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Resumen

Los agujeros negros suelen describirse como objetos “calvos”. De acuerdo con el
teorema de no-pelo, quedan completamente caracterizados por solo tres parámet-
ros: su masa (M), momento angular (J) y carga eléctrica (Q). Sin embargo, los
teoremas de no-existencia adquieren especial relevancia cuando se intenta evadir
esta conclusión mediante la modificación o relajación de algunas de las hipótesis
subyacentes al teorema. En este contexto, las soluciones estacionarias —y en partic-
ular los agujeros negros en rotación— constituyen valiosos laboratorios teóricos para
explorar estas posibilidades. En esta línea, Mann y Stelea generalizaron el espacio-
tiempo de Taub–NUT introduciendo múltiples y distintas cargas NUT en dimen-
siones superiores, lo que conduce a soluciones que denominaremos multi-NUT. Estos
parámetros adicionales introducen de manera efectiva planos de rotación extra en
el espacio-tiempo. Mostraron que las soluciones multi-NUT en Relatividad General
con constante cosmológica existen únicamente si se modifica la normalización de las
variedades Einstein–Kähler asociadas. En este trabajo, evitamos las obstrucciones
representadas por su estrategia. Para ello introducimos campos escalares mínima-
mente acoplados con perfiles axiónicos, los cuales sostienen la geometría preservando
la normalización estándar de las variedades Einstein–Kähler. Además, mostramos
que esta misma geometría surge naturalmente dentro de un sector particular de la
gravedad con curvatura cuadrática. Concluimos con una versión de los monopolos
de Kaluza-Klein con base planar en AdS con distintas cargas magnéticas.



Abstract

Black holes are often described as “bald” objects. According to the no-hair theo-
rem, they are completely characterized by only three parameters: their mass (M),
angular momentum (J), and electric charge (Q). However, no-go theorems become
particularly relevant when one attempts to evade this conclusion by modifying or re-
laxing some of the assumptions underlying the theorem. In this context, stationary
solutions—and in particular rotating black holes—provide valuable theoretical labo-
ratories to explore such possibilities. In this direction, Mann and Stelea generalized
the Taub–NUT spacetime by introducing multiple and independent NUT charges in
higher dimensions, leading to solutions that we will refer to as multi-NUT geome-
tries. These additional parameters effectively introduce extra rotation planes in the
spacetime. They showed that multi-NUT solutions in General Relativity with a cos-
mological constant exist only if the normalization of the associated Einstein–Kähler
manifolds is modified. In this work, we circumvent the obstructions inherent in their
construction. To this end, we introduce minimally coupled scalar fields with axionic
profiles, which support the geometry while preserving the standard normalization
of the Einstein-Kähler manifolds. Furthermore, we show that the same geometry
naturally arises within a particular sector of quadratic curvature gravity. We con-
clude by presenting a version of Kaluza-Klein monopoles with planar base in AdS,
carrying distinct magnetic charges.
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Chapter 1

Introduction

1.1 Motivations

General Relativity (GR) is one of the most influential physical theories developed
in the twentieth century. It describes the gravitational interaction as a geomet-
ric theory emerging from a curved four-dimensional spacetime. The theory can be
formulated through an action principle [1], introduced by Hilbert in a fully covari-
ant form. The corresponding field equations were proposed by Albert Einstein in
1915 [2]. GR predicts several phenomena that cannot be explained within Newto-
nian gravity, such as gravitational redshift, black holes, and gravitational waves [3].
The first exact solution to Einstein’s equations was found by Karl Schwarzschild
in 1916 [4]. This solution describes the spacetime geometry outside a spherically
symmetric, uncharged, non-rotating, and static mass distribution. An important
result associated with this geometry is Birkhoff’s theorem [5], which states that any
spherically symmetric solution of the vacuum Einstein equations must necessarily
be static and asymptotically described by the Schwarzschild metric. Consequently,
the exterior gravitational field of any spherically symmetric body, independently of
its internal structure or dynamical evolution, is given by this solution.
One of the first attempts to incorporate angular momentum into the Schwarzschild
solution was carried out by Taub [6] and later extended by Newman, Tamburino,
and Unti [7]. The resulting geometry is known as the Taub-NUT (TN) solution.
This spacetime contains an additional parameter, called the NUT charge, which
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CHAPTER 1. INTRODUCTION

introduces gravitomagnetic effects often interpreted as a form of angular momen-
tum or “magnetic mass” in the geometry [8]. This feature becomes apparent, for
instance, in the geodesic motion of test particles, and the TN solution is frequently
regarded as a gravitational analogue of the Dirac magnetic monopole. Moreover,
it is continuously connected to the Schwarzschild spacetime in the limit where the
NUT charge vanishes. In the Euclidean sector, obtained via analytic continuation,
the TN solution exhibits further remarkable properties. In particular, as emphasized
by Hawking [9], the Euclidean TN geometry closely resembles instanton solutions
in Yang–Mills theory. Both configurations are characterized by non-trivial topology
and finite action, and they can be interpreted as gravitational analogues of gauge
theory instantons, contributing non-perturbatively in a semiclassical path integral
framework.
The Schwarzschild solution was generalized to higher dimensions by Tangherlini in
Ref. [10]. In the same decade, Roy Kerr found the first exact rotating black hole
solution in four dimensions [11]. Unlike the Schwarzschild spacetime, which is fully
characterized by its mass, the Kerr solution depends on two parameters: the mass
and a rotational parameter associated with angular momentum. Several decades
later, Myers and Perry [12] discovered the most general asymptotically flat rotat-
ing black hole solution in arbitrary dimensions, allowing for multiple independent
rotation planes. The Kerr solution is recovered as a particular case when only one
rotational parameter is present, in the four-dimensional limit. The extension of
these solutions to include a cosmological constant was later obtained by Gibbons
et al. [13]. Several years later, Cvetič et al. in Ref. [14] constructed charged ro-
tating black hole solutions in five dimensions, including electric and scalar fields
with multiple rotation parameters in Maxwell-Chern-Simons theory. Recently, Bar-
rientos et al. in Ref. [15] studied five-dimensional rotating black holes with two
rotation parameters minimally coupled to scalar fields, providing generalizations of
Myers–Perry solutions in the presence of matter.
Following the same reasoning, one could ask about the generalization of the TN
metric with multiple NUT parameters. This generalization of TN geometry with
multiple NUT parameters is known as multi-NUT solutions. The multi-NUT, in
GR, was reported by Mann and Stelea in Ref. [16]. Moreover, in the same work,

2



1.1. MOTIVATIONS

they realized that if we supplement GR with the cosmological constant, the field
equations gives a restriction that relates the NUT parameters and the cosmologi-
cal constant. Which tells that the existence of the multi-NUT only exist in GR,
i.e., when the cosmological constant vanishes. In the next year, the same authors
in Ref. [17] showed that the multi-NUT exists in GR with cosmological constant,
provided that a non-canonical normalization of the Einstein-Kähler base manifold is
used. They realized that the rescaling of these solutions implies that the curvature
of the base manifold must be non-trivial, excluding planar topologies.
Planar AdS black holes constitute one of the most physically relevant classes of solu-
tions in modern gravitational physics, as they provide the natural setting for describ-
ing strongly coupled quantum systems via the AdS/CFT correspondence [18–20]. In
particular, dyonic AdS black holes with planar horizons have been used to describe
holographic superconductors, in which DC conductivities can be obtained from lin-
ear perturbations of bulk gauge fields [21–24]. Moreover, in contrast to spherical
geometries, planar horizons are non-compact and exhibit translational invariance, al-
lowing thermodynamic quantities to be interpreted as densities and thereby supply
the appropriate framework for modeling extended systems at finite temperature.
Additionally, planar AdS black holes are free from finite-size effects such as the
Hawking–Page phase transition [25], making them the simplest and most universal
gravitational backgrounds in this context.
In this work, we construct multi-NUT geometries in GR with a cosmological con-
stant supplemented with minimally coupled scalar fields. The presence of matter
fields allows us to obtain multi-NUT solutions with flat transverse sections, avoiding
the Mann and Stelea no-go results [17]. In particular, these solutions can be inter-
preted as planar AdS black holes carrying multiple NUT parameters with axionic
charge. Additionally, they arise when the scalar fields exhibit axionic profiles.
On the other hand, it is known that higher-curvature corrections appear naturally
when GR is considered as an effective field theory from a Wilsonian viewpoint.
We show that similar multi-NUT geometries appear within a particular sector of
quadratic curvature gravity, where only an (R2) correction is considered for a spe-
cific value of the coupling constant.
Kaluza–Klein monopoles (KK monopoles) were first constructed by Gross, Perry,

3



CHAPTER 1. INTRODUCTION

and Sorkin [26, 27] in asymptotically flat spacetime within the four-dimensional
Einstein–Maxwell–dilaton theory, using the Taub–NUT solution as a seed met-
ric. Later, Onemli and Tekin [28] showed that there are no five-dimensional KK
monopoles in AdS spacetime that smoothly reduce to the flat-space solution in the
limit where the cosmological constant vanishes. Subsequently, Mann and Stelea [29]
revisited this no-go result and demonstrated that KK monopoles can indeed be con-
structed in the presence of a cosmological constant. In their framework, the field
equations impose a relation between the cosmological constant and the NUT charge.
This, in turn, implies that in the flat limit not only must the cosmological constant
vanish, but the NUT charge must vanish as well. Moreover, in the same work they
studied KK monopoles in higher dimensions by considering multi-NUT deformations
of the seed metric, obtaining a constraint similar to that found in [16], namely that
either the cosmological constant must vanish or all NUT charges must be equal.
Motivated by these results, and using the mechanism proposed by Cisterna and
Oliva [30], we construct Kaluza–Klein multi-monopole solutions in the presence of
a cosmological constant.
This thesis is organized as follows. In Chapter 2, we provide a brief review of General
Relativity, the variational principle, then in Chapter 3 we discuss several methods
used to compute conserved charges. In Chapter 4, we discuss relevant solutions such
as the Taub–NUT geometry, the Kerr solution, and the Myers–Perry black holes. In
chapter 5, we introduce the multi-NUT solutions and present our main results. Fi-
nally, in Chapter 6, we summarize our conclusions and discuss some further aspects
and possible directions for future research.

4



Chapter 2

General Relativity

2.1 Einstein Hilbert action

The 20th century was one of the most important periods for the development of
two physical theories that remain highly relevant today. One of them is General
Relativity (GR), formulated by Albert Einstein in 1915 [2]. It is a theory describing
the dynamics of spacetime and can be understood as a geometric theory of gravity.
Einstein proposed the equations of motion that describe the dynamics of spacetime;
however, he did not initially provide an action principle that reproduces these equa-
tions. Such a formulation was later obtained by Hilbert [1]. The corresponding
action, known as the Einstein–Hilbert action, is given by

SEH [gµν ] = κ

ˆ
M

d4x
√

|g|(R− 2Λ), (2.1.1)

where κ = (16πGN)
−1 is related with the Newton’s gravitational constant GN ,

R = gµνRµν is the Ricci scalar, and we consider the cosmological constant Λ.1

The action principle (2.1.1) can be supplemented with matter fields, which can be
included via their own action, i.e. Smatter[gµν ,Φi], where Φi denotes the matter fields
labeled by i that accounts for a collection of matter fields. Then, the total action

1In the original work the cosmological constant was not considering. However, today is adding
for the proposal to deal with spaces that are asymptotically (A)dS.

5



CHAPTER 2. GENERAL RELATIVITY

reads
S[gµν ,Φi] = SEH [gµν ] + Smatter[gµν ,Φi]. (2.1.2)

Varying the total action with respect to the metric gµν yields the Einstein field
equations with matter,

Gµν + Λgµν =
1

2κ
Tµν , (2.1.3)

where Gµν = Rµν − 1
2
gµνR is the Einstein tensor and Tµν is the stress energy-

momentum tensor associated with the matter content, which is given by,

Tµν := − 2√
|g|
δSmatter

δgµν
. (2.1.4)

These equations imply the Bianchi identities by virtue of the diffeomorphism invari-
ance

∇µGµν = 0, (2.1.5)

that, using the metricity condition, i.e., ∇λgµν = 0, implies that the energy-momentum
tensor is conserved, that is,

∇µTµν = 0. (2.1.6)

6



2.2. VARIATION PRINCIPLE IN GENERAL RELATIVITY

2.2 Variation principle in General Relativity

For the sake of symplicity, let us consider (2.1.1) with Λ = 0, that is,

SEH[gµν ] = κ

ˆ
M

d4x
√

|g|R. (2.2.1)

Arbitrary variations with respect to the metric yields,

δSEH = κ

ˆ
M

d4x
√
|g|
(
−1

2
gµνδg

µνR +Rµνδg
µν + gµνδRµν

)
(2.2.2)

= κ

ˆ
M

d4x
√
|g| (Gµνδg

µν + gµνδRµν) , (2.2.3)

where we have used
δ(
√

|g|) = −1

2

√
|g|gµνδgµν (2.2.4)

In the second term, we can use the Palatini identity, i.e., δRλ
ρµν = 2∇[µδΓ

λ
ρ|ν]. And

rewrite as
δRµν = δαβλν∇αδΓ

λ
µβ . (2.2.5)

Therefore, the last term can be written as

κ

ˆ
M

d4x
√

|g|gµνδRµν = κ

ˆ
M

d4x
√

|g|gµν
(
δαβλν∇αδΓ

λ
µβ

)
= κ

ˆ
M

d4x
√
|g|∇α

(
δαβλν g

µνδΓλ
µβ

)
:= κ

ˆ
M
d4x
√

|g|∇αΘ
α

Thus, the field equations are Gµν = 0. Moreover, using the Stokes’s theorem we can
conclude that, 2

δSEH

∣∣∣
on−shell

= κ

ˆ
M
d4x
√
|g|∇αΘ

α = κσ

ˆ
∂M

d3x
√

|h|nαΘ
α, (2.2.6)

where n = nµ∂µ is the unit normal vector to the boundary ∂M, and σ is its norm,
i.e., nµnµ = σ. Moreover, h is the determinant of the induced metric of ∂M which

2κ
´
M

d4x
√
|g|∇αΘ

α = κ
´
∂M

d3x
√
|h|nαΘ

α

7



CHAPTER 2. GENERAL RELATIVITY

defines as hµν = gµν−σnµnν proyected onto ∂M. Finally, using (7.2.6) we can write

Θα = 2gλαgρν∇[νδgλ]ρ (2.2.7)

(for more details see the Appedix 7).

Therefore, the on-shell variation of the Einstein-Hilbert actions reads,

δSEH

∣∣∣
on−shell

= κ

ˆ
∂M

d3x
√
|h|
(
nσhµβ − nµhβσ

)
∇µδgσβ. (2.2.8)

We thus conclude that the Einstein-Hilbert action does not admits a well-defined
variational principle with Dirichlet boundary conditions for the metric, i.e., when
δgµν

∣∣∣
∂M

= 0, because the normal derivative of the metric variations does not vanish.

To address this issue, Gibbons and Hawking [31] and independently by York [32],
realized that the action can be supplemented by a boundary term

SGHY = 2κσ

ˆ
∂M

d3x
√
|h|K, (2.2.9)

where K = hµνKµν is the trace of the extrisic curvature of the hypersurface ∂M,
defined as Kµν = hλµ∇λnν . Taking the on-shell arbitrary variation with respect to the
metric for (2.1.1) supplemented with the Gibbons-Hawking-York term, the normal
derivatives of the metrics variation cancel, giving

δ(SEH + SGHY )
∣∣∣
on−shell

= κσ

ˆ
∂M

d3x
√
|h| [(Kµν − hµνK)δhµν − 2DµV

µ] , (2.2.10)

where V µ is a vector field on ∂M, and Dµ is covariant derivative compatible with
hµν , i.e., Dλhµν = 0 (for more details see the Appedix 8). The boundary ∂M is a
closed hypersurface, therefore the total divergence term DµV

µ vanish. Therefore,
the complete action reads,

SEH + SGHY = κ

ˆ
M

d4x
√

|g|R + 2κσ

ˆ
∂M

d3x
√
|h|K, (2.2.11)

which gives a well-posed variational principle under Dirichlet boundary conditions
for the metric (for all intermediate computations see Appedix 7).
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Chapter 3

Conserved Charges

3.1 Conserved Charges

An important, physically relevant, and interesting aspect of physics is the concept of
conserved charges. In Ref. [33], Emmy Noether proved two fundamental theorems.
The first establishes that global symmetries lead to conserved charges. The second
theorem states that local gauge symmetries, which contain arbitrary functions of
spacetime, are related to differential identities, involving the equations of motion.
This result has profound implications in physics, since it allows us to describe the
physical behavior of a system in terms of its symmetries.

Many prescriptions have been developed to study conserved charges. For in-
stance, the Hamiltonian method [34,35], Komar charges [36], the Abbott–Deser–Tekin
(ADT) [37–39] method, Wald’s covariant phase space formalism [40], quasilocal
methods [41,42], among many others. Each of these approaches has its own advan-
tages and limitations .

In this section, we discuss some relevant methods that we use to compute con-
served charges. For each method we consider, the Schwarzschild black hole will be
used as an illustrative example.

9



CHAPTER 3. CONSERVED CHARGES

3.2 Brown-York charges and quasilocal stress-energy

tensor

This method considers the Einstein-Hilbert action suplemented by the Gibbons-
Hawking-York, to have a well-defined variational principle, which we introduced
before (for more details see Chaper 2). We compute conserved quantities with
respect to a background reference. Due to this, we can add a boundary term that
measures the extrinsic curvature of a reference background, that is,

SBY = κ

ˆ
M
d4x
√

|g|R + 2κσ

ˆ
∂M

d3x
√
|h|(K −K0) (3.2.1)

where K0 is referred to as the reference background and the variation of Eq. (3.2.1)
with respect to the metric yields [for more details see Chapter 2 and Appendix 8]

δSBY = κ

ˆ
M
d4x
√
|g|δgµνGµν −

1

2
κσ

ˆ
∂M

d3x
√
|h|δgµντµν . (3.2.2)

where τµν is the Brown-York stress-energy tensor [43], read as

τµν ≡ 2√
|g|
δSbdy

δhµν
= −2κσ[Kµν − hµν(K −K0)] (3.2.3)

Using the Codazzi-Mainardi relation (8.5.12), we can prove that 3

Dµτµν = −2κσRλρn
λhρν . (3.2.4)

Evaluating the latter on-shell, one obtains Dµτ
µν = 0 since Rµν = 0. Therefore,

τµν is covariantly conserved in vacuum. The latter allows us to defined a conserved
current as

Jµ := τµνξν , (3.2.5)
3(for more details see Appendix 8)

10



3.3. ARNOWITT-DESER-MISNER FORMALISM

where ξ = ξµ∂µ is a Killing vector. Hence, Jµ is conserved with respect to the
intrinsic derivative,

DµJ
µ = Dµ(τ

µνξν)

= Dµτ
µνξν + τµνDµξν

= Dµτ
µνξν + τµνhλ(µh

ρ
ν)∇λξρ

= 0.

where in the third line we use the fact that Dµτ
µν = 0 on-shell, ∇(µξν) = 0. Since ξµ

is a Killing vector. Finally, the Brown-York charge associated with ξµ is defined as
the integral of Jµ over a codimension-two Cauchy hypersurface, Σ, with a timelike
unit normal vector uµ, i.e., uµuµ = −1,

Q[ξ] =

ˆ
Σ

d2x
√

|σ|uµτµνξν , (3.2.6)

where σµν = hµν + uµuν is the induced metric on Σ.

3.3 Arnowitt-Deser-Misner formalism

One of the most powerful approaches to study the dynamics of General Relativity is
the Arnowitt-Deser-Misner (ADM) formalism [44]. This method, widely used since
the second half of the twentieth century, allows one to rewrite the Einstein-Hilbert
action in Hamiltonian form. Since the Hamiltonian formulation requires the identi-
fication of a temporal evolution parameter, the method is not manifestly covariant
and therefore a preferred coordinate, the temporal one, must be chosen. Thus,
spacetime is foliated into a family of spatial hypersurfaces labeled by a time param-
eter t. The geometry is then described in terms of three fundamental quantities: the
induced spatial metric γab(x), the lapse function N(x), and the shift vector Na(x).
This decomposition is commonly known as the ADM formalism, after Arnowitt,
Deser, and Misner. This section is based on [34,35,45]. For further details we refer
the reader to these references.

In the Lagrangian formulation, the spacetime metric depends on the coordinates.

11



CHAPTER 3. CONSERVED CHARGES

In the ADM formalism, the spacetime line element is rewritten in terms of the
variables γab, N , andNa, which correspond to the induced metric, the lapse function,
and the shift vector, respectively. The line element between two spacetime events
can then be decomposed as

ds2 = γab(dx
a +Nadt)(dxb +N bdt)− (Ndt)2

= (NaNa −N2)dt2 + 2Nadx
adt+ γabdx

adxb, (3.3.1)

where (dxa+Nadt) represents the displacement along the spatial hypersurface, while
N dt corresponds to the proper time between two neighboring hypersurfaces. Here,
Latin characters denote boundary indices.

From the general form of the metric written in ADM variables (3.3.1), one can
identify the relation between the spacetime metric components gµν and the ADM
variables as

gtt = NaNa −N2, (3.3.2)

gta = Na, (3.3.3)

gab = γab. (3.3.4)

Similarly, the components of the inverse metric gµν are given by

gtt = − 1

N2
,

gta =
Na

N2
,

gab = γab − NaN b

N2
. (3.3.5)

Finally, the four-dimensional volume element takes the form

√
−g d4x = N

√
γ d3x dt. (3.3.6)

12



3.3. ARNOWITT-DESER-MISNER FORMALISM

We rewrite the gravitational action in terms of these new variables as

S[γab, N,N
i] =

ˆ
dt

ˆ
d3x

√
γN

(
KabK

ab −K2 +R+ (∆λ);λ
)
. (3.3.7)

Then, defining the canonical conjugate momenta in terms of the induced metric
γab by

πab =
∂L
∂ ˙γab

, (3.3.8)

where “ · ” denotes the derivative with respect to the parameter t. On the other
hand, the momenta associated with the variables Nµ will be clearly equal to zero,

P µ ≡ ∂L
∂Ṅµ

= 0. (3.3.9)

In order to calculate the momenta, we introduce the following object,

Gabcd ≡ 1

2

√
γ
[
(γabγbd + γadγbc)− 2γadγcd

]
. (3.3.10)

This object is called a supermetric. This allow us to rewrite the Lagrangian in the
following form

L = N
(
GabcdKabKcd +

√
γR
)
. (3.3.11)

Moreover, we can construct the canonical momentum using the supermetric, giving

πab = −GabcdKcd. (3.3.12)

Finally, we can rewrite the velocities,γab, in the form

˙γab = 2(N(a|b) +NGabcdπ
cd). (3.3.13)

where Na|b := DbNa with Db being compatible with the induced metric. Then, the
Hamiltonian of GR can be written as,

H =

ˆ
d3x(πab ˙γab − L), (3.3.14)

13



CHAPTER 3. CONSERVED CHARGES

where the Hamiltonian density is given by

(πab ˙γab − L) = N
√
γ(KabK

ab −K2 −R)− 2πabNa|b. (3.3.15)

Finally, the Hamiltonian can be writen in terms of the constraints as

H =

ˆ
d3x[NH0 +NaHa], (3.3.16)

where

H0 = N
√
h(KabK

ab −K2 −R) ,

Ha = 2πb
a|b,

are the Hamiltonian constraints and N with Na play the role of Lagrange mutipliers.
From hereon, we follow the approach of Ref. [34], which is closely related to the
Regge-Teitelboim prescription [35]. First, rewrite the Hamiltonian action explictly
in terms of the conjugate momenta and the induced metric, that is,

H0 =

ˆ {
Nh−1/2

(
πabπ

ab − 1

2
π2

)
−Nh1/2R− 2Nah

1/2(h−1/2πab)|b

}
d3x.

(3.3.17)
Now, the arbitrary variation with respect to hij and πij, yields

δπH0 =

ˆ
Σt

2[Nh−1/2

(
πabπ

ab − 1

2
πhab

)
+D(bNa)]δπ

abd3x−2

˛
St

Nah
−1/2rbδπ

ab
√
σd2x .

(3.3.18)
On the other hand,

δhH0 =

ˆ
Σt

[
−1

2
Nh−1/2

(
πcdπcd −

1

2
π2

)
hab + 2Nh−1/2

(
πa

cπ
cb − 1

2
ππab

)
+Nh1/2Gab

+2πc(aN
b)
|b + h1/2

(
habN ,d

,d −N ,ab
)
− h1/2

(
h−1/2πabNd

)
|d

]
δhabd

3x

+

˛
St

Nhabδhab,cr
c
√
σd2x

]
.
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3.3. ARNOWITT-DESER-MISNER FORMALISM

then the complete variation will be the sum of the previous variations, i.e.

δH0 =

ˆ
Σt

(
Habδπ

ab + Pabδhab
)
d3x+

˛
St

[
Nhabδab,cr

c − 2Nah
−1/2rbδπ

ab
]
, (3.3.19)

where

Hab = 2

[
Nh−1/2

(
πabπ

ab − 1

2
πhab

)
+D(bNa)

]
,

Pab = −1

2
Nh−1/2

(
πcdπcd −

1

2
π2

)
hab + 2Nh−1/2

(
πa

cπ
cb − 1

2
ππab

)
+Nh1/2Gab

+2πc(aN
b)
|b + h1/2

(
habN ,d

,d −N ,ab
)
− h1/2

(
h−1/2πabNd

)
|d .

Hence, we see that the Einstein gravity does not have a good behaviour. This is
because the arbitrary variations with respect to γij and πij must yield only the field
equations of the theory.. However, here the theory gives the field equations and
surface integrals (boundary terms). This latter implies that GR does not have a
well-posed variational principle. Regge and Teitelboim redefined the Hamiltonian of
gravity, considering these surface charges from scratch. The latter is called the “True
Hamiltonian". With this redefinition, they show that this Hamiltonian remains
invariant under temporal translation, and these surface charges are identified with
the energy.
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Chapter 4

Exact solutions of Einstein Equations

Exact solutions of Einstein’s field equations play a central role in the study of General
Relativity, as they provide explicit spacetimes in which the physical and geomet-
rical properties of the theory can be analyzed in detail. Through these solutions,
one can investigate fundamental phenomena such as black holes, cosmological dy-
namics, gravitational collapse, and the propagation of gravitational waves within a
fully nonlinear relativistic framework. In addition to their physical relevance, exact
solutions also serve as important theoretical laboratories where new mathematical
techniques and conceptual ideas can be developed and tested. For this reason, the
systematic study and classification of exact solutions has become an essential part
of research in gravitational physics and mathematical relativity.

In this section, we review some relevant solutions of Einstein’s equations. We also
discuss their generalizations to higher dimensions and their physical implications.
This section is mainly based on the references [46–51]; for further details, we refer
the reader to these works.
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4.1. SCHWAZSCHILD BLACK HOLE

4.1 Schwazschild black hole

The first exact solutions to the Einstein field equations was found by Karl Schwazschild
in Ref. [4] only a few months later that Einstein proposed its equations. It is widely
applied both in astrophysics and in considerations of orbital motions about the Sun
or the Earth. Moreover, it provides a model for a theory of strong gravitational
fields that is widely applied in the final stages of stellar evolution and formation of
black holes [49]. Due to the Birkhoff’s theorem [5], the unique vacuum spherically
symmetric solution is the Schwarzschild black hole. The line element is given by

ds2 = −f(r)dt2 + dr2

f(r)
+ r2(dθ2 + sin θdϕ2) , (4.1.1)

with f(r) = 1 − 2m
r

, where m is an integration constant which is associated with
the mass (we compute this with the Brown-York method below). And we are using
units such that GN = 1. This solution reduces to Minkowski spacetime in spherical
coordinate at m→ 0.

By virtue of being static, the spacetime admits ξ = ∂t as a timelike Killing
vector; moreover, it is also invariant under the SO(3) isometry group. The horizon
of this geometry is located at r+ = 2m, and it exhibits a curvature singularity at
r = 0. The latter can be seen from the Kretschmann invariant, given by

RµνλρR
µνλρ =

48m2

r6
. (4.1.2)

4.1.1 Brown-York charges of the Schwarzschild black hole

To ilustrate the Brown-York method, we compute the conserved charges for Schwazschild
black hole in (4.1.1). To define the hypersurface at constant r and t, we define two
normal vectors, i.e., n =

√
f(r)∂r and u = f(r)−1∂t. Another ingredient we need

is the extrinsic curvature for this solution, given in equation (8.5.10), which for the
Schwarzschild black hole gives,

K =
4f + rf ′

2
√
fr

=
2√

r(2mG− r)
− 3mG

r
√
r(r − 2mG)

. (4.1.3)
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CHAPTER 4. EXACT SOLUTIONS OF EINSTEIN EQUATIONS

where prime denotes differentiation with respect to r. Recall that, as we mentioned,
the Schwarzschild solution is continuously connected with Minkowski as m → 0.
Thus, we consider, as a background, the Minkowski space, whose extrinsic curvature
trace can be obtained as,

K0 = lim
m→0

K =
2

r
. (4.1.4)

Since the Schwarzschild’s black hole is a static solution, it is endowed with a Killing
vector ξ = ∂t, which we use to compute the energy for the black hole. Replacing
the previous ingredients in (3.2.6) yields

Q[∂t] = lim
r→∞

ˆ 2π

0

dϕ

ˆ π

0

dθ sin θ
1

4π

(
2m− r + r

√
1− 2m

r

)
= m. (4.1.5)

Therefore, we conclude that the black hole’s energy is its mass.

4.2 Taub-NUT

A stationary one-parameter extension of the Schwarzschild solution was found by
Taub [6] and Newman, Tamburino, and Unti [7]. Today, this solution is known
as Taub-NUT (TN) and has been heavily studied since its discovery due to their
close resemblance with gravitomagnetic monopoles and gravitational instantons in
the Euclidean section. It is a solution of Einstein field equations with cosmological
[cf.(2.1.3)]. The line element is usually parametrized as

ds2 = −f(r) (dt+ 2n cos θdϕ)2 +
dr2

f(r)
+
(
r2 + n2

)
(dθ2 + sin2 θdϕ2) . (4.2.1)

The metric function that solves the Einstein field equations is,

f(r) =
r2 − n2

r2 + n2
− 2mGr

r2 + n2
− Λ

3

(r2 + 6r2n2 − 3n4)

(r2 + n2)
(4.2.2)

where m is an integration constant related to the ADM mass [52–54] and n is
the NUT charge, also known as the gravitomagnetic mass. Here, the range of the
coordinates is (t, r) ∈ R, 0 ≤ θ ≤ π, and 0 ≤ ϕ < 2π. If the cosmological constant
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4.2. TAUB-NUT

vanishes, i.e., Λ = 0 we reduce to solving the Einstein field equations, and the
solution has two horizons; ther are

r± = m±
√
m2 + n2. (4.2.3)

This metric is free of curvature singularities for r ∈ R as it can be seen directly from
the computation of the Kretschmann invariant. Additionally, it is continuously
connected to the Schwarzschild metric if we consider the limit n→ 0.

Considering the magnetic and electric parts of the Weyl tensor, defined as

Eij = Wiλjρn
λnρ and Bij = W̃iλjρn

λnρ (4.2.4)

where nµ is the unit-normal spacelike vector that defines radial foliation, W µν
λρ and

W̃µνλρ are the Weyl and dual Weyl tensor, respectively. The dual Weyl tensor is
defined as,

W̃µνλρ :=
1

2
εµναβW

αβ
λρ . (4.2.5)

In Ads, when Λ = −3/ℓ2 with ℓ being the AdS radius, the falloff of these tensor
gives

Bi
j ∼ 2n(l2 + 4n2)

l2r3
− 6MnG

r4
+O

(
1

r5

)
(4.2.6)

Ei
j ∼ 2MG

r3
+

6l2n2 + 24n4

l2r4
+O

(
1

r5

)
. (4.2.7)

From these equations, we conclude that the leading term of the magnetic part of
the Weyl tensor is proportional to the NUT charge, whereas the leading term of the
electric part is dominated by the mass parameter, both being of the same order.
Moreover, from the ADM charges, the NUT charge can be interpreted as a form
of “magnetic mass” [8], and thus the Taub–NUT solution can be regarded as a
gravitational dyon [55].

Despite that TN is a regular solution, it is well-known that it has a string-like
topological defect that is analog to the Dirac string in the case of the magnetic
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monopole. To ilustrate this, let us define a vielbein basis,

e0 =
√
f(dt+ 2n cos θdϕ) (4.2.8)

e1 =
dr√
f

(4.2.9)

e2 =
√
r2 + n2dθ (4.2.10)

e3 =
√
r2 + n2 sin θdϕ (4.2.11)

where f = f(r) and the vielbeins satisfy the equivalence principle, i.e., gµν :=

eiµe
j
νηij with gµν being the component of the TN metric given in (4.2.1), and ηij =

diag(−1,+1,+1,+1) is the Minkowski metric. Then, solving for the dt 1-form from
the vielbeins we obtain (for more details for this notation see [34, 56,57])

dt = ∇µtdx
µ =

e0√
f
− 2n cot θe3√

r2 + n2
.

The norm of the vector field that defines the Hamiltonian evolution is given by

−∇µt∇µt =
1

f(r)
− 4n2 cot2 θ

r2 + n2
. (4.2.12)

The norm is undefined when r = r+, such as f (r+) = 0 but it is a coordinate
singularity and can be removed by a “good” patch of coordinates. Moreover, the
string-like topological defect is present at θ = {0, π} the latter represents the effect
of the Misner String [58]. The latter it is not possible to removed via a single
coordinate patch

Similar to the magnetic monopole, the Misner string can be removed by a large
gauge transformation. For instance, if we separate the metric in two patches, say
S+ and S− with a temporal coordinate change t± → t± ± 2nϕ, then Eq. (4.2.1) can
be written as

ds2± = −f(r) [dt± ± 2n (1± cos θ) dϕ]2+
dr2

f (r)
+
(
r2 + n2

)
(dθ2+sin2 θdϕ2) . (4.2.13)

where denotes the two different patches without the Misner string. We conclude that
it becomes regular in θ = 0 for the northern hemisphere (S+) and for the southern
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hemisphere (S−) when θ = π. However, on the equator, these coordinates satisfy
the relation t+ = t− + 4nϕ and, since ϕ is an angular coordinate with period 2π,
this implies that t± ∼ t± + 8πn. Therefore, eliminating the Misner string implies
the existence of closed timelike curves.

However, this is not the case when the transverse section is no longer spheri-
cal. For instance, we can consider different topologies for the transverse section of
Eq. (4.2.1), that is

ds2 = −f(r)
(
dt+ 2nB(k)

)2
+

dr2

f (r)
+
(
r2 + n2

)
dΣ2

(k) , (4.2.14)

where dΣ2
k is the metric of a codimension-2 constant curvature space, which locally

looks like S2, H2 or T 2 for k = ±1, 0, respectivelly, and

B(k) =


cos θdϕ if k = 1 with dΣ2

(1) = dθ2 + sin2 θdϕ2

cosh θdϕ if k = −1 with dΣ2
(−1) = dθ2 + sinh2 θdϕ2

xdy if k = 0 with dΣ2
(0) = dx2 + dy2

(4.2.15)

is the Kähler 1-form associated to dΣ2
k. For these cases, the metric function that

solves the Einstein field equations in vacuum, is given by

f (r) = k

(
r2 − n2

r2 + n2

)
− 2mGr

r2 + n2
− Λ

3

(r4 − 6r2n2 − 3n4)

(r2 + n2)
. (4.2.16)

For instance, when k = 0, and using the equation (4.2.12), the norm of the vector
field that defines the Hamiltonian evolution is

−∇µt∇µt =
1

f(r)
− 4n2x2

r2 + n2
(4.2.17)

which, for r ̸= r+, is regular ∀x. Therefore, one concludes that there is no Misner
string in the planar case.

Let us consider the asymptotically locally flat case with planar transverse section
(k = 0), that is, when the cosmological constant vanishes, i.e., Λ = 0. Then, the
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conserved charges with the Brown-York method, gives

Q[∂t] = m, Q[∂ϕ] = 2mn (4.2.18)

As a final comment, historically Taub-NUT-AdS was study his analitic contin-
uation, i.e., in the Euclidean signature. The latter can be do it by perfoming a
double Wick rotation of the Lorentzian Taub-NUT, in the following way t → −iτ
and n→ −in. The minus is conventional. In this signature, TN present a curvature
singularity, this can be seen by the Kretschmann invariant, which is,

RµνλρR
µνλρ =

B[r, n,m,Λ]

3(r2 − n2)6
, (4.2.19)

where B[r, n,m,Λ] is a monotonically increasing function of r, that depends on the
power of n,m and Λ. It is clear that now the metric exhibits a singularity at r = n.

However, this metric is study in two different cases or geometric structures.
These are known as the NUTs and Bolts, which correspond to fixed-point sets of
the isometry group that are zero- and two-dimensional, respectively.

To obtain the NUT case, we require that the metric function f(r) vanishes at
r = n. This can be done by studying the series near r = n, yielding

f(r) ≈ 4Λn3 − 3m+ 3n

3(r − n)
+

4Λn3 − 3m+ 3n

6n
O(r − n). (4.2.20)

From here, we can impose the condition,

m =
4Λn3 + 3n

3
:= mNUT . (4.2.21)

Evaluating this new “mass”, we can eliminate the divergence and the metric function
is regular at r = n. Then, the metric function becomes

f(r)NUT =
r − n

r + n
− Λ(r − n)2(3n+ r)

3(r + n)
. (4.2.22)

On the other hand, to eliminate the conical singularities, we must to demand the
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identification of the Euclidean time coordinate with a periodicity given by,

βτ =
4π

f ′(r)NUT

∣∣∣∣∣
r=n

= 8πn , (4.2.23)

where prime denotes derivative with respect to r.
For the Bolt condition, we made a similar procedure. In the absence of Λ, Taub-bolt
was found by Page [59]. Assuming that the metric function vanishes for an arbitrary
rb > n. Expanding f(r) near r = rb yields,

f(r) ≈ rb(6m− 3rb + Λr3b )− 3n2(1 + 2Λr2b )− 3Λn4

3(n2 − r2b )
+O(r − rb). (4.2.24)

Then, imposing,

m =
Λ(3n4 + 6n2r2b )− r2b

6rb
+
n2 + r2b
2rb

:= mBolt, (4.2.25)

then the metric becomes [60,61]

f(r)Bolt =
(r − rb)(n

2 − rbr)

(n2 − r2)rb
+

Λ

3

(r − rb)(3n
4 − 6n2rbr + rbr

3 + r2br
2 + r3br)

(n2 − r2)rb
.

(4.2.26)
Again, to eliminate the conical singularities we demand the Euclidean time period
given by

βτ =
4π

f ′(r)Bolt

∣∣∣∣∣
r=rb

=
4πrb

1 + Λ(n2 − r2b )
, (4.2.27)

where prime denotes derivative with respect to r.
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4.3 Kerr black hole

A relevant solution that describes a rotating black hole in vacuum is the Kerr solu-
tion, discovered by Kerr in Ref. [11]. It it is convenient to present this solution in
terms of Boyer-Lindquist coordinates, that is

ds2 = −∆r

ϱ2
(dt− a sin θdϕ)2 +

ϱ2

∆r

dr2 + ϱ2dθ +
sin2 θ

ϱ2
(adt− (r2 + a2)dϕ)2, (4.3.1)

where
ϱ2 = r2 + a2 cos2 θ and ∆r = r2 − 2Mr + a2,

are the metric functions that solve the Einstein field equations, with M and a beign
integration constants. Here, M represents the ADM mass (or Komar energy), and
J = aM is the angular momentum of the solution [62]. The metric is continuously
connected to the Schwarzschild black hole in the limit a → 0. The parameter a
is interpreted as a rotation parameter. Moreover, the Kerr solution is continuously
connected to Minkowski spacetime in the limit M → 0, although in non-standard
coordinates. This metric is invariant under the simultaneous inversion of t and ϕ,
i.e., t → −t and ϕ → −ϕ. Furthermore, it belongs to the family of stationary and
axisymmetric solutions, and therefore admits two Killing vectors, ξ = ∂t and χ = ∂ϕ.

4.3.1 Horizons

Analysing the roots of ∆r = 0 yields

r± =M ±
√
M2 − a2. (4.3.2)

In the Schwarzschild limit, i.e., a→ 0, the root r+ coincides with the event horizon
of the Schwarzschild black hole, located at r = 2M . The other root, r−, coincides
with the curvature singularity at r = 0. The extremal limit of the Kerr black hole
corresponds to the case in which the mass and rotation parameters satisfy M = a;
in this case, both horizons coalesce, producing a degenerate event horizon. This
configuration represents the limiting case separating regular black hole solutions
from naked singularities, since for a > M the spacetime no longer possesses an
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event horizon. Extremal black holes exhibit several remarkable properties. In par-
ticular, the surface gravity vanishes, implying that the Hawking temperature [63] is
zero. Furthermore, the near-horizon geometry develops enhanced symmetries that
make the extremal Kerr solution especially useful for analytical studies of black hole
thermodynamics and quantum aspects of gravity [64]. For these reasons, extremal
rotating black holes play an important role in the theoretical analysis of gravita-
tional solutions and often arise as limiting configurations in higher-dimensional and
String theory models [46,47].

The Kretschmann invariant for the Kerr solution is given by

RµνλρR
µνλρ =

48M2(r2 − a2 cos2 θ)(ϱ4 − 16a2r2 cos2 θ)

ϱ12
. (4.3.3)

From this expression we observe that ∆r = 0 corresponds only to a coordinate
singularity, whereas the spacetime becomes truly singular when ϱ12 = 0. Let us
discuss this in more detail. From the definition ϱ2 = r2 + a2 cos2 θ, the singularity
occurs only in the equatorial plane, i.e. θ = π/2, at r = 0. Using the coordinate
relations4

x2 + y2 = (r2 + a2) sin2 θ, z = r cos θ,

the surface r = 0 corresponds to the entire disk x2 + y2 ≤ a2 in the plane z = 0.
The boundary of this disk is given by

x2 + y2 = a2, (4.3.4)

which lies in the equatorial plane. Therefore, the curvature singularity is located on
a ring of radius a in the x–y plane, commonly known as the ring singularity.

4.3.2 Ergoregions and Ergosphere

For the purpose of studying the geometry of this solution, it is natural to ask where
the Killing vector ξ becomes null. Let us consider static observers in the Kerr

4These relations follow from the Kerr–Schild coordinates; for more details see [34].
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spacetime, i.e., observers whose four-velocity is proportional to ξ. Thus,

uµ = vξµ, (4.3.5)

where v ≡ (−gµνξµξν)−1/2 ensures that the four-velocity is properly normalized. The
motion of these observers is not geodesic, since they must be held in place by an
external agent, for instance, a rocket engine.

Static observers cannot exist everywhere, because ξ is not timelike throughout
the spacetime. It becomes null when −gtt = v−2 = 0. Therefore, the stationary
limit 5 is determined by the roots of gtt = 0. These roots are

r±sl =M ±
√
M2 − a2 cos2 θ. (4.3.6)

where sl denotes the stationary limit. Therefore, observers cannot remain static in
the region r+ < r < r+sl, where ξ becomes spacelike. This region is known as the
ergoregion, and the stationary limit surface, i.e., r = r+sl, is called the ergosphere.
Moreover, note that for θ = 0, π the static limit radius becomes r±sl = r±, i.e., the
stationary limit surface coincides with the event horizon.

4.3.3 Brown-York charges of the Kerr black hole

Using the Brown-York method, we compute the conserved charges. To define the
hypersurface at constant r and t, we define two normal vectors, these are defined as

v =

√
∆r

ϱ2
∂r , (4.3.7)

u =

√
ϱ2

a2 cos2 θ − 2Mr + r2
∂t , (4.3.8)

5Some authors [49] refer to this surface as the static limit surface.
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respectively. Another ingredient we need is the extrinsic curvature for this solution,
which is given by (8.5.10)

K =

√
∆r

ϱ6
2r =

√
r2 − 2mr + a2

(a2 cos2 θ + r2)3
2r . (4.3.9)

Recall that, as we mentioned, the Kerr solutions is continuosly connected with
Minkowski as m → 0. Thus, we consider, as a background, the Minkowski space,
whose extrinsic curvature trace can be obtained as

K0 = lim
m→0

K =

√
r2 + a2

(a2 cos2 θ + r2)3
2r . (4.3.10)

Since the Kerr solution is a stationary and axisymmetric solution, it is endowed
with a two Killing vector ξ = ∂t and χ = ∂ϕ, as we mentioned before, which we
use to compute the energy and angular momentum, respectively. Concretely, the
quasi-local charges are

Q[ξ] =M, Q[χ] =Ma. (4.3.11)
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4.4 Schwazschild-Tangh erlini

The generalization of Schwarzschild solution to D ≥ 4 dimensions was found by
Tangherlini [10] nowadays knowed as Schwarzschild-Tangherlini. The line element
is given by,

ds2 = −h(r)dt2 + h(r)−1dr2 + r2dΩ2
D−2, (4.4.1)

with
h(r) = 1− µ

rD−3
, (4.4.2)

where µ is an integration constant and dΩ2
D−2 denotes the line element on the unit

(D− 2)-sphere. The mass and angular momentum in D-dimensional spacetime was
obtained for the ADM [65–67] formalism which examine the asymtotic structure of
the metric. With this one finds that µ fixes the mass of the black hole, yielding,

M =
(D − 2)ΩD−2

16πG
µ , (4.4.3)

where ΩD−2 is the area of a unit (D− 2) sphere. The latter has the following value,

ΩD−2 =
2π

D−1
2

Γ
(
D−1
2

) . (4.4.4)

Similar that in D = 4 meanwhile the value of µ remains positive we will have an
event horizon, which is located at the surface rD−3 = µ. There is a curvature
singularity at r = 0, this can be seen from the Kretschmann scalar, giving by

RµνλρR
µνλρ ∝ µ2

r2(D−1)
. (4.4.5)

On the other hand, for the case µ < 0 the spacetime has a naked singulatiry at
r = 0. As a final remark the Schwazschild-Tangherlini metric is the most general
solution and so any spherically symmetric solution of Rµν = 0 must also be static.

In the limit D = 4, one recovers the standard Schwarzschild solution. The
Schwarzschild–Tangherlini geometry constitutes the simplest higher-dimensional black
hole spacetime and serves as a starting point for more general solutions.
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4.5 Taub-NUT-AdS in higher dimensions

The generalization of the Taub-NUT-AdS solution for a single rotational plane, i.e.,
with a single NUT charge n, was study mostly in the Euclidean signature. Awad
and Chamblin studied the solution for a given dimension with different transverse
sections in Ref. [68] but also gave a general form for the metric function that solves
the field equations. Later, Clarkson et al. in Ref. [69] study the thermodynamics of
Euclidean-Taub-NUT-AdS. In the Euclidean section, different authors studied the
NUT and Bolt cases mentioned before.

The general form for the Taub-NUT/Bolt-AdS for a U(1) fibration over (S2)⊗(D−2)

is given by [68],

ds2 = f(r)(dτ + 2n cos θidϕi)
2 +

dr2

f(r)
+ (r2 − n2)(dθ2i + sin θidϕ

2
i ), (4.5.1)

with i summed from 1 to D − 2. The general form for f(r) is

f(r) =
r

(r2 − n2)k

ˆ r [(s2 − n2)k

s2
+

2k + 1

ℓ2
(s2 − n2)k+1

s2

]
ds− 2mr

(r2 − n2)k
, (4.5.2)

where D = 2k+2 and m is an integration constant and ℓ is the AdS radius. Which
is related with the mass of the Taub-NUT/Bolt-AdS in any dimension [69]. For the
conserved charges, the authors use the renormalized Euclidean on-shell action and
the Noether method [70,71].

Therefore, the mass [69] is given by

M =
(D − 1)(4π)n−2/2m

8π
. (4.5.3)

Clarson et al. in Ref. [69] comment that they checked this expression for the mass
up-to D = 20.
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4.6 Myers and Perry solution

The Myers–Perry (MP) solution, introduced by Robert C. Myers and Malcolm J.
Perry in 1986, generalizes the Kerr black hole to arbitrary spacetime dimensions
(D > 4) [12]. Unlike in four dimensions, where a black hole has a single axis of
rotation, a D-dimensional rotating black hole can possess n =

⌊
D−1
2

⌋
independent

rotation parameters, each is associated with a different rotational plane.

This solution provides important insights into the behavior of black holes in
higher-dimensional spacetimes. In particular, it serves as a fundamental framework
for studying black hole thermodynamics, stability, and the possible existence of
naked singularities in dimensions greater than four [47]. Moreover, it plays a central
role in several theoretical frameworks, including gauge/gravity duality and extra-
dimensional gravity theories (e.g., the AdS/CFT correspondence) [18,72].

In this section we analyze the Myers–Perry black hole, focusing on its math-
ematical formulation, physical properties, and implications for higher-dimensional
gravity theories. Here we restrict our discussion to the basic aspects of this solution.
For further details see Refs. [47,51].

The rotating black hole in an even number of spacetime dimensions, i.e., D =

2n+ 2 with D ≥ 4, is described by the line element

ds2 = −dt2 +
µr

ΠF

(
dt+

n∑
i=1

aiµ
2
idϕi

)2

+
ΠF

Π− µr
dr2

+
n∑

i=1

(r2 + a2i )(dµ
2
i + µ2

idϕ
2
i ) + r2dα2, (4.6.1)

where

F = 1−
n∑

i=1

a2iµ
2
i

r2 + a2i
, (4.6.2)

Π =
n∏

i=1

(r2 + a2i ). (4.6.3)

When only one rotation parameter is present, i.e., n = 1, the MP solution reduces
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to the Kerr solution. On the other hand, for an odd number of spacetime dimensions,
D = 2n+ 1 with D ≥ 5, the metric becomes

ds2 = −dt2 +
µr2

ΠF

(
dt+

n∑
i=1

aiµ
2
idϕi

)2

+
ΠF

Π− µr2
dr2

+
n∑

i=1

(r2 + a2i )(dµ
2
i + µ2

idϕ
2
i ),

where the functions F and Π are given in Eq. (4.6.2). Studying the asymptotic
structure of the metric using the ADM method [65–67] for a higher dimensions, one
finds that the n+ 1 free parameters, i.e., µ and ai determine the mass and angular
momenta of the black holes and giving the following results.

M =
(D − 2)ΩD−2

16πG
µ, (4.6.4)

Jyixi =
ΩD−2

8πG
µai =

2

D − 2
Mai, (4.6.5)

where ΩD−2 denotes the area of the unit SD−2 sphere.

4.6.1 Horizons and thermodynamic properties

The structure of the event horizon is one of the most important aspects of the MP
solution. As mentioned previously, the metric takes different forms depending on
whether the spacetime dimension is even or odd. Therefore, we analyze the location
of the horizons case by case.

Let us begin with even spacetime dimensions, D = 2n + 2. The event horizon
is located where the inverse radial component of the metric vanishes, i.e., when
grr = 0. This condition leads to

Π− µr = 0. (4.6.6)

This equation corresponds to a polynomial of degree D− 2 in the radial coordinate
r, whose real positive roots determine the possible horizons of the spacetime. In gen-
eral, analytic solutions for the location of the horizon exist only for low dimensions,

31



CHAPTER 4. EXACT SOLUTIONS OF EINSTEIN EQUATIONS

such as D = 4 and D = 6. For higher dimensions, the roots must be determined
numerically.

Nevertheless, some general observations can be made. If an event horizon exists,
its topology must be that of a sphere SD−2. Furthermore, to avoid a naked singular-
ity the mass parameter µ must be positive. A closer inspection of Eq. (4.6.6) shows
that three scenarios are possible: the spacetime may contain two horizons, a single
degenerate (extremal) horizon, or no horizon at all.

On the other hand, in odd spacetime dimensions, D = 2n + 1, the location of
the horizon is determined by

Π− µr2 = 0. (4.6.7)

To analyze this equation it is convenient to introduce the radial coordinate ρ = r2,
in terms of which Eq. (4.6.7) becomes

n∏
i=1

(ρ+ a2i )− µρ = 0. (4.6.8)

In this case, analytic expressions for the roots exist in dimensions D = 5, 7, 9.
The condition ρ > 0 implies that µ > 0. Moreover, the existence of a positive root
requires that

µ >
∑
i

∏
j ̸=i

a2j , (4.6.9)

which guarantees that the coefficient of the linear term in Eq. (4.6.8) is negative.
This condition is necessary, although not sufficient, for the absence of a naked sin-
gularity.

Once the event horizon radius r+ is determined, one can define the Killing vector
that generates the horizon,

ξ = ∂t +
n∑

i=1

Ωi∂ϕi
, (4.6.10)

where the angular velocities of the horizon [12] are given by

Ωi =
ai

r2+ + a2i
. (4.6.11)
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The surface gravity associated with the Killing horizon determines the Hawking
temperature [73] through

T =
κs
2π
. (4.6.12)

where κs is the surface gravity given by,

κ2s := −1

2
∇µξν∇µξν . (4.6.13)

Together with the entropy, proportional to the horizon area, these quantities satisfy
the first law of black hole thermodynamics [74].

An important qualitative feature arises in dimensions greater than five. Unlike
the four-dimensional Kerr solution, which possesses an upper bound on the rotation
parameter, MP black holes with a single rotation parameter in D > 5 do not exhibit
such a bound. The angular momentum can grow arbitrarily large while the horizon
still persists.

This regime is known as the ultraspinning limit [75]. In this limit, the horizon
becomes increasingly flattened along the plane of rotation and begins to resemble
a higher-dimensional black membrane. Consequently, these solutions are expected
to develop dynamical instabilities analogous to the Gregory-Laflamme instability of
black strings [76, 77].

These features illustrate the rich structure of higher-dimensional rotating solu-
tions and motivate the search for new geometries with multiple rotational parameters
and additional charges.

4.6.2 Ergoregion and Ergosphere

Analogous to the Kerr solution, rotating MP solutions possess an ergoregion. This
region is bounded by the ergosurface, defined as the hypersurface where the norm
of the asymptotically timelike Killing vector becomes null. In Boyer-Lindquist co-
ordinates, this corresponds to the condition gtt = 0.
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To determine the ergoregion we therefore need to find the roots of

FΠ− µr = 0, (4.6.14)

FΠ− µr2 = 0, (4.6.15)

for even and odd spacetime dimensions, respectively.

In general, these equations cannot be solved analytically for arbitrary dimensions
and rotation parameters. Nevertheless, several general properties can be established.
As in the case of the event horizon, the ergosurface has topology SD−2. However, the
presence of the factor F introduces a non-trivial dependence on the µi directions,
leading to a more intricate angular structure than that of the horizon [12,47].

For even spacetime dimensions, if m rotation parameters vanish, the ergosurface
reduces locally to a D = 2m dimensional sphere described by the constraint

α2 +
m∑
k=1

µ2
k = 1, (4.6.16)

where the sum runs over the m indices for which ak = 0. In this case, the geometry
exhibits an enhanced rotational symmetry in the corresponding subspace.

On the other hand, when the rotation parameters are non-vanishing, the ergo-
surface and the event horizon generally do not coincide. Instead, the ergosurface
lies outside the horizon except at special points where the Killing vector generating
the horizon becomes aligned with the asymptotic time translation. In particular,
the two surfaces touch only at the points where α = ±1, which correspond to the
rotation axis. This behaviour is directly analogous to that of the Kerr solution in
four dimensions.

As emphasized in the analysis of higher-dimensional rotating black holes, the
existence of an ergoregion implies that processes analogous to the Penrose process
and superradiant scattering can occur. These phenomena allow the extraction of
rotational energy from the black hole and play an important role in the dynamics
and stability of rotating solutions in higher dimensions [47].
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Chapter 5

MultiNUT solutions

5.1 Taub–NUT with Multiple NUT Charges

A deformation of the Taub-NUT solution in higher-dimensional Einstein gravity
with a cosmological constant was studied by Mann and Stelea in [16, 17]. This
deformation is obtained by introducing multiple and distinct NUT parameters. 6

Such geometries can be interpreted as higher-dimensional Taub-NUT spacetimes
endowed with several independent gravitomagnetic sources.

In Ref. [16], the authors arrived at two important conclusions that can be drawn
about these geometries. The first one is that the existence of multiNUT solutions in
Einstein gravity with cosmological constant Λ is obstructed by the field equations.

To illustrate this, let us consider the case D = 6 with two NUT charges, namely
n1 and n2, corresponding to a U(1) fibration over S2 × S2. The line element takes
the form

ds2 = −f(r) (dt+ 2n1 cos θ1dϕ1 + 2n2 cos θ2dϕ2)
2 +

dr2

f(r)

+
(
r2 + n2

1

) (
dθ21 + sin2 θ1dϕ

2
1

)
+ (r2 + n2

2)
(
dθ22 + sin2 θ2dϕ

2
2

)
.

However, after integratint the tt components of the Einstein equations, the trans-
verse components impose a constraint on this metric which, in the presence of a

6A generalization based on an analytic continuation of Taub-NUT solutions in Lovelock gravity
was recently obtained by Corral et al. [78].
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cosmological constant Λ = −10
ℓ2

, takes the form

(n2
(1) − n2

(2))Λ = 0 . (5.1.1)

Therefore, different values of n1 and n2 are possible only if the cosmological constant
vanishes. Moreover, the authors also analyzed other possible topologies for the
transverse section, obtaining similar constraints to those given in (5.1.1).

Later, in Ref. [79], new solutions to the vacuum Einstein field equations (2.1.3)
with different NUT charges were constructed, with and without a cosmological con-
stant. This was achieved by adopting a different normalization of the constant-
curvature spaces, namely

Rab(Mi) = k(i)gab,

where Rab(Mi) denotes the Ricci curvature of the manifold associated with the
transverse section Mi. The general form of the line element is then given by

ds2D = −f(r)

(
dt+

k∑
i=1

2niB(i)

)2

+ f−1 (r) dr2 +

p∑
i=1

(
r2 + n2

i

)
gMi

, (5.1.2)

where k = (D − 2)/2 and B(i) is the Khäler 1-form, with Ω(i) = dB(i) its the
symplectic 2-form associated to the i-th Einstein–Kähler manifold M(i).

The metric function that solves the Einstein field equations with Λ = ± (D−1)(D−2)
2l2

is given by

f(r) =
r∏p

i=1 (r
2 + n2

i )

[
−m+

ˆ r (
k1 ∓

D − 1

l2
(
s2 + n2

1

)) ∏p
i=1 (s

2 + n2
i )

s2
ds

]
,

(5.1.3)
where M is an integration constant. In this case, the constraint relating the NUT
parameters ni and the cosmological constant Λ can be written as

Λ
(
n2
(j) − n2

(i)

)
= k(j) − k(i) , ∀i, j. (5.1.4)
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For instance, in the six-dimensional case, the metric read as

ds2 = −f(r)
(
dt− 2n1

k1
cos θ1dϕ1 −

2n2

k2
cos θ2dϕ2

)2

+
dr2

f(r)

+
r2 + n2

1

k1

(
dθ21 + sin2 θ1dϕ

2
1

)
+
r2 + n2

2

k2

(
dθ22 + sin2 θ2dϕ

2
2

)
,

where f(r) is given in Eq. (5.1.3) with p = 2. Then, the constraint is translated into
a relation between the Gaussian curvatures of the transverse sections, which reads
as

Λ
(
n2
1 − n2

2

)
= k1 − k2 . (5.1.5)

Solving this equation for k2 and replacing, we obtain

ds2 = −f(r)
(
dt− 2n1

k1
cos θ1dϕ1 −

2n2

k1 − Λ (n2
1 − n2

2)
cos θ2dϕ2

)2

+
dr2

f (r)

+
r2 + n2

1

k1

(
dθ21 + sin2 θ1dϕ

2
1

)
+

r2 + n2
2

k1 − Λ (n2
1 − n2

2)

(
dθ22 + sin2 θ2dϕ

2
2

)
.

Nonetheless, it is not applicable when the latter metric is flat.

37



CHAPTER 5. MULTINUT SOLUTIONS

5.2 MultiNUTs in Differential Forms language

In this section, we explore the multiNUTs in the language of the differential forms
[for the details see the Appendix 7]. The line element of the multiNUTs is given by
the following,

ds2 = −f (r)

(
dt+

k∑
i=1

B(i)

)2

+
dr2

f (r)
+

k∑
i=1

N(i)dΣ
2
(i) , (5.2.1)

where B(i) = 2n(i)B(i) defines the Khäler potential, N(i) is the area coordinate and
dΣ2

(i) is the base manifold (or transverse section) of D−2-dimension. The dimension
of manifold M is given by D = 2k + 2. Note that the index i is not an index of
an internal group. It labels the Khäler potential, the NUT charges, and the base
manifold.

Let us remember that the vielbeins satisfy,

ds2 = −e0 ⊗ e0 + e1 ⊗ e1 + δAB

k∑
i=1

eA(i) ⊗ eB(i) . (5.2.2)

where δAB ∈ SO (2) and it is the Killing Cartan metric. We choose an orthonormal
vielbein basis as

e0 =
√
f

(
dt+

k∑
i=1

B(i)

)
, e1 =

dr√
f
, eA(i) =

√
N(i)ē

A
(i),

where f = f(r) and ēA is related with the Kähler-Einstein manifold. The aim is
to compute the two form curvature. We will proceed step by step, obtaining the
main ingredients that we need. Let us start with the exterior derivate of the vielbein
basis.

de0 =
f ′

2
√
f
e1 ∧ e0 +

√
f

k∑
i=1

Ω(i) ,

de1 = 0 ,

deA(i) =

√
fN ′

(i)

2N(i)

e1 ∧ eA(i) − ω̄A
(i)B ∧ eB(i) .
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where we defined
dB(i) := 2n(i)Ω(i) (5.2.3)

with Ω(i) =
1
2
Ω

(i)
AB ē

A
(i) ∧ ēB(i).

Now, to compute the spin connection we will use the next expression,

ωab = −i[adeb] +
1

2
(iaibdec) e

c,

= −i[adeb] +
1

2
(iaibde0) e

0 +
1

2
(iaibde1) e

1 +
1

2
(iaibdeC) e

C ,

= −i[adeb] +
1

2
(iaibde0) e

0 +
1

2
(iaibde1) e

1 +
1

2

k∑
j=1

(
iaibde

(j)
C

)
eC(j).

Note that we modify the expression and we introduce a new index j for this case
j make the same role that i that we mention at the beggining. After some algebra
(for more details see 7) the non-trivial components are,

ω01 =
f ′

2
√
f
e0, (5.2.4)

ω0A
(i) =

√
fn(i)

N(i)

ΩA
(i)Be

B
(i), (5.2.5)

ω1A
(i) = −

√
fN ′

(i)

2N(i)

eA(i), (5.2.6)

ωAB
(i) = ω̄AB

(i) +

√
fn(i)

N(i)

ΩAB
(i) e

0. (5.2.7)

Finally, using these ingredients, we can compute the 2-form curvature defined in Eq.

39



CHAPTER 5. MULTINUT SOLUTIONS

49 of Ref. [57]. All the non-trivial components of the 2-form curvature are given by

R01 = −f
′′

2
e0 ∧ e1 +

k∑
i=1

n(i)

2

[
f

N(i)

]′
Ω

(i)
ABe

A
(i) ∧ eB(i)

R0A =
k∑

i=1

(
1

2

[
f

N(i)

]′
n(i)Ω

A
(i)Be

1 ∧ eB(i) −
1

4

(
f ′N ′

(i)N(i) + 4fn2
(i)

N2
(i)

)
e0 ∧ eA(i)

+

√
fn(i)

N(i)

D̄(i)ΩA
(i)B ∧ eB(i)

)
R1A =

k∑
i=1

(
1

2

[
−f ′N(i) + fN ′

(i)

N2
(i)

]
n(i)Ω

A
(i)Be

0 ∧ eB(i) +

([
−
√
fN ′

(i)

2N(i)

]′√
f −

fN ′2
(i)

4N2
(i)

)
e1 ∧ eA(i)

)

RAB =

(
k∑

i=1

dω̄AB
(i) +

k∑
i=1

k∑
j=1

ω̄A
(i)C ∧ ω̄CB

(j) +
k∑

i=1

[
f

N(i)

]′
n(i)Ω

AB
(i) e

1 ∧ e0

+
√
f

k∑
i=1

(
n(i)

N(i)

dΩAB
(i) +

k∑
j=1

n(j)

N(j)

ω̄A
(i)CΩ

CB
(j) +

k∑
j=1

n(i)

N(i)

ω̄B
(j)CΩ

AC
(i)

)
∧ e0

+
k∑

i=1

k∑
j=1

fn(i)n(j)

N(i)N(j)

Ω
[A
(i)[CΩ

B]
(j)D]e

C
(i) ∧ eD(j)

−
k∑

i=1

k∑
j=1

fN ′
(i)N

′
(j)

4N(i)N(j)

eA(i) ∧ eB(j) +
k∑

i=1

k∑
w=1

fn(i)n(w)

N(i)N(w)

ΩAB
(i) Ω

(w)
CDe

C
(w) ∧ eD(w)

)
.

for more details about the computation see the appendix 7 where we compute step
by step all the latter results.
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5.3 MultiNUTs with axionic fields

To avoid the constraint obtained by Mann and Stelea, we shaped the theory with
free scalar fields. This latter allows one to circumvent the constraint imposed by the
field equations, allowing to circunvent the obstruction imposed by the field equations.
The flat plane metrics dΣ2

(i) are Kähler manifolds with associated symplectic forms
Ω(i) = dB(i). Taking further advantage of their Kähler structure, we write them
in terms of holomorphic and anti-holomorphic coordinates z(i) = x(i) + i y(i) and
z̄(i) = x(i) − i y(i), respectively, as follows

dΣ2
(i) = 1

2

(
dz̄(i)dz(i) + dz(i)dz̄(i)

)
, (5.3.1)

2B(i) = 1
2i

(
z̄(i)dz(i) − z(i)dz̄(i)

)
, (5.3.2)

where the sum over i relates the NUT charges with the differents base manifold.

Now, we consider GR with cosmological constant suplemented with a minimally
coupled complex scalar field as a matter content in the theory. The action principle
is giving by

Sbulk =

ˆ
dDx

√
|g|

(
R− 2Λ

16π
− 1

2

k∑
i=1

∣∣∣∇φ(i)

∣∣∣2) , (5.3.3)

where we are using units such that the Newton constant is GN = 1. Arbitrary
variations with respect to the metric and the scalar fields gives the field equation of
the theory

Gµν + Λgµν = 8π T (φ)
µν , (5.3.4a)

□φ(i) = 0, (5.3.4b)

respectively. Moreover, the energy-momentum tensor is given by

T (φ)
µν =

1

2

k∑
i=1

(
∇µφ̄(i)∇νφ(i) +∇µφ(i)∇νφ̄(i) − gµν∇αφ̄(i)∇αφ(i)

)
. (5.3.4c)

If one relaxes the condition that the scalar field must remain invariant under the
action of the isometry group of the metric, while keeping the stress-energy tensor
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invariant, one finds that the solution to the Klein-Gordon equation is given by [80,81]

φ(i) = λ(i)z(i), (5.3.5)

where λ(i) denotes the axionic constant for the different base manifold, with z(i)

being their coordinates. Note that these k complex scalar fields can be written as
follows

φ(i) = ϕ(i) + iψ(i) , (5.3.6)

where ϕ(i) and ψ(i) are real scalar fields.

The field equations for the metric can be integrated analytically, whose solution
with multiple NUT parameters is found to be

f(r) = − r
k∏

i=1

(
r2 + n2

(i)

)
m+

ˆ r −8πλ2(k) +
Λ
k

(
ρ2 + n2

(k)

)
ρ2

k∏
i=1

(
ρ2 + n2

(i)

)
dρ

 ,

(5.3.7)
where the following constraint must be met,

λ2(i) = λ2(k) +
Λ

8πk

(
n2
(k) − n2

(i)

)
, ∀i, k . (5.3.8)

The latter equations are the same as in Ref. [17] for a multi-NUT spacetime whose
base manifold is a product of k hyperbolic planes, each with Gaussian curvature
−8πλ2(i). It is worth mentioning that is well known that the axionic integration
constants gravitate as an effective negative curvature [82]. This multi-NUT solution
are continuosly connected with the well-known solution of Ref. [81] in the static
limit, i.e., n(i) → 0.

5.4 Euclidean Action

In the case of Einstein-AdS gravity coupled with axions, holographic renormalization
was studied in four dimensions in Ref. [83]. Specifically, for D = d + 1 dimensions
we consider

S = Sbulk + SGHY + Sct, (5.4.1)
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where,
SGHY =

1

8π

ˆ
∂M

ddx
√
|h|K , (5.4.2)

Sct =
1

8π

ˆ
∂M

ddx
√

|h|
[
d− 1

ℓ
+

ℓ

2(d− 2)
R +

ℓ3

2(d− 4)(d− 2)2

(
RijRij − d

4(d− 1)
R2

)
+

ℓ

4(2∆− d− 2)

k∑
i=1

hmnDmφ̄(i)Dnφ̄(i) + . . .

]
, (5.4.3)

with ∆ being the conformal weight of the scalar fields. We are interested in the
massless case, therefore we focus on the case ∆ = d.

Then, the free energy can be obtained from the renormalized Euclidean on-shell
action to first order in the saddle point approximation. Here, we focus on the
simplest nontrivial multi-NUT AdS solution at d = 5 with two NUT charges. Firsly,
we will perform the Wick rotation t→ −iτ and n(i) → −in(i). To avoid the conical
singularities at r = rh, defined as the largest positive root of f(rh) = 0 we demand
that τ ∼ τ + βτ and βτ defined the Euclidean time period, given by

βτ =
4πℓ2rh

5(r2h − n2
2)− 8πℓ2λ22

, (5.4.4)

where we use the axionic constant relation given by Eq. (5.3.8). The Euclidean time
period is related with the Hawking temperature via

TH = β−1
τ . (5.4.5)

From hereon, we assume, without loss of generality, that rh > n2 > n1. Regularity
of the Euclidean on-shell action demands that the condition

λ42 −
(4n2

1 − n2
2)λ

2
(2)

4πℓ2
+

5(n2
1 − n2

2)(7n
2
1 + 5n2

2)

256π2ℓ4
= 0 , (5.4.6)

must be met. This condition is consistent with the planar Taub-NUT-AdS solution
without the axionic fields when n(1) = n(2) = n. Then, the renormalized Euclidean
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on-shell action is given by

−IE =
βΣ

16π

(
m− 4πrh(n

2
1 − n2

2)(λ
2
1 − λ22)−

rh[12r
4
h − 20r2h(n

2
1 + n2

2) + 15(n2
1 + n2

2)
2]

6ℓ2

)
(5.4.7)

where Σ is the volume element of codimension-2 tranverse section of contant t− r.
Similar to AdS black holes, the exitence of a horizon demands that there is a bound
for the temperature of the multi-NUT configuration, i.e., the T ≥ Tmin, this is given
by

Tmin =

√
25n2

2 − 40πℓ2λ22
2πℓ2

. (5.4.8)

5.5 Hamiltonian energy of multi-NUTs

Considering the ADM formalism discussed in Chapter 3, we employ the surface
integrals that arise in General Relativity to compute the energy of the system.
However, since we supplement the theory with additional matter content, namely
scalar fields, their presence modifies the value of the energy and must therefore be
taken into account.

The Lagrangian density for a real scalar field is given by7,

Lϕ =
√

|g|
(
−1

2
gµν∇µϕ∇νϕ

)
. (5.5.1)

Then, we can expand the Lagrangian density as follows,

Lϕ =
√

|g|
(
−1

2
gttϕ̇2 − gtiϕ̇∇iϕ− 1

2
gij∇iϕ∇jϕ

)
, (5.5.2)

where ϕ̇ = ∇tϕ. The conjugate momentum is given by,

πϕ =
√
|g|(−ϕ̇gtt −∇iϕg

ti) . (5.5.3)
7The extension to more than one scalar field is straightforward
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From the latter, we can obtain the value of ϕ̇ which is given

ϕ̇ =
N√
h
πϕ +N i∇iϕ , (5.5.4)

where h is the induced metric and N and N i are the lapse and shift function,
respectively.
Moreover, the Hamiltonian density reads

Hϕ = πϕϕ̇− Lϕ . (5.5.5)

Evaluating the Lagrangian density and the temporal derivative of the scalar field
given by Eq. (5.5.2) and Eq. (5.5.4), respectively, yields

Hϕ = N

(
π2
ϕ

2
√
h

1

2

√
hhij∇iϕ∇jϕ

)
+N i(πϕ∇iϕ)

= NHϕ
0 +N iHϕ

i . (5.5.6)

where

Hϕ
0 =

π2
ϕ

2
√
h
+

1

2

√
hhij∇iϕ∇jϕ , Hϕ

i = πϕ∇iϕ . (5.5.7)

In order to obtain well-defined equations of motion for the scalar field, we must
carefully treat the boundary terms that arise from the arbitrary variation of Hϕ

with respect to ϕ. It is worth noting that the variation with respect to πϕ vanishes
identically. Then,

δϕHϕ =
(
∇iN

iπϕ −N i∇iπϕ −
√
hhijN∇i∇jϕ−∇iN∇jϕ

)
δϕ (5.5.8)

+ ∇i

(√
hN∇iϕδϕ+N iπϕδϕ

)
. (5.5.9)

Evidently, the first term in the latter equation contributes to the field equations,
while the second is a boundary term and therefore contributes to the energy. Then,
after applying Stokes’ theorem, we obtain

δHϕ

∣∣∣
on−shell

=

˛
St

d2y ri(
√
σN∇iϕ+N iπϕ)δϕ . (5.5.10)
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Therefore, the energy is given by the superposition of on-shell Eq. (3.3.19) and
Eq. (5.5.10) that is

δ(H0 +Hϕ)
∣∣∣
on−shell

=

˛
St

√
σd2y

[
Nhabδhab,cr

c − 2Nah
−1/2rbδπ

ab
]

−
˛
St

d2y ri(
√
σNϕ;i +N iπϕ)δϕ . (5.5.11)

To illustrate the latter we will consider the first non-trivial multi-NUTs case atD = 6

dimensions. First, we need to compute the Lapse and Shift functions given by the
ADM decomposition to the Lorentzian metric in Eq. (3.3.1). For the multi-NUTs
reads as

N2 =
(r2 + n2

1)(r
2 + n2

2)f(r)

(r2 + n2
1)(r

2 + n2
2)− 4[r2(x21n

2
1 + x22n

2
2) + n2

1n
2
2(x

2
1 + x22)]f(r)

,(5.5.12)

N(i) = −2f(r)n(i)Re(z(i)) (5.5.13)

respectively. Where f(r) is given by equation (5.3.7) when k = 2. Then, the energy
of the system is given by a modification of Eq. (5.5.11) which reads as,

δ(H0 +Hφ +Hφ∗)
∣∣∣
on−shell

=

˛
St

√
σd2y

[
Nhabδhab,cr

c − 2Nah
−1/2rbδπ

ab
]

−
˛
St

d2y ri(
√
σNφ;i

(i) +N iπφ)δφ

−
˛
St

d2y ri(
√
σNφ∗;i

(i) +N iπφ∗)δφ∗ (5.5.14)

However, due to the complexity of the expressions, we do not present them here. It
is worth noting that the presence of the cosmological constant introduces both cubic
and linear divergences. Reassuringly, when all possible codimension-2 hypersurfaces
used to compute the energy are taken into account, the superposition of their con-
tributions cancels the cubic divergence. On the other hand, the linear divergence
vanishes upon imposing the relation for the axionic constant given in Eq. (5.3.8),
which furthermore ensures the integrability of the energy.

H0 +Hφ +Hφ∗ = m. (5.5.15)
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5.6 Higher curvature theory

The most general gravitational theory with quadratic curvature corrections is known
as Quadratic Curvature Gravity (QCG). The action principle in D ≥ 4 is given by

SQCG =

ˆ
M

dDx
√

|g|
[
κ(R− 2Λ) + αRµνR

µν + βR2 + γG
]

(5.6.1)

where G is the Gauss-Bonnet term, defined as G := R2 − 4RµνR
µν + RµνλρR

µνλρ.
The action reduces to Einstein-Gauss-Bonnet gravity with a cosmological constant
when α = 0 and β = 0. The action principle can be expressed in a more transparent
way, via the generalized Kronecker delta contracted with the Riemman tensor. The
latter can be written as,

SQCG =

ˆ
M
dDx

√
|g|
[
κ

(
1

2
δµνλρR

λρ
µν − 2Λ

)
+ αδρλδ

α
βR

µλ
νρR

νβ
µα (5.6.2)

+ β

(
1

4
δµνλρδ

αβ
στR

λρ
µνR

στ
αβ

)
+ γ

(
1

4
δµναβλρστ R

λρ
µνR

στ
αβ

)]
, (5.6.3)

where we use the generalized Kronecker delta defined in Eq. (7.1.2). The field
equations of the theory are obtained by performing the arbitrary variation with
respect to the metric, yielding,

Eµν = κGµν + Pµν + γHµν , (5.6.4)

with Gµν the Einstein tensor, and Hµν is the known as the Lanczos tensor, defined

Hµν = −1

2
gµν
(
R2 − 4RαβRαβ +RαβλρRαβλρ

)
+2
(
RRµν − 2RµλR

λ
ν − 2RµανβR

αβ +RµλαβR
λαβ

ν

)
, (5.6.5)

which gives the contribution of the Gauss-Bonnet term to the field equations of
motion. Note that in dimension D = 4 the Gauss-Bonnet is a topological term,
meaning that vanish identically and does not contribute with the field equations.
On the other hand, the contributions that comes from the Ricci scalar-squared and
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the Ricci tensor-squared are captured in the tensor Pµν , which is defined as,

Pµν = 2βR

(
Rµν −

1

4
gµνR

)
+ (α + 2β)(gµν□−∇µ∇ν)R

+α□Gµν + 2α

(
Rµσνλ −

1

4
gµνRσλ

)
Rσλ . (5.6.6)

5.7 R2-corrected multi-NUT spacetime

Let us consider a particular sector of that theory. Specifically, when we have only
the R2 term. This sector allow one to introduce an asymptotic anisotropic scaling
symmetry. Lifshitz black hole solutions have attracted considerable attention [84].
However, we focus on the isotropic scaling symmetry, because our multi-NUT so-
lutions are generalizations of the AdS black holes of Ref. [84]. The action is given
by,

S[g] =

ˆ
dDx

√
|g|
(
R− 2Λ + βR2

)
, (5.7.1)

where β is a couplig constant. Performing the arbitrary variation we obtain the field
equation of the action (5.7.1)

Gµν + Λgµν + βHµν = 0, (5.7.2)

with
Hµν = 2gµν□R− 2∇µ∇νR + 2RRµν −

1

2
R2gµν , (5.7.3)

which capture the higher-derivative terms. It is well known that in higher-curvature
theories, vacuum states characterized by maximally symmetric spaces [85], have an
effective curvature radius ℓeff. In this case, these are describes by

2Dβ(D − 4)Λ2
eff = (D − 2)2(Λ− Λeff) , (5.7.4)

where,

Λeff = −(D − 1)(D − 2)

2ℓ2eff
. (5.7.5)
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The multiNUTs are solutions when the coupling constant satisfies,

β = − 1

8Λ
. (5.7.6)

Therefore, the metric function that solves (5.2.1) is giving by

f(r) =
1

k∏
i=1

(r2 + n2
i )

[
−2Λ

k∑
i=0

ek−ir
2i+2

(i+ 1)(2i+ 1)
−mr + b

]
, (5.7.7)

wherem and b are integration constants, and we have used the elementary symmetric
polynomials ei of k variables, the latter is define as follows,

ei = ei(n
2
(1), . . . , n

2
(k)) =

∑
1≤a1<a2<...ai≤k

n2
(a1)

n2
(a2)

. . . n2
(ai)

. (5.7.8)

It is worth mentioning that in the limit where every NUT charges vanishes, we
recover the AdS black holes of [84]. Moreover, at (5.7.6) point the on-shell action is
identically zero when the curvature scalar satifies R = 4Λ. This can be seen from
the evaluation of (5.7.6) in (5.7.1) yielding,

S[g] =

ˆ
dDx

√
|g|(R− 2Λ− 1

8Λ
R2)

= − 1

8Λ

ˆ
dDx

√
|g|(R− 4Λ)2 . (5.7.9)

Nevertheless, if one consider the boundary term proposed in the Ref. [86], one can
check that this also vanish on-shell. Moreover, the funtional derivative of the La-
grangian with respect to the Riemann is given by,

Eµν
λρ :=

∂L
∂Rλρ

µν

= − 1

8Λ
(R− 4Λ)δµνλρ , (5.7.10)

One can interpreted that the point R = 4Λ the theory becomes critical.
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5.8 Kaluza-Klein monopoles

Kaluza–Klein (KK) theories provide one of the earliest and most natural frame-
works to unify gravity with other fundamental interactions by extending spacetime
to higher dimensions. In the original proposal by Kaluza and Klein [87,88], electro-
magnetism emerges from the extra-dimensional components of the metric, offering
a geometric interpretation of gauge symmetries. Beyond this original motivation,
KK constructions play a central role in modern theoretical physics, particularly in
supergravity and string theory [89, 90], where extra dimensions are a fundamental
ingredient. Moreover, they provide a natural setting to explore non-trivial gravita-
tional configurations, such as monopoles and instantons [26, 27], and to investigate
the interplay between geometry, topology, and field theory within a unified frame-
work.

5.8.1 Kaluza-Klein reduction on S1

To illustrate the mechanism of KK, we will assume that we start from (D + 1)-
dimensional Einstein-Hilbert Lagrangian given by, we follow the lectures notes of
Pope [91]

L =
√

−ĝR̂ , (5.8.1)

where R̂ is the Ricci scalar and ĝ denotes the determinant of the metric.

Assuming that the KK reduction ansatz is given by a ĝMN(x, z), i.e., independent
of z, which is the coordinate when we compactify on an S1. The main point now
is that from the D-dimensional point of view, the capital indices splits into a range
lying in the D lover dimensions. Thus we can separate the components of ĝMN into
ĝµν , ĝµz, and ĝzz. Hence, for the D-dimensional viewpoint these look as the metric,
a 1-form gauge potential, and a scalar field, respectively.

For the latter, we can simplify the components of the ĝMN as a D-dimensional
fields, those are gµν , Aµ, and ϕ respectively. Therefore, we can write the D + 1-
dimensional metric in terms of the D-dimensional fields such as

dŝ2KK = e2αϕds2 + e2βϕ(dz +A)2 , (5.8.2)
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where α and β are constant and A = Aµdx
µ. Note, that the right-hand side of

Eq. (5.8.2) is independent of z. Moreover, it is worth mentioning that the Eq.(5.8.2)
is related with the higher-dimensional metric ĝMN as,

ĝµν = e2αϕgµν + e2βϕAµAν , ĝµz = e2βϕAµ , ĝzz = e2βϕ . (5.8.3)

To obtain the reduced theory we need to obtain the Ricci scalar that emerges
for the compactification. It is convenient to work in differential forms. For the
following, we will choose the next vielbein basis,

êa = eαϕea , êz = eβϕ(dz +A) . (5.8.4)

Then, the spin connection we will obtain that

ω̂ab = ωab − 2αe−αϕ∂[aϕêb] − 1

2
Fabe(β−2α)ϕêz , (5.8.5)

ω̂az = −2βe−αϕ∂[aϕêz] − 1

2
Fa

be
(β−2α)ϕêb , (5.8.6)

where F = dA and ∂aϕ means Eµ
a∂µϕ and Eµ

a is the inverse of the D-dimensional
vielbein [for more details about differential forms and definition see Ref. [34,56,57]

To be in the Einstein frame and to have a canonical kinetic term for the dilaton
field, we can conclude that the constants must be satisfy the following relations,

α2 =
1

2(D − 1)(D − 2)
, β = −(D − 2)α . (5.8.7)

Then, the Ricci tensor is given by [26,27],

R̂ab = e−2αϕ

(
Rab −

1

2
∂aϕ∂bϕ− αηab□ϕ

)
− 1

2
e−2DαϕF c

a Fbc , (5.8.8)

R̂az =
1

2
e(D−3)αϕ∇b

(
e−2(D−1)αϕFab

)
, (5.8.9)

R̂zz = (D − 2)αe−2αϕ□ϕ+
1

4
e−2DαϕF2 , (5.8.10)

where F2 = FabFab. With these components, we can obtaint the Ricci scalar as
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follows
R̂ = ηABR̂AB = ηabR̂ab + R̂zz , (5.8.11)

then,

R̂ = e−2αϕ

(
R− 1

2
(∂ϕ)2 + (D − 3)α□ϕ

)
− 1

4
e−2DαϕF2 . (5.8.12)

Finally, we need to compute the square root of the determinant of the metric ĝ
which is given by √

−ĝ = e(β+Dα)ϕ
√
−g = e2αϕ

√
−g . (5.8.13)

Finally, plugging all the results before obtained,

L =
√
−ĝR̂ =

√
−g
(
R− 1

2
(∂ϕ)2 + (D − 3)α□ϕ− 1

4
e−2(D−1)αϕF2

)
. (5.8.14)

Note that the third term of the Eq. (5.8.14) is a total derivative in L,i.e., does not
contribute to the field equations. The ϕ is commoly knows as the dilaton. Note
that for the limit ϕ → 0, the theory reduces to Einstein-Maxwell Lagrangian in
D-dimensions.

The field equations of Eq. (5.8.14) are given by,

Gµν =
1

2

(
T ϕ
µν + e−2(D−1)ϕTA

µν

)
, (5.8.15)

∇µ

(
e−2(D−1)ϕFµν

)
= 0 , (5.8.16)

□ϕ = −1

2
(D − 1)αe−2(D−1)αϕF2 , (5.8.17)

where

T ϕ
µν = ∂µϕ∂νϕ− 1

2
gµν(∂ϕ)

2 , (5.8.18)

TA
µν = FµρF ρ

ν − 1

2
gµνF2 . (5.8.19)

An interesting class of configurations that can be explored within this framework
are solutions belonging to the dimensionally reduced theory.

The first Kaluza–Klein monopole (KK monopole) was constructed by Gross,
Perry, and Sorkin [26,27]. They start from the Taub–NUT metric given in Eq. (4.2.1)
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and oxidize it by adding a time-like direction, leading to

ds2TN = f(r)(dz + 2n cos θdφ)2 +
dr2

f(r)
+ (r2 − n2)(dθ2 + sin2 θdφ2)− dt2 , (5.8.20)

where f(r) = r − n/(r + n). 8 This metric solves the five-dimensional Einstein
equations in vacuum with Λ = 0. Then, by identifying the metric with the Kaluza-
Klein ansatz given by Eq. (5.8.2).

Direct comparison between dŝ2KK = ds2TN , where the latter solves R̂AB = 0.
yields

e2βϕ = f(r) → ϕ(r) =
1

2β
ln f(r) , (5.8.21)

A = 2n cos θdφ , (5.8.22)

e2αϕds2 = −dt2 +
dr2

f(r)
+ (r2 − n2)(dθ2 + sin θdφ2) (5.8.23)

therefore the four-dimensional metric can be written as

ds2 = e−
α
β
ln f(r)

(
−dt2 +

dr2

f(r)
+ (r2 − n2)(dθ2 + sin2 θdφ2)

)
= f

1
(D−2)

(
−dt2 +

dr2

f(r)
+ (r2 − n2)(dθ2 + sin2 θdφ2)

)
where we used the Eq. (5.8.7). The dimensionally reduced Einstein-Hilbert action
is √

|ĝKK |R̂KK =
√

|g|
(
R− 1

2
(∇ϕ)2 − 1

4
e−2(D−1)αϕF2

)
, (5.8.24)

whose field equations are

Gµν =
1

2

(
T (ϕ)
µν + e−2(D−1)αϕT (A)

µν

)
, (5.8.25)

∇µ(e
−2(D−1)αϕFµν) = 0 , (5.8.26)

□ϕ = −1

2
(D − 1)αe−2(D−1)αϕF2 . (5.8.27)

8In the original construction, the authors fix m = n in order to ensure regularity of the Euclidean
Taub–NUT geometry at r = n.

53



CHAPTER 5. MULTINUT SOLUTIONS

From the four-dimensional perspective, this configuration describes a magnetic
monopole solution of the Einstein-Maxwell-dilaton theory, where the gauge field
originates from the Kaluza–Klein vector and the NUT charge plays the role of a
magnetic charge. The resulting spacetime is asymptotically locally flat and free of
singularities once the appropriate periodicity of the coordinate z is imposed, remov-
ing the Misner string. Attempts to generalize these solutions to asymptotically AdS
spacetimes have proven to be highly non-trivial. In particular, the inclusion of a cos-
mological constant introduces additional constraints that obstruct a straightforward
extension of the original Gross–Perry–Sorkin construction.

Our aim is to extend the notion of KK monopoles to Kaluza–Klein multi-
monopole configurations in the presence of a cosmological constant.

5.9 Planar Kaluza-Klein multi-monopoles in AdS

To construct planar Kaluza-Klein multi-monopoles in AdS, we need to avoid the
restriction imposed by the field equations, which require either that the cosmological
constant vanish or that the NUT charges be equal. To do so, we take the solution in
Sec. 5.3 as a seed metric and add a single flat direction, alongside an axion field that
depends linearly on the coordinate that spans the extra dimension, following the
strategy of Ref. [30]. This allows us to uplift the even-dimensional solution to odd
dimensions, keeping the cosmological constant nonzero. Concretely, we consider the
analytic continuation of the line element (5.2.1) by performing the Wick rotation t→
−iτ and n(i) → −in(i). The Kaluza-Klein reduction is performed along the periodic
coordinate that generates the U(1) fibration over the Einstein-Kähler manifold in
the seed metric. This procedure yields

S =

ˆ
M

dDx
√

|g|
[
R− 2Λe2αϕ − 1

2
(∇ϕ)2 − 1

4
e−2(D−1)αϕ

k∑
i=1

F 2
(i)

− 1

2

k∑
i=1

|∇φ(i)|2 −
1

2
(∇χ)2

]
, (5.9.1)
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where α−2 = 2(D − 1)(D − 2), A(i) = 2n(i)B(i) are the Abelian gauge fields that
represent the planar Kaluza-Klein multi-monopoles with n(i) being the different
magnetic charges, and B(i) is the Kähler potential one-form defined in Eq. (5.3.2).
Additionally, F 2

(i) = F
(i)
µν F

µν
(i) , with F(i) = A(i) being the Abelian field strength. This

is an Einstein-Maxwell-dilaton theory with a Liouville potential, minimally coupled
to k = (D − 2)/2 free complex scalar fields, φ(i), and one axion field χ. The field
equations are given by

Rµν −
1

2
gµνR + Λe2αϕ =

1

2

(
T (φ)
µν + T (ϕ)

µν + T (χ)
µν + e−2(D−1)αϕT (A)

µν

)
, (5.9.2a)

∇µ

(
e−2(D−1)αϕF µν

(i)

)
= 0 , (5.9.2b)

□ϕ− 4αΛe2αϕ = −1

2
(D − 1)αe−2(D−1)αϕ

k∑
i=1

F 2
(i) , (5.9.2c)

□φ(i) = 0 , □φ̄(i) = 0 , □χ = 0 , (5.9.2d)

where the stress energy tensor for the complex scalar fields is given in Eq. (5.3.4c),
while for the dilaton and Abelian gauge fields, they are respectively given by9

T (ϕ)
µν = ∇µϕ∇νϕ− 1

2
gµν(∇ϕ)2 , and T (A)

µν =
k∑

i=1

(
F

(i)
µλF

(i)
ν

λ − 1

4
gµνF

2
(i)

)
.

(5.9.3a)

In order to solve the field equations of the dimensionally reduced theory, the ax-
ionic contribution χ must be taken into account. The latter is necessary to support
the existence of a nontrivial Liouville potential for the dilaton, keeping a nonvanish-
ing cosmological constant in the seed metric. This can be done by considering the
following ansatz for the line element, free complex scalars, and axionic fields, that
is,

ds2 = f(r)
1

D−2

(
dz2 +

dr2

f(r)
+

k∑
i=1

(r2 − n2
(i)) dΣ

2
(i)

)
, φ(i) = λ(i) z(i) , χ = λ(0)z ,

(5.9.4)

9The stress tensor T
(χ)
µν can be obtained by replacing ϕ by χ in T

(ϕ)
µν .
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respectively, where dΣ2
(i) is defined in Eq. (5.3.1), and λ(0) is a constant. The com-

plex scalars and axionic field in Eq. (5.9.4) solve their associated field equations
automatically. The remaining equations are solved by the metric function and the
dilaton field

f(r) = − r
k∏

i=1

(
r2 + n2

(i)

)
m−

ˆ r
λ2
(k)

2
+ 2Λ

2k+1

(
ρ2 + n2

(k)

)
ρ2

k∏
i=1

(
ρ2 + n2

(i)

)
dρ

 ,

ϕ(r) = − log f(r)

2(D − 2)α
, (5.9.5)

where m is an integration constant, as long as the following constraints are met

λ2(0) = − 4Λ

D − 1
, and λ2(i) = λ2(k) +

4Λ

2k + 1

(
n2
(k) − n2

(i)

)
. (5.9.6)

Reality conditions on the axion χ require that Λ < 0. This follows from the fact that
the coordinate z is spacelike and that λ(0) must satisfy the constraint in Eq. (5.9.6).
Nevertheless, the even-dimensional Euclidean metric in Eq. (5.9.4) can be analyti-
cally continued into the Lorentzian section by performing z → −it. In such a case,
one should perform the Wick rotation λ(0) → iλ(0) to keep the axion real and linear
in the time coordinate, while the constraint in Eq. (5.9.6) yields Λ > 0.

In order to avoid a signature change in the metric (5.9.4), the radial coordinate
should be restricted to r ≥ rh ≥ n(i), where rh is defined as the largest root of f(r)
in Eq. (5.9.5). Additionally, the coordinate z has to be extended along the real line.
Otherwise, one cannot eliminate conical singularities at r = rh, and the axion χ

would have been multi-valued. On the other hand, the behavior of the dilaton is
similar to that in Ref. [29]. However, the main difference is that the planar AdS
Kaluza-Klein multi-instanton presented here has a smooth limit as Λ → 0 which,
in turn, is translated into χ → 0, while keeping n(i) ̸= 0, with or without complex
scalar fields φ(i).
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Conclusions

In this thesis we constructed multi-NUTs geometries in asymptotically locally AdS,
in two different scenarios. Firstly, we constructed multi-NUT when the tranverse
section of the line element has a trivial Gaussian curvature. This solution was
obtained by suplementing Einstein gravity with free complex scalar fields. The
latter have axionic profiles. These solutions are continuously connected with planar
black holes with axionic charge when all the NUT charges vanishes. The addition of
multiple NUT parameters can be interpreted as different gravitomagnetic sources.

As an application, we use the multi-NUT-AdS solution to construct Kaluza-Klein
multi-fluxes in Einstein-Maxwell-dilation-axion with a Liouville potential. We show
that the planar AdS Kaluza-Klein multi-instanton presented here has a smooth limit
when the cosmological constant vanishes.
This is another step to the study solutions that can be interpreted as a holographic
fluid. However, all the machinery in four dimensions is not directly generalized in
higher dimensions. Due to this, the motivation to develop a prescription to study
holographic scenarios in higher dimensions is mandatory. It would be interesting to
understand the role of the Cotton tensor in higher dimensions.

Secondly, we found the existence of multiNUTs with higher-curvature correction
in the theory, without adding matter content to the theory. To the latter, all the
conserved quantities vanish. This is due to the fact that the theory becomes critical
at a particular value of the coupling constant. Furthermore, at this point it cannot
be mapped to a scalar-tensor theory.
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Interesting question remains open. Firstly, a detailed thermodynamic analysis
of planar multi-NUT spaces is certainly worth exploring. This would unveil possible
phase transitions of these planar configurations with thermal AdS, which are other-
wise forbidden in the absence of NUT charges. Secondly, it is known that the NUT
charge in four dimensions can be interpreted as magnetic mass [8, 9, 53, 92–94]. It
would be interesting to study whether the multi-NUT spaces still admit the same
type of interpretation in higher dimensions or if they induce some sort of angu-
lar momentum, similar to the Myers-Perry black hole. Thirdly, the role of multi-
NUT parameters in fluid/gravity correspondence is certainly worth exploring, to see
whether these configurations induce interesting effects in holographic fluid dynamics
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Appendix A

7.1 Differential geometry

General relativity is a geometric theory. To understand it is mandatory to learn and
understand differential geometry, To do so, let us put some fundamental concepts
that lead. In this Appendix we introduce some basics and fundamental concepts
that we need it. This chapter is based on differents books [46,95]

7.1.1 Manifold

We will say that a manifold M is an D−dimensional differentiable manifold if

1) M is a topological space;

2) M is provided with a family of pairs {(Ui, φi)}

3) {Ui} is a family of open sets which covers M, that is, ∪iUi = M. φi is a
homomorphism from Ui onto an open subset U ′

i if RD; and

4) given Ui and Uj such that Ui∩Uj ̸= ∅, the map ψij = φioφ
−1
j from φj(Ui∩Uj)

to φi(Ui ∩ Uj) is infinitely differentiable.

With this definition, we assume in this work a D− dimensional manifold M that are
supplemented with a metric tensor gµν , which is symmetric and covariant tensor of
rank two. The signature of the metric is Lorentzian, which means that (−,+, . . . ,+).
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An arbitrary tensor T with (p, q)-rank can be expand as

T = T µ1...µp
ν1...νq

∂µ1 . . . ∂µpdx
ν1 . . . dxνq , (7.1.1)

where ∂µ := ∂
∂xµ are the basis of the tangent vector fields to M at the point x,

denoted by TxM meanwhile dxµ is 1-form basis of the cotangent space, denoted by
T ∗
xM. Note that both bases are dual. They satisfies an orthonormal relation, given

by ∂ν(dxµ) = δµν with δµν the Kronecker delta.

The generalized Kronecker delta is defined as

δµ1...µp
ν1...νp

:= p!δ
[µ1

[ν1
. . . δ

µp]

νp]
. (7.1.2)

Therefore it is a completely antisymmetric tensor. Satisfying,

δν1...νpµ1...µp
δµ1...µk
ν1...νk

=
(D − p+ k)!

(D − p)!
δνk+1...νp
µk+1...µp

, (7.1.3)

where D is the dimension of M and k ≤ p ≤ D.

The covariant derivative of a tensor T with (p, q)-rank on its components is
defined as

∇λT
µ1...µp

ν1...νq
= ∂λT

µ1...µp
ν1...νq

+ Γµ1

ρλT
ρ...µp

ν1...νq
+ · · ·+ Γ

µp

ρλT
µ1...µp−1ρ

ν1...νq

− Γρ
ν1λ
T µ1...µp

ρ...νq − · · · − Γρ
νqλ
T µ1...µp

ν1...νq−1ρ
, (7.1.4)

where Γρ
µν is the Christoffel connection, defines as

Γρ
µν :=

1

2
gλρ(∂µgνλ + ∂νgµλ − ∂λgµν). (7.1.5)

With these ingredients, we can define the Riemann curvature tensor,

[∇µ,∇ν ]V
λ = Rλ

ρµνV
ρ (7.1.6)

where Rλ
ρµνV

ρ is defined via the Christoffel connection,

Rλ
ρµν := ∂µΓ

λ
ρν − ∂νΓ

λ
ρµ + Γλ

µσΓ
σ
ρν − Γλ

νσΓ
σ
ρµ. (7.1.7)
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Note that we assumed a torsion-free connection.

7.2 Computations for the variational principle on

GR

To compute the arbitrary variation with respect to the metric of the (2.1.1) we need
some properties to make the work easier. Hence, we proceed to vary the action with
respect to the inverse metric gαβ (we are assuming that the metric is invertible).
Note that the action depends on second-order derivatives of the metric, i.e., (∂g)2.
For the invariant volume element, we will use the next properties. For an arbitrary
invertible matrix, denoted by M , satisfy

MM−1 = 1 ⧸δ (7.2.1)

⇒ δMM−1 = −MδM−1, (7.2.2)

where in the second line we take the arbitrary variation. On the other hand, the
determinant of M is defined by

detM = eTr(lnM). (7.2.3)

Then, the variation of the determinant reads

δ detM = δeTr(lnM)

= eTr(lnM)Tr(δ lnM)

= eTr(lnM)Tr(M−1δM)

= − detM Tr(MδM−1).

Therefore, with this relation, we can express the square root of the determinant of
the metric as

δ
√
−g := −1

2

√
−ggαβδgαβ =

1

2

√
−ggαβδgαβ . (7.2.4)
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Hence, taking the arbitrary variations of the equation (2.1.1), then

δSEH = κ

ˆ
M
δ
(√

−gR
)
d4x

= κ

ˆ
M

(
δ
√
−gR +

√
−gδR

)
d4x

= κ

ˆ
M

(
−1

2

√
−ggαβδgαβR +

√
−gδ

(
gαβRαβ

))
d4x

= κ

ˆ
M

(
−1

2

√
−ggαβδgαβR +

√
−g
(
δgαβRαβ + gαβδRαβ

))
d4x

= κ

ˆ
M

(
−1

2

√
−ggαβδgαβR +

√
−gδgαβRαβ +

√
−ggαβδRαβ

)
d4x

= κ

ˆ
M

(√
−g
(
Rαβ −

1

2
gαβR

)
δgαβ +

√
−ggαβδRαβ

)
d4x

= κ

ˆ
M

(√
−gGαβδg

αβ +
√
−ggαβδRαβ

)
d4x

where Gαβ = Rαβ − 1
2
gαβR it is identified as the Einstein tensor. The second term

on the last expression corresponds to the variation of the Ricci tensor. Let us work
out that term,

δRαβ = δRλ
αλβ

= δ
(
∂σΓ

σ
βα − ∂βΓ

σ
σα + Γσ

σλΓ
λ
βα − Γσ

βλΓ
λ
σα

)
= ∂σδΓ

σ
βα + δΓσ

σλΓ
λ
βα − δΓσ

βλΓ
λ
σα − Γσ

βλδΓ
λ
σα −

(
∂βδΓ

σ
σα − δΓσ

σλΓ
λ
βα

)
, σ → µ

= ∇µδΓ
µ
αβ −∇βδΓ

µ
µα

Therefore, the variation of the Ricci tensor is given in terms of covariant derivatives
of the variation of the connection. This is known as the Palatini identity. Addi-
tionally, in a more elegant way, we can express this lemma using the Kronecker
delta (7.1.2) as follows,

δRµν := δαβλν∇αδΓ
λ
µβ (7.2.5)

The variation of the Christoffel connection is given by

δΓµ
αβ =

1

2
gµν(∇βδgνα +∇αδgνβ −∇νδgαβ) , (7.2.6)
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which is a covariant expression, mean that it is valid in all frames. Hence, replacing
(7.2.6) in the second term of the Einstein-Hilbert action yields,

gαβδRαβ = gαβ(∇µδΓ
µ
αβ −∇βδΓ

µ
µα)

= ∇µ(g
αβδΓµ

αβ − gαµδΓβ
αβ)

= ∇µV
µ,

where, in the second line, we relabeled indices and used the metricity condition
to construct a total covariant derivative. Additionaly we define a vector V µ that
defines,

V µ = gαβδΓµ
αβ − gαµδΓβ

αβ. (7.2.7)

Hence, we conclude that the variation of the Ricci tensor is given by a total deriva-
tive, which means that it is a boundary term for the action.

Replacing this result on the arbitrary variation yields,

δSEH = κ

ˆ
M

√
−gGµνδg

µνd4x+ κ

ˆ
M

√
−g∇µV

µd4x. (7.2.8)

The second integral can be rewritten as a surface integral for a codimension one hy-
persurface using Stokes’ theorem (citar y que venga de la parte de hipersuperficies),
which implies that the equation (7.2.8) can be written as,

δSEH = κ

ˆ
M

√
−gGµνδg

µνd4x+ κσ

ˆ
∂M

√
|h|nµV

µd3x. (7.2.9)

where σ is the norm of the unit-normal vector n = nµ∂µ and h = det (hij) where
hij is the induced metric of the codimension-1 hypersurface (for more details see the
Appendix 8).

Finally, let us work more with the boundary term. To do that, we write the
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vector field V µ of the second integral of (7.2.9). Then,

κ

ˆ
∂M

d3x
√

|h|nµV
µ = κ

ˆ
∂M

d3x
√

|h|nαδ
αβ
λν g

µνδΓλ
µβ

=
κ

2

ˆ
∂M

d3x
√

|h|nαδ
αβ
λν g

µ[vgλ]σ (∇µδgσβ +∇βδgσµ −∇σδgµβ)

=
κ

2

ˆ
∂M

d3x
√

|h|nαδ
αβ
λν g

µνgλσ · 2∇[µδgσ]β

= κ

ˆ
∂M

d3x
√

|h|nαδ
αβ
λν g

µνgλσ∇µδgσβ

= κ

ˆ
∂M

d3x
√
|h|nα

(
δαλδ

β
ν − δαν δ

β
λ

)
gµνgλσ∇µδgσβ

= κ

ˆ
∂M

d3x
√
|h|nα

(
gµβgασ∇µδgσβ − gµαgβσ∇µδgσβ

)
= κ

ˆ
∂M

d3x
√
|h|
(
nσgµβ∇µδgσβ − nµgβσ∇µδgσβ

)
.

Therefore, plugging the latter in the arbitrary variation with respect to the metric
gives,

δSEH = κ

ˆ
M

√
−gGµνδg

µνd4x+ κ

ˆ
∂M

d3x
√
|h|
(
nσgµβ∇µδgσβ − nµgβσ∇µδgσβ

)
.

(7.2.10)
Now, if we impose Dirichlet boundary conditions for the metric, i.e., δgαβ

∣∣
∂M = 0

we can not cancel all the contributions for the boundary term. To be more explicit
we will obtain,

δSEH = κ

ˆ
M

√
−gGµνδg

µνd4x− κ

ˆ
∂M

d3x
√
|h|nµgβσ∇µδgσβ. (7.2.11)

By virtue of this is that we need to add a boundary term that cancels this. The
term that we need to add is the Gibbons-Hawking-York [31, 32]. This implies to
suplement the (2.1.1) with the next term,

SGHY [gµν ] = 2κσ

ˆ
∂M

d3x
√
|h|K, (7.2.12)
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the arbitrary variation of latter gives,

δSGHY = 2κσ

ˆ
∂M

d3x
[
δ
√

|h|K +
√

|h|δK
]
. (7.2.13)

Let us work step by step. First, let us concentrate on the variation of the square
root of the determinant of the metric, that is,

δ
√
|h| = −1

2

√
|h|hµνδhµν , (7.2.14)

where we used the Eq. (7.2.4). On the other hand, the variation of K = gµνKµν =

∇µn
µ where Kµν is the extrinsic curvature defines in Eq. (8.5.10). Then,

δ(∇µn
µ) = ∇µδn

µ + δΓµ
λµn

λ. (7.2.15)

Using the equation (7.2.6), we can compute the second term, yielding

δΓµ
λµ = −1

2
∇λ(gµνδg

µν). (7.2.16)

The first term in Eq. (7.2.15) can be simplified using the norm of the normal vector,
i.e., σ = nµn

µ this is,
nµδn

µ = −nµδnµ. (7.2.17)

Then, we can conclude that,
δnλ = σnλnνδn

ν . (7.2.18)

Now, taking the arbitrary variation of the induced metric, yields

δhµν = δgµν − 2σn(µδnν)⧸ · nµnν (7.2.19)

0 = nµnνδg
µν − 2σ2nνδn

ν (7.2.20)

nνδn
ν =

1

2
nµnνδg

µν . (7.2.21)
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Replacing the latter in (7.2.18) yields,

δnλ = σnλnνδn
ν

=
σ

2
nλnµnνδg

µν

=
1

2
(δλµ − hλµ)nνδg

µν

=
1

2
nνδg

λν − 1

2
hλµnνδg

µν

δnλ =
1

2
nνδg

λν ,

where we used the fact hλµ = δλµ − σnλnµ and hλµnνδg
µν = 0 for orthogonality. Then,

plugging all these ingredients in (7.2.15) yields

δK = ∇µ

(
1

2
nνδg

µν

)
− 1

2
nλ∇λ(gµνδg

µν)

=
1

2
∇µnνδg

µν +
1

2
nν∇µδg

µν − 1

2
gµνn

λ∇λδg
µν

=
1

2
δλµ∇λnνδg

µν +
1

2
nν∇µδg

µν − 1

2
gµνn

λ∇λδg
µν

=
1

2
Kµνδg

µν +
1

2
nν∇µδg

µν − 1

2
gµνn

λ∇λδg
µν ,

where we used orthogonality arguments and the definition of (8.5.10). Therefore we
conclude that the boundary terms of (7.2.11) vanish at Dirichlet boundary condi-
tions.
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MULTINUTS

7.3 Curvature and Lorentz connection computa-

tions for multiNUTs

In this section, we will made the explicit computations for the Lorentz connection
and Curvature for the multiNUTs. We use the notation and definition of [34,56,57]
The geometry that we are considering is torsionless. The aim of this is to try to
plug this results in the field equations. Let us start by computing the non-trivial
component of the Lorentz connection and then the Curvature.

The first non-trivial spin connection component is given by

ω01 = −1

2
(i0de1 − i1de0) +

1

2
(i0i1de0) e

0 +
1

2
(i0i1de1) e

1 +
1

2

(
i0i1de

(i)
A

)
eA(i)

= −1

2

(√
f
)′
e0 −

1

2

(√
f
)′
e0

= − f ′

2
√
f
e0 .

For the following and all next components, we will introduce an “index” related
to the NUTs charges and the base manifold to the Lorentz connection. Another
non-trivial component is given by,

ω
(i)
0A = −1

2

(
i0de

(i)
A + i

(i)
A de0

)
+

1

2

(
i0i

(i)
A de0

)
e0 +

1

2

(
i0i

(i)
A de1

)
e1 +

1

2

k∑
j=1

(
i0i

(i)
A de

(j)
B

)
eB(j)

= −1

2
i
(i)
A

[√
f

2

k∑
j=1

Ω
(j)
BC

N(j)

eB(j) ∧ eC(j)

]
,

= −
√
f

2

k∑
j=1

Ω
(j)
BC

2N(j)

2δ
(i)
(j)δ

[B
A e

C]
(j) ,

ω
(i)
0A = −

√
f

2N(i)

Ω
(i)
ACe

C
(i) ,
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One more,

ω
(i)
1A = −1

2

(
i1de
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A − i
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A de1

)
+

1

2

(
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(i)
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)
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2

√
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1

2

(
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A de0

)
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2

(
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B
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2

√
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2N(i)
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2
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2
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N ′
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(i)
(j)δAB ∧ eB(j)

ω
(i)
1A = −

√
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(i)

2N(i)

e
(i)
A .

Finally, the most laborious component is given by,

ω
(i)
AB = −

k∑
j=1

i
(i)
[Ade

(j)
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1

2
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i
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A i
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B de0
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+
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B de0
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2
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(
i
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A i
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B de
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eC(j)

= ω̄
(i)
ABDē

D
(i) +

√
f
n(i)Ω

(i)
AB

N(i)

e0

ω
(i)
AB = ω̄

(i)
AB +

√
f
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(i)
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Therefore, all the non-trivial components are,

ω01 =
f ′

2
√
f
e0 ,

ω0A
(i) = −

√
f
n(i)Ω

A
(i)B

N(i)

eB(i) ,

ω1A
(i) = −

√
fN ′

(i)

2N(i)

eA(i) ,

ωAB
(i) = ω̄AB

(i) +
√
f
n(i)Ω

AB
(i)

N(i)

e0 .

Now, let us compute the 2-form curvature using the previous results. Considering
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the definition given by the eq. (??) the non-trivial components are,

R01 = dω01 +
k∑

i=1

ω0
(i)A ∧ ωA1

(i)

= dω01 −
k∑

i=1

ω0
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√
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√
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∧
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√
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)
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]′√
fe1 ∧ e0 + f ′
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√
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2
√
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√
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k∑
i=1

(
f ′
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[
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Moreover, another non-trivial component is given by,

R0A
(i) = dω0A
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∧

(
−
√
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√
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√
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,

where we define the covariant derivative D̄(i) which is definen with the spin connec-
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tion. Moreover, another non-trivial component follows,
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√
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√
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On the other hand,
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RAB
(i) = dωAB
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Therefore, all the components of the 2-form curvature are given by,
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7.4 Computations for the QGC field equations

A shortcut to compute the field equation for the QCG can be obtained using the
following equation 10

Eµ
ν = Eµλ

ρσR
ρσ
νλ−

1

2
δµνL−2∇λ∇ρEµλ

ρν . (7.4.1)

Where Eµλ
ρσ ≡ ∂L

∂Rρσ
µλ

. Computing the E-tensor for the Lagrangian yields

Eµλ
ρσ =

1

2κ
δµλρσ + 2αδ

[µ
[ρR

λ]
σ] + βRδµλρσ +

γ

2
δµλαβρσϵτ R

ϵτ
αβ. (7.4.2)

10For more details see the equation (3) of Ref. [96] and their reference therein
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Working with the first term of the (7.4.1) equation
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=
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. (7.4.4)

Now, the second term yields
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Finally, third term

−2∇λ∇ρEµλ
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also, we use the Contracted Bianchi identity,
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∇ρR
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µ =
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By combining the three terms,
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︸ ︷︷ ︸

Gµ
ν

+

γ

(
2
(
RRµ

ν + 2Rλ
αR

µα
λν − 2Rµ

αR
α
ν +Rµλ

αβR
αβ
νλ

)
− 1

2
δµν

(
R2 − 4Rα

βR
β
α +Rαβ

λρR
λρ
αβ

))
︸ ︷︷ ︸

Hµ
ν

+α

[
Rλ

ρR
µρ
νλ +Rµ

ρR
ρ
ν −

1

2
δµνR

α
βR

β
α +□Rµ

ν +

(
1

2
δµν□−∇ν∇µ

)
R

]
+2β

(
RRµ

ν −
1

4
δµνR

2 + (δµν□−∇ν∇µ)R

)
=

1

κ
Gµ

ν + γHµ
ν + 2βR

(
Rµ

ν −
1

4
δµνR

)
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7.4.1 Intermediate computations

Eµλ
ρσ (α) =

∂
(
αδϕχδ

ϵ
βR

κβ
ξϵ R

ξχ
κϕ

)
∂Rρσ

µλ

= αδϕχδ
ϵ
β

[
∂Rκβ

ξϵ

∂Rρσ
µλ

Rξχ
κϕ +Rκβ

ξϵ

∂Rξχ
κϕ

∂Rρσ
µλ

]
= αδϕχδ

ϵ
β

[
δ[κρ δ

β]
σ δ

µ
[ξδ

λ
ϵ]R

ξχ
κϕ +Rκβ

ξϵ δ
[ξ
ρ δ

χ]
σ δ

µ
[κδ

λ
ϕ]

]
= α

[
δ[κρ δ

β]
σ δ

µ
[ξδ

λ
β]R

ξϕ
κϕ +Rκβ

ξβ δ
[ξ
ρ δ

ϕ]
σ δ

µ
[κδ

λ
ϕ]

]
= α

[
δ[κρ δ

β]
σ δ

µ
[ξδ

λ
β]R

ξ
κ +Rκ

ξ δ
[ξ
ρ δ

ϕ]
σ δ

µ
[κδ

λ
ϕ]

]
= 2αδ[κρ δ

β]
σ δ

µ
[ξδ

λ
β]R

ξ
κ

= 2αδ[κρ δ
β]
σ

1

2

(
δµξ δ

λ
β − δµβδ

λ
ξ

)
Rξ

κ

= α
(
δ[κρ δ

λ]
σ R

µ
κ − δ[κρ δ

µ]
σ R

λ
κ

)
= α

(
1

2

(
δκρδ

λ
σR

µ
κ − δλρδ

κ
σR

µ
κ

)
− 1

2

(
δκρδ

µ
σR

λ
κ − δµρ δ

κ
σR

λ
κ

))
=

α

2

(
δλσR

µ
ρ − δλρR

µ
σ − δµσR

λ
ρ + δµρR

λ
σ

)
=

α

2
4!R

[µ
[ρδ

λ]
σ]

= 2αR
[µ
[ρδ

λ]
σ]

It is important to mention that if we compute this object, the latter must have the
same properties as the E-tensor, i.e., the same symmetries as the Riemann tensor

Another important computation is given by,

2αδ
[µ
[ρR

λ]
σ]R

ρσ
νλ = 2αδ[µρ R

λ]
σ R

ρσ
νλ

= 2α

(
1

2

(
δµρR

λ
σR

ρσ
νλ − δλρR

µ
σR

ρσ
νλ

))
= α

(
Rλ

σR
µσ
νλ −Rµ

σR
λσ
νλ

)
= α

(
Rλ

σR
µσ
νλ +Rµ

σR
σ
ν

)
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Appendix B

8.1 Hypersurface

Considering a manifold D-simensional manifold M endowed by a metric gµν . A
hypersurface is a (D − 1)-dimensional space, typically denoted as Σ = ∂M which
can be selected by putting a restriction on the coordinates, i.e.,

Φ(xµ) = 0, (8.1.1)

or by giving a parametric equation of the form (embedding)

xµ = xµ(yi), (8.1.2)

where yi are the coordinates on Σ. The latter describes curves that are entirely
contained on the hypersurface Σ. To illustrate this, let us consider an example.
Considering the two-sphere (S2) in flat three-dimensional space (R3) with coordi-
nates {x, y, z} with the constraint Φ(xµ) = x2 + y2 + z2 − R2 = 0, where R is the
radius of the sphere. Then, considering the embedding

x = R cosϕ sin θ, (8.1.3)

y = R sinϕ sin θ, (8.1.4)

z = R cos θ. (8.1.5)
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where θ and ϕ are coordinates of S2. Thus we can write the differential as

dx = R cos θ cosϕdθ −R sinϕ sin θdϕ (8.1.6)

dy = R sinϕ cos θdθ +R cosϕ sin θdϕ (8.1.7)

dz = −R sin θdθ . (8.1.8)

The infinitesimal displacement on R3 can be written as

ds2 = dx2 + dy2 + dz2 , (8.1.9)

replacing the change coordinate given by (8.1.6) yields

ds2 = R2(dθ2 + sin θdϕ2), (8.1.10)

which is the round S2 with radius R.

8.2 Normal unit vector

The vector ∇µΦ is normal to Σ. The value of Φ(yi) changes only in the orthogonal
direction of Σ. We can define the normal unit vector as

nµ =
vµ√

||vµvµ||
. (8.2.1)

The analysis of these hypersurface need to be divided into three cases: when Σ is
either timelike or spacelike and when is null. In this work, we will focus on when Σ

is not null. Therefore, we can define the norm of the vectors as,

σ = nµn
µ =

−1 if Σ is spacelike

+1 if Σ is timelike
(8.2.2)
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8.3 Induced metric

The induced metric on Σ is obtained by restricting the line element to displacement
on the hypersurface entirely on Σ. For parametric equations of the form,

xµ = xµ(yi), (8.3.1)

we can defined tangent to the curves contained in Σ as

eµi =
∂xµ

∂yi
, (8.3.2)

by virtue that nµ has not have tangential components we can conclude that eµi nµ = 0,
means that are orthonormal to the normal vector. Moreover, let us remark that xµ

are coordinates of the D-dimensional M manifold and yi are the coordinates of the
hypersurface Σ. Hereon, we will use the Greek indices for the complete manifold
M and latin indices for the hypersurface Σ. On Σ we can define an infinitesimal
displacement as

ds2 = gµνdx
µdxν (8.3.3)

= gµν

(
∂xµ

∂yi
dyi
)(

∂xν

∂yj
dyj
)

(8.3.4)

= gµνe
µ
i e

ν
jdy

idyj (8.3.5)

= hijdy
idyj, (8.3.6)

where
hij := gµνe

µ
i e

ν
j (8.3.7)

is the first fundamental form or more typically the induced metric of the hyper-
suface Σ. This metric transform as an scalar on M under xµ → xµ

′ but a tensor on
Σ under yi → yi

′ . Additionally, for the orthogonality between the basis on Σ, i.e.,
the e’s and the normal vector we can write (8.3.7) as

hij := eµi e
ν
jhµν , (8.3.8)
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where
hµν = gµν − σnµnν , (8.3.9)

known as the projector.

8.4 Tangent tensor fields

Let us consider an arbitrary tensor, for instance, Aµν that are only defined in Σ.
For these tensors we can write

Aµν := Aijeµi e
ν
j , (8.4.1)

where h’s are basis vectors on Σ that we defined before (8.3.2). As we know by
definition eµi nµ =. Therefore, this decomposition shows directly that Aµν is tangent,
i.e,

Aµνnµ = Aijeµi e
ν
jnµ = 0 (8.4.2)

The (8.4.1) can be generalized for a completely arbitrary tensor as

Aµ1...µp
νi...νq

= A
i1...ip

j1...jq
eµ1

i1
. . . e

µp

ip
ej1ν1 . . . e

jq
νq . (8.4.3)

On the other side, an arbitrary tensor, i.e., T µ1...µp
ν1...νq defined on M can be projected

on Σ, hence only its tangential components survive. This can be do it using the
projector (8.4.1) yielding

T λ1...λp
ρ1...ρq

= hλ1
µ1
. . . hλp

µp
hν1ρ1 . . . h

νq
ρqT

µ1...µp
ν1...νq

. (8.4.4)
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Depite that we used Greek indices, this projection is tangential to Σ, cause

we show that all the contraction with the normal vector vanish, for the

orthogonality. Therefore the latter admits a decomposition as in (8.4.3).

8.5 Intrinsic covariant derivative and Extrinsic

curvature

The intrinsic derivative of a tensor Ai on Σ is defined as the projection of ∇µAν on
Σ, that is

DiAj = hµi h
ν
j∇µAν , (8.5.1)

where D symbolice the derivative that is compatible with hij. Integrating by parts
we can conclude that

∇µ(Aνh
ν
j ) = hνj∇µAν + Aν∇µh

ν
j

hνj∇µAν = ∇µ(Aνh
ν
j )− Aν∇µh

ν
j

= ∂µAj − Aν∇µh
ν
j ,

rewritting (8.5.1) as

DiAj = ∂µAjh
µ
i −∇µh

ν
jAνh

µ
i

= ∂iAj − hγk∇µhγjh
µ
i A

k

= ∂iAj − ΓkijA
k

where
Γkij = hγk∇µhγjh

µ
i . (8.5.2)

Therefore, we construct the covariant derivative on Σ

DiAj = ∂iAj − Γk
ijAk, (8.5.3)

81



CHAPTER 8. APPENDIX B

where Γ is the Christoffel connection that is constructed with the induced metric
hij. Moreover, this derivative can be generalized by a general tensor (p,q)-rank as

DkT
i1...ip

j1...jq
≡ hi1λ1

. . . h
ip
λp
hρ1j1 . . . h

ρq
jq
hτk∇τT

λ1...λp
ρ1...ρq

(8.5.4)

Finally, we can prove that this derivative is compatible with hij straightforwardly.
Let us show this,

Dkhij = hµi h
ν
jh

λ
k∇λhµν

= hµi h
ν
jh

λ
k∇λ[gµν − σnµnν ]

= hµi h
ν
jh

λ
k [∇λgµν − σ∇λ(nµnν)]

= −σhµi hνjhλk [nν∇λnµ + nµ∇λnν ]

= 0.

Now, we will define the extrinsic curvature from the scratch using the latter results.
Let us consider a tangent vector on Σ as Aµ = hµνA

ν , then the intrinsic derivative is
given by

hλµ∇λA
ν = hλµδ

ν
ρ∇λA

ρ (8.5.5)

= hλµ(h
ν
ρ + σnνnρ)∇λA

ρ (8.5.6)

= hλµh
ν
ρ∇λA

ρ + σhλµn
νnρ∇λA

ρ (8.5.7)

where we use the fact δνρ = hνρ + σnνnρ and we know that Aµnµ = nµh
µ
λA

λ = 0.
Hence, from this we can conclude that

∇λ(nµA
µ) = Aµ∇λnµ + nµ∇λA

µ = 0. (8.5.8)

Therefore, we can substitute this on (8.5.5) yielding

hλµ∇λA
ν = hλµh

ν
ρ∇λA

ρhλµh
ν
ρ∇λA

ρ + σhλµn
νnρ∇λA

ρ

= hλµh
ν
ρ∇λA

ρ − σhλµh
ρ
σn

ν∇λnρA
σ

= DµA
ν − σKµσA

σnν ,
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where the first term is the intrinsic covariant derivative. The second term corre-
sponds to the second fundamental form, commonly called extrinsic curvature,
which is defined as

Kµν = hλµh
ρ
ν∇λnρ. (8.5.9)

Due to the idempotence property of the projector hµν , the extrinsic curvate can be
rewritten as

Kµν = hλµ∇λnν . (8.5.10)

On the other side, we can defined the curvature of the hypersurface Σ which is
analogous of the curvature tensor, i.e., Riemann tensor on M, defined on (7.1.6).
This is called intrinsic curvature and the definition is obtained with the commutator
of the intrinsic derivative, defined in (8.5.4). Considering an arbitrary vector vρ

which is tangential to Σ, then

[Dα,Dβ]v
λ = Rλ

ρµνv
ρ (8.5.11)

where “ [, ]” is the commutator of the derivatives and Rλ
ρµν is the intrinsic curvare

and its defines as
Rρ

σµν = hραh
β
σh

γ
µh

λ
νR

α
βγλ + 2σKρ

[µKν]σ. (8.5.12)

This last equation is known as the Gauss-Codazzi relation.

83



References

[1] D. Hilbert, “Die Grundlagen der Physik. 1.,” Gott. Nachr., vol. 27, pp. 395–407,
1915.

[2] A. Einstein, “The Field Equations of Gravitation,” Sitzungsber. Preuss. Akad.
Wiss. Berlin (Math. Phys. ), vol. 1915, pp. 844–847, 1915.

[3] C. M. Will, “The Confrontation between General Relativity and Experiment,”
Living Rev. Rel., vol. 17, p. 4, 2014.

[4] K. Schwarzschild, “On the gravitational field of a mass point according to
Einstein’s theory,” Sitzungsber. Preuss. Akad. Wiss. Berlin (Math. Phys. ),
vol. 1916, pp. 189–196, 1916.

[5] G. Birkhoff and R. Langer, Relativity and Modern Physics. Harvard University
Press, 1923.

[6] A. H. Taub, “Empty space-times admitting a three parameter group of mo-
tions,” Annals Math., vol. 53, pp. 472–490, 1951.

[7] E. Newman, L. Tamubrino, and T. Unti, “Empty space generalization of the
Schwarzschild metric,” J. Math. Phys., vol. 4, p. 915, 1963.

[8] R. Araneda, R. Aros, O. Miskovic, and R. Olea, “Magnetic Mass in 4D AdS
Gravity,” Phys. Rev., vol. D93, no. 8, p. 084022, 2016.

[9] S. W. Hawking, “Gravitational Instantons,” Phys. Lett., vol. A60, p. 81, 1977.

[10] F. R. Tangherlini, “Schwarzschild field in n dimensions and the dimensionality
of space problem,” Nuovo Cim., vol. 27, pp. 636–651, 1963.

84



[11] R. P. Kerr, “Gravitational field of a spinning mass as an example of algebraically
special metrics,” Phys. Rev. Lett., vol. 11, pp. 237–238, 1963.

[12] R. C. Myers and M. J. Perry, “Black Holes in Higher Dimensional Space-Times,”
Annals Phys., vol. 172, p. 304, 1986.

[13] G. W. Gibbons, H. Lu, D. N. Page, and C. N. Pope, “Rotating black holes
in higher dimensions with a cosmological constant,” Phys. Rev. Lett., vol. 93,
p. 171102, 2004.

[14] M. Cvetic, H. Lu, and C. N. Pope, “Charged rotating black holes in five dimen-
sional U(1)**3 gauged N=2 supergravity,” Phys. Rev. D, vol. 70, p. 081502,
2004.

[15] J. Barrientos, C. Charmousis, A. Cisterna, and M. Hassaine, “Rotating space-
times with a free scalar field in four and five dimensions,” Eur. Phys. J. C,
vol. 85, no. 5, p. 537, 2025.

[16] R. B. Mann and C. Stelea, “Nuttier (A)dS black holes in higher dimensions,”
Class. Quant. Grav., vol. 21, pp. 2937–2962, 2004.

[17] R. B. Mann and C. Stelea, “On the thermodynamics of NUT charged spaces,”
Phys. Rev. D, vol. 72, p. 084032, 2005.

[18] J. M. Maldacena, “The Large N limit of superconformal field theories and
supergravity,” Adv. Theor. Math. Phys., vol. 2, pp. 231–252, 1998.

[19] S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, “Gauge theory correlators
from noncritical string theory,” Phys. Lett., vol. B428, pp. 105–114, 1998.

[20] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys.,
vol. 2, pp. 253–291, 1998.

[21] S. A. Hartnoll, C. P. Herzog, and G. T. Horowitz, “Holographic Superconduc-
tors,” JHEP, vol. 12, p. 015, 2008.

[22] G. T. Horowitz, “Introduction to Holographic Superconductors,” Lect. Notes
Phys., vol. 828, pp. 313–347, 2011.

85



CHAPTER 8. REFERENCES

[23] G. T. Horowitz and M. M. Roberts, “Zero Temperature Limit of Holographic
Superconductors,” JHEP, vol. 11, p. 015, 2009.

[24] R. Gregory, S. Kanno, and J. Soda, “Holographic Superconductors with Higher
Curvature Corrections,” JHEP, vol. 10, p. 010, 2009.

[25] S. W. Hawking and D. N. Page, “Thermodynamics of Black Holes in anti-De
Sitter Space,” Commun. Math. Phys., vol. 87, p. 577, 1983.

[26] R. D. Sorkin, “Kaluza-klein monopole,” Phys. Rev. Lett., vol. 51, pp. 87–90,
1983.

[27] D. J. Gross and M. J. Perry, “Magnetic Monopoles in Kaluza-Klein Theories,”
Nucl. Phys. B, vol. 226, pp. 29–48, 1983.

[28] V. K. Onemli and B. Tekin, “Kaluza-Klein monopole in AdS space-time,” Phys.
Rev. D, vol. 68, p. 064017, 2003.

[29] R. B. Mann and C. Stelea, “Higher dimensional Kaluza-Klein monopoles,” Nucl.
Phys. B, vol. 729, pp. 95–116, 2005.

[30] A. Cisterna and J. Oliva, “Exact black strings and p-branes in general relativ-
ity,” Class. Quant. Grav., vol. 35, no. 3, p. 035012, 2018.

[31] G. W. Gibbons and S. W. Hawking, “Action Integrals and Partition Functions
in Quantum Gravity,” Phys. Rev. D, vol. 15, pp. 2752–2756, 1977.

[32] J. W. York, Jr., “Role of conformal three geometry in the dynamics of gravita-
tion,” Phys. Rev. Lett., vol. 28, pp. 1082–1085, 1972.

[33] E. Noether, “Invariant Variation Problems,” Gott. Nachr., vol. 1918, pp. 235–
257, 1918.

[34] E. Poisson, A Relativist’s Toolkit: The Mathematics of Black-Hole Mechanics.
Cambridge University Press, 12 2009.

[35] T. Regge and C. Teitelboim, “Role of Surface Integrals in the Hamiltonian
Formulation of General Relativity,” Annals Phys., vol. 88, p. 286, 1974.

86



[36] A. Komar, “Covariant conservation laws in general relativity,” Phys. Rev.,
vol. 113, pp. 934–936, 1959.

[37] L. F. Abbott and S. Deser, “Stability of Gravity with a Cosmological Constant,”
Nucl. Phys. B, vol. 195, pp. 76–96, 1982.

[38] S. Deser and B. Tekin, “Energy in generic higher curvature gravity theories,”
Phys. Rev. D, vol. 67, p. 084009, 2003.

[39] S. Deser and B. Tekin, “Gravitational energy in quadratic curvature gravities,”
Phys. Rev. Lett., vol. 89, p. 101101, 2002.

[40] R. M. Wald, “Black hole entropy is the Noether charge,” Phys. Rev. D, vol. 48,
no. 8, pp. R3427–R3431, 1993.

[41] J. D. Brown and J. W. York, “Quasilocal energy and conserved charges derived
from the gravitational action,” Physical Review D, vol. 47, p. 1407–1419, Feb
1993.

[42] W. Kim, S. Kulkarni, and S.-H. Yi, “Quasilocal Conserved Charges in a Co-
variant Theory of Gravity,” Phys. Rev. Lett., vol. 111, no. 8, p. 081101, 2013.
[Erratum: Phys.Rev.Lett. 112, 079902 (2014)].

[43] J. D. Brown and J. W. York, Jr., “Quasilocal energy and conserved charges
derived from the gravitational action,” Phys. Rev. D, vol. 47, pp. 1407–1419,
1993.

[44] R. L. Arnowitt, S. Deser, and C. W. Misner, “The Dynamics of general relativ-
ity,” Gen. Rel. Grav., vol. 40, pp. 1997–2027, 2008.

[45] A. Corichi and D. Núñez, “Introduction to the ADM formalism,” Rev. Mex.
Fis., vol. 37, pp. 720–747, 1991.

[46] R. M. Wald, General Relativity. Chicago, USA: Chicago Univ. Pr., 1984.

[47] R. Emparan and H. S. Reall, “Black Holes in Higher Dimensions,” Living Rev.
Rel., vol. 11, p. 6, 2008.

87



CHAPTER 8. REFERENCES

[48] H. Stephani, D. Kramer, M. A. H. MacCallum, C. Hoenselaers, and E. Herlt,
Exact solutions of Einstein’s field equations. Cambridge Monographs on Math-
ematical Physics, Cambridge: Cambridge Univ. Press, 2003.

[49] J. B. Griffiths and J. Podolsky, Exact Space-Times in Einstein’s General Rel-
ativity. Cambridge Monographs on Mathematical Physics, Cambridge: Cam-
bridge University Press, 2009.

[50] S. W. Hawking and G. F. R. Ellis, The Large Scale Structure of Space-Time.
Cambridge Monographs on Mathematical Physics, Cambridge University Press,
2 2023.

[51] G. T. Horowitz, ed., Black holes in higher dimensions. Cambridge, UK: Cam-
bridge Univ. Pr., 2012.

[52] R. Aros, M. Contreras, R. Olea, R. Troncoso, and J. Zanelli, “Conserved charges
for gravity with locally AdS asymptotics,” Phys. Rev. Lett., vol. 84, pp. 1647–
1650, 2000.

[53] S. W. Hawking, C. J. Hunter, and D. N. Page, “Nut charge, anti-de Sitter space
and entropy,” Phys. Rev. D, vol. 59, p. 044033, 1999.

[54] B. Carter, “A new family of einstein spaces,” Physics Letters A, vol. 26, no. 9,
pp. 399–400, 1968.

[55] T. Ortin, Gravity and Strings. Cambridge Monographs on Mathematical
Physics, Cambridge University Press, 2nd ed. ed., 7 2015.

[56] M. Hassaine and J. Zanelli, Chern–Simons (Super)Gravity. World Scientific
Publishing, 2016.

[57] C. Corral, “Introduction to cartan’s formalism,” 03 2020.

[58] C. W. Misner, “The Flatter regions of Newman, Unti and Tamburino’s gener-
alized Schwarzschild space,” J. Math. Phys., vol. 4, pp. 924–938, 1963.

[59] D. N. Page, “Taub - Nut Instanton With an Horizon,” Phys. Lett., vol. 78B,
pp. 249–251, 1978.

88



[60] D. N. Page, “Taub - Nut Instanton With an Horizon,” Phys. Lett. B, vol. 78,
pp. 249–251, 1978.

[61] G. W. Gibbons and M. J. Perry, “New Gravitational Instantons and Their
Interactions,” Phys. Rev. D, vol. 22, p. 313, 1980.

[62] R. H. Boyer and T. G. Price, “An interpretation of the kerr metric in general
relativity,” Mathematical Proceedings of the Cambridge Philosophical Society,
vol. 61, no. 2, p. 531–534, 1965.

[63] S. W. Hawking, “Particle Creation by Black Holes,” Commun. Math. Phys.,
vol. 43, pp. 199–220, 1975. [Erratum: Commun.Math.Phys. 46, 206 (1976)].

[64] M. Guica, T. Hartman, W. Song, and A. Strominger, “The Kerr/CFT Corre-
spondence,” Phys. Rev. D, vol. 80, p. 124008, 2009.

[65] R. L. Arnowitt, S. Deser, and C. W. Misner, “Canonical variables for general
relativity,” Phys. Rev., vol. 117, pp. 1595–1602, 1960.

[66] R. Arnowitt, S. Deser, and C. W. Misner, “Energy and the Criteria for Radia-
tion in General Relativity,” Phys. Rev., vol. 118, pp. 1100–1104, 1960.

[67] R. L. Arnowitt, S. Deser, and C. W. Misner, “Coordinate invariance and energy
expressions in general relativity,” Phys. Rev., vol. 122, p. 997, 1961.

[68] A. Awad and A. Chamblin, “A Bestiary of higher dimensional Taub - NUT AdS
space-times,” Class. Quant. Grav., vol. 19, pp. 2051–2062, 2002.

[69] R. Clarkson, L. Fatibene, and R. B. Mann, “Thermodynamics of (d+1)-
dimensional NUT charged AdS space-times,” Nucl. Phys. B, vol. 652, pp. 348–
382, 2003.

[70] L. Fatibene, M. Ferraris, M. Francaviglia, and M. Raiteri, “The Entropy of
Taub-Bolt solution,” Annals Phys., vol. 284, pp. 197–214, 2000.

[71] L. Fatibene, M. Ferraris, M. Francaviglia, and M. Raiteri, “Remarks on Noether
charges and black holes entropy,” Annals Phys., vol. 275, pp. 27–53, 1999.

89



CHAPTER 8. REFERENCES

[72] T. Harmark, “Stationary and axisymmetric solutions of higher-dimensional gen-
eral relativity,” Phys. Rev. D, vol. 70, p. 124002, 2004.

[73] S. W. Hawking, “Particle creation by black holes,” Communications in Mathe-
matical Physics, vol. 43, pp. 199–220, 1975.

[74] J. M. Bardeen, B. Carter, and S. W. Hawking, “The four laws of black hole
mechanics,” Communications in Mathematical Physics, vol. 31, pp. 161–170,
1973.

[75] R. Emparan and R. C. Myers, “Instability of ultra-spinning black holes,” Journal
of High Energy Physics, vol. 09, p. 025, 2003.

[76] R. Gregory and R. Laflamme, “Black strings and p-branes are unstable,” Phys.
Rev. Lett., vol. 70, pp. 2837–2840, 1993.

[77] R. Gregory and R. Laflamme, “The instability of charged black strings and
p-branes,” Nuclear Physics B, vol. 428, pp. 399–434, 1994.

[78] C. Corral, B. Diez, D. Flores-Alfonso, N. Merino, and L. Sanhueza, “Inhomoge-
neous metrics on complex bundles in Lovelock gravity,” Phys. Rev. D, vol. 111,
no. 12, p. 124016, 2025.

[79] R. B. Mann and C. Stelea, “New multiply nutty spacetimes,” Phys. Lett. B,
vol. 634, pp. 448–455, 2006.

[80] T. Andrade and B. Withers, “A simple holographic model of momentum relax-
ation,” JHEP, vol. 05, p. 101, 2014.

[81] Y. Bardoux, M. M. Caldarelli, and C. Charmousis, “Shaping black holes with
free fields,” JHEP, vol. 05, p. 054, 2012.

[82] Y. Bardoux, M. M. Caldarelli, and C. Charmousis, “Conformally coupled scalar
black holes admit a flat horizon due to axionic charge,” JHEP, vol. 09, p. 008,
2012.

[83] M. M. Caldarelli, A. Christodoulou, I. Papadimitriou, and K. Skenderis,
“Phases of planar AdS black holes with axionic charge,” JHEP, vol. 04, p. 001,
2017.

90



[84] E. Ayon-Beato, A. Garbarz, G. Giribet, and M. Hassaine, “Analytic Lifshitz
black holes in higher dimensions,” JHEP, vol. 04, p. 030, 2010.

[85] G. Giribet, O. Miskovic, R. Olea, and D. Rivera-Betancour, “Topological in-
variants and the definition of energy in quadratic gravity theory,” Phys. Rev.
D, vol. 101, no. 6, p. 064046, 2020.

[86] N. Deruelle, M. Sasaki, Y. Sendouda, and D. Yamauchi, “Hamiltonian formu-
lation of f(Riemann) theories of gravity,” Prog. Theor. Phys., vol. 123, pp. 169–
185, 2010.

[87] T. Kaluza, “On the unity problem of physics,” Sitzungsber. Preuss. Akad. Wiss.
Berlin (Math. Phys.), pp. 966–972, 1921.

[88] O. Klein, “Quantum theory and five-dimensional theory of relativity,” Z. Phys.,
vol. 37, pp. 895–906, 1926.

[89] M. B. Green, J. H. Schwarz, and E. Witten, Superstring Theory, Vol. 1: Intro-
duction. Cambridge University Press, 1987.

[90] J. Polchinski, String Theory, Vol. 1: An Introduction to the Bosonic String.
Cambridge University Press, 1998.

[91] C. N. Pope, “Kaluza–klein theory,” 2001. Lecture notes, Institut Henri Poincaré,
Paris.

[92] S. W. Hawking and C. J. Hunter, “The Gravitational Hamiltonian in the pres-
ence of nonorthogonal boundaries,” Class. Quant. Grav., vol. 13, pp. 2735–2752,
1996.

[93] D. Lynden-Bell and M. Nouri-Zonoz, “Classical monopoles: Newton, NUT
space, gravimagnetic lensing and atomic spectra,” Rev. Mod. Phys., vol. 70,
pp. 427–446, 1998.

[94] C. Corral and R. Olea, “Electric-magnetic duality of dyonic Kerr-Newman-
NUT-AdS spacetimes,” Phys. Rev. D, vol. 110, no. 10, p. 104021, 2024.

[95] M. Nakahara, Geometry, topology and physics. 2018.

91



CHAPTER 8. REFERENCES

[96] L. Ciambelli, C. Corral, J. Figueroa, G. Giribet, and R. Olea, “Topological
Terms and the Misner String Entropy,” Phys. Rev. D, vol. 103, no. 2, p. 024052,
2021.

92


	Agradecimientos
	Resumen
	Introduction
	Motivations

	 General Relativity
	Einstein Hilbert action
	Variation principle in General Relativity

	 Conserved Charges
	Conserved Charges
	Brown-York charges and quasilocal stress-energy tensor
	Arnowitt-Deser-Misner formalism

	 Exact solutions of Einstein Equations
	Schwazschild black hole
	Brown-York charges of the Schwarzschild black hole

	Taub-NUT
	Kerr black hole
	Horizons
	Ergoregions and Ergosphere
	Brown-York charges of the Kerr black hole

	Schwazschild-Tangh erlini
	Taub-NUT-AdS in higher dimensions
	Myers and Perry solution
	Horizons and thermodynamic properties
	Ergoregion and Ergosphere


	 MultiNUT solutions
	Taub–NUT with Multiple NUT Charges
	MultiNUTs in Differential Forms language
	MultiNUTs with axionic fields
	Euclidean Action
	Hamiltonian energy of multi-NUTs
	Higher curvature theory
	R2-corrected multi-NUT spacetime
	Kaluza-Klein monopoles
	Kaluza-Klein reduction on S1

	Planar Kaluza-Klein multi-monopoles in AdS

	Conclusions
	 Appendix A 
	Differential geometry
	Manifold

	Computations for the variational principle on GR
	Curvature and Lorentz connection computations for multiNUTs
	Computations for the QGC field equations
	Intermediate computations


	 Appendix B
	Hypersurface
	Normal unit vector
	Induced metric
	Tangent tensor fields
	Intrinsic covariant derivative and Extrinsic curvature

	References

