Universidad de Concepcion
Direcciéon de Postgrado
Facultad de Ciencias Fisicas y Matematicas
Programa de Doctorado en Ciencias Aplicadas
con Menciéon en Ingenieria Matematica

PROBLEMAS NO CONVEXOS EN CONTROL
OPTIMO Y OPTIMIZACION

NON-CONVEX PROBLEMS IN OPTIMAL CONTROL
AND OPTIMIZATION

Tesis presentada a la Facultad de Ciencias Fisicas y Matematicas de la
Universidad de Concepcion para optar al grado académico de Doctor en

Ciencias Aplicadas con Mencion en Ingenieria Matematica

POR: FILIP AGUSTIN THIELE GUERRERO
Concepcion, Chile

2026

Profesor Guia: Fabidn Flores-Bazan
Departamento de Ingenieria Matematica

Universidad de Concepcion, Chile



Se autoriza la reproduccion total o parcial, con fines académicos, por cualquier medio

o procedimiento, incluyendo la cita bibliografica del documento.



PROBLEMAS NO CONVEXO0OS EN CONTROL OPTIMO Y
OPTIMIZACION

Filip Agustin Thiele Guerrero

Director de Tesis: Fabian Flores, Universidad de Concepcién, Chile.

Director de Programa: Raimund Biirger, Universidad de Concepcién, Chile.

Comision evaluadora
Prof.
Prof.
Prof.
Comision examinadora

Firma:
Prof.
Firma:
Prof.
Firma:

Prof.

Firma:
Prof.

Calificacion:

Concepcion, Marzo de 2026



Dedicado a la memoria de mi abuelo Osvaldo Thiele Buck.



Agradecimientos

Agradezco a todos quienes me brindaron su apoyo durante todo este tiempo.
Agradezco, en particular, a mi director de tesis, el profesor Fabidn Flores-Bazan, por
su buena disposicion y paciencia para compartir su conocimiento y guiarme durante
nuestra investigacion. Al profesor Dihn Hoang Nguyen, quien me introdujo a su
area de experticia y siempre mantuvo una actitud positiva. De la misma manera, a
Stephanie Caro, con quien tuve el agrado de trabajar durante varios meses, durante
los cuales fue una fuente de conocimiento, tanto en lo académico, como fuera de
lo académico. Agradezco también a todo el personal del Centro de Investigacion
en Ingenierfa Matemética (CI?MA), tanto profesores como funcionarios que me
brindaron un lugar de trabajo con excelente ambiente laboral, que ha hecho de esta,
una experiencia inolvidable. Agradezco a mi familia por su apoyo incondicional, que
me ha guiado desde el comienzo. Gracias por todo. Asimismo, agradezco a mis

amigos por los buenos tiempos que hemos pasado durante todo este proceso.

Agradezco también a la Agencia Nacional de Investigacion y Desarrollo (ANID)
por financiar mis estudios a través de ANID BECAS/DOCTORADO NACIONAL
21221518.

Parte del material de esta tesis corresponde al de los proyectos de investigacion
financiados parcialmente por ANID-Chile a través de FONDECYT 1252131 y BASAL
FB210005.



i

Resumen

Esta tesis se centra en el estudio de problemas no convexos a través de dos enfoques
diferentes. En primer lugar, centrandose en las condiciones de optimalidad para
problemas con conjuntos de restricciones geométricas no convexas particulares, sin
suponer la convexidad de las funciones; y, en segundo lugar, considerando una familia

especial de funciones cuasiconvexas.

Desarrollamos descripciones algebraicas del cono normal limite para distintos tipos
de conjuntos, incluida la unién de dos poliedros y una superficie cuadratica tnica
o la unién de dos superficies cuadraticas. A continuacién, estas descripciones se
utilizan para estudiar las condiciones de optimalidad M-estacionarias, lo que da lugar
a resultados sobre la unicidad local y las propiedades de estabilidad del conjunto
de soluciones. Nuestros hallazgos sobre las condiciones de optimalidad son nuevos y
pueden considerarse extensiones de resultados conocidos que emplean condiciones
KKT en problemas sin restricciones geométricas. Ademés, presentamos un ejemplo
de un problema de optimizacion, al que se aplican nuestros resultados, en el que las
condiciones M-estacionarias identifican correctamente al minimizador, mientras que

otros enfoques fallan

Posteriormente, ampliamos ciertos resultados conocidos del analisis convexo a las
funciones cuasiconvexas, demostrando que, al igual que con las funciones convexas,
algunos comportamientos globales pueden entenderse examinando el comportamiento
en puntos individuales. Por ultimo, nos centramos en una clase particular de funciones
cuasiconvexas para demostrar la existencia de soluciones y la semicontinuidad inferior
de la funciéon de valor, complementando o generalizando asi los resultados conocidos

en el caso convexo.
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Abstract

This thesis is concerned with the study of non-convex problems through two different
approaches: first, by focusing on optimality conditions for problems with particular
non-convex geometric constraint sets, without assuming convexity of the functions;

and secondly, by considering a special family of quasiconvex functions.

We develop algebraic descriptions of the limiting normal cone for distinct types
of sets, including the union of two polyhedra and either a single quadric surface
or the union of two quadric surfaces. These descriptions are then used to study
M-stationary optimality conditions, yielding results on local uniqueness as well as
stability properties of the solution set. Our findings regarding optimality conditions
are new and can be viewed as extensions of known results that employ KKT conditions
in problems without geometric constraints. In addition, we present an example of an
optimization problem where M-stationary conditions correctly identify the minimizer,

to which our results apply, whereas other approaches fail.

Subsequently, we extend certain known results from convex analysis to quasiconvex
functions, showing that, as with convex functions, some global behaviors can be
understood by examining the behavior at individual points. Finally, we focus on a
particular class of quasiconvex functions to prove existence of solutions and lower
semicontinuity of the value function, thereby complementing or generalizing known

results in the convex case.
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Chapter 1

Introduccion

1.1 Versién en espanol

La nocién de convexidad juega un papel critico en la optimizaciéon, ya sea en
el establecimiento de la existencia de soluciones, la derivaciéon de condiciones de
optimalidad;o incluso, en la convergencia de métodos numéricos utilizados en la
discretizacion. No obstante, no todos los problemas involucran funciones convexas
o restricciones convexas, por lo que a menudo es necesario trabajar fuera de este
marco y desarrollar técnicas que no dependan de la convexidad para abordar ciertos

problemas que aparecen en aplicaciones.

El objetivo principal de esta tesis seréd tratar problemas de la forma

min{f(z): g(z) <0, h(z) =0, z € C}, (1.1.1)

sin asumir convexidad. Existen resultados que abordan este problema sin requerir
hipoétesis adicionales; una condiciéon de optimalidad bastante conocida establece que
el gradiente de f en un minimizador pertenece al polar del cono contingente del
conjunto factible en dicho minimizador (véase, por ejemplo, [50, Theorem 6.12]). Pese
a que este resultado es valido sin ninguna hipotesis extra, salvo diferenciabilidad de la

funcion objetivo, en la préctica suele ser inutilizable debido a la dificultad inherente
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de calcular el polar del cono tangente del conjunto factible.

Por esta razon, si asumimos que (1.1.1) no es (del todo) convexo, usualmente nos
restringimos a una familia de problemas con una estructura prescrita. Por ejemplo,
las funciones f, g, h pueden ser lineales o cuadréaticas |50, 23]; alternativamente, el
conjunto de restricciones geométricas C' o el conjunto factible completo puede poseer
una estructura o caracterizacion geométrica especifica |9, 21[; o incluso, una o més

de las funciones involucradas pueden ser explicitamente conocidas [59].

Existen dos formas principales de abordar (1.1.1). La primera consiste en construir
resultados desde cero sin depender de la convexidad. Este enfoque es amplio y
puede producir resultados muy generales o resultados adaptados a programas con
tipos especificos de restricciones. En particular, nos centraremos en condiciones de
optimalidad, donde la principal dificultad radica en manejar la restriccion geométrica
dada por el conjunto (no convexo) C. Las técnicas para el caso convexo no pueden
generalizarse de manera directa, ya que dependen de nociones de direcciones normales
que no se extienden naturalmente a conjuntos no convexos. Interpretaremos las
direcciones normales a conjuntos no convexos en el sentido del cono normal limitante
(0 de Mordukhovich), introducido en [12], lo que conduce a la condicién de optimalidad
asociada conocida como condicion M-estacionaria. Nuestro objetivo principal con este
enfoque seré estudiar dicha condicion e imponer hipdtesis apropiadas para establecer

unicidad local y ciertos resultados de estabilidad.

El segundo enfoque se basa en considerar una clase méas amplia de funciones. En
particular, estudiaremos funciones cuasiconvexas, que generalizan las funciones
convexas manteniendo algunas de sus propiedades tutiles. Esto nos permite extender

resultados conocidos en el caso convexo.

Aqui nos centraremos principalmente en problemas de programacion semi-infinita [51],
lo que significa que consideramos una cantidad finita de variables y un ntimero infinito
de restricciones. Nuestras principales herramientas para este analisis provienen del
analisis asintotico [2]. En particular, estudiaremos funciones asintéticas como un
medio para describir el comportamiento tanto de las funciones objetivo como del

conjunto factible |19, 20, 29, 30].
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La estructura de esta tesis es la siguiente. En el Capitulo 2, introducimos las

definiciones y notaciones que utilizaremos en los capitulos posteriores.

El Capitulo 3 estéa estructurado de la siguiente manera. En la Secciéon 3.2, se desarrolla
un estudio profundo de conos normales limitantes a la unién de conjuntos convexos
cerrados y, en particular, cuando los conjuntos son conos convexos cerrados. El caso
de poliedros convexos se aborda en la Secciéon 3.3, donde se establece una férmula de
representacion para el cono normal limitante a la unién de dos poliedros convexos y
algunas de sus consecuencias: Teorema 3.1, Corolario 3.2. La Seccién 3.4 proporciona
unicidad local para la M-estacionariedad, lo que sirve para establecer cotas de error
en un problema de optimizacién no lineal bajo un subespacio afin y un conjunto
geométrico no convexo, como se presenta en la Seccion 3.5. Los resultados contenidos

en este capitulo fueron publicados en el articulo:

e [21] Flores-Bazéas, F., Nguyen, D.H., Thiele, F. Limiting normal cone to quadric
surfaces, local uniqueness and error bound in M-stationarity. SIAM, J. Optim.,
35(4):2323-2342, 2025.

El Capitulo 4 esté estructurado de la siguiente manera. En la Seccion 4.2, establecemos
la formula para el cono normal limitante a una superficie cuadratica y a la uniéon
de dos superficies cuadraticas. La unicidad local de puntos M-estacionarios para el
problema (4.1.4) bajo una sola cuadratica se obtiene en la Secciéon 4.3. En la Seccién
4.4, se establece una cota de error local en puntos M-estacionarios para una clase de
problemas de optimizaciéon no lineal. Esto se basa en tres condiciones: unicidad local
de un punto M-estacionario, la propiedad de contencion externa local (introducida
en la Definiciéon 4.1) para el cono normal limitante al conjunto de restricciones
geométricas en el mismo punto y la Lipschitzianidad superior para la correspondencia
multivaluada de puntos M-estacionarios. El contenido de este capitulo se reporta en

el siguiente preprint:

e [25] Flores-Bazéas, F., Nguyen, D.H., Thiele, F. Limiting normal cone to quadric
surfaces, local uniqueness and error bound in M-stationarity. Preprint 2026-01,
Departamento de Ingenieria Matemdtica, Universidad de Concepcion, Chile,
2026.
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El Capitulo 5 esta estructurado de la siguiente manera. La Seccién 5.2 establece
resultados de existencia bajo restricciones geométricas poliedrales para el programa
cuasiconvexo semi-infinito. La Seccion 5.3 extiende estos resultados para considerar
otros tipos de restricciones geométricas. Finalmente, la Seccion 5.4 esté dedicada
al estudio de la semicontinuidad inferior de la funcién valor, diferenciando entre el
caso semi-infinito y el caso finito. Los resultados contenidos en este capitulo fueron

publicados en el articulo:

e [¢] Caro, S., Thiele, F. Asymptotic analysis for a class of quasiconvex semi-

infinite programming problems. J. Optim. Theory Appl. 207(58), 2025.

El problema fue sugerido por mi profesor guia, quien lo plante6 a la Dra. Stephanie
Caro y a mi. Durante las etapas iniciales del estudio, sostuvimos reuniones con él

para analizar y definir los lineamientos del trabajo.

1.2 English version

The notion of convexity plays a critical role in optimization, whether in establishing
the existence of solutions, deriving optimality conditions or even convergence of
numerical methods used in discretization. Nonetheless, not all problems involve
convex functions or convex constraints, so it is often necessary to work outside this
framework and develop techniques that do not rely on convexity to deal with some

problems found in applications.

The main focus of this thesis will be problems that take the form

min{f(z): ¢g(z) <0, h(z) =0, z € C}, (1.2.1)

without assuming convexity. There are results addressing this problem without
requiring additional assumptions, one well-known optimality condition states that
the gradient of f at a minimizer belongs to the polar of the contingent cone of the
feasible set at the minimizer (see [50, Theorem 6.12|, for example). While this result
always holds true without any extra hypotheses, other than differentiability of the

cost function, it is usually not usable in practice, due to the inherent difficulty of
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computing the polar to the tangent cone of the feasible set.

Because of this, if we are to assume that (1.2.1) is not (fully) convex, usually we
limit ourselves to a family of problems with a prescribed structure. For instance,
the functions f, g, h may be linear or quadratic [50, 23]; alternatively, the geometric
constraint set C' or the entire feasible set may possess a specific structure or geometric
characterization |9, 21]; or even, one or more of the functions involved may be

explicitly known [59].

There are two main ways we approach (1.2.1). The first consists in building results
from the ground up without relying on convexity. This approach is broad and can
yield either very general results or results tailored to programs with specific types of
constraints. In particular, we will focus on optimality conditions, where the main
difficulty lies in handling the geometric constraint given by the (non-convex) set C'.
Techniques from the convex case cannot be generalized straightforwardly, since they
rely on notions of normal directions that do not extend naturally to non-convex sets.
We will interpret normal directions to non-convex sets in the sense of the limiting
(or Mordukhovich) normal cone, introduced in [12]|, which leads to the associated
optimality condition known as the M-stationary condition. Our main goal with
this approach will be to study this condition and impose appropriate hypotheses to

establish local uniqueness and certain stability results.

The second approach relies on considering a broader class of functions. In particular,
we will study quasiconvex functions, which generalize convex functions while retaining
some of their useful properties. This allows us to extend known results for the convex

case.

Here we mainly focus on a semi-infinite programming problems [51], meaning that
we consider a finite amount of variables and an infinite number of constraints. Our
main tools for this come from asymptotic analysis [2|. In particular, we will study
asymptotic functions as a means to describe the behavior of both the objective

functions and the feasible set |19, 20, 29, 30].

The structure of this thesis is as follows. In Chapter 2, we introduce the definitions

and notations that we will use in the later chapters.
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Chapter 3 is structured as follows. In Section 3.2, a deep study of limiting normal
cones to the union of closed convex sets is developed and, particularly, when the
sets are closed convex cones. The case of convex polyhedra is dealt with in Section
3.3, where a representation formula for the limiting normal cone to the union of
two convex polyhedra and some of its consequences are established: Theorem 3.1,
Corollary 3.2. Section 3.4 provides local uniqueness for M-stationarity, which serves
to establish error estimates for a nonlinear optimization problem under an affine
subspace and a nonconvex geometric constraint set, as presented in Section 3.5. The

results contained in this chapter were published in the article:

e |21] Flores-Bazas, F., Nguyen, D.H., Thiele, F. Limiting normal cone to quadric
surfaces, local uniqueness and error bound in M-stationarity. SIAM, J. Optim.,
35(4):2323-2342, 2025.

Chapter 4 is structured as follows. In Section 4.2, we establish the formula for
the limiting normal cone to single quadric surface and to the union of two quadric
surfaces. Local uniqueness of M-stationary points for problem (4.1.4) under a single
quadric is obtained in Section 4.3. In Section 4.4, a local error-bound at M-stationary
points for a class of nonlinear optimization problems is established. This is based on
three conditions: local uniqueness of an M-stationary point, local outer contained
property (as introduced in Definition 4.1) for the limiting normal cone to the geometric
constraints set at the same point, and upper Lipschitzianity for the M-stationary
points set-valued mapping. The contents of this chapter are reported in the following

preprint:

e [25] Flores-Bazéas, F., Nguyen, D.H., Thiele, F. Limiting normal cone to quadric
surfaces, local uniqueness and error bound in M-stationarity. Preprint 2026-01,
Departamento de Ingenieria Matemdtica, Universidad de Concepcion, Chile,
2026.

Chapter 5 is structured as follows. Section 5.2 establishes existence results under
polyhedral geometric constraints for the semi-infinite quasiconvex program. Section
5.3 extends these results to consider other types of geometric constraints. Finally,
Section 5.4 is dedicated to studying the lower semicontinuity of the value function,

differentiating between the semi-infinite and finite case. The results contained in this



1.2. English version 7

chapter were published in the article:

e [¢] Caro, S., Thiele, F. Asymptotic analysis for a class of quasiconvex semi-

infinite programming problems. J. Optim. Theory Appl. 207(58), 2025.

The problem was suggested by my advisor, who presented it to Dr. Stephanie Caro
and me. During the initial stages of the study, we held meetings with him to analyze

and define the guidelines for the work.
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Chapter 2
Notations and Preliminaries

In this chapter, we present the basic notations and the terminology that will be used
throughout this thesis.

2.1 Tangent and Normal Cones

Throughout this thesis, given a set A C R", its closure is denoted by cl(A) or A; its
convex hull by co(A) which is the smallest convex set containing A; its topological
interior by int A; ri A or ri (A) is the relative interior of A, At the orthogonal
complement of A and ¢4 the indicator function of A. Moreover, for B C R", A+ B
is the Minkowski sum and given A C R, AA denotes the product of A and A C R,
with the convention AQ = ()A = (). cone(A) stands for the smallest cone containing
A, that is,
cone(A) = UtA,
>0

whereas conée(A) denotes the smallest closed cone containing A. Obviously cone(A) =
cone(A). By (-,-) we denote the inner or scalar product in R”, whose elements are
considered column vectors. Thus, (a,b) = a'b for all a,b € R".

Given a nonempty set P C R", it is a cone if tP C P, for all t > 0. The polar cone
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of P, P*, is defined as
Pr={¢eR": (&p) >0 Vpe P}

It is well known that, whenever P is a closed convex cone, we have (the bipolar
theorem) P = P** = (P*)*, and in general we have P** = ¢o(cone P), where o A is
the smallest closed and convex set containing A. We equip R™ with the Euclidean
norm |z|| = \/{(x, ), so that the Projection operator of x onto a closed set C' is
denoted by Proj(C;x) and given in terms of the Euclidean norm. For a € R™, at
stands for the (n — 1 dimensional) hyperplane orthogonal to a. Let F': R* — 28" be

a set-valued mapping; its graph and domain are the sets, respectively,
gph FF={(z,2) e R" xR™: z € F(x)}, Dom F ={z € R": F(x) # 0}.

The (sequential) upper limit, in the Painlevé-Kuratowsky sense, at a point z € R, is
defined as

Limsup F(z) ={y € R™: J(xy,yx) €gph F VY ke Nz, — &, yr — y}.

T—T

Given a set 2 C R™ we denote

Limsup F(z) ={y € R™: 3(xy,yx) € gph F, x, € Q,zp — T, yp — y}.
T—T
e

Finally, B(x;¢) stands for the open ball centered at x € R™ and radius € > 0.
It is straightforward to prove the following result.

Proposition 2.1. Let Dy, Dy C R, z € Dy N Dy and a set-valued mapping F :
Dy U Dy — 2% We have

Limsup F(z) = Limsup F(z) U Limsup F(z) U Limsup F(x);
T—T Tr—T T—T T—T
xe€D1UD> IEEDl\DQ ZEDQ\Dl x€D1NDo

Limsup F(z) = Limsup F(z) U Limsup F(z).
T—T T—T T—T
r€D1UD>o zeD1 x€Dg
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In what follows, we recall the notions of contingent and limiting normal cones, well

known in variational analysis. Some of their main properties may be found in the

book [50].
Definition 2.1. Let ) # C CR" and 7 € C':
(i) the (Bouligand-Severi) contingent cone of C' at T, denoted by T(C;Z), is the

closed cone

T(C;z) ={veR": 3t,>0,3z, € C, x — T, t(zx — T) = v}

(13) If x € C, the limiting (also named Mordukhovich or basic) normal cone of C' at
x € C, is defined as
Ny (C; z) = Limsup N(C;x),

T—T
zeC

where Limsup s the upper limit mentioned before and N(C’;x) 18 called the

prenormal cone, or Fréchet (or reqular) normal cone, of C' at x, defined by

N(C;z) = {v eR": limsupM < 0}.

ueC

It should be noticed that, in case C' is locally closed around z € C' (meaning that
there is a neighborhood U of z for which C' N U is closed), then |1, Theorem 1.6]

gives us a simpler representation:

Ny (C; z) = Limsup [cone(z — Proj(C; z))]

T—T

={velR": o =7, tp >0, yp € Proj(C;zx), t(zr —ye) > v}.  (2.1.1)

Remark 2.1. The sequences appearing in (2.1.1) have the following properties:

o 1 —yp — 0: this follows since yp € Proj(C;xy) and © € C, one obtains
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e = yill < [lox — 2]
o yi — T: it is a consequence of ||yx — Z|| < |lyx — xk|| + ||z — Z||.
Whenever we are dealing with a convex set C', we will use N(C'; Z) to refer the clasical
(outward) normal cone at = € C:
N(C;z)={eR": (({,x—7) <0, Vaxel}
N(C;z)=0if z ¢ C. Tt is not hard to prove that
7(C;z) = Jt(C - 2).
>0
Thus, (T(C;z))* = —=N(C;z) = Ny (C; ) provided € C and C' is convex.

Let us go back to consider any set C' locally closed around z € C. In what follows,
given * € C, No(C;7) stands for the Clarke normal cone defined as No(C; %) =
—[Te(C; z)]*, where T (C;z) is the Clarke tangent cone [10]. From |11, Theorem
3.57], it follows that No(C;z) = @6 Ny (C; 7).

In general, we have (see Corollary 1.11 in [11])
—(T(C;%))* = N(C; ) € Ny (C; %) C Ne(C: 7). (2.1.2)

Thus, by using (2.1.1), one infers

gph Ny (C;+) = gph[—(T(C;))*] = gph N(C; ), (2.1.3)

which means that Ny, (C;-) has closed graph, provided C' is closed. Actually, this

closedness also follows from the robustness property (see page 11 in [11]):

Ny (C;z) = Limsup Ny (C;z).

r—T
Furthermore, we denote Ry = [0, +o00[, R4 = |0, +o0o[ and R} | = int R.

We recall that
C* = (co C)* = (cone O)* = (C)*.
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The following proposition collects some interesting results linking (limiting) normal

cones and contingent ones.
Proposition 2.2. Let C' be any nonempty set in R™. The following assertions hold.
(a) Assume that 0 € C.
(al) N(cone(co C');0) = N(co C;0) = N(cone(co C);0) = N(co C;0).
(a2) T'(0;cone C) = cone C.
(a3) [T'(co C;0)]* = —N(co C;0) = C* = (cone C)* = [T'(cone C;0)]*.
(b) Let Cy,Cy be nonempty sets in R™, Cy U Cy be locally closed around .

(b1) If z € C1 N Cy and Cy,Cy are convex sets, then

N(co(C1UCy);7) = N(C1;2) N N(Ca;7) € Np(C1 U Cy; ).

(b2) If z € Cy, dist(z,Cy) > 0 with Cy being locally closed around z, then

NM(Cl U Cg;f) = NM(Cl,ii‘)

(¢) Let & € C' and C being locally closed around T. Then
(C—z)"=N(z;co C)= N(co C;z) C Ny(C;z).

Proof. (a): The proof of these results are standard.

(b1): We prove only the inclusion, since the equality follows from (a). Let v €
N(co(Cy UCy); ). Then for all t > 0, Proj(co(Cy U Cy); T +tv) = Z. By assumptions
on z, Proj(C;; T + tv) = & for i = 1,2. Thus z € Proj(C, U Cy; T + tv). Now, by
setting ¥, = 7 + k~'v, yp, = T, tx = k, one obtains y;, € Proj(Cy U Cy; 1), 7 — T,
tr(zr — yr) = v, meaning v € Ny (Cy U Cy; ).

(02): We first prove “C". Let z;, — Z, yp € Proj(Cy U Cy;xy), t, > 0 satisfying
tr(xr — yx) — v. Since y, & Cs, yp € Cy for all k sufficiently large and therefore
yr € P(zy; C1). Then v € Ny (z; Ch).

“D" Set e = dist(z,Cy) > 0. Take any v € Ny (Cy;Z). Then there exist z, — Z,
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yr € Proj(Cy;xy), ty > 0, tp(xg — yx) — v. By assuming max{||zy — Z||, [|lyx — Z||} <
e/3 for all k € N, we get by triangle inequality, dist(zy;Cy) > 2¢/3. This implies
dist(zy; C1) < 2¢/3 < dist(xg; C). Hence dist(xy; Cy) = dist(xy; Cy U Cy) and so
yr € Proj(Cy U Cy; ), proving that v € Ny (Cy U Cy; T).

(¢): Tt is similar to (b1). O

2.2 Quasi-convex Functions and Asymptotic
Analysis

Let I be a possibly infinite index set, we consider the locally convex product space
R!, whose topological dual space, RY), is constructed via the mappings o : I — R
with |supp a| < 400, where suppa :={i € I : a; = a(i) # 0} is called the support
of a and | - | stands for the cardinality of the set. We denote by Rg{) the positive cone
of R, that is, RSFI) ={a: 1 —=R, :|suppa| < +oo}.

The recession and asymptotic cone of A are respectively defined by

A = {veR": z+tve Aforallz € A, t >0},
A*® = {veR": 3, (0, xp € A with tyx, — v}.

These sets coincide when A is closed and convex.

Let f : R" — RU{+£o0} be a function, we define the effective domain and the epigraph
of fasdom f:={z € R": f(z) < +oo} and epi f := {(x,\) € R"" : f(z) < A},
respectively. Moreover, given a real number A, [f < A] and [f < A] denote the
sublevel set and the strict sublevel set, respectively. Furthermore, the function f is
said proper if dom f # () and f(x) > —oo for all z € R", it will be convex when its
epigraph is convex, coercive when f(x) — +00 as ||z|| = 400 and quasiconvex when
the sets [f < A] are convex for all A € R. We refer to a function f as nonincreasing

whenever ¢; < ty implies f(t2) < f(t;) and nondecreasing whenever t; < t5 implies
f(t2) = f(ta).

Definition 2.2. A proper, lower semicontinuous (Isc, in brief) function f:R™ —

R U {400} belongs to F if, for any a > 0, any convergent sequence {e*} C R, any
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sequence {z*} C R™, and for any d € R satisfying

=0

f(th)
t

telf<ef |2t = oo, 2/l —»d, liminf
—

t—o00

there exists k such that 2* — ad € [f < &¥], for all k > k.

Several “asymptotic functions” associated with a function f appear in the literature.
The standard asymptotic function is the function whose epigraph is equal to the
asymptotic cone of the epigraph of f and is denoted by f*°. Another is the g¢-
asymptotic function, introduced in [15], which is defined for v € R™ by

o flx+tv) — f(x)
Jo(v) = sup sup " -

The last one we consider is related to the g-asymptotic functions, the zero-scale

asymptotic function f§°, introduced in [19], is defined by

foqw) == sup sup (f(z+tv) — f(z)).

z€dom f t>0

Definition 2.3. [t is said that a function f:R™ — RU{%oo} belongs to C if for all
x € dom f and v € (dom f)*°, the mapping t — f(z + tv), t > 0, is nonincreasing,

or limy_, f(x + tv) = +o0.

In the previous definition, if the function f is proper, Isc and quasiconvex, we can

replace the limit by sup,., f(z + tv) = 400 (see the proof of |30, Proposition 3.2]).

It is known that both convex and coercive functions belong to the class C. Examples

of functions in the class C can be found in [17, 20].

Proposition 2.3. Let f: R" - RU {400} be a proper function, and v € R", v # 0.
The following are equivalent:
(a) fg°(v) <0;

(b) v € (dom f)™°, and for all x € dom f, the function t — f(z +tv), t >0, is

nonINCreasing.
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Proof. The proof follows immediately from the definition of f2°. m

We recall a very nice description of quasiconvex and lsc functions defined on the
real line. Let f: R” — RU {400} be a quasiconvex function, then the mapping
t — f(x+tv), t >0 is quasiconvex.

Proposition 2.4. Given f; : R" — R U {+o00},i € I a family of quasiconvex
[sc and proper functions in class C, I an arbitrary index set and for all 1,5 € I,

dom f; = dom f;. Then, the function f := sup,c; fi also belongs to C.

Proof. If for some ¢ € I one has sup,- fi(z + tv) = +o0, then it is evident that
sup;sq f(x 4 tv) = 4-00. Otherwise, all mappings ¢ — f;(x +tv),t > 0 for i € I are

nonincreasing and clearly ¢ — f(z + tv),t > 0, is also nonincreasing. [

Proposition 2.5. Given fi, -+, fn : R* = RU {xo0} a family of quasiconvex
Isc and proper functions belonging to class C and f := maxi<i<y, fi. Then, for all
v € (domf)*>® the zero-scale asymptotic function of [ satisfies

fog(w) = max (fi)o, (v). (2.2.1)

1<i<m
Proof. Take any v € (domf)*. The inequality “<” follows directly from the definition
of fg5, and the observation that for every r € dom f and any ¢ > 0, we have

(filx +tv) — fi(z)).

. _ . <
max filz +tv) = max filx) < max

Moreover, if for some i € {1,---,m} we have (f;)3,(v) = +o0, then f5%(v) = +o0
(see Proposition 2.4), and equality (2.2.1) is achieved. Otherwise, if (f;)5%,(v) = 0 for
all i € {1,---,m}, then fg%(v) =0 (see also Proposition 2.4), and again the equality
(2.2.1) holds. O

Similar as how we can describe the asymptotic function f* for a convex function
along a direction v by studying its behavior along any half line with direction v, we
are interested in describing the behavior of a quasiconvex function along parallel half

lines, when f is not necessarily Isc.
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Proposition 2.6. Let f : R" — RU {400} be a quasiconvex proper function and
v € (dom f)*®. Assume that sup;s, f(Z + tv) = +oo. The following assertions hold:

(a) If z € ri dom f, then sup;s, f(x + tv) = +oo for all x € dom f.

(b) If f is lsc and T € dom f, then sup;s, f(x + tv) = +oo for all x € dom f.

Proof. (a): Take any x € dom f. Then, since Z € ri dom f, there exists A\; > 1 such
that z1 := 2 + A\ (Z — ) € dom f. Thus z € [x,z;]. From the choice of z;, we have
forallt >0

T+to=A"zi+ (1= (2 4+ (A — 1))

and so T+ tv € [z1, x4+ A (A — 1)~ o] for all ¢ > 0. From the quasiconvexity of f, it
follows that f(z + tv) < max {f(z1), f (x + A\ (A — 1)~ #v)}, and since x; € dom f
and sup,s f(Z + tv) = +00, necessarily

sup f(x + tv) = sup f(z + A\ (A — 1)) = +o0.
>0 >0

(b): Assume that sup,s, f(z + tv) < +oo for some v € dom f. Let A >
max{ f(Z),sup,sq f(z +tv)}. The set S := [f < )] is closed and convex and 7 € S.
By [2, Proposition 2.1.5], v € S and also sup,s, f(Z + tv) < A, a contradiction. [

The following example shows that if z is not in the relative interior of dom f, the
conclusion in (a) may fail.
Example 2.1. Consider the function f: R* — R U {+oco} defined by

Oa Zf T2 € [Oa 1[7

f($1,552) = Iy, if xo =1,

400, elsewhere.

Obviously, dom f = R x [0,1]. The sublevel set [f < a] is given by [f < a] =
Rx[0,1[U]—=o00,a] x {1} ifa >0, and [f < a] =] —o00,a] x {1} if « < 0. Thus,
(dom f)>* =R x {0}, and f is quasiconvez. For v = (1,0) € (dom [)>, we obtain

F(z1,m2) £1(1,0)) =0, V (21, 22) €R x [0,1[,V ¢ > 0,
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but
sup f((x1,1) +t(1,0)) = 400,V 21 € R.

>0

The g-asymptotic function, along with the class C, allow us to compute the asymptotic
cone of every sublevel set of any quasiconvex and lsc function. Part (a) of the next

lemma provides a similar formula as in the convex case.

Lemma 2.1. Let f : R" — R U {+o00} be a quasiconvex proper function. The

following assertions hold:

(a) assume, in addition, that f is lsc and belongs to C. If [f < A] # 0 for some
A €R, then

[f <A =1[f" <0 ={veR": f5;(v) = 0}.

(b) Let —v,v € (dom f)*> and v # 0. Then
W) <0 = fX(—v)>0; fF(v)=0 = [fX(-v)>0.

Proof. (a): See the proof in |20, Lemma 2.1 (a)].
(b): According to Proposition 3.8 in [30], f2° is convex; thus, we obtain 0 = f2°(0)

<
51°(v) + 5. f2°(—v), from which the desired result follows. O

We now analyze the behavior along a direction —v, knowing that f is nonincreasing

along v.

Proposition 2.7. Assume that f : R" — RU{+o00} is a proper quasiconvez function
belonging to C, € ri dom f and v,—v € (dom f)*. Additionally, suppose that f is

bounded from above along a half-line * + R v. Then either
a) f(x+tv) = f(x) for allt € R and all x € ri dom f; or

b) there exists t > 0 such that f(Z) < f(T — tv), in which case the mappings
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t— f(z —tv) witht >0 for all x € dom f are nondecreasing with

sup f(x —tv) = +o0.

t——+o0

If f is lsc, the same is true if T € dom f and the conclusion in a) holds for all

x € dom f.

Proof. From the definition of class C, necessarily the mapping ¢ — f(z + tv) in
nonincreasing for ¢ > 0. Then, part (a) in Proposition 2.6 implies that the same

holds for every mapping ¢ +— f(x + tv), with € ri dom f and t > 0.

If f(z) < f(z —tv), then t — f(T — tv) is not nonincreasing and the definition of
class C implies lim;_, o, f(Z — tv) = +o0, then (a) in Proposition 2.6 implies that

Sup;sq f (2 — tv) = +oo for all x € dom f.

If no such ¢ > 0 exists, we conclude, from the definition of the class C and (a) in
Proposition 2.6, that ¢ — f(x — tv) is nonincreasing for all x € ri dom f. Then
flx+tv) < f(z) = f(z+tv—tv) < f(x+tv) for every ¢ > 0 and every = € ri dom f,
which proves that f is constant along every line with direction v with starting point

in ri dom f.

If f is Isc, we conclude using (b) in Proposition 2.6. O
Below, we present an extension to |11, Proposition 4.1|, which also happens to be an
extension to |51, Theorem 8.6].

Proposition 2.8. Let f : R" — RU{+oc} be a lsc quasiconvex function that belongs
to class C, v € R"\{0}. The following statements are equivalent:

(a) the mapping t — f(x + tv) is nonincreasing for all x € dom f,

(b) there exists x € dom f such that liminf, , . f(z + tv) < 4o0.

Proof. This is a consequence of Proposition 2.6 together with the definition of the
class C. O
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The following proposition shows an extension of |1/, Proposition 4.2] by quasiconvex
functions belonging to the class C, here we use the concept of ba or ia-direction of

recession introduced in [11].

Definition 2.4. Let f : R" — RU{+o0} be a lsc proper function. A non-null vector
v € R" is a ba-direction of recession of f if and only if there are two half lines of
direction v along which f has different limits inferior. A non-null vector v € R™ is an
1a-direction of recession of f if and only if the limit inferior of f along any half-line

of direction v amounts to infga f.

Proposition 2.9. Let f : R" — RU{+o0} be a proper quasiconvex function that
belongs to class C and v € R"™\{0}. The following statements are equivalent

(a) f3°(v) <0,

(b) v is a ba, or an ia-direction of recession of f.

Proof. (a) = (b): We follow the proof given by |1, Proposition 4.2| considering a

direction of recession v satisfying f°(v) < 0.

(b) = (a): Let v be a ba-direction of recession of f, then there exist two half-lines
with different values for liminf, therefore one of them is strictly less than +oo and
by Proposition 2.8, f>°(v) < 0.

If we consider w an ia-direction of recession of f, since f is a proper function, the

infimum over R is not +o0o and also

liminf f(y + tw) < 400,

t——+o0

so by Proposition 2.8, we conclude f°(w) < 0. O

Looking at |75, Lemma 1|, we notice that the same result can be obtained for

quasiconvex functions.

Lemma 2.2. Let P # () be a convex subset of R, f: R™ = RU {+o0} quasiconver
function. Then f is lsc in P if and only if f is lsc along each line segment {\x +
(1-XNy:0<A<1}CP.
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Proof. For each p € R, the set [f < u] N P is convex because f is a quasiconvex

function. So, we can refer to the proof provided in [55, Lemma 1]. ]
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Chapter 3

Limiting normal cones to the union of
two convex sets and M-stationarity:
local uniquenessand stability in

mathematical programming

3.1 Introduction

The limiting normal cone has proved to be very useful in developing necessary
optimality conditions under the presence of equilibrium constraints that very often
appear in structural optimization, where, for instance, those constraints are expressed
as the union of convex sets, or more specifically, as a finite union of convex polyhedra.
About the use of techniques from nonlinear programming to develop practical methods
in optimal control, the book [1] is a good source of information.

As a motivation, let us briefly describe a nonlinear optimization problem arising after

discretizing a control problem governed by the sweeping process:

#(t) € —=N(C;z(t)) + gla(t), u(t)), (3.1.1)
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where x(0) = xy and u(t) € U C R™ (see for instance, |7, | 1] for the case when C' is
time-dependant), C' C R™ is a convex set, and N(C'; X) denotes the standard normal
cone of C' at x € C'. For simplicity, we choose ¢ = 0 and C to be the half-space
C={xeR":(a,z) <a}. By discretizing (3.1.1), we get

which is equivalent to (zg, yx) € gph(—N(C;-)) and the right-hand side is the graph

of the normal cone mapping that can be explicitly calculated as follows:
gph(=N(C5:)) = (C x{0}) U ({z e R": {a,2) = a} xRy {a}).

Thus, we arrive to an optimization problem having as a geometric constraint set

being the union of two convex polyhedra P, and P, which has nonempty intersection.

We have to mention that a class of optimization problems, with convex objective

function, under a finite union of convex sets with a different perspective, was analyzed

in [9].

The limiting normal cone: some advantages and our main contributions

Let us consider the following class of optimization problems:
min{f(z): ¢;(z) <0, i=1,2,...,m, z € C}, (3.1.2)

where f and each g; are continuously differentiable in a neighborhood of z € C.
Without any further assumption, it is known (see [13] for instance, where even the
nonsmooth situation is treated) that if z is a local solution to (3.1.2), then there exist
A >0, A>0,2=1,...,m, not all zeros, such that

MNVF(E) + > AiVgi(T) € —Ny(C; 1), (3.1.3)
i€l(x)

where I(Z) is the active index set at z and Ny (C;Z) is the Mordukhovich normal
cone of C' at 7 as recalled in Definition 2.1 and introduced in [12]. Outrata named

(3.1.3) for the first time M-stationarity in [17] (see also |1 5] for further developments),
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in contrast to the strong stationarity, which means KKT conditions (Ag = 1):

NV + Y \Vgi(@) € [T(Cr )], (3.1.4)
)

icl(z

for suitable multipliers \;’s, as above. Recall that P* stands for the polar cone of P
and T'(C; z) for the (Bouligand-Severi) contingent cone (also known as the tangent
cone), as defined in Chapter 2. Obviously, to force A\g = 1, it requires a constraint
qualification (CQ) condition. Interested readers may find some CQ conditions for
(3.1.3) with A\g = 1, in [11], [1D, Section 5.1] and |50, Corollary 6.15|, as well as
in [10, Proposition 6.4]. Again, under no additional assumptions, it is known by
[22, Theorem 3.1] that the fulfillment of (3.1.4) is equivalent to the nonexistence of

solution to the system:

(Vf(z),v) < 0, vedc T(C;z), (3.1.5)
(Vgi(z),v) < 0, Yiel(z). (3.1.6)

There are situations with Vf(z) # 0 in which (3.1.5)-(3.1.6) has no solution and
hence (3.1.4) holds: for instance see Example 3.3 in [22]. Take m = 1, n = 2,
fz1,22) = x1, g1(x1,22) = 29 and C = (R x {0}) U ({0} x Ry) with z = (0,0).
It is easy to show that the inclusion [T'(C; Z)]* € —Np(C; Z) is strict. This asserts
that (3.1.4) provides much more information than (3.1.3) and, because of this fact,
the term “strong stationarity” arises, see also (2.1.2). As outlined in [10], a class of
optimization problems for which the system (3.1.5)-(3.1.6) has no solution comes out
when Vf(z) € co T(C;z) and co T(C;z) = [T(C; z)]*.

For the above example, one obtains that the graph of —[T'(C;-)]* is not closed.
Indeed, it holds (1,0) € [T'(C; (0, z2))]* for all zo > 0, therefore ((0,1/k),(1,0)) €
gph [T'(C;)]* for all k € N but ((0,0),(1,0)) ¢ gph [T(C;-)]*. We actually know
that, in general, the graph of Ny,(C;-) is the closure of the graph of —[T'(C';-)]*, this
is (2.1.3). See also (2.1.3).

Let us describe another advantage of the limiting normal cone Ny (P, U Py; x) given
by any convex polyhedra P, and P,. First of all, our Theorem 3.1 establishes a

representation for Ny (P, U Ps; ), which is the basis for deriving another description
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for gph Ny (P U Ps; ) (see Theorem 3.2) being equal to the union of finitely many
convex polyhedra. Secondly, again based on Theorem 3.1, Corollary 3.2 shows a
geometrical local behaviour of Ny (P, U P;Z) when z € P, N P, in contrast to its
counterpart [T'(P; U Py; Z)]*. To be more precise, we establish the existence of € > 0
such that Ny (P U Py;x) € Ny (P U Py; ) for all x € B(Z;¢). An inclusion of this
type is not valid for [T'(P, U Ps;-)]*, in general. Actually, this inclusion and the
representation formula for Ny, (P, U Py; ) are extremely important in the study of
stability or error estimates in nonlinear programming, as shown in Sections 3.4 and
3.5.

3.2 Limiting normal cones to the union of convex

sets

This section establishes some formulae for the limiting normal cone to general closed
sets, to cones, and finally to the union of closed convex sets. Some inner or outer
estimates for such cones are also obtained. These formulae are based on the sequential
representation of limiting normal cones as presented in || given for locally closed

sets.

The following proposition expresses the limiting normal cone at the reference point in
terms of same normal cones at points nearby. Part (a) actually is a consequence of
the closedness of the graph of N/ (C;-), but we still want to provide a self-contained
proof. More precise expressions can be formulated for closed cones. Notice that no
further structural assumptions on the involved closed and convex cones are considered.
In particular, Part (¢) does not require the assumption C; N Cy = {0} as occurs in

[32, Proposition 3.1].
Proposition 3.1. Let C C R" be a nonempty set. The following assertions hold:

(a) if C is locally closed around T € C, then

Nu(C;z) =] U Nu(Cia).

e>0 zeB(z;e)NC
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(b) If C is a closed cone, then Ny(C;z) = Ny (C5tZ) for allt >0, z € C'\ {0}

and

Nu(C;0) = | | J Nu(Csz)| UN(co C;0). (3.2.1)
zeC
llzll=1

(c) Assume that each C;, i = 1,2, is a closed convex cone. Then

2
U U NCinu@)" u | Nu(CruCyz)UN(co(ChUCy);0).
i=1 CEE(I‘dei)\C]' xzeC1NCy

|lz||=1 llzll=1

J#i
Proof. (a): The inclusion “C" is obvious. Let us prove the opposite inclusion. Take
any v € (oo Usen@onc Vu(C;x). Then, for all € > 0, there exists y. € B(z;¢) N C
such that v € Ny (C;y.). By (2.1.1), we can find 2* — y. as k — +o0, u* €
Proj(C; zF) and t* > 0 such that t*(zF — u*) — v as k — +o00. Furthermore, for all
k tk

k t% and u*, there exist 2, t. and u, such that

e > 0, among those z
ue € Proj(C; ze), te >0, ||te(ze —ue) —v|| < € and ||z — ye|| < e.

Since y. — T as € | 0, we have z. — Z as € | 0 and ¢.(z. — u.) — v as € | 0. Therefore
v e Ny(C;z).
(b): This first part easily follows from (2.1). We now prove the inclusion “2" in

(3.2.1). From the first part, it follows that, for any € > 0 we have

U Nu(@z)= | Nu(Ca).
xE€B(Z;e)NC xcC
THAT llzll=1
This together with the inclusion in (¢) of Proposition 2.2 completes the proof of the
inclusion “2O".
We now prove the inclusion “C". Let 0 # v = klim tr(zr — yr), with ¢, > 0, 2 — 0
—+00

and y, € Proj(C;xy). It is known that y, — 0. We can assume that ||v| = 1 and



3.2. Limiting normal cones to the union of convex sets 26

consider two cases: (1) yx # 0 for infinitely many k, and (2) yx = 0 except for finitely

many k. In the first case, by the triangle inequality, we obtain

yr € Proj(Csyr + Uz — i)

for all [ € |0, 1]. Since C'is a cone, we also have that ty, € Proj(C;tyy + tl(xy — yi))

for all ¢ > 0 and all [ € ]0,1[. Hence, up to some subsequences, we have Hz_:H —yel,
with ||y|| = 1 and also ﬁ € Proj (C;HZ—:”Jr Hyl—kH(xk —yk)>. In particular, we

consider I 0 converging fast enough so that /& + ||ka (xr — yx) — y (it suffices

||’y |
to consider I = |lyx||?). Then we have

li L Yk Iy Ye | _
1m Iy, (xk - yk) - | =
kortoo phr[a — g Hka lyell el

l 1

 keboo Iyl — 1y e

with ” ” € Proj (C; Toel +
v E€ Ny(Chy).

We now consider the second case, that is, when y; # 0 for finitely many k. In
this situation, Proj(C;xz;) = {0}. This yields ||zx| < ||zx — | for all z € C,

( Z/k)) and |yk|| + ||yk||( - yk) — y. Thus

Hka

which, in turn, gives 2(xy, ) < ||z|* for all z € C. Since C is a cone, the previous
inequality implies (z, ) < 0 for all x € C and so also for all x € co C. This implies
x € N(co C;0). Finally, since the normal cone to a convex set is a closed cone,
v = limy, tx(z — 0) € N(co C;0). This completes the proof of (3.2.1).

(¢): Use (b) and the following equalities

Cl U 02 = (Cl \ Cg) U (CQ \ Cl> (Cl N 02) C \C (I‘l Cl) \ Cj U (I'bd Cz) \ CJ,
—N(Cys; ) = (C; — 2)* = (C; — x)* = (C)*F = —(Cy)*, provided z € 1i O},
to conclude with the desired result. O

Next instance shows an application of Part (¢) of Proposition 3.1.

Example 3.1. Consider the two conver sets: Cy = {(z,y,2) : 2? +y*> < 2} and



3.2. Limiting normal cones to the union of convex sets 27

Cy ={(x,y,2): x> |y|,z =0} and the set C = Cy U Cy, whose picture is drawn in
Figure 5.2.1 (a); whereas 3.2.1 (b) shows its limiting normal cone at (0,0,0). This
cone 1is, according to (3.2.2), the union of three sets: the blue set corresponds to
the set {(x,y,2) € R®: |y| = —x}, which is obtained by taking points in relative
boundary of Cy with norm one; the light green set {(x,y,z) € R3: z = —\/m}
15 obtained by taking points in the relative boundary of Cy with norm one and the
set {(x,y,2): 2 < —/22 +y% —x>|y|} = N(co (Cy UCy);0). The second part in
(3.2.2) is actually empty since (Cy N Cy) N{(z,y,2): 2> +y*+ 22 =1} =0.

(a) Set C=C1UCy (b) Limiting normal cone to C at
(0,0,0), the “ice-cream cone” is not
solid, except for the shaded part

Figure 3.2.1: Example 3.1

Under a further assumption on the origin, (3.2.1) can be refined.

Corollary 3.1. If C CR" is a closed cone and 0 € ri(co C), then

Nu(C;0) = | Nu(Csa).

zeC
llzll=1

Proof. By assumption co C' = cone(co C) is a subspace and so N(co C;0) =
(co C)t C Ny (C; ) for all z € C. O

The next proposition establishes a very useful result that will be used in many places.

It allows us to pass from projecting onto a large set, to projecting onto a smaller set.
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Proposition 3.2. Let C1, Cy be nonempty closed and convex sets in R™ and let T €
C1NCy. Assume that there exist x), € C1\Cy, xp — T, vy — v, vp € N(Cy; ). Then
there exists ty | 0 such that dist(zy + trvg; Co) > dist(zy + trvg; C1). Consequently,
Proj(Cy U Cy; xy, + tyvy) = Proj(Ch; ox + tyvg) = x. Thus, v € Ny (Cy U Co; 7).

Proof. By assumption, we can take ¢, > 0 such that t;[|vg| < 3dist(zx, C2). Then
tr 4 0 because dist(zy, Cy) — 0. Moreover,

dist(zg, + trvg; Co) > dist(xy; Co) — dist(zy, + trvg; vx) = dist(zg; Co) — tg||vg|
1
> Edist(xk; ().
On the other hand, vy € N(Cy; ) implies Proj(Ch; xy + tyvg) = xg, which means
that dist(zy, + tyo; C1) = tl|vg|| < 3dist(zy; Cs). Thus Proj(Cy U Co;xy, + tyuy) =

Proj(Cy; o +tpv) = {x1}. Therefore by setting ), = xp + 1,0k, G = T and t, = t,;l,

one obtains Z — Z, t,(Zr — Jx) = vr — v and s0 v € Ny (Cy U Co; 7). O

The following result provides some inner and outer estimates for the limiting normal
cone to the union of two closed convex sets. Recall that N(C;z) =0 if x & C.
Lemma 3.1. Let C,Cy be convex sets in R™. The following hold:

(a) Assume that Cy is locally closed around z. Then

Limsup N(C;x) = ﬂ U N(Cy;z);

T—T
zeC1\Cs €>0 zeB(%,)N(C1\C2)

(b) Assume that & € C1 N Cy, with Cy U Cy locally closed around T. Then

Limsup N (Cy; ) U Limsup N(Cy;2) U N(co(Cy U Cy);T) € Ny (Cr U Cy; 7).
x ExCT\IC 2 x GIC*;{C 1

(¢) Asume that T € Cy U Cy and Cy U Cy be locally closed around Z. Then

Ny (C1UCy; 7). € N(C1;7) U N(Co; 7).
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Proof. (a): Let v € Limsup N(Cy;x). Then, there exist v, € C; \ Cy and v, €
Tr—T
z€C1\C2
N(Cy;xy,) with z;, — Z and vy — v. This clearly proves the inclusion “C”. For the
reverse inclusion, simply take e = k=% and the proof is completed.
(b): The inclusion N(co(Cy U Cy);Z) € Ny (Cy U Cy; T) appears in Proposition 2.2.

We now check the inclusion Limsup N (Cj;2) € Ny (C1UCy; Z) for i # j. We consider
xexC?\ij
only the case i = 1, since for ¢ = 2 is entirely similar.

Let v € Limsup N(Ci;x). Then, there exist 25, € Cy \ Cy and v, € N(Cy; x) with
27
z€C1\C2
x, — T and v, — v. By applying Proposition 3.2, we conclude that v € Ny (C1UC5; T)
and the proof is completed.
(¢): If v € Ny(Cy U Cy;Z), then v = limy ty(xy — yg) with tx > 0, z — T and
yr € Proj(Cy U Cy;xy). If there exists a subsequence y,, € Cj, then we have
v = limy, ty, (xr, —yr,). Therefore v € Ny (Cy;Z) = N(Cy; ). If no such a subsequence

exists, then there must be a subsequence y;, € Cy and consequently v € N(Cy;z). O

3.3 Limiting normal cones to the union of two
convex polyhedra: a representation formula with

applications to graphs

In this section all the involved sets are convex polyhedra. So, due to their geometric
structure, more precise expressions for the limiting normal cone will be established.
In particular, the case of the union of two polyhedral sets is analyzed, ensuring its
limiting normal cone is a finite union of polyhedra, see Theorem 3.1. An application
to determine the polyhedral nature of graph of mappings that are sum of linear
transformations and limiting normal cone to the union of two polyhedra, is given, see
Proposition 3.2 and Theorem 3.3. We refer the readers to [32| for another kind of
representation of the limiting normal cone to a finite union of closed, convex cones
that their pairwise intersections reduce to the origin. The other situation considered

in [32] is that when the cones are halfspaces.
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Let us consider polyhedra of the form:

P,={reR": (a?,x>§oz; forj=1,...,m;}, i=1,2.

Set J; ={1,...,m;}. Given x € P;, its set of active indices is defined by

Li(x) ={j € Ji: (d},x) =a}}.

VR

It is well-known that (see [0, Theorem 6.46|, for instance) the cone N(P;;z) is a

polyhedron and, more precisely, one obtains

N(P;;z) = co cone{az s jeLi(x)} = { Z tja§ : 1, >0, j€ [l(a:)} (3.3.1)

jGIi(:E)
As a consequence, A(F;) is also a polyhedron for any real matrix A.

What follows describes the local behaviour of the active indices set of points around
a fixed z € P; N P, with respect to I;(Z). We believe the next lemma is important by

itself and, as far as these authors know, it is new.

Lemma 3.2. Let P; be a polyhedron for i = 1,2, as above and * € Py N P,. The

following statements hold.

(a) The set E(x) ={e>0: Li(x) C [;(z) for i =1,2, ¥V o € B(Z;€)} is nonempty.
Consequently, if e € E(Z), then N(P;x) € N(z;P;) for all x € B(Z;€) and
i=1,2.

(b) Let € € E(x) defined in (a). If x € B(Z;¢) N Py, then I(z) = I,(z) for all

z € |z, 7.
(c) Lete € E(7). If v € B(z;¢) N (P \ P), then [x,Z] N Py = {z}.

(d) Let e; € £(T), i = 1,2, € > €. If v € B(ZT;e2) N (P \ P2), then there exists
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' € B(Z;e1) N (P \ Pe) such that I;(x) = I;(z) fori=1,2. As a consequence,

U N(Py;z) = U N(Py;x)

z€B(Z,e1)N(P1\Py) x€B(Z,e2)N(P1\P2)

= U cocone{aj : j € R}, (3.3.2)
ReR(z)

is closed. Here, R(Z) = {I,(x) C [,(Z) : x € B(Z;e;) N (P \ P)}.

Proof. (a): Suppose to the contrary that there exist a sequence xy — Z, and iy € {1,2}
such that I; (zx) € I;,(Z). Thus, there exists jp € [ (xx) \ [;,(Z). By finiteness,
there is jo € I;,(zx) \ 1;y(Z) for all k sufficiently large. This implies jy € I;,(Z), a
contradiction, proving the result.

(b): Take any ¢ € ]0,1[ and set z =tz + (1 — t)Z. For all j € I1(x) C I;(Z), we have
(a}, z) = (aj,T) = aj and so (aj, z) = (aj,tx+ (1 —t)Z) = aj, which means j € I(z),
showing I1(z) C I1(z). Now, if j € I1(2) \ I1(x), then (aj, z) < o and (aj,T) = aj.
Then (aj, z) = (aj,tx + (1 — t)T) < aj, that is, j & I1(2), which is impossible. Thus,
I(z) C I(z) and so I;(z) = I(x).

(¢): Take any xo € |z,Z[ NPy. Then (a?,xz0) < af < (a3, ) for some j € my and
so (a3, 1) = af for some x1 € ]z, ] N P, which means j € I(x1). On the other
hand, by writing Z = 2 + A(zo — 2) for some X > 0, one gets (a},Z) < o, that is,
J & I(Z). Since xy € |z, x0] C [x,Z] C B(Z;¢€), the choice of € yields Iy(z1) C I(z),
reaching a contradiction and the conclusion follows.

(d): Assume that ||z — Z|| > € since otherwise there is nothing to do. Now, we simply
take any 2’ € |x,Z[ with ||z’ — Z|| < €. By (b) and (c), one gets I;(x) = I;(2) for
i = 1,2. This along with the representation (3.3.1) yields the equalities in (3.3.2).
The closedness follows from the fact that the set on the right-hand side of (3.3.2) is
a finite union of polyhedra. O]

Due to the special polyhedral structure, we are able to establish a formula for the
limiting normal cone to the union of two convex polyhedra. Such a new representation
formula also expresses that such a normal cone is a union of finitely many polyhedrons.
In case P, and P, are polyhedral cones, it can be observed that the next representation

might be also obtained as a consequence of (14) in [32]. However, we prefer to keep
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our proof since it is self-contained and follows our line of reasoning. A comparison

between both results is given in Remark 3.1.

Theorem 3.1. Let & € P, N P, and € > 0 belonging to E(T) introduced in Lemma
3.2. Then

- U N(P;z)| | U N(Pya) | [ N(co(Pr U Py); ),

LBEB({E,G)Q(P1\P2) IGB(E,E)H(PQ\Pl)

which is closed since it is a finite union of polyhedra by Lemma 3.2(d).

Proof. We first prove the inclusion “2” by spliting it into three cases.

Case 1: Let z € B(Z,e) N (P, \ ) and v € N(Py;x). Set z;, = k™ 'z + (1 — k7 1)z,
k € N. By (b) and (¢) of Lemma 3.2, we obtain dj := dist(xy, P») > 0 for all
k € N and I)(z) = I (x)). This implies N(Py;2) = N(Pi; ) and so v € N(Py; )
thanks to (3.3.1). We are in a position to apply Proposition 3.2 to conclude that
v € Ny(PLU Py; 7).

Case 2: x € B(Z,e) N (P, \ P1) and v € N(Py; ) is similar to Case 1.

Case 3: From Proposition 2.2, it follows that N(co(P; U P»);Z) € Ny (P, U Py; T).
We now prove the inclusion “C”. Let zy — Z, yx € Proj(P; U Py; ) and t; > 0 such
that tgx(xr — yx) = v € Ny (P U Py; Z); we also have y, — Z. Up to subsequences,
we have yp € Py \ Py, yp € P2\ Py or y,. € Py N Ps.

In case y, € Py \ P for all k, we have y,, = Proj(P;; xy), which implies t(x) — yx) €
N(Py;yx), with y € B(Z,€) for all k. Thus

ti(xy — yp) € U N(Py;z) VkeN. (3.3.3)

IeB(f,E)m(Pl\PQ)

Since the normal cone at every x € B(Z, €) is a finite union of polyhedra, the union
in the right side of (3.3.3) is also closed (see Lemma 3.2(d)) and so

lim tg(zr —yp) = v € U N(Py;x).
k—o0
z€B(z,e)N(P1\P2)
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By symmetry, in case y, € P5 \ P; for all k, we obtain similar to the previous case,

lim t(xp —yp) =v € U N(Py; ).
k—o0
IEB(E,&)Q(PQ\Pl)
Finally, if y,, € P, N P for all k € N, we obtain, as above, tx(zx — yx) € N(P1;yx) N
N(Py;y) = N(co(PLUP,); yi) by (b1) of Proposition 2.2. Hence, v € N(co(PiUP,); Z).
This completes the proof. n

The following remark makes a comparison with a similar result established in [32].

Remark 3.1. (i) We must point out that when P, and Py are polyhedral cones and
T =0, the formula in Theorem 5.1 reduces to the formula (14) in [72], once one notices
that N(P;;z) = N(P;; x) and the fact that N(co(P,UP,);0) = —(P,UPR,)* = —P;NP;
in view of Proposition 2.2.

(i1) The authors in [, Page 59] show that

Nur(PLU Py 7) = NM< U T(B;f);O), [(7)={i: 7¢ P,
il ()
so, they conclude that it suffices to compute the limiting normal cone to the finite
union of polyhedral cones. Such a formula is expressed in (14) of the cited work.
But then, it is not easy to manipulate the term N(T(Py;z);x) = N(T(Py; &); x) for
z €T (P;z)\T(Py;z). We find it inconvenient for our purposes.

The next corollary provides a new geometrical local behaviour of the limiting normal
cone near points in P, N P,. This property fails for [T'(P, U P»; Z)]* as mentioned in

the introduction.

Corollary 3.2. Let P, and Py be polyhedra as above and T € P, N P,. Then, there
exists € € £(Z) (as defined in Lemma 3.2) such that

NM<P1UP2,$) QNM(PlLJPQ,i’), ‘v’xeB(iz,&?)

Proof. Let ¢; € £(Z) for which the representation formula for Ny (P, U P; ) holds.
If € B(z;e1) N (P \ P2) (the case where x € B(Z;e1) N (P, \ Py) is similar), then
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from such a representation it follows that (see (b2) of Proposition 2.2)

In case x € P, N Py, take any 5 € £(x) such that B(z;e2) C B(Z;¢1). Then, again
by the representation formula for Ny (P U Ps; z) for 5, we infer immediately the
inclusion Ny (P, U Py;z) € Ny (P U Po; ), since we also have N(co(Py U Py);x) C
N(co(P; U Py); &), because of I;(x) C I;(Z) and co(P; U P,) is again a polyhedron.
Finally, by taking 0 < & < min{ey, 3}, we conclude the proof. ]

We now consider mappings which are the sum of a linear transformation and limiting
normal cones to a union of two convex polyhedra and aim to prove that the graph of
such mappings is a finite union of polyhedra. We start by analyzing a geometrical
representation for the graph of the mapping G(x) = Ny (P U Py; ). We immediately
obtain the inclusion gph(H) C gph(G) restricted to Py N Py, where H(z) = N(co(P,U
Py);x).

In order to avoid the use of many indices, we use the following representation for the
polyhedra P; and P;.

P={zeR": (a;,z) <aj, Vje i}, 1 ={1,2,....,p}.
b= {l’ e R": <bj,l’> < ﬁj, Vj e Jl}, Jo = {1,2,...,])2}.

Given any M C J; and N C J,, we define

DM)={zxe P\ P: (a;,z) =qj, j€ M},

E(N)={z € P\ P : (b,z)=0;, j€ N},

F(M) = co cone{a;: je€ M}, G(N)=cocone{b;: je& N}.
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We obtain the following equalities:

DM) = {z€P: (a,x) =y, i€ M; (bj,x) > f3; for some j € Jo}
= U{xEPlz (a;,x) = oy, 1 € M; (bj,x) > p;}
jEN

= J{zeP: (va)=a; i€ M; (x,b) > B},

JEN

where the last equality holds provided each set involved in the union is nonempty.

The following result gives us the expected representation for the graph of G, which

will be used later.

Theorem 3.2. The following representation for the graph of G holds
gph(G) = J D1 xFu|u U  EW)xG(N)| Ugph(Hy,, )

and therefore it is the union of finitely many polyhedrons. Here, H,, ., is the
restriction of H to Py N Py, which is defined as Hy, .p, (x) = H(z) if v € PN Py, and

Hip o, (1) = 0 elsewhere.

Proof. First, we show the inclusion:

U ponxFan|u| |J B0V xGN)| Ugph(H,,,,) C sph(G).

Mg{l 7777 pl} Ng{l 7777 P2}

To that end, let (z,y) € D(M) x F(M) for some M C J; (the case (z,y) €
E(N) x G(N) for some N C J, is analyzed in a similar manner). Since P; is closed,
x € P. If x € P\ P, then by (b2) of Proposition 2.2, Ny/(P, U Py;x) = N(Py;x).
We also have M is a subset of the active indices set of x in P, which implies
F(M) C N(Py;x). It turns out that y € F(M) C N(Py;z) = Ny (P U Py; ), that
is, (7,y) € gph(G).

If x € PL N P,, then one can choose a sequence z, € P; satisfying zr, — = and
(a;,zg) = oy, for all i € M. Thus (zg,y) € gph(G). From Corollary 3.2 it follows
that (z,y) € gph(G). The previous reasoning together with gph(H,, .., ) C gph(G)
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completes the proof of the desired inclusion.

We now prove the reverse inclusion. Let (z,7) € gph(G), we distinguish various cases.
If z € P, \ P, (the case T € P, \ P, is entirely similar), then y € G(z) = N(P;7) =
F(I(z)) and clearly € D(I,(Z)), where I1(Z) is the set of active indices of Z in P;.
This shows the required result.

We now assume that z € P, N P, and use the following representation:

G(z) = U ~NEso)| U U NEso) | @),

:EGB(:E,E)O(Pl\Pz) fL'eB(IE,E)m(PQ\Pl)

for an appropriate € > 0.

In case § € N(co(P1 U P,);Z) = M|, p, (T), the desired results follows.

If y € N(Py; x) for some x € B(Z,€)N (P, \ ), satisfying [;(x) C 1;(Z), i = 1,2. Thus,
y € N(Pi;z) = co cone{a; : i € I1(x)} = F(I1(z)) C F(I1(z)) and = € D(I,(x)).
Hence (z,9) € D(I1(z)) x F(I1(Z)).

If y € N(Py;z) for some z € B(Z,e) N (P \ P1), we proceed in a similar manner.

This concludes the proof of the reverse inclusion and the proof is complete. O

From the preceding proposition it follows our main result in this section.

Theorem 3.3. Consider a mapping G : R" = R"™ with G = (G4,...,Gy) given
by:
Gi(z1,. o xm) = A1, - Tm) + N (G ),

where © = (x1,...,%,) € R each A; € R™™ is a real matriz and each C; may be

unton of two polyhedrons. Then, the set

gph G = {(z,y) : y € G(x)}

18 a finite union of polyhedra, hence closed.
An application of the above theorem is given next.

Example 3.2. The following mapping arises when writing the first-order optimality
condition for a suitable quadratic optimization problem under a geometric constraints

set which is the union of two polyhedra, P, and Ps, for instance. Whenever X > 0,
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such a mapping 1s:

Flz A p) = Az - | NERLN
Bz 0

We can apply Theorem 5.5 to —F withm = 3, Cy = PLUP,, C, =R}, C3 =R", and
A=[-@ 4T BT|, A=A 0 0], 4=[B ool

to conclude that gph F is the union of a finitely many polyhedrons.

3.4 M-stationarity: local uniqueness in nonlinear

programming with geometric constraints

The purpose of this section is to analyze local uniqueness property and error estimates
for a class of quadratic optimization problems under a geometric constraints set given
by the union of two convex polyhedra, without constraint qualificiation. Our results
to be established presently extend those given by Hager and Gowda in [31] where the
case P, = P, to be a polyhedron is treated. More precisely, we consider the following
problem

o =min{f(z): Bz=s, z € PLU P}, (3.4.1)

where, for i = 1,2, B = {2z € R : H;z < d;}, B € R®" H; € R™>*" are given
matrices with real entries; the vectors d; and s are also given. Problem (3.4.1) has

the equivalent form:
min { min[f(z): Bz=s,z € P|;min[f(z): Bz=s,z € PQ]}. (3.4.2)
So, as expected, the study of problem (3.4.1) is linked to the following problems:
min{f(z): Bz=s,2 € P }; (3.4.3)

min{f(z) : Bz =s,z € P}. (3.4.4)
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We will deal with M-stationarity since limiting normal cones are involved. Following
[17, 15], given a feasible point z to problem (3.4.1), we say that Z is called a M-

stationary point if there exists ;1 € R* such that
Vf(z)+B'pe —Ny(PLUPy; 2), Bz =s. (3.4.5)
Some constraint qualification conditions implying (3.4.5) can be found in [11], [15,
Section 5.1] and [50, Corollary 6.15|, as well as in [0, Proposition 6.4] and [!5].
It is straightforward to check that (say, z is a KKT-point for the first minimization
problem appearing inside the brackets in (3.4.2))
Vf(2)+B'ne —N(Py;z), Bz =s, (3.4.6)
is equivalent to:
Iy R, VF(2)+ B 'u+Hy =0, Bz=s, Hiz—dy € NRT;7); (3.4.7)
Similarly,
Vf(z)+B'ue —N(Py;2), Bz=s, (3.4.8)

is equivalent to:

Jy €RT?, VF(2)+ B '+ Hyv =0, Bz =35, Hyz —dy € N(R7?; 7). (3.4.9)

In what follows, the + and 0 subscripts are used to denote the subvectors associated
with those indices ¢ for which (;); > 0, (3;); =0 = (H;Z —d;);, j = 1, 2, respectively.
Actually, (¢) and (d) are interesting cases which deal with z € P, N P,. Parts (a) and
(b) are consequences of Proposition 1 in [31]. However, for (d) it requires the result
of Corollary 3.2.

Theorem 3.4. Let f be a function twice continuously differentiable in a neighborhood

of Z. The following statements hold.

(a) If z € Py \ Pa, (Z,11,71) is a solution to (3.4.7) and there exists a scalar o > 0
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such that

w' V2 f(2)w > allw|]?,
for all w # 0 satisfying Bw = 0, (Hyw)y = 0 and (Hyw)y < 0, then Ny (P U
Py;Z) = N(Py; Z) and there exists a neighborhood N of Z with the property that
if z€ N and (z,p) is a solution to (3.4.5), then z = Z.

(b) If z € P\ P1, (Z,[1,72) is a solution to (3.4.9) and there exists a scalar o > 0
such that
w' V2f(Z)w > alwlf?,
for all w # 0 satisfying Bw =0, (Hyw)y =0 and (Haw)y < 0, then Ny(Py U
Py;Z) = N(Py; 2) and there exists a neighborhood N of z with the property that
if z€ N and (z,p) is a solution to (3.4.5), then z = Z.

(c) If z € PPN Py, (Z,1,71) and (Z, i, Y2) are solutions to (3.4.7) and (3.4.9),

respectively, and there exists a scalar o > 0 such that
w' V2 f(2)w > allw|?,

for all w # 0 satisfying Bw = 0, and, either (Hyw); =0 and (Hyw)o <0, or
(Hyw)y =0 and (How)y < 0, then there exists a neighborhood N of z with the
property that if z € N and (z, i) is a solution to (3.4.5), then z = Z.

(d) If z€ PLN Py, (Z,[1,71) is a solution to (3.4.7), 5 =dist(Vf(2); =N(Py; z) —
Img(B")) > 0, and there exists a scalar a > 0 such that

w' V2 f(Z)w = aflw|?,

for all w # 0 satisfying Bw = 0, (Hyw) =0 and (Hyw)o < 0, then there exists
a neighborhood N of Z with the property that if = € N and (z, ) is a solution
to (3.4.5), then z = Z.

Proof. (a): By (b2) of Proposition 2.2, Ny (P, U Py;Z) = Ny (P13 2) = N(Py; 2), and
therefore the desired conclusion is a consequence of |31, Proposition 1].

(b): It is similar to (a).



3.4. M-stationarity: local uniqueness in nonlinear programming with geometric
constraints 40

(¢): Applying [31, Proposition 1], one concludes that there exists a neighborhood A
of z such that both systems (3.4.6) and (3.4.8) have no solution (z, x) with z € N’
other than z = z. Since Ny (P, U Py;2) C N(Py;2) U N(Py; Z), we infer that (3.4.5)
has no solution (z, ) with z € A/ other than z = Z.

(d): From (b) of Corollary 3.2 and continuity of V f around Zz it follows that there
exists a neighborhood N of z such that for all z € N7, one has N(P;z) C N(Py; 2)

and

dist(V f(2); =N (Py; 2) — Img(BT)) > g > 0. (3.4.10)
We also obtain, for all z € A,
—N(Py;z) —Img(B") € —N(Py; 2) — Img(B"). (3.4.11)

Combining (3.4.11) and (3.4.10), we get

Q

dist(Vf(2); =N (Py; 2) — Img(B")) > 5> 0, VzeNM.

or, equivalently
Vf(z)+B'ug —N(Py;2), VzEN,VpucR" (3.4.12)

On the other hand, by assumption, (Z, ii,7;) is a solution to (3.4.7); thus, we apply
[31, Proposition 1] to conclude that there exists a neighborhood N3 of z such that
system (3.4.6) has no solution (z,p) with z € N; other than z = z. The latter
together with (3.4.12) allows us to infer that both systems (3.4.6) and (3.4.8) have no
solution (z, p) with z € N' = NN, other than z = z. Again, since Ny (PLUPy; ) C
N(Py;2) U N(Py; 2), we finally deduce that (3.4.5) has no solution (z, ) with z € A/
other than z = Z. O

We now deal with the parametric quadratic optimization problem:

1
mm{ 2'Qz—¢'z: Bz=s, Z€P1UP2}, (3.4.13)

where Q = Q" is an n x n symmetric matrix, B € R**" and ¢ € R" and s € R¥ are
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considered as parameters. Here, we use again M-stationary points, that is, we deal

with the optimality condition

U= <90> € F(z,p), (3.4.14)

S

where

F(z,p) = <Qz ;ZBT“> - <_NM<P;UP2;Z)> .

As before, we consider the corresponding problems (3.4.3) and (3.4.4) for f(z) =

%ZTQZ — ¢ "z and write their first-order necessary optimality conditions:

I €RM, Qz— o+ B u+Hly=0, Bz=s, Hz—d; € NR"™;v) (3.4.15)
and

J €RT?, Qz— o+ B'pu+ Hy =0, Bz =35, Hyz —dy € N(R?; 7). (3.4.16)

In view of Proposition 3.4, we only consider the interesting case z € P, N P;.

Proposition 3.3. Let z € P, N P, and consider any ¥ = (¢,5). The following

statements hold.
(a) If (Z,11,71) and (Z,[1,72) are solutions to (3.4.15) and (3.4.16) respectively,
corresponding to the same W, and there exists a scalar o > 0 such that

w'Qu > af|w|f,

for all w # 0 such that Bw = 0, and either (Hyw); = 0 and (Hyw)y <0, or
(Hyw)y =0 and (Haw)o < 0, then there exists a scalar B > 0, neighborhoods N
of z and Ng of U such that if z € N, (2, p) solution to (3.4.14) corresponding
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to ¥ € Ny, then
||z — z[] < B||@ —¥].

(b) If dist(Qz — @; —N(P»; 2) — Img(B")) > 0, (z,ji,71) is a solution to (3.4.15)

corresponding to W and there exists a scalar o > 0 such that
w'Qu > al|w|f,

for all w # 0 such that Bw =0, (Hyw); = 0 and (Hyw)o < 0, then there exists
a scalar B > 0, neighborhoods N of z and Ny of U such that if z € N, (2, i)
solution to (3.4.14) corresponding to V € Ng, then

2 — 2| < Bl[@ — ¥. (3.4.17)

Proof. First, we observe that under assumptions (a) or (b) we get local uniqueness by
Theorem 3.4. From Theorem 3.3, it follows that F is a polyhedral multifunction in
the sense that gph F is the finite union of polyhedra, and therefore so is F~!. Now
consider the projection P(z, 1) = z, we know that P o F~! must also be polyhedral,
since it is the composition of two polyhedral multifunctions. From the first lemma in
[53], we get the following Lipschitz property for that polyhedral multifunction: there
exist a neighborhood Ng of ¥ and a constant 3 > 0 such that

PoF Y (U) CPoF (T)+ ¥ - T|[B0;1), VT eN. (3.4.18)

In case P o F~1(W) = {z}, (3.4.17) trivially holds. Otherwise, by Proposition 3.4,
there exists a neighborhood of z, N, such that

(PoF H(¥)NAN; = {z}.
We can assume, by reducing N if necessary, that

2 — 2| < %dist(z, (PoFH@)\ {z}), VzeM. (3.4.19)
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Now, we consider N, C Ny such that
(2} + 8|0 — U||B(0;1) C N, VU eN.
Thus, for all ¥ € N, and all z € P o F~1(¥), (3.4.18) means
z€ ({ZHU((PoF (W) \ {z}) + Bll¥ — || B(0; 1),

which says that the distance from z to either z or ((P o F~1)(¥) \ {z}) must be less
than §||¥ — W||; then (3.4.19) gives

z € {2} + BII¥ - ¥||B(0; 1),

which amount to writing ||z — z|| < 8||¥ — ¥||, and the proof is complete. O

3.5 The general problem: M-stationarity and error

estimates

Let us consider the following constrained optimization problem:

min{f(z): h(z) =0, z¢€ PLUDPB}, (3.5.1)

where f and h are functions twice continuously differentiable in a neighborhood of Z.

As usual, the Lagrangian £ associated to (3.5.1) is defined by:
L) = F(2) + 17 h(2).

We also need to define

T(o ) = ( st((j)a 1) ) CP(2) = ( —NM(P;U Py; 2) ) ‘

Here, V.L(z, 1) = Vf(2) + Dh(z) ", where h = (hy,...,h;) and Dh(z) € RF*" is
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the Jacobian matrix of h at z, that is, the matrix whose rows are the transpose of
the vector Vh;(2).

We continue to deal with M-stationarity with respect to problem (3.5.1), i.e., points

z for which there is 1 € R* such that
T(z, 1) € F(z).

For a M-stationary point z, define M(z) = {p: V.L(Z,u) € =Ny (PLU Py;2)}. In
what follows, V2£(z, 1) stands for the Hessian of L(, /i) at z. Observe again the

importance of Corollary 3.2 in the following result.

Theorem 3.5. Let f, g, h be functions as above with Z being a M-stationary point to
problem (3.5.1), p € M(Z). Then, there exist a neighborhood N of (z, i), constants
v and & > 0 with the property that for every (z,u) € N and for each y € R™ with
lyll <6 and

T(z, 1)+ (y,0) € F(z), (0 € RY), (3.5.2)

we have
|2 — 2| + dist(u; M(2)) < 7]yl

under any of the following circumstances:

(a) (Set B= Dh(2)). If z € PLNPy, (2, 1,71) and (Z, 1, Y2) are solutions to (:
and (3.4.9), respectively, and there exists a > 0 such that w'V2L(Z, i

0, or (How)y =0 and (Haw)o < 0.
(b) (Set B= Dh(z)). If z€ PoN Py, (Z,1,71) is a solution to (3.4.7),
dist(V f(2); =N (Py; 2) — Img(B")) > 0,

and there exists o > 0 such that w'V2L(Z, i)w > a|w|]?, for all w # 0
satisfying Bw = 0, (Hyw); =0 and (Hyw)y < 0.

Proof. Let us consider the optimization problem (3.4.13) with data Q = V2L(z, 1)
and B = Dh(Z) being the Jacobian matrix of h at z, where ¥ = (¢, s) is the
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parameter. We put ¥ = (¢,5) = (Qz — Vf(z), Bz). Thus, Proposition 3.3 ensures
the existence of 8 > 0 such that

Iz = 2| < BII¥ — ¥, (3.5.3)

for all z close to z so that (z, 1) is solution to (3.4.14) for ¥ = (i, s) close to W. Take
any U of the form L(z,u) —T(z, ) — (y,0) with 2, 4 and y satisfying (3.5.2), where

BT
L(z,p) = (QZ ;Z “) .

Then

g (@B (VL) +y c (@t Blp\  (=Nu(PrUPyz2)
Bz h(z) Bz 0
that is, (z, i) is a solution to (3.4.14) for ¥ as above. Observe that ¥ = L(z, i) —
T(z, ') for all p since h(z) = 0, and obviously ¥ € F(z, ji).

From the continuous differentiability of the functions f,g and h, we know that
U = L(z,u) — T(z,p) —y is close to ¥ = L(z, 1) — T(2, i) when (z, ) is close to
(z, 1) and y is close to the origin.

By continuous differentiability, for any 0 < € there also exists a neighborhood N of
(z, 1) such that for all (z, 1) € N one has

By substituting it in (3.5.3), one obtains
|2 = z[] < BT — W] < Bellz — 2| + Bllyll.

By taking 0 < e such that Se < 1, we have ||z — Z|| < 156,6||y||. It turns out, by

keeping the same notation for g, that

Iz =zl < Bllyll. (3.5.4)
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On the other hand, we can write

p
~Nu(PLuPy2) = ]Gy,

J=1

where
Cj:{UERn: <—ai]’,1}>Sbi]’Vi:L...,Lj}, jzl,,p

Here, p, L; € N, b;; € R and a;; € R". Thus, the inclusion
Vf(2)+ Dh(2)"u € =Ny (P, U Py; 2)

becomes
(aij, Vf(Z) + Dh(2) ") < by,

for some j =1,...,pand for all i =1,..., L;. Applying the Hoffman result in [33],

to each system, we get

dist(u; M(2) < 8 ({0, VI(2) + Dh(2) 1) = b)), (35.5)
i€l
where ] = {Z e{1,...,L;} : (ai;,Vf(2) + Dh(z) T p) — bij > 0} for any vector
pwand any j = 1,...,p (since the distance to — Ny (P, U Py; Z) is smaller than the
distance to any subset C}).
From Part (b) of Corollary 3.2, it follows that —Ny (Py U Ps; 2) € =Ny (P U Pa; 2)
for z € P, U P, close enough to z. Thus, for those 2z such that (z, ) and y satisfy
(3.5.2), Le.,
Vf(2) + Dh(z) p+y € =Nu(PLU Py; 2),

one infers that for some j € {1,...,p},
(aij, Vf(z) + Dh(z) p+y) < bij, Vi=1,...,Lj.

Therefore,
(aij, VI(2) + Dh(2) ) — bi; =
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= (aij, Vf(2) + Dh(2) "u+ (Vf(2) + Dh(2) pn = Vf(z) — Dh(2)" )
+y — ) — by
(aij, Vf(2) + Dh(z) " pu+y) — bi; + o max llaijl)er — (aij, y)

i=1,...,

IN

< o max [ayl)er — {ag.y) < o max [ayl)LlJz — 2| (ay.y)
where a = max{1, |p||}, &1 :== ||V f(2) = Vf(2)|| + || Dh(z) — Dh(2)| and L is twice
the maximum between the local Lipschitz constants of V f and Dh at z. Combining

(3.5.5) and the last inequality, we obtain

dist(u: M(2)) < B3 (@ max gl Lllz = 2l| = (a5 9)) < aulllz = 2] + ).

el
ze]+

where o is a fixed constant depending on 3, a neighborhood N of (Z, i), the vectors
a;; (which comes from P; U P,) and the local Lipschitz constants of V f and Dh at Z.
Combining this with (3.5.4), the desired result is obtained. O
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Chapter 4

Limiting normal cone to quadric
surfaces, local uniqueness and error

bound in M-stationarity

4.1 Introduction

Necessary optimality conditions - stationarity - plays a central role in identifying
optimal solutions to nonlinear optimization problems. Among those conditions we
distinguish the so called KKT’s, which involves the notion of contingent (Bouligand-
Severi) cone; or M-stationarity expressed in terms of the limiting (Mordukhovich or

basic) normal cone introduced in [12].

In order to gain insight into the mathematical difficulties raised by this type of
problems, let us consider the special case under a single inequality constraint and a

nonconvex geometric constraint set X:
min{f(z): g(z) <0, x € X}. (4.1.1)

By assuming differentiability assumptions, the KKT-condition for the above problem
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reads as follows
IN>0: Vf(z)+A\Vyg(z) € [T(X;2)]", \g(z) =0 (4.1.2)

where T'(X; ) is the contingent cone of X at z and [T'(X; Z)]* denotes its polar cone,

as described in Chapter 2; whereas M-stationarity (see 1%, 17, 3, 15]) expresses
AXN>0: Vf(z)+ A\Vyg(z) € —Ny(X;52), Ag(z) =0. (4.1.3)

Due to the inclusion [T'(X; z)]* € —Ny(X;Z) (see [11, Corollary 1.11]), clearly (4.1.2)
provides more information than (4.1.3), once one knows that z satisfies (4.1.2). On
the other hand, one of the advantages in using M-stationarity may rely on algorithmic
purposes since the graph of the set-valued mapping Ny, (X;-) is closed, (see page
11 in [11]) contrary to the graph of [T'(X;-)]*. The interesting case occurs when
g(Z) = 0and V f(Z) # 0. A second major advantage regards the validity of Fritz John
optimality conditions without extra assumption (see [13]); whereas the corresponding
optimality condition which involves contingent cones holds if, and only if a suitable

system admits no solution in co T'(X; Z), as shown in |10, Theorem 3.1].

Another advantage of M-stationarity is exhibited by the following instance: take the
data f(x) = by + a2 + a3, g(x) = =221 + @2 < 0, X = {(21,29,23) : 27 = 23}
and T = 0 € R3. Here, T'(X;0) = X which is the union to two polyhedra, and so
(see Proposition 4.1) its polar cone reduces to [T'(X;0)]* = {0}. One verifies that
T = 0 is the only solution to problem (4.1.1) and there is no A satisfying (4.1.2);
even more, there is no pair (z, A) with Z being feasible and A > 0 satisfying (4.1.2).
So, KKT conditions are of no help to find a minimizer. However, (4.1.3), that is,
M-stationarity, holds for A = 2 and z = 0. Moreover, we must point out that
there is no (z, A\, p) € R® x R, x R with feasible z verifying the standard KKT
condition V f(z) + A\Vg(z) + uVgq(x) = 0 and the complementary slackness condition
Ag(z) = 0. Characterizations for the fulfillment of (4.1.2) were established in [22]

with no requirement of any constraint qualification.

Motivated by our previous example, the purpose of this chapter is twofold. Firstly,

we compute the limiting normal cone to the union of two quadric surfaces, that is,



4.2. Computing the limiting normal cone to quadric surfaces 50

sets of the form {z € R": ¢;(x) = 0}, i = 1,2, where ¢;(z) = 32" Ciz 4+ d z + a; and
C; is indefinite.

Secondly, we will establish local uniqueness to the problem
min{f(z): Ar <a, Br =b,x € X}, (4.1.4)

where X is a quadric surface, A, B are given real matrices, and a,b are vectors.
Certainly, our interest is when T'(X; ) is not convex and, X or Ny (X;Z), is the
union of non-polyhedral sets (for instance X = {(zy, 22, 23) : 2} + 23 = 23}), and
so most of the results existing in the literature are not applicable in our case,
[32, 11, 24]. Furthermore, problem (4.1.4) cover situations where the Magasarian-
Fromovitz constraint qualification fails.

As a side result, we identify three major assumptions under which error bound at

M-stationary points is based.

4.2 Computing the limiting normal cone to quadric

surfaces

This section deals with the computation of the limiting normal cone to quadrics, such

formulae will be employed in the study of local uniqueness of M-stationary points.
4.2.1 The case of a single quadric surface
We deal with sets determined by a single quadric surface:

C={zxeR": q(z) =0},

where g(z) = 2T Az +a'r+a with A € R™" being a real symmetric matrix, a € R"

and « € R.

Let z € C'. It is straightforward to deduce

C={zcR": Vqz) (xz —7) + %(w —2)"A(x — ) =0} = Cyo + 7,
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where Cop = {v € R": Vq(z) v+ 30" Av = 0}.
Set
Co={veR": v Av=0}.

In case Vq(z) = 0, certainly Cyy = Cp.
Some properties of Cy are listed below.
Proposition 4.1. Under the above data, the following statements hold:
((Z) CO = —Co.
(b) Cy is closed.
(¢) Co+ Ker A= C.
(d) If A is indefinite, then span Cy = co Cp = R™.
(e) A(Co) = A(Cyn (Ker A)F) = {0} U A(Cp \ Ker A) is closed.
Proof. (a), (b) and (c) are straightforward.
(d): It is Lemma 3.10 in [50].
(e): Let yp € A(Cy) such that yr — y. Thus y = Acy for some ¢, € Cy and
we can write ¢ = ¢}, + ¢f with ¢, € Ker A and ¢ € (Ker A)*. By assumption,

cf = —d,+c. € Ker A+ Cy C Cy, that is, ¢ € Cy. Thus, Acy, = Ac) and ¢ € C,.

We claim that supy ||¢} || < 4+o00. If not, we can assume, up to a subsequence, that
+

+
i |l = +o0 and ||Cﬁ|| — v € (Ker A)*t. This implies A (Hci”> — Av, but
Ck C

of 1 Yk
A( k)z Ale) = 7577 =0
et le " el
since yj, is bounded. Hence Av = 0, which means that v € Ker AN (Ker A)* = {0}
yielding a contradiction. Therefore, sup, [|¢f|| < 4+oo and, up to a subsequence
again, ¢ — ¢y € (Ker A)* N Cy, consequently y = Acy € A(Cy N (Ker A)*), and so

y € A(Cp). In other words, we actually we proved A(Cp) = A(Cy) = A(CoN(Ker A)L).
The equality A(Cy) = {0} U A(Cy \ Ker A) is straightforward. O

The following proposition collects most of the main formulae for the limiting normal
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cone to a quadric surface. These properties will be used in subsequent sections.
Proposition 4.2. Under the above data, it holds:
(a) Assume that Vq(z) # 0. Then
(al) T(C;z) = Vq(2)*, [T(C;2)]" = RVq(z).
(a2) Ny (C;Z) = N(C;Z) = RVq(Z).
(b) Assume that Vq(z) = 0. Then
(b)) T(C;z) ={veR": vIAv=0}=Cy=C — 7.

(b2) If A is either positive or negative semidefinite, it holds

T(C;z) = Ker A, N(C;&) = Ny (C; ) = A(R™).

(b3) If A is indefinite, then N(C;z) = {0} = RVq(z).

(b4) If A is indefinite, then
Nu(C;2) = A(Co) = A(C) +a = Vg(C).

Proof. (al) may be found, for instance, in [12]; (a2) follows easily from (al).

(b1) is directly obtained; the first part of (b2) follows from (b1) since v Av = 0 if, only
if Av=0. Thus —N(C;z) = (T(C;z))* = (Ker A)* = A(R"). We now compute
Ny (C; z):

Nu(C;Z) = Lim sup N(C;2)

T—T

zeC
— Lim sup N(C;z) U Lim sup N(C;x)
2eC 2eC
Va(z)=0 Va(@)£0
= Lim sup A(R") U Lim sup RVg(x).
2eC 2eC

Vq(z)=0 Vq(z)#0
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But
Lim sup RVq(z) = Lim sup RA(z — ) C A(Cy) € AR™).
vel veC
Vq(z)#0 Vq(z)#0

Hence Ny (C;z) = A(R™).

(b3): This is a consequence of the fact that co Cy = co T'(C;Z) = R" provided A is
indefinite, see for instance |50, Lemma 3.10].

(b4): In view of (a2) and (b3), and using the equality Vq(z) = A(x — ) + Vq(T)

along with the change of variable v = x — Z, one obtains

Ny (Ciz) = Lim_)gup N(C;z) = Limﬁqup RV¢(z) = Lim sup R(Av)
vel vl veCo

= {ueR": 3 € Cy,vp — 0,y € R, rpAvy — u}
= {ueR":J, € Cy with Av, — u}

= A(Co) = A(Ch).
The last equality follows from Proposition 4.1. O

Remark 4.1. Given any symmetric matriz M, the matriz MT denotes its Moore-

Penrose inverse, or simply, its pseudoinverse. It satisfies
MY = MMM MMM = M.
Thus if Co(M) = {x € R"* : 2" Mz = 0}, then one immediately gets
z € Co(M) <= Mz € Co(M?); x € Co(M") <= Mz € Cy(M).

Hence
x € Cy(M) <= Mx € Co(M") <= MMz € Co(M).

By applying these equivalences to M = A with A satisfying AAT = I (I is the identity
matrix of order n), which implies AT = A~ and recalling that Cy = Cy(A), one
concludes

A(Cy) ={veR™: v A7 w =0}
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4.2.2 Union of two quadric surfaces

We now consider the case of the union of two quadric surfaces:

1
Ci={r eR": ¢(z) = o' Aw +a/ 2 +a; =0}, i = 1,2

We now establish a formula for the limiting normal cone to C; U Csy at z € C N Cy,
by starting firstly with the case Vg1 (%) # 0 # Va(Z).

Lemma 4.1. Let z € Cy N Cy and assume that Vg1 (Z) # 0 # Vqa(Z), then
Nu(C1U Co; ) = RVaqi(Z) URVge(2).

Proof. First of all notice that for all x sufficiently close to z, Vqi(x) # 0 # Vga(x).
By Proposition 2.1, we have

—Ny(C1UCy;2) = Lim sup[T(Cy;x)]* U Lim sup[T(Cy; x)]*

T—T T—T
z€C1\C2 z€C2\C1
U Lim sup[T'(C1 U Cy; x)]". (4.2.1)
:EG%?(%CCQ

To compute the first two Limsup of the right-hand side, we proceed as in the proof
of Proposition 4.2. This leads to

Lim sup[T(Cy;z)]* = Lim sup RA;xz = RV¢ (Z),

T—=T T—T

zeC1\C> zeC1\C2
Lim suplT(C 9)]' = RVea(a).
xGICTz)\xcl

For the last Limsup in (4.2.1), we obtain

Lim sup [T(Cy U Cy2)]* = Lim sup [T(Cy; )] N [T(Cos 2)]°
x EIC?I'%C 2 x exC?r%CC 2

S RVaq(z) N RVgy(7).

This allows us to infer that Ny (Cy U Cy; ) = RV (Z) URV g (Z). O



4.2. Computing the limiting normal cone to quadric surfaces 55

The next lemma deals with the case when V¢, (Z) = Vgo(Z) = 0. This allows us to
write, as stated in Chapter 2, the following

Ci—T=Cyp={rcR": 2" Ax=0} i=1,2.

In what follows we set S* = {(71,72) € R*: ~{ + 3 = 1} and denote

KO = {U € ClO N 020 : 3(’}/1,'}/2) < Sl, ")/11411] = ’}/QAQ’U}

— [ U Ker(y A; + 72142)] N (Cro N Cy).

(’71 772)631

One deduces that: Kj is a closed cone,

Al(KO) = AQ(K{)), KO = —Ko, KO + (Ker Al N Ker Az) g Ko. (422)

Lemma 4.2. Let Cy,Cy be as above with Ay, As being indefinite matrices. If
T € C1NCy is such that Vg () = 0 = Vga(T), then

Np(Cy U Co;) = A1(Cho \ Cao) U Aa(Coo \ Cho) U Aq(Ky).
Proof. By using the equalities C; — & = Cjg for ¢ = 1,2, one obtains
N (Cy U Co;T) = Npr(Cip U Cyo; 0).
By Proposition 2.1, we have

—Nu(Cro U C20;0) = Lim sup[T'(Cho;2)]" U Lim sup[T(Ca; 2)]"

z—0 x—0

z€C10\C20 2€C20\C10
U Lim sup[T'(C1o U Cop; )]*. (4.2.3)
:EECQ':;(QCQ()

To compute the first two Limsup of the right-hand side, we proceed as in the proof
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of Proposition 4.2. This leads to

Lim sup[T(Cio;z)]" = Lim sup RA;z = A4,(Cio \ Co),

z—0 z—0
aCECl()\CQo a:ECm\CQo
Lim %UP[T(Cm;x)]* = Ay(Co0 \ Cio)-
mEé@?\Cm

It remains to compute the last Limsup in (4.2.3).

Lim sup [T(C1o U Coo;2)]* = Lim sup [T(Cho;2)]" N [T(Coo; )]
JEECISI’QI'CQO xECISI’QCQO

= Lim sup RAjz NRAszx.
r—0
z€C10NCao

This Limsup reduces to consider those elements z € Cio N Cyg for which A;z and
Aoz are linearly dependent (LD), in other words, those x € Cg N Cy such that there
exist 71,72 in R not both zero satisfying v € Ker(y;A; + 7245). This gives rise to
the set K satisfying (4.2.2). Thus

Lim sup [T(Cyo U Cy;x)]* = Lim sup RA;z = Lim sup RAsz.
z—0 z—0 x—0
z€C10NCoo €Ky €Ky

By virtue of (4.2.2), we proceed again as in the proof of Proposition 4.2 to conclude

Lim sup RAII = Al(Ko) = AQ(K())

x—0
zeKy
Hence
Ny (CrUCo;7) = Npy(Crg U Cyp50)
= A;(Cro\ Co) U Ay(Cy \ Cho) U Ay (Kyp),
which completes the proof. O

Lastly, we deal with the remaining case.

Lemma 4.3. Let z € C; N Cy with Ay to be indefinite and Vq,(z) = 0, Vga(z) # 0.
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Then
CiNB(z;e) L Cy Ve > 0.

Proof. Assume on the contrary that C) N B(Z;¢) € Cy for some ¢ > 0. Then
T(Cy;2) C T(Cy; %), and therefore RVqy(z) = [T(Cy;x)]* C [T(Cy; )" = {0},
which is impossible. This proves the desired result. O

In view of the previous lemma, we split the case Vq;(Z) = 0 # Vga(T).

Lemma 4.4. Let Cy,Cs be as above with Ay being an indefinite matrix. Assume that
zeCiNCy and Vg1 (Z) = 0 # Vaqo(Z). The following assertions hold.

(a) If there exists € > 0 such that Co N B(z;¢) C C4, then

NM(Ol U 02; J_I) = Al(Cm).

(b) If for every e > 0 we have Cy N B(Z;€) € C, then

Nar(CrU Cos ) = A, (ow \ (Cao N qu(:z)i)) URVg(7),

Proof. (a): By assumption, T(Cy;x) C T(Cy;z) for all x € B(z;¢) N Cy. Thus
T(CLUCy; ) =T(Cr;2) UT(Cy;x) = T(Cy; z) for all x € B(Z;€) N Cy. Then

—Nu(C1 U Cy; %) = Lim sup[T(Cy U Cy; )] = Lim sup[T(Ch; 2)]" = A1 (Cho),
IG%TLQJ:CQ (fgcxl

since (C1 U Cy) N B(Z;€) = Cy N B(F;¢).
(b): We already know that Ny, (Cy U Cy;z) = Ny (Cio U (Co — Z);0). By Proposition

2.1 again, we have

—Ny(CioU (Cy —);0) =  Limsup [T(Cip;2)]* U Lim sup [T(Cy — z;x)]*
xécliqu—f) SEG(C;::)EO)\CH)
U Limsup [T(CioU (Cy —Z);x)|"

x—0
zECloﬂ(Cz—:E)
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By assumption,

Lim sup [T(Cy — Z;2)]" = Lim sup[T(Cy; 7)]" = RV (7).
xE(ngaﬁ())\Clo ;CE_)C@

On the other hand, for all z € C;p N (Cy — ) = (C1 N Cs) — 7,
[T(CoU (Cy — Z);2)]" = [T(Cro; 2)]" N [T(Cy — Z;2)]* C [T(Cy — Z; )"
It follows that

Lim sup [T(Cio U (Ca — 7);7)]" C RVgy(2).

z—0
z€C10N(C2—7)

Whence

Lim sup [T(Cy —Z;2)]* U Limsup [T(CyoU (Cy —Z);2)]*
ZG(C;:jIEO)\Clo :EECloxﬁ_Eg'zfi')

= RVq,(). (4.2.4)

It remains to compute the following

Lim sup [T(Cip;z)]* = Lim sup RA;z.
z—0 z—0
z€C10\(C2—z) z€C10\(C2—7)

The equality

Cg—[f = {yER": qg(y—l—:i):O}

= {yeR": yT Ay = —2y"Vgu(2)}. (4.2.5)
yields
020 N VQQ(.f)J_ Q CQ — . (426)
We will prove
Lim sup RA;z = Limsup  RA;z. (4.2.7)

x—0 x—0
x€C10\(C2—7) 2€C10\(C20NVq2(z) ")
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The inclusion “C” follows from (4.2.6).

To prove the other inclusion, we proceed as follows. Let

y € Lim sup RA; .
z—0
Ieclo\(CQOQVQQ (i)l)

Then, there exist vy € Cio \ (Cy N Vo (Z)* and r, € R such that v, — 0 and
riAivr, — y. Now, let us define the sequence 0y by 0 = v when vy ¢ Cy — T and
U = %vk when v, € Cy — Z. We claim that 0y ¢ Cy — Z for all £ € N. Indeed, we
need only to check the case when v, € Cy — Z. If, on the contrary, vy = %vk e (Cy—1,
(4.2.5) implies v, Ayvy = —v)] AsZ. This together with the fact that v, € Co —Z (use
(4.2.5) again), yields v} Ayvy, = 0 and v} Vga(Z) = 0, which mean vy € Coy N Vo(Z)*.
This cannot happen by the choice of v, proving the claim, that is, 0y € Cig \ (Cy — Z)
for all £ € N.

By choosing 7, = ry if vy, ¢ Cy — & and 7 = 2r, when v, € Cy — Z, we obtain
kaﬂN)k = ’f‘kAl’Uk — Y.

This shows
y € Lim sup RA;v,
v—0
vGClo\(CQ—f)
and so the proof of (4.2.7) is complete.
Since the set CyoNV o (7)1 is a cone and —(CayNV g2 (Z)1) = CoyNVqa(7)*, following

similar arguments as before, one concludes

Lim sup RAjv = Limsup  RAjv=A4,; <O10 \ (Co N V%@)L))-
v€C110)Q8’2—i’) v€C1o\(C1')2?f?Vq2(f)J‘)
This along with (4.2.4) proves the desired result. O

Remark 4.2. Clearly C1g € Vqu(Z)* because of Ay is indefinite and so span Cjg =
R™, see Lemma 3.10 in [50]. In case Cip \ Vo (Z)+ = Cyg, the expression in (b) of
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Lemma /. can be simplified. Indeed, in such a case, we obtain

Ay (CIO \ (Coo N VQ2(5)L)> = A1(C),

since

Ay (CIO \ (Co N V@@)L)) = A1(Cio \ Ca0) U A1(Cho \ Vo (Z)F).

and

Ai(Cio \ V@ (2)*) = A1(Cro \ Vg (Z)+) = A1 (Cho).
Recall that Cyg and A1(Cho) are closed.
The following notion plays an important role in the next section.

Definition 4.1. We say that a set-valued mapping F' is “outer contained at z” if
F(x) C F(Z) for all x € Dom F. It is “locally outer contained at T” if there exists
e > 0 satisfying F(z) C F(z) for all x € B(Z;¢) Ndom F.

In the following we state the fulfillment of (locally) outer contained property for some

concrete situations.

Proposition 4.3. If C; and Cy are polyhedra, then Ny (Cy U Cy;-) is locally outer
contained at T € Cy N Cy.

Proof. Tt is Corollary 3.2. O]

Proposition 4.4. Let C = {zeR": g(z)=312"Av+a'z+a =0} with A
indefinite and let & € C' be such that Vq(z) = 0. Then Ny (C;+) is outer contained

at .

Proof. From Proposition 4.2(b), we know that Ny (C;x) = A(Cy), with Cy = C' —
r={veR": v Av = 0} for every z € C such that Vg(z) = 0. Therefore,
Ny (Cix) = Ny (Cs ) = A(Cp) for those points . We now consider x € C' such that
Vq(z) # 0. By Proposition 4.2(a), we obtain

Ny (Ci;z) =RVq(x) =R(Az+a+a—a) =R(Az + a — AT — a) = RA(z — 7).
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In case of two quadric surfaces, we need an extra assumption on the involved matrices.

Proposition 4.5. Let C; = {:B eR": ¢(z) = %xTAi:v +a]z+o; = 0} with A;
being indefinite and non-singular for i = 1,2. If &z € C; N Cy satisfies Vg1 (z) =0 =
Vo (), then Ny (Cy U Csy;-) is outer contained at T.

Proof. From Lemma 4.2 it follows that

Ny (CrUCo; ) = Ai(Chp \ Cop) U Ay (Cop \ Cho) U Aq(Ko),

with
Ky = {U € CioNCy: Im,72) € St 1A = 1A

W—/

Since A; and A, are non-singular, for any = # &, V¢;(x) # V¢;(z) = 0 for : = 1,2.
Take any = € C; \ Cy, then

NM<01 U CQ,ZE) == NM(Ol,ZE) == ]RV(h(.T) Q ]RAI(I - .f’) Q RAl(Olo \ CQ(]),

since 01 \ CQ == (010 + J_I) \ (020 + J_I) = (010 \ 020) + . Similarly, for x € CQ \ Cl,

one gets

It remains to consider x € C); N Cy, © # Z. As above, Vg;(z) # Vg (z) = 0.
Thus, Lemma 4.1 ensures that Ny (Cy U Cy;2) = RV (x) URVga(x). Now, we
distinguish two cases. If {V¢(x), Vga(z)} is linearly dependent, then RV¢q (z) =
RV (x) C A1 (Kyp). On the other hand, if {Vqi(x), Vga(z)} is linearly independent,
then Ny (Cy UCy;2) = RVg () URV@e(x). Since T(Ch;x) # T(Cq; x), there exists
xy € C1\ Cy such that xp — x. Then Vq(2x) — V@1 (Z) = Ay (2, —Z) € A1(Cho\ Cop),
which implies V() € A;(Cho \ Ca). Hence, as above,

RVq(z) CRA(Cio \ Cao) € A1(Cio \ Coo) U{0}.
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Similarly, RV (z) C As(Cy \ C19) U{0}. Consequently, Ny (C1LUCy;x) € Ny (C1U
Cy; ) for all x € Cy U Cy, as desired. O

4.3 M-stationarity in  nonconvex  quadratic

programming: local uniqueness

We start by considering the problem
min{f(z): Axr <a, Br=5b, x € X}, (4.3.1)

where X = {z € R": ¢(z) = i2"Co +d"z + o =0} with C = C" € R™" being
indefinite, A € R™*" and B € R™>"; a € R™, b € R', d € R" and « € R. In this case,
X may be the union of non-polyhedral sets. The polyhedral situation was discussed
in Chapter 3 and [?1].

The feasible set to problem (4.3.1) is denoted by K, and by K = {z : Az < a, Bx =
b}. Clearly, K = KN X, and for x € K, one obtains

T(K:z)={w: Bw=0, (Aw); <0Vie I(z)}, I =1(z)={i: (Az—a); = 0}.

Moreover, as stated in Proposition 4.2, T(X;z) = Xo = {v € R* : v'Cv = 0}

whenever Vg(z) = 0. Hence

T(K;2) =T(KNX;z) CT(K;z)NT(X; 7).

We say that € K is an M-stationary point if there exists (A, i), such that
Vi) +A"N+BTue —Ny(X;z), NT(Az —a) =0, A > 0. (4.3.2)

The set of those M-stationary points in K is denoted by M(K). Associated to
r € M(K) its set of multipliers is given by

L) ={(A\ p): (A p) satisfies (4.3.2)}.
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Set J = {1,...,m}. For fixed z € M(K) and (), i) € L(Z), we define the following

index sets:

By the complementarity condition, (AZ —a); =0 for i € I, and \; =0 for ¢ € I_
and [, UIyUI_ = J. Notice that [ = I(z) = I, U I.

Set Dy(z) = Vf(Z)' NTy(K;Z) N X and D(z) = VF(Z)" NT(K; %) N X,, where
To(K;Z)={weR": Bu=0, (Aw); =0V ic I, (Aw); <0V i€ I},

and denote K.(7) = K N B(z;¢). Clearly, D(z) and Dy(z) depend on the choice of \.

Set, as usual, L(z, A\, u) = f(z) + A" (Ax — a) + u" (Bz — b).

Theorem 4.1. Let f be a function twice continuously differentiable in a neighborhood
of a point T € M(K) with Vq(z) = 0 and C being indefinite. Let (A, i) € L (7)
such that

w' V2f(Z)w >0, YV w € Dy(z), w#0. (4.3.3)

If, in addition, there exists ¢ > 0 satisfying (Vf(z) + AT\ (x — z) > 0 for all
x € K.(Z), then there exists a neighborhood Uz of T with the property:

Proof. Suppose on the contrary that there exists xy, — & with xy # z for all k € N,
x, € K, multipliers (\g, p1x) such that

Vf(xk) + AT)\k + BTIIMC € —NM<X; :L‘k), Ak > 0, )\;(A[Ek — a) =0. (434)
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We can assume, up to a subsequence, that ﬁ — w, which means

weT(K;z) CT(K;z)NT(X;z) = T(K;Z) N X,.

By the above remark, Bw = 0 and (Aw); < 0 for all i € I, U I5. Now, consider the

functions
se(t) = (Vf(x(t) + ATA®)  (2x — 7) + (a — Az(t)) " (A — A), k€N, te[0,1],

where (2(t), A\(t)) = (1 — t)(z, \) + t(z, Ap).
We now show that si(1) — sx(0) < 0. By making some computation, and since

B(z, — ) =0, we get
Sk(l) = (Vf(xk) -+ AT)\k)T<£L'k — i‘) -+ (a — Aa:k)T()\k — 5\) (435)

and
sk(0) = (Vf(z)+ ATX)T(xk —Z)+ (a — Az) (N, — 5\). (4.3.6)

Since for all k sufficiently large, (Azy —a); < 0 for every ¢ € I_, and so, (Ag); = 0 for

every i € I_, we get (use also A} (Azy —a) = 0)
(zr — )T AT A\ = A\ (Azy, — a) + N} (a — Az) =0, (4.3.7)
and (4.3.5) reduces to

Sk(l) = Vf(xk)T(xk — jﬁ) =+ (CL — Axk)T()\k — 5\)

In order to going on, two cases must be distinguished.

Case 1: There exist infinite indices £ € N such that Vg(xzy) = 0. By (b4) in
Proposition 4.2, =Ny (X;z5) = —C(Xo) = C(Xy), where X = Xy + z. From (4.3.4),
it follows that

Vf(xy) + A"\ + BT g = Oz, for some 2z, € Xo.
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This implies, using (4.3.7) and Bz = BZ again,

Vf(xk)T(a:k — J_J) = (Vf(xk) + AT)\k + BTuk>T(Ik — :f’)
= (Cz) ' (vp — T) = 2, C(zp — T)

= 2 (Vq(zy) — Vq(z)) = 0,

which gives V f(Z)"w = 0. This proves that w € D(z).

On the other hand, by assumption, for all k sufficiently large, (Vf(Z) + ATA) T (2, —
z) > 0, which yields (ATA)Tw > 0. This allows us to infer that (Aw); = 0 for all
i € I.. Hence w € Ty(K;Z) N Xy, and therefore w € Dy(Z).

By M-stationarity on z, Vf(Z) + AT\ + B"ji = Cz for some z € X,. Thus, (4.3.6)

reduces to

5:(0) = 2'C(xr —Z) + (a — AZ) (N — N)
— 2T(Va(m) — V(@) + (0 — A\ — X) > 0.

Hence
5:(0) > 0> —(a — Axp) ' A=V (zp) (2x — Z) — (a — Azp) ')A = (1),

and the claim is proved. By the mean value theorem, there exists ¢, € (0,1) such

that
0> si(ty) = (z1 — )V f(x(ty))(z) — 2).

Observe that z(ty) = & + tx(zx — ) — Z. Thus, after dividing the last inequality by
|zx — Z]|? and taking limits, we get w' V2 f(Z)w < 0, reaching a contradiction. This
proves the desired result.

Case 2: It considers the situation when Vq(zy) # 0 for infinitely many k& € N.

By (a2) in Proposition 4.2, — Ny (X;zx) = t,Vq(z), for some ¢, € R. Thus, the

first relation in (4.3.4) reduces to

Vf(l"k;) + AT)\k + BT/Lk = thq(mk).
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Again, by (4.3.7) and Bx, = Bz, the last equality implies

Vf(ZL’k)T(J?k — f) = thq(xk)T(a:k — J_I) = tk(ka + d)T<LL’k — i’)

since 7, — T € Xy and V¢(z) = 0, and so Vf(Z)"w = 0. By proceeding as in Case
1, we conclude also that (Aw); = 0 for all i € I,. Hence, w € Dy(Z) since we have
already proved that w € Ty(K; ) N X,.

We now compute the difference s;(1) — s,(0) for the same function s; as in Case 1.

By using (4.3.8), one gets

sp(1) —sx(0) = —X'(a— Az) — (V@) + AN (21 — 7)

—(a — AZ) (M — A)
= N(a—Azx) — (V@) + AN (2, — ) <0.

Thus there exists ¢, € (0, 1) such that s'(¢;) < 0. Hence, we proceed as above to
complete the proof. O

By looking carefully at the proof of Thorem 4.1, one can identify the next corollary.
Recall that D(z) = Vf(z)" N T(K; %) N X,, which is a closed cone.

Corollary 4.1. Let f be a function twice continuously differentiable in a neighborhood
of a point T € M(K) with Vq(z) = 0 and C being indefinite. Let (A, ji) € L (7)
such that

w' V2 f(Z)w >0, Vwe D), w0.

Then, there exists a neighborhood Uz of T with the property:
relU;NM(K), Ve(z) =0 =2 =17.

Proof. We are in the situation of Case 1 discussed in the proof of Theorem 4.1. Notice
that the condition on V f(z) + AT\ imposed in such a theorem was employed only

to prove that w € Dy(z). O
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Different kind of stationarity notions are discussed in [77], and some relationships
between local minimizer and those stationarity concepts are established, see for

instance [57, Theorem 7].
An interesting remark arises.

Remark 4.3. Suppose that Dy(z) # {0}. By taking
v = min{w' V2f(Z)w : w € Dy(Z),w w = 1},
one can prove that (4.3.3) is equivalent to v > 0 and

wTVQf(a_c)w > fy||w]|2, YV w € Dy(z).

One cannot avoid the condition imposed on Vf(Z) + AT in Theorem 4.1, as the

next example shows.

Example 4.1. Let us consider the problem:
po = min{ f(z): Az <0, z € X},

where f(r) = x1 — 4xg — 22 + 1625, A= (=1 0) € R™? and X = {(z1,72) € R*:
x? — 1623 = 0}. Obviously, K =R, (4,1) UR,(4,-1), X = Xg =R(4,1) UR(—4,1).
Here, we can easily compute that py = 0, argming f = Ry (4,1) = M(K), Ny (X;0) =
R(—-1,4) UR(1,4). By considering z =0 € R* € M(K) and X\ = 2 € L(0), the
conclusion of Theorem /.1 does not hold obviously. We will show that (4.3.3) holds true
but the assumption on V f(Z) + AT\ does not satisfy. By making some computations,

we get
Vf«))T(U}l,U)Q) =0« w, = 41[)2,[ = {1} = [Jr’ A(wl,’wz) =0« w, = 0,

which implies D(0) = {0}, and therefore (4.3.3) holds. However, since

(VFO0)+ AT N u = ((1,-4) + (=2,0)) " (u1, ug) = —uy — dus,
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the other assumption does not hold.

Before going on, we exhibit an instance where our Theorem 4.1 applies.

Example 4.2. Tuke the objective function f(x) = (z1 + 1)? + (2o + 1)? — 22129
and as feasible set, K = {(x1,22) : —x1 < 0,—29 < 0,q(x1,22) = x129 = 0}, and
7 =0 ¢ R?. We identify the data

A:<—1 0)7(7:(0 1)7
0 —1 10

and all the other data are null elements. It is easy to check that 0 is the only
minimizer of f on K. Let us compute D(0). To that end, we get Vf(0) w = 0 if,
and only if 2wy + 2ws = 0. Since (we, ws) € Xg = X, that is, wywy = 0, we obtain
w; = 0 = wy, and therefore D(0) = {0}. By choosing A = (2,2) € Lx(0), one
concludes (V£(0) + ATX)Tu =0 for all u.

4.4 Local error-bound in M-stationarity for a class

of nonlinear optimization problems

In this last section, motivated by the previous one, we will establish a local error-
bound at M-stationary points for a rather general class of nonlinear optimization
problems. The main result to be established presently is based on three conditions:
local uniqueness of a (reference) M-stationary point; validity of local outer contained
property (as introduced in Definition 4.1) for the limiting normal cone to the geometric
constraint set at the same point, and upper Lipschitzianity for the M-stationary

points set-valued mapping.

It worth noting that our next result goes beyond the polyhedral setting. Indeed, all
the above three conditions hold under polyhedrality, as shown in Chapter 3 with
the aid of the works [33, 53]. The authors in [15] deal with a class of mathematical
programs with equilibrium constraints via an equivalent formulation where the new
geometric constraints set admits a limiting normal cone which is the union of finitely

many convex polyhedra, see equation (27) in [15].
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Thus, we shall discuss the existence of local estimates for the following nonlinear

optimization problem:
mm{f(%@) : g(I7a) S 07 h(l‘7b> - 07 S X}7 (Pzp,a,b>

where f ' R" X RP - R, g: R*" x R™ = R", h: R” x Rl — R® and X C R" is closed.
The parameters are (a,b, ) € R™ x R x RP. As before, the feasible set to (P, )
is denoted by K(a,b). In this framework, given = € K(a,b), we say that it is an
M-stationary point if there exists (A, i), such that

Vof(x,0) 4+ Deg(z,a)" A+ Dyh(z,0) ' € —Np(X;2), (4.4.1)
Mg(z,a) =0, A>0. (4.4.2)

Here, D,g(x,a) € R™" stands for the Jacobian (with respect to x) matrix of g at z;
similarly for D, h(z,b) € R**". The set of those M-stationary points is denoted by
M(p,a,b), that is,

M(p,a,b) ={x € K(a,b): (A, u) satisfies (4.4.1) — (4.4.2)}.
Let x € M(p,a,b), its set of multipliers is given by
La(x) ={(\ p): (A p) satisfies (4.4.1) — (4.4.2)}.

Assume that Ny (X;-) is locally outer contained at a point 7 € K(@,a,b), that is,
there exists Uz such that Ny (X;z) € Ny (X;Z) for all x € Uz and consider the

following mapping

M(p,a,b) = {z e K(a,b):3I\p)e R. x R*, A g(z,a) =0, A >0,
Vol (€,9) + Dagl(a,a) " A+ Dyh(z,b) '€ =Ny (X, T)}.

It is clear that M(p,a,b) N Uz C M(g,a,b) for every (¢, a,b), since Ny (X;z) C
Ny (X;z) for all x € Us.

Theorem 4.2. Let us consider (P ;). Assume that T is a locally unique M-stationary
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point and Ny (X;-) is locally outer contained at T. If there exist neighborhoods Uy,
Uigap and a constant L > 0 such that for all (p,a,b) € Uiz a5

'/\;l(907a7 b) n Ui - M(Qbac_% B) n Ui + L||(Q0)avb) - (@a a, B)HB(O) 1)7 (443>

then there exist neighborhoods Uy of T and UQP ap of (@,a,b) with the property that
if (p,a,b) € U(@&’I;) and = € M(p,a,b) N Us, then

||z — ]| < LI[(,a,b) — (¢,a,D)]|.
Proof. Without loss of generality, assume that M(@, a,b) N Uz = {Z}. Then
M(@,a,0) N Uz = M(p,a,b) N Uy = {z}.

Since M(¢p,a,b) N Uz € M(¢p,a,b), we obtain

M(p,a,0) Uz C M(5,a,0) Uz + Ll|(, a,0) = (@, a,b)[| B(0; 1)
= M($,a,b)NUs + Ll[(¢, a,b) — (#,4,0)[| B(0; 1).

We can assume, by taking U; C U; if necessary, that
m—m<§m@M@@awm%vxag (4.4.4)
Now, we consider U@ﬁ@ such that
{Z} + Lll(p, a,b) = (9,3, 0)|| B(0; 1) C Uz, ¥ (,0,0) € Ugg -
Take any (¢, a,b) € 0(@(—175). If z € M(¢p,a,b) N Us, then
€ ({Z} UM(@,a,b) \ {z}) + Lll(¢, a,b) — (#,4,b)[| B(0; 1),

which says that the distance from x to either Z or M(@, @, b) \ {z} must be less than
L||(¢,a,b) — (@,a,b)||. Thus (4.4.4) gives

z e {z}+ L||(¢,a,b) — (p,a,0)||B(0;1), VzeUs.
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This amounts to writing ||z — z|| < L||(¢, a,b) — (, @, b)||, and the proof is complete.
[

Some remarks are in order.

Remark 4.4. (i) As previously mentioned, it is well known that polyhedral
multifunctions satisfy the upper Lipschitz property. Notice that the multifunction
M might be more easy to handle than M and, with the aid of Propositions 2.1
and 2.2 in [70], one can derive upper Lipschitzianity, besides the existence of

an 1solated point.

(17) It is well known that condition (4.4.3) holds for polyhedral multifunctions M,
which is always true in case the functions take the form f(x,p) = %xTQx—goTx,
g(xz,a) = Az —a, h(z,b) = Bx —b and the set Ny (X; ) is the union of finitely

many convex polyhedra.

The next example shows an instance where our Theorem 4.2 applies. In particular, it

shows also that condition (4.4.3) is satisfied even if Ny, (X;Z) is non-polyhedral.

Example 4.3. Let us consider the problem
1
min{axTQx —¢'x: 23<a, v€ X},

where @ = diag(0,0,2) and X = {z € R* : 2"Czx = 2} + 23 — 22 = 0}. Here,
C = diag(1,1,—1) = C~'. The reference parameter is p =0 € R3, @ = 0. For these
values, it is clear that T = (0,0,0) is the only minimizer, moreover, it is the only

M-stationary point. Now, consider the mapping

M(g,a) = {zeR*: IN>0,Nas—a)=0, 23<a, € X,
Qr—p+ X001 €C(X) =X}

By the previous remark, M((0,0,0),0) = {(0,0,0)}. Let (¢,a) # (0,0) and write
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Y= (9017 Y2, 303) Then

M(p,a) = {z€R*: IN>0,\r3—a)=0,23 —a <0,2] + 15 = 23,
(0,0,23)" — 4+ A(0,0,1)" € X}
= {2eR®: IN>0,ANa3—a)=0,23 —a <027+ 25 =13,

1 + @5 = (3 — 3 — A)*}.

We now distinguish two cases, if there exists x € ./\;l(go, a), for which the only solution
to 3 + 03 = (x3 — w3 — \)? if given when X\ > 0, then x3 = a, which implies that
r? 4+ 23 = a?, so clearly

||z]| < Llal,

for some L > 0. Or, given z € M(yp,a), for which ©? + @3 = (x5 — ¢3)?, then

|z5| < Lllell < [I(w, a)ll,
for some L > 0. Which, together with the fact that x? + x3 = x3 implies that
lel] = /ot + 23 + a3 = /223 < Lllell < Lll(w, a)l,
for L =+/2L > 0. In any case, it is clear that
z € B(0;max{L, L}||(¢, a)]),
that is,

M(p,a) C B(0;max{L,L}||(¢,a)|])
= M(0,0) + max{L, L}||(0,0) — (¢, a)||B(0;1).
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Chapter 5

Asymptotic analysis for a class of
quasiconvex semi-infinite

programming problems

5.1 Introduction

Research on the existence of solutions and on the lower semicontinuity of the value
function (especially in relation to the zero duality gap property) has long been a

central topic in optimization. This chapter addresses the general optimization problem
p = inf{fo(z):x € P, fi(x) <0,V 1€ L}, (5.1.1)
and its associated value function ¢y, : R%®) — R U {400}, defined by
Y (a) :=inf{fo(z):x € P, fi(x) <a,V 1€ L},

where fo, fi : R" = RU {+o0} for [ € L are quasiconvex and lower semicontinuous
functions, L is an arbitrary (possibly infinite) index set, R(*) denotes the dual of the
locally convex product space RY; and a = (a;)icr, € R™¥). Note that we denote the
functions in the constraints by f;, rather than g;, as in the previous chapters. This

choice will simplify certain definitions later.
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The main objectives of this work are to: (i) characterize certain global properties of
quasiconvex functions based on their behavior at single points; (ii) prove the existence
of solutions to problem (5.1.1); and (iii) establish the lower semicontinuity of the

value function at 0.

Although the relation between local and global behavior of convex functions is
well understood (e.g., local minima are global, and asymptotic behavior can
often be inferred from a single point; see |2, 51]), quasiconvex functions are
not as straightforward in this regard. Various global properties of quasiconvex

functions have been studied via different asymptotic functions, see for instance

[ ) ) 9 ) ) ) ]

Existence results available in the literature can be grouped according to the cardinality
of L, distinguishing between the finite and infinite cases. In the finite case, when
problem (5.1.1) is convex, extensive research has been conducted (see [2, 11, 19, 5]
and references therein). For nonconvex optimization problem, [19] provides results
for the class F of functions, a class introduced in [I| and recalled in Definition 2.2.
Furthermore, [52] establishes existence results by looking at some special recession
directions. In the context of quasiconvex functions, existence results have been
characterized in [18] and [30]. For quasiconvex functions belonging to class C,
introduced in [20] and recalled in Definition 2.3, the papers [19] and [20] present
an existence result under additional conditions. For the semi-infinite case, the key
work [55] introduced the asymptotic regularity condition to establish the existence of

solution and strong duality for convex programs.

In the convex case, the zero duality gap property is characterized by the lower
semicontinuity of the value function at zero and the existence of a finite optimal value
(see [2, 14, 17, 54|, also [37] for parametric convex programs). For treatment of a
more general setting we refer the reader to [11]. Several recent contributions have
extended aspects of this theory to quasiconvex and semistrictly quasiconvex functions

together with new classes of functions, like class C, see for instance [19, 20, 26, 30].

We adopt an asymptotic analysis framework, replacing the standard compactness
assumptions with the asymptotic regularity condition introduced in [55] to establish

the existence of solution. To establish the lower semicontinuity of the value function,
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we reduce the original problem (5.1.1) to a family of finite subproblems. We then
derive sufficient conditions under which the lower semicontinuity of the subproblems’
value functions guarantees the lower semicontinuity of the original value function.
A similar technique was used in [13], where the authors characterize other notions

related to duality also by replacing the full constraint set with a finite subset.

In this chapter, we characterize certain global behaviors of quasiconvex functions
by analyzing their behavior at single points, extending global convex properties to
the quasiconvex setting, and complement the results presented in [19, 20, 26]. We
focus on the class C, demonstrating how the behavior of the function in one direction
constraints behavior in the opposite direction, and we link this with the notions of
ba- and ia-directions of recession (introduced in [!/]). This notions have been further
developed in [5] as a way to prove existence of saddle values in the convex case and

in [38] to prove zero duality gap in a nonconvex setting.

Our existence results extend classical results, such as [75], to the quasiconvex
framework and are not encompassed by previous results like those of [19], since
the class C is not a subset of F (consider, for instance, the function f(z) = e™%).

Furthermore, our findings complement the contributions of [19, 26].

Finally, we strengthen and complement results such as those of [37] by establishing
the lower semicontinuity of the value function under broader conditions, such as
asymptotic regularity and a generalized consistency assumption, even in cases where

the solution sets are unbounded.

5.2 Existence of Solution

Given the quasiconvex functions f; : R* — RU {4o00},l € L := I U J we define the
problem
inf{f(z): 2 € P, fy(x) <0, Vj € T}, (B)

where f(z) :=sup{fi(z):i € I}, L is a (finite or infinite) partitioned collection of
quasiconvex lsc proper functions belonging to class C (with INJ = 0,1 # ()) and P
denotes a nonempty closed convex set in R”. We always assume dom f; = P for all

[ € L. Of course, if P C dom f; for some [ € L, we can redefine f; to take the value
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+00 outside P.

The feasible set of problem (B) is defined as
K:={zeP: fix)<0,VjeJ}
For each € R,;e > 0 and each L, C L, it is also useful to define the sets

Kgl(E) = {xEPfl(:E) §M+5,Vi61le,fj($) SE‘:,Vj € JﬂLl}

Note that L; may be a subset of either I or J, i.e., LiNJ =0or LiNI =10,
respectively. In such cases, only the corresponding group of functions (either those in
the definition of the cost function or in the constraints) is considered in the definition
of K7 (¢). In particular, if € = 0, we just denote K} := K7 (0).

Definition 5.1. The quasiconvex program (B) is weakly consistent (WC, for short)
if there exists at least one u € R such that, for all e > 0 and for every Ly C L with
|Li| < n+1, it holds that K7 (¢) # 0.

Consistency (nonempty feasible set and finite optimal value) implies weak consistency.
Indeed, if we assume that K'Ndom f # () (in our case, since dom f = P, KNdom f =

K) and p is the optimal value of the problem, then (B) is weakly consistent, since

0 #Kndom fC Kj (¢)Ndom f,V L CL=1IUJYe>D0.

Now, the asymptotic directions along which the functions must be analyzed are
determined. As shown in previous works (see [19, 20]), these directions lie in the
following nonempty closed convex cone in R"™, which will also play an important role

in our analysis

Ro:={ve P®: (f)(v) <0,V 1€ L}

Below, we present an adaptation of Rockafellar’s result [55, Theorem 1] for quasiconvex
functions, using asymptotic sets and asymptotic functions. For this, we first present
the definitions of asymptotically regular condition given by Rockafellar, but now

described using the terminology of asymptotic analysis.
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Definition 5.2. The quasiconvex program (B) is said asymptotically reqular (AR, in
brief) if there exists Lo C L, I € Lg, such that |Lo| < 400, fi is affine on P for all
l € Ly and for each v € Ry we have fi(x + tv) = fi(x) for alll € L\ Ly, allt >0
and all x € dom f;.

Remark 5.1. (i) Assume K =R" and that the functions f, are proper, lsc, and
quasiconvex. By [19, Proposition 4.2(b)], we can conclude that a solution exists
when Ry is a subspace. Since in this case, the functions are constant along the

directions in Rg, which is a particular case of the AR condition.

(i7) Whenever the problem (B) satisfies the AR condition, we can take Lo to be
as small as possible (I € Ly), meaning that for all | € Lo, there must exist
v € PN (Miep\Lo[(f1)5° < 0]) such that f; strictly decreases along v (otherwise
we could exclude said | from the set Lg), with fi(x) = (b, x) + B, for some
by € R"\{0}, B, € R, x € P and all f; withl € L\ Ly are constant along v,
that s, constant in x + Ry v for all x € P.

The following is a modified version of Helly’s Theorem, which appears in [0, Theorem
2.181].

Theorem 5.1. Let A;,i € I, be a (possibly infinite) family of closed convex subsets
of R™. Suppose that N;ier(A;)>° = {0}, and that the intersection of any n + 1 sets of

this family is nonempty. Then the intersection of all sets of this family is nonempty.
The following lemma represents a quasiconvex extension of |55, Lemma 4.

Lemma 5.1. Let f; : R" — RU {4o00},l € L be proper, Isc, quasiconvex functions
belonging to C and P C R™ be a nonempty closed convex set. Suppose (B) is WC, and
let i be the infimum of the real numbers p for which the weak consistency condition
is satisfied with 400 > i > —o0o. Let L= {l = (I, pu,e) : 1 € L, i < 1,0 < e}, and for
each | € L, define

Then, the collection {C; : 1 € L} consists of closed convex subsets of R™ such that

every finite subcollection has a nonempty intersection. Moreover, T is a solution to
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(B) if and only if T belongs to all the C}. Also in this case, i is finite and corresponds
to the minimum of f in (B).

Proof. The sets Cf are closed convex subsets of R"” because P is closed and convex,
and the functions f; are quasiconvex and Isc. From the definition of weakly consistent,
for every p € R with i < p and for all € > 0 the set K7 () # 0, for all L, C
L,|L| <n+ 1. So, by Helly’s Theorem K7 (¢) # 0 whenever |L;| < +00. Note that
Mier, Crpe = K7 (€).

On the other hand,
TE€ Ml <= T € Nesfi <O0NPand —oo < f(Z) < [i.

But, if the point Z is not the solution to problem (B), then there exists € P that
satisfies the constraints and f(Z) > f(x) = p, then the weakly consistency condition
is satisfied for this u, and hence p > i, a contradiction. Therefore, z is a solution to

problem (B) and f is the finite minimum. O

Now we proceed to prove the existence of solution.

Lemma 5.2. Let f; : R" — RU {4o00},l € L be proper, Isc, quasiconvex functions
belonging to C, and let P C R™ be a nonempty closed convex set. If additionally
Ry = {0} and (B) is WC, then the problem admits a solution.

Proof. Let € > 0, pr € R (p given by the WC) and C; = Cj ,.,l € L be a family of
nonempty sets defined by

Cipe = PNfi<p+e], forlel,
Cipe = PNfi<e], forlel,
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then its recession cones are (Cy,.)* = P> N[(f);° < 0], for any [ € L. Moreover,

N = NN~ = (m ANz <0 poo>

Lp,e leL p<ppe>0 leL p<pe>0

= (ﬂ[(fz)f < 0N POO) = {0}. (by hypothesis)
leL

Thus, (M,,:Clue)” = {0} and, by Lemma 5.1, the intersection of any n + 1 sets in

this family is nonempty. By Theorem 5.1, we conclude that the set ﬂh e Crpe 1s

nonempty. As a consequence, this set must be compact. Furthermore, using Lemma

5.1, the problem (B) admits a solution z € [, , . C.e- O

Now we consider the case where the problem involves directions in which the functions
remain constant along certain half lines. Rockafellar in [, Lemma 6] presented
a method, for the convex case, where it transforms the problem with this type of
directions into a problem without them. In the following lemma this method is

adapted to apply it to quasiconvex functions.

Lemma 5.3. Let f; : R" - RU {+o00},l € L be proper, lsc, quasiconvex functions
belonging to C, and let P be a polyhedron. Suppose that (B) is WC and satisfies the
AR condition with Lo = (. Then, (B) admits a solution.

Proof. By hypothesis, for all v € Ry and all x € P the following equality is fulfilled

fl(ZE+tU) :fl<l’) VtZO,\V/l € L. (521)

As we mentioned before, Ry is a nonempty closed convex cone in R"™. Let M be the

subspace generated by Ry, i.e., M := Ry— Ry, and P’ = Proj(M=*; P) = M+N(M+P)
(the orthogonal projection of P over M1). Actually,

P = {2’ € M+ :2' +u € P for some u € Ry}, (5.2.2)

by definition of M. Now, for each [ € L, we define the functions f/ by

fi(z') = fi(z' + u), whenever 2’ € P',u € Ry and 2’ +u € P,
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Otherwise, if 2’ ¢ P, we set f/(z') = +00. So, for all [ € L,dom f/ = P'.

First, we show that f] is a well-defined function on P'. Fix [ € L and any 2’ € P'. If
there exist uy,us € Ry such that o’ + uy, 2" + uy € P, then by (5.2.1) we get

[i((Z 4+ w) +ug) = fi(x' +uy) and fi((2" + ug) +uy) = fi(z' + us).
Since u; and us are directions in which each f; is constant; thus,
fi@) = file +w) = fila" +up) = file’ + w1 + u). (5.2.3)

This proves that the definition of f; does not depend on the particular u chosen.

In view of Lemma 2.2, to prove f] is quasiconvex lsc on P’ we prove that each function
f] is quasiconvex and lsc on each line segment on P’. Let 2/,y' € P'. By (5.2.2), we
can choose uy, us € Ry such that 2’ +wuy, vy +us € P. Let u = uy +uy € Ry. Because
Ry is a convex cone, this implies that ' +u =x € P and 3y + u = y € P. Moreover,

using definition (5.2.3) we get
fllax' + (1 —)y) = filax + (1 — a)y) for 0 < a < 1. (5.2.4)

Since the functions f; are quasiconvex and lIsc on P, the right-hand side of (5.2.4) is

quasiconvex and lsc as a function of «; hence f] is quasiconvex and lIsc.

With these new functions we consider the problem
inf{sup{fj(z):i €I}z e P, fi(x) <0,YjeJ} (5.2.5)

Now we want to prove that problem (5.2.5) is WC using the fact that problem (B) is
WC. For any ¢ > 0, any finite subset L; C L and u € Ry, we have the inclusion

Ki¥(e) +u C K,L“lo(g) = P' 0 (Miernrlf] < po+¢€]) N (Mier,nslf] <el)

and since K°(¢) is nonempty (by the WC property of problem (I3)), this implies
that K/L‘io (¢) # (). Therefore, problem (5.2.5) is WC.
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On the other hand, since P is polyhedral and M is a subspace, it follows that
M + P is a polyhedron with (M + P)>* = M + P°. This follows directly from the
characterization of polyhedrons as closed convex sets with finitely many extreme
points and directions; see, for instance, |51, Theorem 19.1]. Hence P’ is a (nonempty)

polyhedral convex set in R™ and
(P = (M*+N(M+ P)>®=Mn(M+ P>)C M*. (5.2.6)

Let Ry := (P')™ N [(f)) < 0] (associated to problem (5.2.5)) and for any
u' € (P')*™ we have that

u' € Mien[( )y <0l =" € Mier[(f1)7” < 0] — u, for some u € Ry. (5.2.7)

Indeed, given o’ € P' and v’ € R{, we can choose x € P, up,u € Ry such that

x —up = 2" and for all A > 0 we get
(@' + M)+ (ug + M) =2+ M +u) € Pand 2’ + (ug + A\u) = x + \u € P.
This, together with the definition of f/, means that for all [ € L
fi(@ + ') = filx + Au' +w)) and f/(2") = filx + M) = fi(x), VA >0.

Thus, u" € Miep[(f7)g° < 0] implies v’ +u € Mieg

(f1)g° < 0], for some u € Ry, which
proves (5.2.7). Moreover, for any u € Ry using (5.2

2.6), (5.2.7) and the definition of

M, we obtain

Ry C (PN (Mienl(f)y° < 0] —u) € M*-N M = {0}.
From Lemma 5.2, the new problem (5.2.5) has a solution, let’s say 7/, that is, ¥’ € P/,
(@) <0, for every [ € J and f'(z') < f'(a') for every feasible point 2" of (5.2.5).
Using 7’ we construct an optimal solution to the original problem, for this consider
u € Ry such that  := ¥’ 4+ u € P, one obtains f/(¥') = f(z' + u) = fi(z) for every
| € L. Therefore the point Z is feasible for (B). In addition, Z is a solution to the
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I3

original problem (B), because for any z’ feasible point of (5.2.5), we have
f(z) = (&) <supe; fi(z' +u) = f(2' +u) (for some u € Ry)

and for every x € P, there exists ' € P’ and u € M such that x = 2’ + u. This
completes the proof. O

Theorem 5.2. Let f; : R" — RU{+o0},l € L be proper, lsc, quasiconvex functions
belonging to C, and let P be a polyhedron. Assume that (B) is WC and AR, then (B)
admits a solution. Moreover, the minimum in (B) is the smallest real number p for
which the WC' condition is satisfied.

Proof. Without loss of generality, we suppose that problem (B) satisfies the AR

condition taking L as small as possible (see Remark 5.1(i7)).

Let pp € R be the value for which WC is satisfied, and fix ¢y > 0. For the set
L':=L\ Lo (L:=1UJ) we define the subproblems given by

inf{f'(z) :=sup{fj(x):iel'}:x e P, fi(x)<0,VIeJ}, (5.2.8)

where P’ := K77 (go) (which is nonempty by WC), P"is a polyhedron, I' := I\ Lo, J' :=
J\ Lo and f/ = fi+1p foralll € L.

Given any € > 0, the sublevel sets of f] are: [f] < uo+¢] = [fi < po+¢] N P’ and
[fl <el=[fi<elnP forl el andl € J', respectively. Moreover, by Lemma 5.1

the sublevels are all nonempty.

We claim that problem (5.2.8) is WC with the same . So, for any arbitrary subset
S C LS| < 400 and € > 0, we need to prove that

Kiquo (€) :== P' 0 (Miesnr [f] < €]) N (Miesnr [f] < po +e]) # 0.

First, if ¢ = g9, K(g0) = P' N K (g0) # 0. Second, for every & > g9, K (g0
K%°(e) and by WC for problem (B) K%°(gq) # 0, then we have () £ P' N K§°(go
P'NKg(e) = K;f‘o(s). Finally, if € < ¢, then K}’ (e) € P'. Since problem (B) is
WC for all ¢ > 0 we get K}0(e) N K5°(e) # 0 (because [S U Lg| < +00) and the

) C
) C
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inclusion K7°(e) N Kg°(e) € P'N Kg°(e) implies that K/S“0 (e) := PPN KL (e) # 0.
Therefore, (5.2.8) is WC.

To prove that (5.2.8) is AR, we use the fact that problem (B) is. First, we observe
that

P'C P, (P)* C P* and Ry := (P)* N (Miew[(f)° < 0]) = Ro. (5.2.9)

Moreover, for any direction v € Ry C P, all the functions f; are constant along
the ray © + Ryv for z € P. By (5.2.9), for all v € (P’)*°, the following property
hold: z +tv € P’ for all t > 0 and = € P’; additionally, f/(x + tv) = fi(z + tv) and
fl(x) = fi(x) for all [ € L'. This proves that problem (5.2.8) is AR.

Thus, problem (5.2.8) is AR and WC without affine functions. By Lemma 5.3, (5.2.8)
has a solution, Z’ and a finite minimum f’. The solution must now be adjusted to
generate a solution for the original problem. The set L is finite and following the
proof of [0, Lemma 5| we obtain a solution z for the original problem (B) with

optimal value f.

Consider any l; € Ly. There must exists u1 € P> N (Miep[(f1):° < 0]) such that all
fi with [ € L\ Lg are constant along u; and the function f;, decreases linearly along
uy, otherwise we could exclude l; from Ly (as stated before). For this u; we have
T 4+ Auy € P for all A > 0 and fi(&' + Auy) < fi(z') for all [ € L. Now, by taking
A > 0 big enough, with z} := &' + Ay, we can get fi, (z})) < @' ifly € [ or fi,(Z}) <0
if [; € J, where f’ is the infimum of (5.2.8). Also, 7} € P and f(z}) < fi(z') for all
[ € L, therefore 7/ is an optimal solution of the subproblem with L'=ruJu {lLLi}.

By starting at Z instead of ' and taking another Iy € Ly \ {/;} and so on, we can
repeat this process |Lg| — 1 times and obtain a solution z € P such that f;(z) < i’
for all i € I and f;(Z) < 0 for all j € J. Finally, since [f; < 0] C [f; < g and
[fi < W) C|fi <po+eo]forall j€JnNLyandallie€ N Ly, respectively. The
feasible set of (5.2.5) includes the feasible set of (B), therefore i/ < i and Z is a

optimal solution of (B).

Furthermore, Lemma 5.1 says that if Z is a solution of the problem (B), then the

minimum of the g € R that satisfies the WC is the optimal value of the original
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problem. O

Remark 5.2. In Problem (B), assuming that P = R", the functions f;, forl € L,
are quasiconvez, lsc, proper, and belong to the class C, and that the index sets satisfy
lI| =1, |J]| < 400, we are able to compare our findings with those available in the

existing literature.

(i) If Ry = {0}, the existence of a solution follows from [19, Theorem 4.1] when
J = 0. If additionally, J # O [20, Theorem 4.1] similarly guarantees existence.

Together, these theorems provide alternative proofs for Lemma 5.2.

(it) When Rq is a subspace, |I| =1 and J = (), the existence result follows from
[19, Proposition 4.2]. Even when P is any nonempty closed convex set, the
result remains valid as established in [19, Theorem 4.7]. For a finite set J,
[19, Corollary 4.8/, combined with [19, Proposition 4.9], ensure the existence of
a solution. Additionally, [20, Theorem 4.1] provides another useful existence

result for a finite set J, offering alternative proofs to Lemma 5.5.

(1ii) Finally, when I,J are finite set and Ry is not a subspace, under additional
hypotheses, Theorems 4.1 and 4.2 of [20] can be applied to establish the existence

of a solution.

It is well known that problem (B) can be equivalently formulated using the constraint
function supyc; fi(x) < 0. Associated with this equivalent problem, we define the

nonempty convexr cone

PLQ = P> N [f;o S 0] N [(SupleJ fl>20 S 0]
Then, when the problem has a finite number of constraints, the results obtained in
[19, 26] can be applied using Proposition 2.5.

Our results complement those presented in [26]. This is illustrated by the following
example, in which [20, Theorem 4.2] is not applicable, whereas Lemma 5.3 can be

successfully applied.

Example 5.1. Consider the problem min{f(z) : = € R}, where f(z) = = + ||
belongs to C and J = 0. The problem does not satisfy the hypotheses of [0, Theorem
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4-2], however, Ry = [f° < 0] = =R, and the linear space generated by Ry is M = R,
so M+ = {0}. Then, the auziliary problem

inf{f' (') : 2’ € M+ = {0}}

where f'(2') = f(z' + u), for all u € =R, satisfies the assumption in Lemma 5.5.
Thus, f'(0) is the optimal value and now we recover the solution of the original
problem where f'(0) = f(0 —u) = —u+| —u| =0,Yu > 0. Since R =M & M+, fix
u € Ry = —R,, there exists x € R such that x —u € M*. This implies © = u. Thus,
the optimal value of the original problem is f'(0) = f(z) =0, for x < 0. Consequently,

all x < 0 minimize f.

The following examples demonstrate that Theorem 5.2 fails when any of its hypotheses

(assumptions) is omitted.

Example 5.2 (Function not in class C). Consider the problem inf{f(z) : = €
R, fi(z) <0} =0, where f(z) = e and fi(x) = |x| — 1 when x <1 and fi(z) =0
when x > 1. The function fi does not belong to class C and [(f1)7°(-) < 0] = {0},
while [f3°(-) < 0] = Ry, so Ry = {0}. Therefore, the problem is AR and does not

have a solution.

Example 5.3 (No AR condition). Consider the functions f(x1,x2) = e "' + x5 and
fi(zy, m3) = —1Pxy — lzg for 1 € [0,1]. Here we have again inf{f(z1,z3) : (71, 29) €
R? fi(z1,22) <0,V 1 €[0,1]} =0. Each function is lsc and quasiconvez in class C
(actually convex) and Ry = Ry x {0}. The problem is not AR, since f is not constant

along (1,0) € Ry and does not have a solution.

Example 5.4 (No polyhedral structure). Let P = {(x1, 1) € R*: x5 > 23} and the
function f:R?* — R given by f(x1,x2) = x1, then P® = {0} x Ry and f is constant
along P>, but inf{ f(z1,x2) : (z1,22) € P} = —00.

Corollary 5.1. Let f; : R" - RU{+o0},i € I be a lsc quasiconver and proper
functions belonging to class C. Under the AR and WC conditions the problem

p = inf epn sup,c; fi(z), has at least one solution.

Proof. Just consider the problem (B) with J =) and P = R™. ]
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Corollary 5.2. Let f be Isc convex proper function and P a polyhedron. If for all
v € PYN[f*° <0] we have f(x + tv) = f(z) for all x € P and all t > 0, then f

achieves a minimum on P.

Another common assumption used to establish the existence of solution is that the
functions are bounded from below; see, for instance, [27]. However, our results do
not remain valid if the asymptotic regularity (AR) condition is replaced with the

boundedness-from-below assumption.

Example 5.5. Let f : R — R,z — f(x) = €” be a quasiconvez, lsc and proper
function that belongs to class C, additionally f is bounded from below. The associated
problem min{ f(z) : x € R} is WC, not AR (because f(x + tv) # f(x) for any
vE Ry=—R,; and any t > 0) and do not admit a solution.

5.3 Existence result beyond the polyhedral case

It is of interest to consider a broader class of sets for geometric constraints. The
polyhedral structure is used in the proof of Theorem 5.2, to conclude (M + P)> =
M + P, and also in Lemma 5.3, to define the auxiliary problem with geometric
restriction given by P’ = K gg(go), so that we can apply Lemma 5.2 to this new
problem. Therefore, to deal with a different set P, we need for this new P to hold

these two properties.

Given two nonempty closed convex sets A, B C R”, it is not always true that
(A+ B)>® = A* 4 B*. Take, for instance, the sets A = {0} x R and B = {(z1,x2) €
R?: zo > 22}. Our approach to extend the previous results will be done through a

family of sets with a special decomposition.
Lemma 5.4. Let A, B C R" be two nonempty sets.

(a) If A is compact and B is closed, then, A+ B is closed and (A+B)> = A®+ B> =
B*.

(b) If A= Cy+ A and B = Cy + B> with Cy, Cy compact and A>® + B™ is closed,
then A+ B is closed and (A + B)™ = A® + B> .
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Proof. (a): This is a well-known result.

(b): From the decomposition of A and B, and using item (a) we have (A + B)>® =
(Co+ C1 + A® + B®) = (A* + B*)*, and since A>® 4+ B> is a closed cone, we
conclude (A + B)® = (A® 4+ B®)>® = A* + B*. O

The next example appears in |58, Example 3.3]

Example 5.6. The hypothesis “A> + B> is closed” does not always hold. Indeed,

we can consider the sets

A = R(17071) :Aoo’
B = (e R 22 TR =B

For convex sets, the decomposition in (b) is called Motzkin decomposition (see for

instance [25]).

Definition 5.3. Let A C R" be a nonempty convex set, A is said to be Motzkin
decomposable (M-decomposable for short) if there exists a compact convex set C' C R"

and a closed convexr cone D C R"™ such that A= C + D.

The set D in the definition above always coincides with A*¢ = A*. A particular case

in which the sum is closed can be derived from Dieudonné’s Theorem.

Corollary 5.3. If A and B allow M-decompositions and A* N (—B>) is a subspace.
Then, A+ B, A® 4+ B> are closed and (A + B)® = A® + B™.

In particular, all polyhedrons are M-decomposable, and the sum of their asymptotic

cones is always a closed polyhedral cone, a direct consequence of |2, Proposition
1.1.18].

For the set P’ (as defined in the proof of Theorem 5.2), we also require this
representation. However, this property does not necessarily hold when P admits an
M-decomposition. For example, consider an ice-cream cone intersected with a vertical

plane that does not pass through the origin (as in [35]). The resulting set is a solid
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half-hyperbola, which fails to be M-decomposable. Specifically, let

A = {(z,y,2) eR’: 220, 22 >2° + 47},
B = {(1,y,2) eR*: y,z € R},
ANB = {(Ly,z) eR®: 220, 2> >1+y°}.

With the above lemmas, we can extend Theorem 5.2.

Theorem 5.3. Let f; : R" — RU {+o00},l € L be proper, lsc, quasiconvex functions
belonging to C, and let P C R™ be a M-decomposable set. Suppose the set M :=
(MieLl(f1)e® < 0]) NP> — (Mier[(f1):° < 0]) N P> is such that P> + M s closed.
Additionally, if problem (B) satisfies the AR condition with Ly = (0, then (B) admits

a solution.

Proof. We follow the previous proofs up to Lemma 5.3, using Lemma 5.4 when
needed. O

5.4 Lower semicontinuity of the value function

Throughout this section, we address the following problem
po=inf{fo(z) :x € P, fi(x) <0,VIe L}, (5.4.1)

where P is a closed convex set, L = {1,--- ,m} is a finite index set (note that this
set L does not consider the cost function), each function is quasiconvex, lsc, proper,
belongs to class C, and dom f; = P for all [ € L. The dual problem to (5.4.1) is

V= sup inlfj{f()(x) +)‘1fl(x) +o +)‘mfm(x)}

S
AERT &

=

and it is said that problem (5.4.1) has zero duality gap when u = v. To (5.4.1),

associate the value function

Y R™ — RU{too},a— ¢r(a) = inf{fo(x) :x € P, fi(xr) < @,V 1 € L}.
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It is known that u = ,(0) = v holds whenever ¢ is Isc at a = 0 and
(fo, - fm)(P) + R is convex (see [17, Theorem 4.1] for more details).

We study the lower semicontinuity of the value function at 0. For this, we proceed
with a similar method to the one used to prove the existence of a solution, dealing
with easier cases first and using auxiliary problems to reduce the more complicated

cases to the simpler ones. For ) # L; C L, we consider the subproblems
pr, = 1inf{fo(z) :x € P, fi(x) <0,VIe€ Ly} (5.4.2)

We apply the same approach to the value function, ¢;,, although it is important to

note that function 1, is defined over RI“1!. In particular, we just write y = p and
Y =1

The techniques used relate to those in [19, 26| by studying asymptotic properties, but
using the AR condition instead of requiring for the set Ry = P> N(\,c 0 [(f1)g” < 0]
(or a similar set constructed by taking only some of the functions) to be a linear space.
The AR condition covers cases where this does not happen, when all the involved

functions are constant along some direction v, but —v does not belong to R,.

Lemma 5.5. Let us consider problem (5.4.1), fi : R® — RU{+o0},l € L be proper,

Isc, quasiconvex functions belonging to C, and let P C R™ be a nonempty closed convex
set. If Ry = {0} and the problem is WC, then 1(0) = ¢(0) € R.

Proof. This is a direct consequence of [19, Theorem 5.2|. O

Lemma 5.6. Let us consider problem (5.4.1), fi : R® — RU{+o0},l € L be proper,

Isc, quasiconvex functions belonging to C, and let P C R™ be a polyhedron. Assume
that (5.4.1) is WC and satisfies the AR condition with Lo = (). Then 1(0) = 1(0) € R.

Proof. We begin by recalling that AR with Ly = () means that for all v € Ry we have
filx +tv) = fi(x) for all l € LU{0}, t >0, x € P. Under these hypotheses, Lemma
5.3 guarantees the existence of a solution to problem (5.4.1). Moreover, the auxiliary

problem
inf{fo(z') : 2" € P, fj(2)) <0,V 1€ L}, (5.4.3)
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is WC and AR with Rj = {0} (where P’, f] and R{ are as defined in the proof of
Lemma 5.3). From Lemma 5.5, the value function of problem (5.4.3) is Isc at 0. To
prove the lower semicontinuity of the value function at 0 for problem (5.4.1), we use
[17, Theorem 5.1].

Let ig € L, consider the sequences (z1)rey C P and for all I € L\ {40}, (¢})ren C Ry
such that fj(x;) + ¢, — 0, forall I € L\ {ip}; 0 < f;,(x1) — 0 and fo(xy) < p. For
each x;, € P, there exists u},u? € Ry such that z, := z, + ui — ui € M+ and this
implies 7}, + u} = x +uj, € P+ Ry C P + P> = P. Therefore z} € P’ and for all
1 e LU{0}, fi(x}) = filz}, +u?) = filzr +up) = fi(zr), because uj, € Ry. Since for
all 1 € L\ {io}, we have f/(z}) +q}, = filzx) +4q, — 0,0 < f/ (z}) = fio(xx) — 0 and
fo(ak) = folar) < p.

By the lower semicontinuity at 0 of the value function associated with the problem
(5.4.3) and the fact that the optimal value of (5.4.3) is the same as the one of
the original problem, as was shown in the proof of Lemma 5.3, one has p =

lim supy,_, . o f3(2},) = limsup,_, , - fo(z1) and so we conclude 1¥(0) = ¥(0) € R. [

Theorem 5.4. Let us consider problem (5.4.1), fi : R" — RU{+4o00},l € L be proper,
Isc, quasiconvex functions belonging to C, and let P C R"™ be a polyhedron. Suppose

that problem (5.4.1) is AR and WC. Then, 1(0) = 1(0).

Proof. Under these hypotheses, Theorem 5.2 ensures the existence of a solution to
the problem. Let Ly be minimal, 119 € R such that problem (5.4.1) satisfies WC. Fix
g9 > 0. We know that the following problem

p=it{fi(z): ze P, fl(x) <0,Vie L :=L\ L}, (5.4.4)

is WC and AR with L), = 0, ¢/ = u, P':={z € P: fi(z) <¢&yV I € Ly} and
f] == fi + tp (see the proof of Theorem 5.2).

Moreover, from Lemma 5.6 we conclude that its value function is Isc at 0. Using |17,
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Theorem 5.1] we know that for each iq € L/,

)+ = 0.k > 0.0 € IR0 < £l 2 0BG <0
= limsupy, fo(z}) = 1/ = p. .

Since Ly is minimal (see Remark 5.1(i7)), for each 1 € L there exists u; € Ry C (P')*>®

such that f;, (x) = (b, x) + B, for some b, € R"\ {0}, f;, € R with (b;,,u;) <0 and

fi(xy) = fl(x) + dug), YV A >0,V 1 e L' U{0}.

Now we prove the lower semicontinuity of the value function associated with the new
problem
inf {fo(z) : 2 € P, fu,(x) <0, fi(x) <0,V 1€ L'},

where Pll =PnN (ﬂleLo\{ll}[fl < 80]).

Let i € L' U {l;} and consider sequences (xj)ren C P and (¢l)ren € Ry for
le L'U{li}\ {io} such that

fl(zn) + =0, 0 < fi(z) = 0, filzw) < p.

Note that f/(zx)+qi — 0, implies that x;, € P’ for k large enough and so f(xx)+¢. =
filzr) + ¢ = filzp + Muy) + ¢4 — 0, where the second equality holds true for all

A > 0. We consider two cases:

Case 1: ip € L'. In this case, fj,(x) + qu — 0 implies f;, (xx) < g¢ for k

large enough, therefore z;, € P’. So this z;, falls under (5.4.5) which means that
lim supy,_, . f3(zx) = p. And so ¥(0) = ¥(0).

Case 2: ig = ;. We know that there exists A > 0 such that fi, (zx + Auy) < 0 and
filzg + Auy) = fi(xy) for all [ € L' U {0}, from our choice of Ly. Now let us study
the sequences fi(z + A\uy) + ¢t = fi(zx) + ¢4 with [ € L. First, suppose that for
each [ € L' the function satisfies f;(xy) < 0 for all sufficiently large k. In this case,
T + Auy becomes a feasible for problem (5.4.4), which contradicts the inequality
fi(zx) < p. Hence, this scenario cannot occur. Therefore, there exists at least one

ly € L' such that 0 < f;,(x;) — 0 for infinite many k and, so zj, falls under (5.4.5)
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which means that limsup,_,, . (%) = g. This implies 1(0) = ¥(0). O

The previous result deals with problems for which only some functions remain constant

along asymptotic directions, so it cover cases which [19, Theorem 5.2| cannot.

Now we introduce results that do not require the AR and WC hypothesis. For this,

we recall |10, Proposition 1].

Proposition 5.1. Let us consider problem (5.4.1), fi : R — RU {+oc},l € L
be proper, quasiconvex functions and let P C R™ be a nonempty closed convex set.
Assume that n < m = |L|. Then there exists Ly C L with |Li| = n such that

U1, (0) = ¥(0) = .

Note that this result is originally stated for convex functions, but the same proof
works for quasiconvex functions, since only the convexity of the level sets is considered

and not the convexity of the functions themselves.

Using Proposition 5.1, together with [17, Theorem 5.1|, we are able to study the
lower semicontinuity of the value function via the subproblem with the same optimal

value.

Lemma 5.7. Let us consider problem (5.4.1), f; : R™ — RU{+o0},l € L be proper,
Isc, quasiconvex functions and let P C R™ be a closed convex set. Let L1 C L with
|L1| = n < m = |L| be such that ¢r,(0) = ¥(0). If ¢r,(0) = ¢, (0), then also
$(0) = ¥(0).

Proof. From [17, Theorem 5.1, if ¥y, is Isc at 0, then for every Iy € L; and each
Tk, ¢, with |z] — +oo and ¢} > 0 such that fij(zx) + ¢, — 0 for all I € Ly \ {lo};
0 < fi,(xr) — 0 and fo(xx) < ¢, (0) = 1(0) = p it holds that lim sup,, fo(xr) = .

We now consider I; € L and sequences xy, ¢, with |z| — +o00, ¢ > 0 such that
filzg) +¢¢ = 0foralll e L\ {l1};0< fi,(x) = 0 and fo(zx) < ¢(0). Our aim is

to prove that, just as before, lim sup,, fo(xr) = p.

First, we note that if [y € L;, then the sequence x; falls in the first case and so
lim supy, fo(xr) = p. Therefore, we are only interested in [y ¢ L;. Note that for each

k € N there must exist [, € L; such that 0 < f;, (z), otherwise x; would be feasible
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for the subproblem (5.4.2) with fo(xx) < w, which is a contradiction. Therefore,
since |Li| = n < 400, there is at least one [y € Ly and a subsequence xy, such that
0 < fi,(zg,) for all » € N. Finally, note that

0 < fi(w,) < fip(n,) + 2 — 0.

Then 0 < f,(zg.) — 0, and since [y € Ly, this means that we are once again in the

first case, so

= lim Sup,. fo('rk'r) < lim Supyg fO(xk) < 22

from which we conclude that lim sup,, fo(zx) = o and 1 is Isc at 0. [

By following the work in [l], another instance in which we can prove the lower

semicontinuity of the value function is obtained.

We say a direction v is a direction of recession for the problem (5.4.1) whenever

(fo);(v) < 0 and v is a direction of recession for the feasible set, i.e., v € PN

(Mi=1, m[f1 < 0]%).

Theorem 5.5. Assume that P = R", each function fy and f; with | € L =
{1,--- ,m},m > 1 is quasiconvez, proper, lsc and in C. The duality gap is zero
whenever at least one of the directions of recession for (5.4.1) is either an ia-direction

of recession of fo or an ia-direction of recession of the feasible set.

Proof. Knowing that for all I € L U {0}, [f; < A]* = [(f1)° < 0] for any A € R such
that [f; < \] # 0 as long as f; is Isc, proper and belongs to C, using Proposition 2.9,
we can follow the proofs of Theorems 4.1 and 4.2 in 1] to conclude in a similar

manner as |11, Theorem 5.1]. O

The original result in [I1] is stated for convex function. However, the concepts of
ia- and ba-direction of recession has been further developed in [3%] to deal with the
quasiconvex case, but following a different approach, considering special recession

direction of the Lagrangian.

Under much stronger assumptions, we can extend this result to problems with infinitely

many constraints by leveraging the AR property. More precisely, we consider problem



5.4. Lower semicontinuity of the value function 94

(5.4.1) with an infinite index set L. In this setting, the value function 1 associated
with (5.4.1) is

Y :RY 5 RU{xoo},a — (a) =inf {fy(z) :x € P, fi(z) <a,¥1ecL}.

We then attempt to reduce the problem and study the lower semicontinuity of this
value function via the value function of the subproblems, for this we consider standard

hypothesis.

Theorem 5.6. Let us consider problem (5.4.1), f; : R* — RU{+oc},l € L be proper,
quasiconvez functions and let P C R™ be a polyhedron. Suppose that problem (5.4.1)
is AR and WC, L is a (possibly infinite) compact set, the mapping l — f; is upper
semicontinuous on L and all subproblems (5.4.2) with Ly C L and |L,| = n are AR.
Then (0) = 1(0) and also, there exists L C L with |L| = n such that 1z (0) = ¥(0).

Proof. From the definition of v, for any € > 0

[fo < (0) —e] N (Mier[fi £ 0)) NP = 0.

Since the problem is AR, WC and each sublevel set is closed and convex, by [55,
Corollary 1], for all € > 0 there exists a nonempty set L. C L, with |L.| < n, such
that

[fo < w(0) —e]l N (Mier[fi <0 NP =0. (5.4.6)

For each L. C L with |L.| = n (without loss of generality we assume |L.| = n, since
we can take the intersection with extra [f; < 0] and the left-hand side remains empty),
we fix an enumeration L. = {ly,ls,...,[,} of distinct elements (where [; # I, for

i # j) and consider the corresponding subproblem

inf{fo(x):x € P, fi,(x) <0,---, fi, () <0} (5.4.7)

We associate with this subproblem its respective value function ¢z : R* — R, a +
Yr.(a) =inf{fo(x):x € P, fi,(x) < a;,Vie{l,...,n}}, where a = (ay,aq,...,a,) €
R™.
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To compare the value function ¢ with 1;_, we introduce the auxiliary function
Yy, : RE) = RU{+oo}, defined by ¥_(a) = ¢ (alr.), (just considers the constraints
indexed by L.) where a = (a;);c, € R%) and al;, € R be the restriction of a to the
index set L., following the same ordering as before.

Note that for all a € R(F) 4)(a) > 9y,
(z

> 1. (a), then 1(0) > ¢, (0). From (5.4.6), for any
x € (Mier.[fi <0]) N P we have f

) > 9(0) — € and, so for 0 € R(*)

1. (0[1,) =11, (0) > 1(0) — & > 1), (0) —&.

Additionally, since the subproblem (5.4.7) is AR and retains the WC property from
(5.4.1), Theorem 5.4 shows that ¢;_(0) = ¢_(0).

Now note that any element b € R™ can take the form b = a|;_ for an appropriated
ac R so

@ELE(O) = hl;njglf JJLE(G) = hl;njglf Yr.(alr.) = hlgl_}glf V. (b) = ELS(O)

then we can conclude

¥1.(0) = ¥1.(0) > (0) — 2 > (0) — 2 > 4, (0) =2 =¥, (0) — &
Note that the Os involved belong to different spaces.

Suppose that for alle > 0, L. = {I},...,1?} C L. Lete = ¢, k € Nand take k — +o0,
since l1 € L for all £ € N and L is compact, necessarily 11 must have a subsequence

with a llmlt I', we can continue to take subsequences for lr forr=2,...,n and we
E
end up with a limit L = {I',...,["} for which

P1(0) > 1(0) > (0) > 17(0).

Therefore, 1/(0) = (0) and also ¥(0) = 17(0). O
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Chapter 6

Conclusions and future work

6.1 Conclusions

We have developed an algebraic representation of the limiting normal cone to the
union of two polyhedra, as well as its graph, which we then used successfully to
establish local uniqueness and stability properties involving the solution mapping of

the M-stationary conditions.

We have also developed an algebraic representation of the limiting normal cone
to a quadric surface, as well as to the union of two quadrics. Based on this, we
derived a local uniqueness result for a problem with linear constraints and a geometric

constraint defined by a single quadric surface set.

Through the application of asymptotic conditions and local properties of quasiconvex
functions, we have sucessfully extended classical results from convex analysis to

broader function classes.

Moreover, our work demonstrates the applicability of asymptotic techniques,
previously used in the finite setting, to semi-infinite programming beyond the convex

case.
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6.2 Future Work

The research on this thesis has lead us to valuable results, but also gave rise to
some open questions that deserve to be studied in future works. Some of them are

described below:

e Further develope stability results by studying when the mappings M and M
introduced in Chapter 4 are (locally) upper Lipschitz.

e Noting that the M-stationary condition, in case we have geometric constraint

given by a quadric surface, can be expresed as
Vf(z)+Vg(@)' A+ Vh(z) ' u+ Dz =0,
for the problem
min{f(z): g(z) <0,h(z) =0,z € X ={z € R": ¢g(z) =0}},

with z € Xy (X as in Chapter 4), when Vg(z) = 0 and z = tx when Vgq(zx) # 0.
This can be expresed as ||tz — 2||Vq(z) = 0 and z € X for some ¢ € R. This
makes it seem that, when dealing with a geometric constraint given by a quadric
surface, the M-stationary condition relates to a KKT condition with a special

type of complementarity condition. This could be further explored.

e Continue the study of the ia- and ba-direction of recession in the quasiconvex

setting and see if they can be used in the semi-infinite setting.

e Although we require strong hypotheses, the final section of Chapter 5 suggests
that our approach could be useful for addressing duality even in the semi-infinite

case.
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