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Abstract

In this thesis, we propose and analyze a new mixed formulation for the Brinkman equa-
tions with spatially varying porosity, modeling the time-dependent flow of an incompressible
fluid through heterogeneous porous media. The formulation is developed within a Banach
space framework and introduces the stress and vorticity tensors as additional unknowns. This
approach eliminates the pressure, which can be recovered via post-processing, yielding a stress-
velocity-vorticity system. The well-posedness of the continuous problem is proved under an
appropriate small-porosity assumption, by employing monotone operator techniques together
with recent advances on the solvability of perturbed saddle-point problems in Banach spaces.
At the discrete level, we first introduce a semidiscrete continuous-in-time scheme employing
finite element spaces stable for elasticity, such as the PEERS and Arnold—Falk—Winther ele-
ments. We prove the well-posedness of this scheme and derive the corresponding a priori error
estimates. Subsequently, a fully discrete method is obtained by applying the backward Euler
scheme for the time discretization, for which we also establish well-posedness and derive optimal
convergence rates with respect to the spatial and temporal discretization parameters. Under
this setting, momentum is conserved provided that the porosity and the permeability tensor
are piecewise constant, and that the external force is a piecewise polynomial function. Finally,
several two- and three-dimensional numerical experiments, involving both manufactured and
non-manufactured solutions, are presented, which confirm the theoretical convergence rates
and highlight the capability of the proposed method to handle challenging geometries featuring

strong contrasts in physical parameters such as permeability and porosity.



Resumen

En esta tesis, proponemos y analizamos una nueva formulacion mixta para las ecuaciones
de Brinkman considerando porosidad variable en el espacio, modelando el flujo evolutivo de
un fluido incompresible a través de medios porosos heterogéneos. La formulacién se desarrolla
en el marco de espacios de Banach e introduce los tensores de esfuerzo y vorticidad como
incognitas adicionales. Este enfoque permite eliminar la presion, la cual puede ser recuperada
mediante post-proceso, conduciendo asi a un sistema esfuerzo-velocidad-vorticidad. Se prueba
que el problema continuo esta bien puesto bajo una suposiciéon apropiada de porosidad pequena,
empleando técnicas de operadores mondtonos, junto con avances recientes en la solubilidad
de problemas de punto de silla perturbados en espacios de Banach. A nivel discreto, primero
introducimos un esquema semidiscreto continuo en tiempo empleando elementos finitos estables
para elasticidad, tales como los elementos PEERS y Arnold—Falk—Winther. Probamos que este
esquema, esta bien puesto y deducimos las correspondientes estimaciones de error a priori.
Luego se obtiene un método totalmente discreto aplicando el esquema de Euler regresivo para
la discretizacion en tiempo, para lo cual también establecemos que esta bien puesto y deducimos
tasas de convergencia Optimas con respecto a los parametros de discretizacion tanto espacial
como temporal. En este esquema, el momentum se conserva si es que la porosidad y el tensor de
permeabilidad son constantes por trozos y la fuerza externa es una funciéon polinomial a trozos.
Finalmente, se presentan varios ensayos numéricos en dos y tres dimensiones, involucrando
soluciones manufacturadas y no manufacturadas, los cuales confirman las tasas de convergencia
tedricas y destacan la capacidad del método propuesto para manejar geometrias desafiantes en

conjunto con fuertes contrastes entre parametros fisicos como la permeabilidad y la porosidad.

xi



CHAPTER 1

Introduction

1.1 Flows in porous media

Flows in porous media play a central role in many branches of applied sciences, ranging from
geophysical and biological systems to diverse engineering processes. Examples include subsur-
face flow problems, heat and mass transfer in pipes, liquid composite molding, the behavior
and influence of osteonal structures, and computational fuel cell dynamics. The mathemati-
cal modeling of such flows requires a careful balance between macroscopic effective laws and
microscopic fluid dynamics, depending on the characteristics of the medium and the regime
of the flow. While simplified descriptions are often sufficient in the limiting cases of very low
velocities, characteristic of Darcy-type flows, or in highly permeable media, where the behavior
approaches that of Stokes flows, more refined models become necessary when viscous effects
within the pore structure or interactions with adjacent free-flow regions cannot be neglected.

This naturally leads to the need for models that bridge these distinct descriptions.

A natural starting point is the Stokes system, one of the fundamental models for fluid
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behavior. In fact, it provides the mathematical description of slow, viscous, incompressible
flows, where inertial effects are negligible in comparison with the viscous forces. In this regime,
the motion of the fluid is essentially dominated by the balance between the viscous stress and
the pressure gradients. Typical examples include flows taking place at sufficiently small length
scales, where the Reynolds number is so low that inertial effects can be neglected. In general,
the Stokes model constitutes the basic linear setting which serves as the starting point for the
analysis of more complex fluid models. In a domain Q C R?, with d € {2,3}, the unsteady

Stokes equations (see, for instance, [28, Chapter 72|, or [33, Chapter 5]) read as follows

‘;‘t‘ —div(2pe(w) + Vp = £, diviu) = 0 in Qx (0,7], (1.1)

where f : Qx[0,T] — R%is a body force, pu > 0 is the viscosity of the fluid, u is the fluid velocity,
p is the pressure and e(u) is the symmetric part of the gradient. This model is complemented
with suitable boundary conditions and an initial condition on the velocity. The first equation
in (1.1) comes from momentum balance, whereas the second equation is derived from the mass

balance and is often referred to as the incompressibility condition.

On the other hand, when the fluid occupies a porous medium, the microscopic structure of
the solid matrix imposes strong restrictions on its motion. In this case, the velocity field does
not evolve freely, but is forced to pass through a complex network of pores whose geometry
cannot be resolved at the macroscopic scale. Under suitable averaging assumptions, typically
involving a homogenization limit, the resulting macroscopic model is no longer given by the
Stokes system, but by Darcy’s law. The Darcy model describes slow, viscous flow through a
rigid porous medium, incorporating possible storage effects arising from the compressibility of
the fluid or the pore structure. At the macroscopic level, the momentum balance is reduced
to an algebraic relation between the velocity and the pressure gradient. More precisely, for a
given permeability tensor K : Q — R9“ Darcy’s model (see, for instance, [42, Appendix A.2]
or 27, Chapter 51]) reads

dp +div(u) =g in Qx(0,7], (1.2)

K! Vp = f
/‘L l_l+ p ) Sodt
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where sp > 0 is the storage coefficient and ¢ is a prescribed source term. Here, K encodes
the properties of the porous matrix, including pore size, anisotropy, connectivity, and related
microscopic features. The first equation in (1.2) expresses the macroscopic momentum balance
in a porous medium, stating that the velocity is no longer determined by a differential operator
but is instead given by an algebraic constitutive relation in which the permeability and the
viscosity quantify the resistance exerted by the solid matrix. The second equation represents
the mass balance, where the first term accounts for fluid storage effects, arising either from
slight compressibility of the fluid or the pore structure, whereas the second term measures the
net volumetric flux. Their combination must match the source term g, which models fluid

injection, extraction, or internal production.

Although Darcy’s law provides a macroscopic description of flow through rigid porous ma-
trices, it becomes insufficient when viscous shear effects within the pores are not negligible. In
this intermediate regime, the microscopic structure still constrains the motion of the fluid, but
the averaged velocity field behaves more like a viscous continuum than in the purely Darcy
case. To account for this, Brinkman [11] introduced an additional viscous diffusion term into

Darcy’s momentum balance, leading to the so-called Brinkman equations

paal; —div2upe(u)+puK 'u+Vp =f, div(pu) =0 in Qx(0,7], (1.3)

where p : 2 — R is the porosity distribution. The third term corresponds to the Darcy
resistance, whereas the second term is the viscous term that also appears in the Stokes model.
Therefore, Brinkman’s formulation can be interpreted as an interpolation between Darcy and
Stokes, retaining shear stresses while still incorporating the resistive effects of the solid matrix.
For this reason, the Brinkman model is particularly useful in coupling problems involving fluid-
porous interfaces and, more generally, in flows through heterogeneous porous structures where
the fully homogenized Darcy description is insufficient but a detailed pore-scale Stokes model
remains impractical. In the model (1.3), the scalar field p represents the local porosity of the
medium, that is, the fraction of the bulk volume that is effectively available for the fluid. More

precisely, if Viore(x) denotes the pore volume and Viuk(x) the total representative elementary
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volume around x € €2, then

Hence, regions where p(x) is close to 1 correspond to highly permeable zones with a large void
fraction, whereas values p(x) < 1 indicate an almost solid matrix with very limited pore space.
The dependence on p in the viscous term and in the divergence constraint reflects the fact
that only the pore volume contributes to transport and storage of the fluid, and therefore the

effective transport properties depend on the spatial distribution of porosity.

In many practical situations, the porous matrix can be regarded as homogeneous at the
macroscopic scale, so that the porosity may be assumed constant in 2. This is the case, for
instance, when the pore structure is statistically uniform in space or when the characteristic
variations of the material are much smaller than the resolution scale of the model. Under
this assumption, the parameter p may be factored out of the differential operators and the
resulting equations simplify considerably. This is a common choice in classical porous media
models. However, several relevant applications require accounting for spatially varying poros-
ity. Heterogeneous geological formations, functionally graded biomaterials, layered filters and
composite structures are typical examples where p exhibits nontrivial spatial changes. In such
cases, keeping p = p(x) allows the model to capture permeability contrast, variations in stor-
age capacity, and anisotropic flow patterns induced by the geometry of the pores. Moreover,
variable porosity is essential in coupling problems with free-flow regions, since it provides a
smooth transition from almost free fluid to almost solid, without the need of explicit interface
tracking. Consequently, retaining a variable porosity enhances the physical fidelity of the model

and increases its flexibility to represent realistic media.

The three images' in Fig. 1.1 illustrate different types of porous structures that commonly
appear in natural and engineered materials. The left image is an Al-generated idealization
of a two-dimensional granular medium, visually resembling a consolidated sand or a packed-
grain structure with irregular pore connectivity. The central image corresponds to a realistic

porous microstructure reproduced from [1], representing an open-cell solid with complex pore

!The left and right images in Fig. 1.1 were generated by the author using the Gemini Al image model. These
illustrations are used only for conceptual purposes and do not represent experimental data.
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geometry typically observed in rocks, foams, and filtration media. The right image is an Al-
generated three-dimensional porous solid whose morphology resembles an open-cell foam or
sponge-like material, a configuration frequently found in synthetic foams, catalytic supports,
and lightweight structural materials. Together, these examples illustrate the geometric richness

and variability of porous media, motivating the mathematical models studied in this thesis.

Figure 1.1: Examples of porous media: (left) Al-generated 2D granular structure, (center)
realistic porous microstructure reproduced from [1], (right) Al-generated 3D open-cell foam-
like structure.

1.2 Discretizations of the Brinkman equations

The mathematical analysis and numerical discretization of the Brinkman problem inherit the
well-known difficulties associated with both the Darcy and the Stokes equations. A key dis-
tinction between these two models lies in the functional setting of the velocity. Namely, in the
Stokes problem, velocities belong to H', whereas in the Darcy case they are only in H(div).
In the classical velocity-pressure formulation, this difference in regularity requires either the
use of Stokes elements enriched with stabilization or penalty terms to enforce normal conti-
nuity, or the use of H(div)-conforming elements with additional degrees of freedom to impose
tangential continuity. These strategies allow, on the one hand, Stokes elements to capture
the Darcy regime [12], and on the other hand, H(div)-conforming finite elements to be ex-
tended consistently to the Stokes regime [34]. Another approach, also explored in the liter-
ature, is to employ divergence-preserving velocity reconstruction operators that map Stokes
elements into an H(div)-conforming space, leading naturally to weak Galerkin finite element

formulations [38]. Beyond velocity-pressure formulations, alternative mixed strategies introduce
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additional unknowns, giving rise to pseudostress-based methods [30, 35] and vorticity-velocity-
pressure schemes in both augmented and non-augmented forms [3,6]. Some of the aforemen-
tioned approaches have also been investigated in the time-dependent setting. In particular, the
companion model given by the unsteady Brinkman—Forchheimer equations has received consid-
erable attention. This model extends the Brinkman formulation by including a nonlinear term
in the velocity, which accounts for inertial effects that become relevant when the flow through
the porous medium attains intermediate velocities. In [24], the authors analyze a pseudostress-
velocity formulation of this problem and establish existence and uniqueness of solutions for
the continuous, semidiscrete continuous-in-time, and fully discrete settings. Similar results are
obtained in a velocity-vorticity-pressure formulation [5], as well as in a three-field method in-

volving the velocity, its gradient, and the pseudostress tensor [23].

1.3 Thesis objectives

The aim of this work is to analyze the time-dependent Brinkman model under the assumption
that the porosity may vary in space. Spatially varying porosity allows the Brinkman equa-
tions to capture local differences in fluid storage and resistance, variations in permeability, and
a modified mass conservation law reflecting the pore volume, thereby representing the het-
erogeneous structure of real porous media. From a mathematical perspective, this variability
introduces challenges similar to those encountered in the Stokes problem with variable den-
sity [22] or in the convective Brinkman—Forchheimer problem with variable porosity [20]. In
turn, the analysis to be developed employs techniques similar to those used for the unsteady
Brinkman—Forchheimer equations and related models [23,24,43]. To derive a mixed formula-
tion, the stress and vorticity tensors are introduced, allowing the elimination of the pressure,
which can be recovered by post-processing, and leading to a stress-velocity-vorticity formula-
tion. This formulation is based on a Banach-space framework, providing natural flexibility to
adapt the scheme to multiphysics problems. Such adaptability is particularly important and
has motivated several studies on coupled problems where the Banach-space setting is essen-

tial [13,14,16,19,23,24].
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Under this framework, the techniques employed in [5, 23, 24] to establish well-posedness
are no longer applicable. Indeed, while those approaches crucially rely on the monotonicity
properties of the underlying operators, such monotonicity is lost in our formulation due to the
introduction of the stress and vorticity variables with spatially varying porosity. To overcome
this difficulty, we introduce an auxiliary problem, equivalent to the original one, but endowed
with a monotone operator. This reformulation allows us, under a smallness assumption on
the porosity, to prove existence and uniqueness of the continuous solution by combining clas-
sical results on monotone operators, recent advances on perturbed saddle-point problems [26],
and a fixed-point strategy. To the best of the authors’ knowledge, the strategy of recovering
monotonicity through an auxiliary problem and establishing well-posedness via a fixed-point

argument in Bochner spaces is novel, and appears to be applicable to other problems as well.

Once the solvability of the continuous problem has been established, similar arguments
can be employed to derive the semidiscrete continuous-in-time and fully discrete schemes. For
the spatial discretization, classical PEERS and Arnold-Falk-Winther elements are considered,
while the backward Euler method is used for time stepping. Possible generalizations to other
schemes are also feasible. In this setting, well-posedness of the discrete problem is established
in a manner analogous to the continuous case, and an error analysis is carried out. Combined
with the approximation properties of the finite element subspaces, this provides the theoretical
rates of convergence in both space and time. With these choices of spatial and temporal
discretizations, the fully discrete scheme inherits momentum conservation, a key feature for
developing reliable numerical methods since it reflects the physical balance encoded in the

continuous model.

The rest of this thesis is organized as follows. In the remainder of this chapter, we introduce
the standard notation and functional spaces. In Chapter 2, we describe the model problem of
interest and we focus on the derivation of the stress-velocity-vorticity mixed formulation. In
Chapter 3, we establish the well-posedness of the weak mixed formulation through an auxil-
iary problem that is equivalent to the original one. In Chapter 4, we present a semidiscrete
continuous-in-time scheme, provide particular families of stable finite element spaces, and de-

rive error estimates for the proposed methods. Chapter 5 is devoted to the analysis of the fully
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discrete approximation. In Chapter 6, we present numerical examples in 2D and 3D that illus-
trate the theoretical results and highlight potential applications in challenging physical settings.
Finally, in Chapter 7 we conclude by summarizing the strategies employed in the analysis and

outlining possible directions for future work.

1.4 Preliminary notations

Let Q C RY, d € {2,3}, denote a bounded domain with Lipschitz boundary I' and let n
be the outward unit normal vector on I'. For s > 0 and p € [1,+0oc|, we denote by LP(Q)
and W*P(€2) the usual Lebesgue and Sobolev spaces endowed with the norms || - ||1p@) and

| - llwsr(e), respectively. Note that WOP(Q) = LP(Q). If p = 2, we write H%(Q) in place

of W52(Q), and denote the corresponding norm by || - ||n:(). By H and H we will denote
the corresponding vectorial and tensorial counterparts of a generic scalar functional space H.
The L?(€2) inner product for scalar, vector, or tensor valued functions is denoted by (-, -)q. The
L?(T") inner product or duality pairing is denoted by (-, -). Moreover, given a separable Banach

space V endowed with the norm || - ||y, we let LP(0,7; V) be the space of classes of functions

f:(0,T) — V that are Bochner measurable and such that || f||vr0,7,v) < 00, with

T
1 11p0.7v) :Z/O IF@OIVdt, [ fllieor) = etss[supllf(t)llv-

)

In turn, for any vector field v := (v;)L,, we define the gradient, the symmetric part of the

gradient, and the divergence operators as follows:

~ (v _ ¢ . & 0wy
VV.:< )J ld’ e(v) .:§(VV+(VV)), and div(v) :]Z:lé?x]

In addition, for any tensor fields 7 = (7;;)¢,_; and ¢ = (¢;;){,_;, we let div(7) be the divergence

operator div acting along the rows of 7 and define the transponse, the trace, the tensor inner
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product and the deviatoric operator, respectively, as

d d
1
= (), (T =T, TiC= 3 wGy and =T - S (n),
i=1 ij=1
where I stands for the identity tensor. Furthermore, in the sequel, we will make use of the

well-known Hoélder inequality, given by
b q ) 1 1
L1781l < 1 ooy lglhny ¥/ € L2(@), Vg €18, with =+ = =1
and the Young inequality, which for all a,b >0, 1/p+1/q =1, and § > 0, establishes that

§p/2 > .

Next, for each r € [1, +00], we introduce the Banach space

H(div,: Q) :— {’T e12(Q) :  div(r) € L’"(Q)} ,

endowed with the natural norm

|7 [|z(dive0) = [[TllL2@) + |div(T)||Lr@ V7 € H(div,; Q).

Additionally, we recall that, proceeding as in [29, eq. (1.43), Section 1.3.4], one can prove that

(1, +o00] in RZ,
for all r € ‘ there holds
[g, +oo} in R3,

(tn,v) = /Q {‘r :Vv+v: div(r)} Y (1,v) € H(div,; Q) x H'(Q). (1.5)

In addition, for all p > q, let i, : LP(£2) — L%(Q) denote the continuous inclusion, which

satisfies

lipall = 022/ (1.6)

and we also denote by i, 4 its vector-valued counterpart, which also satisfies (1.6) if we replace
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ipq DY ipq. Finally, we recall that H'(Q) is continuously embedded into LP(Q2) for p > 1 if

d=2,orpell,06]if d=3. More precisely, we have the following inequality
[wllie@) < lliplllwllm@) YweH(Q), (1.7)

with ||i,|| > 0 depending only on |2 and p (see [40, Theorem 1.3.4]).
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CHAPTER 2

The model problem and its mixed formulation

In this chapter, we present the model of interest and develop its mixed formulation based on

the stress tensor, the velocity, and the vorticity tensor.

2.1 The model problem

Our model of interest is given by the unsteady Brinkman equations with spatially varying
porosity (see, for instance, [11, 12,20, 30]), which, as explained in Chapter 1, describes the
transient flow of an incompressible fluid through a porous medium, combining viscous diffusion
with a Darcy-type resistance term. The spatial variability of the porosity modifies the mass
conservation law by weighting the storage of the fluid with the local pore volume, and leads to
heterogeneous permeability effects. More precisely, given a porosity distribution p: 2 —+ R, a

body force f : © x [0, T] — R%, and a suitable initial datum ug : Q© — RY, the system takes the

11



2.1. The model problem

form

p%?—dw@uﬂdw%+uK*u+Vp=f7 divipu) =0 in (0,77,
(2.1)

u=0 on I'x(0,7], u(0) =uy in 2, (p,l)o =0 in (0,77,

where the unknowns are the velocity field u and the scalar pressure p. The constant p > 0
represents the viscosity, and K denotes a symmetric permeability tensor whose inverse belongs
to L>°(€2). The equations are supplemented with a homogeneous Dirichlet condition, and further
insights into the non-homogeneous case are provided later in Remark 3.3. The last equation
in (2.1) serves to eliminate the indeterminacy in the pressure, which is commonly imposed to

ensure the uniqueness of the pressure field.

Regarding the permeability tensor, we assume that K~! is uniformly coercive. Namely,

there exists a constant Cx > 0 such that, for all v € R,
v.-K'v > Ck|v]*? in Q. (2.2)

In turn, we suppose that the porosity is positive and bounded, meaning that there exist con-

stants pg and p; such that

0<po<px)<m a.e. in €. (2.3)

Let us now introduce a new stress-velocity-vorticity formulation for (2.1). To this end, we
first rewrite the mass conservation equation in (2.1) as pdiv(u)+ Vp-u = 0, which immediately

gives

A

dmm:—<p

u) in Qx(0,7]. (2.4)

Moreover, by integrating (2.4) over (2 and using the homogeneous Dirichlet condition from (2.1),

we obtain the compatibility relation

(Vpp.u,1>0:0 in (0,7 (2.5)

12



2.1. The model problem

We now define the Cauchy stress tensor o and the vorticity v by

o :=2pupe(u) —pl and ~ := (Vu - (Vu)t) : (2.6)

DN | —

Taking the divergence of & and substituting it into the first equation of (2.1), yields

ou

pa%—,uK_lu—div(&):f in Qx(0,7]. (2.7)

In turn, taking matrix trace to the stress tensor in (2.6) and using (2.4), we get
1 ~ :
p=— (20 (Vp-u)+tr(3)) in Qx(0,1], (2.8)

so replacing this into the constitutive equation of & (cf. (2.6)), dividing by 2up, and writing

e(u) = Vu — ~ according to the definition of the vorticity, we obtain

1y 1 <vp ) ,
—oc"=Vu—v+-|[—-u|l in Qx(0,7]. 2.9
2 i\ (0,7] (2.9)
Thus, from (2.7), (2.9), and using (2.8), we deduce that (2.1) can be equivalently rewritten as
follows: Find &, u, and ~, with o symmetric and v skew-symmetric, in suitable spaces to be

indicated below such that

1

1
— ¢! =Vu—v+-
2pp

. (Vpp-u>]l in Qx (0,7,

pa—u +pKtu—div(e) =f in Qx(0,7],
ot (2.10)

u=0 on I'x(0,7], u(0) =uy in Q,
(2u(Vp-u)+tr(&),1)Q:O in (0,77.

We note that the pressure has been completely eliminated from our system, and it can be
recovered from p, u, and & according to (2.8). In this context, the last equation of (2.10)
is equivalent to the pressure uniqueness condition (p,1)q = 0 (cf. (2.1)). Moreover, it is

worth noting that the first equation in (2.10) allows the gradient Vu to be recovered via post-

13



2.2. The stress-velocity-vorticity weak formulation

processing from p, o, v, and u. Finally, enforcing the symmetry of & and the skew-symmetry
of v in (2.10) enables the vorticity to be obtained as the skew-symmetric part of Vu, as defined
in (2.6), which shows that, in fact, (2.10) is equivalent to (2.1).

2.2 The stress-velocity-vorticity weak formulation

In order to derive a weak formulation of (2.10) we initially consider u in H'(Q), test the
constitutive equation against a tensor field 7 € H(div,; 2), where ¢ € (1,+00) if d = 2, or
¢ € [6/5,+00) if d = 3, so that we are able to apply integration by parts according to (1.5)

with the homogeneous Dirichlet condition, arriving at

. 15'd7'd u, div(r T 1 @-u )] =
2M<p : >Q+(,d (T)a+ (v, T)a d(p ,t())Q 0. (2.11)

Since the gradient of the velocity was eliminated, the above equation remains meaningful even
when u is sought in a space larger than H'(Q). Specifically, the second term suggests that
u must be in L*(Q2), where s is the Holder conjugate of ¢, i.e. 1/s + 1/¢ = 1. Moreover,
the fourth term in (2.11) is estimated by using triple Holder inequality and the fact that
Jr(r) ey < VA 7l < VA 17 lsaiegoy, thus obtaining

[l
L™(©)

Ls(Q) HTHH(divg;Q) s (212)

(5 ) 21

where r := 2s/(s — 2) € (2,400], assuming s > 2, with the convention that r = +o00 if s = 2.
Although considering Vp/p € L"(2) with r < 400 is feasible in view of (2.12), we emphasize
that in the subsequent analysis we shall repeatedly require the specific assumption r = 4o0.
Nevertheless, we aim to preserve the generality of the Banach setting, that is, we keep u € L*(Q)
with s not necessarily equal to 2, while assuming Vp/p € L>(2). At the end of this section, we
provide additional comments on this assumption. Under this setting, we slightly simplify (2.12)

by applying Cauchy—Schwarz and the continuous inclusion is 5 (cf. (1.6)), thus obtaining

|u|

\V \V
<p-u,tr(7')> < VA |liss Hp
p Q p

ullLs@) |7 |l(dives) -
Lo ()

14



2.2. The stress-velocity-vorticity weak formulation

As a consequence of the previous discussion, the admissible ranges of s and ¢ are given by

[2,+oo) ifd=2,
s € and ! =
(2, 6] ifd=23,

(1,2]  ifd=2,
€ (2.13)
(6/5,2] ifd=3.

s—1

Now, returning to (2.11), we observe from the third term that it is enough to look for
in L%(Q) as 7 € H(div; Q). Moreover, in order to enforce the required skew-symmetry, we

further restrict 4 € L2, (), where
L@ = {nel2(@ : n'=-n}.

In turn, the symmetry of the stress tensor & € L?(Q) is weakly enforced by

(G,m)a=0 Vneli. . (Q). (2.14)

skew

Next, we test the momentum equation in (2.10) against v € L*(2), thereby obtaining
(pOru,v)g + p (K 1w, v)g — (div(a),v)a = (f, V) Vv eL¥(Q). (2.15)
Regarding the first term, using (2.3) and applying Cauchy—Schwarz inequality we find that

(poru,v)a < pr |0 ullL2o) VL2 @)

which is finite due to the fact that L#(Q) < L*(Q) for all s > 2. Similarly, recalling that
K=! € L>(Q), the second term in (2.15) is also well-defined since u,v € L*(Q2) with s > 2.
The third term in (2.15) forces the stress tensor & to belong to H(divy;$2). Despite the fact
that the right-hand side of (2.15) is well defined under the sole assumption f € L*(Q), we
restrict ourselves to the smaller space L?((2), since this will be required in our analysis of the

well-posedness of the weak formulation (cf. Theorems 3.8 and 3.9).
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2.2. The stress-velocity-vorticity weak formulation

We now recall the decomposition H(divy; Q) = Hy(divy; 2) & R 1, where
H(dive; ) = {T € H(div: Q) :  (tr(r), D)o = 0} , (2.16)

which means that, for all 7 € H(divy; (), there exist unique components 7y € Hy(divy; €2) and

Ar € R such that 7 = 79 + A . Moreover, it is easy to verify that
Ar = — (tr(7), ). (2.17)

Thus, applying this decomposition to the stress tensor, and using the last equation in (2.10)
to simplify the scalar expression in (2.17), we deduce the existence of unique components

o € Hy(div,; Q) and A\, € R such that

24

(Vp,u)g . (2.18)

In this regard, we notice that (2.11), (2.14) and (2.15) remain unaltered if & is replaced by o,
and, hence, from now on we seek o € Hy(divy; (2) instead of &. The original stress tensor can
be recovered through post-processing via (2.18). Furthermore, using (2.5) along with the fact
that v € L2, (), we notice that (2.11) trivially holds when 7 is any multiple of the identity

tensor. Therefore, we may restrict ourselves to test in Hy(divy; €2) instead of the whole space.

In order to rewrite our system in a more suitable way for the analysis to be developed in

the following chapters, we define the spaces
X := Hy(divy; Q) and Y :=L(Q) x L2_.(Q),

and set the notation

u=(uw~vy),vi=(v,neyY.

Under these definitions, it is natural to endow Y with the product space norm:

lly = [Vl + [[mllz)  VveY.

16



2.2. The stress-velocity-vorticity weak formulation

Hence, according to (2.11), (2.14) and (2.15), the weak formulation associated with (2.10) reads:
Given f : [0,7] — L3(Q2) and uy € L*(Q), find (o,u) : [0,7] — X x Y such that u(0) = uy
and, for a.e. t € (0,7,

[A(o (), 7]+ [B'(u(t)), 7] + [D,(u(t)), 7] = 0 vVreX,
(2.19)
gt[E(U(t)),V]—[B(U(t)),VH[C(u(t)),v] = [F(t),v] VveY,

Alo).7 = o (; o Td)ﬂ , (2.200)
[B(7),v] := (v,div(7))o + (1, 7)a, (2.20D)
[Dy(7), v = —Cll (Vpp : v,tr(r))Q , (2.20c)
[C(u),v] == p (K™ u,v)q, (2.20d)
[E(u),v] = (pu,v)q, (2.20¢)

and the right-hand side term F : [0,7] — Y’ is given by

In all the terms above, [-, -] denotes the duality pairing induced by the corresponding operators.
Additionally, we let B’ : Y — X’ be the operator defined by the relation [B'(v), 7] = [B(7), v]
for all (7,v) € X x Y. The operator D/, : Y — X' is defined analogously.

We conclude this chapter with additional comments on the assumptions considered herein.
First, we note that the hypothesis Vp/p € L>() is compatible both with the classical Hilber-
tian case s = ¢ = 2 and with the Banach case s,¢ # 2 in (2.13). Although the more general
assumption Vp/p € L"(Q) would be desirable, it cannot be accommodated within the tech-

niques employed in this work. We refer to [22], where the authors study the stationary Stokes

17



2.2. The stress-velocity-vorticity weak formulation

equations with variable density and impose a similar assumption, and to [20], which addresses
the convective Brinkman—Forchheimer equations with variable porosity under a less restrictive
setting, where Vp/p is considered in L"(€2) with » < 4o00. The techniques developed in the
latter work, however, are not fully applicable here due to the unsteady nature of the model
under consideration. In particular, the assumption Vp/p € L*(Q2) is crucial in the proofs of

Lemma 3.3 and Theorem 3.4.

On the other hand, it is also important to highlight that the use of Banach spaces rather than
Hilbert spaces is motivated by the potential applicability of this work to the analysis of coupled
models. For instance, the Brinkman model can be coupled with transport or heat equations. In
fact, a similar stationary model is analyzed in [14], where the convective Brinkman—Forchheimer
system is coupled with a nonlinear transport equation. In that setting, both the fluid velocity
and the concentration of a chemical species transported by the flow are required to belong
to a Lebesgue space LP, with p necessarily greater than 2. In general, such couplings demand
higher regularity of the shared unknowns, particularly when nonlinear interactions are involved.
Further examples of couplings formulated in Banach space frameworks can be found in [17, 18,

31].

18



CHAPTER 3

Well-posedness of the model

In this chapter, we establish the solvability of (2.19). To this aim, we first collect some prelim-

inary results that will be used in the forthcoming analysis.

3.1 Preliminary results

In what follows, a linear operator A from a real vector space FE to its algebraic dual E* is

symmetric and monotone if, respectively,
[A(z),y] = [A(y),z] Vz,ye E, and [A(x),z] >0 VzxeE.

In addition, let us denote by R(.A) the range of .A. We also recall that the dual of a seminormed

space is the space of all linear functionals that are continuous with respect to the seminorm.

The following result is a slight simplification of [42, Theorem IV.6.1(b)], whose proof is

presented in Appendix A. It will play a key role in establishing the existence of a solution
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3.1. Preliminary results

to (2.19).

Theorem 3.1. Let the linear, symmetric and monotone operator N be given from the real
vector space E to its algebraic dual E*, and let E be the Hilbert space which is the topological

dual of the seminormed space (E,| - |+), where
2], = [N(z),2]"/* VacE. (3.1)

Let M : E — E. be an operator with domain D = {x EFE: M(z) e E,i} Assume that M is
monotone and R(N + M) = E.. Then, for each f € W"(0,T; E.) and for each uy € D, there

is a solution u : [0,T] = E of
— (N(u(t)) + M(u(t)) = f(t) forae 0<t<T, (3.2)
with

N(u) € WH(0,T;EL), ut) €D forall 0<t<T, and N(u(0))=N(up).

One would like to write (2.19) in the form given by (3.2) and use this result to prove its
well-posedness. However, it turns out that this is not possible, since the operator arising from
the terms without time derivatives in (2.19) is not monotone. For this reason, we introduce an

auxiliary formulation equivalent to (2.19) by defining the linear operator B:X— Y as
[B(7),v] == [B(7),v] + [D,(7),v] VveYy,

and, for each ¢ € X, we let FC : [0, 7] — Y’ be defined, for all ¢ € [0, T], by
[Fe(t),v] = [F(1),v] - [Dy(¢).¥] VyveY.

The following result states the auxiliary problem and establishes its equivalence with (2.19).

The proof is straightforward and is therefore omitted.

Lemma 3.2. Let f:[0,7] — L?(Q) and uy € L*(Q). Then, (o,u): [0,T] = X x Y is solution
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to (2.19) if and only if u(0) = ug and, for a.e. t € (0,7,

[A(o(t)), 7] + [B'(u(t)), 7] = 0 VreX,
(3.3)

2 [E(u(t)),v] — B(a(t),v] + [Cu(t)),v] = [F,(t),v] VveY.

Next, we establish stability properties of the operators involved in (2.19). In fact, employing

Cauchy—-Schwarz and Holder inequalities, and the continuous inclusion is5 (cf. (1.6)), we find

that
1
o). 7| < 5 lolxlirlz, B, < I7lx vl (3.4a)
KpPo
lisall ||V
D,(7),v]| < =2 | =5 il (vl (3.4b)
D < B2t |5
[E@), vl| < p1 [licall [l Vi@ < o1 lis2l? ully vy, (3.4c)
[C(w),v]| < plfisal® 1K Lo ully [y, (3.4d)
and  |[F(t), V]| < [[iall [£(8) ]2 Iv]ly - (3.4e)

On the other hand, from (2.2) and (2.3), it follows that A, C, and E are monotone. Indeed,

1
(A7l 2 5 e [[C0)¥] 2 GVl (3.5a)

and |[B(v), vl > po [VIE2(0 - (3.5b)

We continue by establishing some inf-sup conditions needed for the subsequent analysis. We

begin with the following condition for B: there exists a positive constant  such that

sup [B(7), v] >Bvily VveyY. (3.6)

ozrex  ||ITllx

The proof follows from a straightforward generalization of [32, Lemma 3.5] (see also [31, Lemma

3.4]), where the case s = 4 and ¢ = 4/3 was analyzed, and is therefore omitted here. We
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remark that, to apply the same arguments as in these references, the continuous embedding
H'(Q) — L*(Q) (cf. (1.7)) is required. Since s € [2,+00) for d = 2 and s € [2,6] for d = 3
(cf. (2.13)), this embedding holds in our setting.

Now, we let V denote the kernel of B (cf. (2.20b)), which is characterized by
V= {7‘ eX : div(r)=0 and 7'= T}. (3.7)

In turn, from a slight modification of [29, Lemma 2.3] (see also [16, Lemma 3.1]), there exists

a positive constant ¢, such that
||Td||]L2(Q) + | div(T)|[Le) = el T2 (o) V1 eX. (3.8)

Then, for each 7 € V, we have that ||[7%p2@) > ¢ ||T]li2@ = c||7|lx. Consequently, the

monotonicity property of A (cf. (3.5a)) translates into a coercivity property in V, meaning that

2

C
A(T),7]|> |72 VTeV. 3.9
(A7) = 5 5Tl (3.9)

Thus, noting that A and C are symmetric, having established (3.6) and (3.9), and bearing
in mind that C is monotone (cf. (3.5a)), we can invoke [26, Theorem 3.4] to deduce that the
following problem is well-posed: Given (F,G) € X' x Y/, find (o,u) € X x Y such that

[A(o), 7|+ [B'(u), 7] = F(r) VreX,
B(o),v] - [C(u),v] = G(v) VveY.

This means that there exists a positive constant A, depending only on (3, ¢y, w, po, p1,
| K~y and |©], such that, for all ({,w) € X x Y, there holds
[A(C), 7] + [B'(w), 7] + [B(C), v] — [C(w), V]

N w < “ - 3.10
1(€, W) [lxxy ol v (T, v) lxxy 10
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3.2. Construction of compatible initial data and stability

3.2 Construction of compatible initial data and stability

In this section, we begin by constructing initial data vy and oy compatible with ug, a necessary
step to apply Theorem 3.1 in the context of (3.3). We subsequently derive a stability result for
problem (2.19).

Lemma 3.3. Assume that the initial condition uy belongs to L*(Q2) N H, where
H = {v EHLQ) : div(pe(v)) € LX(Q) and div(pv) =0 in Q} . (3.11)

Then there exist vy € L2, (Q) and o¢ € X such that, if we set uy := (ug,v0) € Y, there holds

A ]?)l (o %)
( ) ( ) € {0} x (LA(Q) x {0}).

-B C u,

Proof. Given uy € L*(Q) N H, we define
oo :=2upe(uy) + I and ~:=Vuy—e(uy) in (3.12)

with k£ € R chosen so that (tr(ey),1)q = 0. Since uy € H, we have div(pug) = 0 in €2, which,
as in (2.4), implies
Vp

div(ug) = — (p : u0> in . (3.13)

Then, noting that tr(eg) = 21 pdiv(ug) +d k and using (3.13), we find that « is certainly given
by

Moreover, we observe that
div(oy) = 2udiv(pe(uy)) € L*(Q),

so, consequently, oy € Hy(div; ) C X, where Hy(div; Q) := Hy(divy; 2). In turn, using once

more the fact that uy € H, we deduce vy € L2, (), with the skew-symmetry following directly

skew
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3.2. Construction of compatible initial data and stability

from the definition of e(up). In addition, from (3.12) we have ﬁ ol = e(uy)?. Using this,

the identity (3.13) and integrating by parts, which is valid since uy € H}(€2), we then perform

straightforward algebraic manipulations to readily obtain
[A(0g), 7] + [B'(uy), 7] =0 V7 eX. (3.14)

In turn, one checks that

~[B(00), ] + [C(ug),v] = [Go,v] Vv €L Q) x L, (), (3.15)
where G = (g, 0), with

(80, V] = —2,u<div(,0 e(uy)), V)Q + 2: (Vp -V, div(uo))Q +K (Vpp) V) + (K Mg, v)g .
Q

Thus, according to (3.14) and (3.15), we have arrived at

Gellz)(e)

It remains to verify that Gy belongs to L2(Q) x {0}. To this end, we apply the Cauchy-
Schwarz inequality, use that Vp/p € L>®(Q), exploit the identity (3.13), and then perform

algebraic manipulations to obtain

Mgo,v1)séo{||dw<pe<uo ez (H

+ \|K1HL°°(Q)) ||uo||L2(Q)} IvilLo(@)
(3.17)

with Cj := p max {2, dp;d~t + 1}. This shows that gy is a linear and bounded functional on

L2(Q), and, therefore, Gy € L%(Q) x {0}, as desired. O

Remark 3.1. By a slight modification of the proof of Lemma 3.3, we also obtain compatible

initial data for the original problem (2.19), constructed in the same way. More precisely, given
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3.2. Construction of compatible initial data and stability

u € L*(Q) NH, and taking o¢ and vy constructed as in (3.12), we have

A B +D o 0
g ° | = , (3.18)
-B C Uy GO

with Go := (g0, 0), where
(20, V] == —2u (div(pe(uo)), V)Q + (K_l uy, V)Q

We next derive a stability result for the formulation (2.19), employing arguments that are

similar in spirit to those in [24, Theorem 3.8] (see also [5, Theorem 3.9]).

Theorem 3.4. Let (o,u) : [0,T] — X XY be a solution to (2.19), with u(0) = uy € L*(Q)NH
(cf. Lemma 3.3) and £ € L2(0,T;L*(Q2)). Suppose that the porosity satisfies

dA N
HV’) <c,, with c,:= f min{l,po}. (3.19)
P L (q) 2 ||is ] 4p1

Then, o € L2(0,T;X), u € H'(0,T;L*(Q2)) N L*(0,T;L*()) and v € L*0,T;L2., (). In
addition, 04(0) = o and v(0) = ~,, where oy and ~y are given in (3.12). Moreover, there
exists a positive constant Cg, depending only on i, po, p1, Ck, [[K ! |Le@), A and |Q, such
that

”UH%Q(O,T;X) + ||u||i2(o,T;Ls(Q)) + ||u||i<>o(o,T;L2(Q)) + ||’Y||%2(0,T;JL2(Q))

) ) ) (3.20)
< Co {18120 iz + ol + le(wo)l e |

Proof. Let (o,u) : [0,7] — X x Y be a solution to (2.19). Then, we have the identity

[A(o), 7] + [B'(w), 7] + [B(0),¥] — [C(u), v] = —[D,

p

(), 7] + [0 E(u), v] - [F,v],

for all (r,v) € X x Y. Using this into (3.10), and then applying the esti-
mates (3.4b), (3.4c), (3.4e), and (3.19), we arrive at

aEu7¥_D/gaT_F7X
Aowly < sup  0EW@ Y~ Dy, 7]~ [F.y]
0#(T,v)eEXXY ||(T7X)||X><Y
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3.2. Construction of compatible initial data and stability

< p1[lisz]l [|9alez) f s 2l flalles @) + s 2ll [[£]lz @)

Now, using the fact that ¢, < vdA/(2||is2||), squaring and integrating over [0, 7], we obtain

Gy (HGHi?(O,T;X) + ”u“i?(o,T;LS(Q)) + ||’Y||i2(o,T;1L2(Q))>

T (3.21)
< [ N0l dt + o2 €1 rizace

where Cy := A?/(8 ||is2||* p}).

In order to bound the integral on the right-hand side of (3.21), we differentiate in time
the first equation in (2.19), test the system against (o, du), and, then, after summing both
equations, applying the monotonicity properties (cf. (3.5a) and (3.5b)), and using Cauchy—

Schwarz and Young’s inequalities (cf. (1.4)), we get

1

1 (1,4 e et 9 Vp
Oy <4N (pa' , O >Q+2(K u,u)o | +po Hf?tuHLQ( = (f,0u)q + d p - Opu, tr(o) )

1 5
7(5 ||f||L2 5 Hatll”iz(Q) + Cp ||6tu||%2(9) +

0 & o2
2\/3 25\/3 L2(Q) »

whence, by choosing § = po and 6 = v/d po/(2¢,), it follows that

2

1 1 2¢
a(@fpﬂ+MKme 20l < o IElaey + 52 Iy (3:22)
Q

24 d po

Now, integrating from 0 to ¢t € (0,7], and using (2.2), (2.3), together with the fact that

K~! € L>(Q), we perform some algebraic manipulations so that the previous estimate becomes

—— |l (D)) +

) ooy + [ 100(5) s oy ds
2 1
sﬁ/w a0 %+W/wompdwwwamm® (3.23)

*0 HKAHJL“’(Q) Hu(O)HLQ(Q) 5

for all £ € (0,7]. We now use that 4c3/(dpg) < C1/2 (cf. (3.19)), and, by a straightforward
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3.2. Construction of compatible initial data and stability

application of the definition of the Bochner norms, (3.23) implies that

T 2 Ch 1
/ 10 ()[F2(0) dt < 5 [1El1E2071200)) + 5 o 122071200 + 3 104 (0)[[E2(0
0 ot 1p

2u _
+ o 1K™ | o) ||11(0)||i2(9) - “uHiN(O,T;LQ(Q)) ;

which proves that du € L2(0, T; L?*(2)). We have neglected the first term in (3.23) in order to

simplify the estimate.

Next, to bound the term Had(O)HiQ(Q) in (3.24), we first notice that the first equation
in (2.19) implies that the left-hand side, as a function from [0,7] to R, belongs to the same
L>°(0,T)-class as the null function. Consequently, the left-hand side can be viewed as a con-
tinuous function in time and we can let ¢t — 0% in the first equation of (2.19), use the fact that
u(0) = uy, and subtract it from the first row of (3.18) with oy and 7, constructed as in (3.12),
thus obtaining

[A(og—0(0)), 7]+ (v —7(0),T)o=0 VT eX. (3.25)

In turn, by testing the second equation in (2.19) with v = (0,n(¢)) and letting ¢ — 0", which
is valid by the same reasoning mentioned above, we obtain that o(0) is weakly symmetric.
Since oy is also symmetric (cf. (3.12)), it follows that oy — o(0) is weakly symmetric. Then,
testing (3.25) with 7 = o9 — ¢(0), and observing that the second term vanishes by weak
symmetry, we get

[A(ogg—0a(0)),00 —0(0)] =0.

In view of the monotonicity of A (cf. (3.5a)), this implies 09(0) = o§. As a consequence, using
the inf-sup condition (3.6) together with (3.25), we obtain directly that v(0) = . Moreover,
from (3.12) and (2.3), we also deduce that

lo(0)l2(@) = ol < 201 lle(uo)llzce) -
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3.3. A fixed-point strategy

Finally, replacing this into (3.24), and combining it with (3.21), gives (3.20), with constant

[ 2max {08 +20%, 4 p? o3, 20 po 7 IK o) }
B I= . '
min {01 p% Y, 4 Ck po P%}

3.3 A fixed-point strategy

In order to establish the well-posedness of (2.19), we shall prove that, under certain conditions
on the porosity, the problem (3.3) has a unique solution. To that end, we propose a fixed-point

strategy. Let us introduce the operator J : L*(0,T;X) — L*(0,T;X) as
J) =0 V¢eL?0,T;X),
where (o, u) is the unique solution (to be confirmed below) to
[A(o(t), 7] + [B'(u(t). 7] = 0 VreX,
(3.26)

o [E(u(t)),v] - [B(a(t),v] + [C(u(t),v] = [F(t).v] VveY,

for a.e. t € (0,7) and u(0) = uy. We stress here that the operator J is naturally defined on
L%(0,T;X), as suggested by the stability result (cf. Theorem 3.4). Notice also that solving (3.3)

is equivalent to finding a solution to the fixed-point equation
J(o)=0. (3.27)

Now, to show that J is well-defined, we shall prove that (3.26) admits a unique solution by

employing Theorem 3.1. For this purpose, we observe that (3.26) can be written in the form
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3.3. A fixed-point strategy

of (3.2) with
00
E=XxY, u=(o,u), N-= and M = . (3.28)

Let £} denote the Hilbert space defined as the dual of (X x Y, |-|,), where |- |, is the seminorm
induced by E (cf. (3.1)), and is given by

(T, 9). = (pv,v)g®  Y(r,v)eXxY.

Since p is positive and bounded (cf. (2.3)), it is straightforward to show that E. is isomorphic
to {0} x (Lz(Q) X {0}) Accordingly, we are able to define the spaces

EL:= {0} x (LA(Q) x {0}) and D::{(T,V)EXXY: M(T,v)eE;}.

Notice that the range condition in Theorem 3.1 is equivalent to prove the existence of a solution

to the following resolvent system: Find (o,u) € X x Y such that

[A(o), 7]+ [B'(u), 7] = 0 VT eX,
(3.29)
[E(O’),X] - [(E—FC)(E),X] = _(f7V)Q VXEY,

where f € L%(Q) so that (0, (f,0)) represents an arbitrary element of E/. In a similar way
to how we proved the global inf-sup condition (3.10), we shall invoke [26, Theorem 3.4] to
establish the well-posedness of (3.29). In this way, we now focus on verifying the hypotheses
of this theorem, starting with the inf-sup condition of the operator B. Notice that, in order to

relax the assumption on the datum p, in the following two intermediate lemmas we can suppose

Vp/p € L"(Q) with r = 2s/(s — 2) as in (2.12).
Lemma 3.5. Assume that the porosity satisfies

< \/gﬁ, (3.30)

WW
P L)
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3.3. A fixed-point strategy

with 8 as given in (3.6). Then, the following inf-sup condition holds:

B
sup [B(7),v]
oxrex  ||Tlx

Proof. Since L*>°(§2) — L"(€2), we can use (2.12) to bound D,, and then employ the assump-
tion (3.30) along with the inf-sup condition of B (cf. (3.6)), to obtain

sup > sup el > 2 vl

[B(7),v] [B(1),v H
ozrex [ Tllx 7 ozrex ||T||x Vd

L7 (Q)

]

Let V be the kernel of the operator B, which, by standard duality and orthogonality argu-

ments, can be characterized as

WN/:{TGX: div(T) = ilvpptr() and Tt:’T}. (3.31)

Employing this subspace, we now establish an inf-sup condition for A.

Lemma 3.6. Let ¢; be as in (3.8), and assume that the porosity satisfies

Then, there exists a positive constant o, depending only on p, p1 and cy, such that

ng
2

(3.32)

sup > allollx VoeV.

oxre [ Tlx

Proof. Given o € V, we have div(o) = L (Vp/p)tr(o) (cf. (3.31)). From this identity, we
apply Hélder’s inequality, use (3.32) and the fact that [[tr(0)||r2() < Vd||o ||z, to get

. 1| Vp
jaiv(o) o < |

Cr
[tr(o)[lr2(e) < B oLz (@) - (3.33)
L7 ()

Combining this estimate with (3.8) gives % [|o|li2@) < [l0L2@). Adding to both sides
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3.3. A fixed-point strategy

3 |div(o)||Le(q) and using again (3.33), we obtain
Cy 1 . d Cy
B o ||z (o) + 5 |div(o)||e) < [l lLzo) + 1 oLz -

Consequently,

1 .
5 min{ee. 2} oz < o e -

Then, by using the boundedness of p (cf. (2.3)) together with the above estimate, we arrive at

A O'd 2 3 2 4
sup [A(o), 7] > 10|22 > min{c;, 4} ol
07&-@7 ||THX QMpl ||0'HX 32lup1
which completes the proof with o = min{c?,4}/(32up1). o

Lemma 3.7. Suppose that the porosity satisfies (3.30) and (3.32). Then, for all f € L2(92),

there exists a unique solution to (3.29).

Proof. 1t is clear from the definition of A and E + C (cf. (2.20a), (2.20d) and (2.20e)) that
they induce symmetric bilinear forms. Furthermore, from the monotonicity of A, E and C

(cf. (3.5a) and (3.5b)), we have

[A(T), 7] ITlE2@) > 0 and  [(E+ C)(v),v] > (po + 4 Ck) [VI[E2i) > 0.

2 R
2pp1

for all 7 € X and v € Y, which means that A and E + C induce positive semi-definite bilinear
forms. On the other hand, by Lemmas 3.5 and 3.6, we also have the inf-sup conditions required
by [26, Theorem 3.4]. Thus, applying this result in our context, we conclude that, for each
f e L2(Q), (3.29) is well-posed. O

With this result at hand, we are in a position to prove the well-posedness of (3.26), and

hence that J is well-defined.

Theorem 3.8. Suppose that the porosity p satisfies (3.19), (3.30) and (3.32). Furthermore, let
f e Wh(0,T5L%(Q)) N L2(0,T;L2(2)) and uy € L*(Q) NH (cf. (3.11)) be given. Then, for
each ¢ € L*(0,T;X), satisfying in addition that ¢ € WH(0,T;1L%(Q)), J () is well-defined.
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3.3. A fixed-point strategy

More precisely, there exists a unique solution (o, u) to (3.26) such that o € L*(0,T;X), u €
W (0, T3 () N L2(0, T5 L), € L0, T L2y (), (0) = uo, 04(0) = o, 7(0) = 0

skew
(c¢f. (3.12)), and J(¢) = o. Moreover, there exist positive constants Cg and Cz, with Cg
depending only on p, po, p1, K lLe(), A, d and |9, and Cy depending only on po, p1, A,
d and ||, such that

170 < Co{ IElzorzzon + ol + lle(o) oo |

Vp
— €2 0.75%) -
Lo ()

(3.34)
+Cy

Proof. Recalling the notation introduced in (3.28), we note that A is linear, symmetric, and
monotone, which follow directly from the properties of E. Similarly, M is monotone since both
A and C are monotone. Moreover, by Lemma 3.7, for all (0, (f, 0)) € E., there exists a unique
(o,u) € X x Y such that (M + M)(o,u) = (0, (f,0)). This implies that E. = R(N + M).
Furthermore, owing to the fact that uy € L*(2) N H, Lemma 3.3 ensures the existence of
compatible initial data such that (og,u,) € D. In turn, since f € WH(0,T;L*(Q)) and
¢ € WHH(0, T;1L%(Q)), we have that Fe € W'(0,T; E'). Thus, by Theorem 3.1, we deduce the
existence of a solution (o, u) to (3.26), where u € Wh(0, T; L*(Q2)), M(o (t),u(t)) € E., and
u(0) = ug. Moreover, by an argument similar to that in the proof of Theorem 3.4, we obtain
04(0) = ad, v(0) = 7o, and the desired regularity of the solution. In particular, proceeding as

in (3.20), we get the following estimate for o

2

Vp

||C’||i2(o,T;X) <Ci {Hin?(O,T;L?(Q)) + ||u0||%2(9) + ||e(u0)||J2L2(Q)} +Cy || — ||C||%2(O,T;X) ;
)
(3.35)
where
16 max { p& + 293 , 41 p3 p3 , 211 po 7 [|K " e o) } 16 (p2 + 4p3) d~
1= VR TP R and () := s a1
A2 pf |Iis 2| A? pg ||is 2]

Then, by taking the square root in (3.35), some algebraic manipulations yield (3.34). To prove
uniqueness of the solution, by linearity of the problem, it suffices to show that (3.26) admits

only the trivial solution with the data f = 0, ug = 0, and ¢ = 0. Certainly, one can establish
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3.3. A fixed-point strategy

estimates for u and ~ similar to (3.35), once again relying on the arguments employed in the
proof of Theorem 3.4. In this way, from (3.35), it turns out that if the data vanish, then the
solution must be trivial. Therefore, (3.26) admits a unique solution, which implies that J is

well-defined. This completes the proof. O

Remark 3.2. Although the construction of the operator J requires the additional assumption
¢ in WH(0, T, 1L%(QY)), the fized-point argument is carried out in the Banach space L*(0,T;X).
Once the fixed point is obtained, the time reqularity of the solution follows by differentiating the
system (3.26) with respect to time and proceeding exactly as in the proof of the stability result (cf.
Theorem 3.4), thus obtaining Oyo € 12(0, T; X), which gives o € H (0, T;X). In particular, o €
W0, T;1L%(Q)) and the previous result can therefore be applied once again. This observation
is fully consistent with the time regularity imposed on { in Theorem 3.8. For the sake of
brevity, we omit further details. We only note that, analogously to (3.23), the resulting estimates
involve the initial conditions for the time derivatives of o and u. Henceforth, we assume that

10:0%(0) |12 and ||Gu(0)|2(q) are finite.

We finally are able to prove that the fixed-point equation (3.27) has a unique solution under

certain assumptions on the porosity.

Theorem 3.9. Suppose that the porosity p satisfies (3.19), (3.30) and (3.32). Furthermore,

assume that
v

C
T e

<1. (3.36)
Lo (©)

Then, given f € WH(0, T;L3(Q)) N L2(0,T;L*(Q)) and uy € L*(Q) NH (cf. (3.11)), there
exists a unique (o, ) solution to (2.19) with u(0) = vy, o4(0) = ad, v(0) = v (¢f. (3.12)),
and J(o) = o. Moreover, o € L*0,T;X), u € Wb(0,T;L%3(Q)) N L3(0,T;L*(Q2)) and
~ € L2(0, T; LA, (), all of them satisfying (3.20) in Theorem 3.4.

skew

Proof. We first notice that it is enough to prove that the fixed-point equation (3.27) has a
unique solution. Once this is established, Lemma 3.2 ensures that (2.19) admits a unique
solution, whose regularity then follows from Theorem 3.4. We therefore focus on the former. In

this regard, by Theorem 3.8 the operator J is well-defined. We now show that 7 is Lipschitz
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3.3. A fixed-point strategy

continuous. Given {;,¢; € L%*(0,T;X), since (3.26) is linear, we have that J(¢1) — J(¢2)
corresponds to the unique solution to (3.26) with f = 0, ug = 0 and ¢ = {; — 2. Thus,
applying the estimate (3.34), we obtain

Vp

— 161 — Callr20,r:x) 5
P Lo ()

1T (C1) — T (&) L2y < Cr

which implies that J is Lipschitz continuous. Moreover, using (3.36), J is a contractive
operator on the Banach space L?(0, T’; X), so that the Banach fixed-point theorem ensures that

J admits a unique fixed-point. Hence, (3.27) has a unique solution, as desired. O

Remark 3.3. [t is worth noting that our analysis can be readily extended to the case of a
non-homogeneous Dirichlet boundary condition in (2.10), in a manner similar to [43, Section
2] (see also [21, Theorem 4.10]). Specifically, if we prescribe u = up on I' x (0,T] for some
time-dependent Dirichlet datum up : [0, T] — HY?(T'), a solution can be constructed as follows.

Let (or,ur) € X x Y solve the problem

[A(or(t)), 7]+ [B'(up(t), 7] + [D)(ur(t)), 7] = (rn,up(t))r VT eX, -
[E(ur(?)),v] — [B(or(t)), v] + [Clur(?)),v] = [F(t),v] Vvey,

for allt € (0,T]. Notice that for each fized t € (0,T], the problem (3.37) is indeed well-posed
owing to a slight modification of the structure studied in Lemma 3.7 (see also (3.29)). Then,

having up as data, we may define (oy,uy) : [0,T] = X x Y as the solution of the problem

[A(ou(t)), 7] + [B'(uy(t)), 7] + [D)(uy(t), 7] = 0 VreX,
O [E(uy(1)), v] — [B(ou(t)),v] + [C(uy(?),v] = [E(ur(t)) — aE(ur(t)),v] VveyY,
(3.38)

which is also well-posed, as follows from the analysis developed in this section, by replacing
the corresponding right-hand side in (2.19). Consequently, taking into account the linearity
of both (3.37) and (3.38), it is straightforward to verify that (o,u) = (or,ur) + (o, uy) s
indeed a solution to the weak formulation of (2.10) with non-homogeneous Dirichlet boundary

conditions.
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CHAPTER 4

Semidiscrete continuous-in-time approximation

In this chapter, we introduce and analyze the semidiscrete continuous-in-time approximation
of (2.19). The solvability is established by adapting the arguments introduced in Chapter 3.

Subsequently, we derive error estimates and identify the corresponding convergence rates.

4.1 Preliminaries

Let T, be a shape-regular triangulation of {2 made up of triangles K (when d = 2) or tetrahedra
K (when d = 3) of diameter hg, and define the mesh-size h := max {hK K € ﬁl}. For a
given integer k > 0 and K € T, we let Px(K') be the space of polynomials of total degree at
most & defined on K. Its vector and tensorial counterparts are denoted by Py (K) := [P (K)]?
and Py (K) := [Py(K)]%*¢, respectively. In addition, we let RT}(K) := Py(K)+Py(K)x be the
local Raviart-Thomas space of order k defined on K, where x stands for a generic vector in R¢.
We denote by RT,(K) the tensor space of functions whose rows lie in RT(K). Furthermore,
we let bx be the bubble function on K, which is given by the product of its d + 1 barycentric
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coordinates. The local bubble space of order k is then set as

By (K) = curl(bg Pr(K)) ifd=2,

curl(bg Pr(K)) ifd=3,

where the curl operators are defined as curl(v) := (8%, —5—;}1) forv: K - R (if d = 2), and
curl(v) := Vx v for v: K — R? (if d = 3). Finally, B;(K) denotes the space of tensor
functions in which each row belongs to By (K). With these notations at hand, we introduce

the following global finite element spaces:

Pmn:{weL%n: mmePuK)VKEE}
P) = {m € 12(Q) © milx € Bu(K) VE €T,
RTk(Q) = {Th € H(dlv, Q) : Th|K S RTk(K) VK € IEL})

an:{nemmwm; mmemm3VKeﬁ}

Let X;, C Ho(div,;Q), H € L¥(Q) and H) C L2,.(Q2) be finite-dimensional subspaces
forming a stable finite element triplet for the Banach spaces-based mixed elasticity with weakly
imposed stress symmetry. This means that there exists a positive constant 4, independent of

h, such that

B(T ,\ VvV u
sup M Z ﬁd ||Xh||Y th = (th’r’h> & Yh = Hh X HZ . (41)
0#TheX), ||’7_h||X

We immediately stress that (4.1) is the discrete counterpart of the inf-sup condition (3.6). Fur-
thermore, we point out that there exist several stable triples satisfying (4.1) with s = ¢ = 2,
which corresponds to the classical Hilbertian framework. Examples include the Amara—
Thomas element [4], PEERS [8,39], Stenberg [44], Arnold—Falk—Winther [9], and Cockburn—
Gopalakrishnan—Guzman [25] families. As established in [32, Lemma 4.8], if a triplet of finite
element subspaces of H(div; ), L*(Q2), and L2, (Q) forms a stable triplet for linear elastic-

ity in the Hilbertian setting, then, under certain assumptions detailed therein, these spaces
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also satisfy (4.1). That is, stability extends to the Banach setting. In particular, as shown
in [32, Section 4.3.3], the Arnold-Falk-Winther and PEERS elements fulfill these assumptions.
Therefore, we shall focus on these two families. To be precise, the Arnold-Falk—Winther ele-
ment of order k, denoted AFWy, consists of the following subspaces:

Xy o= Pepr (Q) NH(div;Q), HY:=P,(Q), and H) :=L2

skew

Q) NP(Q). (4.2

In turn, the plane elasticity element with reduced symmetry of order k, denoted by PEERS;,

is defined by
X, = RT,(Q) @ BL(Q), HY:=Py(Q),
" (4.3)
7:| X

and  HY := [C(Q)] N3, () NPria(Q).

skew
We notice that, even in the general framework where s and ¢ are not necessarily equal to 2,
by setting X, := X, N Hy(divy; Q) both for AFW, and for PEERS,, the triplet (X, HY, HY) is
conforming with the continuous setting. Next, by letting w;, := (ux,yn) € Y, the semidiscrete
continuous-in-time problem associated with (2.19) reads: Find (o, 1) : [0,7] — Xj, X Y}, such

that, for a.e. t € (0,7,

[A(on(t)), 7] + [B'(wy (1)), 7] + [Dy(us(t)), 7] = 0 V1, € Xy,

(4.4)
;[E(uh<t))7vh]_[B(Uh(t))>vh]+[C(uh(t))>vh] = [F(t),v)] Vv, €Yy,

and uy,(0) = up,, where (04,0, 9) = (4,0, (Un0,Yn0)) is a suitable approximation of (o7, 1),

which is the solution to (3.18). Namely, we choose (p,0,1;) € Xj, x Y}, solving

[A(ono), 0] + [B'(Ws0), 7] + [D),(ws0), 7] = 0 V1, € Xy,
(4.5)

—[B(ono), vi] + [C(Eh,o)azh] = [Go,vp] Vv, €Yy,

where Go = (g, 0) is the linear functional defined as the right-hand side of (3.18). Notice that

Gy € Y'. In fact, by applying Cauchy-Schwarz inequality and the continuous embedding i; -
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4.2. Existence and uniqueness of a solution

(cf. (1.6)), we have
[Go, V]| < Co {lldiv(pe(uo)) o) + lnollzo | Ivlly ¥y eY, (4.6)

where Cy := 24 [|iso|] max{1, [K™!||L(q)}. We stress here that we are assuming the hypothesis
of Lemma 3.3, that is, up € L°(Q2) N H. The well-posedness of (4.5) is established below, in

Lemma 4.1.

4.2 Existence and uniqueness of a solution

Following the approach of the continuous formulation (cf. Chapter 3), we aim to prove the
solvability of (4.4) by introducing a fixed-point strategy. To that end, we first let V, be the

discrete kernel of B, which is given by
Vy = {Th €Xy, ¢ [B(mh),vy] =0 Vv, € Yh}.
In turn, from (4.2) and (4.3), we notice that div(X,) C H}!. Thus, V,, can be characterized as
Vi, = {Th €Xp, @ div(m)=0 in Q and (g, Th)o=0 Vn, € HZ}

Notice that although V), is not a subspace of V (cf. (3.7)), the coercivity of A also holds in the
discrete kernel V,, (cf. (3.9)), since the divergence-free condition was the only property required
in the argument. Consequently, bearing in mind (4.1) and following the same reasoning did it to
prove (3.10), this time applying [26, Theorem 3.5], we obtain the existence of a positive constant
A4, depending only on Sy, ¢, i, po, p1, KL () and |Q|, such that, for all (¢, wy,) € X, x Y,
there holds

Ag || (Chy W) llxxy < sup [A(Ch), ] + [B'(Wy,), 7] + [B(Ch), vp] — [C(wy,), vy,]

0#(T}L7Xh)€XhXYh |’(Th7Xh)HXXY

(4.7)

38



4.2. Existence and uniqueness of a solution

Having established this inf-sup condition, we are in a position to prove the well-posedness

of (4.5).
Lemma 4.1. Assume that uy € L*(Q) NH (¢f. (3.11)) and the porosity satisfies

< ‘/EzAd . (4.8)

HW
p

L™(Q)

Then, there exists a unique solution (o0, 0y) € Xy X Yy, to (4.5). Moreover, there exists a

positive constant Cp 4, depending only on Aq and Cy (cf. (4.6)), such that

|(@no i)y < Coa {divipe(uo)) ez + Iuolleeca) }- (19)

Proof. Similarly to [13, eq. (4.17)—(4.18)], we employ the inf-sup condition (4.7), the stability
property of D, (cf. (3.4b)), and the assumption (4.8), to establish a global inf-sup condition
analogous to (4.7), but incorporating D,. Similarly, it can be verified that this condition
also holds when taking the supremum over the other component. Therefore, by invoking the
Banach—Necas-Babuska Theorem (see, e.g. [27, Theorem 25.15]), we conclude that (4.5) is
well-posed, together with the corresponding a priori estimate. For the sake of brevity, we omit

further details and refer the reader to [13, Lemma 4.3] for a similar analysis. [

Observe that (4.7) enables the stability of (4.4) to be established by following the same
arguments as in the continuous case (cf. Theorem 3.4). Although the precise statement is
deferred to Theorem 4.7, this observation motivates the introduction of a fixed-point operator
Js: L2(0,T;X,) — L2(0,T;X},) on the space L2(0,T;X},), in a similar fashion as in (3.26). The
operator J; is then defined by

jd(Ch) = oy, \V/Ch - LQ(O, T; Xh) ,
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where (o,u) : [0,7] — X}, x Y}, is the unique solution (to be confirmed below) to

[A(on(t), 7] + [B'(un(t), 7] = 0 v, € X,

; (4.10)
o [E(u,(t)),v,] — [B(ow(t),vi] + [C(uy(t),va] = [Fe,(t),v4] Vv, €Yy,

for a.e. t € (0,T) with u,(0) = usp, where (a7,0,15) € Xj, x Y}, is the unique solution (to be

confirmed in Lemma 4.5) to

[A(oh0), Th] + [B/(Eh,o),‘l'h] =0 Vi, € Xy,
(4.11)

—[B(on0),vi] + [Cupy),vs] = [Go,v;] Vv, €Yy,

with Go = (8o, 0) the linear functional on the right-hand side of (3.16). It follows from (3.17)
and the continuous embedding iy5 (cf. (1.6)) that Gy € Y’. To prove the unique solvability
of (4.10), we first establish the discrete counterpart of Lemma 3.5. The proof is analogous to

the continuous case, employing the discrete inf-sup condition (4.1) in place of (3.6).

Lemma 4.2. Assume that the porosity satisfies

d
HVp - Vd pq | (4.12)
with By as given in (4.1). Then, the following inf-sup condition holds:
B
sup B M S Bay o gy ey (4.13)
0#TREX) ||Th||X 2
Next, we define V), as the discrete kernel of the operator B, namely

V= {Th eXy : [B(mh),v,] =0 Vv, € Yh}. (4.14)

Then, we have the following result, which serves as the discrete counterpart of Lemma 3.6.
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4.2. Existence and uniqueness of a solution

Lemma 4.3. Let ¢; be as in (3.8) and assume that the porosity satisfies

\/305
(4.15)
H =3 sl
Then, with the same constant o as in Lemma 3.6, which is independent of h, it holds
A -
sup [Alon), 7] > alo|x VopeV,. (4.16)
0rmet,  ITnllx

Proof. Let o, € V. Since div(e,) € HY, we can use (4.14) with v, = (div(s},),0) € Y.

Then, we apply Cauchy—Schwarz inequality along with (4.15), thus obtaining

. 1 [V . cr
||dlv(‘7h>||i2(ﬂ) = d (pp ' le(Uh),tT(Uh)> > m ||d1V(Uh)||L2(Q ||Uh||L2(Q)

Now, using this estimate and the continuous embedding iy,, which satisfies ||iz/| =
Q=070 = |Q)(=2/25) = ||i 5| (cf. (1.6)), we find that
. . . Cy
1div(on)llLeq) < [isall [[divien)llez o) < < llonlize)
Having this established, the rest of the argument proceeds exactly as in the proof of Lemma 3.6,
thereby showing that (4.16) holds with the same constant. We omit further details. ]

Lemma 4.4. Suppose that the porosity p satisfies (4.12) and (4.15). Then, for all fe L2(9),

there exists a unique solution (o, uy) € X, X Yy, to the problem

[A(Uh)> Th] + [B/(Qh)ﬂ-h] =0 Vi, € Xy,
(4.17)

B(ow).vi] = [(E+C)w),v] = —(Evi)a Vv, €Yy,

Proof. Bearing in mind Lemmas 4.2 and 4.3, and recalling that A and E + C induce symmetric
bilinear forms, we apply [26, Theorem 3.5] to conclude. ]

Certainly, Lemma 4.4 proves the range condition of Theorem 3.1 in our discrete setting,

thereby establishing the discrete counterpart of Lemma 3.7. Moreover, by neglecting the oper-
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4.2. Existence and uniqueness of a solution

ator E in (4.17), we also prove that, under the same assumptions as in Lemma 4.4, the problem
associated with the initial conditions (4.11) has a unique solution. We state this in the following

result.

Lemma 4.5. Assume that vy € L*(Q2) N H (¢f. Lemma 3.3) and that the porosity p satis-
fies (4.12) and (4.15). Then, the problem (4.11) has a unique solution (oh0,0y) € Xp X Y.

Moreover, there exists a positive constant éo,d, depending only on «, Ba, ||[K™ L), po, and

Co (cf. (3.17) ), and thus independent of h, such that

Ionollz + lunolly < Coa { Idivipe(uo) iz + ol | (418

Proof. Similarly to the proof of Lemma 4.4, we invoke [26, Theorem 3.5] to ensure existence
and uniqueness of the solution. Moreover, we use the a priori estimate provided by the same
result, together with the continuity of Gy established in (3.17), to obtain (4.18). We omit
further details. O

The following result shows that (4.10) has a unique solution, which means that J is well-

defined.

Theorem 4.6. Suppose that the porosity p satisfies (4.12) and (4.15). In addition, let f €
WHH0, T L2 () NL2(0, T; L*(Q)) and ug € L*(Q2) NH be given, and let (op0,1,) be solution
to (4.5). Then, for each ¢, € L2(0,T;X},) satisfying in addition that {, € WH1(0, T;1L23()),
Ja(Cr) is well-defined. More precisely, there exists a unique solution (o, uy) to (4.10) such
that o), € L2(0,T3X,), w, € WHe(0, T;HY), v, € L*(0,T5H)), un(0) = upp, o51(0) = ofy,
Yu(0) = Yo, and Js(Cn) = 0. Moreover, there exist positive constants CN’B@ and Cg,, with C~'B7d
'l

depending only on u, po, p1, ||K ™ |lLe), Ag, C~‘07d, d and |92, and Cg, depending only on py,

p1, Mg, d and |Q|, such that

1 Ta(C) 2o < Cag {HfHL2(o7T;L2(Q)) + [[div(pe(ug))||L2) + HUOHL2(Q)}

vy (4.19)

+ OJd

1€hllL207:x) -
Loo(0)

Proof. Using the fact that X;, € X and Y, C Y, the proof is identical to the proof of
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4.2. Existence and uniqueness of a solution

Theorem 3.8, this time relying on the discrete inf-sup conditions established in this chapter
(cf. (4.1), (4.13), and (4.16)), the discrete initial conditions (cf. (4.11)), and the estimate (4.18)

given in Lemma 4.5. O

We finally obtain the main result of this section, which is the existence and uniqueness of
a solution to (4.4) along with the stability of the discrete problem. We note in advance that
the time regularity of o can be improved to H'(0,T;X},) by arguments analogous to those

presented in Remark 3.2.

Theorem 4.7. Suppose that the porosity p satisfies (4.12), (4.15),

dA V
HW < Cpa with ¢y = \/— d min{lypo}, (4.20)
P lpe oy 2 [[is,2]] Ap:
and
\Y
Co |22 <1. (4.21)
p Loo(Q)

Then, given £ € WH1(0,T;L3(Q2)) N L2(0,T;L3(2)) and uy € L5(Q) N H, and denoting by
(Oho,Up0) the unique solution to (4.5) (cf. Lemma 4.5), there exists a unique solution to (4.4)
with oy, € L2(0,T;X,,), u, € WH(0, T Hp), v, € L2(0, T;HY), un(0) = upy, o5 (0) = 0',‘%70,
Yu(0) = Yno, and Js(op) = o Moreover, there exists a positive constant Cy 4, depending only

on w, po, p1, Cx, K |Lee(e), Mg, Coa, d and |Q|, such that

H0'h||i2(o,T;X) + ||uh||iQ(0,T;LS(Q)) + ||uhHi°°(0,T;L2(Q)) + ||7h||iQ(O,T;1L2(Q))

(4.22)
< Coa {160 0 iz + v (p () 2oy + ooy}

Proof. Employing the same arguments as in the proof of Theorem 3.9, from (4.19) one verifies
that J; is Lipschitz continuous with constant C'z, ||Vp/pl|L~(q). Under the assumption (4.21),
the fixed-point operator is a contraction, and the Banach fixed-point theorem yields the solv-
ability of (4.4). The stability estimate (4.22) then follows by the same reasoning as in The-
orem 3.4, this time relying on the discrete global inf-sup condition (4.7) and applying the
assumption (4.20). Finally, in analogy with Lemma 3.2, it is straightforward to show that (4.4)

is equivalent to (4.10) with ¢, = o, and that the initial conditions coincide. We omit further
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4.3. Error analysis

details. 0

Remark 4.1. The analysis developed in this section remains valid for any other triplet of finite

element spaces satisfying (4.1), provided that the sole requirement div(X,) C H} is fulfilled.

4.3 Error analysis

We now proceed to establish the rates of convergence. For the sake of clarity, we restrict the
analysis to the PEERS element (cf. (4.3)), and indicate at the end of this section, in Remark 4.2,
the minor adjustments required for the AFW element (cf. (4.2)) or any other choice of triples.

In this way, let P} : L5(Q) — H and Py : L2, (Q) — H) be the L2-projection operators,

skew
satisfying
(u—’PZ(u),vh)Q =0 Vv, € HY, (4.23)
(v=PE" (v).m), =0 VYmeH],

and, given p > 2d/(d + 2), we consider the space
H, :— {T €X : Tk e WW(K) VKe Th},

so that we may define TT} : H, — RT,(Q) as the tensorial counterpart of the Raviart-Thomas
interpolation operator, which satisfies the well-known commuting diagram property (cf. [10,

Section 2.5.2] or [29, Section 3.4.1])
div(IIf (7)) = Pr(div(T)) VreH,. (4.24)

Furthermore, recalling the decomposition (2.16), let us define I—IZO tH, — RT,(Q)NHy (divy; 2)
such that, for each 7 € Hy, II}, o(7) is the Ho(divy; Q2)-component of IT} (7). Then, we notice
that the range of ITj, ¢ is contained in Xj,, as RT(2) NHy(dive; ©2) € X,. Moreover, one readily
checks that the property (4.24) also holds when II} is replaced by HZO.

Now, let us define the errors e, := o — o), and ey = (ey,e4) = (u — uy,y — ), and
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4.3. Error analysis

consider the decompositions
€ =0, +60, and ey, =0,+ 6y = (0y+04,6,+86,), (4.25)

where
0y = O — Hgo(o-) , 0, = Hﬁo(a) — 0y, Oy =u-— ’PZ(u) . 04 = ’Pz(u) —uy,
6, =y P (v), and 0,:=PI(y) - .

Subtracting the discrete problem (4.4) from the continuous one (2.19), we obtain the following

error system:

[A(es), Tn] + [B'(ew), 7] + [D(en), 7] = 0 V7, €X,,
) (4.26)
57 E(ew), va] = [Bles), va] + [Clew), vi] = 0 Vv, €Y.
In turn, using the projection properties (4.23) and (4.24), we find that
[B/(62)7 Th] - (Th7 5‘7)9 vTh € Xh? and [B(dﬂ)vzh] = (60'7 nh)Q th € Yh .
Hence, the error system (4.26) can be rewritten as
[A(05), 7] + [B'(6u), 7] + [D},(0u), 7] = —[A(8), 7n] — (Th,65)a — [D},(du), 0],
0 0
7 E(0u), va] = [B(0o), v,] + [C(0u) va] = —5 [E(0u), 4] + (8a,mm)a — [C(0u), v4],
(4.27)

for all (m,,vy,) € Xp, X Y.

On the other hand, similar notation is introduced for the discrete initial conditions sys-
tem (4.5). Let us consider e, := 0y — o and ey 1= (€y,,€,) = (Ug — Up0,Y0 — Yno), With

the corresponding decompositions

€y = 0o, + 05, and ey =0y + Oy = (du, + Oy, 04, +6,), (4.28)
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4.3. Error analysis

where

b0y =00 — I} (00), O, =TI} o(00) — Oho, Oy =g — Pj(up),

9u0 = Pl;i(uo) — Uppo, 570 =% — PEH(’YO) , and 970 = 7P];i+1(’)’0) — Yh,o -

Thus, by subtracting the discrete initial conditions system (4.5) from the continuous one (3.18),

we obtain the error system

[A(es,), Tn] + [B'(ey,), Tn] + [D(ey,), 7] = 0 V7, €Xp,
(4.29)
_[B(edo)vzh] + [C(ego)azh] =0 th S Yh-

We now establish the main result of this section.

Theorem 4.8. Assume that the hypotheses of Theorems 3.9 and 4.7 hold. Furthermore, suppose

that the porosity satisfies
\/a po Ag

< —F—r. (4.30)
Lo (Q) 8\/5101 [is2]|

HW
P

Let (o,u) and (op,u;) be the unique solutions of the continuous and semidiscrete prob-
lems (2.19) and (4.4), respectively, with the reqularity specified in Theorems 3.9 and 4.7. As-
sume further that o € H,, for some p > 2d/(d + 2). Then, there exists a positive constant C,
independent of h, such that

||ecf||%2(0,T;X) + ||eu||%2(0,T;LS(Q)) + ||eU||%°°(O,T;L2(Q)) + ||e’7||%2(0,T;]L2(Q)) <CEs, (4.31)
where

Es = H(SGH%Q(O,T;X) + ||5u”i2(o,T;Ls(Q)) + H‘svH%%o,T;Lz(Q)) + ||8t60‘|%2(0,T;L2(Q))

+ ||at5u||%2(0,T;L2(Q)) + ||8t57||%2(0,T;]L2(Q)) + ||50'||%°°(0,T;X) + ||5u||%,°°(0,T;LS(Q))

1051 Eoe 0,720y + 19 () + 180 15 + 10 1) + 1050 [[E2(c -

Proof. First, notice that since o € H,, wa(a) is well-defined. Then, proceeding similarly as

in the proof of Theorem 3.4, we use the discrete inf-sup condition (4.7), the error system (4.27),
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4.3. Error analysis

and the assumption ||Vp/p|lL=@) < VA A4/ (2 |lis2l]) (cf. (4.20)), so that we obtain

A
5 1(0,00)xxy < C1 (1061 + [10ulluc) + 10y llL2@) + 10: dullza)
2

(4.32)
+ p1 [is 2|l 10:0u]|L2() ,

where C) is a positive constant depending only on y, po, p1, ||, K™, and [|[Vp/p|lLr @)
By squaring (4.32), integrating from 0 to ¢ € (0,7, and performing some algebraic manipula-

tions, we arrive at

e [ {101 + 6t
S 20 12 AC ul8
STl Jo U001

<& [{is.6E+ 18,61k

+ [ 10000 (5) oy .

with C, having the same dependence on the data and parameters as Cf.

oy + 16(5) ey | ds

o+ 18,5 ey + 100 8u(s) oy fds (4:39)

In order to bound the last term in (4.33), we differentiate in time the first row of (4.27),
test with (75,,v,,) = (00, 0; 0y), and use the identity (04,0, 0~)o = 0; (00, 60+)0 — (0, 05, 60+)q,

thus obtaining

1 1 _
ﬁ <patega03>ﬂ+ (pateu,ateu)Q+H(K leu’atO“)Q

1 1
-3 (,0 8,64, 03)9 —(00:84,0,64)  — (05,0, 8,)0 + 0, (85,04 )0

1 [Vp _
— (at 50, O’Y)Q -+ g (p . at €y, tr(@,,))g) — U (K 1 5u7 8t 9“)9

Now we use the monotonicity properties (cf. (3.5a) and (3.5b)), Cauchy—Schwarz and Young’s

inequalities (cf. (1.4)), so that, after some algebraic manipulations, the previous estimate be-
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comes

4p
< Ca (10480 sy + 101 8ullEacoy + 16l

1y (peg,ag)ﬁ 2116: 0oy + 5 8t(K 1604,04),

o + 1006, o)) (4.3)

102 [I% + O (35, 64 )e
Lo (Q)

1 |\V
61001+ 0161 o + 7 |2

with C5 depending only on p, po, p1, ||K ™ !|Le(@), and 61,0, arbitrary positive numbers to be
chosen later. Then, integrating (4.34) from 0 to t € (0,7, and using the assumption (4.30),

we get

pC’
— 030z + 25 18 + 5 [ 101 0u(5) e
t
<c [ (Jo 6a<s>||i2m) 4101 8u(5) 2oy + 180(5) 0 + 101 855 e ) s
+/ 51 1605(5)[1% + 02 [|6(s )H]IP(Q)) ds+1282HlsH2/ 105 (s)|I% ds (4.35)

+ 1106 (D)2 [10+()lL2(@) + 165 (0)[[L2(e) [[05(0)[|L2() + m 165 (0) 122

4u

g
+ 5 K i) 16u(0)22(g)

To bound the term |0~ ()||L2(q), we observe from the first equation in (4.27) that
[B'(6u), 7] = —[A(eo), 7] — (64, 7n)a — [D,(6u), 7] V7, € X,

Then, applying the discrete inf-sup condition of B (cf. (4.13)), together with the Cauchy-

Schwarz inequality, yields

1 1
0.,(t < 0L (t + od(t
16+ (1)[L2e) < Bafi o 105 (t)[|L2(0) Bafirn 105 () [|L2(e)
2 2 Vp
+ - 6 2 —|_ (su t s
3 105(8) 20 N . [16u(t)[[Le ()
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Consequently, by suitably applying Young’s inequality (cf. (1.4)), we obtain

1
100 ()[[12(0) [105(1)[l20) < i 165 (®)F2(0) + Cs (||5a(t)||§g + (19 (?)

o + 1858 )
(4.36)
with C3 > 0 depending only on 4, i, po, p1 and ||[Vp/p|lLr ).
On the other hand, to bound the last three terms in (4.35), we first observe that, similarly
as in (4.32), by using the discrete global inf-sup condition (4.7), together with Cauchy—Schwarz
and Young’s inequalities, and assumption (4.20), it follows from (4.29) that

100, [1% + 1104,

oy + 18l < Co (18l + [8uclfEeioy + Nomliay ) (437)

with Cy > 0 depending only on Aq, i, |Q|, |Vp/pllLe), K |lLe(o) and po. In turn, we recall

from Theorems 3.9 and 4.7 that 69(0) = o and o7},(0) = o7}, ;, which allows us to estimate

165(0) |20 = [TT54(e(0))* = 0(0) + & =TT} o(e0)* + T} ()" — g

O (4.38)
< [165(0) L2y + 1185, ll2() + 185, li2) < [106(0)l]s + 11800 1 + |80, |1 -

Moreover, by the same results, u(0) = ug, v(0) = ~0, uxn(0) = upno, and v4(0) = 40, which
implies that 6,, = 6,(0) and 8., = 6(0). Hence, substituting these facts into (4.37), and then
combining it with (4.38), we obtain that

165 (0)][22 () + 116(0)

te() T 1105(0)[[F2(0) < C5Es o, (4.39)
where C5 > 0 depends only on Cy, and E; ¢ is defined as

Es0 1= [0 (0)[I% + 1800 1% + [0,

iS(Q) + ||570||12L2(Q) :

Thus, by replacing (4.36) and (4.39) into (4.35), and then applying Young’s inequality (cf. (1.4))
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together with some algebraic manipulations, we deduce that

uC
B 0u() ey + 22 [ 100y

< Gy [ (101 805) oy + 104 8ulo) ey + 180(5) oy + 19:85(5) ) s
+ Co (118 ()1 + 18u(E) -y + 18+ (0) 2y + Eso

¢ A2
2 2 Po
+/0 (51 ||90(S)||X+52||97(S)||JL2(Q)) ds—|—128 22 lisa|? / 164 (s)1% s

(4.40)

with Cs > 0 depending only on C5 and Cj. Then, we substitute (4.40) into (4.33), and choose

01 and 65 sufficiently small, thereby yielding

[ (100 + 10u)c) + 10552 ) s + 10u0)

<G { A (naa(s)n%g +18u(s)

+ [ (1080 ey + 11026 <>||%LQ<Q>+||at6~,<s>||iz<m)ds}

oy + 185) ey ) ds
(4.41)

+ Co (18I + 18u(0) ) + 185 (8)Exey + s )

with ¢} and Cy depending on the previous constants, physical parameters and data. Finally,

by using the error decompositions (4.25) together with (4.41), we obtain (4.31), as desired. [

Next, in order to obtain the theoretical rates of convergence for the semidiscrete
scheme (4.4), we recall the approximation properties associated with the finite element spaces
(cf. (4.2) and (4.3)), and the operators P§, P;™' and ITI}. These properties basically follow
from classical interpolation estimates of Sobolev spaces and the commuting diagram property

(cf. (4.24)). For details we refer to [29, Section 3.4.4], [10, Section 2.5.5], or [16, Section 4.2.1].

(APY) There exists a positive constant C, independent of h, such that for each ¥ € (0, k + 1]
and for each 7 € H?(Q) N X, with div(r) € W?£(Q), there holds

I = Tl < OB Loy + Idiv(m) ooy | -
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(AP}) There exists a positive constant C', independent of h, such that for each ¥ € [0,k + 1]
and for each v.€ W?#(Q), there holds

IV = Ph(v)]

Ls(Q) < Chﬁ HVHW19,3(Q) .

(AP}) There exists a positive constant C, independent of h, such that for each ¥ € [0,k + 1]
and for each n € H?(Q2) N L%, (Q), there holds

skew
[m =Py ()2 < C R Inlmo ) -

It is worth noting that (APY) is stated in terms of II} instead of H';’O. However, it is not

difficult to prove that, for all = € H’(Q) N X,
I = T o (7) [l < (1 + @2 Q)2 |7 = T (7) 1%,

so the approximation property also holds for this operator, up to a multiplicative constant
independent of h. In this way, it follows that, under an extra regularity assumption on the
exact solution, there exist positive constants C'(o), C(u), C(v), C(dyo), C(du), and C(0yy),
whose explicit expression are obtained from the right-hand side of the foregoing approximation

properties, such that

19z [lx < C(e) h”, |84l

L) < Cu)h?,  ||8y]liz) < Cly) B, (4.42)
4.42
10005 [lL2(0) < C(Qa) b7, [|0kdullLe) < COm) A7, [|0:04]l2) < C(Dry) h”.

The following result establishes the theoretical rates of convergence of the semidiscrete

continuous-in-time scheme (4.4).

Theorem 4.9. Assume the same hypotheses as in Theorem 4.8. Furthermore, suppose that
there exists ¥ € (0,k + 1] such that o € H?(Q), div(e) € W(Q), u € W?*(Q) and v €
HY(Q2). Then, there exists a positive constant C(o,u), depending only on C (cf. Theorem 4.8)
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and the constants defined in (4.42), such that

||eo-||L2(O,T;X) + ||eu||L2(0,T;LS(Q)) + ||eu||Loo(0,T;L2(Q)) + ||e’7||L2(O,T;]L2(Q)) < C(O',Q) h. (4-43)

Proof. 1t follows from using (4.42) into (4.31), and performing some algebraic manipulations.

We omit further details. O

Remark 4.2. The error analysis remains valid for any triplet of finite element spaces that are
stable for the semidiscrete continuous-in-time scheme (cf. (4.4)), provided that the orthogonal
projectors PY and P are available, and that a mized interpolation operator satisfying the
commuting diagram property (4.24) exists. In particular, for the choice of AFW elements
(cf. (4.2)), we can employ the BDM interpolation operator (cf. [10, Section 2.5.1]), which
also satisfies (4.24). Furthermore, since property (APY ) also holds for this operator (cf. [10,

Proposition 2.5.4]), Theorem 4.9 remains unchanged.
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CHAPTER b

Fully discrete approximation

In this chapter, we introduce and analize a fully discrete approximation of (2.19). For this
purpose, we employ the backward Euler method for the time discretization. Let At be the time
step, T = NAt, and let t,, = nAt, for each n € {0,...,N}. Let du" = (At)~ (u™ — u"™)
be the first order (backward) discrete time derivative, where u" := w(t,). Then, the fully
discrete method reads: Given f" € L*(Q) and (o), u}) = (040, (Uno,Yno)) satisfying (4.5),
find (o}, u}) = (o), (up, 7)) € X, x Yy, for n € {1,..., N}, such that

[A(a}y), ] + [B'(uy), 7] + [D),(uy), 7] = 0 V1, € X,
(5.1)
dy [E(uy),v,] — [Bop), vi] + [Cup), vi] = [F",v,] Vv, €Yy,
where [F", v, ] := (f", v} )q.
In what follows, for a separable Banach space V' equipped with the norm || - ||y, we define
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the following discrete-in-time norms:

N
oy = 50 30 el and - fullwiory 1= max [l

Endowed with these norms, we define the Banach spaces ¢2(0, T; V') and £>°(0, T’; V') respectively

as
(0, T;V) = {u = (u'y..., ) e VN lulleory) < —I—oo}, and

(0,7 V) = {u = (. ) e VY ullemryy < +oo}.
We begin our analysis of the fully discrete scheme (5.1) by establishing a stability result.

Theorem 5.1. Suppose that the hypotheses of Theorem 3.9 and Lemma /4.1 hold. Assume

further that the porosity satisfies

< \/aAde

HW
P Lo (Q) N 8101 His,2H '

(5.2)

Let (o}, u}) = (o}, (u}, 7)) € X, x Y}, be a solution to (5.1) with (o}, u))) = (40, (W0, Yno))
satisfying (4.5), and f* € L*(Q) with n € {1,...,N}. Then, there exists a positive constant
Cs, depending only on u, po, p1, Cx, A, Coa (cf (4.9)), K Loy and |Q|, such that

Hah”?Q(O,T;X) + HuhH??(O,T;LS(Q)) + HuhH?OO(O,T;LQ(Q)) + ||’Yh||§2(o,T;L2(Q))

R (5.3)
< Co {110 rnoimn + 1iv(pe(uo)l ey + ol |

Proof. Following a similar approach to that in Theorem 3.4, we first apply the discrete global
inf-sup condition (4.7), use the system (5.1), and recall that ||Vp/p|lr-@) < VdAe/2 (cf. (4.8)),
to obtain

Ad n _.n . n . n
- e up)llxxy < pullisall ldiuglivae) + el £ |2 ,

which, upon squaring, summing over the time steps n € {1,..., N}, and multiplying by At,
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becomes the discrete counterpart of (3.21),

Cr{ ol + lan o rascon + Iy o rancon |
(5.4)

< HdtuhH??(O,T;L?(Q)) + 1 ||f||l%2(0,T;L2(Q)) )

where Cy := A2/(8 ||is2|? p3).
In order to bound the first term on the right-hand side of (5.4), we note that a discrete
time differentiation of the first equation in (5.1) can be obtained merely through algebraic

manipulations, which yield
[A(dayy), 7] + [B'(day), 7] + [D)(duy), 7] =0 V7, €X,,. (5.5)

In particular, testing with 7, = o' and using the second row of (5.1) with v, = d;u} to handle

the second term of (5.5), we arrive at
[A(dyoy), 03] + [E(diy), dwy] + [Cluy), duay] = [F", dyay] — [Dy(duy), 03] (5.6)

In turn, owing to the linearity of A and C, simple algebraic manipulations show that

[A(dioy), 03] = §dt[A(ah)>ah]+7[A(dt0h)vdto’h]>
| At (5.7)
Clup).dog] = 5 dfC). ) + 5 [Clda). dg].

so, substituting (5.7) into (5.6) and using the monotonicity properties (cf. (3.5a) and (3.5b)),

together with Cauchy—Schwarz and Young’s inequalities, leads to the discrete version of (3.22),

(204 BN Yt + e o) R + 5 (TR, o] + [Clu) i
2
1 {|Vp 1
< LY opiae + o M
de P L (Q) AILAE) 2p0 L@

(5.8)

Next, using (5.2) to bound [[Vp/pl[3 o/ (dpo) < (poC1)/8, summing over the time steps n €
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{1,...,m}, withm € {1, ..., N}, multiplying by At, and invoking once more the monotonicity

of A and C (cf. (3.5a)) together with the stability properties (cf. (3.4a) and (3.4d)), we obtain

po , pCx At - 1 LCK

(204 B0 a0 3™ il + o IO B + 25 1
POC1 At At ™ (1 1

Z”f [k Q)+ 4100 ||‘7h||X

ZII onlx +

i

+ N I<_1 () u
9 Hls,2”2 || ||]L ( )H h|

Ls(Q)

Notice that we have neglected the second term in (5.8). We now use the fact that o) = o,

and u) = w0, together with the estimate (4.18), and after some algebraic manipulations, and

the omission of some terms for clarity, we obtain the discrete counterpart of (3.23),

e 2At m At m

w2 < =5 D 1220
n=1

+@{wwwqmmm@+mmmm},

At Z HdtuZHiQ(Q) +

n=1

onlx

with Cy depending only on Co4 (cf. (4.18)), , po, || and | K~ |L(q). Since m € {1,...

is arbitrary, (5.9) implies

1%

+ Co {l1divip e(uo)) o) + o ey |

Cy

||dtuh\|?2(o,T;L2(Q)) HuhHeoo(o,T;m(Q)) < Hf”??(O,T;LQ(Q)) + ||0'h||1z2 (0,T:X)

Thus, substituting (5.10) into (5.4) yields (5.3) with constant

-, max {pl_Q +2pp2, CA’Q}
- min{Cy/2,2uCk py'}

, N}

(5.10)

]

Certainly, one possible way to prove the well-posedness of (5.1) is to use an induction

argument to handle the discrete time derivative and to follow a similar approach to that in

Lemma 4.5. This consists in establishing the well-posedness of (5.1) while neglecting the
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operator D7, deducing a global inf-sup condition, and then assuming that [|[Vp/p|rL~(q) is
sufficiently small, depending on the global inf-sup constant, to incorporate the term associated
with D;. However, this constant depends on the time step At, which in turn implies that
IVp/pllLe (o) must be smaller than a constant depending on the time step. To overcome this
difficulty, we proceed similarly to Chapters 3 and 4, introducing an auxiliary problem and a
fixed-point strategy to establish the well-posedness of (5.1). In fact, let Ta 20, T7;X;,) —
?%(0,T;X}) be the operator defined by

Ta(Cn) = o,

where (o7, 1) is the unique solution (to be confirmed below) to

[A(o}), ] + [B'(u)}), 7] = 0 V1, € Xy,
(5.11)

di [E(u}), v,] = [B(of), vi] + [Cuf),vi] = [FE,vi] Vv, €Yy,

for all n € {1,..., N} with (o}, u)) given by (4.5). Here, [th,yh] = (f",vi)a — [D(C), v
Now, we notice that establishing the well-posedness of (5.1) is equivalent to prove that there

exists a unique solution to the fixed-point equation
Talon) = oy, (5.12)

The following result asserts that (5.11) is well-posed and a stability result for the fixed-point
system. Notice that, owing to the fully discrete nature of the problem, Theorem 3.1 need not
be invoked, and hence no additional time regularity for o, and ¢, nor any assumptions on the

initial conditions of their time derivatives, are required.

Theorem 5.2. Suppose that the hypotheses of Theorem 3.9 and Lemma 4.5 hold. Then, T
is well-defined. More precisely, given &, € £2(0,T;X,,), there exists a unique solution (o, uy)
to (5.11), with o, € (2(0,T;X4), u, € (0, T; HY), and ~, € (*(0,T;H)). Moreover, there
exist positive constants CA'B@ and C, with CA'B,d depending only on i, po, p1, | KL, Ad,
Coa (cf (4.18)), d and |Q|, and C depending only on po, p1, Aa, d and |, such that
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1 Za(¢nlleora < Coa{ IElewrane) + Idivioe(uo) iz + Iollua |
(5.13)

1Chllez0.:x,) -
Loo(Q2)

Proof. Let ¢, € (*(0,T;X,) be given and recall from Lemma 4.5 that we have the discrete initial
conditions (o), u?) satisfying (4.18). We then proceed to establish the well-posedness of (5.11)
at each time step by induction. In fact, assuming that u}~* is known, we prove the existence and
uniqueness of the problem by following the same arguments as in Lemma 4.4. Consequently,
we obtain the existence and uniqueness of o}, € (X)) and u, € (Y,)" satisfying (5.11). In
turn, to prove (5.13), one proceeds as in the proof of Theorem 5.1, arriving at (5.13) with a

constant independent of A and At. Further details are omitted. O

Theorem 5.3. Suppose that the hypotheses of Theorems 5.1 and 5.2 hold. Assume further that

the porosity satisfies
Vp

C~
Ja )

<1. (5.14)
Lo (9)

Then, given (a9,1)) = (o0, (Un0,Yno)) satisfying (4.5) and f* € L*(Q) withn € {1,..., N},
there ezists a unique solution (o', uy) to the fully discrete scheme (5.1). Moreover, the solution

satisfy the stability estimate (5.3).

Proof. The existence and uniqueness is achieved by arguments similar to those of the proof of
Theorems 3.9 and 4.7. In fact, it is straightforward to verify that Ja is Lipschitz continuous
with constant C'~ [|Vp/p||re(q). Then, by (5.14), it follows that Js is a contractive operator in
the Banach space ¢*(0,T;X}). Thus, by the Banach fixed-point theorem, there exists a unique
solution to (5.12), which is equivalent to the existence and uniqueness of solution to (5.1). The

stability follows from Theorem 5.1. This completes the proof. O

Remark 5.1. We emphasize that the fully discrete scheme (5.1) yields exact conservation of
momentum when p and K are piecewise constant, and f* € H}, for each n € {1,...,N}.

In this case, pdoall, K~'u?, and " all belong to HY. This fact, together with the inclusion
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div(X,) C H}, implies from the second equation in (5.1) that, for everyn € {1,..., N},
pday + pKtul —div(e}) =f* in Q. (5.15)

Furthermore, if the data is not piecewise constant or £ ¢ H}', (5.15) can only be obtained
in an approzimate sense, by replacing pdouy, K=1u? and f* with P (pdu}), PrKu})
and PE(E™), where P} is defined as in (4.23). The numerical verification of this property is
illustrated in Chapter 6.

In what follows, we establish the rates of convergence associated with the fully discrete
scheme (5.1). To this end, we subtract the fully discrete system (5.1) from its continuous

counterpart (2.19) at each time step n € {1,..., N}, yielding the following error system:

[A(o" —op), 7] + [B'(u" — up), 7] + [D,(u" —up), 7] = 0
(pdi(u” —u), va)o — [B(o" — o), vp] + [C(u"” —up), v;] = (pra(u),vi)a

for all (7, v;,) € X, x Y}, where r,, is the difference between the continuous and discrete time
derivatives, that is,

rp(u) ;== dyu" — ou(ty,) .

Additionally, we recall from [15, Lemma 4] that, if u € H?(0, T; L?(f2)), there holds
N
ALY [ea(W) ) < C@) (A2, with  C(@w) = C e raaey
n=1

for some positive constant C', independent of At. Thus, we now state the theoretical rates
of convergence associated with the fully discrete scheme (5.1). The proof follows the same
structure as that of Theorem 4.8, relying on the approximation properties detailed in Chapter 4,
and more precisely in (4.42), thereby yielding a result analogous to Theorem 4.9. Naturally,
all arguments must be adapted to the discrete-in-time setting, in a way similar to the proof of
Theorem 5.1. For the sake of brevity, we omit further details and restrict ourselves to stating

the result.
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Theorem 5.4. Suppose that there exists 9 € (0, k+1] such that the assumptions of Theorem 4.9
hold. Assume further that the hypotheses of Theorem 5.3 hold and that u € H%(0,T;L?(Q)).
Then, for the solution of the fully discrete scheme (5.1), there exists a positive constant 5(0_7 u),

independent of h and At, but depending on the exzact solutions and Ch (cf. (5.3)), such that

~

leollezorx) + lleulleoris@) + leullecoriz@) + lleylleorizq) < Clo,u) (B + At).

Finally, inspired by the first equation in (2.10), (2.8), and (2.18), we observe that the gradient
of the velocity Vu, the pressure p, and the original stress tensor o, can be approximated through

a post-processing procedure as

[V = 21 (o) + i — P <p ' uh> I,
1
P = 4 {QM (Vp-uy) + tr(a;f)} — Aoy (5.16)
~n n : 2# n
and o0 =0, +Aep I, with Agr:= —m (Vp,up)a,
for all n € {1,..., N}, where [Vu],, p, and &, denote the respective approximations of the

variables of interest. Consequently, from the rates of convergence of o, u, and ~ established in

the previous theorem, it follows directly that the same rates are inherited by [Vul,, ps and &y,

Lemma 5.5. Suppose the same assumptions as in Theorem 5.4. Then, there exists a posi-

tive constant 5(U,g), independent of h and At, but depending on the exact solutions and Cs

(cf. (5.3)), such that

levulleoriz@) + lleplleoriz@) + leslleorx < Cla,u) (b’ + At),

where eyy := Vu — [Vu],, e, :=p —pp, and e; :== & — o,

Remark 5.2. In the fully discrete scheme (5.1), we restrict ourselves to the backward Euler
method merely for simplicity. Nevertheless, the analysis in Chapter 5 can be readily extended

to other time discretizations, including BDF schemes and the Crank—Nicholson method.
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CHAPTER 6

Numerical results

In this chapter, we present three numerical experiments that illustrate the performance of the
fully discrete method (5.1). The implementation was carried out using the open-source finite
element library FEniCS [2]. We consider quasi-uniform triangulations and the finite element
subspaces associated with PEERS, and AFW,, as described in Chapter 4. Examples 1 and 2
aim to verify the expected rates of convergence in two- and three-dimensional domains, re-
spectively, and to corroborate numerically that the conservation of momentum (5.15) holds.
In these cases, the total simulation time is set to 7' = 1072 with a time step of At = 1073,
which is sufficiently small to ensure that the temporal discretization error does not influence
the observed convergence rates. Finally, Example 3 examines the flow of a free fluid around a
porous obstacle under various operating conditions, highlighting the applicability of the pro-

posed method to complex geometries and diverse physical scenarios.

For the first two examples, in addition to the errors in the velocity and vorticity, we also
compute the errors associated with the original Cauchy stress tensor and the pressure obtained

from (5.16) and Lemma 5.5, while omitting the computation of the velocity gradient for sim-
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plicity. In addition, we compute the error associated with the conservation of momentum (5.15)
as

enr := Pr(pdan,) + pPEEK ™ uy) — div(e,) — Pr(f) .
We recall that the experimental rates of convergence are defined as

_ log(e./e)

" sy TS Rh

where h and h’ denote two consecutive mesh sizes with errors e, and €.

Finally, we remark that the zero-mean constraint on tr(e7;) over €2 is imposed via a scalar
Lagrange multiplier, which amounts to adding one row and one column to the matrix system

corresponding to (5.1).

Example 1: Convergence against smooth exact solutions in a 2D

domain

In this test, we analyze the convergence with respect to the spatial discretization using a
manufactured solution. The computational domain is the square  := (0,1)?, and we set s = 4,
which yields ¢ = 4/3 (cf. (2.13)). The viscosity is fixed at p = 1, and the permeability tensor
is given by K := 1072 I. Following [20], the porosity function is defined through an exponential
profile, while the source term f is adjusted so that the manufactured solution coincides with
the prescribed analytical functions (cf. (2.1)). These functions are depicted in Figure 6.1.
The model problem is complemented with the corresponding Dirichlet boundary condition and

suitable initial data.

Tables 6.1 and 6.2 report the convergence history for a sequence of quasi-uniform mesh re-
finements using both PEERS; and AFW, elements, for k£ € {0,1}. The results confirm that
the optimal spatial convergence rates O(h**!) predicted by Theorem 5.4 and Lemma 5.5 are
achieved. Table 6.3 shows that, although the data is not piecewise constant, the error associ-
ated with the conservation of momentum (5.15) is close to zero. In Figure 6.2, we display some

solutions at the final time obtained with the AFW, discretization with meshsize h = 0.014 and
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0.90+ 11091
N
0.80+ 10.83 e
0.70+ 110.74
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0.60 ‘ 0.65
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Y

p(x,y) :=0.45 4+ 0.55 exp(—(1 — y)),

u = exp(t) p(z,y)~" (

p = exp(t) cos(mz) exp(y).

sin(mzx) cos(my)
— cos(mz) sin(my)

).

Figure 6.1: [Example 1] Graph of the porosity function (left) and analytical expressions of the
porosity and manufactured solutions (right).

20,000 triangle elements, representing 481,201 DOF.

PEERS, discretization

DOF h

ez llez0m:x)
error rate

leullez(0,7:1s ()
error rate

lleulle= 0,720
error rate

e llez0,m120)
error rate

leplleoriz@)
error rate

266 | 0.354
1010 | 0.177
3938 | 0.088

15554 | 0.044
54362 | 0.024
150602 | 0.014

6.02E-01 -

2.92E-01 1.047
1.36E-01 1.101
6.45E-02 1.076
3.37E-02  1.032
2.01E-02 1.012

3.33E-02 -

1.70E-02 0.968
8.57TE-03 0.992
4.29E-03 0.998
2.29E-03  0.999
1.37E-03 1.000

2.68E-01 -

1.36E-01  0.980
6.80E-02 0.996
3.40E-02 0.999
1.82E-02 1.000
1.09E-02 1.000

3.04E-02 -

7.64E-03 1.995
2.50E-03 1.610
9.58E-04 1.386
3.85E-04 1.449
1.80E-04 1.488

8.94E-02 -

4.44E-02  1.009
1.93E-02 1.200
8.56E-03 1.175
4.34E-03 1.081
2.56E-03 1.031

AFW, discretization

DOF h

lezllezor:x)
error rate

leulleo,rLe @)
error rate

||eu ||£oo (0,T;L2(%2))
error rate

ey llez0,m120)
error rate

lepllezo,7120)
error rate

321 1 0.354
1217 | 0.177
4737 | 0.088

18689 | 0.044
65281 | 0.024
180801 | 0.014

5.39E-01 -

2.36E-01 1.189
1.13E-01 1.072
5.54E-02 1.022
2.94E-02 1.007
1.76E-02 1.002

3.33E-02 -

1.70E-02 0.966
8.57E-03 0.991
4.29E-03 0.998
2.29E-03 0.999
1.37E-03 1.000

2.68E-01 -

1.36E-01 0.981
6.80E-02 0.995
3.40E-02 0.999
1.82E-02 1.000
1.09E-02 1.000

8.60E-02 -

4.33E-02 0.991
2.16E-02  0.999
1.08E-02 1.000
5.77E-03  1.000
3.46E-03 1.000

2.89E-02 -

1.31E-02 1.143
6.27E-03 1.060
3.10E-03 1.017
1.65E-03 1.005
9.88E-04 1.002

Table 6.1: [Example 1, & = 0] Number of degrees of freedom, meshsizes, errors, and rates of

convergence.
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PEERS; discretization

lezlleorx | llealeori@) | leuleoriae) | leylleorize) | lepleorize)
DOF h error rate error rate error rate error rate error rate
818 | 0.354 || 7.84E-02 - 5.43E-03 - 3.62E-02 — 8.99E-03 6.79E-03 -

3170 | 0.177 || 1.87E-02 2.067 | 1.39E-03 1.968 | 9.18E-03 1.977 | 2.62E-03 1.779 | 2.00E-03 1.762
12482 | 0.088 || 4.59E-03 2.029 | 3.49E-04 1.992 | 2.31E-03 1.994 | 7.54E-04 1.797 | 5.50E-04 1.863
49538 | 0.044 || 1.14E-03 2.011 | 8.75E-05 1.997 | 5.77E-04 1.999 | 2.02E-04 1.900 | 1.44E-04 1.937

173522 | 0.024 || 3.23E-04 2.005 | 2.49E-05 1.998 | 1.64E-04 2.000 | 5.87E-05 1.965 | 4.16E-05 1.973
481202 | 0.014 | 1.16E-04 1.995 | 9.00E-06 1.995 | 5.91E-05 1.999 | 2.13E-05 1.986 | 1.51E-05 1.987

AFW, discretization

||e ||42(o T;X) Heu ||Z2(0,T;L5(Q)) ||eu ||e<>o(o,T;L2(Q)) ||e'7 ||lz2(o,T;L2(Q)) Hep ||e2(o,T;L2(Q))
DOF h error rate error rate error rate error rate error rate
817 | 0.354 || 7.86E-02 — 5.40E-03 — 3.62E-02 — 1.16E-02 3.20E-03 -

3169 | 0.177 || 1.73E-02 2.181 | 1.39E-03 1.960 | 9.19E-03 1.978 | 2.97E-03 1.967 | 7.38E-04 2.115
12481 | 0.088 || 4.05E-03 2.098 | 3.49E-04 1.990 | 2.31E-03 1.994 | 7.50E-04 1.986 | 1.88E-04 1.976
49537 | 0.044 || 9.86E-04 2.037 | 8.75E-05 1.997 | 5.77E-04 1.999 | 1.88E-04 1.994 | 4.78E-05 1.973

173521 | 0.024 || 2.78E-04 2.014 | 2.49E-05 1.998 | 1.64E-04 2.000 | 5.37E-05 1.997 | 1.37E-05 1.984
481201 | 0.014 || 1.00E-04 1.997 | 9.00E-06 1.995 | 5.91E-05 1.999 | 1.93E-05 1.997 | 4.99E-06 1.983

Table 6.2: [Example 1, & = 1] Number of degrees of freedom, meshsizes, errors, and rates of
convergence.

PEERS;, discretization
h | 0354 | 0177 | 0.088 | 0.044 | 0.024 | 0.014
lenolles(0 e || 1.25E-12 | 1.71E-12 | 3.66E-12 | 1.34E-11 | 3.21E-11 | 9.89E-11
e, lles (0,700 || 4-97TE-12 | 2.32E-10 | 4.74E-09 | 1.58E-09 | 2.72E-09 | 3.38E-09

AFW,, discretization
h | 0354 | 0177 | 0.088 | 0.044 | 0.024 | 0.014
lenolles (0 || 2.75E-12 | 3.64E-12 | 7.18E-12 | 1.98E-11 | 5.81E-11 | 2.04E-10
e, lles 0,00 || 2.94E-12 | 5.57E-12 | 1.34E-11 | 5.08E-11 | 1.66E-10 | 4.89E-10

Table 6.3: [Example 1, k = 0, 1] Conservation of momentum for the fully discrete scheme.

m \\ 4 E ' |
Il \ 1 X
1 Wt s (| A
R A
\

_ 032 006012 029 056 0 o . 2 413 -308 -197 0.89 028 2 135 2.75
012, h n—— o |Un| m— s /12,7 p— o Ph o o

Figure 6.2: [Example 1] Computed stress component, magnitude of the velocity, vorticity com-
ponent, and pressure field.
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Example 2: Convergence against smooth exact solutions in a 3D

domain

In the second numerical test, we study the convergence with respect to the spatial discretization
using a manufactured solution in the unit cube Q := (0,1)3. We set s = 3, which yields ¢ = 3/2
(cf. (2.13)). Similarly to the first example, the viscosity is 4 = 1, the permeability tensor is
given by K := 10721, and the porosity function along with the manufactured solutions are

given in Figure 6.3. The datum f is computed according to this (cf. (2.1)).

1.00
. p(r,y,z) :=0.4540.55 exp(— (2 —y — 2)),
0.88
0.8 8 sin(mz) cos(my) cos(mz)
076 < u = exp(t) p(z,y,2) "t | —2cos(nz) sin(ry) cos(rz) |,
06 |064 cos(mx) cos(my) sin(mz)
1 1 ‘
0.5 0.5
00 0.52
y z

p(x, y,2)

p = exp(t) cos(mzx) exp(y + 2) .

Figure 6.3: [Example 2] Graph of the porosity function (left) and analytical expressions of the
porosity and manufactured solutions (right).

Table 6.4 shows the convergence history for a sequence of quasi-uniform mesh refinements
using both PEERSy and AFW, elements. Once again, the optimal spatial convergence rates
O(h**1) predicted by Theorem 5.4 and Lemma 5.5 are confirmed. Regarding the conservation of
momentum, Table 6.5 shows a behavior similar to that observed in the first example. Figure 6.4
displays the approximated solutions at the final time obtained with the PEERS, discretization
on a mesh with size h = 0.0962 and 34,992 tetrahedral elements, corresponding to 656,266

degrees of freedom.

Example 3: Free fluid flow around a porous obstacle

Our final test aims to evaluate the performance of the proposed method in a more complex
physical configuration, where a fluid interacts with a porous obstacle acting as a filter. This

setting allows us to examine how the formulation captures the coupling between the free flow
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PEERS, discretization

llezlleo.r:x) llealleori @) | llealleeorize) | llevlleorize) | lleplleorizo)
DOF h error rate error rate error rate error rate error rate
7576 | 0.433 || 1.08E+00 - 4.19E-02 3.65E-01 5.04E-02 1.30E-01

25006 | 0.289 || 7.16E-01 1.001 | 2.84E-02 0.957 | 2.47E-01 0.968 | 2.19E-02 2.054 | 8.78E-02 0.960
58636 | 0.216 | 5.29E-01 1.058 | 2.14E-02 0.979 | 1.86E-01 0.985 | 1.30E-02 1.805 | 6.37E-02 1.114
195808 | 0.144 | 3.40E-01 1.087 | 1.43E-02 0.989 | 1.24E-01 0.993 | 6.85E-03 1.588 | 3.89E-02 1.219
656266 | 0.096 | 2.19E-01 1.089 | 9.58E-03 0.995 | 8.29E-02 0.997 | 3.78E-03 1.462 | 2.33E-02 1.268

AFW, discretization
lezlleo.rx) leulleoris@) | lleullecorrz@) | llexlleoriz@) | llepleori o)
DOF h error rate error rate error rate error rate error rate
10081 | 0.433 || 9.49E-01 - 4.18E-02 — 3.65E-01 - 1.03E-01 - 5.88E-02 —
33049 | 0.289 || 6.01E-01 1.127 | 2.84E-02 0.957 | 2.47E-01 0.969 | 6.95E-02 0.964 | 3.41E-02 1.345
77185 | 0.216 || 4.38E-01 1.097 | 2.14E-02 0.978 | 1.86E-01 0.985 | 5.23E-02 0.984 | 2.37E-02 1.261
256609 | 0.144 || 2.85E-01 1.062 | 1.43E-02 0.989 | 1.24E-01 0.992 | 3.50E-02 0.993 | 1.48E-02 1.165
857305 | 0.096 || 1.87E-01 1.032 | 9.58E-03 0.995 | 8.29E-02 0.997 | 2.34E-02 0.997 | 9.52E-03 1.085

Table 6.4: [Example 2, k& = 0] Number of degrees of freedom, meshsizes, errors, and rates of
convergence.

PEERS discretization
h | 0433 | 0289 [ 0216 | 0.144 | 0.096

oo (0,000 (@) || 7-96E-12 [ 7.28E-12 | 7.30E-12 | 8.41E-12 | 9.32E-12 |

‘ ||em,0

AFWj discretization
h | 0433 | 0289 [ 0216 | 0.144 | 0.096

oo (0,0%0(0)) || 2-96E-12 | 3.87E-12 | 3.87E-12 | 4.56E-12 | 4.55E-12 |

| lleno

Table 6.5: [Example 2, k = 0] Conservation of momentum for the fully discrete scheme.

~ 32 <16 0 16 32 000 088 175 2.62 3.48 00 208 415 622 83 7 35 0 35 7
O12,h v oo (U] s e  m Ph o  m

Figure 6.4: [Example 2] Computed stress component, magnitude of the velocity, vorticity
streamlines, and pressure field.
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and the porous medium, as well as the influence of anisotropy and permeability contrasts on
the global behavior of the flow. This benchmark problem was first introduced in [36] and later
examined in [7,41]. We consider a channel §2 with dimensions 0.75 [m] x 0.25 [m], through which
a fluid of viscosity ;1 = 1.5-107° [m?/s| flows due to a left-to-right pressure drop of 1-107¢ [m?/s?].
The channel consists of two regions. The first one, Qgee, is a free-fluid domain, whereas the
second region represents a heterogeneous porous filter composed of an outer isotropic subregion
Qiso and an inner anisotropic subregion €2,,. More precisely, the domain under consideration is

given by € = Qpee U Qigo U Qan, where
Qan = (0.32,0.385) x (0.05,0.12), Qg0 := (0.25,0.5) x (0.2) \ Qan
and  Qgee := (0,0.75) x (0,0.25) \ (Qan U Qiso) -

We denote by I' = I'top UT'bott0m U 'right U I'lee the boundary of €2, naturally partitioned into its
corresponding sides. We illustrate the geometrical setting in Figure 6.5. There is no transition

region between the free fluid and porous regions.

0.75[m]
1—\top
Fleft Szfree PR Qiso
0.25[m)] Qiso Q 0.2[m]
Qan 0.2[m] Fright 0.07[m)]
P
0.05[m]
Chottom . _4 o .
« 0.25[m]— >+ 0.25[m] 0.07[m] 0.05m]  0.13[m]

Figure 6.5: [Example 3] Geometrical configuration of the numerical experiment. The left panel
shows the channel €2, while the right panel depicts a detailed view of the porous filter consisting
of isotropic and anisotropic regions.

In the porous filter, the permeability tensor K., with * € {iso,an}, is given by

cos(ay) — sin(a ko/By 0O
K, —M.CM 1, M, — | ) msimle) )[R . (6.1)

sin(aw)  cos(aw) 0 k.

where k, and 3, are positive parameters and «, is the anisotropy angle. Clearly, a;s, = 0 owing
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to the isotropy. We consider the parameters of the model as

+00 in eree ; 1 in eree )

K = KiSO iﬂ Qiso B and p = piso in QiSO Y

Kan ln Qan ) pan ln Qan .

In the forthcoming presentation, we shall consider different porosity functions and parameters
for the permeability tensor in the porous region. We notice also that the fact that the perme-

ability tensor is identically +oo in the free-fluid region means that K=! = 0 in Q..

No-slip boundary conditions are prescribed for the fluid velocity along the top and bottom
walls of the channel, whereas the pressure drop is induced by a traction difference between the

left and right boundaries. Namely,

u=0 on TipUTDhottom X (0,7], on=—puyn on g x (0,77,
(6.2)
and on= —poun on Iyg % (0,77,

where pin = pret + 1 - 107%[m?/8%], powt = Pret and pret := 1 - 107%[m?/s?]. These conditions
translate the Dirichlet boundary condition in (2.1) of our model into a mixed-type boundary
condition. The analysis developed in the previous chapters can readily be adapted to handle this
case. In particular, one may employ a lifting of the normal trace in (6.2) and introduce a change
of variable for the stress tensor, so that the formulation derived in Section 2.2 is now posed
on Hy(divy; Q) instead of Hy(divy; Q2), where Hy(divy; Q) stands for tensors in H(divy; Q)
with vanishing normal trace on I'ieg, U I'yigne. Then, the analysis proceeds in a similar manner,
provided that suitable geometric conditions on the domain hold, for instance assumptions on
the maximal interior angle. In our case, the domain is rectangular and therefore convex, so no
technical issues arise. We omit further details and refer the reader to [19, eqgs. (3.25)—(3.30)]
for a more complete discussion. Finally, we set as initial condition and source term uy = 0 and
f = 0, respectively.

In all the following experiments, we consider a total simulation time of 7" = 80 [s] and the

time step size is set as At = 4 [s]. The mesh consists of 63,221 triangles and the element sizes

68



goes from 4 - 1073 in the bulk fluid to 1-107* close to the interfaces (see Figure 6.9). For the
spatial discretization, we employ the AFW) finite element triple (cf. (4.2)), which results in a

total of 569,995 degrees of freedom in the implementation.

In our first experiment, we consider a simple case when the porosity function is constant
in each region, given by pis, = 0.5 and p,, = 0.25. Regarding the permeability tensor, we
take qiso = 0, Biso = 1, kigo = 11074, iy = —7/4, Ban = 100, and ko, = 1-1075. In the
free-fluid region, the flow circulates freely and tends to avoid the porous region, concentrating
on the upper area of the filter due to the porous and permeability effects. The isotropic region,
with higher permeability and porosity, allows the fluid to flow more freely, while the anisotropic
region acts as a barrier that restricts flow in certain directions due to both its lower permeability
and the directional dependence encoded by the rotation angle ay,. In turn, if we repeat the
experiment with k,, = 1-107%, the contrast between the isotropic and anisotropic regions
decreases significantly. In this case, the anisotropic layer becomes more permeable, allowing
the fluid to penetrate and traverse it with less resistance. Consequently, the flow field tends
to distribute more uniformly across the porous domain, rather than being diverted around the
anisotropic region as in the previous configuration. In both scenarios, we observe that the
conservation of momentum error is close to zero. Indeed, bearing in mind that the porosity is
constant and f = 0, in order to verify that (5.15) holds, we compute ||p d;(up)+p Pr (K" uy)—
div (o) ||e(0,1:0(02)), Obtaining 9.54-1077 in both cases. In Figure 6.6, we display these results
at the final time 7. We only show the velocity profile for the sake of brevity.

3.68e-08 1.63e-5 3.33e-5 5.00e-5 6.64e-05 3.68e-08 1.63e-5 3.33e-5 5.00e-5 6.64e-05
Iuh I E—— . |Uh I [ ]

Figure 6.6: [Example 3] Computed streamlines of the velocity with piecewise constant porosity
and k,, = 1-107% (left) and k,, = 1-107* (right).

As a second experiment, we consider the non-piecewise constant porosity functions given in
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Figure 6.7. In the isotropic region, we prescribe a linear variation of the porosity, representing
a gradual compaction or deposition of the porous material. Physically, this choice models a
medium whose microstructure becomes progressively denser along the horizontal axis, such as
might occur due to sedimentation or pressure-induced compaction in filtration processes. On
the other hand, in the anisotropic region, we consider an exponential porosity profile, decreasing
from the outer boundary toward the interior of the inclusion. This choice mimics a boundary-
layer-type behavior, where the porous structure becomes gradually denser as one moves inward,
reflecting processes such as clogging, compression, or material deposition within the anisotropic
medium. Such a profile provides a smooth yet strongly contrasting variation that highlights
how the anisotropic permeability interacts with spatially varying microstructural properties.

Notice that this choice is similar to those considered in Examples 1 and 2.

piso(,y) := 045+ 0.55 (2552) pan(,y) 1= 0.25 + 0.75 exp ( — (0.12 — y))

1.00 ! 1.00 1.00 " " " " T / ! 1.00

0.86 0.86 0.997 1 1099
= =

0.73} 073 % 097f 110972
& <

0.59 q i0,59 0.961 ] i0.96

0.45 ' ' ' ' 0.45 0.95 : : : - ' ' 0.95

0.25 0.3 0.35 0.4 0.45 0.5 0.05 0.06 0.07 008 0.09 01 011 0.12
X y

Figure 6.7: [Example 3] Porosity functions in the isotropic (left) and anisotropic (right) regions.

The permeability tensor is computed with parameters aio = 0, Biso = 1, kigo = 1 - 1076,
Qan = /4, Ban = 100, and k,, = 11075 The anisotropy angle «,,, unlike in the first
test, takes a positive value, meaning that the principal permeability directions are rotated so
that the fluid enters the anisotropic region from the upper side and exits through the lower
one. Figure 6.8 shows the numerical results obtained with these parameters, which confirm
the physical intuition regarding the direction of the flow induced by the anisotropy orientation.
As in Figure 6.6, the fluid tends to move upward and bypass the porous filter, avoiding direct
penetration through it. Similarly, inside the porous medium, the fluid still tends to circumvent

the anisotropic region, although this effect is less pronounced because the permeability contrast
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is lower than in the previous test. In Figure 6.9, a zoomed view of the domain interfaces is
presented, focusing on the upper-left corner of {25, and the entire interaction between (2, and
its surrounding region. We can observe that the fluid tends to concentrate near the corners,
a behavior mainly driven by the anisotropy angle, which redirects the preferential flow paths
along the principal directions of permeability. This effect highlights how the orientation of
the anisotropic axes influences the local acceleration and deflection of the flow at the interface
between both materials. Finally, we compute the error associated with the conservation of
momentum (cf. (5.15)), now considering the non-piecewise constant porosity defined above and

the datum f = 0 in 2, thus obtaining
”P’Z(,O dtuh) + ,U'PZ(K_l uh) — diV(a'h)”[oo(O’T;goo(Q)) =9.76 - 10_7,

which confirms that momentum is conserved.

300008 16365  333%-5 50065  6.646-05 300608 16365 3335
Unl e—— C e— U] e——

‘g

9.72e-07 1.30e-6 15le-6 1.72e-6 2.04e-06 -2.55e-03 -4.76e-4  923e-4  2.36e-3 4.40e-03

Figure 6.8: [Example 3] Computed velocity and its streamlines (top), and the pressure and
component of the vorticity (bottom), with porosity function varying in space.
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227e-07 331le5 6.60e-05 1.39e-07  3.31le-7 523007
(U7 — - m (Uh] o o—

Figure 6.9: [Example 3] Zoom view of the computational mesh near the interface between (g,
and Q,, (left). Zoom view of the computed velocity at the interfaces: free-fluid versus porous
filter (center), and isotropic versus anisotropic regions (right).
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CHAPTER [/

Conclusions and future works

In this thesis, we have introduced a new stress-velocity-vorticity formulation for the time-
dependent Brinkman problem with spatially varying porosity, together with its mixed finite
element approximation. This model is of significant interest for describing flows through porous
media and serves as an intermediate regime between the Darcy and Stokes equations. The

proposed formulation offers several advantages:

(i) It naturally incorporates the porosity gradients and recovers the classical constant-
porosity formulation as a particular case, for which all assumptions involving ||V p/p||L=(a)

are no longer required.

(ii) It enables the direct computation of physically meaningful quantities such as the Cauchy
stress and vorticity tensors, while the pressure, eliminated from the formulation, as well
as the velocity gradient, can be easily reconstructed through a simple post-processing

step.

In addition, the analysis developed here leads to the following conclusions:
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(i)

(i)

(iii)

The theoretical analysis relies heavily on monotone operator techniques and is made

possible by introducing a fixed-point strategy formulated in a suitable Bochner space.

We have rigorously established the well-posedness of both the semi-discrete continuous-
in-time and the fully discrete schemes, and we have developed the corresponding error
analysis. Moreover, the proposed method inherits from the continuous problem the im-

portant property of being momentum conservative.

From the numerical perspective, we have illustrated, through simulations implemented in
FEniCS, the robustness and accuracy of the method, even in scenarios involving challeng-

ing physical parameters.

As a consequence of the work developed in this thesis, we currently have the following

preprint under review:

A. J. BusTtos AND S. CAUCAO, A Banach space mized formulation for the unsteady
Brinkman problem with spatially varying porosity. Universidad de Concepcion,

(2025). Available in the CT*MA repository.

Finally, we remark that the results obtained in this thesis have motivated to several ongoing

and future projects. Some of them are described below:

(i)

A posteriori error analysis: The last numerical example highlights the importance
of mesh refinement near material interfaces, as illustrated in Figure 6.9. This observa-
tion motivates future work on developing an a posteriori error analysis for the proposed
method, which could then be employed to guide adaptive mesh refinement and achieve

more accurate approximations in this class of problems.

Multiphysics problems: As discussed throughout this manuscript, the analysis carried
out in Banach spaces, beyond its intrinsic mathematical interest, is motivated by the
coupling of the Brinkman problem with other models. In particular, it is of significant
interest to extend the present analysis to the interaction of this model with heat or

transport equations.
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Appendix A: On the solvability of an abstract

evolution problem

This appendix is devoted to the proof of Theorem 3.1. The arguments follow the general ideas
in [42, Chapter IV], and in particular those of [42, Theorem IV.6.1(b)]. Nevertheless, our aim is
to provide a self-contained proof, including all the necessary preliminaries. We begin by recalling
several definitions and results concerning accretive operators. Next, we establish a key result on
evolution equations in Hilbert spaces. We then include an interlude describing the relationship
between pre-Hilbert and semi-inner product spaces, which offers a convenient framework for
passing from just a semi-inner product space to a Hilbert space by duality. Finally, we conclude

by proving the main result, which relies on all the preceding developments.

A.1 Prelude: Accretive operators

Let (H, (-,-)g) be a Hilbert space and let A be a relation on H, that is, A is a subset of H x H.

We define the domain, range and inverse of A as

D(A)::{ZBEH: (r,y) € A forsomeyEH},

I0)



A.1. Prelude: Accretive operators

R(A) :

{yGH: (x,y) € A forsome:ceH},

A7l = {(y,x) €EHxH : (z,9) GA},

respectively. We may view A as a mapping that assigns to each x € H the subset A(z) =
{ye H : (z,y) € A}. Then A is a function precisely when each set A(x) consists of a single
point. In this sense, we refer to A as a relation or, equivalently, as a multivalued operator.

Furthermore, we may define the operations

A = {(m,)\y) EHxH : (ry)e A} VAER, and

A+ B := {(m,y—i—z) €eHxH : (z,y)eA and (z,2)¢€ B}.
We notice that D(AA) = D(A) if A # 0 and D(A + B) = D(A) N D(B). From now on, we
denote by I the identity operator.

Definition A.1. An operator A on H is said to be accretive if, for all (z;,w;) € A, j € {1,2},
then

(w1 — wa, &1 — x2) g > 0.

Furthermore, A is called m-accretive if, in addition, R(I + A) = H.

The following two lemmas provide characterizations of accretive and m-accretive operators.
Their proofs are mainly algebraic and are therefore omitted. For further details, see [42, Corol-

lary IV.1.3 and Lemma IV.1.3].

Lemma A.1. The following are equivalent:

(i) A is accretive,
(ii) (I +aA)~t is a contraction on R(I + «A) for all a > 0.

Lemma A.2. The following are equivalent:

(i) A is accretive and R(I + aA) = H for some o > 0,

76



A.1. Prelude: Accretive operators

(7i) A is m-accretive,
(7ii) A is accretive and R(I + aA) = H for all a > 0.

Given an m-accretive operator A and o > 0, Lemma A.2 implies that R(I +«A) = H, and,
consequently, D((I + a A)~) = H. Moreover, for any y € H, the problem of finding x € H
such that

(I+ad)(y) =2

admits a unique solution, since (I + o A)~! is a contraction on R(I + aA) = H as stated in

Lemma A.1. Therefore, we may define the single-valued operators
Jo=I+aA)™  Va>0,

which are called the resolvents of A. Observe that y = J,(z) if and only if 1(z —y) € A(y),

whence

Lo n@) e AUux) VocH, VYa>o0. (A1)

«

Proposition A.1. Let A be an m-accretive operator on H. Then, A is maximal accretive,

i.e. if B is accretive and A C B, then A = B.

Proof. Let (z,y) € B and define z := (I + A)"'(y + z). Then, 2 € D(A) C D(B) and
y+axze(l+A)(z) C(I+ B)(2),s0y+x—z¢€ B(z). Using that B is accretive with the pair
(z,y),(z,y + 2z — z) € B, we deduce that

0<(y—(y+az—2z2),0—2)g=(—z+z,0—2)g=—|lv—z|%},

which implies x = z. Therefore, x € D(A), and, since y + = € (I + A)(z), it follows that
y € A(x). Thus, (z,y) € A, as desired. O

Hereafter, if S is a subset of a topological space X, we denote by S the closure of S in X.

Proposition A.2. Let A be an m-accretive operator on H. Then, for all x € H, the set A(x)

is closed and convez.
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A.1. Prelude: Accretive operators

Proof. Let us define the relation A ¢ H x H by
(z,y) € A ifand only if z € D(A) and ye Az).

It is readily verified that A C A and that A is also accretive. By Proposition A.1, it follows
that A = A. Thus, A(z) = A(z) for all # € D(A). This proves that A(z) is closed.

On the other hand, to prove that A(x) is convex, we define A. C H x H by
(x,y) € A. ifand only if z € D(A) and vy € Conv(A(x)),

where Conv(A(z)) denotes the convex hull of A(z). As before, it is readily verified that A C A,
and A, is also accretive. Hence, A. = A, which implies that for all x € D(A), A(x) =
Conv(A(z)), that is, A(z) is convex. This completes the proof. O

Proposition A.3. Let A be an m-accretive operator on H and let {(zn,Yn)}nen C A be a

sequence such that x, — x and y, — y in H. Then

(i) [fliggglf (Tr, Yn)a < (z,Y)m, then (x,y) € A.

(ii) If ligl_}SOlip (Tn, Yn)u < (z,y)m, then Jgngo(xn,yn)H = (,y)n-
Proof.

(i) Consider the relation A := AU{(z,y)}. Clearly, A C A. Let us prove that A is accretive.

Since A is accretive, for all (u,v) € A,
0<(—Yn,u—2n)g =W, u)g — (V%) — Y, W+ Yn, Tn) 1 -
Then, taking lim inf, using the assumption and the weak convergences,
0<(upg—(vz)g—Wug+yr)p=@—-yu—12)g.

Thus, A is accretive. Therefore, by Proposition A.1, we conclude that A = A, which
means that (z,y) € A.
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A.1. Prelude: Accretive operators

(ii) If the limsup assumption holds, the liminf assumption of the previous item also holds,

and, thus, (z,y) € A. Then, using that A is accretive,

Taking lim inf, we obtain that

liminf (2, Y)rr > (2,9)1,

n—o0

which along with the lim sup assumption, gives lim (Tn, Yn)u = (T,Y)u, as desired.

O

Definition A.2. Let A be an m-accretive operator on H. The Yosida approzimations of A are

defined by

1
Ay =—(1-1J,) Va>0.

a

Certainly, from (A.1) it follows that A,(z) € A(J,(z)) for all x € H and a > 0. Moreover,
using once again the characterization of J, (A.1), it is straightforward to verify that y = A, (z)
if and only if y € A(z — ay).

Since A is m-accretive, by Proposition A.2, A(z) is closed and convex for all x € H. This

allows us to define the minimal section operator A° : H — H by

A°(x) = Proj 4,y(0) = argmin [|y||x .
yEA(z)

Theorem A.3. Let A be an m-accretive operator on H.

(1) Each A, is m-accretive and Lipschitz with constant 1/a.

(ii) For each x € D(A), ||Aa(2)||zr converges upward to |A°(z)|#, lig% Ay(x) = A%(z) and
[Aa(@) = A%@) I < 1IA°@) 5 — [Aa(@);  Ya>0. (A.2)

Proof. See [42, Theorem IV.1.1]. O
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A.2 Transitions: The theorem of Kato

An important tool in the development of the theory of abstract evolution equations is the use of
Yosida approximations. Later in this section, we shall prove Kato’s theorem, which establishes

the existence and uniqueness of a solution to the problem

O A Swu®) + 1) forac te0.T).

where A is an m-accretive operator in the Hilbert space H, w > 0, f : [0,7] — H is absolutely
continuous and u(0) = ug. In general, if A is replaced by its Yosida approximation A,, with
a > 0, the proof of existence and uniqueness becomes simpler. In this way, we can construct
a sequence of solutions u, corresponding to each approximated problem and then show that
iig% u, exists and solves the original problem. Therefore, our first step will be to prove the

existence and uniqueness of the solution for each approximation.

Lemma A.4. Let A be m-accretive in the Hilbert space H and w > 0. For each uy € D(A),
absolutely continuous f : [0,T] — H, and a > 0, there is a unique u, € C*([0,T], H), such
that ua(0) = ug and

d;ta(t) + Aa(ua(t)) = wua(t) + f(1) for a.e. te€[0,T]. (A.3)

Proof. If u, is a solution of (A.3), then by integrating (A.3) from 0 to t € (0,7, we obtain

Ua(t) = up + /Ot { — An(ua(s)) + wua(s) + f(s)} ds, (A4)

which motivates the definition of the operator @, : C([0,7],H) — C([0,T], H) such that for
each v € C([0,7T1, H),

B (0) (1) = g + /Ot { — Ag(w(s)) +wu(s) + f(s)} ds  Vtel0,T].

We shall consider the weighted norm || - || : C([0,T], H) — R, for some A > 0 to be chosen
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A.2. Transitions: The theorem of Kato

later, defined by
lvlla := sup e |lv(t)||x Vo e C(0,T),H),
0<t<T

which is equivalent to the usual norm in C([0,7], H). We now proceed to prove that &, is a

contractive operator on C([0,7T], H) with this norm. Given vy, vy € C([0,T], H), we have

[@a00)(t) = a2 < [ {1 4a(01(5)) = Aa(eas)ln + lon(s) = vals)l } s,

whence using that A, is Lipschitz with constant 1/a (cf. Theorem A.3) and denoting L :=
1/ + w, we obtain that

[a(00)(0) = Bale2)Ollr < L [ Jr(5) = ea(s)]ls ds

t L
< Lifor = valla /O e ds = 5y [0y — valx (e = 1).

Thus,

L L
[@a(v1) = Pa(v2)[Ix < T 1o —vallx sup (1 —e™) < = [log — va|x
A 0<t<T A

Hence, by chosing A := 2L, we conclude that &, is a contractive operator in the Banach space
C([0,T], H) with the norm | - ||x. Applying the Banach fixed-point theorem, we deduce that
there is a unique u, € C([0,T], H) such that ®,(u,) = u,, which means that (A.4) holds for
all t € [0,T], thereby implying (A.3). Moreover, since every term in the integrand in (A.4) is
continuous, it follows that the derivative of u, is also continuous. Hence, u, € C1([0,T], H).

This completes the proof. [

The following lemma, which is a version of the so-called Gronwall inequality, will be used

repeatedly in the main result of this section.

Lemma A.5 (Gronwall inequality). Let a,b € LY(0,T) with b(t) > 0 a.e. in (0,T), and let

v:[0,T] = R be an absolutely continuous function that satisfies, for some 0 < 6 < 1,

(1—6)v'(t) < a(t)v(t) + b(t) v’ (1) for a.e. te€][0,T].
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Then,
V) <0 0) + [(a)bs) ds Ve o],
where
n(s) == exp (/ a(§) d£>
Proof. See [42, Lemma IV.4.1]. O

We are now in a position to prove the existence and uniqueness of a solution to the abstract
evolution problem introduced at the beginning of this section. This result is originally due to

Kato [37].

Theorem A.6 (Kato). Let A be m-accretive in the Hilbert space H and w > 0. For each
uy € D(A) and absolutely continuous f : [0,T] — H, there is a unique absolutely continuous

u:[0,T] = H, such that u(0) = uy and

Cj;:(t) + A(u(t)) > wul(t) + f(t) fora.e. te€(0,7T). (A.5)

Furthermore, w is Lipschitz continuous and u(t) € D(A) for every t > 0.

Proof. We first prove uniqueness. Let u; and us be two solutions of (A.5). Since A is accretive,
it follows that

d

5 () = us()l[f < wllua(t) —wa(t)|lz V>0,

DN | —

which, by using Gronwall inequality with § = 0 (cf. Lemma A.5), yields

s () = us(®) | < €' s (0) — ws(O)lr V't 0.

Thus, since u;(0) = u2(0) = up, any solution, if it exists, must be unique.
Now, in order to prove existence, for each a > 0, we let u, € C'([0,T], H) be the unique

solution (cf. Lemma A.4) to

dgta(t) b Au(ua(t) = wua(t) + f(1)  VtE[0,T], (A.6)
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with 1, (0) = ug. We observe that, if A > 0, then u,(t + h) is a solution of (A.6) with f(¢)

replaced by f(t + h). Using the accretivity of A,, a few algebraic manipulations yield

1d

5 g7 lualt +h) = ua()lf < w [ualt +h) — ua(t)lz

HILFE+R) = FONa lua(t +h) = walt)]a -

By applying Gronwall inequality with 6 = 1/2 (cf. Lemma A.5) and letting h — 0, we arrive

at

it ()l < e[| = Aaluo) +wuo + FO)], + [ [ | (s)] ds,

where the prime indicates differentiation in time. This, together with the fact that || A, (uo)||g <
| A% (ug) ||z (cf. (A.2)), yields

t
lua ()l < e 1A% (uo) | + € lwuo + £(0)]| 1 +/0 e () s (A.T)

This implies that {u,} is a bounded sequence in C([0,T], H). Moreover, from this fact and
employing (A.6), it follows that {u,} and {A,(us)} are also bounded in C([0,T7], H).

We now proceed to prove that the sequence {u,} is Cauchy in C'([0,T], H). To this end, let
a, > 0, and use (A.6) to obtain

& lhalt) — us (1)

= w [[ua(t) = us(t)ll = (Aa(ual(t) — Ag(us(t)), ualt) = ug(t)) -

N | —

(A.8)

Writing u, = o Ax(uy) + Ji(uy) for x € {a, f}, and omitting the time dependence for clarity,

the last term in (A.8) can be rewritten as

(Aaua) = As(up),ua — ug) = (Aa(ua) = Ag(ug), @ Aa(ua) — B Ag(ug))

(A.9)
+ (Aa(ua) = As(ug), Jalwa) = Js(ug)) -

As mentioned just below of Definition A.2, we have A,(u.) € A(J.(u,)) for each * € {«, 8}.

This, along with the fact that A is accretive, implies that the last term in (A.9) is non-negative.
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Thus,

(Aaltta) = As(ug),ua = ug) > (Aalua) = As(ug), @ Aa(ua) = B Ag(ug)) . (A10)

By performing some algebraic manipulations and using Cauchy—Schwarz and Young’s inequal-

ities, we obtain that

(Aa(ta) = Ap(ug) e = up) | > orf| Aa(ua)lliy + 5 As(us)lf = (o + 5) (Aa(ua), As(us))
> [ Aalura) By + 6 14 (us) 3 — @ (1 A4aua) I3 + 7 143Cs) 1
=6 (7 4alua) By + 1 4s(us) )
z—o‘zﬁKz,

where K := sup{HAa(ua(t))HH : 0<t<T and a> 0}. Notice that this supremum is
indeed finite, as the sequence {A,(u,)} is bounded in C([0,T], H). Hence, upon writing the

time dependence explicitly again,

a+p

K2,
4

—(Aa(ua(t) — Ap(us(t)), ualt) —ug(t)) <
Putting this estimate into (A.8), we find that

d
Juat) = wsDlFy < 20 foralt) — ws(t) 3+ * 57

K2
dt ’

and using Gronwall inequality with § = 0 (cf. Lemma A.5), we discover

a+
4w

lua(t) = us ()3 < K*(e*'=1)  Vte[0,T].

Therefore, {u,} is uniformly Cauchy and, consequently, there exists a function u € C([0,7], H)
satisfying

ua(t) — ()| < %[@ (et —1) VYte[0,T], Ya>0,

which, in particular, gives us that u, — w in L*(0,7; H). Since {Aq(uq)}e is bounded in
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C([0,T]; H), we also have that is bounded in L%(0,T; H), and, consequently, there is a sub-
sequence (not relabeled) such that A,(u,) — ¢ in L2(0,T; H), for some & € L*(0,T; H).
Analogously for {u/ },, it follows that there exists a subsequence weakly convergent. Moreover,

by taking @ — 0 in the equation

¢
U (t) :u0+/ ul (s)ds,
0

we discover that u, — u'. On the other hand, we recall from Definition A.2 that u, — Ju(ua) =

a Ay (uq), which along with the boundedness of {A,(uq)}a yields

a—0
e = Ja(ua) leqor,m < allAa(ua)llcqorm <=0,

whence J,(u,) — win C([0,T], H) and, thus, we also obtain convergence in L2(0,T; H). There-
fore, we can take limit in (A.6) to find that

u+E=wu+f in L*0,T;H). (A.11)

It remains to prove that £ € A(u) to obtain (A.5). To that end, we introduce the realization
ACL?0,T;H) x L*(0,T; H) as a relation defined by

(z,w) € A if and only if w(t) € A(z(t)) fora.e. te (0,7). (A.12)

Since A is m-accretive in H, it is not difficult to see that A is m-accretive in L?(0,T; H). Then,
putting x, := Jo(u) and y, := As(uy), we have that (z4,y,) € A. We already know that
T, — uin L2(0,T; H) and y, — & in L?(0,T; H). Consequently,

[ Gatt)valtndr = [ ), @)t (A13)

0

By applying Lemma A.3 to the realization A (cf. (A.12)) on the Hilbert space L%(0,T; H),

together with the sequences {z,} and {y,} and the convergence in (A.13), we obtain that
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(u, &) € A; that is, £(t) € A(u(t)) for a.e. t € (0,T). Therefore, (A.11) becomes
u'(t) + A(u(t)) > wu(t) + f(¢) for a.e. t€(0,7),

which proves (A.5). Furthermore, since u, — w in C([0,7], H), we have that u,(0) — u(0),
i.e. u(0) = ug. We now prove that u is Lipschitz continuous. In fact, each wu, is Lipschitz, since

for all t > s,

Jua(®) = wa(lr < [ u(6) = ($) < C (2= 5),

where C'is independent of ¢ and s, owing to the uniformly boundedness of u, (cf. (A.7)). Hence,
lu(t) = w(s)|[m = lim flua(t) = ua(s)llu < C(t =),

so u is Lipschitz continuous. This completes the proof. [

A.3 Interlude: Semi-inner product spaces and duality

Let E be a vector space endowed with the inner product (-,-). We assume that F is a pre-
Hilbert space, i.e. E with the induced norm is not necessarily complete. Recall that the dual
space E', endowed with the usual dual norm || - || is a Banach space. Let T : E — E’ be the
map defined by

[T (u),v] := (u,v) Vu,ve E,

where [, -] denotes the dual pairing between E’ and E. It is easy to show that 7" is a linear
isometry, so it is injective. Notice that if T" were surjective, then it would coincide with the
Riesz map and F would be complete, which, in general, is not the case here. Our purpose is
to show that R(T') is dense in E’ and that E’ is actually a Hilbert space. To that end, we first
define the inner product ((-,-)) : R(T) x R(T') — R by

(f.9) = (T(f). T (9) VfgeRT),
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which is well defined due to the injectivity of 7. We now extend this definition to R(7") by

density. Let f,g € R(T) and {f,}nen, {gn}tnen C R(T) such that f, — f and g, — g in E'.
We define

(f:9) = lim (T (fn), T~ (ga)) - (A.14)

n—oo

This definition clearly extends the previous one. We proceed to prove that ((+,)) is properly
defined, which means that the limit exists and the definition does not depend on the particular
sequences. To prove the former, we use the triangle and Cauchy—Schwarz inequalities along

with the fact that T' is an isometry to obtain

(T (Fa), T gn) = (T (Fn) T (gm)|
= (T () = T (f)s T7Hg0)) + (T (F) T (90) = T (gm))
<7 () = T ) HIT Mgl + 1T )T (90) = T (gim)

7,M—00

= lfn = Fallr llgnll e + 1 fullr llgn = gmll 2 =——— 0.

Thus, {(T(f), T~ (gn)) }nen is Cauchy in R, and, consequently, it is convergent.

On the other hand, (A.14) does not depend on the particular choice of sequences. In fact,
let { fy}nen, {Gn tnen C R(T) be another pair of sequences satisfying that f, — f and g, — ¢
in E'. Then,

(T ), T (gw) = (T2, T (@)
= (T () = T (), T g0)) + (T (), T (90) = T (G0)|
< T () = T FDIHIT ™ )|+ 1T FIHIT ™ (9) = T4 (@) |

n—o0

so the limits coincide, which proves that (A.14) is well defined.

Now, notice that ((f, f)*/? = ||f||z for all f € R(T). Therefore, we have proven that

(R(T),((+,-)) is a Hilbert space. In what follows, we prove that R(T") = E'.
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Given f € E’, we may define ¢ : R(T") — R by

[67.9) = lim [£, T (ga)] Vg€ R(T),

where {g, }nen denotes any sequence in R(T') such that g, — g in E’. Analogously as before, it
can be proven that this definition does not depend on the choice of the sequence. Furthermore,

it is straightforward to prove that ¢f € R(T)/. Since R(T) is a Hilbert space, we may use the

Riesz representation theorem to deduce that there exists a unique f € R(T) such that

67,91 =(f.9) VgeRT).

Moreover, given a sequence { fn}neN C R(T) converging to f, we have that, for all g € R(T),

~ ~ ~

(f.9) = lim (T (fa), TN (9)) = lim [T(T"(f)), T (9)) = lim [fo, T (9)] = [F, T (9)] -

n—o0 n—o0 n—oo

If = fllor = sup V-t _ o U-LTl o Brd =) _
ozuer  |u| o2ger(r)  ||1T7(g)]| Osoc R(T) gl )

which means that f = f . Hence, f € R(T) and, consequently, R(T) = E'. In particular, £’ is
a Hilbert space.

Certainly, we have shown that E’ is a Hilbert space containing a dense subspace that is
isometrically isomorphic to E. The unique space satisfying these properties, up to isometric
isomorphism, is the completion of E. Hence, E' can be identified with the completion of E.

We summarize these results in the following theorem.

Theorem A.7. Let E be a vector space endowed with the inner product (-,-). Then, E' is a
Hilbert space and it is identified with the completion of E.

For the purposes of this manuscript, the situation in which the vector space E is endowed
with a semi-inner product is even more relevant. In this case, we can also obtain a similar

result. We shall consider then the following setting. Denote by E* the algebraic dual of E
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and let N : E — E* be a linear, symmetric and monotone operator, and define the semi-inner

product
(v ):ExXE — R

(z,y) — (z,9) = N(x),9].

Denote by | - |, the induced seminorm and by F, the corresponding seminormed space. Let K

be the kernel of . The topological dual of E, is defined as

Ei::{fEE*

3C>0:VaeFE : |f(x)|§C|x|*},

and it is endowed with the norm

/]

g = Sup ’fl(bu)’ VfeE.

ueE\K | |*

Now, define the quotient space
E, ::E/IC:{[U] : uEE}, where [u] := {’UGE : v—uelC},

and the quotient map 7 : E — E, by m(u) := [u] for all u € E. We endow the space E, with
the inner product

(@,0)p, = (u, ), (A.15)

for all 4,0 € E,, where u € m1(@) and v € 7~ 1(¥). It is easy to verify that this definition
does not depend on the particular choice of representative of each class. Denote by || - ||z the
induced norm and by W the completion of E,. Hence, by Theorem A.7, it follows that Ei is a

Hilbert space and it is isometrically isomorphic to .

Since W is the completion of E,, there exists a linear and bounded operator j : E, > W
that is injective, isometric and has dense range. Let us define the linear and continuous operator

q:=jomn:FE,— W. Notice that

= = |uls YueE,,

lg()llw = i (@ ()llw = [[r(W)llz, =
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so ker(q) = K, which means that ¢ is not injective. In addition, since 7 is surjective and j has
dense range, it follows that ¢ has dense range. Let us introduce the adjoint of ¢ as the operator
q : W' — E! defined by

¢(f):=foq VfeW, (A.16)

which is a linear and bounded operator. It is straightforward to prove that ¢’ is an isometry.
Since W' and E! are normed vector spaces, this fact implies that ¢’ is injective. We proceed to

prove that it is also surjective. Let g € E. and define the map g : E. >R by
G() :=g(u) ViueE, with uwer ().

Using that ¢ is continuous in F,, it can be proven that g is well defined, meaning that it
does not depend on the representative of the class. Moreover, g € Ei Then, we may define
f:R(j) — R by

flw) =g (w)),

which is properly defined, since j is injective. One can verify that f is a bounded and linear
functional on R(j). By Hahn-Banach theorem, it follows that there is a continuous linear

extension F' € W’. We now notice that, for each u € E,,

which means that ¢'(F') = g. Therefore, ¢ is surjective.

We have shown that ¢’ is an isometric isomorphism between W’ and E’. Since W is a Hilbert
space, the Riesz representation theorem implies that W and W’ are isometrically isomorphic.

We thus obtain the following result.

Theorem A.8. Let E be a real vector space and let N : E — E* be a linear, symmetric and
monotone operator, whose kernel is denoted by IC. Let (-, ). be the semi-inner product induced
by N, and denote by | - |« the corresponding seminorm. Set E, := (E,| - |.) and define the
quotient space E, = E/K endowed with the inner product (A.15). Furthermore, let W denote

the completion of E, and let T be the isometric isomorphism from EL onto W. Additionally,
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let R : W — W' be the Riesz mapping and q' : W' — E! be defined as in (A.16). Then, we

have the following isometric isomorphisms:

E-T.w 2. w2, F.

A.4 Finale: Solvability of an evolution problem

In what follows, we adopt the same notations and definitions as in Theorem A.8 and, addition-
ally, we consider a monotone operator M : D — E’ where D C F is the domain of M. In this

section, our aim is to study the solvability of the problem

CZ(N(u(t))) —|—M(u(t)) = f(t) forae. 0<t<T,

where f:[0,T] — E. and u(0) = ug are given. To this end, we employ the tools developed in
the previous section to reformulate this problem within the framework of Kato’s theorem (cf.

Theorem A.6).

Using the definitions of (-, -). and (-, )5 , together with the fact that j is an isometry and

E.
);

the definition of the mapping ¢ (cf. (A.16)), we find that, for all z,y € E,

N (@),y] = (z,9). = (7(2),7(y)) 5, = G(7(@)), (7 (y)w = (a(2), a())w - (A.17)
Moreover, employing now the Riesz map R : W — W', which satisfies
[R(v),w] = (v,w)w Vo,we W,

and the definition of ¢’ (cf. (A.16)), the identity (A.17) is rewritten as

V(@) 9] = [R(g(@)),q(y)] = [(¢ e Ro)(@),y|  Va,y€E,
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which proves the following factorization of N,
N=¢goRogq. (A.18)

On the other hand, to obtain a similar factorization for M, let us introduce the relation

Mo C W x W' defined by
g€ Mo(@) ifandonlyif Fz €D : ¢lz)=2 and ¢'(g9) = M(x). (A.19)

In general, M, is not a single-valued operator, since ¢ is not injective. Observe also that

D(M,) = {q(x) eWw :ze D}. Moreover,
M=¢goMyogq. (A.20)

The following lemma presents two equivalences that relate all these operators. The proof follows

directly from (A.18), (A.19), and (A.20), and is therefore omitted.

Lemma A.9. There hold:

(i) For each T = q(xz) € W, ¢'(g9) = M(x) if and only if g € Mo(Z), and, in this case, we

have [¢'(9), x] = g(Z).
(it) The equality ¢'(g) = (N + M)(z) holds if and only if g € (R + My)(q(x)).
Using this lemma, it is straightforwardly obtained the following result.
Corollary A.10. There hold:
(i) M : D — E. is monotone if and only if My : D(Mgy) — W' is monotone.
(ii) ¢ is a bijection of R(R + My) onto R(N + M).

We are finally ready to establish Theorem 3.1. For the reader’s convenience, we recall the

statement of the theorem.
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Theorem A.11. Let the linear, symmetric and monotone operator N be given from the real
vector space E to its algebraic dual E*, and let E! be the Hilbert space which is the dual of the

seminormed space (E,| - |.), where
2], = [N (z), z]"/? VeeFE.

Let M : D — E. be a monotone operator, with D C E, and suppose that R(N + M) = E..
Then, for each f € WYH0,T; EL) and for each uy € D, there is a solution u : [0,T] — E of

Z(j\/’(u(t))) —I—M(u(t)) = f(t) forae 0<t<T, (A.21)

with
N(u) e WH(0,T;EL), u(t) €D forall 0<t<T, and N(u(0))=N(up).

Proof. We begin by showing that the existence of a solution to (A.21) is equivalent to the
existence of a solution to a related problem formulated within the framework of (A.5). Suppose
that u : [0,7] — E is a solution to (A.21). Then, since ¢’ : W’ — E’ is an isomorphism, by
combining (A.18) and (A.20), we find that @ := Roqgowu: [0,T] — W’ satisfies

du

— (0 + (Moo R (a(1)) 3 ft) forae 0<t<T, (A.22)

where f := (¢)"' o f. Observe that we have lost the equality, which has been replaced by
an inclusion, since My is not a single-valued operator. We now suppose that @ : [0,7] — W’
solves (A.22). Then, R 'oii(t) € D(M,) for a.e. t € (0,T), which implies that, for almost every
t, there exists u(t) € D such that R~1oii(t) = g(u(t)). Hence, using once again the isomorphism
q’ together with (A.18) and (A.20), we deduce that u satisfies the original equation (A.21).

Now, in order to use Theorem A.6, we must prove that Myo R~ C W/ x W’ is an m-

accretive operator. Since M is monotone, by Corollary A.10 it follows that M, is monotone.
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Then, for all (f;,g;) € W' x W' such that (Mgo R (fi) = ¢i, 7 € {1,2}, there holds

(1 — g2 i = fo)wr = (R7Hg1 — 92), R™H(f1 — fa))w = [91 — 92, R (f1 — f2)]
= [Mo(R7(f1)) = Mo(R™(f2)), R (f1) =R (f2)] = 0,

where we used the monotonicity of Mg. This proves that My o R™! is accretive. It remains
to prove the range condition R(I + My o R™Y) = W’. From the hypothesis on the range
and Corollary A.10, we have that ¢’ is a bijection of R(R + M) onto E.. This means that
R(R + M) = W’. Thus, for all g € W, there exists w € W such that

(R +Mo)(w) =g

Since R is an isomorphism, the above equation is equivalent to say that for all ¢ € W', there
exists f € W’ such that

(I+MooR)(f) =g,
where f = R(w). Thus, R(I + MgyoR™!) = W'. Therefore, Myo R~ is m-accretive.

Finally, by applying Theorem A.6 in the context of (A.22), we conclude the desired result.
0]
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