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Resumen

La realizacion de un Internet Cuéantico fue propuesta como una red que
permitiria la coexistencia de infraestructura de telecomunicaciones existente con
tecnologias cuanticas, permitiendo comunicacién mas rapida y segura a través del
entrelazamiento. Para implementar un internet cuantico, se requiere el desarrollo
de fuentes de luz cuéntica robustas y controlables, routers cuanticos eficientes y
una tomografia de estados cuanticos precisa. Estos son solo algunos de los desafios
actuales que deben resolverse para avanzar de manera efectiva hacia un internet
cuantico funcional. El presente trabajo explora la manipulacion efectiva de medios
atomicos como una plataforma versatil para disenar, controlar y medir estados

cuénticos de luz.

Primero, describimos un estudio experimental de la generacion de fotones
individuales a través de la emisiéon atomica colectiva. Usando un conjunto de
atomos de rubidio frio, estudiamos la generaciéon de fotones individuales mediante
procesos DLCZ (Duan-Lukin-Cirac-Zoller), enfocdndonos en las propiedades
temporales y estadisticas de los fotones emitidos. Estos resultados se comparan
con un protocolo superradiante, demostrando el importante papel de los efectos

colectivos en la interaccion luz-materia como recurso para la fotonica cuantica.

Segundo, desarrollamos un marco tedrico de espejos cuanticos (quantum mirrors) y
proponemos un procotolo para su utilizacién en la tomografia de estados cuénticos.
Al explotar las interacciones controlables de la luz con una metasuperficie
controlada por un sistema de dos niveles, demostramos que la respuesta del
espejo proporciona acceso directo a la estructura del espacio de fase de estados no

clasicos desconocidos.

Finalmente, mostramos un estudio preliminar sobre la generaciéon de un reflector
de Bragg en vapores de rubidio, inducido por un laser de control via onda
estacionaria contra-propagante, que resulta en una modulacion periddica del indice
de refraccion, a través del efecto AC Stark. Este sistema se modela mediante una
Teoria de Modos Acoplados utilizando un enfoque basado en la susceptibilidad que
incorpora absorcion, saturaciéon y posiblemente ensanchamiento Doppler. Nuestros
resultados muestran que a intensidades de probe maés altas, la saturacion conduce

a un comportamiento no lineal intrinseco de los 4tomos, el cual podria permitir
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aplicaciones como all-optical switching.

Keywords — Optica Atomica, Tomografia, Tecnologias Cuanticas
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Abstract

The realization of a Quantum Internet was proposed as a network that would allow
for the coexistence of existing telecommunication infrastructure with quantum
devices, enabling faster and more secure communication through entanglement.
In order to implement a quantum internet, one requires the development of robust
and controllable quantum light sources, efficient quantum routers and precise
quantum state tomography. These are only some of the current challenges that
must be resolved in order to make progress towards a functional quantum internet.
The present work explores the effective manipulation of atomic media as a versatile

platform for engineering, controlling and measuring quantum states of light.

First, we describe an experimental study of the generation of single photons
through collective atomic emission. Using an ensemble of cold rubidium atoms,
we study single-photon generation via DLCZ (Duan-Lukin-Cirac-Zoller) processes,
focusing on the temporal and statistical properties of the emitted photons. These
results are compared to a superradiant protocol, showing the important role of

collective light-matter coupling as a resource for quantum photonics.

Secondly, we develop a theoretical framework of quantum mirrors and their
utilization for quantum state tomography. By exploiting the controllable
interactions of light with a metasurface interacting with a control two-level
system, we demonstrate that the mirror’s response provides direct access to the

phase-space structure of unknown non-classical states.

Finally, we show a preliminar study on the generation of an atomic Bragg reflector
in rubidium vapors, induced by a counter-propagating standing-wave control
field, which results in periodic modulation of the refractive index, via the AC
Stark effect. This system is modeled through a Coupled Mode Theory using
a susceptibility-based approach that incorporates absorption, saturation, and
possible Doppler broadening. Our results show that at higher probe intensities,
saturation leads to an intrinsic nonlinear response, enabling the possibility to

implement such medium for all-optical switching.

Keywords — Atomic Optics, Tomography, Quantum Technologies
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Chapter 1. Overview and Motivation 1

1

Overview and Motivation

The New Sound

Geordie Greep

1.1 Introduction

Since the quantum revolution began its unfolding in the early 20th century, our
understanding of the physical world has undergone a profound transformation.
Physicists all over the world developed tools that allowed us to discover and begin
to understand the behaviour of matter and energy at the smallest scales, leading
to groundbreaking discoveries that have reshaped our technological landscape.
Even today, the quantum revolution continues to question our understanding of
the world. One of the most widely discussed concepts still is entanglement—the
phenomenon by which two or more quantum systems exhibit correlations that

persist regardless of the distance between them.

This phenomenon has given rise to a Second Quantum Revolution, where we
now seek to wutilize the emerging phenomena of quantum mechanics, such as
entanglement and superposition. From this, entire fields of research have emerged,
including but not limited to: quantum information, quantum cryptography,
and quantum computing, between many others. These disciplines are not only
redefining how we process information, but also challenging our fundamental

notions of what information itself means.

Certain areas have seen the potential benefits of the quantum characteristics
in solving problems that have a limiting factor associated to classical systems.
In particular, we will be interested in quantum technologies; as a grand scheme,
what scientists all over the world are trying to achieve is to: first, be able to
isolate and control a ’simple’ quantum system, (such as an atom, ion, photon,

or superconducting circuit). Second, to be able to manipulate these systems to
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perform specific tasks, such as storing and processing information. Finally, to
be able to scale up these systems to create larger and more complex quantum

networks.

While atoms and ions are excellent for storing information (acting as stationary
nodes), they cannot easily send that information over long distances. This is where
light comes into play. Photons are ideal for transmitting information over long
distances due to their speed and low interaction with the environment, making

them less susceptible to decoherence.

In particular to the focus of this thesis, there are three main challenges that need
to be overcome in order to realize the full potential of quantum technologies with
light. First, how can one reliably generate the quantum light (single photons)
that serve as the building blocks of stable qubits? What’s an efficient mechanism
for routing the photonic states for optical processing? And how can we make fast
and reliable measurements of these quantum states? In the search for the answers
one must always find more fundamental questions, so in this work I present my

contribution in this huge, developing area.

1.2 State of the Art

1.2.1 The Quantum Internet

The possibility of including quantum advantages into a global communication
network has been (and still is) an important goal in the quantum information
community. The idea of a quantum internet (Kimble (2008)) was proposed as a
network that would allow the coexistence of classical systems with quantum devices,
enabling more secure, faster and efficient communication. The ultimate goal is to
interface classical and quantum systems within the same network, allowing for the
transmission of both classical and quantum information. For example, a problem
could be offloaded to a remote quantum computer for simulation or processing,
with the results transmitted back to a classical user via the quantum network (See
Figure 1.2.1)

For a quantum internet to be realized, several key components need to be developed

and integrated. These include but are not limited to:
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* Quantum light sources, for generating quantum states of light with
high fidelity and efficiency.

* Quantum channels, for allowing the transmission of quantum
information over long distances with minimal loss and decoherence.

x Quantum repeaters, for extending the range of quantum
communication by overcoming losses and errors in the channels.

x Quantum routers, for redirecting quantum information to the
appropriate destinations within the network.

* Quantum memories, for storing quantum information for later retrieval
and processing.

* Quantum processors, for manipulating and processing quantum
information for various applications.

* Quantum tomography, for accurately measuring and reconstructing

quantum states of light.

In the following sections, we will review some of the current developments and
open challenges that researchers are facing in the development of some of these
technologies; in particular, for a quantum light source we study the generation of
single photons. This thesis addresses three distinct contributions within these niche
areas. First, addressing the need for light sources, we investigate the generation
of single photons in cold rubidium clouds. Second, regarding signal routing, we
explore a rapidly reconfigurable Bragg lattice in warm atomic vapors. Finally, to
address the challenge of verification, we propose a novel measurement protocol

utilizing a tool we term Quantum Mirrors.

1.2.2 Single Photon Source

Single photons show promising signs in becoming one of the fundamental units
for quantum information. They can be used to encode quantum bits (qubits) and
can be manipulated using quantum gates. Light has a few characteristics that
makes it specially attractive for quantum information processing, such as the fact
that photons are really fast, work in ambient temperatures, and don’t interact
easily with their environment. Because of this, researchers have put lots of efforts
into finding out what is the best way to generate single photons, control their

interactions with different systems and preserve the coherence and fidelity of the
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Figure 1.2.1: From Gyongyosi and Imre (2022). Illustration depicting the
connections and components of a quantum internet. Quantum channels connect
quantum nodes, enabling the transmission of quantum information. Nodes are
able to generate, process, and store quantum states, while the channels permit
distribution of states and entanglement through the network. This image has
been upscaled using Al tools.

information stored in these quanta of light.

Research is still ongoing for an effective, deterministic single photon source.
Although there have been many advances in the field, such as the use of quantum
dots (Liu et al. (2025)), color centers in diamond (Pezzagna ot al. (2011))
and atomic vapors (Glorieux et al. (2023)), there is still no perfect solution.
The main challenges include achieving high efficiency, low noise, bandwidth
limitations and scalability for practical applications in quantum computing and
communication. Researchers are exploring various approaches to overcome these
challenges, including the development of new materials and techniques for photon

generation and manipulation.

In the case of atomic vapors, alkali atoms such as rubidium and cesium have
been widely used due to their deeply studied transitions, as well as succesful
manipulation through cooling and trapping mechanisms (see 2.6 for further
discussion), which allows for precise control over their interactions with light.
Due to the high level control and strong nonlinearities that atomic vapors present,
they have been used in a variety of applications, including but not limited to
quantum memories (Saglamyurek et al. (2021)) and quantum repeaters (Sangouard
et al. (2011)). This makes then an ideal platform for generating single photons

for quantum information processing.
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In particular, in Chapter 3, we will explore the generation of single photons
using cold atomic clouds. The highly controllable environment makes them an
ideal platform for generating single photons with high fidelity and efficiency. We
investigate different protocols based on state-of-the-art literature for generating
single photons, exploit the collective effects that cold atoms possess, and benchmark
their performance, with the goal of identifying strategies that optimize the efficiency

and quality of the single-photon source.

1.2.3 Quantum State Tomography

Due to the fragile nature of quantum states, accurately measuring and
reconstructing these states is a significant challenge in quantum information
processing. In this sense, optical systems have a strong presence in quantum
information processing, due to their low decoherence rates and ease of manipulation.
Quantum state estimation, or quantum state tomography, is the process of
reconstructing the quantum state of a system from a series of measurements.
Standard quantum tomography relies on homodyne or heterodyne detection
(Leonhardt (1997)), methods that are often computationally and experimentally
resource intensive (Anshu and Arunachalam (2024)), even more so when applied to
continuous variable systems (Lvovsky and Raymer (2009b)). Alternative methods
have been proposed, such as direct Wigner function measurement using photon-
number-resolving detectors (Srichar et al. (2015)), but these approaches often

require complex setups and are limited by detector inefficiencies.

In Chapter 4, we study the feasibility of a protocol for quantum tomography of
continuous variables for states of light, namely the possibility of reconstructing the
Wigner function of quantum states using a tool we term Quantum Mirrors. We will
show how this method overcomes some of the limitations of traditional homodyne
and heterodyne detection methods, providing a more efficient and scalable approach
to quantum state reconstruction. By leveraging the unique properties of Quantum
Mirrors, we aim to develop a protocol that is both experimentally feasible and

capable of accurately characterizing quantum states.

1.2.4 Atomic Vapor based Optical Switch

Basing ourselves in the field of fiber optics, fiber Bragg gratings have been widely

used for switching, filtering and sensing applications (Erdogan (1997)). Bragg
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gratings are periodic structures that reflect particular wavelengths of light and
transmit others. This is achieved by creating a periodic variation in the refractive
index of the medium. When studying the nonlinear interactions of light and matter
in fiber optics, one of the characteristics that shines is the fact that optical fibers
such as the ones made with erbium and silica have very small nonlinear coefficients,
and as such, nonlinear interactions require a lot of power to be observed. This is
not the case with alkali atoms such as rubidium, which in experimental settings
with small beams needs not more than a few mW in power to interact nonlinearly
with the medium (Aladjidi et al. (2022)).

For us to be able to create a Bragg grating in an atomic vapor, we need to be able
to manipulate the refractive index of the medium. This can be achieved through
the use of two counter-propagating laser beams to create an interference pattern.
The periodicity of the interference pattern creates a periodic variation in the
refractive index of the medium, which can be used to reflect specific wavelengths
of light. This could be an interesting step in optical quantum computing, as it
could be used to create optical switches and memory devices, such as seen in
(Dawes et al. (2005)), where they demonstrated the ability of low-intensity light
switching in a warm rubidium vapor, and others (Stern et al. (2016), Chen et al.
(2013))

Challenges in optical nonlinear switches include high power requirements, slow
response times, and integration difficulties with existing technologies. Overcoming
these challenges is crucial for the development of practical optical computing
systems. Up to our knowledge, there has been no research on the possibility of
creating a Bragg grating in a warm atomic vapor and using the reflections as an
optical switch for information processing, nor a study on the intrinsic bistable
response of the system due to saturation effects present in atomic mediums. This
is the gap that Chapter 5 of the thesis aims to fill.

1.3 Objectives of the Thesis

Single Photon Source

e To study and implement a single photon source in a cold rubidium cloud,
based on the DLCZ protocol for effective photon generation and high degree

of control.
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e To characterize the correlations of generated single photons, their emission
rates, assess and compare their suitability for quantum information

applications.

e To compare the performance of the single photon source in cold atomic
mediums with the DLCZ protocol versus the photons generated using
superradiant protocol, identifying the advantages and limitations of each

approach.

Quantum State Tomography

e To develop and implement a quantum state tomography protocol that
overcomes traditional complications associated with homodyne and

heterodyne detection methods.

e To validate the tomography method by comparing reconstructed states
with theoretical predictions, ensuring high fidelity and reliability of the

measurements.

e To explore the experimental feasibility of the proposed tomography protocol,
assessing its scalability and potential applications in quantum information

processing.

Atomic Vapor based Optical Switch

e To investigate the feasibility of creating a Bragg reflector in atomic vapors
using a counter-propagating standing wave, and to analyze the resulting

reflection and transmission properties.

e To incorporate temperature effects through Doppler broadening and verify

the viability of a warm vapor Bragg lattice.

e To explore the intrinsic bistable response of the atomic medium due to
saturation effects, and to evaluate its potential for use as an optical switch

in quantum information processing.

e To design and optimize the experimental parameters, such as laser intensity,
detuning, and atomic density, to achieve efficient switching behavior and

high reflectivity in the Bragg grating setup.
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1.4 QOutline of the thesis

The thesis has been organized to follow a logical progression from foundational
concepts in atomic physics, to the generation of single photons, the development
of an optical switch for photonic channels, and finally to the implementation of

quantum state tomography.

More specifically, Chapter 2 seeks to set an even terrain in both theoretical
and experimental physics, describing the basics of atomic physics ranging from
the ability to understand atomic transitions in different fine/hyperfine/Zeeman

structures to reviewing lock mechanisms for lasers in the laboratory.

Chapter 3 then delves into the generation of single photons using cold atomic clouds
of rubidium, implementing the DL.CZ protocol for effective photon generation and
control. The chapter characterizes the correlations of the generated photons and

compares their performance with those generated using superradiant protocols.

Chapter 4 focuses on the theoretical development and implementation of a quantum
state tomography protocol through a medium known as Quantum Mirrors. The
chapter validates the tomography method by comparing reconstructed states with

theoretical predictions, ensuring high fidelity and reliability of the measurements.

Chapter 5 studies the possibility of a Bragg grating response in a warm atomic
medium, and characterized the instrinsic bistabilities in the system due to a
saturation and loss effects present in atomic mediums. An experimental proposal

is presented to implement an optical switch based on these principles.

Finally, Chapter 6 summarizes the key findings of the thesis, discusses their
implications for the field of quantum information processing, and outlines potential

directions for future research.
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2

Basic Concepts for Atomic Physics

Palabritas y Palabrotas

Diego Lorenzini

The main goal of this chapter is to introduce and contextualize important concepts
in the world of atomic physics used in the following chapters of this work.
Concepts that will be reviewed in this chapter belong to the historical guidelines
of understanding how light and matter interact, and the particular effects that
appear when external fields interact with an atom, such as electric and magnetic
fields. We will also consider other effects such as temperature, all the former are
measurable perturbations that exist in atomic media when interacting with a
probe. We also dwell on a more particular case, for experimental situations where
it is needed to know how to find atomic transitions and lock in a laser to the
important features. Finally, we will conclude with a quick introduction to cooling

atoms.

2.1 Atomic Structure

Rubidium is one of the atomic physicists favorite elements in the periodic table.
It was foundational in discoveries and technologies developed, ranging from
spectroscopy to more recent technologies such as Bose-Einstein condensates and
atomic clocks. This prominence is largely due to the fact that diode lasers in the
wavelength range of rubidium transitions were one of the first developed and more

widely available, making experiments with rubidium more accessible.

This historic element is part of the alkalis group. One of the most important
features in alkali atoms is the fact that they are hydrogenous elements, this means
that they possess a single valence electron, which allows for treating them in a
more simplified manner: as a big nucleus with some perturbation and a single

electron in the outer shell. This allows not only for a helpful treatment as a two
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level system, which we will explain briefly, but also for a more complex study of

three or four level atoms of various configurations.
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Figure 2.1.1: Illustration of the general atomic structure of naturally occurring
rubidium, with the D1 and D2 lines. For more details and information on the
atomic structure of both 8°Rb and 8"Rb, refer to Steck (2001).

When we talk about the atomic structure, it is first most important to mention that
rubidium has two naturally occurring isotopes, that is 8"Rb and 3Rb. Working
with Rubidium, the most used transitions are the so-called D1 and D2 lines
(pictured in Fig. 2.1.1), which are around 795 nm and 780 nm respectively; this
relatively small range is where most experiments in the area of atomic physics are
realized; this is because, as we have discussed before, of historical and resource
reasons. The D lines correspond to the so-called fine structure transitions. In the
following section we will briefly explain what this means and what makes these

transitions so important and helpful for atom light interactions.
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2.2 Fine and Hyperfine Structure

The study of atomic structure through history has revealed unexpected phenomena;
at first glance, it might seem that once the emission spectra of an element can
be measured, the remaining task is simply to construct a theoretical model that
reproduces the observed spectral lines and their structure. However, very quickly,
researchers found some discrepancies; some lines appeared slightly shifted, or
multiple lines were observed where theory predicted a single one. As is now
understood, these anomalies arise because external fields interact with atoms,
lifting intrinsic degeneracies that were previously hidden. In this section, we
introduce the physical origins of these perturbations and establish the framework

commonly used to describe them.

2.2.1 Fine Structure

Fine structure corresponds to a splitting that occurs due to the coupling between
the electron’s spin and its orbital angular momentum. The spin S and the orbital
angular momentum L couple to form the total angular momentum J = L + S.
For given values of L and S the allowed values of J range from J = |L — S| to
J = L+S. Spin-orbit interaction typically results in meV shifts of the energy levels.
Taking into account the spin-orbit coupling and other relativistic corrections one
arrives at the fine structure of the atomic levels, which are determined by their

quantum numbers n, J, L and S.

For a hydrogen like atom, one can write the hamiltonian that describes the

spin-orbit interaction as

Ze? (gs—1)L-S

Hgo =
Ay 2m2c?rs

(2.2.1)

Z corresponds to the atomic number, g, is the electron spin g-factor (the ratio
of the magnetic moment of a particle to that expected of a classical particle of
the same charge and angular momentum), m, is the electron mass, ¢ is the speed
of light, and r is the distance between the nucleus and the electron Sommerfeld
(1940), Michelson and Morley (1887). This model however still assumes that the
nucleus is a point-like charge that is infinitely heavy and has no intrinsic electric

or magnetic structure.
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2.2.2 Hyperfine Structure

Dropping the aforementioned assumption, we can refine the energy levels further.
This leads us to the concept of hyperfine structure, which arises from the
interaction between the nuclear spin I and the total electronic angular momentum
J, resulting in a total angular momentum F = I + J. An electron with spin

angular momentum S has a magnetic moment ji; given by:

s = —GsitS, (2.2.2)

where pp is the Bohr’s magneton. Hyperfine interactions lead to energy level
splittings on the order of peV, which are (generally) significantly smaller than

those caused by fine structure (This can also be refered to as I.J-coupling).

The hyperfine Hamiltonian is typically expanded into magnetic dipole and electric

quadrupole contributions:

3I-3)2+231-0)-IT+1)J(JT+1)

Hugs = AngsI - J + Bug,
bis = bt i 2I(21 — 1)J (2T — 1)

(2.2.3)
Here, Apg is the magnetic hyperfine constant, arising from the interaction between
the nuclear magnetic dipole moment and the magnetic field generated by the
electron; it also has units of energy. Rubidium has no permanent electric dipole
moment. The constant By is then known as the electric quadrupole hyperfine
constant, which arises from the interaction between the nuclear electric quadrupole

moment and the gradient of the electric field created by the electron.

2.2.3 Zeman Splitting

When an external magnetic field interacts with an atom, the degeneracy of the
magnetic sublevels is lifted (see Figure 2.2.1). This was discovered by Pieter
Zeeman in 1896, when he observed that the spectral lines of sodium were split into
multiple components in the presence of a strong magnetic field. This effect can be
explained by considering the interaction of the magnetic moment of the electron
with the external magnetic field. It is generally introduced as a perturbation to

the atomic Hamiltonian, given by

H=-4-B, (2.2.4)
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Figure 2.2.1: Illustration of the general atomic structure for the Dy line in
rubidium. The fine and hyperfine splittings, and the Zeeman effect due to
an external magnetic field. Although not shown, all hyperfine levels will also
experience a Zeeman splitting in the presence of an external magnetic field.

where B is the external magnetic field, and @ = puy, + fus + fo; is the magnetic
moment operator of the electron, which contains contributions from the orbital
momentum and the spin of the electron, as well as a small contribution from the

nuclear spin.

There are, of course, even more shifts that have not been discussed here, such
as the Lamb shift, which is a quantum electrodynamics effect that arises from
the interaction of the electron with vacuum fluctuations of the electromagnetic
field. However, these are not as relevant for the scope of this thesis and will not

be discussed further.

2.3 Linear Response of an Atom to an External

Field

The interaction between radiation and matter easily result in different
perturbations, which can be described through macroscopic effects, for example,
the polarization of a medium. For this Section, we now look into outputs that
can occur from interaction with an external source of fields, such as absorption,
scattering, and emission of light. In general, a case study can be done in both

semi-classical and quantum descriptions (Foot (2005), Boyd (2020)). In this case,
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we will start with a more classically oriented focus and note when a quantum

description might be more appropriate.

Consider a two level atom with states |g) and |e) separated by an energy hwy.
The atom is driven by a classical electric field of frequency w and amplitude Ej.
Assuming that the size of the atom is much smaller than the optical wavelength,
there is no need to consider the spatial dependence of the electric field (we call

this dipole approximation Jaynes and Cummings (1963)).

Here, we can make use of the analogy of the electron’s motion to a damped
harmonic oscillator driven by an external electric force, identifying the force
on the electron due to the field F = —eE. The damping ("friction") term
models radiation reaction due to the charge acceleration (the classical analog of

spontaneous emission) and collisions with other atoms.

We can define the polarizability « as the proportionality constant between the
induced dipole moment and the electric field; d = —a(w)E. Using the solution
for xy, we can write the solution for a resonant interaction with no phase lag, and

then rewrite the polarizability as

e?/m

(2.3.1)

a(w) = ,
@) wd — w? —iyw
where e and m correspond to the electron’s charge and mass, respectively, wy is
the resonant frequency of the atomic transition, and 7 represents the damping
rate (linewidth).

This characterizes the frequency-space response of the atom due to the incident

electric field. Now, since we are working with atomic ensembles, we can use the

definition for polarization P = Nd = ¢y E and write the susceptibility as
Na(w Ne?/m

_ Na(w) _ / (2.3.2)

€0 eo(wi

X(w) —w? —iyw)’

where N is the atomic density (number of atoms per unit volume) and ¢y is
the vacuum permittivity. x is then known as the atomic susceptibility, which
fully characterizes the optical response of the medium under the excitation of an
external electric field. It is a complex quantity (and a tensor for many elements
and materials depending on the symmetry). The real part describes the dispersion

of the medium. It is related to the index of refraction n, governing the phase
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velocity of light through the atomic vapor. The imaginary part describes the
absorption (or gain) of the radiation. See Figure 2.3.1 for a plot of the real and

imaginary components of the atomic susceptibility.
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Figure 2.3.1: Reconstructed plot of the real and imaginary components of the

atomic susceptibility as derived in Boyd (2020). These susceptibilities have been
normalized to the constant agc/w.g.

2.4 Nonlinear Response of an Atom to an External

Field

In order to describe the optical nonlinearities that the medium exhibits, and if we
neglect frequency conversion processes, we can describe the generalization of the

polarization as a power series of what we derived in the last section:

P(t) = o[ xXVE®) + XPE2(t) + xPE () + ... ] (2.4.1)

x denotes the i-th order nonlinear optical susceptibilities. This description
shows the hidden nonlinearities of the interaction, which allows us to deepen our

understanding of the system.

However, we must emphasize that the description of the nonlinear polarization
as a power series is only valid within a certain range of parameters. The Taylor
expansion works as an approximation only when the applied intensity is below
the saturation regime of the medium. We can see this limitation when looking at

Figure 2.4.1; the expansion coefficients will alternate sign in the contributions,
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Figure 2.4.1: Reconstructed plot of the first and third components of the
atomic susceptibility as derived in Boyd (2020). These susceptibilities have been
normalized to the constant agc/w.g.

so as the incoming field becomes stronger, the nonlinear orders will contribute

towards a saturation of the response in the medium.

2.4.1 Kerr Effect

When an intense beam of light propagates through a medium, the electric field

itself induces a significant nonlinear response. We consider a monochromatic field:
E(r,t) = E, cos(wt) (2.4.2)

From this field, a medium will respond according to the nonlinear polarization
expansion (Eq. 2.4.1) The third-order term will generate a contribution at the

same frequency as the incident field, which can be written as:

3
P~ ¢ (X“) + ZX(3)|Ew|2) E,, cos(wt). (2.4.3)

This results in an intensity-dependent refractive index, which is what we know
as the optical Kerr effect. Unlike the quadratic term, the way the response
depends on the magnitude of E is independent of the sign of E, so the behaviour
is symmetrical between positive and negative fields. The consequence is that x()
is non-zero in centrosymmetric materials (such as glass, liquids, and gases) where

x?) is zero by symmetry.
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The change in the refractive index, An = n — nyq, is proportional to the incident

®)
An ~ ( IX )]. (2.4.4)

2
deggng

intensity [:

This effect underlies the potentially damaging effect of self-focusing, as well as the
temporal effects of self-phase modulation (SPM) and self-steepening. Self-phase
modulation plays a crucial role in a variety of pulse compression processes, as well

as in optical soliton formation. We typically represent this type of nonlinearity as

n =mng+nal, (2.4.5)

with ny = (%), and [ = %noeocEQ the intensity if the incident wave. Once

again, the real part of the refractive index describes a response that occurs as a
consequence of parametric processes, while the imaginary part of the refractive
index describes the absorption of radiation, which results from the transfer of

population from the atomic ground state to an excited state.

2.4.2 Stark Effect

The Stark shift arises from virtual transitions induced by interacting photons with
the atomic system. Much like Zeeman splitting, electric fields that interact with
the atom, can also shift the atomic energy levels, so the transitions will be shifted
from what we expect theoretically. This effect can be either linear or quadratic,
and it can be explained by perturbation theory (Declone and Krainov (1999)).
Light shifts have been a fundamental effect in atomic physics, as they are often
used to confine and control particles in optical dipole traps and lattices. However,
light shifts can also perturb measurements or produce errors, for example, in
atomic clocks. This is meant to be a brief introduction and the derivation is

outside the scope of this thesis, although these effects might appear.

2.4.2.1 DC Stark Effect

Corresponds to the perturbation that occurs due to a static, relatively weak
electric field E. For a two level atom this can be written as a time independent

first order perturbation of the Coulomb hamiltonian

Hgrs = —fi- B = —er - E, (2.4.6)
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where the energy shift AF will be given by

a(w)|El*

AE = —
2

(2.4.7)

2.4.2.2 AC Light Shifts

In the case of a weak, non-constant electric field, one can follow the time-dependent
perturbation theory; considering that the effects appear on the second order of
this derivation. For the simpler case of a two level atom, the energy shift AE will

be given by

2
I
AE — :ueg

= 2.4.8
$2&?00A ( )

2.4.3 Doppler Effect

Working with hot atomic vapors means the particles are in constant motion.
Doppler broadening corresponds to the inhomogeneous broadening of the linewidth
of atomic transitions caused by the random movements of atoms. It is the dominant
line broadening mechanism in gas lasers. If the atoms have a thermal velocity
distribution with temperature 7', the linewidth resulting from the Doppler effect
is

Avp = % 2In2 - kB—T

c m

where 14 is the mean optical frequency, and m corresponds to the atomic mass.
For atoms in a room temperature gas cell this effect is typically much larger than

the natural linewidth of the atomic transition.

The broadening has to be taken into account when modulating the index of
refraction, which can be done through a convolution of the susceptibilities and
1D the Maxwell-Boltzmann distribution. As a first approximation for this effect,
one can consider a temperature of 7' = 400 K and calculate the Doppler width
for the rubidium D2 line at 780 nm. This results in a Doppler width of around
300 MHz (see Figure 2.4.2), which is much larger than the natural linewidth of
v =~ 276 MHz.
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Figure 2.4.2: Illustration of the Doppler broadening effect on the absorption
profile (Imaginary part of the susceptibility) of an atomic transition ("Rb).

2.4.4 Saturation Intensity

It is a natural question to ask what mechanism explains the fact that once a two
level atom is excited, within the natural decay time, it will not be able to absorb
any more energy/photons. This is what is known as a saturation effect. In a
more macroscopic perspective, light of a higher intensity than I, does not have
the same effect on an atomic ensemble. By writing the difference in population

difference of this two level atom,

N

Ny—Ny= ——
R TN

(2.4.9)
where I, = hwAs/20(w). The minimum value for I, is when light is on

resonance wiht the transition. This is when saturation is largest; defined by

70 whI’

sat - w, (2410)

where I'! is the lifetime for the transition, and X is its wavelegth. In particular,
rubidium in the Ds line A = 780 nm has a lifetime of around 26.2 ns. A quick

calculation then results in 12, ~ 0.8mW/ cm®. If we review the document from

sat

Steck (2001), all non-resonant I, are slightly higher than this value, which we

excpect.
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2.5 Locking a Laser to a warm cell

In order to perform experiments with atomic systems, two main things must be
taken into account: first, the laser linewidth must be narrower than the atomic
transition linewidth ~, and second, we must be able to control the center frequency

w of the laser near the transitions.

For the former requirement, most commercial grade lasers already have the needed
linewitdths. Since at the Laboratory of Atomic and Molecular Physics (LAMP)
we develop our own lasers, we have two main mechanisms to narrow the linewidth;
optical feedback from a diffraction grating in LITTROW configuration (Hawthorn
et al. (2001)), and optical feedback from an external cavity (Dahmani et al. (1987)).

Both of these mechanisms can be used to achieve very narrow linewidths.

For the latter requirement, it is now standard practice to lock the laser frequency
to an atomic transition. This is done by deflecting a small portion of the laser
light to an atomic reference system. The light will interact with an atomic vapour
cell, and the transmitted light will be detected using a photodiode. This signal
can then be used to send electrical signals and control the laser frequency. In the
section that follows, we will explain in further detail how to lock your laser to

an atomic transition.

2.5.1 Locking Mechanisms

Laser diodes have been effective tools for atomic physics experiments. However,
as we have hinted, the center frequency of a laser diode is not stable enough as is,
being very sensitive to current, temperature, humidity and the environment in
general; this will have an effect on the diode frequency such that it will change
from the expected one (known as drift). To overcome this problem, the laser
frequency is locked to an atomic resonance; this means that the laser frequency is
continuously adjusted and stabilized via feedback. The feedback is usually done
by modulating the laser current (with the possible addition of optical feedback),

and using the error signal from the atomic reference to correct the frequency.

There are two main quantities which can be used to study the stability of a
laser: the Power Spectral Density (studied in frequency domain) and the Allan

Deviation (studied in time domain). The first one is associated with the linewidth
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of the laser and is studied by a beat-note analysis or autocorrelator, while the
latter describes long term effects on performance, akin to standard variation, and
studied as a time series from a beat-note or wavemeter. For our particular case,
we tend to care more about the first one, since one can always re-lock the laser

for experiments.

Two locking mechanisms used in the development of this thesis. They are known
as Saturated Absorption Spectroscopy (SAS) and Dichroic Atomic Vapor Laser
Lock (DAVLL). Both of these mechanisms use a warm atomic vapor as a reference,
and both can be used to lock the laser to a specific transition (see Figure 2.5.1).
The main difference between them is that SAS uses a counter-propagating pump
and probe beam to achieve sub-Doppler resolution (Wicman and Hinsch (1976)),
while DAVLL, based on the SAS protocol, adds a controlled magnetic field to

achieve a higher quality signal in the Zeeman manifold (Corwin et al. (1998)).

Probe
Vapor Cell

Control System PD

_ Control System

Figure 2.5.1: a) Saturated Absorption Spectroscopy (SAS) setup. A laser beam
is split into a strong pump and a weak probe beam, which counter-propagate
through a vapor cell. The transmitted probe beam is detected using a photodiode.
b) Dichroic Atomic Vapor Laser Lock (DAVLL) setup. A linearly polarized laser
beam passes through a vapor cell placed in a magnetic field, which splits the
atomic energy levels via the Zeeman effect. The transmitted light is analyzed
using a quarter-wave plate and a polarizing beam splitter, creating two circularly
polarized components that are detected by two photodiodes. Figure adapted from
Maéusezahl et al. (2024)

2.5.1.1 SAS and DAVLL

SAS, also known as Doppler Free Spectroscopy, is a technique that allows for the
observation and determination of atomic and fine transition frequencies without
the effects of Doppler broadening (discussed in 2.4.3). This is useful when
probing atomic vapors, where the thermal motion of atoms can lead to significant

broadening of spectral lines.

To illustrate the technique, consider a warm atomic cell (between 30-100 °C)
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with a weak probe propagating in it. If the atoms have a velocity profile, then
atoms will see different frequencies depending on where and how they are moving;
something we usually call Doppler Shift (Fig. 2.5.2 (a) & (c)). If we scan the
laser in frequency, we will lose finer transitions due to the thermal noise. In this
sense, we are limited to a certain resolution set by the Doppler broadening. For
rubidium at room temperature this broadening is around 300 MHz, much larger
than the natural linewidth of the D, transition (6 MHz).

To overcome this limitation, a counter-propagating, stronger pump beam is
introduced along with the weak probe. The pump beam saturates a set of atomic
transitions, while the probe measures the resulting absorption. This configuration
produces the familiar Doppler-broadened background but, importantly, a narrow

dip (Lamb dip) appears at the resonance frequency w = wy (Fig. 2.5.2 (b)).
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Figure 2.5.2: a) Energy level diagram for a two-level atom under Doppler shifts.
The atom percieves an energy (frequency) shift of kv due to its motion with
respect to the laboratory/laser frame. b) Transmission plots for a two-level atom
showing both the Doppler profile and the saturated absorption peak centered
at resonance, for a saturated absorption setup. c) Hlustration of an atom with
velocity v interacting with counter-propagating laser beams, resulting in opposite
Doppler shifts.

The physical mechanism behind this dip is that the pump and probe interact with
different velocity classes of atoms. While the probe absorption originates from
atoms moving in one direction, the pump simultaneously depletes the population

of atoms moving in the opposite direction. When both beams address the same
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group of atoms (i.e., atoms with zero velocity relative to the laser), the transition
saturates, leading to a reduction in probe absorption at the exact resonance.
This feature provides the Doppler-free signature needed for precise frequency

determination and laser frequency stabilization.

In addition to the central Lamb dips, crossover resonances can also appear.
These arise when the Doppler-broadened profile of two nearby transitions (a
common excited state for two ground states) overlaps. In this case, a particular
velocity class of atoms can simultaneously satisfy resonance conditions for the
probe on one transition and for the pump on another. As a result, the observed
crossover resonance signal is typically stronger (often about twice the size of a
normal transition dip) making it a specially useful reference feature in saturated
absorption spectroscopy. Figure 2.5.3 shows experimental measurements obtained
using a SAS setup, demonstrating the ability to resolve the hyperfine transitions

across a range of temperatures.

87Rb 8Rp =—— 35°C —— 55°C —— 50°C

2.2

2.0
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Figure 2.5.3: SAS signals obtained in an oscilloscope of part of the D1 line while
the vapor cell is at different temperatures (changing then the number density of
the atoms interacting with both the probe and pump). The detuning units are
approximated to what the distance between these transitions should be. Special
thanks to Sian McGarva, for completing the final data set that made this Figure.
Frequency shifts seen near the edges of the figure in the hyperfine transitions are
attributed to nonlinearities in the AOM response.
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2.5.1.2 PID Locking

In order to control the modulation of the feedback (either the current or optical
feedback), we borrow concepts from control theory. The most common approach
for feedback systems is known as PID control, which stands for Proportional,
Integral and Derivative control. Control signals are usually shown in the
following form (Bechhoefer (2005)):

de(t)
dt

u(t) = kpe(t) + kg /t e(t)dt + kp (2.5.1)
0
where kp, k7, and kp are the parameters that would be tuned for a particular
application. kp is known as proportional feedback gain, and it will produce an
output proportional to e(t), adjustable by its own value. k; is the integral control
gain, associated with the accumulated error over time, and is responsible for
eliminating steady-state offsets, at the cost of potentially slower response. kp
corresponds to the derivative gain, determined by the slope of the error. This term

provides a predictive correction that can improve stability and damp oscillations.

mixer
FG  --———-- PID

‘ SAS

Laser
& -
Piezo

Figure 2.5.4: Feedback control loop for laser frequency stabilization. The dashed
arrow represent the modulation and reference signals required for the SAS method.
These components are absent schemes like DAVLL. FG is Function Generator. PID
corresponds to Proportional-Integral-Derivative controller. SAS is the Saturated
Absorption Spectroscopy setup.

The PID takes a calculated error signal e(t) of a given set point with respect to
its actual value, and will in turn produce a response u(t), that goes back to the
system of the laser current and the piezo (for optical feedback). PID control can

be implemented using either analog electronics or digital microcontrollers.

In SAS setups, the mechanism for locking to a particular transition requires an
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external reference (Fig. 2.5.4) generally given by a function generator (FG). A
lock-in amplifier then takes the signal from the photodiode and multiplies it by a
sinusoidal wave at the reference frequency. This provides a demodulated dispersive
error signal, effectively generating the derivative of the absorption peak. After
appropriate filtering, the required error signal is sent to the laser controller to

make the correct adjustment (Mausczahl et al. (2024)).

In contrast, in a DAVLL setup, we have the advantage that there is no particular
need for a reference. Through applying a magnetic field and using a quarter-wave
plate, one creates two overlapping absorption profiles that are slightly shifted.
Subtracting the signals from two photodiodes produces a dispersion signal that
crosses zero. This signal can be fed directly to a PID (Lee et al. (2011)).
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2.6 A Quick Guide on Cooling Atoms

In this section I will briefly explain how we manage to cool a group of atoms
(10%) down to hundreds of a few hundred micro Kelvin. This is an essential for
experiments in atomic physics, as cold atoms have paved a way for incredible
discoveries such as Bose Einstein Condensates (Anderson et al. (1995)), precision
atomic clocks (Ludlow et al. (2015)), quantum memories (Saglamyurek et al.
(2018)), and so much more (Blumenthal et al. (2024)). The most popular procedure
(but not the only one by far) to generate this cloud of atoms is called Magneto
Optical Trapping, better known as MOT. While a MOT can typically cool atoms to
the Doppler limit (a few hundred micro Kelvin for rubidium), one can make use of
more than one mechanism, such as Sisyphus cooling, Raman sideband cooling and
optical molasses; which in certain situations can help cool even further, down to
nanokelvin scale. This means that on earth, we can effectively reach temperatures

colder than those found in deep space.

The focus of this section will be to explain, in hopefully rather simple concepts
from what we have discussed seen so far, how a MOT works'. For this goal,
we will describe different processes that belong to the interaction and conclude
with putting everything together to explain the MOT mechanism and hopefully

illustrate why this has been revolutionary to understand light matter interactions.

2.6.1 Light Forces

When radiation interacts with matter, the process of absorption will generate
a change in the momentum of the object associated to the force on the object.
In order to calculate the forces that will appear in this interaction, we must be
very deliberate with the Hamiltonian we choose to describe the system. In this
particular case, we will consider the fact that the atom is not stationary, but
rather moves as it interacts with the resonant light field (w = wyp). Speaking in a
semi-classical framework, this movement will be described by the center of mass
f{, and momentum P operators of the atom; and will appear as a kinetic energy
term ]_52/2M in the total Hamiltonian.

The interaction between the internal atomic degrees of freedom and the incident

!For more details and further discussion, please refer to the amazing lectures given by Raul
Celistrino Teixeira at the IV ICTP-SAIFR School on Light and Cold Atoms (2025).
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light is described by the electric dipole interaction Hamiltonian; we commonly
write this interaction as:

HE = —dEycos(k - R — wot) (64 +6-), (2.6.1)
where d is the dipole moment of the transition, Fy is the amplitude of the
electric field, k is the wave vector of the light field, and 6, and _ are the
raising and lowering operators of the two-level atom. Through the Rotating Wave

Approximation (RWA), and considering the atomic kinetic energy term, we can

rewrite the total Hamiltonian of the system as

A A

%(R) /o o P2
Hpwa = huwle) (e] + % (el(d’“‘)*wt)&+ - e*l<¢’<R>*wt>&,) + -, (2.6.2)

2M’
where Qo(R) = dEy(R)/h is the position-dependent Rabi frequency, (R) = k- R
is the position-dependent phase of the incident light field, and M is the mass of

the atom.

From classical mechanics, and using the Ehrenfest theorem, we can relate the
force on an object to the time derivative of the expectation value of its momentum
operator: A R
d(P) (V) 1~ =
F = =M = —(P,H 2.6.3
L= B — (P, ), (263

and calculate the forces on the atom due to the interaction with light:

L 9 B} }
F = Ac V(R Al ot R 2.6.4
QO(R) UeevR 0( ) + Ueev¢( )7 ( )

oS! is the steady state solution of the bloch euations for the excited state population.
I is the spontaneous emission rate of the excited state (27 x 6.05 MHz for RbP?).
This force contains two components, where the first one is usually called Dipolar

Force; and the latter is known as Radiation Pressure.

The dipolar force corresponds to a conservative potential, is proportional to the
gradient of the intensity of the light field, shown by the Rabi frequency €y, and
decays with the detuning as 1/A. This is the force responsible for the trapping
of atoms in optical dipole traps. The radiation pressure, on the other hand, is
proportional to the scattering rate of photons by the atom, and decays with

detuning as 1/AZ% This force is responsible for the cooling of atoms in optical
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molasses and magneto-optical traps.

2.6.2 Optical Molasses

Is the name given to the technique which uses counter-propagating beams in
three orthogonal directions along the cartesian axes. These lasers all share the
same frequency, which is slightly red-detuned from an atomic transition. Due
to the Doppler effect, moving atoms will feel a slowing force (as if they were
travelling in molasses) and stationary atoms with respect to the center where
all lasers intersect will not feel any external force. Since the lasers are relatively
close to resonance, the force comes from the radiation pressure term of the light
forces discussed before. The force on an atom moving with velocity ¢ due to two

counter-propagating laser beams in 1D can be written as:

1 sohkD
214 s +4((A0 $kv)/r)2’

Fp =~y hky ==+ (2.6.5)
where sq = 202 /T? is the on-resonance saturation parameter, A, is the detuning
of the laser from the atomic resonance, and l;i are the wavevectors of the two
beams. The total force on the atom is then given by F = Fl +F

The velocity capture range Av of such a process is determined by the natural
width I" of the atomic excited state. As is, atoms will begin to accumulate slowly
in the center of the trap. There is however a limit to how cold one can get atoms
using only this method, known as the Doppler limit. This limit arises from the
balance between the cooling force (radiation pressure) and the heating effect due
to statistical fluctuations. The minimum achievable temperature, known as the
Doppler temperature T, for a number of dimensions D, is given by (Dalibard and

Cohen-Tannoudji (1989)):
, hI’
= — 2.6.6
For a rubidium atom, since I' = 27(6.05 x 10°) rad/s this temperature is around
140uK. To overcome this limit, an addition of polarization and magnetic field
engineering makes this method much more effective, something we will know as

Magneto-Optical Trapping.
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2.6.3 Magneto-Optical Trap

As mentioned, the addition of a set of coils in anti-Helmholtz configuration
manage to diminish the effects of any external magnetic field, and maybe most
importantly, generate a magnetic field gradient outside the center of the trap. This
gradient induces spatially varying Zeeman shifts in the atoms that are farther from
the center. Adding then circular polarization of the counter-propagating beams
ensures atoms preferentially scatter photons that push them back to the trap
center. Although initially a warm atomic vapour is released inside the vacuum
chamber that will hold the cold atomic cloud, it is this particular interaction of
magnetic field and polarized radiation that will make the atoms distribute in
velocity in the middle of the trap. The final size of the cloud is determined by the
equilibrium between the magnetic restoring force and the thermal expansion of

the atoms.

VY

Figure 2.6.1: Illustrated mechanisms of a MOT. Two coild in anti-Helmholtz
configuration generate a quadrupole magnetic field (dashed lines) with zero field
at the centre. The intersection of this field with three pairs of counter-propagating,
circularly polarized laser beams (0%) creates a position-dependent restoring force
that confines the atoms.
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Single Photon Generation in Cold

Atomic Ensembles

Illinois

Sufjan Stevens

3.1 Introduction

In the following chapter, we present the work carried out during my internship at
the University of Alberta, including the theoretical background and experimental
feasibility of realizing a single photon source based on the DLCZ protocol. We
begin by introducing the motivation for generating single photons in a cold
atomic cloud, followed by a review of the concepts and theoretical tools needed
to understand the contributions of this work. The performance of the DLCZ
is then compared with a protocol meant to induce collective effects (specifically
superradiance), highlighting the advantages and limitations of each. Finally, we
show that the superradiant protocol provides faster operation and greater control

over single-photon generation.

3.1.1 Motivation

Experimental sources for quantum computing as an area of research show great
promise to drive forward communication and information science. As researchers,
we seek for the technological advancements in these areas, because this means that
fundamentally we can change the way we process information, build computers,
and solve complex problems. As a more local example, the developments in
quantum optics technologies have allowed Chilean researchers to develop the first
real random number generator based on quantum optics, which is now being

used in the Chilean National Lottery (Iturra (2023)). This is only one of many
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examples of how quantum technologies can be used to improve our daily lives and

how they can be used to create new tools that can make our life easier.

In particular to quantum communication through optics, a well-known area of
active research is currently being done on studying Quantum Key Distribution
(QKD), one of the most famous quantum cryptography protocols, envisioned
to provide safe communication channels using entanglement of photons. These
channels would be safe from an intermediary between a sender and a receiver, since,
due to the collapse of the wavefunction during measurements, the intermediary
would not be able to measure the photons without disturbing them (no-cloning
theorem). However, this of course is not as safe as promised by theory; until
recently, QKD was based on an attenuated coherent light as a medium for transfer
of information, but these light sources have imposed a limit on the secure key rate
(SKR) per channel use. This limit corresponds to the scarcity of single-photon
components within coherent light, inherently bounded by a maximum of 1/e. This
limit is surpassed in single photon realizations of the QKD protocol, as seen in
(Zhang and Ding (2025)).

It becomes clear then, that single photon sources are a key technology that can
drive forward not just quantum science, but quantum computing and technologies
alike (Couteau et al. (2023)). This, among many other potential benefits, is why
we seek to build a single photon source based on the DLCZ protocol, which has
been shown to be an efficient and controlled way of generating single photons in
atomic media. Before discussing the protocol itself, we will review some of the

theoretical tools needed to understand the process.

3.2 Statistics of Light and Quantum States of Light

A foundational step in the area of quantum optics began from studying the
statistics of light, allowing us to distinguish classical from genuinely quantum
behavior (Fox (2006)). In particular, photon-counting measurements reveal the
statistical distribution of detected photons, allowing light fields to be classified

according to their photon-number statistics.

Light can then be classified into: Poissonian, sub-Poissonian, and super-Poissonian
distributions, based on the statistics of photon counting through detectors.

Poissonian and super-Poissonian (classical) states can be described by classical
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Figure 3.2.1: Three possibilities for the photon statistics, for different states of
light. From left to right, these are the statistics for a coherent state and a thermal
state with n = 3, and a Fock state with n = 2. Figure made with QuTiP.

electromagnetic theory, while sub-Poissonian (non-classical) states exhibit quantum
features that cannot be explained classically (see Fig. 3.2.1). The Poissonian

distribution is given by the expression:

P(n) = (3.2.1)

Where n can be 0,1, 2,3, ..., meanwhile n is the average photon number. This

distribution has the property that the variance is equal to the mean, An = /7.

These definitions allow us to separate the three possible statistics for light:

% Sub-Poissonian: An < v/n.
% Poissonian: An = /n.

% Super-Poissonian: An > /7.

However, this statistical classification is not enough to fully characterize quantum
states of light, since distinct quantum states may share identical photon-number
statistics while also differ in their phase properties, correlations, or nonclassical
features. Therefore, in the following sections we will introduce a selection of
relevant, well-known quantum states of light, specifically coherent states, Fock
(number) states, thermal states, and squeezed states—and discuss their key
properties in the context of photon statistics and optical coherence. Among these,
special emphasis will be placed on the single-photon state, as the main goal of

this chapter is to study the generation and characterization of this state.
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3.2.1 Library of Optical Quantum States

3.2.1.1 Coherent States

The coherent state |«) is an eigenstate of the annihilation operator a, representing
the quantum state of light most closely resembling a classical electromagnetic

wave, most commonly associated with that produced by an ideal laser. It is
defined as:

where «; is a complex amplitude associated with mode i. Expanding |a) in the

Fock basis yields
elol/? |n (3.2.3)
Z =

where mean photon number is given by () = |a|?. The photon number distribution
follows a Poissonian form. Consequently, coherent states satisfy An = \/(n)
and represent the boundary between classical and nonclassical photon
statistics. For this reason, although they are often regarded as classical states of
light, they are pure quantum states (shown by the fact that they can show
entanglement when interacting with other quantum systems DBerezhiani and
Zantedeschi (2021)).

3.2.1.2 Fock States (Number States)

Fock states are quantum states with a well-defined number of photons, denoted
as |n), where n is the exact number of photons in the state. These states are

eigenstates of the photon number operator n = afa:

where (n) = n;. The probability Pry(n) to find n; photons in one mode is either
1 for n = n; or 0 for n # n,;. This means that since the photon number of a Fock
state is determined, the state is intrinsically quantum. As such, the probability
distribution of the photon number follows a sub-Poissonian distribution (with a

photon variance of zero in ideal conditions).
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3.2.1.3 Thermal States

The thermal state originates from blackbody radiation (such as light coming from
the sun) and is characterized by a statistical mixture of photon-number states.
These states are indeed intrinsically mixed and lack a well-defined phase. To
describe a thermal state one can use the density operator formalism, expressing it

as an incoherent statistical mixture of photon-number states:
[o¢]
Prhermar = »_ Pu(n)[n)(n| (3.2.5)
n=0

These states exhibit super-Poissonian photon-number fluctuations, characterized
by a variance An > /n. This enhanced noise reflects photon bunching and strong
intensity fluctuations, distinguishing thermal light from both coherent and number

states.

3.2.2 Correlation Functions

Photon-number statistics provide an indication of the nature of a particular light
field; however, they are not enough to let us distinguish between different quantum
states. For example, weak coherent states (with low mean photon number) may
exhibit photon number distributions that resemble those of Fock states. Despite
this apparent similarity, these states differ fundamentally; this becomes evident
when looking at correlation functions. These functions allow us to quantify the
statistical correlations between field amplitudes I(r) = (|E(r,t)|*) measured at
different points in space and time. They can be formulated within both classical
and quantum frameworks; however, we adopt the simplest expressions that capture
the essential physical behavior relevant to the characterization of single-photon

sources.

3.2.2.1 First Order Correlation Function

The first order correlation function describes the coherence of an optical field
between a spatial coordinate r; and ry, and time coordinate t; and t5. The
magnitude of this function relates to the visibility of interference fringes observed

in interferometers.
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Figure 3.2.2: a) Hanbury Brown and Twiss (HBT) interferometer used to measure
the second-order correlation function ¢‘®(7) via photon coincidence detection. b)
Hong-Ou-Mandel (HOM) effect demonstrating two-photon interference at a 50/50
beamsplitter, resulting in coincidence suppression for indistinguishable photons. c)
Expected measurements for the HBT interferometer once a single photon source
is measured; due to the fact that the single photons must be indistinguishable,
the HOM effect gives us a second order correlation function equal to 0. Figure
inspired partly by Couteau et al. (2023)
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For a perfect coherence, the interference fringes will have high contrast, and so

|gM| = 1. For smaller values, one would observe a partial fringe visibility, and for
|g™Y| = 0 there will be no contrast in the interferometer’s fringes, so there will be

no coherence.

3.2.2.2 Second Order Correlation Function

The second-order correlation function fundamental role in the identification of
non-classical photon sources (Aspect (2019), Hadfield (2009)), also refered to
as the intensity autocorrelation function of a source. Experimentally, it is most
commonly measured using the Hanbury-Brown-Twiss (HBT) interferometer, shown
in Fig.3.2.2(a), which consists of a 50/50 beamsplitter followed by two single-

photon detectors.

In the HBT configuration, the incoming optical field is divided into two spatial
modes by a 50/50 beamsplitter. The two detectors will trigger or not depending
on the arrival of a photon, and the coincidence rate between detection events at

the two output ports is recorded as a function of the temporal delay 7 between
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detections. The normalized second-order intensity correlation function is defined

- (IOt + 7))

(1(1))*

This then allows us to obtain a new characterization for light based on its

g (r) = (3.2.7)

"bunchiness’:

* Bunched light: ¢®(0) >
x Coherent light: g(2)(0) =
+ Anti-bunched light: ¢ (0) < 1.

1.
1.

Now, there is a need to corroborate that the single photons emitted in different
processes are indeed identical, and for this one makes use of an effect known as the
Hong-Ou-Mandel (HOM) effect, which is a two-photon interference phenomenon
that occurs when two indistinguishable photons enter a 50/50 beamsplitter from
different input ports. If the photons are perfectly indistinguishable in all degrees
of freedom (temporal, spectral, spatial, and polarization), they will interfere
destructively in the coincidence channel, leading to both photons exiting through
the same output port (Fig.3.2.2(b)).

When measuring an ideal single photon source with the HBT interferometer, the
HOM effect ensures that no coincidence counts are detected at zero time delay,
since a single photon cannot be split into two paths. This results in a suppression

of coincidence counts at time 0, seen in Fig.3.2.2(c).

3.3 Single Photon Generation

In order to understand the mechanisms that allow for the generation of single
photons in this case, we must understand that there are many ways in which one can
create single photons. A few examples are basic two level systems such as quantum
dots, nonlinear processes such as spontaneous parametric down conversion (SPDC)
or spontaneous four wave mixing; or through defect centers in solids, between
many others (Lounis and Orrit (2005)). As a consensus (Zugenmaier (2018)),
these sources are divided in two categories, probabilistic and deterministic. For
the applications in quantum technologies, one would most commonly prefer to rely

on deterministic sources, that would deliver single photons on demand; these types
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of sources are neither common nor easy to apply, and as such, intense research has
been conducted the past 20 years to find such a deterministic (and efficient) source.
On the other hand, probabilistic sources are based on a photon-pair emission (e.g.
SPDC), where one of the photons is used to herald the other. As one can expect,

these are much easier to come by and are the most commonly used.

3.3.1 Raman Process

A fundamental part of the now-famous DLCZ protocol is the Raman process,
also known as Raman scattering. This corresponds to the inelastic scattering of
light when interacting with either atoms or molecules, resulting in a transfer of
energy between the photon and the matter. This inelastic transfer results in a
shift of the photon’s energy; the emitted components shifted to lower frequencies
are called Stokes components, while those shifted to higher frequencies are known

as anti-Stokes components.

Beyond its use in quantum memories, the Raman process is a versatile tool in
quantum optics. It can be used to generate non-classical states of light, such as
squeezed states (IKnight (1986)). These processes are also highly advantageous for
spectroscopy and state manipulation, as they allow for the study of "forbidden"
transitions. By utilizing a two-photon process through an intermediate virtual or
excited state, one can drive transitions between two states of the same parity that

are otherwise inaccessible via single-photon electric dipole transitions.

Although Raman scattering is most efficient for higher intensities (Boyd (2020)),
the spontaneous Raman scattering process is effective even at the single-photon
level. This is the regime utilized in the DLCZ protocol and is of particular interest
to our work. In a typical thermal equilibrium, the Stokes emission is higher than
the anti-Stokes emission because the latter requires the atom to already be in an

excited state, which has a much lower population compared to the ground state.

In particular to our case, we will be focusing on a spontaneous raman process in
a A configuration (see Fig. 3.3.1), where the atom starts in a ground state |g),
is excited to a virtual intermediate state close to the excited state |e) through
the interaction with a write beam, and then spontaneously decays to a different
ground state |s), creating then a spin wave excitation that is stored, while emitting

a Stokes photon. This process is non-resonant; the write beam is detuned from the
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Figure 3.3.1: Illustration of the DLCZ protocol for single photon generation.

lg) — |e) transition by a certain amount A. This detuning reduces the possibility
of spontaneous emission from the excited state, increasing the coherence time of
the process. The mometum conservation equation for the Raman process is given
by:

kout = kin — kurite + Kread- (3.3.1)

3.3.2 Duan-Lukin-Cirac-Zoller Protocol

Better known as DLCZ protocol, was initially proposed by Duan et al. (2001).
This protocol proposes a spontaneous Raman scattering process to generate a
heralded photon presenting as a single excitation stored in an atomic ensemble.
Although initially proposed as a scheme for quantum repeater technologies for
remote entanglement and long distance quantum communications, this scheme
has proven to be highly efficient in deterministic single photon generation (Farrera
et al. (2016), Sangouard et al. (2007)).

The protocol is implemented using an ensemble of N identical atoms in a A-
configuration is prepared in the ground state |g). A short off-resonant optical
pulse (write) induces the Raman transition close to the |g) — |e) transition. This

results in the isotropic emission of a Stokes photon and the creation of a spin-wave
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excitation that is stored in the ensemble in an intermediate state |s).

Since it is not possible to know which atom from the ensemble stores the excitation,

the system can be written as a superposition:

N
1 2
|w> = elk‘rj |gl7g2>"'73j7-"7gN>7 (332)
VN ijl

where the summation is taken over all the atoms. This is what is known as a

collective spin excitation, or spin-wave excitation.

The stored excitation can later be extracted using a second, strong beam (read),
which drives the |s) — |e) transition resonantly, and induces the emission of an
anti-Stokes photon, which is emitted in a correlated direction and polarization

given by the Stokes photon and the conservation of momentum.

The efficiency of this protocol relies on constructive interference. Once the
read beam satisfies the phase matching condition, the phase adquired by the
superposition (Eq. 3.3.2) will interfere constructively and enhance the read
transition, and the anti-Stokes photon will be emitted into a well-defined spatial

mode with high probability.

It is then straight forward to think of this process as a controllable and deterministic
single photon source. If one is able to control the Raman process, the Stokes
photons will herald information of stored single photons that can be recalled
on-demand via a read pulse and then immediately used on subsequent stages of

any other application.

While this has been studied on its own as an effective protocol to generate single
photons, this work focuses on methods to optimize its retrieval efficiency via
collective effects. For this we reference the work by Laurat et al. (2006) and
investigate how collective emission (via superradiance in this case) can improve

the performance of the source compared to the traditional DLCZ scheme.

3.3.3 Superradiance

Superraddiance is a collective effect that originates from the indistinguishability
of the atoms in an ensemble, leading to an enhanced emission rate in a specific

direction. This effect was first described in Dicke (1954), and has since been
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studied theoretically extensively in various systems. However, its application
to quantum technologies has gained significant attention in recent years, since
it can enhance the efficiency of photon emission and retrieval processes. Pulse
optimization for quantum memories has been done by Gorshkov et al. (2007)
and most recently by Shinbrough and Lorenz (2023), where they showed that
the optimal pulse shape can significantly enhance the retrieval efficiency of single

photons from atomic ensembles.

In the context of the DLCZ protocol, superradiance will play a crucial role in the
efficient retrieval of the stored excitation as a single photon; reducing the time
it takes for the anti-Stokes photon to be emitted, and increasing the probability
of its emission in the desired mode. This is particularly important for quantum

communication applications, where high efficiency and low loss are essential.

The optimal shape of a probe for a lorenztian spectral feature such as seen in
rubidium is the exponential rising envelope. With a duration given by Ho et al.
(2018), Vivoli et al. (2013),

1 1
T# ~ = [ ——— ). 3.
P F(1+d/4) (3:33)

The characteristic timescale of superradiant emission is inversely proportional
to the optical depth of the medium. As a result, for optical depths larger than
unity (which is the case for cold atomic clouds such as the one realized), the
collective decay can occur on timescales much shorter than the natural lifetime of
the atomic excited state. Moreover, it has been shown by Rastogi et al. (2022)
that superradiant-based protocols impose more relaxed optical depth requirements
compared to other quantum memory schemes, making them particularly attractive

for practical implementations.

3.4 Experiment

The experiment was developed over several years by the team and students of the
Cold Atoms lab’s at the University of Alberta. Therefore, many omitted details
will be available in the past student’s theses such as Anindya’s (M.Sc. Rastogi
(2018), Ph.D. Rastogi (2024)), and Andrei’s Tretiakov thesis (M.Sc. Tretiakov

(2016)). The core of the experiment is, of course, the rubidium 87 chamber in the
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middle of the table, under an ultrahigh vacuum. Rubidium atoms are supplied
into the chamber by a metallic dispenser, which is resistively heated, releasing
pure rubidium vapor through the decomposition of specialized salts within the

dispenser. Once the atoms are in the chamber, they undergo a cooling process,
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Figure 3.4.1: Illustration of the experimental set-up.

which is done via MOT, followed by an optical molasses stage (see Figure 3.4.2
for the experimental cycle). The MOT provides initial spatial confinement and
high collection efficiency, while the subsequent optical molasses step further cools
the atoms to temperatures around 30uK. For the MOT, a pair of coils in an
anti-Helmholtz configuration are used to generate a weak quadrupolar magnetic
field. The coils are separated along the z-axis In the proximity of the field zero,
located halfway between the two coils along the z-direction, the field gradient is
uniform and the field itself varies linearly with displacement from the field zero.
Added to this, there are three pairs of smaller coils (biases) used to control where
the atomic cloud will be formed and positioned in every cycle. An average number
of atoms is a number between 2 x 107 to 1 x 10%. This can be controlled by

changing the time our MOT takes to build up, or by changing the time of flight.

In a separate optical table, we find the laser system with all locking electronics.
Two diode lasers are used in the setup; a Moglabs Diode Laser (repump laser) with
its controller and a Toptica 780 Laser (cooling laser) with its own Digilock 110.
The repump laser is sent in part to a SAS setup for frequency stabilization, while

other parts are used to lock the cooling laser via a beatnote detection, and sent
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in part to the cooling beam path, and finally sent in through two acousto-optic
modulators (AOM) to create the write beam. The repump laser is locked to the
cooling laser via a beatnote detection, and its frequency is controlled via PID
control. It’s power in part sent to both the optical pumping and read beam, and
is then amplified via a THORLABS tapered amplifier (TPA780P20) which takes
around 5mW input and outputs around 300mW in the frequency needed. This
power is mainly used for the cooling beams of the MOT, while a small part goes

to the imaging of the atomic cloud.

We work in a lambda configuration around the D2 line of rubidium 87, as seen
in Figure 3.3.1. We engage the following levels; for the ground state |g) =
551 /9, F' = 1), the long-lived state |s) = |?55)/2, F = 2) and the excited state
le) =|?5Py )2, F' =2). As seen in Section 2, |g) and |s) are spaced by 6.83 GHz.
The pulses from the read and write probes are shaped and "cut" by both AOM’s

Single Experiment Run

Optical
Pumping

Molasses

2000 trials 1-5s

Write + Read + Clean (1 us)

Figure 3.4.2: Illustration of the experimental cycle for data acquisition.

and shutters in the setup. After this, an electro-optic modulator (EOM) shapes
the write pulse. All these are controlled by an arbitrary waveform generator
(AWG) and synched by a cycle control program. The write and read pulses are
separated by a 50° angle. This allows the filtering of scattered control noise. The
beams have a 1/e¢? Gaussian diameters of around 3 mm. With a number of around

10° atoms, the peak optical depth is around d = 9.

For the measurement of the Stokes and anti-Stokes photons, we use single photon
detectors (Excelitas SPCM 780 24 FC). Once the photons reach the detectors, a
time-to-digital converter (TimeTagger 20) measures the time between each start
Stokes photon and stop anti-Stokes photon. Accounting for fiber coupling and
detector inefficiencies, the total photon loss for the Stokes and anti-Stokes channels
is approximately 2.2%. Correlation statistics are accumulated into 40,000-bin
histograms with a bin width of 25 ns, and data is filtered into write and read

windows for analysis (see Section 3.4.1).
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3.4.1 Measurements

We did not have available all neded single photon detector modules to characterize
the second-order autocorrelation function, as such, what we have characterized
in the figures shown in 3.5.1 and the appendix for this section (Appendix A.1),
are the correlation and other characteristics arising from measuring the Stokes
and anti-Stokes photons emmited from the protocol in both their DLCZ and

superradiant versions.

Therefore, the second order correlation calculated and shown in this work is
defined by:

®) (ns(t)nas(t'))
95.45(T) = : (3.4.1)
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Figure 3.4.3: Experimental trial for data acquisition.

The photon detection data (Fig. 3.4.3) is analyzed by first separating events
according to their detection channel, associated to two different single photon
detectors that measure the scattered photons. Detection times are referenced to
the experimental trigger given by the analog and digital signals sent from the
control system (Fig. 3.4.1) and converted to nanoseconds. Stokes photons are then
selected within a predefined write window, while anti-Stokes photons are filtered
within a read window, defined by the expected width of the write pulse, and shifted
by the write (read) pulse delay and a small temporal tolerance. Coincidences are
identified by matching events that occur within the same experimental trigger

within each trial, accounting for all possible Stokes (anti-Stokes) combinations.
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From the total number of detected Stokes photons, anti-Stokes photons, and
coincidences, the second-order cross-correlation function 9(5271)45(7') is calculated.
Accidental coincidences are estimated by correlating Stokes detections with anti-
Stokes detections from temporally shifted trials, allowing for the extraction of

corrected coincidence probabilities and the conditional readout efficiency.

We have calculated the spinwave generation probability, which is defined as the
probability of having a spinwave excitation in the atomic ensemble per write pulse.

This is calculated as:
p o N,S'tokes

B 775']\[157“z'als
where Ngjores 18 the number of detected Stokes photons, ng is the total detection

(3.4.2)

efficiency for the Stokes channel, and Ny, is the total number of write trials.

The coincidence generation probability, which is defined as the probability of
having a coincidence detection event (Stokes and anti-Stokes photon detected)

per write pulse. This is calculated as:

o NCoin + Nacc

= 3.4.3
nST/ASNtrmls ( >

where N¢yi, is the number of detected coincidence events, N,.. is the number of
accidental coincidences, 145 is the total detection efficiency for the anti-Stokes

channel, and N4, is the total number of write trials.

Finally, we calculated the conditional retrieval efficiency, which is defined as the
probability of retrieving an anti-Stokes photon given that a Stokes photon has

been detected. This is calculated as:

(3.4.4)

where Nggin is the number of detected coincidence events, and Ngjores is the

number of detected Stokes photons.

3.5 Results

In the present section we will show a comparison of the measurments described in
Section 3.4.1 for both the DLCZ and SR protocols. The results shown here were

obtained using a read power of 1.5 mW, with a varying write power. We can see
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in Figure 3.5.1 that the superradiant protocol outperforms the DLCZ protocol in
all measured aspects; spinwave creation probability, coincidence probability, and
conditional readout efficiency. We believe this is due to the collective enhancement
of the read process, which allows not only for a more efficient retrieval of the
stored excitation, but also a faster emission of the anti-Stokes photon, reducing
the likelihood of decoherence during the retrieval process, which can be seen in
the conditional retrieval efficiency and the second order correlation function. The

results for other read powers can be found in Appendix A.1.
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Figure 3.5.1: DLCZ vs Superradiance protocol with a read power of 1.5 mW.

An important point to consider is that due to the fact we are collectively storing
excitations in the atomic ensemble, not all photons measured in the read window
will belong to the anti-Stokes photons emitted from the stored excitation. There
will be noise photons, coming from spontaneous emission or excitations that were
not successfully recalled that are spontaneously emitted in different trials. In order
to confirm that statistically the photons are correlated in the correct window, we
look at different trials within a range, and calculate the second order correlation
function gg)AS(T) as explained in Section 3.4.1. This gives us a histogram of the

time delay between Stokes and anti-Stokes photons, once a Stokes photon has
been detected.

In Figure 3.5.2 we notice two important features. First, the superradiant protocol
has a higher peak, indicating a higher correlation between Stokes and anti-Stokes

photons, which is consistent with the results shown in Figure 3.5.1. This is
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consistent with the idea that superradiance enhances the emission rate of the
anti-Stokes photon, leading to a faster retrieval process. Second, in both cases,
there is a peak in the 200 ns bin, which is consistent with the delay between the

write and read pulses in the experimental cycle (Figure 3.4.2).
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Figure 3.5.2: DLCZ vs Superradiance protocol. For each detected Stokes photon,
all anti-Stokes detections occurring within the same experimental trigger are
considered, and the time difference between their detection times is calculated.
This procedure yields a distribution of Stokes to anti-Stokes time delays, which is
plotted here to analyze photon bunching and temporal correlations between the
two processes.

3.6 Conclusions and Comments

We have shown in this work that the correlations between Stokes and anti-Stokes
photons arising from the DLCZ protocol and from the superradiance protocol
have similar behaviors for the parameters studied. However, the superradiance
protocol shows promising performance in terms of all characteristics studied for
the same read power. We believe this is mainly due to the collective enhancement
effect present in the superradiance protocol, which allows for a more efficient

retrieval of the anti-Stokes photon.

In particular, we have observed that for read powers of 1.0 mW, 1.5 mW, and 2.0
mW, the superradiance protocol mainly outperforms the DLCZ protocol in both

retrieval efficiency and correlation values. This suggests that the superradiance
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protocol is more robust to variations in read power, making it a more reliable

choice for applications requiring high-fidelity single-photon generation.

This work also confirms the generally stated fact that lower powers tend to give
higher correlation values, at the cost of lower retrieval efficiencies. A crucial factor
for optimizing single-photon sources for specific applications, such as quantum

communication and quantum computing.

As one can see from Fig A.1.1, there exists a big experimental difficulty associated
to measuring the SR protocol at low write powers, due to the low count rates
obtained. There could be hours of data and not enough photon detections to

(2

calculate ¢®. This is something that needs to be improved in future iterations of

the experiment.

Additionally, this work could benefit from further characterization of the temporal
profile of the emitted anti-Stokes photons in both protocols, and exploring the
effects of varying other parameters such as optical depth of the atomic cloud.
This would provide a more comprehensive understanding of the advantages and
limitations of each protocol, and help to identify optimal operating conditions for

practical implementations.

Finally, calculating the actual second order autocorrelation function ¢(®(0) for
anti-Stokes photons after measuring a Stokes photon would confirm the quantum
nature of the emitted light in both protocols, and provide a more direct comparison

of their single-photon characteristics.
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4.1 Introduction to Quantum Mirrors

The ability to exert precise control over propagation and scattering of light has
been a particular interest in quantum optics and technologies (Hammerer et al.
(2010)), and as such, it has motivated extensive research into the development
of devices capable of controlling optical reflection while minimizing losses (Hétet
et al. (2011a); Marte et al. (1991)). While light scattering by individual atoms
is often stochastic, it has been shown that collective effects in atomic ensembles
can enable coherent scattering of light, allowing for the engineering of highly
efficient atomic-thin mirrors (Shahmoon et al. (2017),Micheli et al. (2004); Rui
et al. (2020)). Furthermore, the reflectivity of these interfaces can be actively
controlled through techniques such as Electromagnetically Induced Transparency
(EIT) and Rydberg blockade interactions (Srakacw et al. (2023); Srakaew (2024);
Bekenstein et al. (2020)).

In this work, we extend the concept of a controllable mirror to define a Quantum
Mirror (QM). Unlike the former, this device is capable of existing in a coherent
superposition of reflective and transmissive states. This superposition, alongside
the phase differences induced in the participating modes, generates non-trivial
light-matter interactions of the device with the incident radiation fields, projecting

their quantum state onto the mirror’s medium itself.

A difficulty arises when considering the fact that collective atomic systems will

not be easily prepared in such coherent superposition states. In this case, the
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superposition is feasible via the entanglement of the ensemble with a controlling
ancilla atom (Srakacw et al. (2023)), although other approaches could also be

considered, such as macroscopic spin squeezing (Bornet et al. (2023)).

Due to the controllable interaction between the QM and incident light fields (that
is, the projection of the radiation state onto the atomic medium), this device has
profound implications for quantum metrology and information processing. The
ability to measure an optical quantum state indirectly opens a door of possibilities
for non-destructive quantum state tomography (QST). Additionally, the versatility
of the QM has demonstrated potential in various quantum information protocols,

including quantum teleportation (Uria et al. (2026)).

In this chapter, we turn our focus to questioning how is it exactly that one might
be able to characterize generated or even transported quantum optical fields.
We have shown already the importance of correlation functions in Chapter (3),
but also discussed the relevance of more complete characterizations in the case
of light with quantum characteristics, such as the Wigner function (WF) (see
Section 4.2.0.3). In what follows, we will dwelve into what is tomography, why it
is so computationally and experimentally resource intensive and present a novel

protocol based on QMs that seeks to ease these difficulties.

4.2 Quasiprobability Distributions

Since the early days of quantum mechanics, physicists all over the world have put
enormous effort into being able to connect their novel findings with what had
been previously known in classical physics. One of the more relevant questions
that was investigated during the mid-20th century was the relationship between
the phase space formulation of classical mechanics and the analog formalism for

quantum mechanics.

Due to the Heisenberg uncertainty principle, it is impossible to define a joint
probability distribution for position and momentum in quantum mechanics, as
one cannot simultaneously measure both variables with arbitrary precision. The
non-trivial answer to this problem lies in the fact that while a true probability
distribution cannot be defined in quantum mechanics, it is possible to define
quasiprobability distributions that can capture the essential features of quantum

states in a phase space representation.
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From this, several representations arose, most notably the Glauber-Sudarshan
(P distribution), the Husimi () distribution) and Wigner distribution,
each with their own advantages and characteristics, which depended heavily on
the context in which they were used (Cahill and Glauber (1969), Moya-Cessa and
Knight (1993)).

These distributions provide a complete and intuitive description of quantum states
in phase space. Formally, for a quantum state p they can be derived from density
matrix elements in the coherent state basis (| p |3). Although generally complex-
valued, they encode the full information of the quantum state and are mapped to

real-valued phase-space representations through invertible linear transformations.

4.2.0.1 P distribution Kernel

Also known as Glauber-Sudarshan P representation. If the quantum system
has a classical analog (such as a coherent state or thermal state), then the P
distribution will be non-negative. However, for exclusively quantum states with
no classical analogs such as a Fock state, Schrodinger cat state, or any system
that exhibits non-classical correlations (Sudarshan (1963)), the P distribution will
show negativity. It can be represented in integral form as:

olo?

: / (—B1518) exp(|B — Ba® + §*a) P (4.2.1)

P(a) =

™

4.2.0.2 Husimi distribution Kernel

The Husimi representation is one of the easiest to calculate given that the
observables are written in an anti-normal order. It is generally described in

the coherent basis as
Qa) = ={a|pla), (4.2.2)

meanwhile, its integral form is interpretable as the weierstass transform of the

Wigner function, in an integral expression

Q@) = = [ W(E)ewp(-2la - 51)ES. (423)

One of the few drawbacks of this function corresponds to the fact that the Q

distribution is always non-negative, and thus, might not capture the full non-



4.2. Quasiprobability Distributions 51

classicality of quantum states.

4.2.0.3 The Wigner Function

The Wigner function (WF) originated as a solution for the problem of finding a
quantum equivalent to the classical distribution function in phase space. It has
been a tool of relevance in quantum information because it displays the state of a
quantum system in a phase space, allowing for a more intuitive understanding of the
quantum state. It has a unique characteristic which makes it an excellent diagnostic
of quantum properties: the function can be negative in some areas of phase space,
which indicates the nonclassical interferences associated to entanglement. The

integral form of the WF is
1 7~ * *
W) = [ T{D@)) e s, (420
T

Where 15(5) is the displacement operator and p is the density matrix of the field

under investigation.

The position-basis kernel for a pure state of the Wigner function is
(g+x/2|plg—x/2). The process of going from kernel representation to
quasiprobability distribution generally involves a Fourier transform, and we can
define the Wigner function in a position of the phase space o by writing (Banaszek
and Wodkiewicz (1996)),

2 A i A
W(a) = "Tx pD ()™ D(a)| . (4.2.5)

Being able to directly measure the WEF yields complete knowledge of the
quantum state and enables a clearer physical interpretation of the quasiprobability
distribution. Additionally, the phase-space representation offered by the Wigner
function (and other representations as well) allows for a direct visualization of
the quantum state, facilitating insight into its geometrical structure in the phase
space. It’s negativity also serves as an indicator of nonclassical behavior (IKenfack
and yczkowski (2004)).

While these distributions provide a powerful theoretical framework, researchers
quickly realized that much alike the quantum state, the quasiprobability

distributions cannot be measured directly in a single experimental shot (Leonhardt
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and Paul (1995)). Instead, their experimental determination relies on the statistical
reconstruction of the quantum state from a series of measurements, a process

known as quantum tomography.

4.3 Quantum State Tomography

Quantum state tomography (QST) is the process of reconstructing the quantum
state of a system through a set of measurements applied on an ensemble of identical
quantum states. One expects that this ensemble is tomographically complete,
meaning that the measured operators must form a basis on the Hilbert space of
the system, allowing us to retrieve all the information about the state (Lvovsky
and Raymer (2009a)). QST is a very useful tool in quantum information, as it
allows us to not only characterize quantum states, but by virtue verifies state
preparation, examines state properties such as correlations, and helps us calibrate
experimental systems. However, the data obtained from these measurements
do not yield the state directly (predictably), but rather indirectly through data
analysis; a process we usually call reconstruction (See Fig. 4.3.1). Huge efforts
are currently being devoted to research algorithms that will make this process
easier (Zuo et al. (2022)).

Experimental measurements of the Wigner function (WF) in cavity QED systems
were first proposed by Lutterbach and Davidovich (1997) and then succesfully
realized (Nogues et al. (2000); Bertet et al. (2002)), standing as a testament to
the sophisticated control achieved in these pioneering experiments. However, it
becomes easy to see how many complexity layers are added in for CQED systems to
be realized. Not only are these realizations resource intensive and high complexity
tasks in the experiment, but algorithmic reconstruction methods, such as the
inverse Radon transform, or maximum likelihood algorithms, scale fast with the
size of the Hilbert space, making them impractical if not impossible for larger
systems (Suess et al. (2017); Mele et al. (2025)).

A less common tomography technique arises from exploiting beam splitter
interactions which allowed for the direct measurement of quasi-probability
functions via photon counting (Banaszek et al. (1999); Wallentowitz and Vogel
(1996)); something that had been experimentally out of reach until very recently

(Laiho et al. (2009) Nehra et al. (2019)). In that direction, we propose a novel
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wmo,p)

Figure 4.3.1: Measurement of the Wigner function via optical tomography.
The yellow plane at an angle 6 represents the phase of the local oscillator; the
projection of the Wigner function on this plane shows the measured field quadrature
probability density pr(Qs,6). In order to reconstruct the full Wigner function,
it would require a sufficiently dense set of local oscillator phases. Figure from
Lvovsky and Raymer (2009a)

method based on the QMs to perform quantum state tomography in a manner
adjacent to the former proposal. In the following sections, we will derive how
the interactions with the QM will allow for the natural developing of the parity
operator, which can be engineered to form the quasiprobability functions we seek

in different contexts.

4.4 Quantum Beam Splitter Formalism

The present section presents a step-by-step logical progression, starting from the
derivation of a symmetric beam-splitter-like device, through the measurement
protocol for the WF, and concluding with a discussion on the experimental

feasibility of this protocol.

4.4.1 General Description

A beam splitter is a device that allows for passive transmission and reflection
of light. Light entering through any port might change its path or not with a
certain probability characterized by the complex coefficients of reflection r and

transmission ¢. Without defining any particular characteristic of this device, a
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loss-less beam splitter can be described through a unitary operator

A to T
l%s=<0 0>7 (4.4.1)
ri b

where we can write the input and output modes following the relation
b t
V=" ) (™), (4.4.2)
b1 T tl ay

bo = todo—i-T’gCLh (443)

or equivalently

bl = 7riag + tia;q. (444)
The input a; and output b, bosonic modes obey the conmutation relations

[mﬂq:@ﬁ (4.4.5)

J
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respectively. Applying the commutation relations to the output modes, we obtain

Itol® + |ro|> =1 (4.4.7)

]2+ P =1 (4.4.8)

to?”* + ’f‘ot* =0. 4.4.9
1 1

From Eq. (4.4.9) we can obtain the phase dependence of the coefficients. Through
a polar decomposition, one can write t; = |t;|e**t and r; = |r;|e’*", allowing us to
obtain

[tole™@to |ri|e™"r + |rolero [ty |e™*1 = 0. (4.4.10)

This equation must be satisfied in both the real and imaginary parts, which leads
to the conditions
[tol[r1] = |rollt:] (4.4.11)

and
eHbtg=ry) — oi(¢ro—dty) (4.4.12)
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Equation (4.4.12) can be satisfied if ¢y, — ¢, = ¢p, — @1, = 7. From the modulus
condition we obtain the relation between the transmittance and reflectance

coefficients. Starting from

[to||r1] = [rol[t:] (4.4.13)

[tol*[r1]? = [rol*|ta|? (4.4.14)

[to]*(1 = [t1]*) = (1 = [to])|ta (4.4.15)
ltol” = [tol*[t1]* = [t1]* — [to]*|t1]? (4.4.16)
[t = |t ? (4.4.17)

ltol = [ta]| =1 (4.4.18)

rol = || =, (4.4.19)

thus, we can parameterize the equations by setting 0 = arctan(r/t) with 6 €
[0,7/2] as the angle that defines the transmittance and reflectance of the

beam splitter. Then if |r|* + |t|> = 1
t =cos(f), r=sin(6). (4.4.20)

Finally, we can rewrite the original matrix as the components we have found,

cos(f)ei®o  sin(f)ero
Ups = , ] (4.4.21)
—sin(f)e"n cos(f)e

Factoring out the phases and renaming them: ¢g = (¢4, +1,)/2, o1 = (iy — b1, ) /2
and ¢, = (¢, — ¢, F 7)/2 the final expression for the beam splitter matrix is

U ido cos(f)et sin()er (4.4.22)
=e , - A.
. —sin(f)e~  cos(f)e "

Note that the determinant of Upgg is
|Upsg| = e, (4.4.23)

Therefore, whether Ugg is in SU(2) or U(2) depends on the value of 2¢, or,
equivalently, ¢y, + ¢, .
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4.4.2 Symmetric Case

In the particular case of a symmetric beam splitter, both the transmittance and

the reflectance coefficients are equal to each other.

M= (t Z) , (4.4.24)

Again, if t = |t|e®t and r = |r|e’®", using Eq. (4.4.9) one may arrive to the

equation
v = (=) =) = [ I = ) = = L (44.29)

This leads to the relation commonly written as t — 1 = r, however, this is an
idealized version of the equation that ignores the global phase. The more

general expression is as follows

t=r+e?. (4.4.26)

The phase relation can be obtained from Eq. (4.4.9); solving for the phase
components
by — ¢y = £7/2. (4.4.27)

Thus, we can parameterize the equations with ¢ = €' + |r|e?r. Starting from

Eq. 4.4.7, one arrives to
[7|(cos(¢ — &) +[r) =0,
and the solutions for this equation are simply
Ir] =0 and |r|=—cos(¢—¢,), (4.4.28)

where (¢, — @) € [7/2,37/2] in order for |r| to be positive. Using the non-trivial

solution, one obtains the expression for ¢

t = —ie'® sin (¢, — ¢). (4.4.29)
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Replacing the coefficients on the original matrix, this leads to

o (—ieid’* sin (¢, — @) —€ cos(¢ — ¢r) ) (4.4.30)

—e'r cos(p — ¢,)  —ie? sin (¢, — @)

In a general case, where this matrix is not necessarily symmetric, 6 defines the
transmittance and reflectance of the beam splitter; meanwhile in the symmetric
case, the angle that defines these coefficients is given by (¢, — ¢), within a

restriction given by our solutions that can be rewritten as

br— =0+ g 6 € [0,7/2]. (4.4.31)
We rewrite this equation in terms of 6 and the unknown phase ¢, giving us the

final expression for the symmetric beam splitter matrix

M — ¢i6H0) (Z_C;i(é)) ij:ég?) | (4.4.32)

One might also directly use Eq. 4.4.22, from the general description, set ¢g = ¢+06,
¢ = 0 and ¢, = 7/2, and recover this same expression, confirming that this is

indeed a particular case of the general beam splitter matrix.

4.5 Angular Momentum Analog

An additional understanding of the beam splitter operation can be obtained
through an analogy with angular momentum manifested through the Schwinger
representation Campos et al. (1989). Using the previous definitions, of a¢ and a,
the two input modes of the beam splitter, and 130, b, as the two output modes, we
can switch the focus from the number of photons to the angular momentum L.
We then define the angular momentum operators (Makarov (2022), Yurke et al.
(1986)):

A 1 /.4 o A 1 /.4, o A 1 /.4, o
Ly = 3 ( gal + aiao) , Lo = % (agal — aia()) , L3= 3 <a$a0 — a];cn) :
(4.5.1)
One can verify these operators satisfy the angular momentum commutation

relations. The square of the angular momentum is related to the boson number
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operators
3
[P=)"L}=I(+1), Ls=rm, (4.5.2)
=1
~ 1, . R 1,. .
l = 5(”0"‘711), m = E(no_nl)v (453)

where ng, n1 are operators of the number of photons in modes 0 and 1 respectively.
Eqgs. 4.5.1-4.5.3 apply analogously for the output modes 130, by. The transformation

between the input and output modes can be expressed through an operator B
L, =B(®,0,79)L;B'(0,2,¥), j=0,1. (4.5.4)

f/; are the output angular momentum operators, while f/j are the input angular
momentum operators. This is a standard representation of the rotation SO(3);
applicable provided that this same rotation can be used on the bosonic operators

ap, a1 and Z;O, by. The general form for this matrix is given by
B(®,0,T) = ¢ ®Lsg=i0Log—i¥Ls (4.5.5)

The parameters (®, ©, ¥) are comparable to the classical Euler angles. In this
representation, we identify the angles ® and ¥ as the relative phases between
the modes, while © is related to the transmittance and reflectance of the beam
splitter. Through the representation of SU(2), Eq. 4.5.5 can be rewritten as an

operation of matrices

B:(emz U )(COS(G/Q) Sin(@/Q)) (6@/2 0 ) (4.5.6)
0 e~ i¥/2 —Siﬂ(@/?) COS(@/Q) 0 o—i®/2

equivalently,

(4.5.7)

- cos(0/2)ei®+V)/2 sin(©/2)ei(®-¥)/2
—sin(0/2)e @N/2 ¢o5(0/2)e {2+ V)/2 |

It is possible to identify the similarities of the beam splitter matrix Ugg from Eq.
4.4.22 and the rotation matrix B. One might for example, restrict the solutions for

a ¢o = 0. Ignoring this global phase restricts the transformation to the unimodular
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subgroup SU(2); and allows us to obtain the relations
=20, P+V=2¢,, -V =20,. (4.5.8)

We note that in our particular case we will not be able to ignore the global phase,
as we have seen in Section 4.4.1. In what follows, we will connect the two former

sections and find an expression for both the Schréodinger and Heisenberg pictures.

4.5.1 Symmetric Case

To recover the expression derived in Eq. 4.4.32, we make use of the past section,

and easily recognize how the external phases appear as global operators:

Bsym _ 6—i(9+¢)ﬁ€i§ﬁ36—i20ﬁ26—i§ﬁ3 _ 6—i{(9+¢)ﬁ+2i0ﬁ1} _ 6—i(9+¢)ﬁUM‘ (4_5‘9>
n= dgdo + &J{dl is the total photon number operator. Through the BCH formula,
the phases are left operating on the outside, confirming the global component. All
that is left is to apply the BCH on the U operator (which is what we have named
the symmetric beam splitter operator, a less general version of U Bs), solve the

matrix multiplications inside the equation, and we will obtain the final expression

for the symmetric beam splitter that we derived before, confirming the consistency

. . 0 ising\ [a
aj isinf cosf ay

4.5.1.1 Two particular cases

of both approaches

We notice that for the particular case of # = 0, the beam splitter will behave as a
phase shifter, since all the incoming light will be transmitted. For two incident
arbitrary fields (see for example Fig. 4.6.1), we observe that no photon number

parity operators will appear after the interaction.
01?4:0 [©)o 19), = om0 [©)o e o ), - (4.5.11)

Meanwhile, for the case of a 50/50 beam splitter, where § = 7/2, the relations
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between the input and output modes will be

Fri=n —igho P —igh P
Un ™ ) )y = e Py [y €™M Py |0), (4.5.12)

These two expressions hint at the connection between being able to control the
transmittance and reflectance of the beam splitter, and the appearance of parity
operators (P, = ™ for k = 0,1) in the output modes. This is a key feature of

the Quantum Mirror, which we will explore in the next section.

4.6 Quantum Mirror

With the relationship between the quantum mirror and the angular momentum
understood, we can now introduce the actual mechanism that we will use as the
tomography technology. The overall action on an arbitrary electromagnetic input
state depends on the internal state of the Quantum Mirror (QM), due to its
controllable nature. If the QM is in the ground state |g), the input states will
not change and will transmit as if there were no medium. If the QM is in the
excited state |e), the input states will be reflected and acquire a phase following
Eq. 4.5.12. This is best described through a unitary operator that transforms the

input modes into output modes, given by:

Uon = 7, @19 ® 1, + 71, ® Uy, (4.6.1)

where 71, = |g)(g| and 7. = |e)(e| correspond to the projectors of the state of the
atomic system or mirror. 1y and 1; are the identity operators acting on the input
modes 0 and 1 respectively, while Uy is the operator that describes the action of

the QM on the input modes when the mirror is in the excited state |e).

4.6.1 Transformations between QM’s

Eq. 4.5.12 suggests the possibility of being able to manipulate where the parity
operators act, something which can be achieved through the control of the external
phases. Controlling the relative phases introduced in the system is crucial, since
different phase configurations lead to distinct interference outcomes that can be

exploited to engineer specific quantum operations, such as controlled-SWAP gates
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w>0 ‘99> 1 \/¢9>o p‘l¢}> 1/

Figure 4.6.1: Schematic representation of a Quantum Mirror (QM). The QM can
be in two states: ground state |g) or excited state |e). a) When in the ground state,
the input modes |¢), and |¢), pass through unchanged to the output modes [¢),,
and |¢),,. b) When in the excited state, the input modes are reflected, swapping
their paths and acquiring a phase factor dependent on the photon number in
mode 1.

or to reveal symmetry-breaking effects.

We can see from Eq. 4.5.12 and Eq. 4.6.1 that the phase imparted by the beam
splitter is no longer global but instead becomes a relative phase between the
control subspaces ({|e),|g)}). This intrinsically symmetric phase response can be
manipulated further to be asymmetric by introducing external path-dependent
phase shifts {(, 01,02, 3}, implemented as e'(¥om0+@171) hefore the QM and
e~ip2iotesin) after it (Fig. 4.6.2). Reordering the terms, the resulting system

operator can be written as

A

__—i(paiotesin) T i(poRo+er1h
Ug=e (p2no+es 1)UQM€(<P0 otp1 1)7

, o N ‘ . . (46.2)

— ﬁ—g ® el(WinfSoout)n/zel(A*A )LB + ﬁ-e ® el(@in*@out)n/2eflA L3 UM eZALg,’
where we have introduced the phase sums and differences y;, = @0 + 1, Pour =
Yo + w3, A =y — ¢ and A = Y2 — 3. Factoring out common terms, we can

rewrite the expression as
Ug = 1 ® ei(#in—poun)/2 (A=A Ls (ﬁ'g ®1®1+ 7 ®e 21y, emS) . (4.6.3)

Without loss of generality, we set g = ¢ and ¢; = (3, since the factorized
term corresponds to a global operation on the field modes and has no physical

consequence when only the atomic subsystem is measured. Then the simplified
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©0 ©3 NP
)0 o)1

Figure 4.6.2: Schematic representation of a Quantum Mirror (QM). The induced
phase shift is controllable and described by ¢; with ¢ = 0,1, 2, 3. The operation
of the QM depends on the state of the atomic system, as discussed in the main
text. When the atomic system is in the excited state |e), the QM swaps the input
modes while simultaneously applying a parity operation to each mode. These
parity transformations are governed by the induced phase shifts ;.

unitary system operator is given by
Us=#,01®1+4 e A, el (4.6.4)

Finally, the action of Us on two incoming field modes prepared in arbitrary states

|1} and |p) and on the atomic state is given by

Uslg) 19) |#) = lg) [9) |¢) (465)

Us le) [v) o) = |e)e ™ @TH™ By o) @ e O™ Py |y .
This effectively breaks the symmetry of the parity operators acting on the input
states, allowing us to choose which mode will receive the parity operation based
on the phase difference A and the relative global phase ¢. We note, that the
before called global phase can no longer be factorized, which selects a preferred

path dependent on the photon number.

4.6.2 QM for State Tomography

Before proceeding, we fix the phase parameters that will be assumed throughout

the remainder of this section and the following analysis. In particular, we consider
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the symmetric operating point of the QM, setting the internal phase to ¢ = 7/2
and the external phase difference to A = 7/2. As shown in Eq. 4.6.5, this choice
leads to a controlled and asymmetric action of the parity operator on the input
modes. These parameter values will be implicitly assumed in what follows, as they
are precisely the conditions under which the QM implements the measurements

required for quantum state tomography.

The action of the mirror operator over input states, given by our previous
assumptions and for the following of this work will be described by Ug(gzb, A) —
Ug(m)2,7/2) = UL:

Us 19)0 19)0 19)1 = l9)a 1) 19)1 (4.6.6)
Us le), [¥)o |0), = l€), 18y Pr 1), - (4.6.7)

Furthermore, this evolution operator for the QM can also be written as U 5 =

e¥%e®L2 (Gee Appendix A.2.1 for further discussion and derivation).

4.6.2.1 One Interaction

We now introduce a method to quantify the information of an unknown state p.
We first displace p by an adjustable amount a (7 = D(a)pD'(a)), and inject it
into a QM prepared in a superposition (|+) = |g) + |e€)). On the other input, we
inject a pure coherent state |¢) (See Fig. 4.6.1). The initial state is represented
by the following density matrix:

P =) (+| ® 0 ® |9) (9]

. R . (4.6.8)
_ (m +7rge—2k7reg+7re> ® (Zpl. ) <¢g|> ® | @) (@]

The resulting state after the interaction is given by the operation Us pU g = ﬁg{/l

will be then

1 o - :
A9 = 7 (Taposs + Taesys Uk + Usiegpans + UseepensUL) - (4.6.9)

We measure the system in a convenient basis of the superposition of excited and

ground atomic states, |£1) = |g) &€ |e). This means we will trace out the system
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as Tr(psys |€+) (€x]), which leads to a probability that depends on the parameter
0. This equation has the foundational shape of the quasiprobability distributions
mentioned early in this chapter. Physically, it would correspond to the projection
of the information of the quantum state of light onto the Bloch sphere of the

ancilla atom.

(1 + Rele™ (¢ e™ Dt (a)pD () |¢>]) (4.6.10)

DO | —

p+(9) =

Here, ﬁ(a) is the displacement operator that shifts the unknown state p in phase
space by an amount «. This variable then, can be controlled as to scan the phase
space. The operator €™ is the photon number parity operator P.§ picks the
angle of projection on the Bloch sphere of the atom. This is a phase that can be
adjusted independently, allowing us to select different quadratures of the field. By
varying d, we can extract different components of the quasiprobability distribution,

something we will derive in the next section.

4.6.2.2 Controlled Phase Interaction

Before further discussion on the utility of the QM for tomography, we will further
prove the validity of the previous result by generalizing it to the case where we

have external phases in the system.

Quitting the assumption that the system is naturally acting with a photon number
parity operator on only one side of the QM (that is, the variables ¢ and A that
we had fixed are no longer a set value), we can generalize the previous result to

any global phase or even external phases induced in the system.

Starting from the definition of the QM operator given by Eq. 4.5.12, we will now
add controllable phases before and after the interaction, namely g, @, for the
input modes and ¢, , 3 for the output modes (See Fig. 4.6.2). We assume these
phases can be controlled independently, allowing us to manipulate the interference
effects in the system. Analogous to the previous section, we can now write the

resulting state after the interaction, without making any assumptions about the
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phases in the system as

Uom ﬁUgM =T ® Uwoﬂoz/s/ULo—cpz ® Umﬂps |(P> <(P’ U;1—tp3+

Tge ® Upoga > P (D1 UL s ® Upy—a |0} (W ULt

(4.6.11)
Teg & Zp; Urtor—pa—o %) <¢;| U;0*4p2 ® Urtpo—ps—o W)D (¢l U;1*§03+

i St
Tee @ Untpr—pr—g o) (¢l Uw+<p1—<p2—¢> ® Uﬂ+¢0_¢3_¢plUﬂ+@0,¢3,¢

And calculating the trace analogously to the previous section (See Appendix A.2.2
for the details), we find the probability of measuring the atom in the state |£4)

after the interaction to be

p+(9) = 5 (12 Re | (o] 0= D) pD! (a)e ==+ o) | )

(4.6.12)

DO | —

This then recovers the effect seen in Eq. 4.6.5, where one manages to "choose" in

which mode the parity operator will act.

4.7 Quasiprobability Function Measurements

4.7.0.1 P distribution

To be able to measure the P distribution matrix element from a measurement
in the atomic state, one can consider introducing a pure coherent state as a LO

|p) = |77) and set the displacement coefficient o = 0, Using Eq. 4.6.10:

pa() = 5 (12 Rele™ (1] ¢ DY (0)pD(0) 1))

Considering p,, the parity operator will act on the coherent state as follows,

p+(8) = 5 (14 Rele™ (—1 p|7)]) (4.7.1)

DN | —

For § € {0,7/2}, the value of the matrix element can be obtained

2p+(6) = 1= (=lpln) - (4.7.2)
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4.7.0.2 Husimi distribution

For the Husimi representation, the LO is now a vacuum state |p) = |0), the

displacement o = 7,

(1 + Rele™ (0] ¢ D1 (7)pD(7) |0>])

N | —

p+(6) =

4.7.0.3 Wigner distribution

The LO is now a state |¢) = |—x/2), the displacement o = ¢ with ¢, x € R

p(9) = 5 (1% Rele ™ (/2| 7 DY (q)pD(a) | -2/2)])

p+(6) = = (1 £ Re[e ™ (g + /2| plg — x/2)])

N | —

4.7.0.4 Direct measurement of Wigner function through Two QM

a) |, b)  ruy

N
Y
A

V)L

Figure 4.7.1: Schematic representation of a double-interaction with a Quantum
Mirror (QM).

In the case where we have two interactions with a QM (can be the same or a
second QM in the path), we could engineer the direct measurement of the Wigner
function of an unknown displaced state p' with a vacuum state |p) = |0). The

first interaction can be written immediately from Section 4.6.2.1.

. 1 . )
pzsys = Z—L(ﬂ'gg ® ,0’ & |0> <0| + Tge ® Zpi |¢;> <0| ® |0> <¢;| PT-}-
- i . (4.7.3)
Teg ® > ;i |0) (] @ P [¢f) (0] + mee @ |0) (0] @ P/ PY),
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and the second interaction with the QM will be as follows:

ii 1 A > >
Pl = (oo @ 7@ [0) 0]+ me ® 3 i) (wil T 10) (0] P1

+ e ® D piP [0} (Wi @ P10) (0] + mee ® PP PT @ P|0) (0] PP,

1 X (4.7.4)
= 1 (Mg © /' ®10) (0] + mpe ® > i lvi) (i PT e 0) (0]
+ e © ) piP[15) (W] @ 10) (0] + e ® PR'PT @ 10) (0]),
The trace over this system will give us:
ii 1 Loty o b s p
Tr{pg,s |£) (£} = 3 1+ 3¢ Tr[p' P £ 3¢ Tr[P/] (4.7.5)

In order to recover the Wigner function kernel, we recognize the last two terms

can be written as 2Re(e~Tr[Pp']), and once we set § = 0, we obtain

pe = 5 (11 (176)

Which is directly related to the Wigner function by writing 5/ = D(a)pD!(a):

2

™

Wia) = = (pe(a) = p-(a) (4.7.7)

4.7.0.5 Direct measurement of Wigner function through Two QM,

with controlled phases

Following the procedure from Section 4.6.2.2, we now demonstrate that the
external phase difference A implies no net effect on the measurement of the
WF, validating the assumption made in the previous section. We begin by
considering the experimental configuration of Fig. 4.7.1 and 4.6.2, and assume a
stable retroreflection geometry in which path-induced (external) phase shifts are

constant and determined by the fixed spatial configuration of the interferometer.

We use the same unknown displaced state p/ with a vacuum state |p) = |0). The

interaction is as follows U@M(UQA)Mﬁ’UC@L)U&L:
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A(dd) _ ATt T
ngg = Tgg @ Uy —ps Ucpo—gozplUsoo—m Uiy -5
® Uapofsoz U<,01*<,03 ’90> <90’ U:L1—<P3USZ0—€02+

7t fogt
Tge @ Upr—03 U020 Up(r_gy)Ugo— s Ui~

® Uwrwz Um*ws |‘P> <‘P’ U2T(7r—¢)U<I>1—<p2 ULO_%—i—
Teg @ U<P1—902 Utpo—% UQ(W—@[)/UT UT

Po—P2 7 P1—¥3

® Upy—p3 Upy — o Ua(r—g5) o) (ol U; Ul +

1=¥P3 7 Po—p2

Tee & U901*<p2 USDO*% U2(7T*¢>)ﬁ,U2T( U} U}

T—¢) T PO—P3 T P1—P2

(4.7.8)

® U@o—eos USDI_(PZ UQ(W—@ |90> <90| U2]L(7r—¢)U<l1—902 U;o—tp:s

One can quickly recover Eq. 4.7.4 once the external phases are turned to 0.
To apply the trace on this system and effectively measure in the |£,) basis,
much alike our past derivations; one can easily prove that the diagonal elements
after operating |&,) (£4| ', will be but the unity. This is true in the atomic
base, the first mode and the second one. The only traces that will be non-unity
correspond to the terms that go with e*®. Setting the phases once again to
A = gy — 1 = g — w3 and putting all the terms together we will find the final

expression for the measurement,

P+ = %(1 £ eOTr [Boo] Tr [Bro] % e T [Bor] Tr [Bun]), (4.7.9)

where we have defined the following operators:

Boo = UL 4 AU 4 a
Bro = ) (el ULy aUL_4_a (4.7.10)
Bor = Ur—psaUr—g-np/

Bi1 = Ur_psaUz_p—n @) (| .

Substituting the definitions of defined 3;; into Eq. 4.7.9, we observe that the
external phase factors A cancel out. Furthermore, by enforcing the vacuum state
condition expressed in the beginning (|¢) = [0)), the expression simplifies to

(0] (A]z(w_qb) |0), which has unitary trace.
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1 ' 5 —i R
P+ = 5(1 + eléTr |:p/U2T(7T7¢)i| +e JT’I” [Uz(wqu)pl]), (4711>

We can see that if ¢ = 7/2, then UQ(W_@ = p, becoming thus, the parity operator
we defined before. Ultimately, we recover the result explicitly derived in Eq.
4.7.5. This confirms that the external path phases cancel out, demonstrating
that the Wigner function reconstruction is independent of the path induced phase

differences, and without the need of a copy of the unknown quantum state p’.

4.8 Experimental Considerations

In order to explore the experimental feasibility of implementing a QM for
tomography, we require a physical system capable of dynamically controlling
its reflection coefficient while simultaneously sustaining a quantum superposition
state. These particular requirements have been recently demonstrated on the work
by Srakaew et al. (2023), where they experimentally realized a tunable atomic
mirror using an atomic lattice and Rydberg interactions. The coherent reflection
from the atomic lattice arises from a collective resonance of the atomic array
(Bekenstein et al. (2020), Shahmoon et al. (2017)), which can be switched on and
off by manipulating the state of the control/ancilla atom. Different approaches
might also be considered to realize a QM, and we refer the reader to the works
realized by He and Zhu (2023), Hétet et al. (2011a), and Chang et al. (2007).

4.8.1 About the t and r coefficients

We previously introduced the general ansatz relating the transmission and reflection
coefficients as
t=r+4e?. (4.8.1)

This relation is a valid starting point to analyze the behavior of the QM in a
general sense. However, for our specific application, the phase ¢ depends on the
internal state of the QM, which can be in either the ground state |g) or the excited
state |e). Therefore, while we can initially consider the relation quantum mirror

(without assuming anything yet about any coefficients),

te = i, + €%, (4.8.2)
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with & = e, g. Considering the physical constrains of the system, we can interpret
these coefficients through the lens of the dominant process in each state of the
mirror. In the ground state |g), the system is designed to be highly transmissive,
which implies ¢, > r,. The treatment is analogous for the excited state |e),
where the system is predominantly reflective, leading to r. > t.. This leads us to

consider the following approximations:

ty =% (for |g))

. (4.8.3)
re = —e'% (for |e)).

The action of these coefficients in each subspace leads to the following

transformations of the field operators:

(G0, 1) 2 (Goei®s, dyei%9), (4.8.4)
(do, &1) &> (—&16i¢6, —dgeid)e), (485)

Finally, the action of UCIQ u on two incoming field modes prepared in arbitrary

states |¢) and |¢) and on the atomic state is given by

Ut 19) 19) [9) = 19) UD [9) [0) = |g) €070 b} 7% |0

v (4.8.6)
= (1® e ™) |g) [1) |i0)
Ups l€) [0) [0) = le) U7 [10) |ip) = |e) e ™0TL | o) =™ 11 [1)) (4.8.7)

=(1® e—wgﬁ) le) e~ U(de—dg)R0 [T %) e~ U(de—dg)M [T )

From these two expressions, we observe that the phase ¢, appears only as a global
phase factor and is therefore physically irrelevant. Consequently, the physically
relevant phase shift appearing in Eq. 4.5.12 can be identified as the phase difference

between the two internal states of the QM,

¢ = gbe - gbg- (488)

4.8.2 Rydberg mediated Metasurface

To provide concrete values for the phase ¢ we need in order to be able to implement

the QM for the tomography protocol, we turn to one of the possible realizations
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of the switchable metasurface, the Rydberg mediated metasurface (Srakacw et al.
(2023); Bekenstein et al. (2020)). This system consists of a uniform 2D lattice
(with a variable lattice constant, ajuuice = 532nm for the experimental setup),
presenting collective effects leading to mirror-like behavior. This optical response

is mediated by a Rydberg control atom in the middle (See Figure 4.8.1).

As mentioned in (Srakaew et al. (2023); Srakaew (2024)), through the use of a
probe laser A, = 780nm and a control wavelength A\, = 480nm, the system is
induced into an EIT (transparent) state. A UV laser Ayy = 297nm 7-pulse is
applied, coupling the central ancilla atom into a rydberg state which "turns off’
the EIT previously induced. The system reverts to a two-level optical response,
rendering the lattice highly reflective. In that sense, we map the two states of the
QM: we associate the EIT (transparent) system to the ground QM state, while
the coupled Rydberg control (reflective) would be the ezcited QM state.

a) b,

[4) ) — 44p

IS) JUN( 13—/2 Py
.OC

le) Qyy
Qp

l9)

g —— g»

Array Ancilla

Figure 4.8.1: a) Schematic representation of a Quantum Mirror (QM) in a
Rydberg mediated metasurface. b) Energy level diagram of the atomic lattice and
ancilla atom used to control the reflectivity of the metasurface. The probe and
control lasers create an EIT condition in the lattice atoms, while the UV laser
couples the ancilla atom to a Rydberg state, disrupting the EIT and switching
the metasurface to a reflective state. Adapted from Srakacw et al. (2023).

In order to calculate the phase difference ¢ between both states of the QM, we need
to calculate the reflection coefficient 7, and the transmission coefficient ¢4, just as
discussed. These coefficients can be derived from the electric susceptibilities of the
medium, which will differ depending on wether we are in the EIT regime (ground
state) or the two-level regime (excited state). Following the model presented in
Srakaew (2024), we can express the susceptibilities for both the EIT and two-level
(TA) regimes.
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The susceptibility of the EIT system (only probe and control laser on) can be
written as follows,

EIT il
— 4.8.9
X XOT, =28, + 2T, yq — 2iA5) 1 (4.89)
where I'., 4 are the natural decay rates, xo = Sna)\?)/ (2mk,) the value that

contains the optical cross-section, oy and the number density n,, bridging then
the macroscopic reaction of the single atom susceptibility onto the medium. &,
corresponds to the wave vector of the probe light (where the transparency occurs),
0p = Wp — Wey, and 0. = W, — wse and Ay = 9§, — 0, the two-photon detuning. When
the EIT breaks down (the Rydberg state is induced in the control atom), the

system can be seen again as a two-level system:

TA il

= yg—————— 4.8.10
X XOFe _ 2’L’(5p’ ( )
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Figure 4.8.2: Real and imaginary parts of the electric susceptibility for the

two-level (left) and EIT (right) regimes. The susceptibilities are calculated using

the following parameters: I'. = 27 x 6 MHz, I',,4 = 27 x 10 kHz, Q, = 27 x 13.4

MHz, ajqitice = 532nm. The detunings J,, and . are swept from -30 to 30 MHz.

Due to normalization, these figures are set to be a reference and do not represent
the actual experimental data from Srakaew (2024).

By modeling these susceptibilities explicitly (Figure 4.8.2), we can derive the
exact complex transmission and reflection coefficients (¢ and r) for each state

({le),|g)}), which we perform in the following section.
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4.8.2.1 Phase from interaction

In attempting to calculate the ¢ phase difference, we turn to the Fresnel equations
for reflection and transmission at an interface. These equations describe the
optical response of a bulk medium, through its index of refraction n = /1 + x and
polarizability P = ¢qyE. With only these two definitions we can calculate the

Fresnel reflection coefficient by
Eout

Ei,’

(4.8.11)

T =

then E,,; = ¢“|r|E;,. However, this approach is not enough to describe the
behaviour of a medium with a particular geometry, such as a metasurface. In
order to do that, we must consider boundary conditions that take into account
the discontinuities in the fields at the interface. A reasonable approach for these
boundary equations was defined in Achouri et al. (2015), where the authors
derive a particular case of interest for an infinitesimal sheet discontinuity in free
space, employing a method known as Generalized Sheet Transition Conditions
(GSTCs). By applying the boundary conditions, we can derive expressions for
the transmission and reflection coefficients that account for the specific properties
of the metasurface. The equations derived for the transmission and reflection
coefficients of this context are as follows
4+ XEEX K
(2 4 ikx&2) (2 + thximm)
2ik (X — Xee )
(2 4 ikx&2) (2 + ik Xmim)

T

(4.8.12)

Ty =

Here, x%7 and x¥¥  are the electric and magnetic tensor susceptibilities of the
metasurface, respectively, k is the wave vector of the incident light. For a material
like rubidium, we can consider Y., =~ 0, due to the fact that the interactions
in the optical regime are dominated by the electric dipole moment. We further
simplify the problem assuming the probe polarization will align with the principal
axis of the interaction, such that the rubidium metasurface will react isotropically
to the incident light, (thus allowing us to treat the electric susceptibility as a
scalar quantity). The electrical susceptibilities will be given by the Eqs. 4.8.9 and
4.8.10. Substituting these relations into the expressions for the transmission and
reflection coefficients, and accounting for the sign convention used in electrical

engineering notation (where j = —i), we obtain the following state-dependent
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coeflicients:
‘ 2
|g>at0m : t = W
o i
e = —
atom 2 + ikXTA

(4.8.13)

These expressions provide the missing connection between the atomic control
parameters and the unknown phase shift that the light acquires upon interaction
with the Quantum Mirror. By calculating the argument of Eq. 4.8.13, we can
map the phase response across the experimentally feasible parameter space
defined by the detunings 6, and J. (Figure 4.8.3).

140 /2
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Figure 4.8.3: a) Calculated phase plot sweeping detunings J, and ., which
change the susceptibility response in both states. The white dotted line shows the
cut that we have selected for the two figures on the right. b) Transmissivity and
reflectivity coefficients T' = |t|? and |R|?, for the parameters in the while line of
(a). ¢) Calculated phase, by definition ¢ = arg(¢/r), while considering the phase
shift from the reflection ¢,z = 7.

However, this approach is not enough to describe the full interaction of the light
with the metasurface, as we noticed that tuning the lattice constant a;u.. can lead
to significant and undesired losses of the reflection coefficient (see Figure 4.8.3),
which makes the assumptions we previously made for the coefficients ¢ and r no
longer valid. This is a consequence of the fact that the interaction of light with a

metasurface is not only determined by the bulk properties of the material, but
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also by the specific geometry of the system with its boundary conditions and the
cooperativity that arises from the collective behavior of the atoms set in that

specific geometry (Bekenstein et al. (2020); Ballantine and Ruostekoski (2021)).

4.8.2.2 Cooperative Effects

When considering metamaterials (materials engineered to show responses that are
not found naturally in their constituents), the composing elements typically show a
separation smaller than the operating or resonant wavelength (a < \). Specifically
for the context of atomic lattices, Shahmoon et al. (2017) demonstrated that high
reflection coefficients originate from the cooperative resonances of the dipolar
array and its collective surface-wave excitations.

To accurately capture the resonance shifts induced by cooperative effects, one
must consider the collective response of the atomic lattice. Through a collective
polarizability description that accounts for inter-atomic interactions, we observe
how the collective polarizability leads to shifts in the resonance frequencies and
in the linewidths of the optical response, which in turn affect the reflection
and transmission coefficients, a key component that was missing from the first

approach.

While there are numerous methods to model these cooperative shifts across a
metasurface, our primary interest lies in controlling electromagnetically induced
transparency (EIT) through Rydberg blockades (Petrosyan et al. (2011)), including
further considerations such as noise or disorder in the system (Ruostekoski (2023);
Ballantine et al. (2022); Robicheaux (2025)). This theoretical progression leads us
to the framework established by Lukin and Yelin, where one can prove that the
effective polarizability tensor can be written as follows (considering an arbitrary
polarization, which will later be simplified and treated as a scalar, just as we did
in the previous section),
3% /2

G- | _ _ (4.8.14)
AT 5 — A(ky) +i(y + var + T(Ky)) /2

Here, v, stands for non-radiative loss rate, and Z(k”), I'(ky) are the cooperative
resonance and width tensors, respectively given by a dyadic Green’s function

further discussed in (Shahmoon et al. (2017)). Under the assumption that there
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is no phase acquired when light goes through in the transmissive state,
E = [e* + reik‘zq E,, (4.8.15)

one can find the scalar solution for the reflection coefficient r

)\>2 a.(6) i(y+T)/2

r(0) = im (Z N3 _6—A+z'(fy+’ym+f‘)/2’

(4.8.16)

where the past detuning and decays have been switched from tensors to scalar
values, without losing the cooperative component. The cooperative widths have
been experimentally measured (Rui et al. (2020)) and calculated; it has been
shown that indeed the cooperative linewidth is smaller than that of an isolated

atom.

However, throughout these works, there was no specific treatment of the relative
phase ¢, that has been extensively discussed in the present work. With the
added assumption that there is no phase acquired when light goes through in the
transmissive state; this assumption breaks down once we move away from the
perfect EIT condition (Ay = 0).

This is further proved by the fact that even when increasing the lattice constant
Qyattice; Which should lead to a decrease in the interaction between the atoms and
thus a decrease in the cooperative effects, we still observe significant reflections,
which can be attributed to the cooperative resonances at the surface of the lattice
(Javanainen and Rajapakse (2019)) making it a strong candidate for quantum
mirror applications or other quantum technologies that require of stable scaling
(Moreno-Cardoner et al. (2021)).

While the past works have completely ignored the relative phase ¢ that originates
from the interaction with the metasurface, it has been shown that it does indeed
exist and is easily manipulated, specially in the context of induced or natural
magnetic susceptibilities, which can give a full 27 phase range (Ruostekoski (2023);
Ballantine et al. (2022); Ballantine and Ruostekoski (2021)).
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4.9 Conclusion

Figure 4.8.3 shows that the phase ¢ can be effectively tuned across a wide range
of values by adjusting experimental parameters such as the detunings d,, and o, in
this case. This tunability is a promising feature for the practical implementation of
quantum mirrors for quantum state tomography, a process that, before quantum
mirrors, relied heavily on the ability to reconstruct probability distributions
through homodyne measurements. We expect that with further understanding of
the atom-atom interactions that affect the optical response, it will be possible to

achieve even more precise control over the quantum mirror.

Throughout this chapter, we have established a comprehensive theoretical
framework for the operation of a quantum mirror, and successfully verified
the breaking of parity operator symmetry in the presence of external phases.
Although ideal in its symmetry and non-lossy assumptions, we derived the specific
tomography measurement protocols for the (), P and Wigner representations of a
quantum state. Furthermore, we explored and clarified a fundamental relationship
between the coefficients ¢ and r and the global phase ¢, a connection often treated

as trivial, but which we have shown to be central to the device’s operation.

It should be mentioned that although we have focused on a specific implementation
using Rydberg-mediated metasurfaces, the principles outlined in this work are
broadly applicable to other systems capable of exhibiting similar quantum mirror
behavior. Cavity QED systems with Rydberg atoms (Magro et al. (2023)), single
ions in cavities acting as mirrors (Hétet et al. (2011D)), interactions with plasmonic
nanocavities (He and Zhu (2023)), among others, are potential candidates for

quantum mirrors, and yet to be explored.
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Nonlinear Bragg Lattices in Atomic

Vapors

Forever Howlong

Black Country New Road

5.1 Introduction

This chapter discusses the theoretical and experimental details relating to the
possibility of making an effective Bragg Grating inside atomic vapors through
modulation via Stark shifts. Under this context, interesting effects arise from
nonlinearities in the index of refraction of rubidium, potentially offering all-
optical switching control over the Bragg lattice. To fully grasp the importance
of implementing such a structure in atomic vapours, we first must look at the

fundamentals of this phenomenon.

Bragg scattering is a phenomenon often associated to condensed matter physics,
commonly used to determine crystal structure of materials (Wolff et al. (2021)),
however, its importance is seen by all areas of optics and related fields. For example,
the discovery of Bragg scattering (Bragg (1913)) led to groundbreaking discoveries,
such as the discovery of DNA double helix structure (Thomas (2012)), precise
measurements of atomic distances in crystals, and even precision gravitometry
(Altin et al. (2013)). Bragg scattering occurs when waves incident on a crystalline
medium undergo constructive interference due to the periodic arrangement of
scattering planes. When the incident light’s wavelength A is comparable to the
periodicity d of the structure, an interference between the incoming and reflected
fields leads to enhanced reflection at specific angles. This is generally described
through Bragg’s law:

nA = 2dsin 6, (5.1.1)
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where n corresponds to the order of the diffraction and 6 to the angle which is
measured from where the lattice planes are with respect to the incident wave.
This relationship describes how the constructive interference inside the periodic
layers in the medium results in an output, the one which we distinguish as the
Bragg scattered wave. In this work, we consider the first order Bragg scattering
(n = 1) in a normal incidence configuration (6 = 90°), which simplifies Bragg’s
law to A = 2d.

A natural extension of this concept is to consider media outside the range of
condensed matter physics, such as atomic vapours. Indeed, researchers have
already demonstrated the ability to optically modulate the index of refraction in
a periodic manner; through optical lattices (Deutsch et al. (1995)), or through
standing waves in warm vapours (Strekalov et al. (2007)). In cold atomic systems,
these periodic structures have shown to produce measurable scattering (Miyake
et al. (2011), Weidemiiller et al. (1995)), and even collective effects that can be
further exploited (Assclic et al. (2025)).

While cold atomic systems offer a clean and easily controllable platform, they
are also incredibly complex to build and maintain. Creating cold atomic clouds
require an amount of resources often out of reach for many laboratories. As such,
one turns to more accessible platforms, such as warm atomic vapors (i.e. rubidium
cells), which provide a simpler and straightforward setup, without the need for
complex cooling systems. Atomic vapors can be used at room temperature or

slightly heated, and are usually contained in simple glass cells.

Figure 5.1.1: Illustration of the Bragg scattering process in an atomic vapor. A
standing wave (E,, in blue) creates a periodic modulation of the refractive index
inside the vapor cell, forming a Bragg grating. A probe beam (Er, in red) is
incident on the cell, and part of it is reflected due to the Bragg scattering effect.
The reflected light (Eg, in yellow) is detected by a photodetector.

Although thermal noise results in interaction times that are much lower than
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in their colder counterparts, warm vapors can be highly nonlinear compared to
traditional fiber optics. This allows us to harness nonlinearities for various optical
purposes (Fang et al. (2015), Grynberg et al. (1994)), including applications in high
resolution spectroscopy (Wang et al. (2010)) and quantum technologies (Borba
et al. (2017)). Within this niche area of research, effects of saturation (Haupl et al.
(2025)) and bistabilities (Joshi and Xiao (2010), An et al. (2022), Novikova et al.
(2004)) have been observed, which provide mechanisms for all-optical switching
(Dawes et al. (2005), Raja et al. (2024)). However, a comprehensive study of
both the nonlinearities and bistabilities of the Bragg medium in warm atomic
vapors, including both theoretical modeling and experimental realization, remains

an open area of research.

In the following sections we discuss the theoretical framework needed to understand
how we can create a Bragg grating in a warm atomic vapour, considering all
variables in the system; we center ourselves in the Bragg grating modulation
through a Stark shift by a counter-propagating standing wave, while the medium
can be saturated by the incident probe. We will also review the experimental
setup designed to measure this effect, and the results obtained. We conclude with

the implications of these results and future prospects for this line of research.

5.2 Index of Refraction Perturbations

A counter-propagating standing wave with spatial period A will induce an AC
Stark shift with the same periodicity. Consequently, the refractive index may be
written as a sum of an unperturbed index of refraction, and a spatially modulated
term, as follows:

n & ng + Ngtark C0s(2m2/A). (5.2.1)

We also know that for two-level atom in a linear, isotropic, homogeneous system,

its optical response is characterized by its susceptibility Yy,

_ g 20,/Te —1i
by (20, T+ 1

(5.2.2)

where 0, is the probe detuning, I'. is the excited-state decay rate, ay = Noy
characterizes the resonant absorption strength, and &, is the probe wavevector.

At higher intensities, saturation effects become relevant, and the susceptibility is



5.2. Index of Refraction Perturbations 81

modified to
(&%) 25p/Fe —1

X Tk, (20,/T)7 + 1+ [ER/IEP

(5.2.3)

where |E|? is the probe intensity and |F,|? is the saturation intensity of the
transition. For our final consideration, we include the effect of the Stark shift
Istark = 0g cos(2mz/A) induced by the standing wave, which modifies the probe
detuning as 0, — 0, — ds cos(2mz/A), effectively shifting the resonance frequency

of the atoms. Thus, the susceptibility becomes

_@ 2(517 - 5Stark)/re —1
kp (2(0p — Ostark) /Te)? + 1+ [E]?/| B>

(5.2.4)

We remember that n = /1 4+ x and as such we can calculate the index of
refraction as the taylor expansion for Eq. 5.2.4, for the Stark shift perturbation,
while considering saturation S = |E|?/|E|?,

1 ag 20,/Tc —1i 1 ag 1+ —(26,/T)*+2(20,/T.)i

~1oan, B 272/ ).
" 2k (20,/Tc)2 +1+8 T3 kL. ((26,/T)2 + 1+ 9)2 ds cos(2mz/A)

(5.2.5)

We summarize the index of refraction modulation as the following equations,
noting the fact that these are complex quantities, with both real and imaginary

parts. As such, absorption effects are inherently included in this model.

n &2 Ny + Nggark €0s (22 /) (5.2.6)
lag  26,/T.—i
=1--2 - 2.
1o 2%, (26,/T)2+1+ S (5:2.7)
1 ap 148 — (26,/T.)? + 2i(25,/T.
g = 220 LH 5 = (20,/Te)” + 2626,/ Te) (5.2.8)

2k, L. ((26,)T)2+ 1+ S)?

In the search for valid ranges of this approximation, we find that if the perturbations
order is less than 6 MHz, the approximated model approaches the full description

as seen in Fig. 5.2.1.

As we can see in Fig. 5.2.1, the refractive index modulation ng.. depends strongly
on both the probe detuning d,, and the Stark shift detuning gk Notably, the

Stark modulation shifts the whole resonance, as expected. Further increasing
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Figure 5.2.1: Variations of the real and imaginary components of the refractive
index modulation induced by the Stark shift acting on the two-level atom,
compared to the true expression under no approximation. Plotted as a function of
the probe detuning J, for different values of the Stark shift detuning, being fixed
at different values of detuning. The saturation parameter is fixed at S = 0.5.
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the Stark shift detuning dsi. enhances the magnitude of the index modulation,

thereby strengthening the Bragg grating effect.

5.3 Coupled Mode Theory

In order to effectively describe the interaction of the incident and reflected light
present in the Bragg grating, considering the nonlinearities of the atomic cloud,
we turn to the coupled mode theory (CMT). In the CMT, one assumes that there
are two translationally variant channels, presenting transference of power. The
rate of this power exchange depends on a coupling parameter given by the medium
characteristics. We assume the power should be conserved, so any difference will
be transfered to other modes. In the case of fiber Bragg gratings for example, the
coupling takes place only in the forward and backward propagating fundamental

modes (Erdogan (1997)), that is, assuming that no loss occurs.

Starting from the Helmholtz equation, for a monochromatic linearly polarized

field, travelling only in the z direction:

0%E(r)

52+ k2n?E(r) = 0, (5.3.1)

and from Eq. 5.2.5, we can write n® ~ n? + 4ngn? cos(2rz/A), and use the
following ansatz
Etotal = E+(Z)€iﬁz + E_ (Z)eiiﬁz, (532)

where F, and E_ correspond to the forward and backward solutions respectively. 3
is the propagation constant of the mode in the unperturbed medium. Substituting

the ansatz into the Helmholtz equation, we obtain:
. OFE 5  OE_ s
(2258_; — BPEL)e* — (QZ/BW + B2 )e "+
k2(n2 + 4ngng cos(2nz/N))(Ee* + E_e™%) = 0.

(5.3.3)

Writing the cosine modulation in exponential form and retaining only the near

phase-matched terms (terms with a slowly varying phase), we have:

1 , . . 1 _. -
5(6—2(27rz)/A + 61(2772)/A)6:tszEi — §e$1(5—26)zE:b (534)

where § = 3 — m/A is the detuning from the Bragg condition. This periodic
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modulation couples the forward and backward modes through the spatial Fourier

components of the refractive index (Erdogan (1997), Yariv and Yeh (2002)),

200, E e — BPE e + kinlE % + 2k§nonse"(5’25)zE, =0

_ _ A o (5.3.5)
—2iB30,E_e~P* — B2E_e™ P 4 k2nkE_e7% 4 2k2ngnge P22, =0,

Finally, we switch to studying only the envelopes of this system, as we are no
longer interested in the oscillations of the electric fields but the power transfer.
There is an extra dephase between the coupling of both equations given by
the term e E_| so we write the field solutions as F(z) = A(z)e”™* and
E_(z) = Ay(2)e*. Substituting these and remembering 3 ~ kong, we arrive at

the known expression for the CMT:

0, As(2) = ikongAp(2) + 10 As(2) (5.3.6)
62Ab(z) — —ik’ongAf(Z) — ZgAb(Z) (537)

These are the coupled mode equations that we will solve in the following sections.

5.4 Preliminary Results

5.4.0.1 Parameter Calculations

The dimensionless parameter «g, which sets the overall scale of the medium’s

susceptibility, was computed using

Nu?

=k :
pthFe

(%]

Here, N is the atomic number density, j is the dipole matrix element for the Rb®7

D line, I', the natural linewidth.

Using parameters appropriate for a cold atomic cloud, that is, N ~ 10%m™3,

p=3584 %107 C-m, A\, = 780nm, and I' = 27 x 6.06 MHz, we evaluate and

substitute into the expression above, yielding ag ~ 3.0 x 103.

Physically, o acts as a normalization factor for the electric susceptibility, allowing
it to be written as a dimensionless lineshape function scaled by ag. It is also

proportional to the resonant optical depth, with OD ~ gL for a medium of
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length L, due to Beers Law.

For the Stark shift calculations, we calculated

e at 5~
o . (5.4.1)
AFE = —ozg ()\ )Isat?
where al” = 2.37 x 107" and o\ ~ 0. We then transform the energy into a

frequency shift through the equivalence AE/(27h) = Aw.

5.4.0.2 Numerical Solutions

The reflectivity of a uniform grating of length L can be found by assuming a
forward-going wave incident from z = 0, and requiring that no backward-going

wave exists for z = L. This corresponds to the following boundary conditions:

Af(o) = Ain

D)0 (5.4.2)

In order to solve the coupled mode equations, we consider a backward propagation
integration of the system. What follows is the implementation of this integration

scheme alongside some preliminary and exploratory results.

For the backward propagation, the integration is done through a high-order
Adaptive Stepsize Runge-Kutta solver in the Julia programming language. The
expected output mode Af(L), is used as initial condition for the backward
propagation alongside with the known boundary condition Ay(L) = 0. The
system is integrated, and we obtain the values for the input mode as well as the
reflected mode at the origin A;(0) and A,(0) respectively. Finally, we can calculate
the reflectivity of the system as R = |A,(0)]*/|A;(0)]?. By sweeping through a
range of expected output values, we map the corresponding input intensities. This
method effectively traces the curves in Fig. 5.4.2, which have been plotted to show
the different response of the medium when considering the two different models
(with losses and without them). An adiabatic step in the boundary counditions of
the input intensity is considered to the integration in order to avoid numerical

instabilities.

In Fig. 5.4.1, we observe two important characteristics. Firstly, the perturbed
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Figure 5.4.1: Response of ng under different incident intensities. Re(ng)
corresponds to the component of the index of refraction that controls how the
Bragg grating will reflect, as it controls the dispersion response which directly
affects the phase gained by the light as is goes through the medium.

index of refraction n, shows a decrease in amplitude as the intensity grows. This
behavior is a direct consequence of the power broadening effect, and can be directly
correlated to the inherent saturation response of the atoms. As more power is
injected into the system, this response flattens out, which completely saturates
and destroys the lattice. Secondly, we note there is a change in sign as we vary
the detuning. As we sweep the input intensity, the difference in signs of the index
of refraction could cancel out (ng = 0), momentarily erasing the grating, which

can be seen in the "revivals" of reflectivity from Fig. 5.4.2.
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Figure 5.4.2: Preliminary results for the backward propagation integration
method. a) Input intensity obtained from a fixed output boundary condition,
illustrating the dependence on the Stark detunings ds¢ark, leading to the different
dynamical regimes present in the medium. (a), (b) and (c) correspond to the
Reflectivity of the medium under an intensity sweep, with d, = 0,3,5 MHz
respectively. (d), (e) and (f) are analogous to the left-side, but considering losses
in the system.

5.4.1 Warm Vapours Considerations

In warm atomic vapors, the number density of atoms N is a crucial parameter
that influences the strength of the refractive index modulation (as the optical
response of the medium as we are modelling it depends on the bulk of the vapor).
The number density can be estimated using the vapor pressure of rubidium, which
is temperature-dependent (Steck (2001)).

The number density can be controlled by adjusting the temperature of the vapor
cell. As the temperature increases, the vapor pressure of rubidium increases,

leading to a higher number density of atoms in the vapor phase. This model
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Figure 5.4.3: Number density of Rb® plotted as a function of the temperature
of the vapor cell. The white spot between the blue and red line correspond to the
transition from solid to liquid phase. Code was referenced from Di Domenico and
Weis (2011) but performed in Python.

(5.4.3) allows us to set a value for the number density of atoms N in the vapor
cell, which is a crucial parameter for determining the strength of the refractive
index modulation. This parameter is considered in the value of o in Eq. 5.2.4,
along with every approximation after it, as part of the optical density oy = Noy,

with g & 3\? /27 being the atomic cross-section.

One further consideration in warm vapors is the Doppler broadening (see Section
2.4.3) of the atomic resonance due to the thermal motion of the atoms. As we have
seen, this effect considers the distribution of atomic velocities due to the thermal
motion, which in turn causes a broadening of the resonance line shape. We will
incorporate this effect into our model by averaging the susceptibility over the
Doppler-broadened velocity distribution of the atoms. This is done by integrating
the susceptibility over the Maxwell-Boltzmann distribution of atomic velocities,
leading to an effective susceptibility that accounts for the Doppler broadening.
This effective susceptibility will then be used to calculate the refractive index

modulation in the presence of thermal motion.
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Figure 5.5.1: Experimental set up. a) illustration of the designed experiment.
b) photograph of the actual setup. PBS stand for Polarizing Beam Splitter, WP
for Wave Plate, APD for Photodetector, BS for Beam Splitter, L. for lens, M for

mirror.

5.5 Experiment

Due to time contraints inherent to the duration of a master’s degree, it was not
possible to realize measurements on the present project. This section therefore
describes the experimental design and our contributions in preparations for future

explorations and measurements.

The experimental setup designed to measure the expected Bragg scattering is
illustrated in Fig. 5.5.1. The core of the setup consists of a rubidium vapor cell,
which can be heated to a temperature of around 100° C in order to increase the
atomic density. A standing wave is created inside the cell using two counter-
propagating laser beams, which should be detuned from the atomic resonance
to minimize absorption while maximizing the refractive index modulation. The
standing wave creates a periodic modulation of the refractive index in the vapor,

forming the Bragg-Stark grating.

A probe laser beam is then directed into the cell, and the reflected light is detected
using a photodetector (APD). For balancing purposes, a portion of the probe beam
is split off before entering the cell to serve as a reference for normalization of the
detected signal; as well as at the output of the cell. Various optical components
such as lenses, mirrors, beam splitters, polarizing beam splitters, and wave plates
are used to control the beam paths, polarizations, and intensities. Special care was
taken to ensure the precise alignment of the counter-propagating beams to create
a stable and well-defined standing wave inside the vapor cell. The polarizations of
the beams were also carefully controlled to maximize the interference contrast.

The probe beam may be aligned at a slight angle with respect to the standing
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wave in order to satisfy the Bragg condition for scattering.

The pump beam is split by a beam splitter, and the two resulting beams are
directed to enter the Rb cell from opposite directions. When these two counter-
propagating beams overlap, they interfere to form a standing wave. The probe
beam is directed into the Rb cell. Because of the periodic modulation created by
the pump, a portion of the probe is reflected (Bragg scattered) back toward the

first polarizing beam splitter.

5.6 Discussion

Although exploratory in its beginnings, we have established an exploratory
theoretical and experimental framework for future investigations into Bragg
scattering in atomic vapors. The theoretical model developed provides a clear
understanding of how the refractive index modulation arises from the AC Stark
effect induced by a standing wave, and how this modulation can be harnessed to

create an effective Bragg grating.

We anticipate that future experiments (even in cold atomic systems) will be able
to validate the predictions of our coupled mode theory approximation, and reveal
the nonlinear dynamics that may arise in this system. We also note the huge
parameter space, as an opportunity for further exploration, including variations
in the Stark effect modulation (via intensity or detuning control), probe detuning,
atomic density (via temperature control), and further configuration variations
(such as exploiting EIT responses). Each of these parameters can significantly
influence the strength and characteristics of the Bragg scattering observed; but
the strongest effects arise from the interplay between Stark modulation and probe

saturation.

Current ongoing research focuses on the addition of optical losses in the system
given by the imaginary part of the refractive index. This will allow us to explore
the interplay between gain and loss in the Bragg grating, potentially leading to

exciting phenomena such as non-reciprocal behavior (Zhang et al. (2024)).

Finally, further studies on the temporal dynamics of the scattering process under
pulsed excitation conditions could reveal transient phenomena and provide insights

into the response times of the system, which are crucial for applications in optical
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switching. For instance, research into optical solitons, which can form under
saturable lattices (Malomed et al. (2005)), in the proposed atomic mirrors could

open new avenues for robust information transmission (Shou and Huang (2021)).
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6

Conclusions and Future Work

6.1 Summary

In this thesis, we have investigated several key aspects of quantum light generation
and manipulation using atomic ensembles. We have managed to exploit the
unique properties of these ensembles to achieve significant advancements not only
in the theoretical understanding but also in practical implementations for the
future development of quantum technologies; hopefully paving the way for the
long dreamed quantum internet. Between our contributions, we remark the study
of nonlinear optical effects in rubidium vapor, the experimental generation of
single photons on demand, and the theoretical framework of a quantum mirror for
quantum state tomography. A summary of each chapter and its most significant

contributions is presented below, along with potential directions for future research.

6.1.1 Chapter 3

Chapter 3 focused on the generation of single photons using a rubidium atomic
ensemble. Through the implementation of the DLCZ and Superradiance protocols,
we successfully generated correlated Stokes and anti-Stokes photon pairs. This
controlled generation allowed us to characterize different parameters in order to
optimize and compare each protocol. Through data analysis, we canaged to study
the second order correlation function 922,1)457 the conditional retrieval efficiency, and
the generation probability of the spinwave and the coincidences. Our experimental
results demonstrated that while both protocols are capable of producing high-
quality single photons, the superradiance protocol showed enhanced performance

due to collective effects in the atomic ensemble, specifically in lower write power

contexts.

We expect future work in this area could improve detection efficiency, further
characterize the temporal profile of the emitted anti-Stokes photons; as well

as confirm the validity of the single photon regime through autocorrelation
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measurements, thereby strengthening the experimental results and providing

a new platform for single-photon generation for quantum technologies.

6.1.2 Chapter 4

We presented a comprehensive theoretical framework that defines the operation
of a quantum mirror, a novel tool that we expect could ease the experimental and
numerical difficulties that appear in quantum state tomography. Through various
examples and generalizations, we derived the specific tomography measurement
protocols for the (), P and Wigner representations of a quantum state. We also
identified and successfully verified the breaking of parity operator symmetry in
the presence of external phases, which corresponds to the key element in the
tomographic process. Finally, we extended this work to study the experimetal
feasibility of the controllable parity operator quantum mirror, by shedding light
into a fundamental relationship between the coefficients ¢ and r and the global
phase ¢, a connection often treated as trivial, but which we have shown to be

central to the device’s operation.

The tunability of the quantum mirror is a promising feature for the practical
implementations of quantum state tomography, a process that, before quantum
mirrors, relied heavily on the ability to reconstruct probability distributions
through homodyne measurements. We expect that with further optimization
of the experimental parameters, it will be possible to achieve even more precise

control over the quantum mirror.

Furthermore, we expect that several, useful applications for the quantum mirror
will be found. The versatility of this technology opens doors to developing
algoritms capable of directly studying and quantifying the ’quantumness’ or
Wigner negativity without the need of reconstruction methods, which could prove
to ve valuable in particular for the study of non-Gaussian quantum states. Outside
of tomography, quantum mirrors have shown effective for quantum teleportation

protocols.

6.1.3 Chapter 5

In Chapter 5, we explored the nonlinear optical properties of a rubidium atomic

vapor subjected to a periodic modulation of its refractive index, induced by an off-
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resonant standing wave that generates a spatially dependent Stark shift, effectively

acting as a Bragg Mirror with switchable capabilities.

Our findings demonstrated that by tuning the optical depth, the saturation of the
probe and the Stark shift induced detunings, one is able to create a switchable
nonlinear mirror for incoming light. The inclusion of losses in the model further

confirms the emergence of multistable behavior in the system.

An experimental scheme was designed and implemented to validate these
theoretical predictions. Extensions of this work are currently underway, specifically
focused on a more complete treatment of warm-vapor effects, including Doppler
broadening and temporal response. Future work could extend this study to the
regime of short optical pulses and low intensities, where the strong nonlinearity of

rubidium may enable slow-light or low-power optical switching.
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A
Appendix

A.1 DLCZ vs Superradiance protocol additional

results

This section shows the rest of the comparisons of the measurments described in
Section 3.4.1 for both the DLCZ and SR protocols. The results shown here were
obtained using a read power of 1.0 mW and 2.0 mW, with a varying write power.

These measurements were completed by MSc. student Travis Hosack.
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Figure A.1.1: DLCZ vs Superradiance protocol with a read power of 1.0 mW.
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Figure A.1.2: DLCZ vs Superradiance protocol with a read power of 2.0 mW.

A.2 Quantum Mirror

A.2.1 Hamiltonian of The QM Operator

One can see this by expanding the exponential as a sum:

N s 10)" o
Ugu = €@l =3~ (’n') (fre ® Ly)™. (A.2.1)

We can use the exponent independently because of tensor properties,

3 (Ze)nAn rn (Z )OA T (Ze)nAn rn
UQM:ZTwe@w =L+ @ L

n!
(/l: )n"n n
—(7rg+7re)®10®11+2 ol e ® Ly
n=1
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one might easily confirm 7' = 7.

. e )
UQM:W9®1O®11+Z<W]? 7T5®L2 (A22)
~ 2 2 ~ <Z9>nAn
=#, @@L +7.®) L (A.2.3)
— 4, @ 1@ 1) + 7 @2, (A.2.4)

Which then confirms the original expression for the QM operator

Uoy =, @101+ 7, @ Ugs. (A.2.5)

For a time independent Hamiltonian

%

Ult,ty) = e w10 (A.2.6)
equivalent to the following expression
U(0,0) = e #1000 (A.2.7)

only if the parameter 6 is rescaled in units of time 6 = g(t — t;), associated to an
interaction time between the modes and the QM. Now we can take 8, = 0 and

write
Ug) = e i O = We@le _y [ — pi @ L, (A.2.8)

A.2.2 Controlled Phase Interaction

To work on this expression, we must consider the basis on which we are tracing,

in this case Tr{piora |€x) (€£|} is equivalent to expanding the terms as

1€2) (€| = gy £ € T ge £ €Ty + Tee (A.2.9)
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This sum will multiply over each of the terms in expression 4.6.2, which we can

immediately evaluate (first) on the atomic subspace trace as:

Tratom [Tgg [€4) (&H mode 0 ® mode 1

1&( )

Tratom [Tge |€x) (€[] = £ @ ( )
Tratom [eq |€2) (€4]] = £ ® (mode 0 ® mode 1)
1&( )

Tratom [7Tee |£i> < H

mode 0 ® mode 1

mode 0 ® mode 1

For the trace over the modes, we have to consider the fact that the off-diagonal

terms do not possess a straightforwardly unitary operation, so we will write in

general the trace operation, that will take the number operator out of all phase

operators U.

n

Te{U, |a) (B U} =Y (n| U, |a) (b Uy In) = (6| U |n) (n| U, |a)

for example:

TrO sz T+p1—p2—¢ “;0> WJ | cpo P2
= Zp; Z <¢:‘ U(lofgoz |n> <7”L| U?T+501—602—¢ |90>
= Y b etmeaneiromenon o)

=D D (gl e 0metInp )

Then, the results of tracing over mode 0 leave us with the following

Po—p2

Trg -U%_mp Ul ] =1® (mode 1)

Tro _U7r+tﬂ1 p2—0 |90> <90| ﬂ+¢1 pa— ¢] =1® (mOde 1)
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then,
Try _Ucm—sos o) {¢] U;r%} =1

Tl"l _U<,01—503 |90> <¢;| Ui+@07¢37¢} — <¢;| PTe_i(gDU—gpl_(b)n |<,0>

Tt [Urtoepues W0 601Uy ] = (ol 019 P )

[ ST _
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Which will then allow us to write the full expression for the trace

pilo)= 14222 (Z Pl ] Pleomertom yy (g Ple-iteomen-on |90>>
e (Zp; (] o159 P ) (g eeomero |¢;>>
rewriting
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