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RESUMEN

El crecimiento exponencial del espacio de Hilbert con el número de con-
stituyentes cuánticos hace que numerosas tareas de información cuántica
sean intratables mediante métodos clásicos exactos, lo que motiva el de-
sarrollo de aproximaciones escalables. Esta tesis presenta dos enfoques
de physics-informed deep learning que abordan este tipo de problemas
incorporando los principios físicos subyacentes directamente en la ar-
quitectura de la red neuronal y en la función objetivo de entrenamiento,
garantizando que las soluciones aprendidas permanezcan consistentes
con las leyes de la mecánica cuántica.

El primer enfoque estudia la dinámica de sistemas cuánticos cerra-
dos gobernados por Hamiltonianos dependientes del tiempo, cuya evolu-
ción está descrita por la ecuación de von Neumann. En este contexto, el
operador de evolución temporal se expresa mediante expansiones inte-
grales infinitas. A diferencia del caso independiente del tiempo, donde
la solución admite una forma exponencial simple, obtener una expre-
sión análoga requiere la introducción del operador de ordenamiento tem-
poral. En consecuencia, cuando el Hamiltoniano no conmuta consigo
mismo en distintos instantes de tiempo, la complejidad matemática del
problema aumenta considerablemente. El método propuesto reduce el
costo computacional asociado a la simulación de estas dinámicas. A
partir del operador de evolución temporal conocido únicamente en un
conjunto disperso de instantes de tiempo, una Physics-Informed Neu-
ral Network interpola su evolución sobre todo el dominio temporal sin
requerir conocimiento explícito del Hamiltoniano. En su lugar, el mod-
elo incorpora la unitariedad como una restricción física y, para sistemas
de mayor tamaño, predice un Hamiltoniano efectivo cuya evolución
se propaga mediante integradores que preservan la estructura del sis-
tema. Para sistemas de entre 2 y 8 qubits, el enfoque alcanza fidelidades
promedio cercanas a 0.99, reproduce con precisión la dinámica incluso
bajo un muestreo temporal poco denso y logra acelerar la inferencia
aproximadamente en un orden de magnitud con respecto a un método
de interpolación geodésica.

El segundo enfoque aborda el Quantum Marginal Problem, cuyo ob-
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jetivo es reconstruir un estado cuántico global a partir de un conjunto
dado de matrices densidad reducidas (marginales cuánticos), garanti-
zando simultáneamente que todas ellas sean mutuamente compatibles.
Este problema se vuelve cada vez más desafiante a medida que aumenta
el tamaño del sistema debido al crecimiento exponencial del espacio
de Hilbert y a las complejas restricciones de compatibilidad entre las
marginales. Mediante la combinación de un convolutional denoising
autoencoder con el Marginal Imposition Operator, y representando las
matrices densidad como imágenes de dos canales junto con una función
de pérdida que impone Hermiticidad, positividad y normalización, el
modelo reconstruye estados globales físicamente válidos para sistemas
de entre 3 y 8 qubits. Un esquema híbrido de reconstrucción recu-
pera, en numerosos casos, estados cuyas marginales coinciden con las
marginales objetivo con fidelidad perfecta, mientras que transfer learn-
ing permite extender el modelo a distintos tamaños de sistema con un
reentrenamiento mínimo. Una vez entrenado, el enfoque realiza infer-
encias sustancialmente más rápidas que los solucionadores de progra-
mación semidefinida más avanzados, logrando además reconstruir es-
tados en regímenes donde dichos métodos se vuelven computacional-
mente impracticables.

En conjunto, estos resultados demuestran que la incorporación ex-
plícita de principios físicos dentro del proceso de aprendizaje permite
que el deep learning actúe no como un reemplazo del modelamiento
físico, sino como una extensión natural de éste. Al combinar aprendizaje
basado en datos con la estructura matemática de la mecánica cuántica,
los enfoques propuestos permiten abordar de manera eficiente proble-
mas cuyo tratamiento clásico exacto resulta computacionalmente pro-
hibitivo.
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ABSTRACT

The exponential growth of the Hilbert space with the number of quan-
tum constituents renders many quantum information tasks intractable for
exact classical computation, motivating the development of scalable ap-
proximation methods. This thesis presents two physics-informed deep
learning frameworks that address such challenges by embedding the un-
derlying physical principles directly into the network architecture and
training objective, ensuring that the learned solutions remain consistent
with the laws of quantum mechanics.

The first framework concerns the dynamics of closed quantum sys-
tems governed by time-dependent Hamiltonians, whose evolution is de-
scribed by the von Neumann equation. In this setting, the time-evolution
operator is expressed through infinite integral expansions. Unlike the
time-independent case, where the solution admits a simple exponen-
tial form, obtaining an analogous expression requires the introduction of
the time-ordering operator. Consequently, when the Hamiltonian does
not commute with itself at different times, the mathematical complexity
of the problem increases significantly. The proposed method reduces
the computational cost of simulating such dynamics. Given the time-
evolution operator at a sparse set of sampled time points, a Physics-
Informed Neural Network interpolates its evolution over the entire time
domain without requiring explicit knowledge of the Hamiltonian. In-
stead, the model incorporates unitarity as a physical constraint and, for
larger systems, predicts an effective Hamiltonian that is propagated us-
ing structure-preserving integrators. Across systems ranging from 2 to
8 qubits, the framework achieves mean gate fidelities close to 0.99, ac-
curately reproduces the dynamics even under coarse temporal sampling,
and delivers inference speedups of approximately one order of magni-
tude compared with a geodesic interpolation baseline.

The second framework addresses the Quantum Marginal Problem,
which seeks to reconstruct a global quantum state from a prescribed set
of reduced density matrices (quantum marginals) while ensuring that all
marginals are mutually compatible. The problem becomes increasingly
challenging as the system size grows because of the exponential scaling
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of the Hilbert space and the highly nontrivial compatibility constraints
among the marginals. By combining a convolutional denoising autoen-
coder with the Marginal Imposition Operator, and representing density
matrices as two-channel images with a loss function that enforces Her-
miticity, positivity, and normalization, the proposed framework recon-
structs physically valid global states for systems of 3 to 8 qubits. A hy-
brid reconstruction scheme recovers states whose marginals match the
target marginals with perfect fidelity in many cases, while transfer learn-
ing enables the model to generalize across different system sizes with
only limited retraining. Once trained, the framework performs infer-
ence substantially faster than state-of-the-art semidefinite programming
solvers, while successfully reconstructing states in regimes where those
methods become computationally impractical.

Taken together, these results demonstrate that incorporating physi-
cal principles directly into the learning process enables deep learning
to serve not as a replacement for physical modeling, but as its natural
extension. By combining data-driven learning with the mathematical
structure of quantum mechanics, the proposed frameworks efficiently
address problems whose exact classical treatment is computationally
prohibitive.
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INTRODUCTION

Over the past decade, deep learning has evolved from a promising re-
search direction into one of the most influential tools in modern sci-
ence and engineering. Built upon artificial neural networks trained on
large volumes of data, deep learning models have achieved, and in sev-
eral cases surpassed, human-level performance on tasks once consid-
ered intractable for machines [1]. Convolutional architectures trans-
formed computer vision, enabling accurate image classification, seg-
mentation, and object detection [2]; sequence and attention-based mod-
els reshaped natural language processing, culminating in large language
models capable of fluent reasoning, translation, and code generation [3].
Beyond these flagship applications, deep learning now underpins sys-
tems for speech recognition, recommendation, medical diagnosis, and
autonomous decision-making, establishing itself as a general-purpose
framework for learning complex, nonlinear relationships directly from
data [4].

This success has rapidly propagated into the natural sciences, where
deep learning has accelerated discovery across disciplines. Neural net-
works have driven breakthroughs in protein structure prediction, the dis-
covery of new stable materials [5], and medium-range weather forecast-
ing [6], and they have become powerful tools in fundamental physics,
from the search for new particles to the analysis of gravitational-wave
signals [7]. A notable development has been the emergence of physics-
informed learning, in which known physical laws, expressed as conser-
vation principles, symmetries, or differential equations, are embedded
directly into the training process. Physics-Informed Neural Networks
(PINNs) [8,9] exemplify this paradigm, restricting the space of admissi-
ble solutions to those consistent with the governing physics and thereby
achieving accurate, data-efficient models even in regimes where purely
data-driven approaches would falter. It is this physics-informed perspec-
tive that motivates and unifies the work developed in this thesis.

Within physics, quantum information science is a natural and de-
manding domain for these methods. Quantum systems are described by
mathematical representations such as state vectors, density operators,
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and unitary evolution operators, whose dimension grows exponentially
with the number of constituents, rendering exact classical treatments in-
tractable beyond modest system sizes [10]. This exponential barrier,
together with the abundance of structured data produced by quantum
experiments, makes quantum information a setting where the represen-
tational power and scalability of deep learning can have substantial im-
pact. Indeed, machine learning has already been applied across a broad
spectrum of quantum-information tasks: the reconstruction of quantum
states from measurement data, or quantum state tomography [11, 12];
the characterization of quantum processes through quantum process to-
mography [13]; the solution of the quantum many-body problem via
neural quantum states [14–17]; the learning of N-representability con-
ditions in quantum chemistry [18–20]; and the control of quantum sys-
tems through physics-informed networks that solve the underlying dif-
ferential equations [21]. Across these applications, a consistent theme
emerges. Deep learning does not merely accelerate existing computa-
tions, but learns the latent, low-dimensional structure that often under-
lies high-dimensional quantum problems.

This thesis contributes to this growing body of work by develop-
ing two deep-learning frameworks for the study of physical systems in
quantum information, each addressing a problem whose exact treatment
is computationally demanding and each guided by the physics-informed
principle of embedding known structure into the learning process.

The first problem concerns the dynamics of quantum systems gov-
erned by time-dependent Hamiltonians. Unlike the time-independent
case, where the time-evolution operator reduces to a simple matrix expo-
nential e−iHt , time-dependent Hamiltonians give rise to a time-ordered
exponential that precludes a closed-form solution and introduces sub-
stantial mathematical and numerical complexity. Series representations
such as the Dyson or Magnus expansions involve nested time integrals
whose number grows with the expansion order, and the associated nu-
merical errors accumulate over long evolution times [22, 23]; even on
quantum hardware, simulating such dynamics is generally more demand-
ing than the time-independent case, particularly for rapidly varying or
highly oscillatory Hamiltonians [24]. Despite these difficulties, time-
dependent Hamiltonians are central to quantum technologies, including
quantum control and gate optimization [25] and the quantum simulation
of complex many-body systems [26, 27]. A variety of approaches have
been developed to address this challenge, including truncated Dyson
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series [28, 29], Magnus-expansion-based algorithms for quantum con-
trol [30–32], modified Suzuki–Trotter decompositions for unitary inter-
polation [33], and tensor-network methods [34–36], as well as machine-
learning approaches that learn quantum dynamics or reconstruct time-
dependent Hamiltonians [37–39]. In Chapter 4, we introduce a physics-
informed deep learning framework that, given the time-evolution op-
erator on a finite set of sampled times, interpolates it over the entire
time domain, without ever being supplied the Hamiltonian explicitly,
by incorporating unitarity as a physical constraint and, for larger sys-
tems, predicting an effective Hamiltonian propagated through structure-
preserving integrators. This work has been submitted for publication [40].

The second problem concerns the Quantum Marginal Problem (QMP):
given a set of reduced density matrices describing subsystems of a multi-
partite system, determining whether they are consistent with some global
quantum state, and, when they are, reconstructing such a state. This is
a fundamental question in quantum theory whose consistency version is
complete for the Quantum Merlin–Arthur (QMA) complexity class [41,
42], reflecting its computational intractability in the general case. The
QMP carries important implications. It would enable more efficient
computation of ground states of local Hamiltonians [43], and it lies at the
heart of quantum chemistry, where it appears as the N-representability
problem [44], itself QMA-complete. Special cases have been addressed
theoretically, from Klyachko’s conditions for the compatibility of one-
body marginals [45] to studies on the uniqueness of pure global states
determined by their marginals [46–48] and semidefinite-programming
formulations of symmetric instances [49]. In Chapter 5, we introduce
a deep-learning approach that combines a convolutional denoising au-
toencoder with the Marginal Imposition Operator [50] to reconstruct
physically valid global density matrices compatible with a prescribed
set of marginals, for systems of up to eight qubits, and demonstrate that,
once trained, it offers a faster alternative to state-of-the-art semidefinite
programming solvers without compromising solution quality. This work
has been published in Machine Learning: Science and Technology [51].

The remainder of this thesis is organized as follows. Chapters 1,
2, and 3 establish the necessary background in linear algebra, quantum
information, and deep learning, respectively, providing the unified math-
ematical language in which the two applications are formulated. Chap-
ter 4 presents the interpolation of unitary time-evolution operators via
physics-informed neural networks, and Chapter 5 presents the recon-

3



struction of density matrices from quantum marginals. Finally, Chap-
ter 6 draws together the conclusions of both works, discusses their im-
plications for large-scale deep learning in quantum information, and out-
lines directions for future research.
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Parte I

Theoretical background
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Chapter 1

LINEAR ALGEBRA

The purpose of this chapter is to introduce the fundamental elements
of linear algebra that are required in Chapters 2 and 3. Rather than
providing a comprehensive and fully demonstrative exposition of linear
algebra, the presentation is intentionally restricted to the definitions and
structures that are directly used in the subsequent chapters.

In particular, the concepts introduced here are essential for formu-
lating quantum states, observables, and dynamics in terms of linear op-
erators acting on finite-dimensional Hilbert spaces, as well as for ex-
pressing neural network architectures, loss functions, and optimization
procedures within a unified and mathematically transparent framework.

Throughout this chapter, all vector spaces are assumed to be finite-
dimensional, which ensures the equivalence of norms and the validity of
the operator representations employed in the remainder of this thesis.

1.1 Vector space
In physics, mathematical objects are assigned physical meaning in order
to describe observable quantities and dynamical laws. Physical theo-
ries are therefore formulated in terms of abstract mathematical struc-
tures whose elements acquire a direct physical interpretation. A simple
example arises in classical mechanics, where the position of a particle is
represented by a vector in the three-dimensional Euclidean space, R3. In
this representation, each vector consists of three real-valued components
corresponding to the spatial coordinates of the particle.

This construction naturally generalizes to n dimensions, giving rise
to the vector space Rn. More generally, a vector space is defined over a
field F, whose elements serve as the scalars used in linear combinations
of vectors. The most common choices are the fields of real numbers R,
and complex numbers C. By varying both the dimension of the space
and the field over which it is defined, a broad class of vector spaces can
be constructed.

6



To provide a precise mathematical definition, it is necessary to spec-
ify not only the elements of the space, but also the operations that can
be performed on them. A vector space V over a field F is therefore
defined as a set equipped with vector addition and scalar multiplication
satisfying the vector-space axioms, such as those presented in Ref. [52].
Throughout this work, both real and complex vector spaces are em-
ployed, with complex vector spaces playing a central role in the for-
mulation of quantum mechanics.

In order to introduce geometric notions such as lengths, angles, and
orthogonality, vector spaces are often endowed with an additional struc-
ture known as an inner product. An inner product on V is a map

⟨·, ·⟩ : V ×V → F, (1.1)

which, in an orthonormal basis of a finite-dimensional space, takes the
coordinate form

⟨v,w⟩=
n

∑
i=1

v∗i wi = v†w, (1.2)

and satisfies the following properties for all u,v,w ∈ V and α ∈ F:

• Linearity in the second argument: ⟨u,αv+w⟩=α⟨u,v⟩+⟨u,w⟩.

• Conjugate symmetry: ⟨u,v⟩= ⟨v,u⟩∗.

• Positive definiteness: ⟨v,v⟩ ≥ 0, with equality if and only if v =
0.

Note that conjugate symmetry implies that ⟨v,v⟩ is real for every v, so
that the positive-definiteness condition is well defined.

The inner product induces a norm,

∥v∥=
√
⟨v,v⟩, (1.3)

which provides a natural notion of length and distance between vectors
and forms the basis for the geometric and analytical structures employed
in the following chapters. More generally, a norm on V is any map
∥ · ∥ : V → R satisfying:

1. Definiteness: ∥v∥ ≥ 0, with equality if and only if v = 0.

2. Homogeneity: ∥αv∥= |α|∥v∥.
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3. Triangle inequality: ∥v+w∥ ≤ ∥v∥+∥w∥.

The norm induced by the inner product corresponds to one particular
choice; not every norm arises from an inner product. In finite-dimensional
spaces, the most commonly used norms are the p-norms. For a vector
v ∈ Fn, the p-norm is defined as

∥v∥p =

(
n

∑
i=1
|vi|p

)1/p

, 1≤ p < ∞, (1.4)

and
∥v∥∞ = max

1≤i≤n
|vi|. (1.5)

A particularly important case is the Euclidean norm (p = 2), which
is the one induced by the inner product and possesses a clear geometric
interpretation in terms of lengths and angles.

Distances A norm naturally induces a metric (or distance function) on
V defined by

d(v,w) = ∥v−w∥. (1.6)

This distance satisfies the standard metric properties:

1. d(v,w)≥ 0,

2. d(v,w) = 0 if and only if v = w,

3. d(v,w) = d(w,v),

4. d(v,u)≤ d(v,w)+d(w,u).

Distances provide a natural measure of similarity between elements
of a vector space. The smaller the distance, the more closely the ele-
ments resemble one another. Consequently, they offer a rigorous way to
quantify approximation errors and deviations. In the context of this the-
sis, distance measures play a fundamental role in defining loss functions,
convergence criteria, and stability measures for learning algorithms and
operator approximations.
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1.2 Bases of vector space
To represent vectors and linear operators in a concrete and computation-
ally useful form, it is necessary to introduce the concept of a basis of a
vector space. A basis provides a minimal set of vectors from which every
element of the space can be expressed uniquely as a linear combination,
thereby enabling coordinate representations and matrix formulations.

Let V be a vector space over a field F. A set of vectors {v1,v2, . . . ,vn}⊂
V is said to be linearly independent if the linear combination

n

∑
i=1

αivi = 0, (1.7)

implies αi = 0 for all i, with αi ∈ F. If this condition is not satisfied, the
set is said to be linearly dependent. Linear independence ensures that no
vector in the set can be expressed as a linear combination of the others.

A basis of V is defined as a linearly independent set of vectors
that spans the entire space. That is, every vector v ∈ V can be writ-
ten uniquely as

v =
n

∑
i=1

vivi, (1.8)

where {vi} are the coordinates of v with respect to the chosen basis. The
number of elements in a basis defines the dimension of the vector space.

In finite-dimensional vector spaces, all bases contain the same num-
ber of elements. Once a basis is fixed, vectors and linear operators admit
concrete representations in terms of column vectors and matrices, re-
spectively. This construction forms the foundation for the operator and
matrix-based formulations employed throughout this thesis, particularly
in the context of quantum mechanics and deep learning models.

1.3 Bracket notation and Hilbert spaces
In quantum mechanics, it is customary to represent vectors and linear
mappings using the bracket notation introduced by Dirac. This nota-
tion provides a compact and expressive language that is particularly well
suited for operator-based formulations and will be adopted throughout
this thesis. The definition of linear functionals and the associated dual
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space follows the presentation in Ref. [53].
Let V be a complex vector space. A linear functional on V is de-

fined as a linear map
f : V → C, (1.9)

which assigns a complex number to each vector in V while preserving
linearity. Linear functionals naturally arise whenever scalar quantities
are associated with vectors, such as projections, expectation values, or
inner products.

The set of all linear functionals on V forms a vector space itself,
known as the dual space of V and denoted by V ∗,

V ∗ = { f : V → C | f is linear}. (1.10)

Elements of the dual space act on vectors to produce scalar values and
play a fundamental role in the formulation of quantum mechanics.

Once a basis of V is fixed, vectors admit a coordinate representation
as column vectors, while linear functionals in the dual space are natu-
rally represented as row vectors. This distinction reflects their different
algebraic roles. Vectors represent elements of the space itself, whereas
linear functionals act on vectors to produce scalars. In this represen-
tation, the action of a functional on a vector corresponds to the matrix
product between a row vector and a column vector, yielding a scalar.
This row–column distinction is a feature of the chosen representation,
not of the abstract definitions of V and V ∗.

When working with Hilbert spaces, it is convenient to adopt Dirac’s
bra-ket notation, which provides a compact representation of vectors,
linear functionals, and inner products. In this notation, vectors in V are
denoted by kets |v⟩, while linear functionals acting on V are denoted by
bras ⟨v|, which belong to the dual space V ∗.

When V is endowed with an inner product, every ket |v⟩ uniquely
defines a corresponding bra through the mapping

|u⟩ 7→ ⟨v|u⟩ . (1.11)

This correspondence, known as the Riesz representation theorem, estab-
lishes a one-to-one, conjugate-linear mapping between vectors in V and
linear functionals in V ∗, allowing both objects to be treated within a
unified mathematical framework.
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The inner product between two vectors |u⟩ and |v⟩ is written as

⟨u|v⟩ , (1.12)

which is linear in its second argument and conjugate-linear in its first,
following the convention adopted throughout quantum mechanics.

A complex vector space equipped with an inner product and com-
plete with respect to the norm induced by that inner product, that is,
such that every Cauchy sequence converges to an element of the space,
is called a Hilbert space. In this work, all Hilbert spaces are assumed to
be finite-dimensional, so that completeness is automatically guaranteed
and no technical distinction between inner-product spaces and Hilbert
spaces is required.

The Hilbert space formalism provides the natural mathematical set-
ting for the description of quantum states and linear operators. At the
same time, its finite-dimensional structure enables a direct correspon-
dence with matrix representations and numerical implementations, which
is essential for the learning-based approaches developed in the subse-
quent chapters.

1.4 Linear operators and matrix representa-
tions

A natural extension of the concept of vector spaces is given by linear
operators acting on them. A linear operator is a map

A : V → V , (1.13)

which associates to each vector in the vector space another vector in
the same space. Linearity requires that, for all |v⟩ , |w⟩ ∈ V and scalars
α,β ∈ F,

A
(
α |v⟩+β |w⟩

)
= αA |v⟩+βA |w⟩ . (1.14)

Once an orthonormal basis {|i⟩}n
i=1 of the n-dimensional vector space

V is fixed, any linear operator admits a matrix representation with re-
spect to that basis. The matrix elements of the operator A are defined
by

Ai j ≡ ⟨i|A| j⟩ , (1.15)
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which fully characterize the action of the operator. Indeed, the action of
A on an arbitrary vector |v⟩= ∑ j v j | j⟩ can be written as

A |v⟩= ∑
i, j
⟨i|A| j⟩ v j |i⟩ , (1.16)

showing explicitly that the abstract operator action corresponds, in a
chosen basis, to standard matrix multiplication.

This correspondence allows linear operators to be treated equiva-
lently as matrices acting on column vectors of components, while pre-
serving the basis-independent operator formulation. Throughout this
work, operator expressions are written in basis-independent form when-
ever possible, with matrix representations introduced only when required
for explicit calculations or numerical implementations.

In a fixed orthonormal basis, that is, a basis whose elements are nor-
malized and mutually orthogonal, the adjoint operator corresponds to
the conjugate transpose of the matrix representation of A. Explicitly, the
matrix elements of the adjoint operator satisfy

⟨i|A†| j⟩= ⟨ j|A|i⟩∗ . (1.17)

Operators satisfying A = A† are called Hermitian and play a funda-
mental role in quantum mechanics, where they represent physical ob-
servables. In contrast, operators obeying

A†A = AA† = I (1.18)

are called unitary and describe reversible transformations that preserve
inner products and norms. As a consequence, unitary operators generate
norm-preserving dynamics and constitute the mathematical framework
for the time evolution of closed quantum systems.

Within the scope of this thesis, linear operators provide a unified lan-
guage for describing quantum states, observables, and dynamical gener-
ators. At the same time, their matrix representations enable direct con-
nections with numerical methods and learning-based models, which are
essential for the computational approaches developed in the subsequent
chapters.
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1.5 Spectral decomposition
Since a vector space generally admits infinitely many possible bases, it is
often advantageous to select a basis that is naturally adapted to the linear
transformations acting on the space. In this context, the spectral decom-
position provides a particularly useful representation, as it expresses a
linear operator in terms of its eigenvectors, which define invariant di-
rections under the action of the operator. When such a decomposition
exists, the eigenvectors form a distinguished basis that diagonalizes the
operator and reveals its intrinsic structure.

Given a linear operator A : V → V , a nonzero vector |v⟩ ∈ V is
called an eigenvector of A with corresponding eigenvalue λ ∈ C if it
satisfies

A |v⟩= λ |v⟩ . (1.19)

Eigenvectors characterize directions that are left invariant by the action
of the operator and play a central role in the analysis of linear transfor-
mations.

When the operator A is Hermitian, its spectral properties exhibit
particularly strong structure. In finite-dimensional Hilbert spaces, Her-
mitian operators possess real eigenvalues and admit a complete set of
eigenvectors. Moreover, eigenvectors associated with distinct eigenval-
ues are orthogonal with respect to the inner product. As a consequence,
the eigenvectors of a Hermitian operator can be chosen to form an or-
thonormal basis of the space.

This property allows the operator to be expressed in terms of mu-
tually orthogonal projectors. In particular, any Hermitian operator A
admits a spectral decomposition of the form

A = ∑
i

λi |i⟩⟨i| , (1.20)

where {λi} are the real eigenvalues of A and {|i⟩} is an orthonormal
basis of eigenvectors. Each term |i⟩⟨i| represents an orthogonal pro-
jector onto the one-dimensional subspace spanned by the corresponding
eigenvector.

The spectral decomposition provides a basis-independent character-
ization of the operator, revealing its action as a weighted sum of projec-
tions along mutually orthogonal directions. In quantum mechanics, this
decomposition acquires direct physical significance: Hermitian opera-
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tors represent observables, the eigenvalues correspond to possible mea-
surement outcomes, and the associated projectors encode the idealized
state-update rule induced by measurements.

In the context of this thesis, the spectral decomposition plays a fun-
damental role in the analysis of quantum states, density operators, and
dynamical generators, and constitutes a key mathematical tool for both
analytical developments and numerical implementations.

1.6 Matrix exponential
The matrix exponential is one of the central mathematical tools for de-
scribing continuous transformations and time evolution in Physics. In
Quantum Mechanics, in particular, evolution operators are naturally ex-
pressed as exponentials of linear operators.

Although writing an exponential with a matrix in the exponent may
initially appear formal, it is rigorously defined through the Taylor series
expansion of the exponential function. For a general square matrix A ∈
Cd×d, the matrix exponential is defined as

eA =
∞

∑
n=0

An

n!
, (1.21)

where A0 = I and An denotes the n-th matrix power. Since the series
converges absolutely for all finite matrices, the matrix exponential is
well defined for any finite-dimensional linear operator.

Spectral representation If A is normal, that is, AA† = A†A (in partic-
ular, if A is Hermitian), the computation of matrix functions becomes
particularly simple, since the spectral theorem guarantees an orthonor-
mal eigenbasis. Suppose

A = ∑
i

λi |i⟩⟨i| , (1.22)

where {|i⟩} is an orthonormal basis of eigenvectors and λi are the corre-
sponding eigenvalues. Then, for any analytic function f , one defines

f (A) = ∑
i

f (λi) |i⟩⟨i| . (1.23)
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In particular, the exponential of A can be written as

eA = ∑
i

eλi |i⟩⟨i| . (1.24)

This result follows directly from substituting the spectral decompo-
sition of A into the Taylor series definition.

Hermitian generators and unitary operators A particularly impor-
tant case arises when A is Hermitian, i.e., A† = A. In this situation, all
eigenvalues λi are real. Consider now the operator

U = e−iA. (1.25)

Using the spectral representation,

U = ∑
i

e−iλi |i⟩⟨i| . (1.26)

Since |e−iλi|= 1 for real λi, it immediately follows that

U†U = I, (1.27)

which means that U is unitary. More generally, for any matrix A,(
eA
)†

= eA†
. (1.28)

Therefore, if A is Hermitian, e−iA is unitary.

Connection with dynamical evolution The matrix exponential plays
a fundamental role in the description of continuous dynamical processes
generated by linear operators. Whenever the evolution of a system is
governed by a linear generator A, the associated evolution operator can
often be written in the form

U(t) = etA. (1.29)

If the generator is skew-Hermitian, that is, of the form A =−iH with
H Hermitian, the exponential U(t) = etA is unitary and therefore norm-
preserving. This property ensures the mathematical consistency of the
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evolution and the stability of the underlying dynamics.
In many physical applications, including quantum mechanics, evo-

lution operators naturally take this exponential form. When the genera-
tor depends explicitly on time, however, additional subtleties arise due
to possible non-commutativity at different times. This leads to more
sophisticated constructions, such as time-ordered exponentials and the
Magnus expansion, which will be discussed in later sections.

1.7 Tensor products
In many areas of Physics and Mathematics, and particularly in Quantum
Mechanics, the tensor product provides the natural mathematical struc-
ture to describe composite systems. When two subsystems are com-
bined, their corresponding vector spaces are not added but rather ten-
sored, producing a larger space capable of encoding correlations and
non-classical features.

Let V and W be vector spaces over the same field F. The tensor
product space, denoted by V ⊗W , is a new vector space together with a
bilinear map

⊗ : V ×W −→V ⊗W,

such that for all v,v′ ∈V , w,w′ ∈W , and scalars α,β ∈ F, the following
bilinearity conditions hold:

(αv+βv′)⊗w = α(v⊗w)+β (v′⊗w),

v⊗ (αw+βw′) = α(v⊗w)+β (v⊗w′).

Elements of the form v⊗w are called simple tensors. A general
element of V ⊗W is a finite linear combination of simple tensors,

z = ∑
k

vk⊗wk.

If {ei}n
i=1 is a basis of V and {f j}m

j=1 is a basis of W , then the set

{ei⊗ f j}i, j

forms a basis of V ⊗W . Consequently,

dim(V ⊗W ) = dim(V ) dim(W ).
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In finite-dimensional spaces with column-vector representations, if

v =

v1
...

vn

 , w =

w1
...

wm

 ,

their tensor product (also known as the Kronecker product in matrix
representation) is given by

v⊗w =


v1w
v2w

...
vnw

=



v1w1
...

v1wm
v2w1

...
vnwm


.

This construction naturally extends to linear operators. If A : V →V
and B : W→W are linear maps, their tensor product A⊗B acts on simple
tensors as

(A⊗B)(v⊗w) = (Av)⊗ (Bw), (1.30)

and extends linearly to the entire space.
The tensor product is therefore the fundamental algebraic mecha-

nism that allows one to construct structured, high-dimensional spaces
from simpler building blocks. In the context of composite quantum sys-
tems, this structure becomes essential and will be introduced formally
in the next chapter.

1.8 Differentiation with respect to vectors and
matrices

A central task in Machine Learning and Deep Learning consists of op-
timizing a large number of parameters in order to construct models ca-
pable of approximating complex mappings. This optimization process
requires evaluating and differentiating functions whose arguments are
vectors or matrices. Throughout this section the underlying field is taken
to be real, F= R; complex-valued quantities, such as the density matri-
ces and unitary operators appearing in later chapters, are handled by
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treating their real and imaginary parts as independent real variables.

Derivatives with respect to vectors Let f : Fn→ F be a scalar-valued
function of a vector x = (x1, . . . ,xn)

⊤. If f is differentiable with respect
to each component, its derivative is described by the gradient, defined
as

∇ f (x) :=


∂ f
∂x1...
∂ f
∂xn

 . (1.31)

The gradient encodes the direction of steepest ascent of the function.
In optimization problems, this object determines how parameters must
be updated in order to minimize (or maximize) a given objective func-
tion. Iterative schemes such as gradient descent rely precisely on this
geometric interpretation.

More generally, if F :Fn→Fm is a vector-valued function, its deriva-
tive is represented by the Jacobian matrix,

JF(x) =
(

∂Fi

∂x j

)
i, j
. (1.32)

The Jacobian provides the best linear approximation of F around a point
and generalizes the usual one-dimensional derivative to higher dimen-
sions. In local coordinates, it describes how small variations in the input
propagate to variations in the output.

Matrix derivatives In many applications, the parameters of interest
are arranged in matrix form. Let f : Fm×n→ F be a scalar function of
a matrix X = (Xi j). The derivative of f with respect to X is defined
componentwise as (

∂ f
∂X

)
i j
=

∂ f
∂Xi j

, (1.33)

producing a matrix of the same size as X .
In practice, matrix derivatives are most conveniently handled using

trace identities. For instance, if A is a constant matrix of compatible
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dimension, the identity

∂

∂X
Tr(A⊤X) = A (1.34)

follows directly from the linearity of the trace and provides a compact
way to compute gradients.

Two frequently used examples illustrate this approach. The Frobe-
nius norm of a matrix is defined by

∥X∥F =
√

Tr(X⊤X), (1.35)

and its squared value satisfies

∂

∂X
∥X∥2

F = 2X . (1.36)

Similarly, for a quadratic form of the type Tr(X⊤AX), one obtains

∂

∂X
Tr(X⊤AX) = AX +A⊤X = (A+A⊤)X . (1.37)

These identities appear repeatedly in optimization problems involving
least-squares objectives and operator learning.

Differentials and linear approximation A conceptually cleaner for-
mulation of derivatives in finite-dimensional spaces is given by the dif-
ferential. The differential of a function f at a point X in the direction of
a perturbation H is defined as

d f (X)[H] =
d

dε
f (X + εH)

∣∣∣∣
ε=0

. (1.38)

This definition emphasizes that the derivative is fundamentally a lin-
ear map acting on perturbations. If f is differentiable, there exists a
matrix ∇X f such that

d f (X)[H] = Tr
(
(∇X f )⊤H

)
, (1.39)

which identifies ∇X f as the gradient of f with respect to X .
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This differential viewpoint is especially convenient when dealing
with operator-valued functions, variational formulations, and loss func-
tions defined on spaces of matrices. It provides a compact and coordinate-
independent framework that will be essential in the derivation of learn-
ing rules and operator optimization procedures developed in later chap-
ters.

1.9 Summary
This chapter introduced the finite-dimensional linear algebraic frame-
work that underpins the theoretical and computational developments
presented in the remainder of this thesis. Rather than pursuing a fully
general or abstract treatment, the exposition was intentionally restricted
to the structures that are directly required for quantum information the-
ory and deep learning models.

The exposition began with vector spaces over R and C, emphasizing
inner products, induced norms, and metric structures. These notions
provide the geometric foundation necessary to quantify lengths, angles,
orthogonality, and approximation errors, concepts that are central both
to quantum state representations and to the definition of loss functions
in learning problems.

The introduction of bases enabled coordinate representations of vec-
tors and linear maps, leading naturally to matrix formulations. Through
Dirac’s bracket notation and the identification between vectors and el-
ements of the dual space, the Hilbert space framework that serves as
the mathematical setting for quantum states and observables was estab-
lished.

Linear operators were then examined both abstractly and through
their matrix representations. Special attention was given to Hermitian
and unitary operators, whose structural properties play a fundamental
role in quantum mechanics and in norm-preserving transformations. The
spectral decomposition was presented as a powerful tool for revealing
intrinsic operator structure and for defining analytic functions of opera-
tors, including the matrix exponential.

The matrix exponential was introduced as the natural mechanism for
generating continuous linear transformations. Its spectral characteriza-
tion and its relation to unitary dynamics provide the mathematical foun-
dation for describing time evolution processes, which will be further
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developed in subsequent chapters.
Tensor products were then introduced as the algebraic construction

that allows composite systems to be modeled within a unified vector
space framework. This structure is essential for describing multipartite
quantum systems and for understanding the exponential growth of state-
space dimension.

Finally, differentiation with respect to vectors and matrices was pre-
sented, emphasizing gradients, Jacobians, trace-based identities, and the
differential formulation. These tools constitute the mathematical back-
bone of optimization procedures and learning algorithms that operate on
high-dimensional parameter spaces.

Collectively, the concepts developed in this chapter establish a uni-
fied linear-algebraic language in which quantum mechanics and ma-
chine learning can be expressed within the same formal framework. This
shared structure enables the analytical derivations and computational
implementations that will be developed in the following chapters.
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Chapter 2

QUANTUM INFORMATION

This chapter introduces the fundamental concepts of quantum informa-
tion theory required to describe and analyze the applications developed
in this thesis.

In much of the quantum mechanics literature, the postulates of the
theory are formulated in terms of the wave function, commonly denoted
by |ψ⟩. In this approach, the wave function, representing the state of
the isolated physical system, is described as a vector in a Hilbert space,
namely a complex inner-product space that is complete with respect to
the norm induced by the inner product. While this formulation is suffi-
cient to describe a wide range of quantum phenomena, it does not con-
stitute the most general framework.

In the context of quantum information theory, a more comprehen-
sive description is obtained by employing the density-operator formal-
ism, which extends the state description beyond pure states and naturally
incorporates statistical mixtures. For this reason, a density-operator–
centric formulation of quantum mechanics is adopted, in which all phys-
ical states are represented by density operators and quantum dynamics
is described as linear maps acting on them.

2.1 Postulates
A central aspect in the formulation of any mathematical model describ-
ing the physical behavior of a system is the precise specification of its
postulates, namely a set of fundamental assumptions from which the en-
tire theoretical framework is derived. In the case of quantum mechanics,
such a formulation is not unique, as different equivalent formulations
may be employed to explain experimental outcomes. In this work, the
formulation presented in Ref. [54] is adopted, which constitutes a stan-
dard and widely accepted reference in the field of quantum information
theory.
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Postulate 1

The density operator was originally introduced to describe ensembles of
quantum states. More generally, the quantum state of an isolated phys-
ical system can be equivalently represented in terms of a density oper-
ator. In this formalism, an operator ρ represents a statistical ensemble
{pi, |ψi⟩} and is defined by the following properties:

(1) Hermiticity: ρ = ρ†.

(2) Normalization: Tr(ρ) = 1.

(3) Positivity: ρ is positive semidefinite, i.e., ⟨ψ|ρ |ψ⟩≥ 0 for all |ψ⟩,
or equivalently, all its eigenvalues satisfy λi ≥ 0.

Under these conditions, the density operator ρ can be written as

ρ ≡∑
i

pi |ψi⟩⟨ψi| , (2.1)

where {pi} is a probability distribution satisfying pi ≥ 0 and ∑i pi = 1.
If the quantum system is known to be in a definite state |ψ⟩, the state

is said to be pure, and the corresponding density operator reduces to
ρ = |ψ⟩⟨ψ|. Otherwise, the density operator represents a mixed state,
corresponding either to a statistical description arising from classical
uncertainty about the underlying pure state or to the reduced state of a
system entangled with external degrees of freedom.

Postulate 2

The evolution of a closed quantum system is described by a unitary
transformation. Specifically, if the system is in the state ρ0 at an ini-
tial time t0, its state at a later time t is given by

ρ(t) =U(t, t0)ρ0U†(t, t0), (2.2)

where U(t, t0) denotes the unitary time-evolution operator. This postu-
late applies exclusively to closed quantum systems; extensions to open-
system dynamics are discussed separately.
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Postulate 3

Quantum measurements are described by a collection of measurement
operators {Mm} acting on the system Hilbert space and satisfying the
completeness relation

∑
m

M†
mMm = I, (2.3)

where I is the identity operator.
If the quantum system is described by a density operator ρ , the prob-

ability of obtaining the measurement outcome labeled by m is given by

p(m) = Tr
(

MmρM†
m

)
. (2.4)

Conditioned on obtaining the outcome m, the post-measurement state
of the system is

ρm =
MmρM†

m

Tr
(

MmρM†
m

). (2.5)

A particularly important class of measurements corresponds to pro-
jective measurements associated with observables. Any observable O is
represented by a Hermitian operator admitting a spectral decomposition
of the form

O = ∑
m

om Πm, (2.6)

where {om} are the real eigenvalues corresponding to the possible out-
comes of the measurement and {Πm} are orthogonal projection opera-
tors satisfying ΠmΠm′ = δmm′Πm and ∑m Πm = I.

In this case, the measurement operators reduce to Mm = Πm, and the
probability of obtaining the outcome om is given by

p(m) = Tr(ρ Πm) . (2.7)

The expectation value of the observable O with respect to the quan-
tum state ρ is defined as

⟨O⟩= ∑
m

om p(m) = Tr(ρ O) . (2.8)

In this work, quantum measurements are employed primarily through
expectation values and statistical outcomes, without explicitly modeling
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the state update induced by measurement.

Postulate 4

For a composite physical system, the state space is described as the ten-
sor product of the Hilbert spaces associated with its subsystems. If the
composite system consists of n subsystems, each described by a density
operator ρi, and the subsystems are prepared independently, the joint
state of the global system is given by

ρ =
n⊗

i=1

ρi. (2.9)

In general, the joint state of a composite system need not be of product
form and may exhibit quantum correlations, including entanglement.

2.2 Density operators: structure and proper-
ties

Section 2.1 introduced the density operator formalism. This section dis-
cusses several structural properties and derived quantities that follow
directly from the definition of the density operator and will be used
throughout this work.

Spectral decomposition. Since ρ is Hermitian, the spectral theorem
discussed in Section 1.5 guarantees that any density operator acting on
a d-dimensional Hilbert space admits a spectral decomposition of the
form

ρ =
d

∑
i=1

λi |i⟩⟨i| , (2.10)

where {λi}d
i=1 are the eigenvalues of ρ and {|i⟩}d

i=1 is an orthonormal
eigenbasis of the system Hilbert space. The eigenvalues satisfy λi ≥ 0
and ∑

d
i=1 λi = 1.

Moreover, the density operator ρ represents a pure quantum state
if and only if it has rank one, which is equivalent to having a single
eigenvalue equal to 1 and all remaining eigenvalues equal to 0.
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Purity. The purity of a quantum state described by a density operator
ρ is defined as

γ(ρ) = Tr
(

ρ
2
)
. (2.11)

This quantity satisfies 1
d ≤ γ(ρ) ≤ 1 for a d-dimensional system, with

γ(ρ) = 1 corresponding to pure states and the lower bound γ(ρ) = 1/d
attained by the maximally mixed state ρ = I/d; smaller values indicate
increasing degrees of mixedness. In particular, if γ(ρ) < 1, the density
operator cannot be written in the form ρ = |ψ⟩⟨ψ| for some state vector
|ψ⟩.

Ensemble representations. While any density operator can be writ-
ten as a convex combination of pure states, such a decomposition is not
unique. In contrast, the spectral decomposition of ρ is unique up to
degeneracies in the eigenvalue spectrum. This distinction plays an im-
portant role in the interpretation of mixed states and in practical quantum
state reconstruction tasks.

Hilbert–Schmidt inner product. The space of linear operators acting
on the system Hilbert space can be endowed with the Hilbert–Schmidt
inner product, defined as

⟨A,B⟩HS := Tr
(

A†B
)
. (2.12)

This inner product induces a natural notion of orthogonality between
operators and will be used extensively in the representation of quantum
states, Hamiltonians, and dynamical generators.

Corollary (Born rule for pure states). For a generalized measure-
ment described by operators {Mm} and a pure state ρ = |ψ⟩⟨ψ|, the
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probability of obtaining outcome m is

p(m) = Tr
(

MmρM†
m

)
= Tr

(
Mm |ψ⟩⟨ψ|M†

m

)
= Tr

(
|ψ⟩⟨ψ|M†

mMm

)
(cyclicity of the trace)

= ⟨ψ|M†
mMm |ψ⟩

= ∥Mm |ψ⟩∥2. (2.13)

This expression recovers the standard form of the Born rule for pure
states, as commonly presented in wave-function–based formulations of
quantum mechanics.

2.3 Composite systems and Partial trace
Postulate 4 defines how to construct joint states for composite systems
from the Hilbert spaces of their subsystems. However, in many situa-
tions one is interested in describing only a subsystem of a larger quantum
system. In such cases, the reduced density operator provides a system-
atic way to obtain the state of a subsystem from the density operator of
the composite system.

Partial trace. Let {| j⟩B} be an orthonormal basis of the Hilbert space
associated with subsystem B. The partial trace over subsystem B is de-
fined as

TrB

(
ρ

AB
)

:= ∑
j
(IA⊗⟨ j|B)ρ

AB (IA⊗| j⟩B) . (2.14)

This operation yields an operator acting on the Hilbert space of sub-
system A and preserves Hermiticity, positivity, and trace. The reduced
operator is therefore itself a valid density operator.

Reduced density operator. The reduced density operator associated
with subsystem A is defined as

ρ
A ≡ TrB

(
ρ

AB
)
, (2.15)
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where ρAB denotes the density operator describing the joint system com-
posed of subsystems A and B.

Reduced states and expectation values. The reduced density opera-
tor ρA fully characterizes all measurement statistics associated with ob-
servables acting solely on subsystem A. In particular, for any observable
OA acting on subsystem A, one has

Tr
(

ρ
AB (OA⊗ IB)

)
= Tr

(
ρ

A OA

)
. (2.16)

This property justifies the interpretation of ρA as the effective quantum
state of subsystem A.

Entanglement. Entanglement is one of the most intensively studied
resources in quantum information theory, as it captures the existence of
correlations in composite quantum systems that have no classical coun-
terpart. These correlations manifest themselves in the measurement out-
comes of entangled quantum states and cannot be explained within the
framework of classical physics, thus highlighting one of the most fun-
damental differences between classical and quantum theories.

From a formal perspective, entanglement is naturally defined within
the density operator formalism. Consider a bipartite quantum system
composed of two subsystems A and B, described by a joint density oper-
ator ρAB acting on the composite Hilbert space HA⊗HB. The state ρAB
is said to be separable if it can be expressed as a convex combination of
product states, namely,

ρAB = ∑
k

pk ρ
(k)
A ⊗ρ

(k)
B , pk ≥ 0, ∑

k
pk = 1, (2.17)

where ρ
(k)
A and ρ

(k)
B are valid density matrices associated with subsys-

tems A and B, respectively.
Separable states describe correlations that can be interpreted as purely

classical, arising from statistical mixtures of local quantum states. In
contrast, if the joint state ρAB cannot be written in the form of Eq. (2.17),
it is classified as an entangled state. Entangled states exhibit intrinsically
quantum correlations that cannot be reproduced by any classical proba-
bilistic model based on local descriptions of the subsystems.
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A particularly relevant property arises when considering pure states.
If the joint state ρAB is pure and separable, i.e., of the form ρAB = ρA⊗
ρB, then the reduced state ρA is also pure. In contrast, when the joint
state is entangled, the subsystems cannot be described independently,
and the reduced density operator ρA is necessarily mixed, even if the
global state ρAB is pure. This demonstrates that mixed states may arise
not only from classical statistical uncertainty but also as a direct physical
consequence of entanglement with external degrees of freedom.

The quantum marginal problem. When dealing with composite quan-
tum systems, a natural question arises regarding the relationship be-
tween global states and their reduced descriptions. Given a multipartite
quantum state ρAB···, its reduced states (or marginals) are obtained by
taking partial traces over subsystems. While this procedure is straight-
forward, the inverse problem is highly nontrivial.

The quantum marginal problem asks whether a given set of reduced
density matrices is compatible with a global quantum state. More pre-
cisely, given a collection of density operators describing subsystems of
a composite system, one seeks to determine whether there exists a joint
density operator whose reduced states coincide with the given marginals.

The quantum marginal problem exhibits genuinely quantum features
with no classical counterpart. A representative example is the monogamy
of entanglement. If two subsystems A and B are maximally entangled,
then neither can be entangled with a third subsystem C, which constrains
the compatibility of overlapping marginals such as ρAB and ρBC. As a
consequence, reduced density matrices do not, in general, uniquely de-
termine the global state, and different global states may share the same
set of marginals.

The quantum marginal problem highlights fundamental limitations
in the reconstruction of global quantum states from local information
and plays an important role in quantum information theory, quantum
chemistry, and many-body physics. In particular, it provides a con-
ceptual framework for understanding the emergence of mixed reduced
states, the role of entanglement, and the challenges associated with state
and process reconstruction in composite quantum systems. This prob-
lem will be discussed in more detail in the following chapters.
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2.4 Quantum dynamics of density matrices
Equation of motion for the density operator. Postulate 2 establishes
the time evolution of quantum states by relating the state of a system at
different times. In quantum mechanics, however, several equivalent for-
mulations, known as pictures, exist, which differ in how the time depen-
dence is distributed between states and observables. The two most com-
monly used formulations are the Schrödinger picture and the Heisen-
berg picture. In the Schrödinger picture, the time dependence is entirely
carried by the quantum states, while observables are taken to be time-
independent, unless they possess an explicit time dependence.

Throughout this work, the Schrödinger picture is adopted. Within
this framework, the evolution of a closed quantum system is described
by unitary operators acting on the state of the system, which may be rep-
resented either by state vectors or, more generally, by density operators.

To derive the equation of motion for the density operator, consider
a state vector |ψ(t)⟩ at time t, represented as a normalized vector in the
system Hilbert space. Assuming a (possibly time-dependent) Hamilto-
nian H(t), the Schrödinger equation reads

i
d
dt
|ψ(t)⟩= H(t) |ψ(t)⟩ , (2.18)

where h̄ = 1 is set.
The formal solution of Eq. (2.18) can be written in terms of the uni-

tary time-evolution operator U(t, t0), which maps the state at an initial
time t0 to the state at time t,

|ψ(t)⟩=U(t, t0) |ψ(t0)⟩ . (2.19)

Substituting Eq. (2.19) into Eq. (2.18) yields the operator equation
governing the time-evolution operator,

i
d
dt

U(t, t0) = H(t)U(t, t0), (2.20)

supplemented with the initial condition U(t0, t0) = I.
The density operator ρ(t) describing the state of the system at time
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t is related to the initial density operator ρ0 at time t0 through

ρ(t) =U(t, t0)ρ0U†(t, t0), (2.21)

as stated in Postulate 2.
Differentiating this expression with respect to time, using Eq. (2.20),

and exploiting the Hermiticity of the Hamiltonian, H(t) = H†(t), one
obtains

d
dt

ρ(t) =
d
dt

U(t, t0)ρ0U†(t, t0)+U(t, t0)ρ0
d
dt

U†(t, t0)

=−iH(t)ρ(t)+ iρ(t)H(t)
=−i [H(t),ρ(t)], (2.22)

where [·, ·] denotes the commutator between two operators.
This equation is known as the von Neumann equation, and governs

the unitary dynamics of closed quantum systems in the Schrödinger pic-
ture. A detailed discussion can be found in Ref. [55].

Solution. To properly describe the dynamics of density operators, it is
necessary to determine the corresponding time-evolution operator asso-
ciated with the Hamiltonian governing the system. Two relevant cases
can be distinguished: (i) evolution generated by a time-independent
Hamiltonian, and (ii) evolution generated by a time-dependent Hamilto-
nian.

In both cases, the system may remain closed and the dynamics is uni-
tary. A time-dependent Hamiltonian does not necessarily imply an open
system, but may arise, for instance, from externally controlled fields
or explicitly time-modulated parameters acting on an otherwise isolated
quantum system.

For the case of a time-independent Hamiltonian H, the solution of
Eq. (2.20) can be obtained in closed form, and the time-evolution oper-
ator reads

U(t, t0) = exp[−iH(t− t0)] . (2.23)

In contrast, when the Hamiltonian depends explicitly on time, H(t),
the time-evolution operator is formally given by

U(t, t0) = T exp
[
−i
∫ t

t0
dτ H(τ)

]
, (2.24)
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where T denotes the time-ordering operator, which arranges products
of operators such that terms evaluated at later times appear to the left.
The presence of this operator is essential because, in general, a time-
dependent Hamiltonian does not commute with itself at different times,
i.e., [H(t1),H(t2)] ̸= 0 for t1 ̸= t2. As a consequence, different temporal
orderings of the operators lead to different physical results.

For this reason, the exact time-evolution operator is typically ex-
pressed through systematic approximation schemes or infinite series rep-
resentations, such as the Dyson series [56], the Magnus expansion [22],
or the Trotter product formula [57].

Dyson series. Equation (2.20) can be rewritten as the integral equa-
tion

U(t, t0) = I− i
∫ t

t0
H(τ)U(τ, t0)dτ. (2.25)

A formal solution is obtained by iteratively substituting the opera-
tor U(τ, t0) inside the integral. This procedure generates a perturbative
expansion given by

U(t, t0) =I− i
∫ t

t0
dτ H(τ)+(−i)2

∫ t

t0
dτ

∫
τ

t0
dτ
′H(τ)H(τ ′)

+ · · ·+(−i)n
∫ t

t0
dτ

∫
τ

t0
dτ
′ · · ·

∫
τ(n−1)

t0
dτ

(n)H(τ)H(τ ′) · · ·H(τ(n))+ . . .

(2.26)

This expansion is known as the Dyson series and provides a system-
atic perturbative construction of the time-evolution operator for time-
dependent Hamiltonians. Despite its formal exactness, the Dyson series
presents two major practical limitations. First, in any numerical imple-
mentation the series must be truncated at a finite order, which generally
leads to an approximate evolution operator that is no longer unitary. As
a consequence, probability conservation is violated, requiring artificial
re-normalization procedures and potentially driving the quantum states
outside the space of physical states, i.e., violating the conditions im-
posed by Postulate 1 during time evolution.

Second, the explicit evaluation of the nested time-ordered integrals
becomes computationally expensive, even at relatively low orders of
truncation. This rapidly increasing computational cost severely limits
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the applicability of the Dyson series in large-scale or long-time numer-
ical simulations, motivating the development of alternative approaches
that preserve unitarity by construction.

Magnus expansion. Alternatively, the solution of Eq. (2.20) can
be expressed using the Magnus expansion, which provides a representa-
tion of the time-evolution operator in exponential form,

U(t, t0) = exp
[
Ω(t, t0)

]
, (2.27)

where the operator Ω(t, t0) is given as an infinite series,

Ω(t, t0) =
∞

∑
k=1

Ωk(t, t0). (2.28)

The first terms of the Magnus expansion are given by

Ω1(t, t0) =−i
∫ t

t0
dτ H(τ), (2.29)

Ω2(t, t0) =−
1
2

∫ t

t0
dτ

∫
τ

t0
dτ
′ [H(τ),H(τ ′)

]
, (2.30)

Ω3(t, t0) =
i
6

∫ t

t0
dτ

∫
τ

t0
dτ
′
∫

τ ′

t0
dτ
′′
(
[H(τ), [H(τ ′),H(τ ′′)]]

+ [H(τ ′′), [H(τ ′),H(τ)]]
)
, (2.31)

while higher-order terms involve increasingly nested commutators of
the Hamiltonian evaluated at different times. The Magnus series con-
verges, and the exponential representation is therefore valid, provided
that

∫ t
t0 ∥H(τ)∥2 dτ < π , where ∥·∥2 denotes the spectral (operator) norm [22];

this convergence condition underlies the normalization of the Hamilto-
nian introduced in the applications of Chapter 4.

A key advantage of the Magnus expansion is that, at any finite trun-
cation order, the time-evolution operator is explicitly written as the ex-
ponential of an anti-Hermitian operator. Consequently, since the Hamil-
tonian H(t) is Hermitian, the truncated evolution operator remains uni-
tary by construction.

From a numerical standpoint, the Magnus expansion offers improved
stability and physical consistency, as it preserves norm and probability
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conservation without requiring re-normalization procedures. Neverthe-
less, its practical applicability is limited by the rapid growth in the num-
ber and complexity of nested commutators appearing at higher orders,
which can significantly increase the computational cost. Despite this
limitation, low-order Magnus expansions often provide accurate and re-
liable approximations, making them well suited for controlled simula-
tions of time-dependent quantum dynamics.

If the Hamiltonian H(t) commutes with itself at different times, all
higher-order Magnus terms vanish and the expansion reduces to the first-
order contribution Ω1(t, t0). The necessity of including higher-order
terms is therefore tied to the non-commutativity of the Hamiltonian at
different times, and hence to the complexity of the time-dependent dy-
namics.

Trotter formula. An alternative approximation to the time-evolution
operator for time-dependent Hamiltonians is provided by the Trotter
product formula. This approach is particularly useful when the Hamil-
tonian can be written as a sum of simpler (generally non-commuting)
contributions,

H(t) = ∑
k

Hk(t), (2.32)

for which the individual exponential operators can be efficiently evalu-
ated.

To construct the time-evolution operator from an initial time t0 to a
final time t, the time interval is discretized into N subintervals of equal
length ∆t = (t− t0)/N, such that

tn = t0 +n∆t, n = 0,1, . . . ,N.

Over each small interval [tn, tn+1], the Hamiltonian is assumed to be ap-
proximately constant and equal to its value at tn. Under this assumption,
the short-time evolution operator can be approximated as

U(tn+1, tn)≈ exp[−iH(tn)∆t] . (2.33)

If the Hamiltonian is further decomposed into a sum of terms Hk(tn),
the exponential of the total Hamiltonian can be approximated using the
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first-order Trotter product formula,

exp[−iH(tn)∆t]≈∏
k

exp[−iHk(tn)∆t]+O(∆t2), (2.34)

where the error arises from the non-commutativity of the operators Hk(tn).
By composing the evolution over all time steps, the full time-evolution

operator is approximated as

U(t, t0) = lim
N→∞

N−1

∏
n=0

[
∏

k
exp(−iHk(tn)∆t)

]
, (2.35)

where the product over n is time-ordered, with earlier times appearing to
the right. In the limit ∆t→ 0 (or equivalently N→ ∞), this construction
converges to the exact time-evolution operator.

The Trotter formula provides a simple and physically transparent
approximation scheme for the time-evolution operator. At each time
step, unitarity is preserved by construction, since the approximation is
expressed as a product of unitary operators. In the present work, the
first-order Trotter approximation is sufficient to accurately capture the
relevant dynamics.

As in the Magnus expansion, the Trotter formula guarantees unitar-
ity. However, in contrast to both the Dyson series and the Magnus ex-
pansion, the Trotter approach does not require the explicit evaluation of
time-ordered integrals or nested commutators. This feature makes it par-
ticularly well suited for numerical implementations, as the computation
of the time-evolution operator reduces to evaluating matrix exponentials
of simpler Hamiltonian terms at each discretized time step.

2.5 Pauli basis and operator representations
Throughout this work, the physical systems of interest are two-level
quantum systems, or composite systems formed by subsystems with
two accessible energy levels. The quantum states considered therefore
describe such systems, commonly referred to as qubits. Although quan-
tum information theory is not restricted to two-level systems and can be
naturally extended to n-level systems, known as qudits, the focus of this
work is exclusively on qubit-based systems.

The dynamics and structure of qubits are conveniently described
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within a mathematical framework associated with the special unitary
group SU(2) and its Lie algebra su(2), which captures the symmetry
properties of isolated two-level quantum systems. Within this frame-
work, a set of four operators plays a central role: the identity operator
and the three Pauli matrices. Together, these operators form a complete
basis for the vector space of linear operators acting on a single-qubit
Hilbert space. As a result, any single-qubit density operator, Hamilto-
nian, or unitary evolution operator can be expressed as a linear combi-
nation of these matrices. In what follows, this operator basis will be
referred to as the Pauli basis, defined by

σ0 ≡
[

1 0
0 1

]
, (2.36)

σ1 ≡
[

0 1
1 0

]
, (2.37)

σ2 ≡
[

0 −i
i 0

]
, (2.38)

σ3 ≡
[

1 0
0 −1

]
. (2.39)

These matrices satisfy several important algebraic relations,

[σi,σ j] = 2iεi jk σk, (2.40)
{σi,σ j}= 2δi j I, (2.41)

σiσ j = δi j I+ iεi jk σk, (2.42)

where δi j denotes the Kronecker delta, {·, ·} denotes the anticommutator
and i, j,k ∈ {1,2,3}.

Pauli vectors. It is useful to introduce a correspondence between vec-
tors in R3 and the space of traceless Hermitian 2×2 matrices. This cor-
respondence is naturally established through the Pauli matrices, which
span the traceless Hermitian 2×2 matrices, i.e. the generators of SU(2)
(the elements of su(2) up to a factor of i). Within this framework,
any single-qubit density operator can be parametrized in terms of a real
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three-dimensional vector, known as the Bloch vector.
Explicitly, a one-qubit density operator can be written as

ρ =
1
2
(I+ r⃗ ···σσσ), (2.43)

where r⃗ ∈ R3 is the Bloch vector and σσσ denotes the Pauli vector. The
Pauli vector is defined as the operator-valued vector

σσσ = σ1 x̂1 +σ2 x̂2 +σ3 x̂3, (2.44)

with x̂1, x̂2, and x̂3 being the canonical unit vectors of R3.
The components of the Bloch vector are given by the expectation

values of the Pauli operators,

ri = Tr(ρ σi), i ∈ {1,2,3}, (2.45)

which ensures that r⃗ is real-valued due to the Hermiticity of ρ and the
Pauli matrices. The positivity and unit-trace conditions imposed on den-
sity operators restrict the norm of the Bloch vector to satisfy

|⃗r| ≤ 1. (2.46)

Geometrically, this condition defines a unit-radius sphere in R3, where
each point inside the sphere is uniquely associated with a valid density
operator. This geometric representation is known as the Bloch sphere.
Pure states correspond to vectors lying on the surface of the sphere,
whereas mixed states are represented by vectors strictly inside it.

This parametrization provides a geometrically intuitive description
of single-qubit quantum states. In particular, unitary evolutions gen-
erated by Hamiltonians proportional to the Pauli vector correspond to
rotations of the Bloch vector in R3. Consequently, the Pauli vector for-
malism establishes a direct link between the algebraic structure of su(2)
and the geometric representation of qubit states.

Dynamics in the Pauli basis. The Pauli vector formalism provides
a natural representation for single-qubit Hamiltonians. Any Hermitian
operator acting on a two-dimensional Hilbert space can be expanded
in the Pauli basis. In particular, a general time-dependent single-qubit
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Hamiltonian can be written as

H(t) = h⃗(t) ···σσσ , (2.47)

where h⃗(t) ∈ R3 is a real vector characterizing the Hamiltonian. In this
representation, the full time dependence of the Hamiltonian is entirely
encoded in the vector h⃗(t).

Consider the simpler case in which the Hamiltonian is time-independent.
In this case, the time-evolution operator is given by

U(t, t0) = exp [−i(t− t0)H] = exp
[
−i(t− t0) h⃗ ···σσσ

]
, (2.48)

where the exponent satisfies(⃗
h ···σσσ

)2
= h2 I, (2.49)

where h = |⃗h|.
Using the series definition of the exponential,

e−iH(t−t0) =
∞

∑
n=0

[−i(t− t0)]
n

n!
Hn, H = h⃗ ···σσσ , (2.50)

the even-order terms yield

∞

∑
n=0

[−i(t− t0)]
2n

(2n)!
H2n =

∞

∑
n=0

(−1)n[h(t− t0)]
2n

(2n)!
I

= cos [h(t− t0)]I, (2.51)

while the odd-order terms give

∞

∑
n=0

[−i(t− t0)]
2n+1

(2n+1)!
H2n+1 =−i

∞

∑
n=0

(−1)n[h(t− t0)]
2n+1

(2n+1)!
ĥ ···σσσ

=−isin(h(t− t0)) ĥ ···σσσ , (2.52)

where ĥ = h⃗/h .
Substituting Eqs. (2.51) and (2.52) into Eq. (2.50), the time-evolution
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operator can be written in closed form as

U(t, t0) = cos(h(t− t0))I− isin(h(t− t0)) ĥ ···σσσ . (2.53)

This expression shows that the unitary evolution induces a rigid ro-
tation of the Bloch vector associated with a quantum state around the
axis defined by the unit vector ĥ, with angular frequency 2

∣∣∣⃗h∣∣∣. This es-
tablishes a direct correspondence between unitary dynamics in Hilbert
space and rotations in R3, further highlighting the usefulness of the Pauli
vector formalism as a bridge between algebraic and geometric descrip-
tions of single-qubit dynamics.

Extension to multi-qubit systems. The Pauli vector formalism can be
naturally extended to composite quantum systems composed of n qubits
by following Postulate 4. In this case, operators acting on the composite
Hilbert space can be conveniently represented using tensor products of
single-qubit Pauli operators. Specifically, an operator basis for an n-
qubit system can be constructed as the set of all n-fold tensor products

σµµµ = σµ1⊗σµ2⊗·· ·⊗σµn, µk ∈ {0,1,2,3}. (2.54)

These operators are commonly referred to as Pauli strings. The
Pauli strings constitute an orthogonal basis with respect to the Hilbert–
Schmidt inner product,

Tr
(
σµµµ σννν

)
= 2n

δµµµ,ννν , (2.55)

where δµµµ,ννν denotes the Kronecker delta over multi-indices, defined as

δµµµ,ννν =
n

∏
k=1

δµkνk. (2.56)

Therefore any operator O acting on an n-qubit system can be ex-
panded as

O = ∑
µµµ

cµµµ σµµµ , cµµµ =
1
2n Tr

(
Oσµµµ

)
. (2.57)

In particular, an arbitrary n-qubit density operator admits the expan-

39



sion
ρ =

1
2n ∑

µµµ

rµµµ σµµµ , (2.58)

where the coefficients rµµµ = Tr
(
ρ σµµµ

)
are real, by the Hermiticity of ρ

and of the Pauli strings, and generalize the notion of the Bloch vector
to multi-qubit systems. Similarly, a general n-qubit Hamiltonian can be
written as

H(t) = ∑
µµµ

hµµµ(t)σµµµ , (2.59)

where the time dependence of the Hamiltonian is entirely encoded in the
real coefficients hµµµ(t).

This representation provides a unified and scalable framework for
describing the structure and dynamics of multi-qubit systems, and serves
as a natural language for many-body Hamiltonians, quantum control
protocols, and machine-learning-based approaches to quantum dynam-
ics.

2.6 Fidelity
Fidelity between density matrices. To quantitatively assess the sim-
ilarity between quantum states and quantum operations, it is necessary
to introduce appropriate fidelity measures. These quantities play a cen-
tral role in the validation of quantum dynamics, the characterization of
control protocols, and the evaluation of machine-learning-based models
for quantum systems.

The fidelity between two quantum states ρ and σ is defined as [58]

F(ρ,σ) =

[
Tr
(√√

ρ σ
√

ρ

)]2

. (2.60)

This definition admits simplified expressions in relevant special cases.
If one of the states is pure, ρ = |ψ⟩⟨ψ|, the fidelity reduces to

F(|ψ⟩ ,σ) = ⟨ψ|σ |ψ⟩ , (2.61)

while for two pure states, ρ = |ψ⟩⟨ψ| and σ = |φ⟩⟨φ |, it further reduces
to

F(|ψ⟩ , |φ⟩) = |⟨ψ|φ⟩|2. (2.62)
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For any pair of density operators ρ and σ , the fidelity satisfies the
following properties:

• Bounds: 0≤ F(ρ,σ)≤ 1.

• Normalization: F(ρ,σ) = 1 if and only if ρ = σ .

• Symmetry: F(ρ,σ) = F(σ ,ρ).

• Unitary invariance: For any unitary operator U ,

F(UρU†,UσU†) = F(ρ,σ). (2.63)

• Joint concavity of the square-root fidelity: For any sets {ρi},
{σi} and probabilities {pi},

√
F

(
∑

i
piρi,∑

i
piσi

)
≥∑

i
pi
√

F(ρi,σi). (2.64)

This expression does not define a metric on the space of density op-
erators, since it does not satisfy the triangle inequality. It nevertheless
remains a useful quantity for comparing density matrices.

Fidelity between operations. To compare quantum operations, it is
convenient to adopt the framework of quantum channels, where a quan-
tum operation is described as a linear map E acting on density operators,

ρ
′ = E (ρ). (2.65)

The Choi–Jamiołkowski representation provides a convenient way
to compare quantum channels by establishing a one-to-one correspon-
dence between completely positive trace-preserving maps and positive
semidefinite operators acting on an extended Hilbert space [59].

Consider a unitary operator U acting on a d-dimensional Hilbert
space. The associated unitary quantum channel U is defined as

U (ρ) =UρU†, (2.66)

and its corresponding Choi matrix is given by

JU = (U ⊗ I)(|Φ⟩⟨Φ|), (2.67)
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where

|Φ⟩= 1√
d

d

∑
i=1
|i⟩⊗ |i⟩ (2.68)

is a maximally entangled reference state.
Since the Choi–Jamiołkowski isomorphism maps quantum opera-

tions to density matrices, the fidelity defined in Eq. (2.60) can be directly
used to compare quantum channels. Consider two unitary operators U
and V , with associated Choi matrices

JU = (U ⊗ I)(|Φ⟩⟨Φ|), (2.69)
JV = (V ⊗ I)(|Φ⟩⟨Φ|). (2.70)

Unitary channels correspond to pure Choi states, which can be writ-
ten as JU = |JU⟩⟨JU | and JV = |JV ⟩⟨JV |. For the comparison of unitary
channels, the gate fidelity is adopted, defined simply as the fidelity of
Eq. (2.60) evaluated on these pure Choi states,

F(JU ,JV ) = |⟨JU |JV ⟩|2. (2.71)

Using Eq. (2.67), this expression becomes

F(JU ,JV ) =
∣∣∣⟨Φ|(U†V ⊗ I) |Φ⟩

∣∣∣2 = ∣∣∣∣1d Tr
(

U†V
)∣∣∣∣2. (2.72)

This quantity, which corresponds to the transition probability be-
tween the pure Choi states associated with U and V , is commonly re-
ferred to as the gate fidelity. In particular, if U =V , then Tr

(
U†V

)
= d,

yielding F(JU ,JV ) = 1, which corresponds to maximal fidelity. The fi-
delity between Choi matrices therefore provides a consistent and opera-
tionally meaningful measure for comparing unitary quantum operations.

2.7 Summary
In this chapter, the fundamental concepts of quantum information theory
required throughout this thesis have been introduced. The formulation
of quantum mechanics based on density operators was adopted as the
primary framework, as it provides a general and operationally mean-
ingful description of both pure and mixed quantum states, as well as a
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natural language for open and composite systems.
Starting from the postulates of quantum mechanics, the structural

properties of density operators were discussed, including their spec-
tral decomposition, purity, ensemble representations, and operator in-
ner products. The formalism was then extended to composite systems
through the tensor-product structure of Hilbert spaces and the partial
trace operation, leading to the definition of reduced density operators
and the introduction of entanglement as a genuinely quantum form of
correlation.

The role of entanglement was further emphasized by discussing the
quantum marginal problem, which highlights the fundamental limita-
tions associated with reconstructing global quantum states from local
information. This problem provides important conceptual insight into
the structure of composite quantum systems and motivates the need for
alternative approaches when dealing with incomplete or indirect descrip-
tions of quantum dynamics.

The chapter also addressed the unitary dynamics of closed quantum
systems through the von Neumann equation, together with several an-
alytical and numerical approaches for solving time-dependent dynam-
ics, including the Dyson series, the Magnus expansion, and the Trotter
product formula. These methods establish the theoretical basis for the
simulation and approximation of quantum evolution operators.

Finally, the Pauli basis was introduced as a convenient operator rep-
resentation for qubit systems, enabling a compact and scalable descrip-
tion of quantum states, Hamiltonians, and dynamical generators. Within
this framework, the concept of fidelity was presented as a quantitative
measure of similarity between quantum states and quantum operations,
including its extension to unitary channels via the Choi–Jamiołkowski
representation.

Together, the tools and concepts developed in this chapter provide
the mathematical and conceptual foundation required for the learning-
based modeling of quantum dynamics explored in the subsequent chap-
ters.

43



Chapter 3

DEEP LEARNING

This chapter provides all the background required to understand, repro-
duce, and critically analyze the deep learning tools employed throughout
this thesis. Owing to the versatility of deep learning models and their
capacity to approximate complex, high-dimensional mappings, these
methods offer a powerful framework for addressing challenging prob-
lems in Physics and Mathematics.

By introducing the essential concepts needed to formulate, train, test,
and analyze deep learning models, this chapter establishes the foun-
dations for constructing architectures tailored to specific physical con-
straints and learning objectives. In particular, such models enable the
treatment of problems that are otherwise computationally prohibitive
using conventional numerical methods, including the quantum marginal
problem discussed in the previous chapter and the simulation of complex
quantum dynamics with reduced computational resources.

Given the broad scope of Deep Learning as a research field, the dis-
cussion in this chapter is intentionally limited to the concepts and tech-
niques that are directly relevant to the developments presented in this
thesis. Throughout this chapter, the references [3,60] are adopted as the
primary sources for the theoretical and methodological aspects of deep
learning.

3.1 Motivation and scope
Deep learning has demonstrated notable versatility across a wide range
of disciplines, spanning from large-scale commercial applications to ad-
vanced scientific research. In many contexts, deep learning models have
outperformed traditional numerical and algorithmic approaches when
dealing with high-dimensional, nonlinear, or poorly structured prob-
lems. This capability has enabled the development of practical solutions
to tasks that, prior to the emergence of modern deep learning techniques,
were widely regarded as computationally infeasible or even impossible.
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As mentioned in the Introduction, deep learning has been success-
fully applied to a variety of problems, including image and signal pro-
cessing, natural language modeling, and the approximation of complex
dynamical systems. Beyond their empirical success, these models pro-
vide a flexible mathematical framework for learning representations and
mappings directly from data, without requiring explicit handcrafted fea-
tures or closed-form analytical models.

Despite their empirical success, deep learning models are often in-
formally referred to as black-box models. This characterization reflects
the perceived opacity of their internal mechanisms rather than a lack of
underlying mathematical structure. However, several authors argue that
this description is imprecise, and that deep learning models are more ap-
propriately described as grey-box models. Although such models may
involve a large number of parameters, their internal operations remain
partially traceable and analyzable, which contradicts a strictly black-box
interpretation.

This chapter clarifies how these models operate internally by intro-
ducing the key principles governing their architecture, training, and op-
timization. This perspective is particularly relevant in physics-based ap-
plications, where interpretability, consistency with known physical laws,
and controlled generalization play a central role.

3.2 Machine Learning models
Since Deep Learning is a subfield of Machine Learning, many of the
concepts employed in this area originate from the broader Machine Learn-
ing framework. In both Machine Learning and Deep Learning, the cen-
tral objective is to construct algorithms that are able to learn from data
rather than being explicitly programmed through fixed rules.

This naturally leads to a fundamental question: what does it mean
for a model to learn? A widely accepted and operational definition,
originally formulated by Mitchell and reproduced in Ref. [3], states that

A computer program is said to learn from experience E with
respect to some class of tasks T and performance measure
P, if its performance at tasks in T , as measured by P, im-
proves with experience E.

This definition highlights three essential components of any learn-
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ing system: the task T to be performed, the experience E from which
the system learns, and the performance measure P used to evaluate its
success. Together, these elements provide a precise and practical frame-
work for formulating learning problems in a mathematically and com-
putationally well-defined manner.

The following sections analyze these components in the context of
deep learning models and introduce the key elements required to under-
stand neural network architectures, training procedures, and evaluation
strategies. This establishes the foundation necessary to construct and an-
alyze learning-based models capable of addressing the complex physical
and mathematical problems considered in this thesis.

The task, T . In Machine Learning, the task T specifies the type of
problem that the algorithm is designed to solve and determines how in-
put data are processed to produce meaningful outputs. Data are typi-
cally represented as collections of features extracted or measured from
a physical, mathematical, or computational system, and the task defines
the mapping that the model is expected to learn from these features.

A wide variety of tasks can be addressed within this framework.
Common examples include classification, where the objective is to as-
sign discrete labels to inputs; regression, which aims to predict continuous-
valued outputs; transcription and representation learning, where data are
mapped into alternative representations; anomaly detection, which fo-
cuses on identifying atypical patterns; interpolation and denoising tasks;
and probability density estimation. The specific choice of the task T is
dictated by the nature of the problem under study and by the type of
information one aims to extract from the data.

The experience, E. The experience E refers to the data from which
the learning algorithm acquires information. A useful distinction arises
when categorizing Machine Learning approaches according to the type
of experience provided during training.

In supervised learning, the experience consists of labeled data pairs,
typically of the form (x,y), where x denotes the input features and y
represents the desired output. The learning process aims to infer a func-
tional relationship that maps inputs to outputs by minimizing a discrep-
ancy between model predictions and known targets.

In contrast, unsupervised learning relies on unlabeled data, where
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only the input samples x are available. In this case, the objective is to
uncover hidden structures, correlations, or representations intrinsic to
the data itself, without explicit target values. Both paradigms play an
important role in Deep Learning, depending on the availability of data
and the nature of the task being addressed.

The performance measure, P. The performance measure P quanti-
fies how well a learning algorithm performs the assigned task and plays
a central role during the training stage. Since learning-based models aim
to approximate an unknown mapping from data, discrepancies between
model predictions and observed values naturally arise. The purpose of
the performance measure is to provide a scalar quantity that evaluates
these discrepancies and allows different candidate models to be com-
pared.

There exists considerable flexibility in the choice of performance
measures, depending on the task under consideration. In regression
problems, a common choice is to evaluate the deviation between pre-
dicted and measured values through an averaged error criterion.

To illustrate this idea, consider the simple example of linear regres-
sion. Given a set of measured data points {(xi,yi)}N

i=1, the task consists
of finding a linear function

y(x) = mx+n, (3.1)

that best describes the relationship between the variables x and y. Al-
though two exact data points are sufficient to determine a unique linear
function in an ideal noiseless setting, real measurements are typically
affected by noise. As a consequence, infinitely many linear functions
may be compatible with the data within experimental uncertainty.

To compare different candidate functions, a performance function
can be introduced. For instance, one may define

L (m,n) =
1
N

N

∑
i=1

(mxi +n− yi)
2, (3.2)

which quantifies the average squared deviation between the model pre-
dictions and the observed data.

In this example, the three elements of learning are clearly identi-
fied: the task T is to approximate the functional relationship between
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two variables, the experience E is given by the measured data points
(xi,yi), and the performance measure P provides a quantitative criterion
to assess how well the model performs the task.

3.3 Artificial neural networks
A central pillar of this thesis is the use of artificial neural networks
(ANNs). In this work, they are employed to construct models (i.e., com-
puter programs) designed to accomplish the tasks T previously intro-
duced. An artificial neural network is built from basic computational
units commonly referred to as neurons or perceptrons, which constitute
the fundamental elements of these architectures.

The terminology neuron originates from the fact that neural net-
works were originally inspired by the interconnected structure of bio-
logical neural systems, such as those found in the human brain. How-
ever, despite this inspiration, artificial neural networks do not operate
according to the same principles as biological neural systems and ex-
hibit substantial differences in their underlying mechanisms [61].

Nevertheless, the computational behavior of artificial perceptrons is
sufficient to construct robust and versatile models that have proven ef-
fective across a wide range of tasks. In this thesis, some of these tasks
that can be successfully addressed using artificial neural networks are
explored and analyzed.

Artificial neurons The basic structure of an artificial neuron can be
conveniently described using linear algebra. Let x = (x1, . . . ,xn) ∈ Rn

denote the input vector of the neuron, and ωωω = (ω1, . . . ,ωn) the corre-
sponding vector of trainable weights. The neuron computes an affine
transformation of the input followed by a nonlinear activation function
f , yielding the output

y = f (ωωω ·x+b). (3.3)

The bias parameter b allows the activation function to be shifted in-
dependently of the input, thereby increasing the expressive capacity of
the neuron. For a fixed activation function, the response of the neuron is
entirely determined by the values of the weights and the bias, which are
adjusted during training in order to satisfy the requirements of the target
task.
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Forward propagation Once the functioning of a single perceptron is
understood, it is natural to extend the construction to a collection of per-
ceptrons arranged in layers, forming a neural network capable of pro-
cessing data. Consider a first layer composed of n1 artificial neurons.
The output of the i-th neuron in this layer is given by

a(1)i = f
(

ωωω
(1)
i ·x+b(1)i

)
, i = 1, . . . ,n1, (3.4)

where ωωω
(1)
i and b(1)i denote the weights and bias associated with the

i-th neuron of the layer, respectively, and f is the activation function
applied element-wise. Here the superscript labels the layer index, so
that a(1) = (a(1)1 , . . . ,a(1)n1 ) collects the outputs of the first layer.

Subsequently, additional layers can be stacked on top of the first one.
For instance, if the input to the second layer is given by the output vector
of the first layer, a(1), then the output of the j-th neuron in the second
layer is

a(2)j = g
(

ωωω
(2)
j ·a(1)+b(2)j

)
, (3.5)

where ωωω
(2)
j and b(2)j are the weights and bias of the corresponding neu-

ron in the second layer. The activation function g may differ from f ,
although in practice it is common, but not mandatory, to use the same
activation across multiple layers.

This construction can be generalized to a neural network composed
of L layers, where each layer introduces additional weights and biases,
increasing the number of free parameters available for optimization dur-
ing training. These parameters are adjusted in order to approximate a
target mapping associated with a given task. In this context, the matrix
representation of the neural network can be written in a compact form.
Let a(0) ≡ x denote the input vector, and consider the l-th layer char-
acterized by a weight matrix W(l) ∈ Rnl×nl−1, a bias vector b(l) ∈ Rnl ,
and an activation function σ (l)(·). The forward propagation through the
network is then given by

a(l) = σ
(l)
(

W(l)a(l−1)+b(l)
)
, (3.6)

where the activation function is applied element-wise. The output of the
network corresponds to y = a(L), with L denoting the total number of
layers. A similar description can be found in Ref. [62], where the authors
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develop a Python-based framework to solve differential equations using
this class of neural networks. This application will be discussed later in
this chapter.

Models of this type are referred to as feedforward (or forward) neu-
ral networks, since the output is obtained through a forward propagation
of information from the input layer, across successive hidden layers, up
to the final output layer. In particular, there exist multiple ways to con-
nect the internal neurons within a neural network. The configuration
presented in Figure 3.1 corresponds to the so-called fully connected ar-
chitecture, in which each perceptron in a given layer is connected to
every perceptron in the preceding and subsequent layers.
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L-hidden layer
(hL neurons)

Output layer
(m outputs)

Figure 3.1: Schematic representation of a deep feedforward neural network using a
combination of fully-connected layers

In general, while the structure of the input and output layers is strongly
dictated by the specific task for which the network is designed, the in-
ternal layers, commonly referred to as hidden layers, may vary in their
connectivity patterns and may incorporate additional mathematical reg-
ularization mechanisms, such as batch normalization or dropout. These
techniques are task-dependent and implementation-specific; therefore,
they are not considered in the present work. The specific choice of layer
organization, connectivity, and associated transformations is referred to
as the network architecture.

Convolutional layers The fully connected architecture described pre-
viously provides a general framework for constructing neural networks;
however, it does not explicitly exploit any structure present in the input
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data. In many applications, particularly those involving spatially dis-
tributed data such as images, grids, or discretized physical fields, the
input exhibits strong local correlations. In such cases, fully connected
layers become parameter-inefficient and may fail to capture relevant
inductive biases due to the large number of free parameters (weights
and biases). Convolutional layers address this limitation by introducing
structured weight sharing through the convolution operation. Instead of
learning an independent weight for each input–output connection, a con-
volutional layer applies a set of local kernels across the input domain,
enforcing translational equivariance and significantly reducing the num-
ber of trainable parameters.

A defining characteristic of convolutional layers is the use of shared
weights. In contrast to fully connected layers, where each connection
between neurons is associated with an independent weight, convolu-
tional layers employ the same kernel parameters across all spatial loca-
tions of the input. As a consequence, a single kernel captures repeated
local patterns throughout the entire domain, and its parameters are op-
timized collectively based on their global contribution to the network
output.

The convolution operation for continuous functions can be written
as

s(t) = (x∗ω)(t) =
∫

x(a)ω(t−a)da, (3.7)

where the symbol ∗ denotes convolution, x represents the input function,
and ω is a weight function.

In the context of neural networks, x is interpreted as the input of
the layer, while the weight function ω is referred to as the kernel. The
output of the convolutional layer is commonly called the feature map.
Although convolution is naturally defined for continuous functions, ma-
chine learning applications typically employ a discrete formulation, given
by

s(t) = (x∗ω)(t) =
∞

∑
a=−∞

x(a)ω(t−a), (3.8)

where a is an integer-valued variable indexing the input domain.
In practical applications, the input is usually a multidimensional ar-

ray and the kernel is a multidimensional tensor of trainable parameters.
For example, considering a two-dimensional input such as an image, the

51



convolution operation takes the form

S(i, j) = (I ∗K)(i, j) = ∑
m,n

I(m,n)K(i−m, j−n), (3.9)

where I denotes the input array, K the kernel, and (i, j) label spatial
coordinates.1

The forward propagation through a convolutional layer can therefore
be expressed as

a(l) = σ
(l)
(

K(l) ∗a(l−1)+b(l)
)
, (3.10)

where K(l) denotes the convolutional kernel tensor, b(l) is the bias term,
∗ represents the discrete convolution operator, and σ (l) is applied element-
wise.

Beyond the kernel itself, the behavior of a convolutional layer is
governed by several structural hyperparameters. The stride controls the
displacement of the kernel between successive applications, with larger
strides reducing the spatial resolution of the resulting feature maps. The
padding operation extends the input domain, commonly by adding ze-
ros, allowing control over output dimensions and mitigating boundary
effects. The dilation parameter introduces spacing between kernel ele-
ments, effectively increasing the receptive field without increasing the
number of parameters. Finally, the groups parameter partitions the in-
put channels into independent subsets, enabling grouped or depth-wise
convolutions and reducing computational complexity.

Figure 3.2 illustrates how a convolutional layer transforms an input
matrix into a feature map; its spatial size depends on the padding and
stride, and is reduced in the example shown, where no padding is ap-
plied, although a suitable padding can also be used to preserve it. A nat-
ural comparison between fully connected and convolutional layers can
be drawn in terms of the number of internal connections, i.e. the num-
ber of free parameters. By restricting each neuron to interact only with
a local neighborhood of the input, convolutional layers drastically re-
duce the number of trainable parameters. Consequently, the weights are

1Most deep learning frameworks, including the one used in this work, implement the closely related
cross-correlation operation S(i, j) = ∑m,n I(i+m, j+n)K(m,n), which coincides with the convolution
up to a reflection of the kernel. Since the kernel entries are learned, this distinction does not affect the
expressive power of the layer, and the term convolution is retained by convention.
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determined by local correlations in the data, yielding a significant reduc-
tion in computational cost while preserving the ability to extract relevant
features. This same inductive bias is, however, also a limitation. If the
relevant structure of the data is not governed by local (near-neighbor)
correlations, a model relying solely on convolutional layers cannot be
expected to generalize well.
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Input (X), 5× 5
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k21 k22 k23

k31 k32 k33

Kernel (K), 3× 3

convolution

y11 y12 y13

y21 y22 y23

y31 y32 y33

Feature map (Y ), 3× 3

Figure 3.2: Schematic representation of a two-dimensional convolution. A 3×3 kernel
is applied across the input array, and each output entry is obtained as the weighted sum
of the corresponding local patch, producing a feature map of reduced spatial size.

Transposed convolutional layers Convolutional layers, particularly
when combined with strides or pooling operations, progressively reduce
the spatial resolution of the feature maps. While this contraction is de-
sirable for tasks such as classification, many problems require the op-
posite operation, namely recovering or increasing the spatial resolution
of a representation. Representative examples include the decoder stage
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of autoencoders, generative models, semantic segmentation, and super-
resolution. Transposed convolutional layers (also called fractionally-
strided convolutions) provide a learnable upsampling operation that ful-
fils this role.

The name originates from the matrix formulation of the convolu-
tion. A discrete convolution can be expressed as a linear map s = Cx,
where x and s are the flattened input and output, respectively, and C is
a sparse matrix whose entries are determined by the kernel and whose
structure encodes the locality and weight sharing of the operation. A
transposed convolution applies the transpose of this operator, mapping a
lower-dimensional representation back to a higher-dimensional one,

x 7−→ Cx (convolution), z 7−→ C⊤z (transposed convolution).
(3.11)

Both operators are built from the same kernel parameters; the trans-
posed convolution is therefore not the inverse of the convolution, since
it does not recover the original input, but rather its adjoint in terms of
connectivity. This is the operation that arises when backpropagating gra-
dients through a convolutional layer. The gradient of the loss with re-
spect to the input of a convolution is obtained by applying the transposed
convolution to the gradient with respect to the output, and conversely.

In practice, a transposed convolution with stride s can be imple-
mented as an ordinary, unit-stride convolution applied to a modified
input. Two zero-insertion operations are involved. First, the input is di-
lated by inserting s−1 zeros between consecutive elements along each
spatial dimension, which encodes the upsampling factor. Second, a zero-
valued border of width k− p−1 is added around the dilated map, where
k is the kernel size and p the padding of the corresponding direct con-
volution. A standard convolution with unit stride is then applied to the
resulting array. Figure 3.3 shows this procedure for a 3×3 input and a
3× 3 kernel. The inserted and border zeros are made explicit, and the
final stride-one convolution yields a 7×7 output. These zeros are not in-
ert; during the convolution they merely deactivate selected terms of the
weighted sum, so that different output positions combine different sub-
sets of input values and kernel weights, producing a genuine upsampling
rather than a trivial zero-filling.

For a one-dimensional input of size i, kernel size k, stride s, and
padding p, the spatial size of the transposed-convolution output is given
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by
o = s(i−1)−2p+ k+a, (3.12)

where a, with 0 ≤ a < s, is an optional output padding introduced to
resolve the ambiguity that arises because several input sizes of a direct
convolution may map to the same output size. In contrast to the di-
rect convolution, whose output is generally smaller than its input, the
transposed convolution typically produces a larger output, which is the
desired upsampling behavior.

Analogously to the convolutional case, the forward propagation through
a transposed convolutional layer can be written as

a(l) = σ
(l)
(

K(l) ∗⊤ a(l−1)+b(l)
)
, (3.13)

where ∗⊤ denotes the transposed-convolution operator, K(l) is the train-
able kernel tensor, b(l) the bias term, and σ (l) is applied element-wise.
The structural hyperparameters (stride, padding, dilation, and groups)
play roles analogous to those of the direct convolution, but now act to
expand rather than contract the spatial dimensions.
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Figure 3.3: Schematic representation of a two-dimensional transposed convolution im-
plemented as a direct convolution. The 3×3 input is dilated by inserting zeros (stride
2), padded with a zero border, and convolved with a 3× 3 kernel using unit stride,
yielding a 7×7 output.

Activation functions One of the key components of Artificial Neural
Networks (ANNs) is the activation function. Its role is to introduce non-

55



linearity into the model, allowing the network to represent complex re-
lationships beyond linear mappings. In practice, the activation function
determines how the weighted input of a neuron is transformed before
being propagated to subsequent layers, effectively controlling whether
and how a neuron contributes to the overall network output.

Several activation functions have been proposed in the literature.
Among the most commonly used ones is the hyperbolic tangent function
(tanh), which maps the input to a bounded interval (−1,1) and is often
preferred in physical and dynamical contexts due to its smoothness and
symmetry around zero. Another widely used activation function is the
sigmoid function, which produces outputs in the interval (0,1) and has
historically been employed in early neural network models, particularly
in probabilistic interpretations. More recently, the Rectified Linear Unit
(ReLU) has become popular due to its computational simplicity and its
ability to alleviate vanishing gradient effects in deeper architectures.

The choice of activation function directly impacts the expressive
power, numerical stability, and trainability of the network, and therefore
constitutes an important design consideration in neural network models.
Figure 3.4 illustrates several commonly used activation functions.
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Figure 3.4: Examples of commonly used activation functions, including tanh, sigmoid,
and ReLU.

Autoencoders An autoencoder is a type of artificial neural network
trained, in a self-supervised manner, to reproduce its own input at the
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output while passing the information through an internal representation
of constrained capacity. Its purpose is therefore not to predict an exter-
nal target but to learn a compact and informative encoding of the data.
By forcing the signal through a bottleneck, the network is compelled
to retain only the most salient structure of the input and to discard re-
dundant or noisy components. Formally, an autoencoder is composed
of two maps, an encoder fθ and a decoder gφ , parameterized by train-
able weights θ and φ . The encoder transforms an input x ∈ Rd into a
latent code z = fθ (x) ∈ Rd′, usually of lower dimension d′ < d, and the
decoder maps this code back to the input space, producing a reconstruc-
tion x̂ = gφ (z) = gφ ( fθ (x)).

Structurally, an autoencoder is organized symmetrically around the
latent space, as illustrated schematically in Figure 3.5. The encoder
consists of a sequence of layers that progressively reduce the dimen-
sionality of the representation until reaching the latent (or bottleneck)
layer, which holds the compressed code, while the decoder mirrors this
structure, progressively expanding the latent representation back to the
original dimensionality. When the data possess spatial structure, such as
images or discretized physical fields, these layers are typically convolu-
tional: the encoder employs convolutional layers followed by non-linear
activations to contract the spatial resolution while increasing the number
of feature channels, whereas the decoder employs transposed convolu-
tional layers and activations to recover the original spatial resolution
from the latent code. This configuration is known as a convolutional
autoencoder, and it is the one adopted in this work.

The parameters of both maps are optimized jointly by minimizing a
reconstruction loss that quantifies the discrepancy between the input and
its reconstruction. For real-valued data a common choice is the mean
squared error, so that the training objective takes the form

L (θ ,φ) =
1
N

N

∑
n=1

∥∥xn−gφ

(
fθ (xn)

)∥∥2
, (3.14)

where {xn}N
n=1 denotes the training set. This objective is minimized

through the same gradient-based optimization and backpropagation pro-
cedures used for supervised networks (introduced in Sections 3.4 and
3.5), with the crucial difference that the targets are the inputs them-
selves. When the latent dimension is smaller than the input dimension
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(the so-called undercomplete regime), the bottleneck prevents the net-
work from learning the trivial identity mapping and instead drives it to
perform a non-linear dimensionality reduction. In fact, a linear autoen-
coder trained under the mean squared error recovers the same subspace
as principal component analysis (PCA), so that autoencoders can be re-
garded as a non-linear generalization of classical linear dimensionality-
reduction techniques. If, on the contrary, the latent space is overcom-
plete, with a dimension equal to or larger than that of the input, addi-
tional regularization must be imposed in order to obtain useful represen-
tations and to prevent the network from simply copying its input.

Several variants extend this basic scheme by modifying the architec-
ture or the training objective. Denoising autoencoders are trained to re-
construct a clean input from a corrupted version of it, which encourages
robustness and the extraction of stable features. Sparse and contractive
autoencoders introduce penalty terms that promote, respectively, sparse
activations or representations that are locally invariant to small perturba-
tions of the input. Variational autoencoders, in turn, reinterpret the latent
space in probabilistic terms and impose a prior distribution on the code,
turning the autoencoder into a generative model from which new sam-
ples can be drawn. Despite these differences, all of these models share
the common encoder–bottleneck–decoder structure described above.

Owing to their ability to learn compact representations without la-
beled data, autoencoders have found a wide range of applications. They
are routinely used for dimensionality reduction and unsupervised rep-
resentation learning, where the latent code serves as a low-dimensional
feature vector for downstream tasks. Because the reconstruction error
tends to be small for inputs similar to those seen during training and
large for atypical ones, autoencoders are also effective for anomaly and
novelty detection. The denoising variants are employed for data restora-
tion and noise removal, while the generative variants are used for data
synthesis and for modeling complex data distributions. In scientific and
engineering contexts they are increasingly applied to compress high-
dimensional physical fields, to construct reduced-order models of dy-
namical systems, and to learn informative representations of complex
states, which makes them a natural tool within the data-driven modeling
of physical and quantum systems considered in this work.
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Figure 3.5: Schematic representation of a convolutional autoencoder. The encoder ap-
plies convolutional layers and activations to compress the input into a low-dimensional
latent representation, while the decoder applies transposed convolutional layers and ac-
tivations to reconstruct the input from that latent code.

3.4 Loss functions and training objective
The versatility of Deep Learning models stems from the wide range of
tasks that can be addressed using them, some of which were outlined in
the Introduction. However, one of the most important aspects of these
models is not the architectures themselves, but rather the procedures
employed to train them for a specific task. At a conceptual level, train-
ing is based on comparing the model output with a reference dataset
and iteratively adjusting the internal parameters of the model in order to
minimize this discrepancy.

More precisely, the training process relies on the definition of a
scalar function that quantifies the disagreement between the model pre-
diction and the target data. Let L denote such a function, defined here
as the squared distance between the network output ynet and the refer-
ence data d,

L = ∑
i
(yi−di)

2. (3.15)

This quantity is commonly referred to as the loss function or cost
function. Here the index i runs over the components of the output vec-
tor for a single input sample; when a full dataset is considered, the total
objective is obtained by averaging this per-sample loss over all training
examples, as in the linear-regression example above. When the inter-
nal parameters of the model are appropriately chosen, the value of L
approaches zero, indicating that the model successfully reproduces the
target data d and, consequently, performs the desired task.
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For illustrative purposes, consider a model composed of a single
fully connected layer. In this case, the trainable parameters correspond
to the weights and biases of the perceptrons. For an input vector x =
(x1, . . . ,xn), the pre-activation variable associated with the i-th neuron is
given by

zi = ∑
j

Wi jx j +bi, (3.16)

and the corresponding network output is

yi = σ(zi), (3.17)

where σ(·) denotes the activation function. The loss function in Eq. (3.15)
can then be written as

L = ∑
i

(
σ

(
∑

j
Wi jx j +bi

)
−di

)2

. (3.18)

The optimization of the model parameters is carried out by evaluat-
ing the partial derivatives of the loss function with respect to each train-
able parameter. Since each neuron i is associated with a set of weights
Wi j, the gradient of the loss function is naturally expressed using two in-
dices. Applying the chain rule, the partial derivative of L with respect
to a weight parameter Wi j reads

∂L

∂Wi j
=

∂L

∂yi

∂yi

∂ zi

∂ zi

∂Wi j
. (3.19)

This expression quantifies how variations in a specific weight Wi j
affect the model performance and forms the basis of gradient-based op-
timization algorithms employed during the training process. The central
idea is to iteratively update the weights in the direction of the negative
gradient, thereby minimizing the value of the loss function L . This
procedure is commonly referred to as the gradient descent method.

When the model consists of more than a single layer, the computa-
tion of the gradients must be performed sequentially, starting from the
output layer and propagating backwards through the network. This pro-
cess, well established in the literature, is known as backpropagation. It
constitutes one of the central pillars of Deep Learning and enables the
efficient training of neural networks containing millions of parameters.
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For a fully connected neural network composed of L layers, the
forward propagation can be written in a compact form as shown in
Eq. (3.6). Within this formulation, the gradient of the loss function
with respect to the parameters of an intermediate layer can be expressed
through successive applications of the chain rule. In particular, the gra-
dient of L with respect to the weight matrix of the l-th layer, with
l ∈ {1, . . . ,L}, takes the general form

∂L

∂W(l)
=

∂L

∂a(L)
L

∏
k=l+1

∂a(k)

∂a(k−1)
∂a(l)

∂W(l)
, (3.20)

where the explicit structure of each term depends on the network archi-
tecture, including the number of layers, the number of neurons per layer,
and the choice of activation functions. This expression should be under-
stood schematically. Each factor ∂a(k)/∂a(k−1) is a Jacobian matrix, and
the product must be evaluated in the appropriate order, from the output
layer L down to layer l.

Therefore, in practical scenarios, the explicit analytical form of the
gradients is not written out in full. Instead, gradient-based optimiza-
tion relies on algorithmic implementations of backpropagation, which
efficiently evaluate these derivatives without requiring their explicit ex-
pansion.

The explicit form of the gradients differs when the architecture incor-
porates convolutional layers instead of fully connected ones. In this case
the trainable parameters are convolutional kernels rather than individual
weights, and the resulting gradients reflect aggregated contributions over
the corresponding receptive fields rather than local derivatives associ-
ated with single connections. The training objective, however, remains
unchanged, and as before the explicit gradients are evaluated automat-
ically by backpropagation. Understanding the general mechanism by
which they are computed and propagated nonetheless remains important
for the correct design and interpretation of convolutional architectures.

Examples of common loss functions While the squared loss intro-
duced in Eq. (3.15) provides a simple and illustrative example, different
tasks often require alternative choices of loss functions. The selection of
an appropriate loss function reflects both the nature of the data and the
objective of the learning problem, and may significantly influence the
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training dynamics and the resulting model performance.
For regression tasks, the mean squared error (MSE) is among the

most commonly used loss functions, as it directly penalizes deviations
between predicted and target values. In classification problems, loss
functions such as the binary or categorical cross-entropy are typically
employed, as they are better suited to probabilistic interpretations of the
network output. Other loss functions, including absolute error measures
or task-specific objective functions, may be adopted depending on the
desired robustness or structural constraints of the problem.

In physics-based applications, the loss function may further incorpo-
rate additional terms encoding prior knowledge or physical constraints,
such as conservation laws or differential equations. In such cases, the
training objective is no longer solely data-driven but reflects a combi-
nation of empirical accuracy and physical consistency. These extended
formulations will be discussed in later sections.

3.5 Optimization and training
As discussed previously, neural networks are trained by optimizing a
loss function in order to reproduce a set of known data samples. The
underlying idea is that, given a sufficiently representative dataset, the
model is able to identify relevant patterns such that, after training, it can
successfully perform a specific task. From this perspective, the train-
ing of a neural network can be naturally interpreted as an optimization
problem defined over a high-dimensional parameter space.

A fundamental connection therefore arises between neural networks
and optimization theory. The adjustment of the trainable parameters is
carried out through backpropagation, which provides the gradients of
the loss function with respect to the model parameters. These gradients
are then used by optimization algorithms to iteratively update the param-
eters. Among the most widely used optimization methods are Stochastic
Gradient Descent (SGD) and adaptive schemes such as Adam, both of
which are employed in the applications presented in this thesis. A com-
prehensive overview of optimization algorithms commonly used in deep
learning can be found in Ref. [4].

In its general form, gradient-based optimization updates the param-
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eters θθθ of the model according to

θθθ t+1 = θθθ t−η ∇θθθL (θθθ t), (3.21)

where θθθ denotes the collection of all trainable parameters of the model
and ∇θθθL represents the vector of partial derivatives of the loss function
with respect to each parameter. Explicitly, for a parameter θk, this update
rule reads

θ
(t+1)
k = θ

(t)
k −η

∂L

∂θk

∣∣∣∣∣
θθθ=θθθ t

. (3.22)

Here, η > 0 is the learning rate, a hyperparameter that controls the mag-
nitude of the parameter updates. The learning rate plays a central role
in the training dynamics: values that are too large may lead to unstable
optimization, while excessively small values can result in slow conver-
gence or stagnation. In Stochastic Gradient Descent, the gradient ∇θθθL
is not evaluated over the full dataset but estimated from a randomly sam-
pled subset (a mini-batch) of the training data at each iteration. This
reduces the computational cost per update and introduces a stochastic
component that can help the optimizer escape shallow local minima.

In practical implementations, the learning rate is often adjusted dur-
ing training through the use of learning rate schedulers, which progres-
sively reduce its value as the optimization proceeds. This strategy allows
for larger exploratory steps during the early stages of training, followed
by finer adjustments as the loss function approaches a minimum.

Despite the effectiveness of gradient-based methods, the optimiza-
tion landscape of deep neural networks is typically highly non-convex
and may exhibit flat regions or multiple local minima. A well-known
challenge in this context is the appearance of vanishing gradients, to-
gether with extended flat regions and saddle points of the loss land-
scape, where the gradients become extremely small and hinder efficient
training.2 Various techniques have been proposed to mitigate these is-
sues, including the introduction of momentum terms, adaptive learning
rate methods, and carefully designed initialization strategies. Such ap-
proaches aim to improve convergence by enabling the optimizer to es-
cape shallow local minima or flat regions of the loss landscape.

2A closely related phenomenon, known as the barren plateau, arises in variational quantum cir-
cuits, where the gradients vanish exponentially with the number of qubits. The term is specific to that
quantum-computing setting and is therefore avoided here in the classical context.
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3.6 Physics-Informed Neural Networks
A central component in the development of deep learning models is the
training stage. As previously discussed, training corresponds to the pro-
cess by which the model learns to perform a specific task by adjusting
its internal parameters through optimization. In standard data-driven ap-
proaches, this learning is achieved by supplying examples to the model
and minimizing a loss function that quantifies the discrepancy between
the model outputs and the target data. Through this process, neural net-
works are able to capture complex internal relationships between the
variables involved in the task.

However, in physical sciences, the available information is not lim-
ited to observational or simulated data alone. Physical systems are also
governed by well-established theoretical principles, typically expressed
in the form of conservation laws, symmetry constraints, or differential
equations. Ignoring this prior knowledge during training leads to mod-
els that are purely empirical, often requiring large datasets and offering
limited extrapolation capabilities. Physics-informed learning addresses
this limitation by explicitly incorporating known physical laws into the
training process.

Physics-Informed Neural Networks (PINNs) constitute a class of
models in which prior physical information is embedded directly into
the learning procedure. This is commonly achieved by augmenting the
loss function with additional terms that penalize violations of the gov-
erning equations or physical constraints, or by applying mathematical
transformations to the network outputs in order to enforce such con-
straints by construction. As a consequence, the optimization process is
guided not only by data fidelity but also by physical consistency.

This strategy offers several practical advantages. By constraining the
hypothesis space of the model to physically admissible solutions, PINNs
typically require fewer training examples, exhibit improved generaliza-
tion, and converge faster during optimization. Moreover, the resulting
models tend to be more robust to noise and better suited for interpolation
and extrapolation tasks within the physically relevant regime.

A widely studied and natural application of PINNs is the solution
of partial differential equations, where the neural network is trained to
approximate the solution of a differential equation while minimizing the
residual of the governing equation at a set of collocation points. This
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framework has been successfully applied to a broad range of problems
in classical mechanics, fluid dynamics, and electromagnetism. Compre-
hensive discussions and extensions of this methodology can be found in
Refs. [8, 60, 62–66].

In this thesis, however, the physics-informed paradigm is employed
beyond its conventional role as a differential equation solver. Two ap-
plications are presented in the context of quantum information where
physics-informed learning is used to address complex physical and math-
ematical problems. In both cases, known structural properties of quan-
tum systems are incorporated into the learning process, enabling the
construction of models that are not only accurate but also consistent
with the underlying quantum dynamics. These examples demonstrate
that physics-informed neural networks provide a flexible framework for
integrating deep learning techniques with the fundamental principles of
quantum theory.

General formulation of Physics-Informed Neural Networks Let Nθθθ (x, t)
be a neural network parametrized by θθθ , intended to approximate the so-
lution u(x, t) of a physical system governed by a differential equation of
the form

D [u(x, t)] = 0, (3.23)

where D denotes a (possibly nonlinear) differential operator acting on
the solution.

In the physics-informed framework, the neural network output is
identified with the trial solution,

u(x, t)≈Nθθθ (x, t), (3.24)

and automatic differentiation is employed to compute the required spa-
tial and temporal derivatives. The physical consistency of the model is
enforced by defining a residual function

R(x, t;θθθ) := D [Nθθθ (x, t)]. (3.25)

The training objective is constructed by minimizing a composite loss
function of the form

L = Ldata +λphys Lphys +λbc Lbc, (3.26)
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where Ldata enforces agreement with known data (if available), Lphys
penalizes violations of the governing equations,

Lphys =
1
Nr

Nr

∑
i=1
|R(xi, ti;θθθ)|2 , (3.27)

and Lbc incorporates boundary and initial conditions. The coefficients
λphys and λbc control the relative importance of each contribution.

This formulation restricts the hypothesis space of the neural network
to functions that are compatible with the known physical laws, effec-
tively embedding prior knowledge into the optimization process.

Illustrative examples: solving differential equations with PINNs To
illustrate the physics-informed approach, representative examples are
now considered where PINNs are employed to solve differential equa-
tions of increasing complexity.

One-dimensional wave equation. A standard benchmark problem
for PINN is the one-dimensional wave equation,

∂ 2u(x, t)
∂ t2 = c2 ∂ 2u(x, t)

∂x2 , (3.28)

defined on the spatial domain x ∈ [0,1] and temporal domain t ∈ [0,1].
Fixed (Dirichlet) boundary conditions are considered,

u(0, t) = u(1, t) = 0, (3.29)

together with the initial conditions

u(x,0) = sin(πx), ∂tu(x,0) = 0. (3.30)

For the particular choice c = 1, the analytical solution is given by

u(x, t) = sin(πx)cos(πt). (3.31)

Within the PINN framework, a neural network Nθθθ (x, t) is used to
approximate the displacement field u(x, t). The residual of the wave
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equation is defined as

Rθθθ (x, t) = ∂
2
t Nθθθ (x, t)− c2

∂
2
x Nθθθ (x, t). (3.32)

Let {(xi, ti)}N f
i=1 denote the interior collocation points, {x(0)j }

N0
j=1 the

points used to enforce the initial conditions, and {(x(b)k , t(b)k )}Nb
k=1 the

boundary points. The discrete loss function minimized during training
is given by

L (θθθ) =
1

N f

N f

∑
i=1
|Rθθθ (xi, ti)|2 +

1
N0

N0

∑
j=1

∣∣∣Nθθθ (x
(0)
j ,0)− sin

(
πx(0)j

)∣∣∣2
+

1
N0

N0

∑
j=1

∣∣∣∂tNθθθ (x
(0)
j ,0)

∣∣∣2 + 1
Nb

Nb

∑
k=1

∣∣∣Nθθθ (x
(b)
k , t(b)k )

∣∣∣2 . (3.33)

Figure 3.6 illustrates the standard evaluation procedure, where the
predicted solution surface Nθθθ (x, t) is compared with the analytical so-
lution, together with a visualization of the absolute error over the full
space–time domain. This combined analysis provides both a quantita-
tive and qualitative assessment of the network’s accuracy in capturing
the wave dynamics.

Nonlinear scalar field dynamics. As a more complex example,
the nonlinear Klein–Gordon equation in (2+ 1) dimensions is consid-
ered,

∂ 2φ(x, t)
∂ t2 −∇

2
φ(x, t)+V ′(φ) = 0, (3.34)

where x = (x,y), ∇2 = ∂ 2
x +∂ 2

y denotes the spatial Laplacian, and V (φ)
is a nonlinear potential. Such equations arise naturally in classical field
theory, high-energy physics, and cosmology, and generally do not admit
closed-form analytical solutions when nonlinear interactions are present.

In particular, a quartic self-interaction potential is considered, of the
form

V (φ) =
1
2

m2
φ

2 +
λ

4
φ

4, (3.35)

so that
V ′(φ) = m2

φ +λφ
3. (3.36)

67



0.0 0.2 0.4 0.6 0.8 1.0
x

0.0

0.2

0.4

0.6

0.8

1.0

t

(a) PINN

0.0 0.2 0.4 0.6 0.8 1.0
x

0.0

0.2

0.4

0.6

0.8

1.0

t

(b) Analytical

0.0 0.2 0.4 0.6 0.8 1.0
x

0.0

0.2

0.4

0.6

0.8

1.0

t

(c) |upred uexact|

0.75
0.50
0.25

0.00
0.25
0.50
0.75

u(
x,

t)

0.0025

0.0050

0.0075

0.0100

0.0125

0.0150

0.0175

0.0200
|u

pr
ed

u e
xa

ct
|

Figure 3.6: Comparison between the PINN prediction (left), the analytical solution
(center), and the absolute error (right). The color scale of the error panel shows that
the discrepancy remains uniformly small across the domain, indicating that the network
accurately captures both the wave propagation and the imposed boundary conditions.
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The resulting evolution equation becomes

∂
2
t φ −∂

2
x φ −∂

2
y φ +m2

φ +λφ
3 = 0. (3.37)

The field is defined on a spatial domain (x,y) ∈ Ω ⊂ R2 and time
interval t ∈ [0,T ], supplemented with initial conditions

φ(x,y,0) = φ0(x,y), ∂tφ(x,y,0) = π0(x,y), (3.38)

and suitable boundary conditions (e.g., Dirichlet or periodic).
Within the PINN framework, a neural network Nθθθ (x,y, t) is em-

ployed to approximate the scalar field φ(x,y, t). A key advantage of
PINNs in this context is that the nonlinear interaction term is handled
directly through automatic differentiation, without requiring explicit dis-
cretization schemes for the spatial derivatives or nonlinear operator.

The corresponding physics residual is defined as

Rθθθ (x,y, t) = ∂
2
t Nθθθ −∂

2
x Nθθθ −∂

2
y Nθθθ +m2Nθθθ +λN 3

θθθ
. (3.39)

Let {(xi,yi, ti)}N f
i=1 denote interior collocation points, {(x(0)j ,y(0)j )}N0

j=1

the initial-condition points, and {(x(b)k ,y(b)k , t(b)k )}Nb
k=1 boundary points.

The discrete loss function minimized during training is given by

L (θθθ) =
1

N f

N f

∑
i=1
|Rθθθ (xi,yi, ti)|2 +

1
N0

N0

∑
j=1

∣∣∣Nθθθ (x
(0)
j ,y(0)j ,0)−φ0(x

(0)
j ,y(0)j )

∣∣∣2
+

1
N0

N0

∑
j=1

∣∣∣∂tNθθθ (x
(0)
j ,y(0)j ,0)−π0(x

(0)
j ,y(0)j )

∣∣∣2 + 1
Nb

Nb

∑
k=1

∣∣∣Nθθθ (x
(b)
k ,y(b)k , t(b)k )

∣∣∣2 .
(3.40)

Due to the cubic nonlinear term, the dynamics exhibit amplitude-
dependent dispersion and nontrivial mode coupling, rendering this prob-
lem significantly more challenging than the linear wave equation.

Figure 3.7 displays representative snapshots of the scalar field at dif-
ferent times, while the full dynamical evolution is provided in an ac-
companying video3. The results reveal a radially propagating structure

3https://youtu.be/bxEir5oOpdk
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Figure 3.7: Snapshots of the scalar field φ(x,y, t) at different times. The nonlinear self-
interaction generates ring-shaped wavefronts that propagate radially outward from the
center, illustrating the nonlinear dynamics obtained with the PINN.

emerging from the central region. As the field evolves, nonlinear self-
interaction induces deformation of the initial profile, generating ring-
like wavefronts that expand outward from the origin. Unlike the wave-
equation case, no closed-form solution is available for this configura-
tion, so the assessment here is qualitative and the predicted field is not
compared against an independent reference solution.

These examples illustrate how physics-informed neural networks pro-
vide a unified and flexible framework for solving both linear and non-
linear differential equations, serving as a foundation for more advanced
applications in complex physical systems.

3.7 Summary
This chapter introduced the fundamental concepts required to under-
stand and implement deep learning models within a rigorous mathe-
matical framework. Beginning with the general formulation of learning
problems in terms of tasks, experience, and performance measures, the
conceptual foundations of machine learning and its specialization into
deep learning architectures were established.

The structure of artificial neural networks was reviewed, including
fully connected, convolutional, and transposed convolutional layers, along
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with the role of activation functions in enabling nonlinear represen-
tation learning. Autoencoders were also introduced as a representa-
tive unsupervised architecture, built from these layers around a com-
pressed latent representation. The training process was formulated as
a high-dimensional optimization problem, where backpropagation and
gradient-based methods allow efficient parameter updates. Particular
emphasis was placed on the interpretation of loss functions, since they
define the objective that guides the learning dynamics.

The chapter culminated with the introduction of Physics-Informed
Neural Networks, which extend conventional data-driven models by in-
corporating physical constraints directly into the training objective. By
embedding differential equations, boundary conditions, and structural
properties into the loss function, PINNs restrict the hypothesis space to
physically admissible solutions. This approach enables accurate mod-
eling of complex dynamical systems while reducing the dependence on
large datasets.

The examples of the one-dimensional wave equation and the non-
linear Klein–Gordon equation in (2+1) dimensions demonstrated how
deep learning architectures can approximate both linear and nonlinear
field dynamics. These case studies illustrate the capacity of physics-
informed models to capture intricate spatiotemporal behavior while main-
taining consistency with governing physical laws.

The framework developed in this chapter serves as the methodolog-
ical foundation for the subsequent applications presented in this thesis,
where physics-informed deep learning is employed to address advanced
problems in quantum information and quantum dynamics.
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Chapter 4

INTERPOLATION OF UNITARIES WITH
TIME-DEPENDENT HAMILTONIANS VIA

DEEP LEARNING

This chapter presents the first main application developed in this thesis,
a physics-informed deep learning framework for estimating the unitary
time-evolution operator of quantum systems governed by time-dependent
Hamiltonians over a full time domain. The results reported here corre-
spond to the work submitted for publication in Machine Learning: Sci-
ence and Technology [40].

The theoretical background required for this chapter was developed
in Chapter 2: the von Neumann equation (2.22) and its formal solu-
tion in terms of the time-ordered exponential (2.24), the Magnus expan-
sion (2.27), the Trotter product formula (2.35), the Pauli-basis repre-
sentation of N-qubit operators (Section 2.5), and the gate fidelity (2.72)
between unitary channels obtained through the Choi–Jamiołkowski iso-
morphism (2.67). The deep learning machinery was introduced in Chap-
ter 3: fully connected architectures (3.6), loss functions (Section 3.4),
gradient-based optimization (Section 3.5), and the physics-informed paradigm
(Section 3.6). In accordance with Chapter 2, natural units with h̄ = 1 are
used throughout this chapter. The complete code for reproduction is
available in a GitHub repository.1

4.1 Problem statement
A fundamental challenge in quantum theory is the accurate modeling
of the dynamics of quantum systems driven by time-dependent Hamil-
tonians. Unlike the time-independent case, where the time-evolution
operator reduces to a simple matrix exponential e−iHt , time-dependent
Hamiltonians give rise to the time-ordering operator, which precludes
a closed-form solution and introduces substantial mathematical and nu-

1https://github.com/guerra-antonio/PINN_dynamics_estimation
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merical complexity. The cost of any direct approach is further com-
pounded by the exponential growth of the Hilbert space [10], together
with the rapidly growing number of terms required in the series ex-
pansions used to represent the time-dependent evolution operator U(t).
For an N-qubit system the evolution operator is a 2N × 2N matrix, and
its dense construction or exponentiation scales as O(23N). Expansions
such as the Dyson or Magnus series, discussed in Chapter 2, involve
nested time integrals whose number grows with the expansion order, and
the associated numerical errors tend to accumulate over long evolution
times [22, 23]. Even on quantum hardware, simulating time-dependent
dynamics is generally more demanding than the time-independent case,
particularly for rapidly varying or highly oscillatory Hamiltonians [24].
Despite these difficulties, time-dependent Hamiltonians play a central
role in quantum technologies, including quantum control and gate op-
timization [25], as well as quantum simulation of complex many-body
systems [26, 27].

Several approaches have been developed to address this challenge.
Methods based on truncated Dyson series expansions have shown promis-
ing results in handling the time-ordering operator [28, 29]. Magnus-
expansion-based algorithms have proven particularly effective in quan-
tum control [30], and recent work has extended these to highly-oscillatory
Hamiltonians relevant to near-term quantum devices [31, 32]. Modi-
fied Suzuki–Trotter decompositions have been proposed for interpolat-
ing unitary operators in time-dependent settings [33]. Tensor-network
methods provide a complementary route. They enable efficient classi-
cal simulation of one-dimensional systems through time-evolving block
decimation [34], and recent constructions optimize Suzuki–Trotter de-
compositions for Hamiltonian simulation and adiabatic quantum com-
puting [35, 36]. On the machine learning side, PINNs have been ex-
plored to learn quantum dynamics under physical constraints [21], as
well as to reconstruct time-dependent Hamiltonians using deep learn-
ing models [37,38]. Other measurement-based protocols have also been
proposed for this task [39].

The specific problem addressed in this chapter is the following. Start-
ing from the knowledge of the time-evolution operator U(ti) on a finite
set {ti} (i = 1, . . . ,N) of times with ti ∈ [0,T ], we seek to interpolate
U(t) over the entire time interval [0,T ]. The model takes a single scalar,
the time t, as input and returns the corresponding time-evolution opera-
tor. The time-dependent Hamiltonian itself is not provided to the model;
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it learns the dynamics solely from the sampled unitaries U(ti) and the
associated evolved states. Throughout this chapter, the training data are
generated numerically, but are intended to play the role of experimental
data that, in practice, would be obtained, for example, by quantum pro-
cess tomography (QPT). Each model is trained to represent the dynamics
of a single Hamiltonian realization; learning a mapping that generalizes
across different Hamiltonians is beyond the scope of this work.

In the language of Chapter 2, the available information consists of a
known set of discrete data, either evolved states {ρ0,ρ(ti)}N1

i=1 or sam-
pled unitaries

{
U(t j, t0)

}N2
j=1, where the states evolve according to Pos-

tulate 2, ρ(ti) =U(ti, t0)ρ0U†(ti, t0), and the sampled unitaries are solu-
tions of the von Neumann dynamics, see Eq. (2.22). From this discrete
data the model is trained to reconstruct U(t) over the full interval [0,T ].

Our method is based on the PINN framework introduced in Sec-
tion 3.6, in which known physical constraints are explicitly incorporated
into the training process to guide the learning of physically consistent
solutions. Due to the exponential growth of the Hilbert space with the
number of qubits, we train separate models per system size and test two
distinct model architectures: (i) a model trained to directly predict the
unitary operator U(t), and (ii) a model that predicts the coefficients of an
effective time-dependent Hamiltonian Heff(t), from which U(t) is sub-
sequently computed via the Magnus expansion or Trotterization. The
motivation for the second architecture is scalability. By reducing the
task from learning the full unitary to learning an effective Hamiltonian,
the number of free parameters is drastically reduced, lowering the com-
putational resources required for training.

The effective Hamiltonian Heff(t) learned by the second architec-
ture should be understood as a generator that reproduces the observed
dynamics, rather than as a unique reconstruction of the physical Hamil-
tonian governing the system. The map from a Hamiltonian to its time-
evolution operator is not injective, since distinct Hamiltonians can pro-
duce the same unitary U(t), so that different generators may account for
identical dynamics under the conditions probed during training. This
non-uniqueness is a known feature of Hamiltonian characterization, where
a Hamiltonian is not always identifiable from the measured dynamics
alone [67, 68]. Consequently, our method targets the faithful emulation
of the evolution rather than the identification of a unique underlying
Hamiltonian, an important distinction relative to genuine Hamiltonian
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learning.

4.2 Physical systems
We consider three types of Hamiltonians across different many-body
configurations, all expressed in the N-qubit Pauli basis introduced in
Section 2.5. For systems with up to 6 qubits, we employ the gen-
eral Hamiltonian containing all possible Pauli components; for systems
with 7 or 8 qubits, we restrict the Hamiltonian to two reduced nearest-
neighbor models: an Ising model and an XY Z Heisenberg model. These
are explicitly given by

Hgeneral(t) = ∑
α1,...,αN

cα1···αN(t)σα1⊗·· ·⊗σαN , (4.1)

HIsing(t) =
N−1

∑
j=1

J j(t)σ
z
j σ

z
j+1 +

N

∑
j=1

h j(t)σ
z
j , (4.2)

HXY Z(t) =
N−1

∑
j=1

[
Jx

j (t)σ
x
j σ

x
j+1 + Jy

j (t)σ
y
j σ

y
j+1 + Jz

j(t)σ
z
j σ

z
j+1

]
. (4.3)

Here each index α j ∈ {I,x,y,z} labels the Pauli operator acting on the
j-th qubit, the real-valued coefficients cα1···αN(t) carry the full time de-
pendence, and σ

x,y,z
j denote the Pauli operators acting on the j-th qubit.

In the Ising model, J j(t) is the time-dependent coupling strength be-
tween neighboring qubits j and j+1, while h j(t) is the time-dependent
longitudinal field acting on qubit j. In the XY Z Heisenberg model, Jx

j (t),
Jy

j (t), and Jz
j(t) are the time-dependent nearest-neighbor exchange cou-

plings along the x, y, and z directions, respectively. All coupling and
field coefficients are real-valued functions of time. For brevity, we col-
lect the indices into a multi-index α⃗ ≡ (α1, . . . ,αN), so that cα⃗(t) ≡
cα1···αN(t) and σα⃗ ≡ σα1⊗·· ·⊗σαN .

The choice of a fully non-zero Pauli Hamiltonian for systems up to
6 qubits is motivated by its generality, since any N-qubit Hamiltonian
can be expressed as a linear combination of all Pauli tensor products
(cf. Section 2.5), a model capable of reproducing the dynamics gener-
ated by such a Hamiltonian should, in principle, be capable of handling
any sparser Hamiltonian as a special case. This choice serves as a proof
of principle. An architecture expressive enough to represent the dynam-
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ics of such a general Hamiltonian is, a fortiori, expressive enough to rep-
resent that of any sparser, physically motivated Hamiltonian, although
each case requires training a dedicated model on its own data. For sys-
tems of 7 and 8 qubits, computational constraints required the use of
more structured Hamiltonians that are directly relevant to physically re-
alizable systems. The nearest-neighbor Ising model with longitudinal
couplings and fields describes the effective spin dynamics in trapped-ion
quantum simulators [69], superconducting qubit architectures [70], and
quantum annealing devices such as D-Wave processors, where a time-
dependent Hamiltonian drives the system toward the ground state of a
programmable Ising problem [71]. The nearest-neighbor XY Z Heisen-
berg model describes anisotropic exchange interactions present in mag-
netic materials [72], has been experimentally realized in trapped-ion
chains [73, 74], and serves as the effective low-energy Hamiltonian in
silicon spin-qubit platforms [75] and nuclear magnetic resonance quan-
tum processors [76].

For all cases, the time-dependent coefficients take the form

cα⃗(t) =
Aα⃗ sin(ωα⃗ t +φα⃗)

NN
, (4.4)

where Aα⃗ , ωα⃗ , and φα⃗ are the amplitude, angular frequency, and phase
shift of each component, respectively, and NN is a system-size-dependent
normalization factor introduced to control the operator norm of the Hamil-
tonian, ensuring the convergence of the Magnus expansion (see Sec-
tion 4.3.3). The parameters are independently drawn from uniform dis-
tributions: ωα⃗ ,φα⃗ ∈ [0,2π) and Aα⃗ ∈ [0,1). Once fixed for a given real-
ization, they remain constant throughout training. The same functional
form is used for the coupling and field coefficients of the Ising and XY Z
systems.

The number of independent coefficients depends on the Hamiltonian
structure: 4N− 1 for the general Pauli case (the global identity compo-
nent is fixed to zero, see below), 2N−1 for the Ising model, and 3(N−1)
for the XY Z model. The normalization factors are

N2 = 2, N3 = 3, N4 = 4, N5 = 16, N6 = 24, (4.5)

for the general Pauli Hamiltonian, N7 =N8 = 2 for the Ising, and N7 =
N8 = 3 for the XY Z systems, reflecting the smaller number of non-zero
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terms in the latter cases. Additionally, the coefficient associated with
the global identity operator is set to zero in all cases, ensuring that the
Hamiltonian is traceless.

The use of randomly sampled parameters allows the generation of
a diverse ensemble of time-dependent Hamiltonians. Since a dedicated
model is trained for each realization, this ensemble does not probe gen-
eralization across Hamiltonians, but supports the systematic assessment
of the robustness of the method over independent realizations reported
in Section 4.4.3.

4.3 Model description
The rationale for employing PINNs lies in their capability to incorpo-
rate physical and mathematical constraints directly into the training pro-
cess. As discussed in Chapter 3, PINNs have demonstrated strong per-
formance in solving nonlinear differential equations and in modeling
complex dynamical systems [8, 9]. The physics-informed formulation
also makes it possible to impose boundary conditions, initial conditions,
and other structural constraints either directly on the network output or
through the loss function.

We employ a model that generates a unitary complex-valued ma-
trix from a scalar input. The number of complex entries of these ma-
trices increases exponentially with the number of qubits as 4N . Fig-
ure 4.1 shows the number of trainable parameters for models up to 6
qubits, as well as the estimated parameter counts required for 7- and 8-
qubit systems. Since the optimization process becomes computationally
intractable at larger scales, an alternative strategy is adopted for these
higher-dimensional cases. Rather than merely constraining the Hamil-
tonian to a reduced set of components, the model is constructed to esti-
mate an effective time-dependent set of coefficients defining the effec-
tive Hamiltonian of the system Heff(t). Subsequently, with a model ca-
pable of generating Heff(t), we can use it to compute the time-evolution
operator through (i) the Magnus expansion or (ii) the Trotterization. This
approach reduces the number of trainable parameters to approximately
103.
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Figure 4.1: Amount of trainable parameters as a function of the number N of qubits.
In cases with up to 6 qubits, this relationship is outlined. For systems containing 7 and
8 qubits, we have provided the estimated number of trainable parameters required to
apply the same strategy to determine the unitary evolution operator for those systems.

4.3.1 Architecture description
For the model architecture, we employ a straightforward approach con-
sisting of a sequence of fully connected layers (cf. Section 3.3) designed
to match the number of parameters required for the output matrix. The
hyperbolic tangent function is used as the activation function. This ar-
chitecture can generate arbitrarily complex-valued matrices, ensuring
that the model can accurately represent any matrix form of the time-
evolution operator. Figure 4.2 schematically illustrates the two model-
ing strategies adopted for the time-evolution operator.

Cases with 2 to 6 qubits. The model’s internal data processing in-
volves several fully connected layers. Initially, the input layer takes a
scalar input corresponding to time. This input is processed through fully
connected layers that progressively increase the dimensionality of the
latent representation. After each hidden layer, a hyperbolic tangent ac-
tivation function is applied. The resulting features are then reshaped
into tensors of dimension (2,2N,2N), where the first index is used to
construct the real and imaginary parts of the resulting complex-valued
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(a) PINN model for 2 to 6 qubits.

time
t

Model input
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Predicted
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Hamiltonian
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or

Propagation layer
(choose one)

Predicted
unitary
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Target unitary
Uexact(t)
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Unitary loss
LU = ∥Uθ − Uexact∥

State loss
Lρ = ∥ρpred − ρexact∥

backpropagation

(b) PINN model for 7 and 8 qubits.

Figure 4.2: The two PINN architectures used to emulate the temporal evolution of
isolated multi-qubit systems. The network fθ takes time t as input and is trained via
backpropagation. (a) For 2–6 qubits, it directly predicts the unitary Uθ (t, t0), opti-
mized using unitarity, unitary, and state losses. (b) For 7–8 qubits, it predicts an ef-
fective Hamiltonian Heff(t), which is converted into Uθ (t, t0) through a propagation
layer; unitarity is therefore guaranteed by construction. Colors: blue, inputs/outputs;
orange, learned quantities; purple, predicted state; dashed green, reference and target
quantities; red, losses and optimization path.
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matrix. A detailed description of each architecture is presented in Ta-
ble 4.1.

Cases with 7 and 8 qubits. For the models handling 7 and 8 qubits, the
architecture follows a similar structure to the previous models but differs
significantly in the output layer. Instead of generating a complex-valued
matrix directly, the output layer produces time-dependent coefficients
associated with the Pauli basis representation of the Hamiltonian H(t)
(cf. Section 2.5). The output dimension therefore equals the number
of independent Hamiltonian coefficients, namely 2N − 1 for the Ising
model (13 and 15 for N = 7,8) and 3(N − 1) for the XY Z model (18
and 21). A detailed description of these architectures is presented in
Table 4.2, where the output sizes shown correspond to the Ising case.
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model2 (2 qubits)

Layer Input Output
Linear 1 1 64

Tanh - -
Linear 2 64 128

Tanh - -
Linear 3 128 32
Reshape 32 (2,4,4)

model3 (3 qubits)

Layer Input Output
Linear 1 1 256

Tanh - -
Linear 2 256 512

Tanh - -
Linear 3 512 128
Reshape 128 (2,8,8)

model4 (4 qubits)

Layer Input Output
Linear 1 1 512

Tanh - -
Linear 2 512 1024

Tanh - -
Linear 3 1024 2048

Tanh - -
Linear 4 2048 512
Reshape 512 (2,16,16)

model5 (5 qubits)

Layer Input Output
Linear 1 1 512

Tanh - -
Linear 2 512 2048

Tanh - -
Linear 3 2048 2048
Reshape 2048 (2,32,32)

model6 (6 qubits)

Layer Input Output
Linear 1 1 1024

Tanh - -
Linear 2 1024 4096

Tanh - -
Linear 3 4096 8192
Reshape 8192 (2,64,64)

Table 4.1: Architectures of model2 through model6, each representing the generator of
a 2N×2N complex-valued unitary matrix from a scalar temporal input t.
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model7 (7 qubits)

Layer Input Output
Linear 1 1 50

Tanh - -
Linear 2 50 13

model8 (8 qubits)

Layer Input Output
Linear 1 1 50

Tanh - -
Linear 2 50 15

Table 4.2: Architectures of model7 and model8, designed to generate the real-valued
coefficients of the Pauli-basis representation of the Hamiltonian from a scalar temporal
input t. The output sizes shown (13 and 15) correspond to the Ising model (2N− 1);
for the XY Z model the output size is 3(N−1), i.e. 18 and 21 for N = 7,8.

4.3.2 Loss function and data generation
To train the model, a valid dataset is required. The dataset generation
process is inspired by the idea that it can be interpreted as the outcome
of multiple QPT experiments performed at different times [13]. If the
goal is to perform a quantum control task, the dataset will consist of a
set of quantum states forming a trajectory and target unitary operators
applied at specific times t. However, for practical purposes, the dataset
is generated numerically by computing the system dynamics. The states
evolve according to Eq. (2.2), and the corresponding unitaries U(t) are
obtained from the Trotter product formula [Eq. (2.35)].

Employing the Magnus expansion or the Trotterization method in-
creases the computational cost, as these calculations must be performed
at each training iteration to update the model parameters. To mitigate
this, the Magnus expansion is truncated at second order. For both the
Magnus and Trotterization approaches, we use 50 integration steps per
model query, i.e., each time the model produces an output.

Furthermore, a single QPT is insufficient to accurately characterize
U(t). In principle, achieving near-perfect fidelities over a continuous
time domain would require an infinite number of QPTs due to its con-
tinuous nature. Nevertheless, models such as the one proposed here
help to reduce the required measurement cost. The study focuses on the
time interval t ∈ [0,1], employing discrete time grids with step sizes
of ∆t = 0.1,0.25,0.5, and 1.0. This procedure yields a comprehen-
sive dataset for the selected time values, essential for effective model
training. A training dataset

{(
ρ i

0,τi,ρ
i
τi
,Uτi

)}Ntrain

i=1 , with Ntrain = 11000,
was generated, where the target unitaries Uτi are known and the evolved
states satisfy ρ i

τi
= U(τi,0)ρ i

0U†(τi,0). The evolution times τi ∈ [0,1]
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are sampled from uniform time grids corresponding to different choices
of the time step ∆t. The initial states ρ i

0 are random mixed states sam-
pled from the Hilbert–Schmidt measure [77]. A complex matrix G with
independent Gaussian real and imaginary entries is drawn, and the state
is obtained as ρ0 = GG†/Tr

(
GG†), which is Hermitian, positive semi-

definite, and normalized by construction.
The loss function is defined as an objective function whose mini-

mization yields the optimal parameters of the deep learning model, such
that the resulting model accurately describes the dynamics of the phys-
ical system under consideration. It is constructed to explicitly incorpo-
rate the known physical constraints governing the system dynamics, as
well as the available supervision data. In particular, it enforces consis-
tency with the unitary evolution of states (Postulate 2, Eq. (2.2)), agree-
ment with known unitary operators when available, and the unitarity of
the predicted time-evolution operator. The total loss function is defined
as

L =
1

Ntrain

Ntrain

∑
i=1

(∥∥∥ρ
i
τi
−Uθ (τi)ρ

i
0U†

θ
(τi)
∥∥∥+∥Uθ (τi)−Uτi∥

)
+

1
N f

N f

∑
k=1

∥∥∥I−Uθ (tk)U†
θ
(tk)
∥∥∥, (4.6)

where ∥A∥ = ∑i j |ai j| denotes the element-wise ℓ1 matrix norm for any
matrix A = [ai j], and Uθ (t) represents a neural network parametriza-
tion of the time-evolution operator with trainable weights θ = {θi}. As
discussed in Section 3.6, Physics-Informed Neural Networks employ
such neural representations to approximate unknown physical quantities
while enforcing governing equations and constraints directly through the
loss function [8].

Here, Ntrain denotes the number of available state–unitary training
pairs, while N f corresponds to the number of temporal collocation points
used to enforce unitarity across the time domain. The first term of the
loss enforces accurate quantum state evolution under the predicted uni-
tary operator Uθ . The second term promotes consistency between the
predicted unitaries and known target unitaries, when such information
is available. The third term explicitly imposes the physical constraint
of unitarity by penalizing deviations from Uθ (t)U

†
θ
(t) = I at arbitrary

times.
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For the 7- and 8-qubit systems, only the first two terms are employed.
This choice is motivated by the fact that both the Magnus expansion
and the Trotterization intrinsically preserve unitarity, rendering an ex-
plicit unitarity penalty unnecessary in these cases. During training, both
methods use r = 50 integration steps. The results for 2 to 6 qubits are
obtained with the full loss function of Eq. (4.6), except in Section 4.4.5,
where the unitarity term is deliberately removed in order to quantify its
contribution. That comparison shows that satisfactory performance is
already achieved with a subset of the terms when the temporal sampling
is dense. In this study, we focus on the most favorable training scenario,
in which both the target unitary operators and the corresponding evolved
quantum states are available during training.

4.3.3 Numerical integration of the effective Hamilto-
nian

For systems of 7 and 8 qubits, the network fθ outputs the Pauli-basis
coefficients of an effective Hamiltonian Heff(t), and a propagation layer
maps it to the time-evolution operator. Two numerical methods are used
for this purpose, both of which guarantee exact unitarity of the output by
construction; their theoretical foundations were presented in Section 2.4,
and here we describe their discrete numerical implementation.

Second-order Magnus expansion. Given a target time t and a number
of integration steps r, a uniform time grid {tk}r−1

k=0 is constructed over
[0, t] with step size ∆t = t/r. The neural network fθ is evaluated at
each grid point to obtain the sequence of Hamiltonians {H(tk)}r−1

k=0. The
Magnus operator is truncated up to second order, Ω(t)≈Ω1(t)+Ω2(t),
with Ω1 and Ω2 as defined in Section 2.4, so that the factor−i is already
contained in Ω1. The time-evolution operator is then recovered as

U(t)≈ exp(Ω1(t)+Ω2(t)). (4.7)

The full procedure is summarized in Algorithm 1.

Trotterization. Another path to compute the unitary from a given Hamil-
tonian is by using the Trotterization, described along the Eq. (2.35).
Here, by discretizing the time interval into r subintervals of equal length
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Algorithm 1 Second-order Magnus expansion
Require: Model fθ , target time t, operator basis {σµ}, number of steps

r
Ensure: Unitary operator U(t) ∈ SU(d)

1: ∆t← t/r
2: for k = 0 to r−1 do
3: tk← k ∆t
4: ccck← fθ (tk) {model forward pass}
5: H(tk)← ∑µ cµ

k σµ {reconstruct Hamiltonian}
6: end for
7: Ω1←−i∑

r−1
k=0 H(tk)∆t

8: Ω2← 0
9: for m = 0 to r−1 do

10: for n = 0 to m−1 do
11: Ω2←Ω2− 1

2[H(tm),H(tn)]∆t2

12: end for
13: end for
14: U(t)← exp(Ω1 +Ω2)
15: return U(t)
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∆t = t/r and freezing the Hamiltonian within each slice, we are able
to approximate a unitary matrix that, as r→ ∞, converges to the exact
unitary that we are looking for. To improve accuracy over simple left-
endpoint sampling, the Hamiltonian is evaluated at the midpoint of each
subinterval,

tk =
(

k+
1
2

)
t
r
, k = 0,1, . . . ,r−1. (4.8)

Since each factor exp(−iH(tk)∆t) is exactly unitary, their product is also
exactly unitary regardless of the step size, which is the key practical
advantage of this method. The full procedure is summarized in Algo-
rithm 2.

Algorithm 2 Trotterization
Require: Model fθ , target time t, operator basis {σµ}, number of steps

r
Ensure: Unitary operator U(t) ∈ SU(d)

1: ∆t← t/r
2: U ← Id
3: for k = 0 to r−1 do
4: tk←

(
k+ 1

2

)
∆t {midpoint sampling}

5: ccck← fθ (tk) {model forward pass}
6: H(tk)← ∑µ cµ

k σµ

7: Uk← exp(−iH(tk)∆t)
8: U ←UkU {left-multiply to preserve time ordering}
9: end for

10: return U

In both methods, r = 50 integration steps are used during training
and r = 10 steps at inference time, since the neural network outputs a
smooth effective Hamiltonian for which high temporal resolution is not
required at evaluation time.

4.3.4 Test and training
The AdamW optimizer is used for training, initialized with a learning
rate of 10−3. To enhance convergence stability, a learning-rate sched-
uler decreases the rate by a factor of 10−1 every 300 epochs. The train-
ing process spans 103 epochs, each consisting of 100 data batches with
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a batch size of 10. Each dataset contains 11000 uniformly distributed
tuples in the specified time intervals. In addition, the data batches used
to train the models for 7- and 8-qubit systems are reduced to 10 data
batches per epoch. All models presented in this chapter were trained
using an NVIDIA Quadro P6000 GPU. For all model sizes, we observe
that datasets with a larger ∆t yield a more pronounced decrease in the
training loss, since the data are less constrained and contain fewer dis-
tinct evolution times. We emphasize, however, that a lower training loss
does not by itself imply better interpolation. Our goal is to predict the
unitary at times not seen during training, and a more constrained dataset
(smaller ∆t) consistently yields better interpolation accuracy, as quanti-
fied by the test-set metrics reported in Section 4.4. The full training-loss
curves for all system sizes and training configurations are available in
the public repository accompanying this work.

4.4 Results
To assess the model’s performance over the entire time domain we com-
pute 100 target unitary matrices. These matrices are uniformly spaced in
time and include values not present in the training set, thereby allowing
us to rigorously evaluate the model’s interpolation capability. To quan-
tify accuracy, we adopt the gate fidelity [78] derived in Section 2.6 from
the Choi–Jamiołkowski representation,

F(U(t),Uθopt(t)) =
∣∣∣∣1d Tr

[
U†(t)Uθopt(t)

]∣∣∣∣2, (4.9)

where θopt are the optimal weights of the neural network found during
training, and d = 2N denotes the Hilbert-space dimension for an N-qubit
system. The fidelity ranges from 0 to 1, with F = 1 only when the
predicted operator Uθopt(t) coincides with the target U(t) at time t, up to
a global phase.

For evaluation, each trained model generates unitary matrices at the
same 100 time points. These predicted matrices are then compared one-
by-one with the target unitaries, yielding a fidelity function F(t). Since
multiple models for each system size are trained with different values of
∆t, four fidelity curves F(t) are obtained for each system size.
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4.4.1 Gate fidelity across system sizes
The loss function additionally enforces unitarity across the time domain,
ensuring that the model’s predictions remain close to unitary transfor-
mations throughout training. To further minimize numerical deviations,
we can compute the closest unitary matrix to each predicted output via
Singular Value Decomposition (SVD), redefining the estimated unitary
as

Uθopt(t) =UVh, (4.10)

where U and Vh arise from the SVD of the model’s predicted matrix.
The following results compare the performance of the different models
with and without post-processing, showing that high fidelity is preserved
even in the absence of the closest-unitary correction.

The results in Fig. 4.3 summarize the fidelity performance for sys-
tems up to 6 qubits with and without the error correction via Eq. (4.10).
As expected, datasets with smaller time steps (∆t) achieve the highest
fidelities due to their finer temporal resolution. Nevertheless, even for
larger ∆t, the reduction in fidelity remains minimal. This reflects the
PINN’s strong interpolation capability, which maintains an accurate ap-
proximation of the quantum dynamics even with coarse temporal dis-
cretization.

For the 7- and 8-qubit cases, the model follows a different strategy
by estimating an effective Hamiltonian as an intermediate step to com-
pute the corresponding unitary matrix. Since evolution can be achieved
through Trotterization or Magnus expansion, both approaches were im-
plemented and evaluated independently without SVD post-processing,
as both methods guarantee unitarity. Figures 4.4 and 4.5 show the fi-
delity results for these higher-dimensional systems across different train-
ing datasets, for the Ising and XY Z Hamiltonians respectively. Consis-
tent with the behavior observed in Fig. 4.3, even for large values of ∆t,
the degradation in fidelity is minimal, demonstrating that the interpola-
tion remains highly effective in all tested scenarios.

4.4.2 Quantum state dynamics
To further validate the model’s ability to reproduce quantum state dy-
namics, we evolve a randomly sampled initial state ρ0 under two distinct
time-evolution operators: (i) the exact unitary U(t) computed via the
second-order Magnus expansion, and (ii) the unitary Uθ (t) predicted by
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Figure 4.3: Fidelity of the predicted unitary evolution for model2–model6, shown (a)
before and (b) after SVD-based post-processing error correction.
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Figure 4.4: Fidelity performance for 7- and 8-qubit systems under the four training
setups considered for the Ising Hamiltonian system. (a) Trotter-based model. (b)
Magnus-based model.
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Figure 4.5: Fidelity performance for 7- and 8-qubit systems under the four training
setups considered for the XY Z Hamiltonian system. (a) Trotter-based model. (b)
Magnus-based model.
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the trained model without SVD correction. At each time t ∈ [0,1], we
compute the evolved density operator and track the diagonal elements
ρii(t), which correspond to the occupation probabilities of the compu-
tational basis states. Figures 4.6 and 4.7 show these populations for
systems ranging from 2 to 8 qubits, comparing the model predictions
against the exact reference. In all cases, the trajectories are in close
agreement, with only minor deviations consistent with the gate fidelity
values reported in the preceding section.

4.4.3 Statistical analysis
To ensure that our evaluation did not rely on a single Hamiltonian real-
ization per system size, we performed an additional statistical analysis to
assess the model’s robustness in interpolating unitary dynamics across
diverse configurations. Three families of Hamiltonians were considered:
the general Pauli Hamiltonian with all non-zero components (systems up
to 6 qubits), the nearest-neighbor Ising model (7 and 8 qubits), and the
nearest-neighbor XY Z Heisenberg model (7 and 8 qubits). For the gen-
eral Pauli case, we carried out 100 independent training runs per system
size. Due to computational resource constraints, this analysis was lim-
ited to 50 independent runs for the 7- and 8-qubit Ising Hamiltonian,
50 independent runs for the 7-qubit XY Z Hamiltonian, and 20 indepen-
dent runs for the 8-qubit XY Z Hamiltonian. In each run, the amplitudes,
frequencies, and phases defining the Hamiltonian were independently
sampled from uniform distributions according to Section 4.2. This cor-
responds to 4N−1 independent parameters for systems of up to 6 qubits,
2N − 1 parameters for the Ising Hamiltonians, and 3(N − 1) parame-
ters for the XY Z Hamiltonians. These parameters were used to con-
struct the target unitary evolutions, generate the corresponding training
datasets, and train the model under identical conditions. Applying the
same fidelity-evaluation pipeline yielded a collection of fidelity curves
F(k)(t), with k = 1, . . . ,Nr, where Nr is the number of independent runs
for each system size and Hamiltonian family. Each curve is obtained by
evaluating the gate fidelity of Eq. (4.9) on a uniform grid of 100 points in
t ∈ [0,1], comparing the model prediction against the numerically com-
puted target unitary. The mean fidelity Fµ(t) and the fidelity standard
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Figure 4.6: Diagonal elements ρii(t) of the evolved density operator for systems of
2 to 5 qubits, comparing the model prediction (left column) against the exact unitary
evolution (right column). Each curve corresponds to a different basis state population,
for a single randomly sampled initial state ρ0 and training time step ∆t = 0.1. The
physical system considered is described by the general Pauli Hamiltonian Hgeneral(t),
which includes all possible Pauli components in the N-qubit operator basis.
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Figure 4.7: Same as Fig. 4.6 for systems of 6 to 8 qubits. For the 6-qubit case, the
physical system is described by the general Pauli Hamiltonian Hgeneral(t). For the
7- and 8-qubit cases, the physical system is described by the nearest-neighbor Ising
Hamiltonian HIsing(t), for which the model predicts the coefficients of an effective
Hamiltonian Heff(t), from which the unitary is computed via the Magnus expansion.
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deviation Fσ (t) were computed as

Fµ(t) =
1
Nr

Nr

∑
k=1

F(k)(t), (4.11)

Fσ (t) =

√√√√ 1
Nr−1

Nr

∑
k=1

(
F(k)(t)−Fµ(t)

)2
, (4.12)

where F(k)(t) is the gate fidelity of the k-th run at time t.
Figures 4.8, 4.9, and 4.10 summarize the mean fidelity and stan-

dard deviation across all independent runs, providing a quantitative as-
sessment of the variability in the model’s performance. For each sys-
tem size up to 6 qubits, two panels are shown: the first compares the
raw model outputs with the target unitary evolutions, while the second
reports the nearest-unitary matrices obtained through SVD-based post-
processing. For 7- and 8-qubit systems, because unitarity is guaranteed
by the Trotterization or Magnus expansion, SVD corrections are not re-
quired. Since these results closely match those obtained in the single-
training analysis, we expect a similar statistical behavior for other values
of ∆t when applying the same procedure.

Across all analyses, the standard deviation remains consistently low.
Even without enforcing unitarity via SVD, the variability is small, and
after error correction the associated uncertainty becomes negligible to
the point that it is not visually distinguishable in the figure. Moreover,
no specific regions were identified where the model failed to interpolate
successfully.

4.4.4 Trace-distance analysis
To extend our statistical analyses, we employ the trace distance as an
additional figure of merit. For two density matrices ρ and σ , the trace
distance is defined as

T (ρ,σ) =
1
2
∥ρ−σ∥1 =

1
2 ∑

i
|λi|, (4.13)

where λi are the eigenvalues of the Hermitian operator ρ −σ , and T ∈
[0,1]. Following the same procedure as in the statistical analysis above,
we evaluate the trace distance between the states evolved under the pre-
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Figure 4.8: Mean fidelity and standard deviation across 100 independent training runs
for systems up to 6 qubits. Left: raw model output vs. target unitary. Right: SVD-
corrected output vs. target unitary.
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Figure 4.9: Same as Fig. 4.8 for 7- and 8-qubit systems under the nearest-neighbor
Ising Hamiltonian (50 independent runs).
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Figure 4.10: Same as Fig. 4.8 for 7- and 8-qubit systems under the nearest-neighbor
XY Z Heisenberg Hamiltonian (50 runs for 7 qubits, 20 runs for 8 qubits).

dicted and exact unitaries over an ensemble of Ns = 50 random initial
states, on a uniform grid of Nt = 100 points in t ∈ [0,1]. The initial
states are sampled from the Hilbert–Schmidt measure, as described in
Section 4.3.2.

For each qubit size, we compute the trace distances

Ti(t) = T (ρi(t),σi(t)), (4.14)

where ρi(t) =Uθopt(t)ρ i
0U†

θopt
(t) and σi(t) =U(t)ρ i

0U†(t) are the states
evolved under the predicted and exact unitaries respectively, and i =
1, . . . ,Ns labels the random initial states. The reported value corresponds
to the mean trace distance,

Tµ(t) =
1
Ns

Ns

∑
i=1

Ti(t), (4.15)

while the error bars indicate one standard deviation,

Tσ (t) =

√√√√ 1
Ns−1

Ns

∑
i=1

[
Ti(t)−Tµ(t)

]2
. (4.16)

Figure 4.11 summarizes the trace-distance statistics for models trained
using a dataset with ∆t = 0.1. The obtained values remain consistently
of the order of O(10−2) across all qubit sizes, indicating a high degree
of agreement between the states evolved under the predicted and exact
dynamics. This is notable given that the trace distance is bounded in the
interval [0,1] and vanishes if and only if ρ = σ .

The ensemble variability is small across all sizes, becoming negligi-
ble at the scale of the plots for 6 qubits and larger. Taken together, the
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results presented in this section show that the proposed models achieve
both high average fidelity and low state-reconstruction error across the
considered range of system sizes, highlighting their ability to accurately
infer the underlying quantum dynamics.

4.4.5 Effect of the unitarity imposition term
In Section 4.3.2, we introduced the loss function employed during train-
ing together with a brief description of each contribution and its physi-
cal interpretation. The first two terms naturally incorporate the available
knowledge of the system through supervised data constraints. In con-
trast, the third term introduces an additional soft constraint associated
with the unitarity properties of the time-evolution operator, which may
not always play a dominant role during the learning process.

Figures 4.12 and 4.13 present a statistical analysis of the impact of
including or excluding the unitarity penalty term during training. The
analysis was carried out through 25 independent training runs per system
size, each considering a distinct realization of the fully non-zero Pauli
Hamiltonian, with parameters sampled as described in Section 4.2. As
in the preceding analyses, four values of the time grid were considered,
∆t ∈ {0.1,0.25,0.5,1.0}.

The figures compare the mean gate fidelity and its associated stan-
dard deviation across multiple independent realizations. The results
show that the inclusion of the unitarity term becomes increasingly rele-
vant as the amount of available training data decreases. In particular, for
cases with sufficiently dense temporal sampling, such as ∆t = 0.1, both
approaches achieve fidelities close to unity over the entire time inter-
val, indicating that the additional unitarity constraint does not provide
improvements for the model. For ∆t = 0.25, a small but still notice-
able improvement can already be observed when the unitarity term is
included.

However, for cases with more limited information, namely ∆t = 0.5
and ∆t = 1.0, the inclusion of the unitarity term significantly improves
the overall performance of the model. In these regimes, the additional
constraint not only increases the mean fidelity but also reduces the vari-
ance across independent realizations, leading to more stable and reliable
predictions. This behavior is physically reasonable since, under reduced
data availability, one of the few pieces of prior information that remains
known with certainty is the unitary nature of the time-evolution opera-
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Figure 4.11: Mean trace distance between states evolved under the exact and predicted
unitary operators for system sizes ranging from 2 to 8 qubits. The solid line shows
the ensemble average over Ns = 50 random initial states at each time point, while the
shaded region indicates one standard deviation. Trace distances remain of the order of
10−2 throughout the evolution, demonstrating the accuracy of the learned dynamics.
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tor. Consequently, these results highlight the importance of incorporat-
ing physically motivated constraints into the loss function, particularly
in low-data regimes.
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Statistical analysis for the N = 2 qubit case.
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Statistical analysis for the N = 3 qubit case.

Figure 4.12: Statistical analysis of the effect of the unitarity imposition term in the
loss function over 25 independent runs for different qubit system sizes. In each figure,
the left panel shows the results obtained without the unitarity term, while the right
panel includes the additional soft constraint associated with the unitary behavior of the
time-evolution operator. Each curve represents the mean gate fidelity as a function of
time for different temporal resolutions ∆t = 0.1,0.25,0.5, and 1.0, while the shaded
regions indicate the corresponding standard deviation across independent realizations
with randomly generated Hamiltonian parameters.
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Statistical analysis for the N = 4 qubit case.
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Statistical analysis for the N = 5 qubit case.
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Statistical analysis for the N = 6 qubit case.

Figure 4.13: Statistical analysis of the effect of the unitarity imposition term in the
loss function over 25 independent runs for different qubit system sizes (continuation
of Fig. 4.12). In each figure, the left panel shows the results obtained without the
unitarity term, while the right panel includes the additional soft constraint associated
with the unitary behavior of the time-evolution operator.

102



4.5 Computational time benchmark
To assess the computational efficiency of the proposed framework, we
compare the inference time of the trained PINN against the geodesic
interpolation method introduced in Ref. [33], which serves as the nu-
merical baseline throughout this work. Given two known unitary matri-
ces U0 =U(t0) and U1 =U(t1) at consecutive time points, the geodesic
interpolation constructs an intermediate unitary at time t ∈ [t0, t1] as

U(t) =
(

U1U†
0

)α

U0, α =
t− t0
t1− t0

, (4.17)

where the matrix power is computed via fractional_matrix_power
from scipy.linalg, which relies on a Schur decomposition and scales
as O(d3) with the matrix dimension d = 2N .

The benchmark consists of measuring the wall-clock time per query
for both methods over 500 independent repetitions per system size, with
query times drawn uniformly from [0,1]. For systems of 7 and 8 qubits,
the PINN additionally requires a numerical integration step to compute
U(t) from the predicted effective Hamiltonian Heff(t), using either the
Magnus expansion or the Trotterization. Importantly, while r = 50 in-
tegration steps are used during training, we find that reducing this to
r = 10 steps at inference time does not lead to a significant loss of ac-
curacy, since the network outputs a smooth effective Hamiltonian for
which high temporal resolution is not required at evaluation time. This
reduction further decreases the inference cost with respect to the train-
ing cost. In this section, all measurements for scenarios up to 5 qubits
were performed on an AMD Ryzen 7 5800X, whereas those for cases of
6 qubits and above were performed on a conventional NVIDIA GeForce
RTX 3060 GPU. We stress that this benchmark is not intended as a com-
parison of energy or hardware efficiency, but rather as a demonstration
of the structural advantage of amortizing the training cost into a substan-
tially lighter inference stage. This advantage is intrinsic to the method
and does not depend critically on the specific hardware used, since the
trained model and the reference methods, geodesic interpolation and
SDP solvers, scale very differently with system size. In particular, the
complexity gap between the O(23N) cost of the geodesic method and
the direct evaluation of an already trained network is asymptotic in na-
ture, and therefore remains qualitatively independent of the particular
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hardware on which the empirical measurement is carried out. The result
should thus be understood as a proof-of-principle regarding the relative
scalability of the two approaches, rather than as a claim of absolute effi-
ciency in a production environment.

The results are summarized in Figs. 4.14 and 4.15. For systems of
2 to 6 qubits, the PINN achieves speedups of 8.9×–19.3× over the
geodesic interpolation across all system sizes, as shown in Fig. 4.14.
The inference time of the PINN remains nearly constant as N increases,
while the geodesic interpolation time grows with the matrix dimension,
consistent with its O(d3) scaling. For systems of 7 and 8 qubits, shown
in Fig. 4.15, the Trotter-based variant achieves speedups of 6.8× and
17.8× respectively, while the Magnus-based variant achieves 2× and
7.8×, the latter being slower due to the additional cost of the nested com-
mutator loop in the second-order correction. In all cases the speedup ra-
tio exceeds unity, confirming that both PINN variants remain faster than
the geodesic interpolation. This advantage is expected to grow further
for larger systems where the O(d3) cost of the geodesic interpolation
becomes increasingly prohibitive as d = 2N .
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Figure 4.14: Timing benchmark for systems of 2 to 6 qubits. Left: wall-clock time per
query for the PINN and the geodesic interpolation, averaged over 500 repetitions. The
shaded region indicates the min/max case. Right: speedup ratio tgeodesic/tPINN for each
system size. The dashed line indicates the break-even point at which both methods
have equal cost.
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point.

4.6 Summary
The results presented in this chapter show that PINNs can accurately in-
terpolate the quantum dynamics encoded in the training data. Across all
system sizes, the framework achieved mean gate fidelities close to 0.99
with low variability across independent Hamiltonian realizations, and
models trained with coarse temporal sampling (∆t = 1.0) reproduced the
dynamics almost as well as those trained with fine grids, confirming a
strong interpolation capability that reduces the associated measurement
cost. The trace-distance analysis confirmed accurate state reconstruc-
tion across the considered range of system sizes, and the timing bench-
mark showed inference times substantially below those of the geodesic-
interpolation baseline [33], an advantage expected to grow with system
size.

The framework also has well-defined limitations: a dedicated model
must be trained for each Hamiltonian and system size, and the learned
effective Hamiltonian for the 7- and 8-qubit cases captures the dynamics
without coinciding with the true generator. These limitations, together
with the broader implications of this work for large-scale quantum in-
formation and its connection to the marginal-reconstruction framework
of Chapter 5, are discussed in the general conclusions of Chapter 6.

105



Chapter 5

MACHINE LEARNING APPROACH TO
RECONSTRUCT DENSITY MATRICES

FROM QUANTUM MARGINALS

This chapter presents the second main application developed in this the-
sis, a machine-learning-based approach to a central aspect of the Quan-
tum Marginal Problem (QMP), namely the reconstruction of a global
density operator compatible with a given set of quantum marginals. The
results reported here correspond to the work published in Machine Learn-
ing: Science and Technology [51], developed in collaboration with Daniel
Uzcategui-Contreras, Sebastian Niklitschek, and Aldo Delgado.

The method integrates a quantum marginal imposition technique with
convolutional denoising autoencoders (CDAEs), with a loss function
carefully designed to enforce essential physical constraints, including
Hermiticity, positivity, and normalization. The theoretical ingredients
were introduced in earlier chapters: the density-operator formalism, com-
posite systems, the partial trace, and the quantum marginal problem in
Chapter 2 (Sections 2.2 and 2.3), the fidelity between density matri-
ces in Section 2.6, and convolutional neural networks and autoencoders
(Section 3.3) and loss-function design (Section 3.4) in Chapter 3. The
complete code for reproduction is available in a GitHub repository.1

5.1 Problem statement
As discussed in Section 2.3, the Quantum Marginal Problem arises as a
fundamental challenge in quantum theory: given a set of reduced den-
sity matrices describing subsystems of a multipartite system, under what
conditions are they consistent? Here, consistent means that there exists
a global density operator, describing the entire system, whose reduced
states coincide with the given marginals. This question naturally leads
to several others: Can such a global state be uniquely determined? How

1https://github.com/guerra-antonio/Learning-QM
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is entanglement reflected in the marginals? What is the minimal infor-
mation required to reconstruct the global state?

The consistency problem of the QMP is a decision problem that was
shown to be complete for the Quantum Merlin–Arthur (QMA) complex-
ity class [41,42], highlighting its computational intractability in the gen-
eral case. Solving the QMP would have important implications. For
example, it could enable more efficient calculations of the ground states
of local Hamiltonians [43]. The QMP also plays a central role in quan-
tum chemistry, where it is referred to as the N-representability problem.
Understanding the conditions under which reduced wave functions of
electron pairs are compatible with an N-electron system could lead to
more efficient calculations of binding energies [44]. However, the N-
representability problem is also known to be QMA complete, reflecting
its computational difficulty [43].

Previous works have addressed special cases of the QMP. For exam-
ple, Klyachko provided the necessary and sufficient conditions for com-
patibility of 1-body marginals with a global pure state in the nonoverlap-
ping case [45], while other studies have explored the uniqueness of pure
global states determined by reduced marginals [46–48]. Additionally,
symmetric instances of the QMP have been formulated as semidefinite
programming (SDP) problems [49].

Machine learning approaches have been proposed for problems in
quantum many-body physics [14–17]. Deep learning models have been
shown to learn N-representability conditions from one- and two-electron
systems and predict properties of larger systems [18–20]. In this chap-
ter, we introduce a deep-learning-based approach to approximate solu-
tions to the QMP. The method combines the Marginal Imposition Op-
erator (MIO) [50], a technique designed to impose arbitrary quantum
marginals on a matrix, with a CDAE architecture. This combination
enables the construction of physically valid quantum states (i.e. Hermi-
tian, positive semidefinite, and with trace one) that are compatible with
a prescribed set of marginals, even in the presence of noise or initial
inconsistency.

The architecture is capable of handling mixed quantum states for
systems of 3 to 8 qubits. Additionally, we explore transfer learning be-
tween models trained on different numbers of qubits, showing that a
model trained on 3-qubit systems can be adapted to systems with up to
8 qubits with limited retraining. This indicates that the network captures
structural features of the compatibility conditions that are not specific to
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a fixed Hilbert-space dimension.

5.2 The problem of compatibility
A quantum marginal σJ is the reduced quantum state of a subsystem
labeled by J , derived from a larger system with global state ρI . Let
I denote a set of labels (e.g. I = 1, . . . ,N) representing the compo-
nents of an N-body physical system. The subset J ⊂ I corresponds
to the components of a reduced subsystem. When the global state ρI

is known, the marginal state σJ can be obtained via the partial trace
operation introduced in Section 2.3 [cf. Eq. (2.15)] as

σJ = TrJ c [ρI ] = ∑
j

(
⟨ jc|⊗ IJ

)
ρI

(
| jc⟩⊗ IJ

)
, (5.1)

where J ∪J c = I . In Eq. (5.1), the identity operator IJ acts on the
subsystem J , while {| jc⟩} is an orthonormal basis tracing the comple-
ment J c.

Let us consider now the opposite problem. That is, given a set of
M quantum marginals {σJα

}M
α=1, we would like to know whether there

is a global quantum state ρI such that σJα
= TrJ c

α
[ρI ] for all α =

1, . . . ,M. This problem can be stated as the SDP [79]

maximize Tr(ρI )

subject to TrJ c
α
[ρI ] = σJα

, α = 1, . . . ,M,

ρI = ρ
†
I ,

ρI ⪰ 0.

(5.2)

There are algorithms, such as interior point methods, that are highly
efficient for solving SDPs. However, the runtime and memory require-
ments of these methods scale with the size of the matrix and the number
of constraints [80,81], making them impractical for large-scale instances
of the problem. An iterative algorithm based on the MIO, introduced in
the next subsection, was proposed in Ref. [50]. Nevertheless, determin-
ing the computational complexity of this approach remains a challenging
task.
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5.2.1 The Marginal Imposition Operator
The problem of determining a global quantum state from a given set of
quantum marginals has been previously studied in Ref. [50], where the
main tool introduced is the MIO. Let σJ be a |J |-party quantum state,
with J ⊂I . Then, the MIO is defined as follows:

QJ (ρ̃I ) := ρ̃I −ρJ ⊗
IJ c

|J c|+σJ ⊗
IJ c

|J c|, (5.3)

where ρ̃I is an |I |-party quantum state, which can be chosen at ran-
dom or in any convenient fashion, and ρJ = TrJ c[ρ̃I ]. In Eq. (5.3) the
symbol |J c| denotes the dimension of the Hilbert space HJ c, equal
to 2n for a complement of n qubits, so that IJ c/|J c| is the maximally
mixed state on that space. Tensor factors are written in whichever or-
der makes each expression readable, and since J need not consist of
consecutive labels, the corresponding reordering of subsystems is left
implicit.

It is easy to see that TrJ c[QJ (ρ̃I )] = σJ . In simple terms, the
MIO enforces the marginal σJ onto ρ̃I , although QJ (ρ̃I ) may not
necessarily represent a valid quantum state. Despite this, the MIO ex-
hibits several interesting properties:

(i) Hermiticity: QJ (ρ̃I ) = QJ (ρ̃I )†;

(ii) Trace preservation: Tr
[
QJ (ρ̃I )

]
= 1.

More generally, for a given set {σJα
}M

α=1, the composition QJM ◦
· · · ◦QJ1(ρ̃I ) contains all the quantum marginals. That is,

σJα
= TrJ c

α

[
QJM ◦ · · · ◦QJ1(ρ̃I )

]
, (5.4)

for all α = 1, . . . ,M. An obvious condition for Eq. (5.4) to be satisfied is
that for every pair σJβ

,σJν
∈ {σJα

}M
α=1, the quantum states σJβ∩Jν

in the overlapping subsystems must coincide when Jβ ∩Jν ̸= /0.
However, there are no guarantees that QJM ◦ · · · ◦QJ1(ρ̃I ) ⪰ 0.

Ensuring positivity may depend on the choice of ρ̃I , as numerically
demonstrated in Ref. [50], among other factors. Although one could
attempt to find the closest quantum state [82], this approach incurs the
computational cost of an eigendecomposition. In the next section, we
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introduce the CDAE, a machine learning model that offers a potential
solution to this problem.

5.3 Model description

5.3.1 Density matrices as images
Machine learning has become a widely used tool for image process-
ing [83], a field encompassing techniques designed to transform an im-
age into another representation based on a specific objective. Examples
of such transformations include resolution enhancement, noise reduc-
tion [84], image segmentation [85], and other feature-extraction meth-
ods. A central goal of image processing is to preserve essential informa-
tion while enhancing the relevant features of the original image.

A color image can be represented as a set of three matrices corre-
sponding to the RGB color channels, each with the same dimensions,
containing a fixed number of pixels in both height and width. This estab-
lishes a direct and intuitive correspondence between images and matri-
ces. Convolutional Neural Networks (CNNs), introduced in Section 3.3,
are designed to process precisely this kind of multi-array data, and many
state-of-the-art models for denoising, segmentation, and feature extrac-
tion are built upon CNN architectures, including autoencoders, U-Nets,
variational autoencoders, and SegNet.

On the other hand, a fundamental object in quantum mechanics is
the density operator (cf. Section 2.2), which encodes the information of
a quantum system. These matrices consist of complex-valued elements
and must satisfy specific mathematical properties: they must be Hermi-
tian, positive semidefinite (PSD), and have unit trace. For a quantum
system formed by N qubits, the dimension of the space of density ma-
trices grows exponentially with N.

A density operator can be decomposed into its real and imaginary
components, forming a multiarray, a set of two real-valued matrices.
This suggests a natural analogy between density matrices and images,
which in turn implies that image-processing techniques may be adapted
to quantum data. If CNNs are effective at extracting spatial features from
images, it is reasonable to explore their application in learning quantum
states.

However, this relationship is not straightforward. The convolutional
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layers of CNNs exhibit local connectivity, where each neuron is linked
only to its neighboring units, in contrast with fully connected layers
(cf. Section 3.3). This localized connectivity is particularly beneficial in
image processing, as it allows the extraction of relevant features while
preserving spatial relationships, without requiring a global representa-
tion of the entire image. Quantum density matrices do not inherently
exhibit this locality-based structure. However, in the QMP we are pri-
marily interested in global quantum states and their marginals, which are
obtained through partial trace operations. This bears a conceptual simi-
larity to the locality-based feature extraction performed by CNNs. While
CNNs capture local structures within an image, partial traces extract rel-
evant information from subsystems of a quantum state while maintain-
ing a connection to the global system. This suggests that a CNN-based
approach may be suitable for learning quantum states.

One of the main advantages of deep learning models for image pro-
cessing is their scalability, as they are designed to handle images con-
taining thousands or even millions of pixels. This scalability is par-
ticularly relevant in quantum mechanics, where the Hilbert space grows
exponentially with the number of qubits. In this work, we present results
for systems between 3 and 8 qubits. Training models for larger quantum
systems requires significantly higher computational resources; neverthe-
less, all the necessary tools for the further development of such mod-
els are provided, facilitating their application to more complex quantum
systems.

5.3.2 The convolutional denoising autoencoder
Autoencoders were introduced in Section 3.3 as neural networks that
reconstruct their input through a compressed latent representation, us-
ing an encoder h = f (x) that maps the input x to a lower-dimensional
latent code h, and a decoder r = g(h) that reconstructs the data from
it (cf. Fig. 3.5). Denoising autoencoders [86] are a variant trained to
recover a clean signal x from a corrupted version x̃ that still retains valu-
able information about x; this is achieved by minimizing a loss that en-
forces the desired properties of x rather than exact reconstruction. In
quantum mechanics, denoising autoencoders have been successfully ap-
plied to quantum state tomography [12, 87].

To address the quantum marginal compatibility problem introduced
in Section 5.2, we propose a CDAE architecture. To represent density
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matrices in a format suitable for the CDAE, we decompose them into
two-channel tensors: one channel containing the real part and the other
containing the imaginary part. This representation is analogous to how
images are represented as multi-channel tensors, enabling the applica-
tion of computer vision techniques such as CNNs [2] to address our
problem.

For N-qubit systems, each channel corresponds to a 2N×2N matrix.
The full architectural specifications of the implemented model are de-
tailed in Section 5.7, and the proof that the architecture supports any N-
qubit system with N > 2 is given in Section 5.7.1. Figure 5.1 illustrates
the proposed CDAE architecture: the encoder, responsible for extract-
ing the latent representation, comprises the layers to the left of the latent
representation in the figure, while the decoder, tasked with reconstruct-
ing the original data from the latent code, consists of the layers to the
right.

Figure 5.1: Illustration of the proposed CDAE architecture. The boxes represent ten-
sors with dimensions specified as (number of channels) × height × width, indicated
below each box. The operation applied to the tensor on the left is written above the
arrow between two tensors, with the resulting tensor shown on the right. Since the
Tanh activation function does not modify tensor dimensions, convolutional operations
(Conv2D and TConv2D) are combined with the Tanh activation into single operations,
denoted as Tanh◦Conv2D(. . .) and Tanh◦TConv2D(. . .). All boxes and operations to
the left (right) of the latent representation correspond to the encoder (decoder). The
leftmost box represents the input x̃ of the CDAE, while the rightmost box represents
its output z.

5.4 Approach
Let x̃ and z be the input and output of the CDAE, respectively, such
that z = g( f (x̃)). The input x̃ is the two-channel representation of the
corrupted density operator X̃ ,

X̃ = QJM ◦ · · · ◦QJ1(ρ), (5.5)
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obtained by composing Eq. (5.3) for a given set {σJα
}M

α=1 of quantum
marginals, with ρ serving as an initial seed state. The term “corrupted”
refers to the presence of negative eigenvalues in the matrix X̃ , which
indicates that it is not a valid quantum state, although it still contains the
quantum marginals, that is, σJα

= TrJ c
α
[X̃ ] for all α = 1, . . . ,M. The

output z is also a two-channel tensor, and its matrix representation Z can
be obtained by taking the first channel as the real part and the second
channel as the imaginary part.

In addition, we explore an approach that involves using the output
of the CDAE as an initial seed for the MIO. Since the MIO is capable
of reconstructing global states that match the given marginals with per-
fect fidelities but often suffers from the issue of producing unphysical
outputs, this hybrid strategy could mitigate the problem. By providing a
well-structured initial guess from the trained autoencoder, the MIO may
produce physically valid density matrices more reliably.

5.4.1 Data generation

The set {x̃β ,Mβ}NS
β=1 represents the training set, with NS denoting the

number of samples, and Mβ = {σJα
}M

α=1. Each set Mβ is obtained by
calculating all k-body quantum marginals of an N-qubit density operator
ρ(β ), where

∣∣Mβ

∣∣ = (N
k

)
. We choose k = N− 1 to generate the data in

all the cases presented in this work; however, the models trained in this
way also work for 0 < k < N−1, as demonstrated in the results section.

We consider rank-r density matrices ρ(β ), generated according to the
following procedure:

(i) Randomly generate an integer r from a uniform distribution in the
interval rmin ≤ r ≤ 2N , where rmin is a pre-defined parameter.

(ii) Draw an r× r density matrix from the Hilbert–Schmidt (Ginibre)
ensemble, rotate it with a Haar-random unitary, and take the diag-
onal of the result as the weight vector pβ = (pβ

1 , . . . , pβ
r )

T.

(iii) Sample r pure states
∣∣∣ψβ

i

〉
from the Haar measure.

(iv) Form the density operator ρ(β ) = ∑
r
i=1 pβ

i

∣∣∣ψβ

i

〉〈
ψ

β

i

∣∣∣.
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Two features of this sampling scheme are worth making explicit. Since
the Hilbert–Schmidt ensemble is unitarily invariant, the rotation in step
(ii) leaves the distribution unchanged, and the weights follow a Dirichlet
distribution with all concentration parameters equal to r. They therefore
concentrate around the flat vector (1/r, . . . ,1/r) as the rank grows, rather
than covering the probability simplex uniformly. In addition, the states∣∣∣ψβ

i

〉
are drawn independently and are not mutually orthogonal, so the

weights pβ

i are not the eigenvalues of ρ(β ); the operator nonetheless has
rank r, since r Haar-random states are generically linearly independent.

Thus, we generate ρ(β ) and then, using the partial trace σJα
=

TrJ c
α

[
ρ(β )

]
, we obtain the elements of Mβ . With Mβ , we find X̃β us-

ing Eq. (5.5) and then its two-channel representation x̃β . This procedure
is repeated NS times to form the training set.

5.4.2 The loss function
To train the CDAE, we define a loss function that ensures that the out-
put is a Hermitian PSD matrix and compatible with the given quantum
marginals. Let Z be the matrix representation of the output z of the
CDAE. We can decompose Z into its polar form as Z =UP, where U is
a unitary matrix and P is a PSD matrix. The loss function is given by

L = ε(Re(U),I)+ ε(Im(U),0)+
|Mβ |
∑

i
ε
(
σJi,zJi

)
, (5.6)

where ε(·, ·) denotes the mean square error, I is the identity matrix, and
0 is the zero matrix. The first two terms in Eq. (5.6) drive U toward
the identity, so that Z approaches the Hermitian PSD factor P, while
the third term accounts for the quantum marginals, with zJi = TrJ c

i
[Z]

representing the output marginal. Although a term ε(Tr[Z],1) could
be explicitly included in Eq. (5.6) to guarantee normalization, this con-
straint is approximately satisfied without the need to enforce it explicitly.
The final output matrix can be renormalized as Z/Tr[Z] to ensure exact
normalization. Additionally, in practice, Z is approximately Hermitian,
which can be fixed by setting Z = (Z + Z†)/2, thus avoiding non-real
eigenvalues.
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5.4.3 Training and transfer learning

For training, the Adam optimizer was used with a learning rate of 10−4

and a batch size of 100 for all the cases presented. The model was
implemented in PyTorch, and all numerical experiments were conducted
on a workstation equipped with 125 GB of RAM, an NVIDIA GeForce
RTX 4090 GPU, and an AMD Ryzen Threadripper 7980X 64-core CPU.

The architecture employed in this work demonstrates sufficient gen-
eralization capacity, successfully adapting to global quantum states rang-
ing from 3 to 8 qubits without requiring significant structural modifica-
tions. As a result, there is no need to design new architectures or increase
the model capacity for each case (e.g. by deepening the network or in-
creasing the number of convolutional filters). This flexibility enables the
use of transfer learning as a strategy for extending the model to systems
with a higher number of qubits.

Transfer learning allows us to initialize training for a model targeting
N qubits from a previously trained model with N−1 qubits, rather than
training from scratch. Our results indicate that this approach substan-
tially reduces both the training time and the amount of data required.
During the transfer process, certain layers, typically the encoder, are
frozen, i.e. their gradients are deactivated, and only selected layers (often
in the decoder) are updated. We begin with a base model trained on 3-
qubit global states. Once trained to an acceptable level of performance,
achieving fidelities of approximately 0.98 for a random case, this model
is used as a starting point for training a model for 4-qubit global states.
In this case, it was sufficient to retrain only the final decoder layer, yield-
ing fidelities of around 0.97 for a test case. This strategy is repeated to
scale up the model. However, in some cases, retraining only the decoder
was insufficient. For example, when transitioning from 4 to 5 qubits, re-
training the full model was required to achieve average fidelities above
0.95 for randomly selected cases. Interestingly, for larger systems (6, 7,
and 8 qubits), retraining only the decoder once again proved sufficient.
In these cases, transfer learning from the immediately smaller model led
to successful generalization, enabling high-fidelity global state recon-
struction based on marginal inputs.

These findings suggest a notable property of the network. The en-
coder appears to capture the relevant marginal information in a way that
is transferable across different system sizes. This behavior is consistent
with the encoder having internalized structural features of the compati-
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bility problem that do not depend on a fixed Hilbert-space dimension.

5.5 Results
In this section, we present the results of our experiments to evaluate
the performance of the proposed CDAE in solving the task of finding
a quantum state compatible with a given set of quantum marginals. We
focus on two key metrics: the success rate and the accuracy. The success
rate measures the fraction of outputs predicted by the model that are
valid PSD matrices.

To assess the accuracy of the predicted quantum marginals, we use
the mean fidelity, denoted Fmean, built upon the state fidelity introduced
in Section 2.6. For each sample β in the test set, we compute the average
fidelity Fβ over all the marginals in that sample as

Fβ =
1∣∣Mβ

∣∣ |Mβ |
∑
i=1

F
(
σJi,zJi

)
, F

(
σJi,zJi

)
=Tr

[√√
σJi zJi

√
σJi

]2
,

(5.7)
the fidelity between the target marginal σJi and the predicted marginal
zJi, as given directly by Eq. (2.60), so that F ∈ [0,1] and F = 1 if and
only if the two marginals coincide, the same convention adopted for
the gate fidelity in Chapter 2. The mean fidelity Fmean is obtained by
averaging Fβ over all samples in the test set, Fmean = ∑

Ntest
β=1 Fβ/Ntest,

where Ntest is the number of samples. To show variability in the data,
we use the standard deviation (SD), calculated as

SD =

√√√√ 1
Ntest−1

Ntest

∑
β=1

(
Fmean−Fβ

)2
. (5.8)

We consider N-qubit global states with k-qubit marginals, denoted
as NXkY (e.g. N3k2 corresponds to 3-qubit global states with 2-qubit
marginals). We label the model that uses the full loss function of Eq. (5.6)
as model1, while model2 uses Eq. (5.6) without the marginals term
∑i ε(σJi,zJi). The scaling parameter S of the architecture (see Sec-
tion 5.7) is determined by experimentation, keeping the minimum value
of S that produces satisfactory levels of accuracy and success rate.

To evaluate the performance of model1 and model2 in the case N3k2,
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we set the scaling factor S = 10 and trained both models for 100 epochs
using the same dataset of size 106 (see Section 5.4.1), with weights
initialized from the same seed. We then evaluated the performance of
these trained models in both the N3k1 and N3k2 cases. The values of
Fmean±SD, calculated over 104 samples per rank, are shown in Fig. 5.2,
for ranks up to 2N . As expected, predictions from model1 consistently
achieve higher fidelity with target marginals compared to model2 for
all ranks, and both models achieve a high success rate. This demon-
strates the importance of including the marginals term in the loss func-
tion. Moreover, predictions from model1 outperform random guessing,
which involves generating random N-qubit density matrices, calculat-
ing their k-qubit marginals, and computing the fidelity with the target
marginals.

(a) N3k1 (b) N3k2

Figure 5.2: Mean and standard deviation (colored cloud) of the fidelity, obtained over
104 samples, versus rank for model1 (purple squares), model2 (green dots), and random
guessing (red triangles) for the cases (a) N3k1 and (b) N3k2.

In Fig. 5.3, we compare model1 to random guessing on systems with
N > 3, up to N = 8 qubits, using the mean fidelity Fmean as a perfor-
mance metric. The comparison is carried out for different values of k.
We observe that model1 consistently outperforms random guessing in
all scenarios, with the performance gap increasing as k grows. This sug-
gests that the model retains the information provided by the marginals
with high accuracy. Furthermore, model1 achieved high success rates
for all cases shown in Fig. 5.3: above 95% for the case N4k2, and above
99% for the remaining cases, some of which reached 100%, as detailed
in Fig. 5.4.
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Figure 5.3: Fmean± SD, over 104 samples, as a function of rank for model1 (purple
dashed line) and for random guessing (solid red line) for the cases N4k2, N4k3, N5k3,
N5k4, N6k4, N6k5, N7k5, N7k6, N8k6, and N8k7.

Figure 5.4: Success rates of model1 for all the cases presented in Fig. 5.3. model1
achieved a 100% success rate for all the cases with N > 5, with the lines overlapping
at the 100% mark.
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5.5.1 The hybrid model1+MIO scheme
Moreover, we tested a scheme in which the output of model1 is passed
through the MIO (model1+MIO). By first applying the MIO and then
feeding its output into the CDAE, we obtain a global state that closely
reproduces the target marginals with high fidelity. This resulting state
can then serve as a new seed for a subsequent pass through the MIO, as
given by Eq. (5.5), using the given target marginals {σJα

}M
α=1. Depend-

ing on the number k of qubits in the quantum marginals, some corrupted
(i.e. negative) eigenvalues may still persist. However, we observed that,
in many cases, the final output contains no corrupted eigenvalues, or at
least fewer than those present after the initial MIO pass; see Fig. 5.5
for details. Additionally, the magnitude of these corrupted eigenvalues
tends to decrease by approximately one order of magnitude.

In Fig. 5.6, we show results for cases in which the final output of this
scheme (model1+MIO) is a valid quantum state whose marginals match
the target marginals with perfect fidelity. Success rates of these cases
are shown in Fig. 5.7. For systems with N > 5, all the instances were
perfectly reconstructed, achieving a success rate of 100%, whereas for
the cases N4k2 and N5k2 the success rate consistently increases with
the rank. These results suggest that further improvements to the model,
such as adding more layers, increasing filter sizes, or training on larger
datasets, could lead the model to find exact solutions in all the cases.

We experimented with iterating the CDAE and MIO steps multiple
times in cases where exact solutions were not initially found, but ob-
served no significant improvement beyond the model1+MIO scheme.
This suggests that a single iteration is sufficient to achieve this form of
“purification”. We hypothesize that this is because the remaining nega-
tive eigenvalues after the second MIO pass are too small to be identified
by the CDAE as noise in subsequent iterations.

5.5.2 Computational time benchmark
In addition, we compare the performance of our model against state-
of-the-art SDP solvers in terms of computation time. Figure 5.8 shows
the average runtime computed over 103 samples for cases with N < 6,
100 samples for the case with N = 6, and 50 samples for cases with
N > 6. In all cases, the target marginals were obtained from full-rank
density matrices. As shown in Fig. 5.8, once trained, both model1 and
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Figure 5.5: Comparison of the proportion of negative eigenvalues relative to the total
number of eigenvalues. Each bar represents the average over a sample of 104 tests
per rank, with error bars indicating the standard deviation. Light blue bars correspond
to the first pass through the MIO, while pink bars correspond to the model1+MIO
configuration.

Figure 5.6: Fmean±SD, over 104 samples, as a function of rank for model1 with an
additional MIO pass (purple dashed line) and for random guessing (solid red line).
Results are shown for the cases N4k2, N5k2, N6k2, N6k3, N7k3, N7k4, N8k3, and
N8k4. All the states produced by the model1+MIO scheme match the target marginals
with perfect fidelity.
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Figure 5.7: Success rates of the model1+MIO scheme for all the cases presented in
Fig. 5.6. The scheme achieved a 100% success rate for all the cases with N > 5, with
the lines overlapping at the 100% mark.

model1+MIO execute faster than the SDP solver provided by the CVXPY
library in Python. While the SDP solver consistently found solutions
matching the target marginals with perfect fidelity, it failed to run for
the N8k4 case on our machine. In contrast, the model1+MIO scheme
successfully found solutions with exact marginals for N8k4, with an av-
erage runtime of approximately 3.38 s.
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Figure 5.8: Average computation time of the CVXPY SDP solver (blue dashed line),
model1 (green dotted line), and model1+MIO (red solid line) across different system
sizes. The vertical axis is in logarithmic scale. The SDP solver failed to run for the
8-qubit case.

5.6 Summary
We developed a CDAE and combined it with the MIO [50] to find a
global N-qubit density operator compatible with a given set of quantum
marginals. The model, which admits any N-qubit global system with
more than 2 qubits, transforms, in most cases, the output of the MIO
into a PSD matrix, preserving information about the quantum marginals
with high accuracy. Transfer learning proved valuable, allowing the size
of the training dataset to be reduced by leveraging knowledge learned in
smaller-scale cases to improve performance on larger ones. The hybrid
model1+MIO scheme reconstructed states whose marginals match the
targets with perfect fidelity in many cases, and once trained, inference
was significantly faster than state-of-the-art SDP solvers, even succeed-
ing in regimes where the SDP solver failed to run.

A known limitation is that the model may struggle when the quantum
marginals correspond to pure global states, whose global representation
is unique; for mixed states, multiple representations exist, increasing
the likelihood of finding an acceptable solution. The broader implica-
tions of this work for large-scale quantum information, its connection
to the dynamics-interpolation framework of Chapter 4, and future direc-
tions, such as warm-starting SDP solvers, anomaly detection of incom-
patible marginals, and explainability of the learned representations, are
discussed in the general conclusions of Chapter 6.
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5.7 Model architecture
In this section, we describe the specifics of the proposed CDAE. The en-
coder consists of multiple layers, incorporating 2D convolution (Conv2D)
operations, 2D max pooling (MaxPool2D) operations [88], and hyper-
bolic tangent (Tanh) activation functions. The decoder includes Conv2D
operations and Tanh activation functions, along with layers utilizing 2D
transposed convolutions (TConv2D).

Tables 5.1 and 5.2 provide detailed specifications of each layer in
the encoder and decoder, respectively. All convolutional and transposed
convolutional layers use a dilation factor of one. In the decoder, the
output padding for transposed convolutions is fixed at zero. The inter-
mediate number of channels in both encoder and decoder is controlled
by a scaling factor S, which allows for flexible adjustment of the model’s
capacity. Lower values of S reduce the number of trainable parameters,
offering a trade-off between model complexity and computational effi-
ciency.

Layer Operation Input ch. Output ch. Kernel Stride Padding
(0) Conv2D 2 S×10 3×3 1 1
(1) Tanh — — — — —
(2) MaxPool2D — — 2×2 2 0
(3) Conv2D S×10 S×10 3×3 1 1
(4) Tanh — — — — —
(5) MaxPool2D — — 2×2 2 0
(6) Conv2D S×10 S×10 3×3 1 1
(7) Tanh — — — — —
(8) MaxPool2D — — 2×2 2 0

Table 5.1: Specifications for each encoder layer. Dilation is fixed to one throughout
the network.
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Layer Operation Input ch. Output ch. Kernel Stride Padding
(0) TConv2D S×10 S×10 3×3 2 1
(1) Tanh — — — — —
(2) TConv2D S×10 S×10 5×5 2 1
(3) Tanh — — — — —
(4) TConv2D S×10 S×10 6×6 2 0
(5) Tanh — — — — —
(6) Conv2D S×10 2 3×3 1 0

Table 5.2: Specifications for each decoder layer. Dilation is set to one, and output
padding in transposed convolutions (TConv2D) is fixed at zero.

5.7.1 Compatibility of the CDAE with arbitrary system
sizes

This subsection provides a detailed analysis of the channel sizes in the
CDAE presented in Section 5.4. Each input to the CDAE is a two-
channel tensor, where each channel is a 2N × 2N matrix. We demon-
strate that for N > 2, the channel size of the CDAE’s output remains
consistent at 2N×2N . The size of a channel can change when Conv2D,
MaxPool2D, and TConv2D operations are applied to tensors at different
layers of the CDAE. The model considers a setting with square channels,
square kernels, the same stride along both axes, and the same padding
along both axes. Under these conditions, the channel size for Conv2D
and MaxPool2D operations can be calculated using the following for-
mula [88]:

CE/D
out( j) =

CE/D
in( j)+2P−D(K−1)−1

S
+1

 , (5.9)

with ⌊. . .⌋ the floor function. Here, CE/D
in( j) and CE/D

out( j) are the input and
output size, respectively, of a channel at layer ( j) of the encoder (E) or
decoder (D); P is the padding, D the dilation, K the kernel size, and S
the stride. The dilation is set to D = 1 across the entire CDAE.

Note that CE/D
in(l) = CE/D

out(l−1) for l > 0; that is, the input size of layer
(l) is equal to the output size of the previous layer (l−1). The input size
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of the encoder is CE
in(0) = 2N . Using the values for P, D, K, and S given

in Table 5.1, the convolutional layers (0), (3), and (6) leave the channel
size unchanged, since

CE
out(0) =

⌊
CE

in(0)+2×1−1× (3−1)−1

1
+1

⌋
=
⌊
CE

in(0)

⌋
= 2N,

(5.10)
and the Tanh operations do not affect the channel size. Each MaxPool2D
layer, namely layers (2), (5), and (8), halves the channel size,

CE
out(2)=

⌊
CE

out(1)+2×0−1× (2−1)−1

2
+1

⌋
=
⌊

2−1CE
out(1)

⌋
= 2N−1,

(5.11)
so that, applying the three convolution–pooling blocks in sequence, the
output size of the encoder is

CE
out(8) = 2N−3. (5.12)

Note that for N < 3 the encoder would render an invalid size, which
establishes the requirement N > 2.

We now compute the channel sizes through the decoder using the
values given in Table 5.2. For TConv2D operations, the channel size
Dout( j) changes according to [88]

Dout( j) =
(

Din( j)−1
)

S−2P+D(K−1)+Pout +1, (5.13)

where Pout is the output padding, which is set to zero across the entire
CDAE. As for the encoder, Din(l) = Dout(l−1) for l > 0, and the input
size of the first decoder layer is CE

out(8) = 2N−3. Applying Eq. (5.13)
successively with the parameters of Table 5.2 yields

Dout(0) =
(

2N−3−1
)
×2−2+(3−1)+1 = 2N−2−1, (5.14)

Dout(2) =
(

2N−2−1−1
)
×2−2+(5−1)+1 = 2N−1−1, (5.15)

Dout(4) =
(

2N−1−1−1
)
×2−0+(6−1)+1 = 2N +2, (5.16)

where the Tanh layers in between leave the size unchanged. Finally, the
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output size at layer (6) follows from Eq. (5.9):

CD
out(6)=

⌊
Dout(5)+2×0− (3−1)−1

1
+1
⌋
=
⌊

Dout(5)−2
⌋
= 2N+2−2= 2N,

(5.17)
where Dout(5) = Dout(4). Thus, we have shown that the CDAE input and
output sizes are equal for any N > 2, confirming that the same architec-
ture supports arbitrary N-qubit systems beyond two qubits.
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Chapter 6

CONCLUSIONS

This thesis explored the use of deep learning as a unifying method-
ological framework for the study of physical systems in quantum in-
formation. Two distinct but conceptually related problems were ad-
dressed: the interpolation of unitary time-evolution operators generated
by time-dependent Hamiltonians (Chapter 4), and the reconstruction of
global density matrices compatible with a prescribed set of quantum
marginals (Chapter 5). In both cases, the central idea was the same.
Rather than treating neural networks as opaque function approximators,
we embedded the known physical structure of each problem directly
into the architecture and the training objective, so that the learned solu-
tions remained consistent with the underlying quantum mechanics. This
physics-informed perspective, introduced in Chapter 3 and developed
throughout the applications, is what gives both methods their accuracy,
data efficiency, and physical interpretability.

6.1 Summary of the main results
The first application demonstrated that a Physics-Informed Neural Net-
work can learn the full time evolution of a closed quantum system from a
sparse set of sampled unitaries, interpolating the time-evolution operator
U(t) across the entire time domain without ever being given the Hamil-
tonian explicitly. By incorporating unitarity as a soft constraint and, for
the larger systems, by predicting an effective Hamiltonian propagated
through a second-order Magnus expansion or a Trotterization, the frame-
work achieved mean gate fidelities close to 0.99 with low variability
across independent Hamiltonian realizations, for systems ranging from
2 to 8 qubits. Models trained with coarse temporal sampling (∆t = 1.0)
reproduced the dynamics almost as well as those trained with fine grids,
confirming a strong interpolation capability that translates directly into a
reduction of the measurement cost associated with quantum process to-
mography. Beyond accuracy, the trained models offered a computational
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advantage at inference time, with speedups ranging from about 2× to
19× over a geodesic-interpolation baseline [33] that scales as O(23N),
depending on the system size and on the integration scheme used. This
advantage is expected to grow with system size, making the approach
particularly attractive in settings where the propagator must be evalu-
ated repeatedly, such as dynamical quantum state tomography [89, 90].

The second application showed that the combination of a convo-
lutional denoising autoencoder with the Marginal Imposition Opera-
tor [50] can construct physically valid global density matrices compat-
ible with a given set of quantum marginals, a specific instance of the
Quantum Marginal Problem, which is known to be QMA-complete in its
general form [41,42]. By encoding density matrices as two-channel im-
ages and designing a loss function that enforces Hermiticity, positivity,
and normalization, the model preserved the target marginals with high
fidelity for systems of 3 to 8 qubits. The hybrid model1+MIO scheme
reconstructed states whose marginals matched the targets with perfect
fidelity in many cases, and once trained, the inference was significantly
faster than state-of-the-art semidefinite programming solvers, even suc-
ceeding in regimes where the SDP solver failed to run. The successful
use of transfer learning across system sizes further suggested that the
network internalizes structural features of the compatibility problem that
are not tied to a fixed Hilbert-space dimension.

Taken together, these two results illustrate a common pattern. In both
cases, a quantum-information task that is computationally demanding
by conventional means, integrating a non-commuting time-dependent
Hamiltonian or searching the exponentially large space of compatible
global states, was recast as a learning problem in which physical con-
straints restrict the hypothesis space to physically admissible solutions.
The neural networks did not merely fit data; they learned representations
shaped by unitarity, positivity, and the partial-trace structure of compos-
ite systems, imposed exactly where the architecture allowed and as a
penalty otherwise. This reflects the promise of physics-informed learn-
ing [8,9], combining the flexibility and scalability of deep learning with
the rigor of the governing physical laws.
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6.2 Toward large-scale deep learning for quan-
tum information

A recurring theme throughout this thesis is the exponential growth of
the Hilbert space with the number of qubits, which renders exact clas-
sical methods intractable and motivates the search for scalable approxi-
mations [10]. Both frameworks developed here confront this challenge
directly, and both point toward a broader role for deep learning in the
study of large-scale quantum systems.

The interpolation framework addressed scalability by shifting, for
the largest systems, from learning the full 2N × 2N unitary to learning
a compact effective Hamiltonian with only O(103) parameters, propa-
gated through structure-preserving numerical integrators. This decou-
pling of the learned representation from the dimension of the operator
it generates is a general design principle. The network learns the few
physically relevant degrees of freedom, while the exponential structure
is restored by a physics layer that guarantees unitarity by construction.
The marginal-reconstruction framework, in turn, exploited the locality-
based feature extraction of convolutional architectures and the transfer-
ability of learned representations across system sizes, suggesting that
a single architecture can adapt to growing Hilbert spaces with limited
retraining rather than full redesign.

These observations support a more general claim. Deep learning is
not merely a faster numerical solver for isolated quantum-information
tasks; it is a framework for learning the latent, low-dimensional struc-
ture that often underlies high-dimensional quantum problems. Once that
structure is captured, predictions can be generated at arbitrary points,
such as at any time in the evolution or for any rank of the global state,
at a computational cost that grows far more slowly than that of the exact
methods they approximate. As quantum platforms continue to scale,
this capacity to amortize an expensive training stage into cheap, re-
peated inference is likely to become increasingly valuable, particularly
in feedback-intensive settings such as quantum control [21, 25, 30] and
adaptive measurement protocols.

129



6.3 Future work
The two frameworks presented here open several concrete directions for
further research, both as direct extensions and as part of the broader
program of applying deep learning to quantum information.

A natural extension of the interpolation framework is to move from
reproducing the dynamics to explicitly reconstructing the Hamiltonian.
In its current form, the effective Hamiltonian learned for the 7- and 8-
qubit systems captures the dynamics without coinciding with the true
generator. Incorporating differential constraints derived from the Schrödinger
or von Neumann equation into the loss function, in the spirit of the orig-
inal PINN formulation [8], could provide a pathway toward genuine
Hamiltonian learning while retaining the flexibility of the data-driven
approach. This would connect the present work more closely with ex-
isting Hamiltonian-reconstruction methods [37–39] and with operator-
learning approaches that approximate the propagator directly [91, 92].
A second promising direction is the extension to open quantum sys-
tems [55], where the unitary constraint is replaced by complete positiv-
ity and trace preservation, and where the learned dynamical map could
be combined with continuous-measurement protocols to further reduce
experimental overhead. Finally, architectures capable of generalizing
across multiple system sizes or across families of Hamiltonians, rather
than requiring a dedicated model per configuration, would substantially
broaden the practical applicability of the method, especially for systems
with strong time dependence or chaotic behavior where larger architec-
tures are expected to be necessary.

The marginal-reconstruction framework also admits several exten-
sions. The transfer-learning behavior observed across system sizes in-
vites a more systematic study of what the encoder learns, potentially
through knowledge-extraction and explainability techniques [93], which
could yield theoretical insight into the structure of the compatibility con-
ditions themselves. The model’s output could also serve as a warm-start
initial guess for semidefinite programming solvers [79, 94], combining
the speed of learned inference with the exactness of optimization-based
methods. Furthermore, the autoencoder architecture is naturally suited
to anomaly detection [95], suggesting that a related model could learn
to distinguish compatible marginals from incompatible ones, addressing
the decision version of the Quantum Marginal Problem rather than only
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its constructive counterpart.
More broadly, the methods developed in this thesis fit within a rapidly

expanding effort to apply machine learning across quantum information
science. Neural networks have already been used for quantum state re-
construction [12,87], for solving the quantum many-body problem [14–
17], for learning N-representability conditions in quantum chemistry [18–
20], and for quantum control through physics-informed networks [21].
The two contributions of this thesis, one operating on the level of quan-
tum dynamics and the other on the level of quantum states, complement
these efforts and reinforce a consistent conclusion. When the known
physics of a problem is built into the learning process, deep learning
becomes not a replacement for physical understanding but an exten-
sion of it, capable of tackling problems whose exact treatment lies be-
yond the reach of conventional computation. As both quantum hardware
and machine-learning methods continue to mature, the synergy between
them explored throughout this thesis is likely to remain a fertile ground
for advancing our understanding and control of complex quantum sys-
tems.
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