

observed in the spectral density. Therefore, perturbations at scales in the order of
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the size of the system have been transferred to kinetic scales. Here, to the proton
inertial length via the process of resonant absorption at the inhomogeneous layers
of a plasma slab. The efficiency of this transfer to small scales is determined by the
thickness of these layers. Even though the transverse displacements of the slab may
exceed the condition of small-amplitude perturbation of the inhomogeneous layers,

resonant absorption is observed in these simulations.

6.2 Resonant Absorption for Different Angles ¢

The effects of different angles ¢ between the plane of the plasma and the background
magnetic field By (measured from axis z) for a fixed ratio [/R = 0.5 are addressed.
Simulations for the same angles with ratio [/R = 0.2 are analyzed for comparison.
We use angles ¢ = 0, 10°, 22.5°, 33.75°, 45°, 56.25°, 67.5°, and 80°. By changing
the angle ¢, the local left and right mode frequencies (6.1.1) and (6.1.2) change in
magnitude in all of the cases. In particular, for more magnetized plasma slabs (¢
approaching to 90°), the frequencies reach their maximum values, whereas for less
magnetized slabs (¢ approaching to 0°), the frequencies of the modes left and right
tend to become smaller because of the projection of the perturbative wavenumber
k, on the parallel direction tends to zero, eventually reducing the propagation in the

direction parallel to By.

6.2.1 Effects on the Proton Density

Transverse kink oscillations develop in the slab for all of the cases. The evolution
of the proton density is shown for the angles ¢ = 22.5°, 45° and 80° in Fig. 6.10.

The degree of magnetization of the plasma affects the formation of local density
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Figure 6.10: Evolution of the proton density during the simulation for angles ¢ =
22.5° [(a) to (d)], 45° [(e) to (h)], and 80.0° [(i) and (1)] at four instants (time-varying
across columns). Case of /R = 0.5.

enhancements. Therefore, the magnitude of ponderomotive forces acting along the
plasma slabs. The enhancement is larger for larger . With regard of the small-scale
structures and density holes formed in the inhomogeneous layers, their formations
occurs earlier for angles far from ¢ = 0° and ¢ = 90° during resonant absorption.
The formation of the density holes at the inhomogeneous layers of the slab is also

altered by the change in the angle. For angles ¢ below 33.75°, the holes take longer
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times to be formed (¢ = 22.5°) or are not formed during the simulation (¢ = 10°).
For angles close to ¢ = 90°, the holes exhibit less depletion, eventually reducing

their size, as observed for ¢ = 80° in Figs. 6.10 (i) to (1).

6.2.2 Damping-rate due to Resonant Absorption in du, ;

A mode decomposition analysis on the bulk-velocity component du,, ; is carried out
to determine the damping rate-time using the same analysis presented before for
fixed angle ¢ = 45°, described in subsection 5.3.1.

Figure 6.11 shows the same as Fig. 6.8 but for different angles . The fundamental
mode of the plasma slab in £, exhibits exponential damping, exhibiting a change in
the tendency in the inhomogeneous layers. The magnitude of the damping rate v/€2,
along the slab increases toward both ¢ = 0° and 90°, having a maximum arround
¢ = 33.75°. A similar behavior is observed for the damping rate ~ for the ratio
[/R = 0.2, but with a smaller magnitude [Fig. 6.11 (a)]. The dispersion relation
in w, — k, space of the density fluctuations evaluated with time-windows chosen for
each angle ¢ shows that the frequency of oscillation of the plasma slab increases with
¢ [Fig. 6.11 (b)] and in all of the simulations, this frequency is between the extreme
values of egs. (6.1.1) and (6.1.2), indicating that the resonant surfaces are located
within the inhomogeneous layers.

By repeating the analysis in simulations for all of the angles for the ratio [/R =
0.2, it is observed that the most excited frequencies of oscillation remain mostly
unaltered. The ratio 7p/7p is computed from the simulations using Eq. (5.3.1) and
is compared with the theoretical prediction based on MHD theory, Eq. (2.2.17) for
ratios [/R = 0.2 and 0.5. It is observed that the damping time-rates in Fig. 6.11

(¢) computed from the simulations agree reasonably with the theoretical prediction
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Figure 6.11: Oscillating properties of the plasma slab for different angles ¢ and
fixed ratios [/R = 0.2 and 0.5 based on the component du,, ; in the inhomogeneous
layers. (a) Damping rate v/, (I/R = 0.2 ex marks, 0.5 crosses); (b) oscillation
frequency wsny /€2, obtained from the simulations (blue) and extreme values of the
left and right modes frequencies (6.1.1) and (6.1.2) of the plasma columns; and (c)
calculation of the damping time rate 7 /7p for different angles ¢ for fixed ratios I/ R
based on MHD theory (2.2.17) and on simulation data (5.3.1).

for angles 22.5° < ¢ < 67.5° for the ratio [/R = 0.5. For angles close to 0° or 90°,
deviations occur. For simulations with [/R = 0.2, the damping time rates reasonably

agree with theoretical MHD predictions for angles 56.25° < ¢ < 80°. For increasing
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angle o, the tendency of increasing damping time-rate is maintained.

As in the simulations with fixed angle ¢ = 45°, we computed the vorticity of
the proton bulk velocity for the plasmas with fixed ratios /R = 0.2 and 0.5, with
different angles ¢. The behavior of the vorticity components is the same as that
described for fixed angle (see Fig. 6.6). The vorticity component parallel to the
background field has the largest amplitude localized in the inhomogeneous layers for
all of the angles from ¢ = 10° to 80°, and nearly zero magnitude in the perpendicular
components. The magnitude of the vorticity is the largest at angles ¢ = 45° and is
reduced towards angles close to 0° or to 90°. We observe these features in Fig. 6.12
for angles ¢ = 22.5°, 45°, and 80°.

This tendency is correlated with the formation of holes in the proton density.
In the simulations with angles close to 0° the holes are not formed, whereas in the
angles close to 80°, the depth of the holes is smaller compared to that observed for
angles around ¢ = 45°. For larger angles, this can be partially explained with the
projection of vorticity on the plane: the closer ¢ is to 90°, the rotation of the proton
bulk velocity is more contained in the perpendicular plane.

Thus, the effect observed in the proton density becomes weaker [compare Figs. 6.10
(h) for ¢ = 45° and (1) for ¢ = 80°]. Nevertheless, this feature indicates that the
large-scale fluctuations localized in the inhomogeneous layers are of Alfvénic na-
ture [16, 17] regardless of the effectiveness of resonant absorption in transferring

energy toward small scales.

6.2.3 Resonant Absorption in Magnetic Field Fluctuations

The structures observed in the magnetic field components for different angles ¢ are

similar to those found for different cases of /R shown in Figs. 6.2 and 6.5. We
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Figure 6.12: Evolution of the parallel proton vorticity w, as function of x and y at
five different instants. Fixed ratio [/R = 0.5 and three angles .

track the evolution of the magnetic energies for different angles. Figure 6.13 shows
the magnetic energies of the resonant left layer associated with the components
0B, ; [frame (a)] and dB, 5 [frame (b)] for [/R = 0.5. By tracking the energy
of the magnetic field fluctuations in the components 0B, ; [Fig. 6.13 (a)] where
most of the large-scale fluctuations are observed, and 6B, o [Fig. 6.13 (b)] where
the small-scale fluctuations are developed (also developed in du,, o), it is observed

that in the extreme cases ¢ = 10° and 80°, there is less transferred energy to the
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Figure 6.13: Evolution of the magnetic energies of to the components (a) dB 1,
E 0B, 1], associated to the large-scale mode, and (b) 6B, 2, E[0B 2], associated
to the small-scale fluctuations in the inhomogeneous layers for different angles and
fixed ratio /R = 0.5, restricting the domain in = to only one of the inhomogeneous
layers.

component 0B, 5. The energy in the component B, ; exhibits the least decay, by
the damping rate and the damping time rate estimated from the density fluctuations
[Figs. 6.11(a) and (c)], when compared with the intermediate cases of ¢ = 22.5°, 45°,
and 67.5°, where the saturation level for the energy associated to 0 B, s is larger, with
a stronger damping in the component 6B, ;. This means that magnetic energy is
being transferred less efficiently from the large, global scale for the cases with close
to zero magnetization and maximum magnetization of the plasma slab.

Further differences are found in the spectral decomposition of the magnetic field
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component 0B, ». Signals with a wide range in k, in the first mode of k, at Q,t =
240.05 in all of the cases of ¢ are found in the spectra. As the plasmas evolve,
signals at larger modes in £, along with amplitudes growing along k, appear. The
most intense signals are found in the first mode of k,. During damping, it takes
less time for angles close to ¢ = 45° for this range in k, to extend than for other
cases, which agrees with the observed tendency found for the damping time-rate
mp/7p from the simulations [Fig. 6.11 (¢)] and with the fast growth in energy in the
component 6B, 5 [Fig. 6.13 (b)]. Toward the end of the damping, fluctuations at
scales with wavenumber |k,v4/€,| > 1 are present in all of the cases. For [/R = 0.2,
the range of scales in k, reached by fluctuations rapidly expands to larger values,
|kzva/p| > 1, at Q,t = 480.05.

For angle ¢ = 80° fluctuations reach scales as small as in the case of ¢ = 45° even
though the damping time rate is smaller than for the angle ¢ = 22.5° [Fig. 6.11 (c)],
and the level of amplitudes observed in the energy of the components 05 ; and 6B -
is similar to that for the angle ¢ = 10°. As ¢ decreases, a perturbation transverse to
the slab causes larger amplitude oscillations than for a more magnetized slab using
the same perturbative amplitude uy/v4 = 0.1. Displacements are in the order of
the width of the inhomogeneous layers, generating fluctuations with a characteristic
scale larger than the length of the layers, rendering the damping of fluctuations as
slower.

Regarding the wavenumber range in k, for signals in the wavevector spectra com-
pared with larger angles ¢, the range is reduced, suggesting that resonant absorption
is limited and that other processes of non-linear nature may alter the dynamics of
the system. Thus, for a fixed perturbative amplitude and if the plasma slab is

weakly magnetized, resonant absorption becomes inhibited or rendered less efficient
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in transporting energy toward small scales. In the case of a strongly magnetized slab,
resonant absorption occurs and energy is transported toward small scales, but most
of the energy remains in the large-scale motions. Another factor that may influence
the dynamics is that by varying the angle ¢, the effective 3, in the plasma changes
by a factor 1/sin? g, so that a smaller angle leads to a finite, large 3,, introducing

thermal effects in the dynamics.

6.2.4 Scales Reached by Resonant Absorption

Differences in the development of the small-scale fluctuations for different angles ¢
are observed in the wavevector representations of density fluctuations, the proton
bulk velocity, and the magnetic field fluctuations. Figure 6.14 shows the spectral
density of the magnetic field energies for the dependency on k, within the domain of
the plasma slabs for the simulated angles ¢ averaged over k,, along with the same
characteristic scales described for Fig. 6.9 for the ratio [/R = 0.5 and instants close
to the end and after resonant absorption. As in the case of different ratios [/R,
the spatial dependencies of the magnetic field fluctuations and of the proton bulk
velocity are similar, so that only the magnetic fluctuations are discussed here. The
spectral densities show that peaks appear in the component B, , at scales below the
characteristic scales of the density gradient (6.1.4) by the end of damping [instant
Q,t ~ 1200.05 in Fig. 6.14] and at times close to the saturation in the energy of the
component 6B 5 [Fig. 6.13 (b)].

Fluctuations reach scales in the order of the proton inertial length, being of larger
amplitude for angles around ¢ = 45°. In the component 6B, ;, fluctuations tend to
be comparable to those of the component § B at scales k,v4/€2, < 1, and comparable

to those of the component B, , at kinetic-scales. In all of the cases, the component
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Figure 6.14: Evolution of the spectral density of magnetic field energy fluctuations in
the components |6 B, }2 (solid black line), |08, 1|* (solid red line), and |§B, »|*(solid
orange line) for three of the simulated cases of ¢ (angle varying along columns) at
three instants (time-varying across columns) during the process of damping due to
resonant absorption. Important scales are shown for each ratio, k; (dashed blue line,
associated with the length of the inhomogeneity), k», (dashed black line, associated
with the proton inertial length), and Kiog max; Klogmin (dotted orange line and dashed
red line, respectively, showing the range of scales of the logarithmic derivative). Case
of [/R=0.5.

0B, 1 does not exhibit significant features at the end and after resonant absorption.
The spectra of the component 0 B exhibit peaks growing around scales in the order
of the proton inertial length for the intermediate cases ¢ = 45° and 67.5°. For
the case of [/R = 0.2 in Fig. 6.15, the spectral densities exhibit features similar to
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those observed in the case of /R = 0.5, but with the components dB, » and 0B
exhibiting far more peaks that reach kinetic scales in all of the cases by the end of
and after resonant absorption, indicating that more energy has been transferred to
scales below and in the order of the proton inertial length, k,v4/€, = 1. Therefore,
it is observed that most of the energy in the spectra is contained in the component
0B o, where the level of energy reaching scales in the order of the proton inertial
length increases with thinner ratios {/R. In scales such that k,v4/€, < 1, both
components 0B, ; and B are of the similar level and below that of the fluctuations
in 0B, »; however, at kinetic-scales, the component d B may become relevant and
comparable to 6B .

Finally, the angle ¢ also limits the amplitude of the fluctuations reaching kinetic
scales, being larger for angles ¢ far from both 0° and 90°, which coincide with the
increase in energy observed in the component 0B, 5 in Fig. 6.13 (b). In any case,
fluctuations reach kinetic scales after resonant absorption, particularly, scales in the

order of the proton inertial length.
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Figure 6.15: Evolution of the spectral density of magnetic field energy fluctuations
in the components |05 ‘2(solid black line), [6B, 1|*(solid red line), and |6 B, »|*(solid
orange line) for three of the simulated cases of ¢ (angle varying along columns) at
three instants (time-varying across columns) during the process of damping due to
resonant absorption. Important scales are shown for each ratio, k; (dashed blue line,
associated with the length of the inhomogeneity), k), (dashed black line, associated
with the proton inertial length), and Kiog max, Klogmin (dotted orange line and dashed
red line, respectively, showing the range of scales of the logarithmic derivative). Case
of [/R=0.2.
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Chapter 7
Kinetic Alfvén Waves Induced by Reso-

nant Absorption

7.1 Characterization of Fluctuations at the Layers

7.1.1 Electric and Magnetic Field Fluctuations

Fluctuations generated in the inhomogeneous layers due to resonant absorption are
characterized. Among all of the observed cases with fixed angle ¢ = 45° and variable
ratio [/ R, and fixed ratios [/R = 0.2 and 0.5 and variable angle ¢, it is possible to
pin down common features in the observed signals. From the evolution of the mag-
netic field components (Fig. 6.2), proton bulk-velocity (Fig. 6.5), and of the spectral
decompositions of the component 0B, » (Figs. 6.4, 6.14, and 6.15), it is observed
that the fluctuations generated in both inhomogeneous layers are of a wavevector
quasi-perpendicular with respect to the background magnetic field By, mostly along
x. Figure 7.1 shows the evolution of the ratio between the electrostatic to electro-
magnetic components of the electric field Ry given by Eq. (4.2.14) and the magnetic
compressibility Cp, given by Eq. (4.2.15). These quantities are evaluated only on
one of the inhomogeneous layers for fixed angle ¢ = 45° and variable ratio [/R. It is
observed that the electrostatic component of the electric field is larger in all of the

cases, with the ratios R within the range 0.5 < Rp < 0.75, evolving identically for
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all of the simulated ratios [/ R, differing from each other once resonant absorption has
taken place, decreasing in time at a faster rate with smaller ratios {/R. On the other
hand, the magnetic compressibility remains small in all the cases, achieving values
below Cp = 0.1, and increases after resonant absorption has occurred. The rate of
this growth is faster for a smaller ratio [/ R. Therefore, the fluctuations observed in
the inhomogeneous layers are mostly electrostatic and magnetically incompressible,
with the electrostatic component and the parallel magnetic fluctuations increasing
after resonant absorption has taken place.

For varying angle ¢ (Fig. 7.2), the same features are observed in the sense of
the time-evolution. That is, electric field fluctuations become more electrostatic.
On the other hand, magnetic field fluctuations become incompressible after resonant
absorption has occurred. In regard with the change in the angle ¢, fluctuations
become more magnetically compressible and less electrostatic with increasing angle

¢, with Rg increasing from ~ 0.4 to 0.9.
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Figure 7.1: Evolution of (a) the averaged ratio Rg (4.2.14) and (b) the averaged
magnetic compressibility C'g (4.2.15) for the cases of fixed angle ¢ = 45° and different
ratios [/R. These quantities are evaluated considering only the left inhomogeneous

layer of the plasma slab.
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Figure 7.2: Evolution of (a) the averaged ratio Rg (4.2.14) and (b) the averaged mag-
netic compressibility Cp (4.2.15) for the cases of fixed ratio [/R = 0.5 and different
angles . These quantities are evaluated considering only the left inhomogeneous

layer of the plasma slab.
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7.1.2 Spectral Analysis of Fluctuations

The structure of the waves can be further decomposed by studying the magnetic
helicity of the fluctuations in wavevector space, o,,(k) (4.2.16) [135, 139], at specific
instants. The meaning of the signature of the magnetic helicity is illustrated in

subsection 4.2, for KAWSs properties, and schematically shown in Fig. (4.1).

(b) Qpt=1200.05

0.4 [ () Qpt=960.05
""HIR=0.4

__.-'_

kxValQp kxvalQp kxValQp kxValQp

Figure 7.3: Spectral density of the magnetic helicity in wavevector space (4.2.15)
considering a range which involves only the left inhomogeneous layer of the plasma
slab for the Fourier transform in k,. Four instants are shown (time-varying across
columns) during and after resonant absorption for fixed angle ¢ = 45° and ratio
[/R=0.4.

The spectral density of the magnetic helicity is shown in Fig. 7.3 for a domain in «
considering only the left inhomogeneous layer for ¢ = 45° and [/R = 0.4. It indicates
that most of the fluctuations acquire a distinctive pattern. The quasi-perpendicular
fluctuations in quadrants I (k,, %k, > 0) and III (k,,k, < 0) have o, > 0. Those
in quadrants II (k, < 0, k, > 0) and IV (k, > 0, k, < 0) have o, < 0, in the
layer. This pattern is observed in all of the cases of fixed angle ¢ = 45° and variable
ratio [/ R, with stronger signatures at larger wavenumbers k, and k,. For different
angles ¢, this pattern is fully developed for angles 33.75° < ¢ < 80° for both ratios
[/R = 0.2 and 0.5. The intensity of the helicity of waves in quadrants I and III

becomes smaller for larger angles.
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Because most of the fluctuations in the magnetic field related to small-scale prop-
agating structures within the inhomogeneous layers of the plasma slab are found in
the component 0B, o, it is possible to associate the previously observed features to
this component. The direction of propagation of each of the waves composing those
structures, and thus the polarization of those waves can be determined by studying
the dispersion relation of the component 63 » in the space w, — k, averaged over £,
(Fig. 7.4 for fixed angle ¢ = 45° and variable ratio [/R). The frequency domain is
constructed in the same way as in the analyses of previous sections, but using a time-
window €,At,, = 800. Based on the procedure described in subsection 5.3.2, the
waves found in the inhomogeneous layers have a direction of propagation predomi-
nantly in the direction of the equilibrium density gradient on each layer (w,k,/k* > 0
in the left layer, and w,k,/k* < 0 in the right layer). In the cases of I/ R < 0.3, fluctu-
ations grow which propagate in the opposite direction (w,k,/k* < 0 in the left layer,
and w,k,/k* > 0 in the right layer). Because the averaging over k, is performed
over strictly positive quantities, the dispersion relation plots indicate that the sign
of the frequency depends mainly on the sign of k,. We focus on the left layer. Fluc-
tuations projected in the wavevector plane with k, > 0 propagate parallel to By for
ky = kysing > 0 (quadrant I) and antiparallel to By for &, sin ¢ < 0 (quadrant IV).
The opposite picture is observed for k, < 0 (quadrants II and III, respectively).

The same analysis on fluctuations in the right layer provides (see Fig. 7.5, which
shows the same as Fig. 7.4 but for a domain in z restricted to the right layer) the
interpretation of waves with identical properties, with propagation in the direction of
—x. In this sense, the fluctuations in the inhomogeneous layers are mainly described
by waves which propagate quasi-perpendicularly along x, parallel to the density

gradient, being counterpropagating along By. Based on these results, we verify the
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relation Byo,, (k)(w,/k)) > 0, which means that most of these signals have right-hand
polarization in the plasma physics sense [with respect to the direction of By [135].
This discards the left-hand polarized kinetic slow mode (KSM) [134, 137, 141, 143]
as a major constituent of the fluctuations.

Concerning the frequency, the dispersion relation plots show signals of nearly
constant frequency at |w,/€Q,| ~ 2x 1072 caused by the dependency on k, (not shown
here). In these regions, we observe signals with the highest intensities in the first
modes in k,. As the plasmas evolve, the lines are overshadowed by other fluctuations.
These features are also observed in the dispersion relation plots of the component
0B, » for fixed ratios /R = 0.2 and 0.5 and angles in the range 22.5° < ¢ < 80°
(see Fig. 7.6 for [/R = 0.5 and the left inhomogeneous layer). Signals at w, = wkaw
become weaker at ¢ = 80°, which is consistent with the less pronounced structures
in the layers. Because these fluctuations have quasi-perpendicular wavevectors and
most of these plasmas involve low 3,, we compare these signals with the frequency

predicted for KAWSs in the limit of low 3, and neglecting the effect of electrons [130],

WKAW  Vap(T) kyova k2v?
= 1 . 7.1.1

This frequency is shown as a function of k, in the dispersion relation plots (white

dashed lines), considering propagation parallel and antiparallel to By. The frequency
is evaluated with densities, Alfvén speeds, and 3, of the external medium and the
plasma slab, separatedly. The used parameters are 1 < vy,/v4 < V2, 0.01 < By <
0.0125, and wavenumber k,o = 27/L,, where most of the energy is stored in k.
The plots show that these intense signals have frequencies which can be described

by Equation (7.1.1). This discards the presence of other right-hand polarized waves,

126



(og=os00s

w/Qp

v

w/Qp

-2 -1 0 1 2 =2 -1 0 1 2 =2 -1 0 1 2 =2 -1 0 1 2
kaA/Qp kaA/Qp kaA/Qp kXVA/Qp

Figure 7.4: Dispersion relation of the component 653, 5 of the magnetic field fluc-
tuations in w, — k, space, averaged over k,. The domain in z considers only the
left inhomogeneous layer in all of the cases. Four instants are shown (time-varying
across columns) during and after resonant absorption for fixed angle ¢ = 45° and
ratios [/R = 0.2, 0.4 (ratio varying along columns). Dashed, white lines represent
frequencies given by the KAW dispersion relation (7.1.1).
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Figure 7.5: Dispersion relation of the component 6B, 5 of the magnetic field fluc-
tuations in w, — k, space, averaged over k,. The domain in z considers only the
right inhomogeneous layer in all of the cases. Four instants are shown (time-varying
across columns) during and after resonant absorption for fixed angle ¢ = 45° and
ratios [/R = 0.2, 0.4 (ratio varying along columns). Dashed, white lines represent
frequencies given by the KAW dispersion relation (7.1.1).
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Figure 7.6: Dispersion relation of the component 0B, 5 of the magnetic field fluc-
tuations in w, — k, space, averaged over k,. The domain in z considers only the
left inhomogeneous layer in all of the cases. Four instants are shown (time-varying
across columns) during and after resonant absorption for fixed ratio [/R = 0.5 and
angles ¢ = 22.5°, 56.25°, and 80° (angle varying along columns). Dashed, white lines
represent frequencies given by the KAW dispersion relation (7.1.1).

such as the fast/magnetosonic mode, of higher frequency. By changing the angle ¢,
discrepancies are found for linear prediction, particularly with angles ¢ < 33.75°.

We compute the group velocity associated to Eq. (7.1.1), v, kaw = Vi [fwiaw]
given explicitly by Eq. (4.2.10). We find that wave-packets of KAW nature on each
layer have non-zero group velocity along z, |vg. kaw| ~ 10~*v4 moving inward the
slab, which is consistent with the fluctuations in 6B, » remaining fairly localized
within the inhomogeneous layers during the whole simulation [Figs. 6.2 (k) to (0)].
The group velocity along y is also non-zero, but the counter-propagating nature of
the waves leads to structures stationary in y.

The signals propagating in the direction —z (w,k,/k* < 0) for [/R < 0.3 in
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Fig. 7.4 are not represented by KAWs in the same way as those propagating in the
direction +x. For variable angle, the regions with the most intense signals are well
represented as structures associated with a main KAW mode only for the range
33.75° < ¢ < 80° [Figs. 7.6 (e) to (1)]. At ¢ = 22.5° signatures are not fully
developed and appear latter (£2,t > 1200.05) [Figs. 7.6 (a) to (d)].

(b) Qpt=1200.05 &
B :I-

:=: —

(c) Qut = 1440.05 | [ (0) O,t=1680.05 BN

kaA/Qp kXVA/Qp

Figure 7.7: Spectral density of the normalized cross helicity in wavevector
space (4.2.17) considering a range which involves only the left inhomogeneous layer
of the plasma slab for the Fourier transform in k,. Four instants are shown (time-
varying across columns) during and after resonant absorption for fixed angle ¢ = 45°
and ratio [/R = 0.4.

The properties computed for the observed fluctuations strongly suggest that
KAWSs [130, 137, 140, 163] are being generated in the inhomogeneous layers due
to resonant absorption. Other correlation quantities are studied to confirm the na-
ture of the fluctuations, such as the normalized cross helicity o. (4.2.17), proton
compressibility C, (4.2.18), and the Alfvén ratio rajpen (4.2.19) in the wavevector
space. These quantities are respectively shown in Figs. 7.7, 7.8, and 7.9 at the same
instants for fixed angle ¢ = 45° and ratio /R = 0.4 in the left inhomogeneous layer.

Coherent signatures are observed in the normalized cross-helicity (Fig. 7.7) in
the range where the quasi-perpendicular fluctuations appear. For all [/R, the waves
located in the quadrants I and III have negative cross-helicity, meaning that the pro-

ton bulk velocity fluctuations and the magnetic field fluctuations are anti-correlated.
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Signals in the quadrants II and IV have positive cross-helicity, but the interpreta-
tion is the opposite because of fluctuations in this quadrant propagate antiparallel
to By [135]. These values are characteristic of quasi-perpendicular KAWSs [137] and
sustain the relation 0,,0. < 0 for waves with right-hand polarization in the plasma
physics sense [135].

Signals in the proton compressibility (Fig. 7.8) indicate that the quasi-perpendicular
fluctuations generated in the inhomogeneous layer have compressibility C), ranging in
the order of ~ 0.1 to 1, which is fairly within the range provided for KAWs [137]. The
pattern observed for different ratios [/ R with fixed angle ¢ = 45° is extended toward
larger wavenumbers k, as the plasmas evolve, occupying a wide range after reso-
nant absorption has occurred. The pattern does not exhibit significant differences
by fixing the ratio /R and changing the angle ¢ within the range 33.75° < ¢ < 80°.

The Alfvén ratio rajgen is shown in Fig. 7.9 for fixed angle ¢ and variable ratio
[/R. It is found that for the fluctuations that are observed in the wavevector spectra
of 0B, 5, the Alfvén ratio ranges from ~ 0.3 to 3, suggesting that fluctuations are
of Alfvénic nature [134, 137, 142]. The values of these ratios are far from those of
other modes, such as the KSM [134, 137, 141, 143]. The same conclusions are drawn
for the right inhomogeneous layer in all of the other cases. Based on this analysis,
we conclude that within both inhomogeneous layers of the plasma slab associated
to the proton density holes, KAWSs are the main constituent of the fluctuations that
are generated once resonant absorption has occurred and energy has reached kinetic

scales.
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Figure 7.8: Spectral density of the proton compressibility in log-scale in wavevector
space (4.2.18) considering a range which involves only the left inhomogeneous layer
of the plasma slab for the Fourier transform in k,. Four instants are shown (time-
varying across columns) during and after resonant absorption for fixed angle ¢ = 45°
and ratio [/R = 0.4.

Figure 7.9: Spectral density of the Alfvén ratio in log-scale in wavevector
space (4.2.19) considering a range which involves only the left inhomogeneous layer
of the plasma slab for the Fourier transform in k,. Four instants are shown (time-
varying across columns) during and after resonant absorption for fixed angle ¢ = 45°
and ratio [/R = 0.4.
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7.1.3 Kink Oscillations and KAWs

Two different wave modes linked by resonant absorption are found to be linked:
kink oscillations, which occur transverse to the background magnetic field at large
scales, and KAWSs associated with small-scale fluctuations excited in the zones of
resonance. We also found that the frequency of the kink oscillations [Fig. 6.8 (b)
for fixed angle ¢ = 45°, and Fig. 6.11 (b) for fixed ratios {/R] and the frequency
measured in the dispersion relation plots (w, — k) of the magnetic field fluctuations
0B, - associated to KAWs are identical in time (Fig. 7.4 for the left and Fig. 7.5 for
the right layers for angle ¢ = 45° and different ratios [/ R, and Fig. 7.6 for [/R = 0.5
and different angles). This means that resonant absorption leads to both large-scale
kink oscillations and to small-scale fluctuations of a different nature and oscillation
phase, but with the same frequency. In the following discussions, these frequencies
will be referred to as wynk and wkaw, which are the most important frequencies in
the simulations.

The coincidence of these frequencies is shown in Fig. 7.10. This corresponds to
dispersion relation of dn, in w, — k, averaged on k, considering a domain containing
the slab and both layers for angle ¢ = 45° and different ratios [/ R. The signals of the
excited mode kyo (fundamental mode) are well represented by the frequencies wiaw
of the KAWs (4.2.9). This frequency uses k, as computed for Fig. 7.4. The same
is shown in Fig. 7.11 for fixed ratio /R = 0.5 for three angles ¢. These plots use
wraw Wwith k, as computed for Fig. 7.6. This coincidence occurs for the dispersion
relation w, — k, of duy,. The time-domains §2,At,, in both Figures is the same used

to determine the frequency wspy in Figs. 6.8 (b) and 6.11 (b).
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Figure 7.10: Dispersion relation of the component én, of the magnetic field fluctu-
ations in w, — k, space, averaged over k,. The domain in x considers the slab with
both inhomogeneous layers. The time-domain considers the instants where resonant
absorption occurs. Three ratios [/R are shown (ratio varying across columns) for
fixed angle ¢ = 45°. Dashed, white lines represent frequencies given by the KAW
dispersion relation (7.1.1).
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Figure 7.11: Dispersion relation of the component dn, of the magnetic field fluctu-
ations in w, — k, space, averaged over k,. The domain in x considers the slab with
both inhomogeneous layers. The time-domain considers the instants where resonant
absorption occurs. Three angles ¢ are shown (angles varying across columns) for
fixed ratio [/R = 0.5. Dashed, white lines represent frequencies given by the KAW
dispersion relation (7.1.1).
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Chapter 8
Kinetic Processes Induced by Resonant Ab-

sorption - Parallel Dynamics

8.1 Parallel Fluctuations

Resonant absorption generates small-scale structures around the resonant magnetic
field lines in the inhomogeneous layers. They appear as density holes or cavities,
and density enhancements or winglets in the proton density. They are commonly
associated with particle acceleration, heating, and the localization of magnetic fluc-
tuations [11, 49, 51]. For I/R = 0.4, Fig. 8.1 (a) shows a Fourier decomposition
of the density fluctuations dn, = n, — ng, in k, at section x in the middle of the
inhomogeneous layer, x€,/v4 ~ 46. We find that fluctuations at wavenumber 2k,
emerge around 2,t ~ 800. They appear while the mode k,, decays exponentially
due to resonant absorption of kink oscillations. Mode 2k, is coincident with struc-
tures repeated twice along y, which is consistent with the pattern of the cavities and
winglets in density. This behavior is present in all the simulations for different ratios
l/R.

Electric field fluctuations d ) parallel to By are observed to be confined to the
inhomogeneous layers. The largest amplitudes occur at the density winglets (y = y2)
and at the density cavities (y = y1). Thus, they are likewise associated with the mode

2kyo. The Fourier decomposition in k, of dE in Fig. 8.1 (b), taken at a winglet of
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Figure 8.1: Fourier decomposition in (a) k, of the density fluctuations on, = n, —nq,
at a fixed location x = x; in the left inhomogeneous layer, and (b) in k, of the
parallel electric field fluctuations dF) at the left inhomogeneous layer for a fixed
section y = yo at the center of a density winglet. Here, [/R = 0.4. The mode of
interest are kyv4/Q, = 2k, ov4/Q, = 0.05, and the modes 0 and 1 in k,.

the left layer, shows the fundamental mode k.o growing. This mode reaches the
same amplitude as the mean value (k, = 0). The mode 2k,o begins to grow at
Q,t ~ 800, corresponding to the signature of the formation of small-scale electric
field structures inside the layers, concurrent with the density structure driven by
resonant absorption.

Now, we investigate the origin of JF). Figure 8.2 shows dispersion relation dia-
grams in w, —k, for dn, [(a) to (c)], 0E [(d) to (f)], and the parallel bulk velocity duy
[(g) to (h)]. The domain in z is restricted to the left layer. The k,o mode component
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of the density fluctuations, associated to exponentially damped kink oscillations, has
frequency |w,| = wiink. At later times, nonpropagating modes at |k,| = 2k, grow,
consistent with the formation of density structures. In d F), four dominant nonprop-
agating signals with zero frequency and wavenumber |k,| = 2k,0, and signals with
frequency |w,| = 2wkaw, and wavenumber k, = 0. The decomposition of du, has

the strongest power in the same modes, 2k,.
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Figure 8.2: Fourier decomposition in w, — k, space for (a)—(c) density fluctuations
dn, = n, — ngp, (d)—(f) parallel electric field fluctuations 6E), and (g)—(i) proton
parallel-bulk velocity component du,. The Fourier transform in &, is restricted to
a domain containing solely the left side of the inhomogeneous layer, averaged over
k,. Pink lines indicate the mode k, = 2k,o. White lines indicate frequencies (a)-

(¢) wraw, and (d)—(f) 2wkaw. The frequency wgaw is the theoretical frequency of
KAWs from the Hall-MHD model, Equation (7.1.1).

Similar signals are found in studies of non-linear interaction of counterpropa-
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gating circularly-polarized Alfvén waves in homogeneous plasmas [46, 47]. Follow-
ing Mottez [47], we show that electric fields transverse to the local field lines B
generate a field 0F) when projected onto By. The fields are associated to coun-
terpropagating waves along the background field. Then, we estimate the expected
spectral content of § £ in w, —k,, space analytically, and compare it with Figs. 8.2 (d)
to (f). The agreement suggests that the parallel electric field is predominantly gener-
ated by such coupling. Simultaneously, the non-linear coupling leads to the formation
of the density structures. This mechanism is operative for all the tested ratios [/R.
Finally, the effects of 0 Ej on the proton distribution functions are examined.
Because the analysis of Mottez [47] applies to elliptically polarized waves of any
mode of parallel propagation, a more detailed characterization of the electromagnetic

field in the layers is required.

8.2 Non-linear Wave Coupling

8.2.1 Definition of the Magnetic Field and Rotations

We present the calculations of Mottez [47] and adapt them to the present oblique,
and inhomogeneous configuration. We implement the rotations between the axes
aligned with the background magnetic field By (e, €11, €1 2; see Appendix A.1
for the definition of these three directions) and the local total magnetic field line

B=B;+/B (eﬁ, el 1, el o superscript L), as shown in Fig. 8.3.

8.2.2 Definition of the Magnetic Field and Rotations

In the derivation by Mottez [47], they considered parallel propagating waves. Here,

we consider oblique propagation and dependency on x due to the presence of a
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€

Figure 8.3: Scheme of the axes aligned with the background magnetic field By (black,
€|, €11, €12) and the local axes of the magnetic field lines B (blue, ef, ef ;, e ,)

used to study the non-linear coupling of counterpropagating waves based on Mottez
[47].

density gradient in that direction. The magnetic field components in the axes of the

field By for an elliptically polarized wave are

BH = By + 5B||(x, Y, t),

0B, = Z BT () cos [w”@)t —kyjy+ qb}fu,l} , (8.2.1)

6By = 3 BT y(x)cos [ (2)t — Ky + 65.] (3.2.2)

where the sum is over forward propagation in y (¢ = A) and backward proapgation in
y (o = B). Generally, they have different wavenumbers k, and frequencies w(x) from
each other. Here, ¢%, , = ¢%, | +n,7/2, B, # Bf,, and n, = 1 depending on
the sense of polarization in the plasma physics sense. Geometrically, displacements

along a magnetic field line satisfy
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d?““ . dTJ_J_ . dT’J_Q
By  6B.. 0B.y

where dr| is an infinitesimal displacement along the direction aligned with By (e in
Fig. 8.3), dry  is directed along the density gradient (e, ; in Fig. 8.3), and dr, 5 is
aligned in the remaining perpendicular direction (e, » in Fig. 8.3). Following Mottez

[47], the angles of such rotation 6, ; are given by,

d?aJ_yl 5BJ_71 t )
= = tan ,
dr By !
dTJ_Q 6BJ_2
2 _ 2 — tanf, ,.
dr B L

In the case of negligible curvature, the transverse magnetic field components im-
plies that | B, ;| < B, and small angles , ;. Furthermore, we consider ‘5B||| < By.
This transforms the element dr| to a displacement in the direction of the background

field By. The unit vectors for the transformations are defined to first order in 0, ;,

8 =&+ 011811 + 012810, (8.2.3)
el =eL1+0..€, (8.2.4)
612 =e o+ 05 €. (8.2.5)

These vectors provide the rotation needed to project the local-field quantities (super-

script L) onto the backgroind field axes. The inverse transformations of the unitary

139



vectors are

& =¢f — 0,187, — 0,98 ,, (8.2.6)
el = /éL,l - ‘9L,1/é|| ) (8.2.7)
e =¢",— 9¢,26ﬁ. (8.2.8)

from the axes defined along the magnetic field lines B, to the axes of the background

magnetic field By.

8.2.3 Definition of the Electric Field

Mottez [47] studied the mechanism of parallel acceleration by Alfvén waves [46, 164,
165]. In this case, the electric and magnetic fields are orthogonal. We expand such

electric field in the local-field axes

SEf =0,
0BT, = Z EY () cos [w! (2)t — Ky + ¢ 1] (8.2.9)
5EJ— 2 ZE COS wj( )t - kjy + ¢EJ_ 2} (8.2.10)

This electric field is also a superposition of forward- and backward- propagating

waves.
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8.2.4 General Component Equations

The amplitudes can be written in terms of the magnetic field amplitudes in the axes

of By by using the induction law,

10B

—_— = E. 211
- V x (8 )

The components yield

laBH B 85EL72 o5 85EL71

c ot ox gy (8.212)
1908, , 90 QOE
1 1 2.1
¢ ot PPy I Ty 5213
106B,, OB, . 96E.,
c ot or Moy (8.2.14)

For the time derivatives, we consider that there is a process of damping in 0B ;
and localization in 0 B 5, but their time-scale is different than that in the oscillations
in ¢, both due to resonant absorption. The derivatives of the transverse components

yield

0
pe0BLal@y ) == 3w @)BL (@ sin [ ()0 = Ky + 65 ]

+ZatB“ x,t) cos [w(x)t — kly + 6%, ;] . (8.2.15)
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8.2.5 Calculations of Mottez [47]

The results from Mottez [47] follow from the assumption of an in-place background
magnetic field (¢ = 90°), parallel propagation, and uniform plasma. The latter
yields identically zero derivatives with respect to x. Since resonant absorption is not
taking place in the plasma, there is no localization of fluctuations anywhere in the
plasma. Thus, the amplitudes of the electromagnetic fields do not depend on time.

Equations (8.2.12) to (8.2.15) become

10m
c Ot ’
100B11  O0E 5
c ot oy
100B1,  O0E;
c ot By
%5Bl,i(y, t)=— ;WUBL; sin [w”t — k’;’y + ng”BL’J .

To determine the transverse components of the electric field in the axes of the
background magnetic field By for the induction law, we transform the electric field
components in the axes of the magnetic field lines B (8.2.9) and (8.2.10) by using
the unit vectors (8.2.7) and (8.2.8) to first order in the angles 6, ;.

SE, ;= 5Ejl,

5EJ_72 - 6Ef72.
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From the induction law it is found that

o __ o
El2 — ¥YBll»

o __ o
Ell — ¥Bl2-

Accordingly, the electric field components transverse to the magnetic field lines

B are given by

5Ef,1 - _ Z Z{;_UBE’Q cos (w7t — kyy + ¢CJ§L,2} 7
o Y
JEL, = Z cw?Bi’l cos (w7t — kJy + 6%, 4] -
o Y

We use (8.2.6), and the fields eqs. (8.3.3) and (8.3.4) to compute the component

0E) as seen in the axes of the background magnetic field By,

SEy=—E{,0.1—E7,0.
By, By
o — Efl?o - Eﬁ?ﬁ

This transformation yields
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B A

W w T
5EH = |55 1 Bile2 CoS [wAt — k:;y + ¢§LJ cos [wBt — k‘fy + gbng + nB—]
ck:y cky 2
w? w? A pB A A A m B B B
— |55 — | Bi2Bilcos [w t—kyy+ 9511 —I—nA—} cos [w t—kyy—l—quLJ :
cky ck:y 2

We note that waves propagating in the same direction yield zero parallel compo-
nent, in the phase-velocity factors w?/ k; . This field is solely caused by counterprop-
agating waves. For such waves with propagation in y, we set w? = w? = w. The

parallel component can be rewritten as

2
5E|| = —wa 1352 {COS [QWt + ¢+ + TLBZ} ~+ cos [—Qkyy + ¢_ — RBZ} }
ck, — & 2 2
2
- %Bi‘,QBf,l {COS [200?5 + ¢4 + nAg] + cos [—Qkyy +¢_ + nAg] } :

Y

where ¢ = ¢, £ ¢8|, The result is simplified by assuming circular polarization,

Bil = BLZ = B! for both counterpropagating waves. If waves have opposite
polarization, ng = —ny4, we find that
4(,0 A B - T X
OF) = — BB sin E Ag] sin [2wt + ] . (8.2.16)
CRy

For the same polarization, ny = ng = n,

4
5B = %BﬁBE sin [nZ ] sin [~2kyy + ). (8.2.17)
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These results correspond to the derivations of Mottez [47]. Counterpropagating,
purely transverse waves with respect to the local magnetic field B interact in a way
such that components of the transverse electric field have a non-zero electric field
component projected along the background magnetic field By, which interacts with

the particle distribution in this direction.

8.3 Analysis of the Electromagnetic Fields

8.3.1 Features of the Electromagnetic Fields

The magnetic field fluctuations within the inhomogeneous layers verify the conditions
of negligible curvature. Accordingly, the transverse components with respect to Bg

of finite amplitude verify [§B ;| < |B

, where By = By + 6B). Furthermore, the
parallel fluctuations verify By > {5 Bj | These conditions hold for all of the simulated
ratios [/ R, and allow us to define the local angles associated with the magnetic field

line By in the limit of small-angles [47],

0B, ; 0B
tand, , ~ 0, ; = Li T2 LE

8.3.1
B, B (8.3.1)

We now define the magnetic field lines geometrically based on the field By (see
further details in subsection 8.2.1). Using the angles (8.3.1), we rotate from By field-
axes to those of the local B field-axes. The rotations are approximated to first order
in 0, ; (here, i = 1 and 2 correspond to either of the two transverse components
relative to By) [47].

Applying the transformations (8.2.3) to (8.2.5) to the electric field components

from simulation data dE ; (in the axes of By), leads to 5E”L ~ 0 (in the local axes
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of B). The magnitude of this field remains three to four orders of magnitude below
the magnitude of 6ET ;. It is also two to three orders of magnitude smaller than
the parallel field 0F), along By, through most of our simulations for all {/R. The
largest deviations occur within the layers and grow slowly by instant €,t ~ 1700.
Despite this, the electric field fluctuations are predominantly transverse to the local
magnetic field lines B. We show sections of the component §Eﬁ: in the axes of the
local magnetic field in Fig. 8.4 for [/R = 0.4, with the other components of the
electric field defined on the axes of the local magnetic field lines B. Sections of the
center of a density cavity, y = y; [Figs. 8.4(a)—(d)], and at the center of a density
winglet y = y» [Figs. 8.4(e)—(h)] are shown.

This analysis for Alfvén waves is developed for ideal MHD or Hall MHD models,
where the condition 5Eﬁ = 0 or equivalently E - B = 0 [46] is automatically satis-
fied [47]. Here, we verify the same feature in electromagnetic fluctuations generated
in kinetic simulations. Moreover, it holds in inhomogeneous plasmas with trans-
verse spatial dependency on x, with quasiperpendicular, elliptically polarized waves
(KAWSs), and oblique background magnetic field By. This extends the conditions

under which the analysis of Mottez [47] applies.

8.3.2 Projections of the Transverse Electric Fields

Through the inverse rotation (shown in subsection 8.2.1), we recover the electric field

parallel to By from the transverse electric field components:

OB = — §EY 6,1 — 6E1 10, 5, (8.3.2)
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Figure 8.4: Sections of the electric field components in the axes of the local mag-
netic field B. We show components 5Eﬁ = 0 (black solid line), and the transverse

components § £ | (solid red line), E7 , (solid orange line) at four selected times.
Sections correspond to (a)—(d) y = y; at the center of a density hole, and (e)—(h)
y = y2 at the center a density winglet. Here, [/R = 0.4.

valid to first order in 6, ;. This reconstruction matches the field J | from the sim-
ulations in Fig. 8.5, where data from the simulations and the projection given by
Eq. (8.3.2) are compared at four selected times for /R = 0.4.

The difference [0 E) — (5Eﬁ remains at least two orders of magnitude smaller than

|0Ey| in the layers during the formation of density structures, for all [/R. There-
fore, the parallel electric field arises primarily from the projection of electric field
fluctuations transverse to the magnetic field lines B. After resonant absorption has
acted, this field is produced by KAWs with wavenumber k,o. Thus, the localiza-
tion of these fluctuations implies the localization of 0F) (for this discussion, we use

subsection 5.5.3).
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Figure 8.5: Sections of the parallel electric field 6 E) in the axes of the background
magnetic field By at four selected times. Sections correspond to (a)—(d) y = y; at
the center of a density hole, and (e)—(h) y = y» at the center of a density winglet.
Here, [/R = 0.4. A comparison is shown between data (solid blue lines) and the
projection of Mottez [47] Eq. (8.3.2) (dashed black lines).

8.3.3 Analytical Estimation of the Field /£

The amplitudes of the transverse electric field components in the field line are ob-
tained in terms of the magnetic field components defined on the axes of By. We
consider pairs of counterpropagating waves along B that have magnetic field compo-
nents B ~ By. The transverse components are given by Equations (8.2.1) and (8.2.2)
defined on the axes of By, and considering forward (o = A) and backward (o = B)
propagation which may have different wavenumbers k, and frequencies w(x). The
phases satisfy ¢% | , = 0%, | +no7m/2. Generally, B ; and Bf , are different.

The following results are derived from Equation (8.2.11), in subsection 8.2.4. Un-

like the analysis in Mottez [47], the amplitudes Bf ;(z,t) depend on both z and time
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t. This is due to the density gradient and the progressive localization of fluctuations
by resonant absorption. The dominant frequencies w? remain nearly constant for
the strongest peaks, but may depend on x due to the density inhomogeneity.

We use the inverse transformation from Eqs. (8.2.4) and (8.2.5), and the induction

law (8.2.11) to relate the amplitudes of the magnetic field and the transverse electric

field.

Calculation of the Transverse Components

Simulation diagnostics show that the field JE) is typically one order of magnitude
smaller than the transverse components. For the principal spectral components
(modes kyo in 0F ; and 2kyo in §E)), the time derivative 00 F) /0y is 1 — 2 orders of
magnitude smaller than 90F, »/0y in Equation (8.2.13) (for ¢ = 45° and all [/R).
Thus, the derivative of J ) is neglected when convenient, recovering the components
of the induction law of [47].

A similar comparison for Equation (8.2.14) shows that the derivative 00 E/0x
is generally smaller than the derivative d6E ;/0y. This occurs for [/R > 0.4. For
smaller ratios, their amplitudes are comparable, specifically for [/R = 0.2 with any
¢. The difference, when it exists, is about one order of magnitude. For other [/ R and
different ¢, 06 E)/0x is surpassed by the other derivative when resonant absorption
is operating. Nevertheless, for analytical traceability, we neglect the derivatives of
0E| where justified by spectral analysis.

For the time derivatives (8.2.15), we proceed as described in subsection 5.5.3.
We compare the oscillatory term (o< w?B9 ;) with the slow amplitude evolution
0B, ;/0t. For the damped mode ko by resonant absorption, B ;, we use damping
rates |yp1.1/| < 4 x 107* (for different  and {/R). For the localized component
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53172, a growth rate is estimated for mode ko with Equation (5.5.1). Here, we find
growth rates |yg, 2| ~ 107* — 107 depending on the case. These slow rates justify
neglecting the slow amplitude term in Equation (8.2.15) in favor of the oscillatory
term for the analytical estimate.

The rotation of the electric field components (8.2.9) and (8.2.10) to the back-
ground field-axes yields 0E, ; ~ (5Eii, to first order in the angles 6, ;. We now
determine the locally transverse components of the electric field in the local field
axes from the induction law. We obtain the following relations with the magnetic

field amplitudes and phases.

w? Bi,l(xv t)

Efj?(x’t) - % sin
BT (z,t) = %BES%?;J)
Y
Pp12 = B11;
P11 = Pp12

Using these relations, the electric field components locally transverse to B are

W (x) B 5(x,t) ; . ,
oEL, =Y Ckga) Lsfw cos [w” (2)t — kJy + 6%, o] » (8.3.3)
o Yy
7(x) BT ;(x,t
5Ef’2 = Z w? () BLa(e:?) CoS [w“(:v)t —kyy + quBL,l] ) (8.3.4)

o -
~ ckg sin ¢
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8.3.4 Calculation of the Parallel Component

Inserting the resulting electric field components into Equation (8.3.2) leads to

2 B4 (x.t)BE, (z.t
5E| — c;im) Tal Siil S;,Q( ) {cos [QW(x)t + o, + nt} + cos [—Qkyoy +¢_ —np
Yy

20‘-)(-1') Bf,z(x’ t)Bf,l(xv t)

— {cos [2w(x)t+¢+ +nAg} + cos [—QkyOer(;S_ +ny

cky sin ¢

(8.3.5)

for counterpropagating waves with identical frequencies w and wavenumbers |k, | =
kyo. This result is similar to that for parallel propagating and circularly polarized
Alfvén waves. However, since the waves in this work are elliptically polarized, iden-

tical (in our case, ny = ng),

2w Bfl(x)Bf2(x)

5B = % e sin [ng] {—sin 2wt + ¢4 ] + sin [—2k,y + ¢_]}
2w B4, (2)BE [ (z
+£ L,Q(Siil;,l( ) i [ng] {sin[2wt + ¢.] +sin [~2k,y + 6_]}. (8.3.6)
or opposite (ng = —npg) polarizations of the waves, nonpropagating waves with

frequencies and wavenumbers 2wiaw and 2k, are present in the electric field. This
is in line with the spectral decomposition of the parallel electric field J E) observed
in Figs. 8.2 (d)—(f) and supports the interpretation that the parallel electric field is
predominantly due to the non-linear coupling of counterpropagating waves.

The signals in Equation (8.3.5) appear at the first stages of the simulation, as
seen in Fig. 8.1 (b), indicating that before the generation of the KAWSs;, the coupling

is initially driven by kink oscillations. These signatures become more relevant once
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KAWs are generated.

8.4 Particle Drifts

A particle motion analysis following Mottez [47] provides further physical interpre-
tation. We estimate the particle drifts transverse to the total magnetic field line B
projected onto the direction parallel to Bg. The drift considers cross-field, polariza-
tion, and the magnetic field gradient drifts. In consistency with the assumptions used
to derive the parallel field 6 ), curvature effects are neglected. Therefore, curvature
drift is not considered here, in accordance with the small-angle approximation used

in section 8.3.1.

ExB m, dOFE myv?
o~ L _ o~ D I pU] ~
e v, =ce|- [ 5 } LB i 2qu3eH -[VB x B]. (8.4.1)

8.4.1 Cross-field Drift

The parallel projection is

. |ExB| BiiFiy—BisE
€ - B2 - B2 ’

Corrections to the cross-field drift due to inhomogeneities [166] involve second-
order gyroradius terms and are negligible for the parameters used here. Using explicit
field components yields combinations of cos? ®° and sin? 7, where the phases 7 =
w(t)t £ kyy + 0% 1;- The elliptical polarization prevents the reduction of this drift to

constants as in the case of circularly polarized waves [47]. Trigonometric identities
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lead cos? @7 and sin® ®° to harmonic terms involving mixed signals 2w and 2k,.
These signals appear weakly in the dispersion relation plots of du,| [Figs. 8.2 (h)

to (j)]. The strongest parallel signals are rather nonpropagation modes with k, =

+2k,. Thus, the cross-field drift alone does not yield significant proton transport

in our simulations.

8.4.2 Polarization Drift

The time derivative of §E Eq. (8.3.5) is evaluated for the polarization drift, using

particle positions for dependence on x and y,

do _ OO L OOE) . %
dt ot * Ox Y oy

We apply derivatives to the parallel field in Equation (8.3.6). By neglecting the
slow time variations of the magnetic field amplitudes (9B ;/0t), several harmonic
terms with 2w and 2k, are obtained. There are no mixed space and time dependen-
cies. These signals match the nonpropagating modes +2k,, and 2wk aw seen in the
dispersion relation plots w, — k, in density fluctuations, parallel bulk-velocity, and
parallel electric field (Fig. 8.2). Accordingly, the polarization drift contributes to the
harmonics observed in the proton parallel bulk velocity. This drift is a significant
component of the parallel particle response. The polarization drift provides the main
contribution to particle motion parallel to the field By. To avoid secular growth, we

assume that the frequency w is approximately uniform in the layers.
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8.4.3 Gradient Magnetic Field Drift

The parallel projection of the gradient magnetic field drift is

mpvi BJ_71 0B BJ_72 0B
2.8 | B2 %9y T B ox
qp Y €T

vG| =

The derivatives 0B/0y and 0B/0z in terms of the derivatives of 0B ;, lead to
several non-cancelling terms. The elliptical polarization mixes counterpropagating
and copropagating waves. The terms associated with copropagating waves generate
harmonic terms sin 2®° and cos? ®7. These are weak or not seen in the parallel fields
or bulk velocities. Terms associated with counterpropagating waves yield purely
temporal or spatial oscillations with 2w and 2k,. These are consistent with the
signals seen in the parallel fields and bulk velocities.

Thus, this drift contains the expected spectral content. However, we can at most
state that the fluctuations associated with the counterpropagating waves are more
intense. The effect of other terms has a negligible net contribution in the performed

analyses.

8.4.4 Diamagnetic Drift

This drift involves the pressure gradient, rather than particle data. Thus, it was not

included in Equation (8.4.1). This drift is given by

VbmM = — ————=Vp, X B.
qpny B2 g

The proton pressure p, is p, = kpn,T), requires knowledge of the density n, and
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the temperature 7,,. We use harmonic dependencies from dispersion relations plots to
estimate the order of the involved harmonics. The spectra of the three temperatures
show strong power at wiaw —wkink and ko, with nonpropagating signals at 2k,. The
temperature 7}, additionally has frequencies 2wk aw and k9. The proton density has
strongest signals at wiink and ko, and nonpropagating signals at 2k,.

The projection of the drift onto By is

1 0 0
57 uar—n(npkBTp) — Biig— (npksT))| -
p''p s

3712

)

Upm| = —

The signals contained by n, and T, lead to a drift with higher harmonics of
kyo and w,. These signals are not consistent with the modes associated with the
structures we observe in density and phase-space portraits y — v. This drift does
not significantly contribute to parallel heating and acceleration.

We conclude that the polarization drift through the field d £ and the magnetic
field gradient contribute most to particle acceleration and to a depletion of protons
in the antinodes of kink oscillations. Simultaneously, protons are displaced toward
the nodes. The dispersion relations plots of én, and du, [Figs. 8.2 (g)—(i)], show
that most of the density and flux variations depend only on space. This is consistent
with the physical picture of counterpropagating Alfvén waves driving particle motion
of Mottez [47].

In relation to resonant absorption, because fluctuations are localized in z, the
resulting field 0E) is also localized. Thus, particle acceleration effects occur only
within the inhomogeneous layers. Other non-linear terms or interactions may also

contribute, because the condition for total transverse fields 5E”L = 0 and the differ-
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ence [0L) — 6E|1|\4°ttez = 0 are not strictly verified. However, we provide reasonable
evidence that the non-linear interaction between the waves generated at the layers

represents the most relevant signals we observe in the electromagnetic fields.

8.5 Phase-space Portraits along y — v Plane

We follow the phase-space portraits in the y — v plane in Fig. 8.6 in the region R;;
[frames (e) to (h)], and in R,s [frame (i) to (1)] for [/R = 0.4. These regions are
shown in white dotted lines in the proton density [frames (a) to (d)]. At the onset of
resonant absorption, 2,t = 240.05, the distributions exhibit sinusoidal oscillations in
v) along y [Figs. 8.6 (e) and (i)]. The oscillations persist at €2,,t = 720.05 both inside
the slab and at the left layer. By Q,t = 1200.05, the deformations of the distribution
inside the slab become filamentary structures in phase-space [Fig. 8.6 (k) and (1)].
This structure indicates that particles move nearly force-free. This is in agreement
with the localization of the electric field fluctuations only within the layers.

At the layers, there is a flux of particle-density toward velocities larger than
lvj| = uo. The flux transports protons from regions around y = L, /4 and 3L, /4
to the regions around y = 0 and L, /2 [see Figs. 8.6 (c) and (d)]. This is consistent
with particle flux along By and the signals observed in the dispersion relation of
dE) and duy [see Figs. 8.2 (d) to (i)], driven by the projection of the KAWs fields
onto the parallel direction. At €2,t = 1680.05, the distributions at the layer exhibit
a strong deformation, depleting regions around y = L, /4 and 3L, /4, where proton
density cavities are formed. Protons are displaced toward y = 0, L,/2, and L,,
locally enhancing the particle density and forming the winglets. In this process, the

width of the distribution function in v increases at these locations, see Fig. 8.6(h).
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Figure 8.6: Evolution of (a)—(d) the proton density indicating boundaries of regions
R,y and R,, (white dotted lines), and phase-space portraits y — v at regions (e)—(h)
R,y in the inhomogeneous layer, and at (i)—(1) R,2 at the center of the slab. Velocities
are shown in the phase-space portraits (e)—(1): v = Fug (solid white line). Here,
[/R=0.4.

No particular velocity v shows signatures of resonant interactions at the cavities.
The density depletion spans a wide range of velocities, suggesting a non-resonant
interaction [47]. Intermediate snapshots of the phase-space portraits in region R,
(Fig. 8.7) show that the overall structures rotate around vy = 0, suggesting trapping
of protons at longer times. For ratios [/R < 0.3, these structures are disrupted
beyond €,t = 1680, when spatial scales reach the grid resolution and numerical
noise grows.

Figure 8.8 shows sections of the distribution functions extracted from the phase-

space contours of Fig. 8.6. Frame (a) shows sections in the region R,; and the left

157



(a) Qpt =1200.05, Ry1

(b) Qpt =1440.05 (c) Qpt=1680.05

50 100 150 200
YQp/Va YQp/Va YQp/Va YQp/Va

0 50 100 150 200 0 50 100 150 200 0 50 100 150 200

Figure 8.7: Evolution of the phase-space portraits y — v at region R, in the inho-
mogeneous layer for four selected long times. Velocities ‘v”‘ = ug are shown in the
phase-space portraits as solid white lines. Here, [/R = 0.4.

layer and y = y; in the center of a density cavity. Frame (b) shows sections in the
region R, in the center of the slab, in the same y. In both cases, there is a narrowing
in v due to particle depopulation. The strongest narrowing occurs at R,; due to the
parallel electric field. Frames (c¢) and (d) show the same regions, respectively, both
at y = o, the center of the density winglet. At the layer, the distributions widen
toward velocities ’U”! = up and flatten significantly around v = 0 after resonant
absorption. This is consistent with the proton flux caused by the parallel field 6 E).
In contrast, the distribution at the center of the slab shows weaker diffusion.

Across all of the simulated cases with fixed angle ¢ = 45° and varying [/ R, the
spatial dependence on y is qualitatively similar. However, in the region R,;, the
projections in y — v plane systematically broaden in v). Larger ratio I/R yields
increasingly flat distributions around vy = 0, as in Fig. 8.8 (c). These flat-topped
distributions resemble those reported in electron populations in the Earth’s magne-
tosphere downstream of the bow shock [167-170], and near reconnection sites [171-
173]. This signature indicates strong heating. In our simulations, such heating is
caused by the KAW fluctuations via the field dE).

We conclude that the non-linear coupling between the counterpropagating KAWs
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Figure 8.8: Evolution of the distribution function obtained from the phase-space
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portraits projected on y — v evaluated at section (a)-(b) y = yi, and (c)—(d)] at
y = 1. Velocities ‘v”‘ = ug are shown with solid black lines. Here, /R = 0.4.

generated by resonant absorption leads to non-resonant wave-particle interaction.

Here, protons are accelerated, forming regions of minimum density and enhancing

heating of the distribution at the newly formed regions of maximum density, both

in the direction parallel to By.

Previous interpretations in research attributed density structures generated by

resonant absorption to dispersive effects triggered by cross-field oscillations of Alfvén

waves near resonant lines [38]. These processes involve frequencies near the pro-
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ton cyclotron frequency, perpendicular heating, and parallel heating by transit-time
damping. In contrast, in our simulations, the density enhancements arise from non-
resonant particle acceleration driven by KAWSs through the parallel field 0 E). Cross-
field modulation does not occur here because the density gradient is orthogonal to
By [37]. The fluctuations we identify are low-frequency, by two orders of magni-
tude below €2,. The heating occurs predominantly in the parallel direction, without

resonant damping of fluctuations.

8.6 Proton Parallel Temperatures

Temperature variations are concentrated at the layers for all values of I/R. At the
center of the density winglet (R, X Ry), the parallel temperature (T,) [Fig. 9.4
(a)] initially decreases up to instant §2,¢ ~ 250. This is consistent with the particle
acceleration out of the density cavities by the parallel electric field generated by the
KAWSs. Subsequently, <T pH> increases in time for all ratios [/R. Their growth rate
slows near €2,t >~ 1000 and acquires similar values across cases by §2,t = 1700.

At the center of the cavity (R, X Ry1), for all ratios /R the temperature (T}, )
evolve in phase with the kink oscillations throughout the simulation. Their fluctua-
tion frequency matches wy,k. As in the winglets, smaller I/ R produces larger tem-
perature oscillations, indicating a stronger reversible field-particle power exchange
at smaller transverse scales. The temperature <TpH> increases early on and satu-
rates by ,t >~ 350, then decreases to lower values by 2,¢ >~ 1200. This cooling is
largely driven by particle depletion within the cavity. Afterward, <TPH> rises again

and returns to near its initial value by €2,¢ = 1700.
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Figure 8.9: Evolution the space-averaged temperature <TPH> at the winglet in the
left layer, R;1 X Rypo.

8.7 The Effect of Different Angles ¢

8.7.1 Wave-particle Interaction

As in the case ¢ = 45°, density structures in the layers are dominated by the second
mode 2ky. This mode in dn, grows and eventually exceeds the amplitude of the
mode ko, where resonant absorption occurs [Fig. 8.1 (a)]. For ¢ = 10° (no resonant
absorption), and 80° (weak resonant absorption) mode 2k,, does not surpass mode
kyo. At most, they achieve the same amplitude in ¢ = 80°. Repeating the dispersion
relation analysis of subsection 8.1, we find that the parallel field 6 £ develops strong
nonpropagating signals as in [/R = 0.4 and ¢ = 45° (pairs |w,| = 2wkaw, ky, = 0,
and w, = 0, |k,| = 2ky0). This result is extended for all ¢ and /R = 0.2 and 0.5.
The magnetic field fluctuations are consistent with the hypothesis of negligible
curvature (subsection 8.3.1). The electric field remains nearly perpendicular to the
magnetic field lines B (subsection 8.3.1). The longitudinal 5E”L (departure from

transversality) is 3 orders of magnitude smaller than the components 6 E7 ;, and 2
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orders of magnitude below 0 E)|, for angles near ¢ = 45°. The deviations 5Eﬁ grow
more rapidly for /R = 0.2 for all angles by the time §2,t >~ 1700. Despite this, the
dominant contribution to d £ is the coupling of counterpropagating waves localized
within the layers at all p. This is verified in the dispersion relation plots w, — &,
and coincides with Equation (8.3.5). Rotating the fields as in Eq. (8.3.2) confirms
that the field £ in the data originates from this coupling. Thus, we extend the
conclusions of subsection 8.1 to other angles of By.

Changing the angle ¢ modifies the degree of localization by resonant absorp-
tion [39]. To quantify this effect, we analyze the k, spectrum of 0F), focusing on
the mode 2k,0. For [/R = 0.5, its temporal evolution is shown in Fig. 8.10. For
angles 22.5° < ¢ < 67.5°, the amplitude of 2k,o grows and saturates at a similar

level, consistent with the formation of small-scale structures in the layers.

-2 T T T
10 kyvalQ,=0.05 —=450°0 — g=225° ¢ =280.0° :
—_— =10.0° ¢=67.5° ]

0 250 500 750 1000 1250 1500 1750 2000
Qpt

Figure 8.10: Fourier decomposition of the parallel electric field d E| in k, at a section
x located at the center of the left inhomogeneous layer. Evolution of the amplitude
of mode 2k, for different angles ¢.

For ¢ = 10°, the mode 2k, has the lowest amplitude, because localization does

not occur. For ¢ = 80° resonant absorption is weak. The generated KAWs are
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weak and prevent the full formation of structures. These results indicate that pro-
ducing small-scale structures requires not only localization, but also a large enough
amplitude of the mode 2k, in 0E). The same qualitative behavior is obtained for

I/R=0.2.

8.7.2 Phase-space Portraits along y — v Plane

The phase-space portraits in the projection y — v at the left inhomogeneous layer
(Rz1) have a strong dependence on ¢. For 33.75° < ¢ < 56.25°, the distributions
resemble those in Figs. 8.6 (e¢) to (h) [see Figs. 8.11 (e) to (h) for ¢ = 56.25°].
Additionally, the distribution deforms at a faster rate as ¢ approaches 45°. Regions
near y = L, /4, and 3L, /4 depopulate rapidly. The displaced particle density piles
up around y = 0, L,/2, and L, and broadens the distribution in vy, as in Fig. 8.8
(c). At larger times, the structures tend to rotate around v = 0 and suggest proton
trapping. These features disappear with angles ¢ > 80°.

For ¢ = 80°, weak filamentary structures are observed [Figs. 8.11 (i) to (1)].
This signals a substantially weaker wave-particle interaction. No significant heating
is found at y = 0, L,/2, or L,. This is consistent with the low amplitude KAWs
generated at the layers, and the correspondingly weak field 0E). For ¢ = 22.5°,
the deformations in the distribution occur, but a slower pace [Figs. 8.11 (a) to (d)].
These trends hold for [/R = 0.2 and 0.5.

Phase-space portraits y — v inside the slab (R,2), show oscillatory structures for
@ = 10°. As the angle ¢ increases toward 56.25°, filaments develop more rapidly.
For ¢ = 80° (Fig. 8.12), the filaments evolve into vortex-like structures centered at
y = L,/4 and 3L, /4. These structures correlate with the increasing persistence of

density enhancement inside the slab at large ¢, consistent with ponderomotive forces
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Figure 8.11: Evolution of the phase-space portraits at region R,; for angles (a)—(d)
¢ = 22.5° (e)—(h) ¢ = 56.25°, and (i)—(1) ¢ = 80°. Velocities are shown in the
phase-space portraits (e)—(1): v = £ug (solid white line). Here, /R = 0.5.
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Figure 8.12: Evolution of the phase-space portraits y — v at region R, in the center
of the slab for the angle [(a) to (d)] 80°. Velocities are shown in the phase-space
portraits: ‘v”’ = ug (solid white lines). Case of ratio [/R = 0.5.

acting parallel to By [33, 48, 158]. Resonant absorption seems to suppress these forces
by diverting energy into the layers. Thus, for large angles, the weaker KAWs lead to
weaker energy transfer and more pronounced ponderomotive forcing. For ¢ = 10°,

the dynamics are dominated by kink oscillations, without major distortions in the
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structure of the distributions.

8.7.3 Proton Parallel Temperature

Space-averaged temperatures are examined for [/R = 0.5 and all ¢. Fluctuations

occur mainly in the winglets for 22.5° < ¢ < 80°, with the strongest increases in
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Figure 8.13: Evolution the space-averaged temperature <T pH> at the winglet in the
left layer, R;1 X Ryps.

At the winglet region (R, X Rys), temperature (T}, ) (Fig. 8.13) exhibits an initial
drop followed by an arrest that occurs earlier for larger . This arrest marks the onset
of resonant absorption and parallel energization driven by the field 6. A sustained
increase follows for 22.5° < ¢ < 56.25°, with the largest saturation temperature near
p = 45°—56.25°. At higher angles, the growth weakens. These trends agree with the
phase-space distortions in y — v, which decrease toward ¢ = 80° as the amplitudes
of the KAWSs drop.

Around the density cavity (R,1 X R,1), all temperatures oscillate at the kink fre-
quency. Their amplitudes decrease with a larger angle ¢. Moving averages <TpH >|

mob

for ¢ > 22.5° are shown in Fig. 8.14. The average temperature <Tp||> drops below
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Figure 8.14: Evolution the space-averaged temperature <Tp||>, and mobile-averaged
at a density cavity in the left layer, R, x Ry.

its initial level after €2,t ~ 600 for angles ¢ > 33.75°. This is delayed to €2,t = 1250
for ¢ = 22.5°. The case ¢ = 80° shows the smallest fluctuations.
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Chapter 9
Kinetic processes induced by resonant ab-

sorption - transverse dynamics

9.1 Transverse Wave-particle Interaction

Kinetic Alfvén waves excited at the layers verify |wr [k ‘ ~ v 4, far from the core of the
proton distributions. Also, the developed frequencies in the electromagnetic fields
are at least two orders of magnitude below that of the proton cyclotron frequency,
so that there is no cyclotron resonance. Thus, there are no resonant wave-particle
interactions, €2, > w, > kv [55]. Therefore, the fluctuations exhibit non-resonant

wave-particle interactions.

9.1.1 Cross-field Drift and Bulk-velocity

We now examine the dynamics in the z—v, » phase-space portraits. For this purpose,
we consider the transverse components of the cross-field drift vgy = ¢E x B/B?,
which is caused by the electromagnetic fields in the plasma. Figure 9.1 compares
the transverse bulk velocity fluctuations du,, ; and du, o with the corresponding
components of the cross-field drift for [/R = 0.4 at y = y; (center of a density cavity)
and y = y» (center of a density winglet). There is strong agreement, indicating that
the transverse proton dynamics are largely driven by the cross-field drift within the

inhomogeneous layers.
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Figure 9.1: Sections of the cross-field drift vgy and the bulk-velocity components in
the projections transverse to By at four selected times. Sections correspond to (a)—
(d) y = y1 at the center of a density hole, and (e)—(h) y = y at the center a density
winglet. A comparison is shown between data from bulk velocity components (solid,
blue and red lines) and components of the cross-field drift (dashed, black and grey
lines). Here, [/R = 0.4.

For ¢ = 45°, the relative deviations |0u,, 1 — vgm1| /va at the layers are of order
1072 for most of the simulations. This deviation is 5 x 1072 times the maximum
value in |dupy 1. In |[dup) 2 — vpm2| /va, the maximum value is about 1.6 x 1072,
nearly 9 x 1072 times the maximum value of |du,, o|. The deviations grow in time,
more rapidly for smaller ratio [/R. By €,t ~ 1700, this difference reach ~ 0.25
times the peak amplitude of |du,, o for /R = 0.2 — 0.3. This difference is < 0.15
the maximum value of this velocity for larger [/R. The largest differences arise at
the layers. Yet, the cross-field drift reproduces the overall transverse response of
protons, particularly du,, o.

The cross-field drift has been associated with perpendicular non-resonant inter-
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action [59, 63]. For our purposes, the most important component of this drift is the

direction e »,

0E60B,,—0F, 1B
UVEML,2 = H L’IBz —20 (9.1.1)

The dominant contribution to this drift is by 0, ;, linked to the KAWs wavepack-
ets. It carries a significant small-scale structure along the density gradient. Thus, the
drift in the direction e, 5 is highly localized. The large magnitude of By = By + 0B

causes this term to be dominant.

9.2 Phase-space Portraits along r — v, » plane

The drift leads the proton distribution into an oscillatory motion in e; 5 in the
phase-space portraits  — v 5. This is shown in Fig. 9.2 and suggests reversible field-
particle energy exchange. The strongest deformations become localized within the
layers during and after resonant absorption in R, (center of a density winglet) [see
Figs. 9.2(e)—(h)], coincident with the presence of the localized KAWSs. Similar distor-
tions have been reported in non-resonant heating by a spectrum of finite-amplitude
Alfvén waves with non-random phases [59] and monochromatic KAWs [63], where
the cross-field drift drives the particle motion. Toward the centers of the cavities, the
deformations become negligible, suggesting no particle energization. This is consis-
tent with the nearly vanishing amplitude of vgy o [see Figs. 9.1(a)—(d) in the same
region).

Further works have studied non-resonant interaction in low-# under random-
phased Alfvén wave spectra and particle dynamics, finding pitch-angle scattering [56,

174, 175]. This renders particle motion as quasi-random [59]. The localized KAW
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Figure 9.2: Evolution of (a)—(d) the proton density, and phase-space portraits z—uv, o
at region (e)—(h) R,2 at the center of the central winglet. Velocities |v, o| = ug are
shown in the phase-space portraits with solid white lines. Here, [/R = 0.4.

wavepackets possess non-random phases, but pitch-angle scattering may still arise
within the layers at the winglets, as suggested by works on coherent Alfvén and
whistler spectra [176, 177]. A more detailed particle-level analysis is out of the scope
of this work.

The mechanism proposed by Vasquez [38] consists of scattering particles’ velocity
spaces v| — v, which matches the description of pitch-angle scattering, but they do

not specify the underlying dynamical process.

9.3 Velocity Particle Distribution Functions

Figure 9.3 shows the velocity distributions in coordinates v — v, at Ryi. At the
density cavity, the distributions remain centered near the origin [Figs. 9.3 (a) to (d)].
Their width in v) evolves consistently with the phase-space portraits y — v [Figs. 8.6

(f) to (h)]: bulk narrowing, particle depletion in the cavities transport toward the
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winglets driven by the parallel field d /. By the end of resonant absorption, diffusion
appears around |v||| ~ g [Fig. 9.3 (d)]. At the winglet [Fig. 9.3 (e) to (h)], strong

diffusion occurs across the range ‘U”‘ < up.
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Figure 9.3: Evolution of the velocity distribution function at the region R,; in the
left inhomogeneous layer of the slab in coordinates v — v » around (a)—(d) the center
of a density hole R, and (e)—(h) at the center of a winglet Ry,. Velocities vy | = ug
with dashed white lines are shown for comparison. Here, /R = 0.4.

For the velocity v, o, the distributions at the winglet (R,1 X R,2) drift alternately
in time, as seen in Figs. 9.3 (e)—(h). The drift in v, » becomes negligible toward the
cavities [R,1 X Ry in Figs. 9.3(a)—(d)]. These features are in agreement with the
phase-space portraits at the layers z — v, 5 [see Figs. 9.2(e)—(h)] and in the behavior
of the component du,, o [shown in Figs. 6.5 (k)—(0)].

With different [/ R, distributions in v — vy 2 exhibit increasing diffusion in v,
for smaller values of [/R during and after resonant absorption (€2,t = 1200.05 and
1680.05). The broadening in velocity v is larger for the ratio [/R = 0.2 and weakens

for larger I/ R. Inside the slab, the distributions remain without significant features.
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9.4 Proton Transverse Temperatures and Temperature Ra-

tios

9.4.1 Transverse Temperatures

As with the parallel temperature, transverse temperatures’ variations are concen-
trated at the layers for all values of {[/R. We first address the density winglet
(Rs1 X Ryp). The temperature (T, 1) [Fig. 9.4 (a)] remains nearly unchanged. In
contrast, (T,, 2) [Fig. 9.4 (b)] is nearly constant until Q,t ~ 500, after which it
develops oscillatory peaks once KAWs form at the layers. These peaks follow an ex-
ponential envelope whose growth rate increases as [/ R decreases. A spectral analysis
of T,1 » (not shown) confirms that its fluctuations appear together with the KAWs
and share the same frequency wgaw-

A Fourier decomposition of the component 6E, ; in k, at the winglet (Fig. 9.5)
shows growing modes k.o, 2k.0, and 3k,. Their rise in amplitudes, signals the
emergence of small-scale structure. Here, peaks in (7}, ) (black dashed lines) are
concurrent with the growth of those modes. Similar mode amplitudes occur near
the inflection points of (T}, »), but with opposite spatial distribution. This suggests
reversible, non-dissipative apparent heating [59, 175, 178, 179]. The exponential
component correlates with KAW localization and the cross-field drift. As [/R de-
creases, smaller scales dominate and drive faster growth in the envelope of (T}, o),
consistent with diffusion processes described for weak Alfvénic turbulence [60] and
pitch-angle scattering by coherent, non-random phased waves [176, 177].

Perpendicular non-resonant interaction with finite-amplitude Alfvén waves [56,

57, 59] and KAWSs [63] based on particle motion leads to fluctuations in perpendic-
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ular temperature. These fluctuations depend on the amplitudes of the waves of the
spectra. Here, we can only assert that there is a correlation of the amplitudes of
modes k, of the KAWs, with the peaks in temperature (7}, 2).

Heating in regions of enhanced density has been reported in research about reso-
nant absorption [38], but our results point to a different origin. Parallel heating here
arises from non-resonant acceleration by the field J | generated by wave coupling.
Perpendicular heating appears only in the direction e, 5 and exhibits reversibility in
time, absent in Vasquez [38].

For all [/R, the three temperatures in the density cavity (R, X R,1) evolve
in phase with the kink oscillations throughout the simulation. Their fluctuation
frequency matches wynk. As in the winglets, smaller [/ R produces larger temperature
oscillations, indicating a stronger reversible field-particle power exchange at smaller
transverse scales.

The time-averaged transverse temperatures (7,, 1) and (7}, 2) show small de-
partures from their initial values. This indicates that the transverse field-particle
energy exchange remains largely reversible and produces negligible net perpendicu-

lar heating when averaged over time in the cavities.

9.4.2 Temperature Ratios

At the density winglet (R,1 X R,2), the proton anisotropy remains near unity initially,
then exhibits oscillatory deviations in the range )t ~ 240 — 720. After resonant ab-
sorption, the anisotropy becomes localized at the layers, with enhanced temperature
(T,) at the winglets [Fig. 9.4 (c)]. All [/R show a long-term bias toward paral-
lel heating, consistent with the broadening of the distributions in v [coordinates

v — v in Figs. 9.3 (e) to (h)]. Smaller ratios [/R exhibit stronger anisotropy.
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Deviations from gyrotropy at the winglets grow from €, ~ 500 onward [Fig. 9.4
(d)], favouring the broadening of the distributions in v, 5. The envelope of (T}, 2) / (7},
follows an exponential increase [dashed lines in frame (e)] with larger growth rates
for smaller ratios {/R. Although the achieved conditions may transiently exceed in-
stability thresholds, determining whether actual kinetic instabilities grow is beyond
the scope of the present analysis.

At the density cavity (R,1 X Ry1), the temperature anisotropy is therefore dom-
inated by the reduction in <T p||>, which biases the anisotropy to (7,,). The ratio
of transverse temperatures (7}, 2) / (1,1 1) remains close to unity through all of the

runs, showing no significant non-gyrotropy inside the cavities up to €2,t ~ 1700.

9.5 The Effect of Different Angles ¢

9.5.1 Wave-particle Interaction and Phase-space Portraits in = — v, 5

Plane

In the projection x — v o, the plasma oscillates coherently in v, o at ¢ = 22.5°,
centered near x = L, /2. The oscillations mildly distort the distribution in the layers.
This pattern is also present in ¢ = 10°. For larger angles, once fluctuations 6B o
become localized at the layers, the oscillations in the distribution become similarly
localized around the density winglets [as in Figs. 9.2 (e) to (h) for ¢ = 45° and
[/R = 0.4], and deformations develop smaller-scale features that evolve increasingly
rapidly as ¢ increases.

The magnitudes of the velocities achieved by the distributions at the winglets
decrease for ¢ > 67.5°. This is consistent with the reduced efficiency of resonant

absorption at large angles (Chapter 6). The dynamics follow the cross-field drift
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described in subsection 9.1, dominated by the drift in Eq. (9.1.1), and the field
0E, 1. This holds for all ¢ and both [/R.

Finally, the maximum difference |0u,; » — vem2| /va at the layers remains small,
< 0.02 for [/ R = 0.5, rising to ~ 0.046 at §,t = 2000 for the range 45° < ¢ < 67.5°,
being 0.2 times the maximum amplitude of du, »; and ~ 0.08 for [/R = 0.2 at
¢ = 56.25° by Q,t = 1680, being 0.4 times the maximum value of du,, 5. Despite
this, the transverse cross-field drift provides an accurate description of the overall
transverse motion. In accordance with this, it supports the interpretation that the

phase-space dynamics in & — v o reflect protons following the drift imposed by the

KAWs.

9.5.2 Velocity Distribution Functions

We track the velocity distribution functions in the projection v —v, » for fixed ratios
[/R = 0.2 and 0.5. At the center of the density cavity (R, X Ry1), the distributions
evolve similarly to the case [/R = 0.4 and ¢ = 45° [Figs. 9.3 (a) to (d)]. The
distribution is depleted from the cavity and its core narrows in vj. This behavior
is found for all angles 22.5° < ¢ < 80° and agrees with the narrow phase-space
structures seen in y — v within a layer [Figs. 8.6 (a) to (d)]. For ¢ = 80°, both
depopulation and narrowing are weakest due to the reduced particle energization.
At the center of the density winglet (R,1 X Ry2), the distributions have drift in
v} 5 consistent with the cross- field drift component e, 5. In velocity v, the distri-
butions broaden for ¢ > 22.5° indicating diffusion that produces strong flattening
around v = 0 by time €,t = 1200. The flattening becomes stronger with increasing
angle ¢ up to ¢ = 56.25°. For larger angles, it is reduced, again reflecting weaker

energization.
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For angle ¢ = 10°, the distributions remain close to Maxwellians, with minimal

distortions. The same holds for the ratio [/R = 0.2.

9.5.3 Proton Transverse Temperatures and Temperature Ratios

Space-averaged temperatures have localized fluctuations at the winglets (R,1 X Ry2),
specifically for 22.5° < ¢ < 80°. Temperature (T, o) grows the most, but slower
than (7). The temperature (T}, ;) remains near its initial value and follows the
kink oscillations.

The temperature (7T}, o) [Fig. 9.6 (a)] grows exponentially with oscillations up to
2t = 1800. The growth rate is the smallest for ¢ = 80°, as resonant absorption here
is the weakest. For the angles ¢ > 22.5°, the development of small-scale fluctuations
in 0F ; associated with KAWSs produces similar behavior, extending the reversibility
of the process and the possibility of pitch-angle scattering to configurations with
different angles .

Proton anisotropy is governed by the temperature <Tpl\> [Fig. 9.6 (b)]. The early
saturation follows from the initial arrest, while the later decreases due to parallel
heating. Minimum anisotropies occur for 33.75° < ¢ < 56.25°. For ¢ = 67.5°,
anisotropy remains small due to weaker resonant absorption (Chapter 6). Deviations
from gyrotropy [Fig. 9.6 (d)], rise with ¢ and peak at the range ¢ = 56.25° — 67.5°,
while remaining minimal at ¢ = 10°.

Around the density cavity (R,; X R,1), all temperatures oscillate at the kink fre-
quency. Their amplitudes decrease with a larger angle ¢. Moving averages (Tp,)| .
for the perpendicular temperatures have minimal deviations, implying negligible net
heating/cooling of the distributions at the cavities. Oscillatory components dampen

weakly, with slower damping at larger angles ¢, indicating a decreased field-particle
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energy exchange over time and a net narrowing of the distributions in time.
Temperature ratios (no moving average) show that the cavity anisotropy (Fig. 9.7)
decreases until resonant absorption begins. The arrest occurs later for smaller an-
gles. At ¢ = 22.5°, anisotropy grows in favour of the perpendicular direction due
to the decay of <T p||>. For larger angles, anisotropy saturates above unity, peak-
ing at 33.75° < ¢ < 56.25° and decreasing for larger angles. The perpendicular

temperatures remain essentially gyrotropic for all .
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Figure 9.4: Evolution of temperature-related quantities for different [/R. Quantities
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winglet, compared with the space-averaged temperature (7}, o) at the same location.
Here, |/R = 0.4.
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Chapter 10

Conclusions

The process of resonant absorption in a plasma composed of kinetic protons and fluid,
massless electrons have been studied in a plasma slab with inhomogeneous density
layers via 2D—3V PIC-hybrid simulations for different layer thickness ratios I/ R and
angles of the background magnetic field ¢. The initial perturbation consists of a
superposition of waves, among which there is a combination of left- and right-hand

polarized MHD waves that exhibit oscillations transverse to the y-axis.

10.1 On the Multi-fluid Features of the Resonant Absorp-

tion

This work examined the multi-fluid features of resonant absorption in an inhomo-
geneous plasma slab. They are compared with single-fluid MHD theory. Transverse
kink oscillations are localized and refracted in the layers, becoming aligned with
the density gradient. The localized fluctuations generate small-scale fluctuations in
proton density, transverse bulk velocity, and magnetic field [component (_L,2)], and
parallel vorticity. Such features are consistent with resonant absorption for different
[/R and . This renders resonant absorption as a robust phenomenon.

The perturbed mode of du, ; exhibits exponential decay with an inhomogeneous
damping rate. The damping time rates inferred at the layers, where resonant absorp-

tion occurs, generally agree with MHD predictions. However, there are deviations for
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smaller [/ R, weakly magnetized (¢ < 33.75°), and strongly magnetized (¢ > 67.5°)
slabs. We attribute these discrepancies to kinetic and non-linear effects, which be-
come important when the transverse displacements exceed the length of the layers,
or to the effective 3, becoming smaller for small . In strong magnetization, a larger
fraction of the energy remains stored in the large-scale mode.

The small-scale fluctuations generated by resonant absorption in density, bulk
velocity, and magnetic field grow mainly in k., and reach scales below the density-
gradient scale for all of the cases of ¢ and [/ R. Energy in magnetic field fluctuations is
found at scales around the proton inertial length after resonant absorption. Energy
analysis confirms that the energy transfer toward smaller scales is more efficient
for larger ratios [/R. Conversely, smaller ratios [/R, are capable of redistributing
energy closer to kinetic scales. Different angles ¢ affect the energy transfer toward
small scales. Moderately magnetized slabs readily allow reaching the proton inertial
length. Strongly magnetized slabs also allow for small-scale fluctuations to develop,
but with smaller amplitudes. Weakly magnetized slabs are dominated by large-scale
fluctuations. Thus, both I/R and ¢ affect the efficiency in energy transfer toward
kinetic scales and in the development of small-scale fluctuations.

In transverse magnetic field fluctuations, we identify quasi-perpendicular, weakly
compressible waves with a strong electrostatic component. Signatures in the disper-
sion relations of 03 o, polarization in the plasma physics sense, and other spectral
diagnostics allow to characterize them primarily as KAWs, with the possible contri-
bution of other modes at later times. They develop for all ratios I/ R, and angles
p > 22.5°.

Finally, in all configurations where resonant absorption operates, the frequency

of the global kink mode matches the frequency of the generated KAWs. Thus, small-
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scale waves are generated at scales in the order of the proton inertial length with the

same frequency of the initial excited mode.

10.2 On the Kinetic Features of Resonant Absorption

Resonant absorption produces spatially localized KAW fluctuations. They interact
non-linearly and generate a parallel electric field 6. This field is responsible for
the formation of small-scale, nonpropagating, and density structures (cavities and
winglets). The analytical estimate proposed here reproduces well the main signals
of 0F). This estimate captures the main signatures of the field dispersion relation
w, — k. The spatial component of 0 £ accelerates protons along By. For all the pa-
rameters in which resonant absorption operates, flat-topped distributions develop at
the winglets. Such distributions indicate strong parallel heating. This demonstrates
the kinetic impact of resonant absorption of the global kink mode on the proton
distribution functions.

In the perpendicular directions, the electromagnetic fields drive cross-field drift.
The proton distribution functions develop oscillatory patterns in v, . They are
consistent with non-resonant field-particle interactions with Alfvén waves and KAWs.
These oscillations gradually localize within the layers. The component (L, 2) of the
drift is dominant and closely follows the structure of 6/, ;. The emergence of small-
scale fluctuations in 0E, ; correlates with the exponential increase in the envelope
of T, 5. This seems consistent with pitch-angle scattering driven by non-random
phased KAWs. Its oscillatory component suggests partial reversibility.

These effects appear for all [/R, but may differ in intensity. Larger amplitudes

are found for thinner layers whose widths approach the proton inertial length. The
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effects are stronger for 22.5° < ¢ < 56.25° and weaken as the projection of the
field By on the simulation plane increases. No resonant absorption or associated
kinetic activity is observed for ¢ = 10°. All the identified energization processes are
non-linear and non-resonant. This underlines their relevance for the generation of
small-scale structures in space, in the particle distribution functions, and in proton
heating for low-/3, inhomogeneous plasmas. These mechanisms differ in nature from
those proposed by [38].

The interpretations of £ and the drift estimates are limited by the approxi-
mations required for analytical traceability. Their applicability to other regimes or
parameter choices may be reduced. Nonetheless, the present results show non-linear
pathways emerging from resonant absorption to kinetic-scale structures and proton

energization.

10.3 General Remarks

As a final remark, we assess the feasibility of the configuration studied in this re-
search. As was noted in the definition of the parameters, the scale-lengths of the
system we use (in the order of 5 km with inhomogeneities of length 184 m < [ < 460 m
based on observational parameters in coronal loops [73, 74, 83-85]) are much smaller
than what can be measured with the current technology in solar corona (SolO [90,
91]). Therefore, the scale-lengths used in this research may not correspond to actual
observable structures. Physical quantities such as particle density and magnetic field
have been reported as uniform within an extension of 40 Mm around the apex of the
coronal loops [83]. In this sense, the configuration we use may be regarded as a small

section around the apex of a loop. Another point to be noted is the periodic bound-
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ary conditions in both axes. A more realistic setting would consider open boundary
along the direction of the density gradient, allowing for particle flux along these di-
rections or to introduce effects which emulate curvature in the slab. Regardless, this
configuration provides a clear description of resonant absorption when fluctuations
reach spatial scales in the order of the proton inertial length, and presents a con-
tribution to understand both the multifluid feature of resonant absorption, and the
kinetic features of the phenomenon when kinetic scales are reached. In any case, if
structures whose size is in the order of the 1 km with inhomogeneities of 100 — 500
m in the solar corona, we would expect to observe the physics we report here. We
also expect that the physics of resonant absorption in real-size coronal loops to be
qualitatively similar to our results when kinetic-scales are reached, since the process

essentially transports fluctuations towards small scales.
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Appendix A
Mathematical Appendix

A.1 Rotation Matrices for Vector Quantities

The analysis of the vector quantities is made on an orthonormal basis in which one
of the axes is alingned with the background magnetic field By. The first rotation is
in the azimuthal angle § measured from the axis x, contained in the plane zy and
defined by the matrix R(#). Explicitly, for a vector A defined over the axes zyz, this

rotation is given by

A’ = R(HA
Al cosf sinf 0| | A,
A, ¢ = |—sind cos 0| A4, > (A.1.1)
Al 0 0 1| | A

with unit vectors

x = cosfx + sin Oy,
! —

y' = — sin X + cos 0y,

=/

7 =7.

This rotation is graphically shown in Fig. A.1. The rotation on ¢ is performed on
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AZ

ﬂj/

Figure A.1: Rotation of axes zyz (black) to z'y’2’ (blue) via the rotation matrix

R(6) with angle 0.

a vector A’ already rotated by the matrix R(#). For such a vector, the rotation is

mediated by the matrix R(y), obtaining a vector in the axes ||, L 1, L 2. The angle
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¢ is measured from the axis z. The transformation is explicitly given by

Ap, = R(p)A’
Ayl singp 0 cose| | AL
Alig = 0 1 0 Ao (A.1.2)
Ao —cosp 0 sing Al

with unit vectors

€| = sin X’ + cos 07,
~ =
eJ_,l =Y.

-~ ~/ . -~/
€ 5 = —cospX +sinfz.

This rotation is graphically shown in Fig. A.2. Therefore, the rotation from a vector
given in the axes xyz to the axes ||, L 1, L 2, aligned with the background magnetic

field By is given by the matrix R(6,¢) = R(p)R(0). Explicitly,

A cos 6 sin ¢ sinfsing cosp| | As
Aiq ¢ = —siné cosf 0 A, 0 (A.1.3)
Al —cosfcosp —sinfcosp sing A,
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y’\i’l

x/

Figure A.2: Rotation of axes x'y’z’ (black) to ||, L 1, L 2 (red) via the rotation
matrix R(y) with angle ¢.

with unit vectors

€| = cos 0 sin X + sin 0 sin gy + cos ¢z,
€, 1 = —sinbx + cos 0y,

€, 2 = — cos B cos pX — sin 0 cos ¢y + sin ¢z

Graphically, the combination of rotations is shown in Fig. A.3 for arbitrary angles
0 and ¢.
In the paper, the field By is given by By = By(sin ¢y + cos¢z), so that the

quantities defined in axes xyz are now rotated to By, so that § = 7/2 and ¢. This
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Figure A.3: Rotation of axes zyz (black) to ||, L 1, L 2 (red), aligned with the field
By (green), via the rotation matrix R(6, ) = R(¢)R(#) with angles 6 and . Blue
dashed lines represent the intermediate axes x'y'z’.

transformation is given by

Ap, = R(p)R(m/2)A

Al 0 sinp cosp| | A,
A= |-1 0 0 A, ¢ (A.1.4)
Ao 0 —cosy sing A,
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with unit vectors

€| = sln Yy + oS ¢z,

€11 =—X,

€] 9 = — Ccos Py + sin yz.

This rotation is graphically shown in Fig. A.4. The inverse transformation is given

by the inverse matrix of (A.1.4), given by

A= R_l(ﬂ-/27 ©)As,

A, 0 -1 0 A
A, 0= |sinp 0 —cosp| §AL1 (- (A.1.5)
A, cosp 0 sin ¢ Ao
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Figure A.4: Rotation of axes zyz (black) to ||, L 1, L 2 (red), aligned with the field
By (green), via the rotation matrix R(6, ) = R(¢)R(6) with angles § = 7/2 and .

Blue dashed lines represent the intermediate axes z'y’z’.
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A.2 Complex Integration

The integration of Equation (2.2.11) with the approximation of Equation (2.2.12)
leads to an integral of the form
4 Pla)

lim
6—0+

dz, (A.2.1)

zA—6 r —TA

in the limit of thin inhomogeneous layer. Here, F(z) is an analytic function of x
everywhere in the complex plane. The argument of the integral (A.2.1) has a simple
pole at © = x4, which is within the integration domain. Therefore, complex calculus
methods are required to solve it properly. This task requires to introduce a contour
of integration around the simple pole. A semicircunference contour C. of radius e
such that § > ¢ > 0. Two other contours are defined on the real axes, C; and C,.
The overall contour C = C, U C; U Cs is shown in Fig. A.5.

Thus, the integral becomes

F N 4 Tato F
/ (n) dy = / (z) dx+/ (z) dx+/ (n) .
chl— A za—8 T —TA zate LT T TA c.—2a

The integral over C. is parametrized as n — x4 = ee™.

/ Mdn =—1 /7r F(ee™™ +24) do. (A.2.2)

n—7a

The integrals defined on the real axis only, become the principal value of the integral.
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Figure A.5: Scheme of the integration contours for Equation (A.2.1) in the complex
plane around the simple pole at © = x 4.

The function F(x) can be expanded in Taylor series around x 4.

[ Eaee [P S5 om0 nay

T — 1Ty T — Ty —~Jy dz™|,_, .

In the limit of ¢ — 01, the integral along C., we consider that the function F' is
entire, in particular at © = x 4. This leads to a zero principal value. Accordingly, it

is found that the integral converges to

/ nF—(—nx)dn = —inF(z4). (A.2.4)

Since this result does not depend on ¢, the evaluation of the integral in the limit of
thin layer, § — 07, still yields (A.2.4). In this way, the condition for the lagrangian
displacements &, (2.2.13) is obtained.
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Appendix B

Dictionary

B.1 Abbreviations

ATA: Atmospheric Imaging Assembly (instrument aboard SDO).

BBGKY: Bogoliubov-Born-Green-Kirkwood-Yvon (hierarchy of equations in sta-

tistical mechanics).
CFL: Courant-Friederichs-Lewy (condition for differential equations).
CoMP: Coronal Multichannel Polarimeter (ground-based telescope).
EM: Electromagnetic.
IRIS: Infrared Interferometer in Space (instrument).
KAW /s: Kinetic Alfvén wave/s.
KHI: Kelvin-Helmholtz instability.
LHP: Left hand polarization/polarized.
MHD: Magnetohydrodynamics.
PIC: Particle in cell.
RHP: Right hand polarization/polarized.
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SDO: Solar Dynamics Observatory (mission).

SIM: From simulation (used in wgpy).

SolO: Solar Orbiter (mission).

SOT: Solar Optical Telescope (instrument aboard Hinode).

TRACE: Transition Region and Coronal Explorer (mission).
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