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Resumen

Esta tesis investiga las correcciones cuánticas a un loop a la entropía de agujeros
negros cercanos a la extremalidad en gravedad de Einstein-Gauss-Bonnet (EGB)
acoplada a un campo de Maxwell en cinco dimensiones. Se estudia una
solución puramente eléctrica que admite un límite extremal. En este límite,
la termodinámica clásica predice una gran degeneración del estado fundamental.
El análisis se centra en el régimen cercano a la extremalidad, donde al disminuir
la temperatura la emisión de un cuanto de Hawking puede producir variaciones
apreciables en el estado térmico, lo que plantea interrogantes conceptuales sobre
la validez de la descripción semiclásica.

Para abordar estos problemas, se emplea el formalismo de la integral de camino
euclidiana y se calcula la función de partición en la aproximación semiclásica. El
análisis se realiza expandiendo la acción hasta segundo orden en la métrica y el
campo de gauge alrededor de la geometría cerca del horizonte, la cual desarrolla
una estructura AdS2 × S3 en el límite extremal. En este marco, las correcciones
cuánticas quedan codificadas en el espectro de un operador generalizado de
Lichnerowicz que gobierna las fluctuaciones de la métrica y del campo de gauge.

Una característica clave de este operador es la presencia de modos cero en el límite
extremal, los cuales conducen a divergencias en la función de partición a un loop.
Se muestra que, en el régimen cercano a la extremalidad, estos modos dejan de
ser modos cero y adquieren autovalores proporcionales a la temperatura, dando
lugar a correcciones logarítmicas a la entropía.

Los resultados proporcionan una realización concreta de cómo los efectos cuánticos
modifican la descripción semiclásica de agujeros negros en teorías de gravedad
con curvatura superior, y develan la estructura de la densidad de estados en el
régimen cercano a la extremalidad.

Palabras clave: Agujeros negros, agujeros negros cercanos a la extremalidad,
gravedad de Einstein-Gauss-Bonnet, correcciones cuánticas, efectos a un loop,
integral de camino, geometría cerca del horizonte, determinantes funcionales,
modos cero, entropía de agujeros negros
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Abstract

This thesis investigates the one-loop quantum corrections to the entropy of near-
extremal black holes in five-dimensional Einstein-Gauss-Bonnet (EGB) gravity
coupled to a Maxwell field. A purely electric solution admitting an extremal limit
is considered. In this limit, classical thermodynamics predicts a large ground-
state degeneracy. The analysis focuses on the near-extremal regime, where, as the
temperature decreases, the emission of a Hawking quantum can induce appreciable
changes in the thermal state, raising conceptual questions about the validity of
the semiclassical description

To address these issues, the Euclidean path integral formalism is employed to
compute the partition function in the semiclassical approximation. The analysis is
performed by expanding the action to quadratic order in the metric and the gauge
field around the near-horizon geometry, which develops an AdS2 × S3 structure
in the extremnal limit. In this framework, quantum corrections are encoded in
the spectrum of a generalized Lichnerowicz operator governing fluctuations of the
metric and the gauge field.

A key feature of this operator is the presence of zero modes in the extremal
limit, which lead to divergences in the one loop partition function. It is shown
that, in the near-extremal regime, these modes are lifted and acquire eigenvalues
proportional to the temperature, giving rise to logarithmic corrections to the
entropy.

The results provide a concrete realization of how quantum effects modify the
semiclassical description of black holes in higher-curvature gravity, and shed light
on the structure of the near-extremal density of states.

Keywords: black holes, near-extremal black holes, Einstein Gauss Bonnet gravity,
quantum corrections, one-loop effects, path integral, near-horizon geometry,
functional determinants, zero modes, black hole entropy
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1.0.1 (a) Qualitative behavior of the density of microstates ρ(E) as
a function of the energy E above extremality. The extremal
configuration at E = 0 exhibits a macroscopic entropy Sext ≫ 1,
corresponding to a highly degenerate ground state. (b) The curve
in gold represents the energy available of a black hole above
extremality, E = M −Mext, as a function of its temperature T ,
while the blue curve represents the energy of a Hawking quantum,
EH , as a function of T . In the near-extremal regime, the energy
scales as E ∼ T 2/Eb, whereas the typical energy of Hawking quanta
is EH ∼ T . When T ≲ Eb, the black hole does not have enough
available energy to emit a Hawking quantum. This structure implies
that, at sufficiently low temperatures, the available energy above
extremality is insufficient to excite higher states, which plays a
central role in the breakdown of the standard thermodynamic
description of near-extremal black holes. . . . . . . . . . . . . . . 6



Chapter 1. Introduction 1

Chapter 1

Introduction

Modern physics rests on two extraordinarily successful conceptual pillars: General
Relativity and quantum mechanics. General Relativity describes gravity as a
manifestation of the geometry of spacetime, providing a classical theory whose
validity has been confirmed across a wide range of scales, from tests in the solar
system to highly energetic phenomena from mergers of compact objects [1]. On
the other hand, quantum mechanics, consistently formulated through quantum
field theory, constitutes the fundamental framework for describing matter and
non-gravitational interactions, as for example in the Standard Model of particle
physics, whose predictive accuracy is unprecedented.

Despite these achievements, both theories rely on conceptual principles that
are not easily compatible. While General Relativity treats spacetime as a
dynamical object whose geometry evolves in response to matter content, quantum
mechanics is typically formulated on a fixed background on which quantum fields
propagate. This tension becomes unavoidable in regimes where both gravitational
and quantum effects are simultaneously relevant, such as near singularities or
in the early stages of the universe. The absence of a fully consistent theory
of quantum gravity therefore reflects a fundamental limitation in our current
understanding of nature.

In this context, black holes emerge as privileged systems for exploring the
intersection between these two frameworks. Originally conceived as classical
solutions to Einstein’s equations, black holes represent regions of spacetime
bounded by an event horizon, beyond which no signals can be sent to infinity.
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However, their relevance extends beyond the purely classical domain.

A decisive breakthrough occurred in the 1970s, when Jacob Bekenstein and Stephen
Hawking showed that black holes admit a thermodynamic description [2, 3]. In
particular, it was established that a black hole can be assigned an entropy and a
temperature given by

SBH =
A

4Gℏ
, TH =

κ

2π
, (1.0.1)

where A is the horizon area and κ its surface gravity. This result introduces a
profound connection between gravity, quantum mechanics, and thermodynamics.
Indeed, Hawking temperature arises from considering quantum fields propagating
on a classical gravitational background, implying that black holes emit thermal
radiation.

Conceptual Tensions and Motivation

The existence of Hawking radiation gives rise to a number of conceptual problems.
In particular, if the evolution of a black hole leads to the emission of thermal
radiation and eventually to its complete evaporation, it would appear that
information about the initial state is lost, in apparent contradiction with the
unitarity of quantum mechanics. This tension constitutes the core of the
information paradox.

From a statistical perspective, the very notion of entropy raises a further
fundamental question: if entropy measures the number of microstates accessible
to a macroscopic system, what is the nature of the microstates underlying a black
hole?

Large ground state degeneracy of extremal black holes

Beyond the question of the microscopic origin of the Bekenstein-Hawking entropy,
there exist regimes in which even the validity of the formula itself becomes
questionable. One such regime is provided by a particular class of black holes,
known as extremal black holes.

In general, a black hole solution is characterized by a set of conserved charges,
such as its mass M , angular momentum J , and electric charge Q. For fixed values
of these charges, the existence of an event horizon imposes a lower bound on the
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mass, which can be schematically written as M ≥Mext(Q, J). The extremal limit
is defined by the saturation of this bound, M =Mext.

In this limit, the structure of the spacetime undergoes a qualitative change:
the inner and outer horizons coincide, leading to a degenerate horizon. As a
consequence, the surface gravity vanishes and therefore the Hawking temperature
is zero, while the horizon area remains finite.

On the one hand, the third law of thermodynamics in its Nernst formulation
states that the entropy of a thermodynamic system should vanish as the
temperature approaches zero. However, extremal black holes have vanishing
Hawking temperature while possessing non-zero entropy. For example, in four-
dimensional asymptotically flat Einstein-Maxwell theory a charged rotating black
hole with electric charge Q and angular momentum J has extremal entropy given
by

Sext =
Aext

4G
= π

√
Q4 + 4J2. (1.0.2)

For macroscopic black holes (not necessarily astrophysical), Q ≫ 1 and J ≫ 1,
implying

Sext ≫ 1. (1.0.3)

This suggests a very large ground state degeneracy. Equivalently, since Sext ∼
Aext/ℓ

2
p, the semiclassical regime corresponds to horizon areas much larger than

the Planck area.

Such large degeneracies are typically realized in systems that are either effectively
free or possess a large number of weakly interacting degrees of freedom. A standard
example is provided by Landau levels: for a charged particle in a uniform magnetic
field, each energy level contains a macroscopic degeneracy whose degeneracy is
proportional to the area of the sample. Another example is an antiferromagnetic
spin system on a triangular lattice, where geometric frustration prevents all
pairwise interactions from being simultaneously minimized, producing a large
number of nearly degenerate low-energy configurations.

In contrast, the microscopic quantum dynamics relevant for black holes is generally
expected to be strongly coupled. This expectation is supported, for example,
by holography, where black holes are related to strongly interacting conformal
field theories [4, 5]. From this perspective, extremal black holes appear to lie
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well outside the regime in which the conventional counterexamples to the Nernst
formulation of the third law usually arise.

Hawking raditation for near-extremal black holes

A different issue concerning the validity of the Bekenstein-Hawking entropy
arises for near-extremal black holes and was emphasized by [6–8]. The usual
thermodynamic or statistical description of black holes relies on the assumption
that the emission of a single Hawking quantum does not significantly change the
temperature. However, the temperature of a black hole depends on its energy
E, charge Q, and angular momentum J , i.e., T = T (E,Q, J). When the black
hole emits a quantum of radiation, it loses an amount of energy δE, leading to a
change in temperature δT .

Expanding the temperature around E, one finds

T (E + δE) = T (E) +
∂T

∂E

∣∣∣∣
Q,J

δE +O((δE)2), (1.0.4)

therefore, to first order in δE,

δT =
∂T

∂E

∣∣∣∣
Q,J

δE. (1.0.5)

Since the emitted radiation carries away energy from the black hole, the
corresponding variation of its energy is negative, δE < 0. Moreover, the typical
energy of a Hawking quanta, because of Wien’s law, is of the order of the
temperature, δE ∼ −T . Therefore, the relative change in temperature is

δT

T
=

∂T

∂E

∣∣∣∣
Q,J

. (1.0.6)

A broad variety of near-extremal black holes exhibit this low-temperature structure,
including the Reissner-Nordström, Kerr, and Kerr-Newman families, as well as
charged black holes in asymptotically AdS spacetimes. For this broad class of
solutions, and at fixed Q and J , the energy above extremality and the entropy
admit expansions of the form

E ≡M −Mext =
T 2

Eb
+O(T 3), (1.0.7)
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S = Sext + cb T +O(T 2), (1.0.8)

where Eb defines the coefficient of the quadratic term in the expansion of the mass,
and depends on the conserved charges that are considering to be fixed, while cb is
a solution-dependent constant which is generally proportional to E−1

b , although it
does not necessarily coincide with it exactly. While the precise coefficients depend
on the particular black hole solution, the leading scaling behaviour (1.0.7) and
(1.0.8) appear to be a general feature for extremal black holes in the near-extremal
regime.

Therefore, for this class of near-extremal black holes, combining (1.0.6) with
(1.0.7) gives

δT

T
=

1

2

Eb
T
. (1.0.9)

Thus,
δT

T
≫ 1 (1.0.10)

when T ≲ Eb. This indicates that, in the near-extremal regime, the emission
of a single quantum induces an O(1) change in the temperature, indicating a
breakdown of the standard thermodynamic description even before extremality
is reached. The structure described above has important implications for the
spectrum of excitations near extremality. In particular, the combination of a large
ground state degeneracy and a finite energy gap leads to a highly constrained set
of accessible states at low energies. This behavior is schematically illustrated in
Fig. 1.0.1.
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Figure 1.0.1: (a) Qualitative behavior of the density of microstates ρ(E) as a
function of the energy E above extremality. The extremal configuration at E = 0
exhibits a macroscopic entropy Sext ≫ 1, corresponding to a highly degenerate
ground state. (b) The curve in gold represents the energy available of a black hole
above extremality, E =M −Mext, as a function of its temperature T , while the
blue curve represents the energy of a Hawking quantum, EH , as a function of T .
In the near-extremal regime, the energy scales as E ∼ T 2/Eb, whereas the typical
energy of Hawking quanta is EH ∼ T . When T ≲ Eb, the black hole does not
have enough available energy to emit a Hawking quantum. This structure implies
that, at sufficiently low temperatures, the available energy above extremality is
insufficient to excite higher states, which plays a central role in the breakdown of
the standard thermodynamic description of near-extremal black holes.

How can these issues be reconciled? In 2020, Maldacena and collaborators [9]
proposed the so-called central dogma, which states that, for an external observer,
a black hole can be described as an ordinary quantum system with a finite number
of degrees of freedom proportional to the horizon area, evolving unitarily. This
viewpoint encapsulates the idea that, despite the semiclassical description, the full
dynamics of black holes should be compatible with standard quantum mechanics.

One logical possibility would be to abandon this principle and conclude that black
holes are not ordinary quantum systems. However, there is no concrete evidence
supporting this possibility. On the contrary, the central dogma is supported
by several independent lines of evidence within string theory: (i) holography
via AdS/CFT, which ensures unitarity; (ii) microscopic derivations of black hole
entropy matching the Bekenstein-Hawking formula [10]; and (iii) dynamical studies
of thermalization and chaos in strongly coupled quantum systems. No controlled
counterexamples are known.
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The alternative is to accept that quantum gravitational effects become relevant
in the near-extremal regime, even at low temperatures. A potential objection to
this viewpoint is that the curvature near the horizon of an extremal black hole
can be made arbitrarily small by taking the conserved charges to be large. This
might suggest that quantum gravity effects should be negligible, since they are
commonly expected to become important only in regions of large curvature, such
as spacetime singularities.

However, this reasoning is not conclusive. The smallness of curvature invariants
does not, by itself, guarantee the suppression of quantum effects. Whether quantum
corrections are relevant is a subtle question that must be addressed through explicit
calculations, rather than inferred solely from dimensional arguments.

Therefore, if one insists on the validity of the central dogma, the question becomes
unavoidable: what is the origin of quantum effects capable of modifying the
semiclassical result Sext ≫ 1?

This question suggests that the Bekenstein-Hawking entropy should admit a
microscopic interpretation within a theory of quantum gravity. In the absence of
a complete formulation of such a theory, however, one must proceed indirectly.

Rather than attempting a first-principles derivation of the microscopic degrees
of freedom, a natural strategy is to study how quantum effects modify the
semiclassical entropy formula.

The appropriate framework for this problem is the Euclidean gravitational path
integral. In the Euclidean formulation, the gravitational partition function is
formally defined by

Z =

∫
DΦe−I[Φ], (1.0.11)

where Φ collectively denotes the dynamical fields and I[Φ] is the Euclidean action.

When the Euclidean time direction is periodic, the partition function admits
a thermodynamic interpretation: the free energy, entropy, and other thermal
quantities can be extracted from logZ. From this perspective, the thermodynamic
properties of black holes are directly determined by the underlying gravitational
action.
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This simple observation already suggests the relevance of higher-curvature
interactions. If the Einstein-Hilbert action provides only the leading contribution
to the low-energy effective description of gravity, then modifying the action
necessarily modifies the partition function and therefore the quantum corrections
to black hole thermodynamics.

In the semiclassical approximation, the path integral is dominated by saddle
points of the classical action, while the leading quantum contribution arises from
fluctuations around the corresponding background. Expanding the fields around a
classical solution, the one-loop correction is governed by the quadratic fluctuation
operator. Therefore, the problem of computing quantum corrections to black hole
entropy reduces to a spectral problem: one must determine how the eigenvalues
of the fluctuation operator behave in the near-horizon geometry of the relevant
black hole background.

This observation becomes particularly significant in the near-extremal regime.
As will be discussed below, extremal black holes develop a decoupled near-
horizon region containing an AdS2 factor. In such geometries, the fluctuation
operator may develop zero modes. Their presence reflects an enhanced degeneracy
of the semiclassical background and leads to infrared singularities in the one-
loop partition function. At small but finite temperature, these zero modes are
expected to be lifted, generating small eigenvalues that can produce logarithmic
contributions to the entropy.

A natural question then arises. If the gravitational dynamics is modified by higher-
curvature interactions, how are the spectrum of fluctuations and the resulting
quantum corrections affected?

From the viewpoint of effective field theory, the Einstein-Hilbert action should be
regarded as the leading term in a derivative expansion valid below the ultraviolet
completion [11]. At low energies, the effective action is therefore expected to
contain higher-order curvature invariants of the schematic form

Seff =
1

16πG

∫
ddx

√
−g
(
R + α1R

2 + α2RµνR
µν + · · ·

)
. (1.0.12)

Once such terms are included, the quadratic fluctuation operator around a non-
trivial background is no longer the one obtained in pure Einstein gravity, but
rather a deformation of it. Consequently, the one-loop partition function, and
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therefore the logarithmic corrections to black hole entropy, can acquire a non-trivial
dependence on the new couplings appearing in the effective theory.

Within this broader class of theories, Einstein-Gauss-Bonnet gravity occupies a
distinguished position. It corresponds to the first non-trivial member of Lovelock’s
hierarchy of higher-curvature theories. More precisely, it is the most general
extension of Einstein gravity whose field equations remain second order in the
metric [12]. In four spacetime dimensions, the Gauss-Bonnet combination is purely
topological and does not modify the local dynamics. By contrast, in five or more
dimensions it contributes non-trivially to the equations of motion, providing one
of the simplest settings in which higher-curvature effects become dynamically
relevant.

The particular combination of quadratic curvature invariants defining the Gauss-
Bonnet term also avoids the appearance of additional ghost-like degrees of freedom
[13]. Moreover, such terms arise naturally as leading α′ corrections in string theory,
in particular in heterotic string theory up to field redefinitions [14, 15], providing
an independent physical motivation for their study.

Beyond this general theoretical relevance, the Einstein-Gauss-Bonnet theory
coupled to a Maxwell field provides a particularly useful setting for the present
problem. In contrast with Einstein gravity, exact rotating black hole solutions at
finite Gauss-Bonnet coupling are not known in closed analytic form, with existing
results being mostly numerical or perturbative [16]. Charged static solutions,
however, are available analytically and possess a well-defined extremal branch.
This makes the Einstein-Maxwell-Gauss-Bonnet system especially suitable for
investigating near-extremal quantum effects.

In five dimensions, near-extremal black holes develop a near-horizon geometry
containing an AdS2 × S3 throat whose geometric scales depend explicitly on the
Gauss-Bonnet coupling.. This makes it possible to formulate sharply the question
that motivates this work: how does the higher-curvature coupling modify the
spectrum of quantum fluctuations around the near-horizon geometry, and what is
its effect on the logarithmic corrections to the entropy?

The question of logarithmic quantum corrections to black hole entropy has been
studied in several related settings over the past decades. Early analyses within
quantum field theory in curved spacetime showed that logarithmic corrections
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emerge from the evaluation of functional determinants using heat-kernel techniques,
and are closely related to conformal anomalies [17, 18].

Later, in theories with extended supersymmetry, the quantum entropy function
formalism developed by Ashoke Sen provided a systematic framework for
computing these contributions in extremal black holes. In this approach, the
logarithmic coefficient is determined by the spectrum of fluctuations around
the near-horizon geometry [19, 20]. In supersymmetric settings, non-trivial
cancellations between bosonic and fermionic modes can strongly constrain the
structure of the corrections.

Beyond the supersymmetric regime, subsequent studies extended these analyses
to non-BPS black holes, rotating configurations, and near-extremal geometries,
where protected cancellations are generally absent and the logarithmic coefficient
acquires a richer dependence on field content and boundary conditions [21, 22].
In parallel, holographic approaches have reinterpreted these effects in terms of
dual conformal field theories, further clarifying the relation between gravitational
thermodynamics and microscopic degrees of freedom [23].

These developments indicate that the study of quantum corrections to black hole
entropy should not be regarded merely as a technical refinement. Since different
proposals for quantum gravity may agree on the leading semiclassical contribution
while differing in subleading terms, a detailed analysis of logarithmic corrections
provides a sensitive probe of the microscopic structure of black holes.

The present work addresses this problem in the context of higher-curvature gravity,
focusing on the near-extremal regime of charged black holes in Einstein-Gauss-
Bonnet theory.

Motivated by these considerations, the main objective of this thesis is to determine
how the higher-curvature coupling modifies the spectrum of fluctuations around
the near-horizon geometry and how this dependence is reflected in the one-loop
partition function.

More specifically, we study five-dimensional charged black hole solutions admitting
an extremal branch. Within this setting, the problem reduces to the analysis of the
generalized fluctuation operator governing metric and gauge-field perturbations,
with particular emphasis on the role of zero modes and their lifting at small but
finite temperature.
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The structure of this thesis is as follows.

In Chapter 2, we introduce the path integral formulation of the partition function
and its semiclassical approximation. In this context, we explain how quantum
corrections arise from fluctuations around classical solutions and how they are
encoded in functional determinants. As a preliminary step, we analyze the
quantum harmonic oscillator as a solvable example, illustrating these ideas in a
controlled setting.

In Chapter 3, we present the Einstein-Gauss-Bonnet theory coupled to a Maxwell
field and review the corresponding charged black hole solutions. We discuss their
thermodynamic properties, with particular emphasis on the extremal and near-
extremal regimes, where a finite mass gap and a large ground-state degeneracy
emerge.

In Chapter 4, we focus on the near-horizon geometry of near-extremal black holes.
We show how, in the zero-temperature limit, the geometry develops an AdS2 × S3

throat that effectively decouples from the asymptotic region, providing the natural
background for the quantum analysis.

In Chapter 5, we construct the quadratic action for fluctuations around this near-
horizon background and derive the differential operator governing the dynamics
of perturbations. We analyze its spectrum, paying special attention to the role of
zero modes and their lifting in the near-extremal regime.

Finally, using these results, we evaluate the one-loop partition function and
discuss the resulting logarithmic corrections to black hole entropy, with particular
emphasis on their implications for the near-extremal density of states. We conclude
with a summary of the main results and a discussion of possible directions for
future research.
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Chapter 2

Partition Function

2.1 Partition Function and the Semiclassical

Approximation

This chapter introduces the main tool that underlies the rest of this thesis: the
Euclidean partition function. As emphasized in the Introduction, our goal is
to study quantum corrections to near-extremal black hole thermodynamics. In
this setting, the partition function is the natural object because it encodes both
the thermodynamic information of the classical background and the quantum
fluctuations around it.

In gravitational systems, the Euclidean partition function is formally defined by

Z =

∫
Dϕ e−IE [ϕ], (2.1.1)

where ϕ collectively denotes the dynamical fields and IE is the Euclidean action.
The functional integral is taken over field configurations satisfying prescribed
Euclidean boundary conditions. In the semiclassical regime, the dominant
contributions arise from stationary points of the Euclidean action.

When the Euclidean time direction is periodic with period β, the contribution of
a given saddle admits a thermodynamic interpretation. The period β is identified
with the inverse temperature,

β =
1

T
, (2.1.2)
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and thermodynamic quantities are extracted from the logZ. In particular, the
free energy and entropy are given by

F = − 1

β
logZ, M = − ∂

∂β
logZ, S =

(
1− β

∂

∂β

)
logZ. (2.1.3)

For the problem studied here, quantum corrections to black hole entropy arise
from the quantum contribution to this quantity [24].

The difficulty, of course, is that this path integral is defined over an
infinite-dimensional space of field configurations and in general is not exactly
computable. The appropriate approximation scheme is therefore the saddle-point,
or semiclassical, expansion around a stationary point of the Euclidean action.

The dominant configurations are therefore classical saddles ϕ̄ satisfying

δIE
δϕ

∣∣∣∣
ϕ̄

= 0. (2.1.4)

To extract quantum effects, one writes

ϕ = ϕ̄+ η, (2.1.5)

and expands the action as a power series in η,

IE[ϕ] = IE[ϕ̄] + I(1)[η] + I(2)[η] +O(η3). (2.1.6)

The linear term vanishes on-shell, so the leading quantum contribution is governed
by the quadratic term.

If the quadratic action takes the form

I(2)[η] =
1

2

∫
ddx ηO η, (2.1.7)

where d denotes the spacetime dimension and O is the differential operator
determined by the background, then the path integral becomes,

Z ≈ e−IE [ϕ̄]

∫
Dη e−I(2)[η]. (2.1.8)

The expression above is a Gaussian functional integral, whose result is determined
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by the functional determinant of the operator O as

Z ≈ e−IE [ϕ̄] (detO)−1/2. (2.1.9)

Therefore,
logZ = −IE[ϕ̄]−

1

2
log detO, (2.1.10)

which already exhibits the structure that will be central in what follows: a classical
contribution from the on-shell action and a one-loop correction encoded in the
determinant of the fluctuation operator.

For the purposes of this thesis, this framework isolates the ingredients that must
later be identified in the black holes problem: a relevant classical saddle, the
quadratic fluctuation operator around it, and the associated zero modes. The
near-horizon region of the corresponding extremal solution generally takes the
form

AdS2 ×M, (2.1.11)

with M compact. For extremal rotating black holes with a U(1) fiber, this
factorization provides the geometric setting in which the one-loop partition function
and the associated logarithmic corrections to entropy will be studied [25].

The logic of the semiclassical expansion can also be illustrated in a simpler setting.
Consider the ordinary integral

Z =

∫
dx e−

1
ℏS(x), (2.1.12)

whose dominant contribution in the limit ℏ → 0 comes from the extrema of S(x).
This finite-dimensional example is included only as a familiar analogue of the
saddle-point approximation and should be understood merely as an illustration of
the general structure described above.

Before turning to the gravitational case, however, it is useful to study a simpler
example in which the same logic can be followed explicitly. The harmonic oscillator
can be solved both from the canonical definition of the partition function and from
the Euclidean path integral. Since its action is already quadratic, the Gaussian
path integral gives the exact result rather than only the first one-loop correction.
Nevertheless, this example remains an ideal prototype for understanding how
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functional determinants, normalization factors, and zero modes arise in the
semiclassical treatment that will later be applied to black hole backgrounds.

2.2 The Quantum Harmonic Oscillator

The energy levels of a harmonic oscillator with frequency ω are given by:

En = ℏω
(
n+

1

2

)
, n = 0, 1, 2, . . . (2.2.1)

By expressing the partition function Z as a sum over all possible states using the
eigenvalues from Eq. (2.2.1), we obtain:

Z =
∑
n

e−βEn =
∞∑
n=0

e−βℏω(n+
1
2),

= e−β
ℏω
2

∞∑
n=0

(
e−βℏω

)n
,

= e−β
ℏω
2

(
1

1− e−βℏω

)
,

=
1

eβℏω/2 − e−βℏω/2
,

=
1

2 sinh(βℏω/2)
. (2.2.2)

Alternatively, the partition function can be expressed through the path integral
formalism in Euclidean time. For the harmonic oscillator, it is defined as:

ZH.O.(β) =

∫
qE(0)=qE(β)

DqE(τ) e−SE , (2.2.3)

where the Euclidean action SE is

SE =
m

2

∫ β

0

dτ

((
dqE(τ)

dτ

)2

+ ω2q2E(τ)

)
. (2.2.4)

Since we must consider periodic trajectories with period β, we expand qE(τ) in a
Fourier series:

qE(τ) =
1

β

∞∑
n=−∞

q̃ne
iωnτ , (2.2.5)
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where ωn = 2πn/β denotes the Matsubara frequencies.

2.2.1 Reality Conditions and Coefficients

Because the physical path qE(τ) ∈ R, we must impose a reality condition on the
Fourier coefficients. Starting from the inverse transform:

q̃n =

∫ β

0

qE(τ)e
−iωnτdτ, (2.2.6)

it follows that:

q̃∗n =

∫ β

0

qE(τ)e
iωnτdτ =

∫ β

0

qE(τ)e
−i(−ωn)τdτ = q̃−n. (2.2.7)

Under the condition q̃−n = q̃∗n, the terms of order ±n in Eq. (2.2.5) combine as
follows:

q̃ne
iωnτ + q̃−ne

−iωnτ = 2Re{q̃neiωnτ} ∈ R. (2.2.8)

By decomposing the coefficients into real and imaginary parts as q̃n = an + ibn,
where an, bn ∈ R, the reality condition from Eq. (2.2.7) implies:

an = a−n, bn = −b−n, and specifically b0 = 0. (2.2.9)

2.2.2 Evaluating the Euclidean Action

To evaluate the integral in Eq. (2.2.3), we substitute the expansion from Eq.
(2.2.5). First, we compute the time derivative:

q̇E(τ) =
i

β

∞∑
n=−∞

ωnq̃ne
iωnτ . (2.2.10)

Integrating the potential term q2E(τ) over the period β, we obtain:∫ β

0

ω2q2E(τ)dτ =
ω2

β2

∑
k,l

q̃kq̃l

∫ β

0

ei(ωk+ωl)τdτ. (2.2.11)

Using the orthogonality property:∫ β

0

ei(ωk+ωl)τdτ = βδk,−l, (2.2.12)
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the expression simplifies to:∫ β

0

ω2q2E(τ)dτ =
ω2

β

∞∑
k=−∞

q̃kq̃−k =
ω2

β

∞∑
k=−∞

|q̃k|2 =
ω2

β

∞∑
k=−∞

(a2k + b2k). (2.2.13)

Similarly, applying the derivative Eq. (2.2.10) and the orthogonality condition
Eq. (2.2.12) to the kinetic term:∫ β

0

q̇2E(τ)dτ = − 1

β2

∑
k,l

ωkωlq̃kq̃l(βδk,−l),

= − 1

β

∞∑
k=−∞

ωk(−ωk)q̃kq̃∗k =
1

β

∞∑
k=−∞

ω2
k(a

2
k + b2k). (2.2.14)

Substituting Eqs. (2.2.13) and (2.2.14) into the Euclidean action SE and using
the symmetry conditions from Eq. (2.2.9), we find:

SE =
m

2

∫ β

0

dτ
(
q̇2E + ω2q2E

)
,

=
m

2β

∞∑
k=−∞

(ω2
k + ω2)(a2k + b2k),

=
m

β

∞∑
k=1

(ω2
k + ω2)(a2k + b2k) +

mω2

2β
a20. (2.2.15)

2.2.3 Path Integral Measure and Partition Function

In the discretized time formalism, the transition amplitude is defined by the
measure [see 26, p. 43]:

∫
Dq = lim

n→∞

( m

2πℏϵ

)n/2 n−1∏
j=1

dqj, (2.2.16)

where ϵ = β/n is the lattice spacing in Euclidean time.

By transforming from the coordinates qj to the Fourier coefficients an, bn, the
measure changes via a Jacobian J = | det(J)|:

∫
DqE = lim

n→∞

( m

2πℏϵ

)n/2
J

∫ (n−1∏
k=1

dakdbk

)
da0 = B(β)

∫ ( ∞∏
k=1

dakdbk

)
da0,

(2.2.17)
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where we have absorbed the discrete normalization factor together with the
Jacobian J into an overall constant B(β). The dependence on β arises through the
lattice spacing ϵ = β/n, as well as from the normalization of the Fourier modes
defined on the interval [0, β]. Substituting the action from Eq. (2.2.15) into the
path integral Eq. (2.2.3), we obtain:

ZH.O.(β) = B(β)

(∫ +∞

−∞
e−

mω2

2β
a20 da0

) ∞∏
k=1

[(∫ +∞

−∞
e−

m
β
(ω2

k+ω
2) a2k dak

)
(∫ +∞

−∞
e−

m
β
(ω2

k+ω
2)b2k dbk

)]
, (2.2.18)

= B(β)

√
2πβ

mω2

∞∏
k=1

(√
πβ

m(ω2
k + ω2)

)(√
πβ

m(ω2
k + ω2)

)
,

= B(β)

√
2πβ

mω2

∞∏
k=1

πβ

m(ω2
k + ω2)

, (2.2.19)

where each integral is taken over the full real line, reflecting the fact that the
Fourier coefficients span R, and we have used the standard Gaussian integral∫ ∞

−∞
e−ax

2

dx =

√
π

a
, a ∈ R+. (2.2.20)

Thus, the partition function for the harmonic oscillator is given by:

ZH.O.(β) = B(β)

√
2πβ

mω2

∞∏
k=1

πβ

m(ω2
k + ω2)

. (2.2.21)

At this stage, the expression appears to be divergent due to the infinite product
over modes. However, this divergence is not physical: it originates from the overall
normalization of the path integral, encoded in the factor B(β), and from the
infinite product itself, which requires regularization.

On the other hand, from the standard canonical approach, namely the definition
of the partition function as a sum over energy eigenvalues (see Eq. (2.2.2)), we
know that the result must be finite. Therefore, the apparent divergence signals
that Eq. (2.2.21) is not yet properly normalized.

To recover the finite result, one must regularize the infinite product and fix the
normalization factor B(β) by matching to a known reference, such as the canonical
partition function or an appropriate limiting case. For this purpose, we consider
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the free particle as the zero-frequency limit of the harmonic oscillator. In other
words, the free-particle partition function is formally obtained from Eq. (2.2.21)
by setting ω = 0. However, this limit is subtle because the prefactor

√
2πβ/(mω2)

diverges due to the integration over the zero mode a0.

Let us therefore analyze the partition function of the free particle directly.

The Euclidean action for the free particle is

SFE =

∫ β

0

m

2
q̇2E(τ) dτ. (2.2.22)

From the Fourier expansion

qE(τ) =
1

β

∞∑
n=−∞

q̃ne
iωnτ , (2.2.23)

with q̃n = an + ibn, it follows that∫ β

0

q̇2E(τ) dτ =
1

β

∞∑
k=−∞

ω2
k(a

2
k + b2k), (2.2.24)

and therefore

SFE =

∫ β

0

m

2
q̇2E(τ) dτ

=
m

2β

∞∑
k=−∞

ω2
k(a

2
k + b2k),

=
m

2β

(
−1∑

k=−∞

ω2
k(a

2
k + b2k) + ω2

0(a
2
0 + b20) +

∞∑
k=1

ω2
k(a

2
k + b2k)

)
,

=
m

2β

(
∞∑
k=1

ω2
−k(a

2
−k + b2−k) + 02(a20 + 02) +

∞∑
k=1

ω2
k(a

2
k + b2k)

)
,

=
m

β

∞∑
k=1

ω2
k(a

2
k + b2k).

The free-particle partition function is obtained by inserting the action above into
the Euclidean path integral and using the same functional measure introduced
for the harmonic oscillator. Since the change of variables from the discretized
coordinates qj to the Fourier coefficients is identical, the measure again takes the
form
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∫
DqE = lim

n→∞

( m

2πℏϵ

)n/2
J

∫ (n−1∏
k=1

dakdbk

)
da0 = B(β)

∫ ( ∞∏
k=1

dakdbk

)
da0.

(2.2.25)
The important difference with respect to the harmonic oscillator is that the free-
particle action contains no term proportional to a20. Therefore, the non-zero modes
still give Gaussian integrals, while the zero mode must be treated separately.
Substituting Eq. (2.2.23) into the path integral, we obtain

ZF =

∫
qE(0)=qE(β)

DqE(τ) e−S
F
E ,

= B(β)

∫ ( ∞∏
k=1

dakdbk

)
da0 exp

[
−m
β

∞∑
k=1

ω2
k(a

2
k + b2k)

]
,

= B(β)

(∫ +∞

−∞
da0

) ∞∏
k=1

(∫ +∞

−∞
e−

m
β
ω2
ka

2
kdak

)(∫ +∞

−∞
e−

m
β
ω2
kb

2
kdbk

)
,

= B(β)V
∞∏
k=1

(√
πβ

mω2
k

)(√
πβ

mω2
k

)
,

= B(β)V
∞∏
k=1

πβ

mω2
k

.

Here we have denoted by V ≡
∫
da0 the contribution of the translational zero

mode. This factor deserves a brief comment: since the action of the free particle
does not depend on the zero mode, the integration over a0 does not produce a
Gaussian factor; instead, it measures the volume associated with the translational
invariance of the system. To make this statement precise, we place the particle in
a box of length L, so that the spatial coordinate is restricted to the interval [0, L].
With the Fourier convention in Eq. (2.2.23), the zero mode is

a0 = q̃0 =

∫ β

0

qE(τ) dτ = β q̄, (2.2.26)

where q̄ ≡ β−1
∫ β
0
qE(τ) dτ is the average position along the Euclidean trajectory.

Since qE(τ) ∈ [0, L], it follows that q̄ ∈ [0, L], and therefore the zero mode ranges
over the interval a0 ∈ [0, βL]. Hence,∫

da0 = β

∫ L

0

dq̄ = βL. (2.2.27)
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In the decompactification limit L→ ∞, this factor diverges, as expected for the
infinite translational volume of a free particle.

The ratio between the partition functions of the harmonic oscillator and the free
particle is then

ZH.O.

ZF
=
B(β)

√
2πβ
mω2

∏∞
k=1

πβ
m(ω2

k+ω
2)

B(β)
(∫

da0
)∏∞

k=1
πβ
mω2

k

,

=
1∫
da0

√
2πβ

mω2

∞∏
k=1

ω2
k

ω2
k + ω2

. (2.2.28)

Using the result
∫
da0 = βL, this becomes

ZH.O.

ZF
=

1

βL

√
2πβ

mω2

∞∏
k=1

ω2
k

ω2
k + ω2

. (2.2.29)

To determine the overall normalization, we now evaluate the free-particle partition
function in a box of length L from the canonical point of view. For a particle
confined to an interval of size L, the energy levels are

En =
π2n2

2mL2
, n = 1, 2, 3, . . . (2.2.30)

so that

ZF =
∞∑
n=1

e−β
π2n2

2mL2 . (2.2.31)

In the large-L limit, the spacing between neighboring energy levels becomes small
and the sum can be approximated by an integral,

ZF
L→∞−−−→

∫ ∞

0

dn e−β
π2n2

2mL2 . (2.2.32)

Using Eq. (2.2.20) with a = βπ2/(2mL2), and noting that the integration range is
[0,∞) rather than (−∞,∞), one obtains an additional factor of 1/2. Therefore,

ZF =
1

2

√
2mL2

πβ
. (2.2.33)
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Substituting this result into the ratio above, we find

ZH.O. =
1

βω

∞∏
k=1

ω2
k

ω2
k + ω2

. (2.2.34)

Using the Matsubara frequencies ωk = 2πk/β, we obtain

ω2
k

ω2
k + ω2

=
k2

k2 + ω̃2
, ω̃ ≡ βω

2π
. (2.2.35)

Hence,

ZH.O. =
1

βω

∞∏
k=1

k2

k2 + ω̃2
. (2.2.36)

We now apply the standard infinite-product identity

∞∏
k=1

k2

k2 + ω̃2
=

πω̃

sinh(πω̃)
=

βω/2

sinh(βω/2)
. (2.2.37)

Substituting this expression into the previous equation gives

ZH.O. =
1

βω

βω/2

sinh(βω/2)
=

1

2 sinh(βω/2)
. (2.2.38)

This agrees precisely with the canonical result obtained in Eq. (2.2.2). Therefore,
the path integral computation not only reproduces the expected answer, but also
illustrates explicitly how the divergent normalization can be removed by taking
the ratio with the free-particle partition function and regularizing the resulting
infinite product. More importantly, this simple example makes transparent the
ingredients that will reappear in the gravitational setting: the expansion around
a classical background, the emergence of functional determinants from Gaussian
integration, and the special role played by zero modes and normalization factors.

The harmonic oscillator is, of course, far simpler than the black hole backgrounds
of interest, but that is precisely why it is useful. It provides a clean laboratory
in which the logic of the semiclassical expansion can be displayed without the
technical complications of diffeomorphism invariance, gauge constraints, and
higher-curvature interactions. Once this logic is clear, the subsequent chapters can
be read as a progressive elaboration of the same structure: first one identifies the
relevant Einstein-Maxwell-Gauss-Bonnet saddle and its near-extremal throat, and
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then one studies the quadratic operators that control the one-loop fluctuations
around it.

In this sense, the present chapter serves as the conceptual bridge between the
formal definition of the Euclidean path integral and the concrete black hole
computation developed in the rest of the thesis. The next chapter turns to the
charged Einstein-Maxwell-Gauss-Bonnet solution itself and establishes the classical
near-extremal background, while the subsequent one extracts the generalized
Lichnerowicz operator and analyzes its zero modes.
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Chapter 3

Einstein-Gauss-Bonnet coupled to

Maxwell

3.1 The charged black hole in Einstein-Maxwell-

Gauss Bonnet

Having established in the harmonic-oscillator example how the path integral
reduces to Gaussian integrations and how its normalization can be fixed by
comparison with a reference system, we now turn to the gravitational problem
of interest. The Einstein-Maxwell-Gauss-Bonnet theory provides a concrete
framework in which these ideas can be implemented for black-hole backgrounds
and, eventually, for the computation of one loop corrections to the entropy.

The five-dimensional Einstein-Gauss-Bonnet theory coupled to a Maxwell field
can be defined via the bulk action

Ibulk[g, A] =
1

κ2

∫
d5x

√
−g (R− 2Λ + αG − FρσF

ρσ) , (3.1.1)

G = RµνρσRµνρσ − 4RµνRµν +R2, (3.1.2)

with κ2 = 16πG and where G denotes the Gauss-Bonnet invariant.

Throughout this section we work in Lorentzian signature and adopt the mostly-plus
convention.

For later use, it is also convenient to fix our definition of the Hodge dual. For a
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p-form
Fp =

1

p!
Fµ1...µp dx

µ1 ∧ · · · ∧ dxµp (3.1.3)

on a D-dimensional manifold with metric gµν and determinant g, we define

⋆Fp =

√
|g|

p!(D − p)!
F µ1...µp ϵµ1...µpν1...νD−p

dxν1 ∧ · · · ∧ dxνD−p , (3.1.4)

with orientation fixed by ϵx1...xD = 1. In this section we restrict to D = 5.

The equations of motion derived from the action (3.1.1) are

d ⋆ F = 0, (3.1.5)

Rµν −
1

2
gµνR + Λgµν + αHµν = 2Tµν , (3.1.6)

where the energy-momentum tensor of the Maxwell field is

Tµν = FµλFν
λ − 1

4
gµνFλδF

λδ, (3.1.7)

and the contribution from the Gauss-Bonnet term is given by

Hµν =
1√
−g

δ

δgµν

∫
d5x

√
−g G, (3.1.8)

= 2RRµν − 4RµρR
ρ
ν − 4Rδ

ρR
ρ
µδν + 2RµρσδRν

ρσδ − 1

2
Ggµν . (3.1.9)

A class of solutions to these equations is given by static, charged black holes with
metric

ds2 = −f(r) dt2 + dr2

f(r)
+ r2ds2(S3), (3.1.10)

f(r) = 1 +
r2

4α

(
1−

√
1 +

4αΛ

3
+
mα

r4
− 16q2α

3r6

)
, (3.1.11)

and gauge potential

A =
1√
2

(
q

r2
− q

r2+

)
dt. (3.1.12)

Here, m is an integration constant related to the black hole mass, q is proportional
to the electric charge, and r+ denotes the radial coordinate of the event horizon,
defined as the largest root of f(r). We choose the branch of the solution that
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admits a smooth Einstein-Maxwell limit as α → 0. Expanding f(r) for small α,
one finds

f(r) = 1− m

r2
+

4q2

3r4
− Λ

6
r2 +O(α), (3.1.13)

which corresponds to the standard five-dimensional Reissner-Nordström-(A)dS
solution. The asymptotic structure of the spacetime can be inferred from the
large-r behavior of the metric function. Expanding f(r) for r → ∞, one obtains

f(r) =
r2

ℓ2eff
+ 1− 3m

8
√
9 + 12αΛ r2

+
2q2√

9 + 12αΛ r4
+O(r−6) . (3.1.14)

The leading term, proportional to r2, determines the asymptotic geometry. In
particular, for Λ = 0 one has ℓeff → ∞, and the spacetime becomes asymptotically
flat. For Λ ̸= 0, the metric approaches that of (anti-)de Sitter spacetime, but with
an effective cosmological constant induced by the Gauss-Bonnet coupling. More
precisely, the asymptotic curvature scale is governed by an effective AdS radius
ℓeff, defined as

ℓ2eff = − 3

Λ

(
1 +

√
1 +

4

3
αΛ

)
. (3.1.15)

This shows that higher-curvature corrections modify the relation between the
cosmological constant and the curvature radius of the spacetime. In particular,
even though Λ appears in the action, the asymptotic geometry is controlled by
ℓeff rather than directly by Λ.

A well-defined action principle requires supplementing (3.1.1) with appropriate
boundary terms. In particular, the bulk action alone does not lead to a well-posed
variational principle, since variations of the metric generate normal derivatives at
the boundary. To cancel these contributions, one must include the generalized
Gibbons-Hawking-York (GHY) term appropriate for Einstein-Gauss Bonnet
gravity [24, 27].

Moreover, in asymptotically AdS5 spacetimes, the on-shell action generically
diverges due to the infinite volume of the spacetime. These divergences can
be removed by adding local covariant counterterms constructed from intrinsic
boundary quantities [28–30]. The resulting renormalized action is finite and
suitable for thermodynamic applications.
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These contributions are respectively given by

IGHY =
1

κ2

∫
∂M

d4x
√
−h
[
2K + αδabcijkK

i
a

(
1

2
Rjk

bc −
1

3
Kj

bK
k
c

)]
, (3.1.16)

Ict =
2

κ2

∫
∂M

d4x
√
−h

[
− 1

ℓeff

(
2 +

√
1− 8α

L2

)
− ℓeff

4

(
2−

√
1− 8α

L2

)
R

]
,

(3.1.17)

where Λ = −6/L2 < 0. Here, hab denotes the induced metric on the timelike
boundary ∂M at fixed radial coordinate r, with topology Rt × S3. The tensor
Kab is the extrinsic curvature associated with the outward-pointing unit normal to
the boundary, K = habKab is its trace, and R is the Ricci scalar of the boundary
∂M constructed from hab.

Finally, in order to implement the canonical ensemble, corresponding to fixed
temperature and electric charge in AdS, the action must be further supplemented
by an additional boundary term. In the presence of a Maxwell field, fixing the
charge rather than the potential requires performing a Legendre transform of the
action, which is achieved by adding the Hawking-Ross term [31]:

IHR =
4

κ2

∫
∂M

d4x
√
−hnaF abAb =

4

κ2

∫
∂M

A ∧ ⋆F . (3.1.18)

Before turning to the thermodynamic analysis, it is useful to determine whether
the charged solution admits an extremal limit.

3.1.1 Existence of an extremal branch

The near-extremal regime analyzed in the remainder of this work is meaningful
only if the charged Einstein-Maxwell-Gauss-Bonnet solution admits extremal
configurations. By definition, extremality occurs when the outer horizon becomes
a double zero of the blackening factor. In other words, the horizon sits at a radius
r+ ∈ R+ such that

f(r+) = 0, f ′(r+) = 0 . (3.1.19)

The first condition guarantees the existence of a Killing horizon, while the second
ensures that the zero is degenerate. This is precisely the geometric signal that the
outer and inner horizons have merged. Equivalently, the Hawking temperature
vanishes, since from the general relation for metrics of the form (3.1.10), T =
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f ′(r+)/4π, a double root immediately implies T = 0.

It is useful to emphasize why these conditions are non-trivial in the present theory.
The metric function contains a non-linear term in the constants q and m, so
requiring both f(r+) = 0 and f ′(r+) = 0 does not merely fix the mass in terms of
the charge, but selects special loci in parameter space where the two independent
horizon conditions become compatible. Solving them simultaneously yields two
algebraic branches, distinguished by the sign of r2+ + 4α. This quantity appears
naturally when differentiating f(r) and therefore controls the local behavior of
the solution near the degenerate horizon.

For r2+ + 4α > 0, one finds

m = 16r2+ + 16α− 4r4+Λ, (3.1.20)

q2 =
r4+√
2
(3− r2+Λ), (3.1.21)

together with

f ′′(r+) =
8− 4r2+Λ

r2+ + 4α
. (3.1.22)

This branch has a clear physical interpretation. For the range of interest in this
work, Λ ≤ 0, the factor 3− r2+Λ in (3.1.21) is strictly positive for any real r+, so
q2 > 0 automatically. Moreover, if α ≥ 0, then r2+ + 4α > 0 is satisfied for every
positive horizon radius. Hence this branch is not only algebraically allowed but
also naturally realized in the parameter region continuously connected to standard
Einstein-Maxwell theory. The expression (3.1.22) for the second derivative is
likewise positive in this regime, because both numerator and denominator are
positive, showing that the degenerate zero is a local minimum of f(r). This is the
expected behavior for an extremal black hole, where the double root separates
the exterior region from the would-be interior.

On the other hand, for r2+ + 4α < 0, one obtains

q2 =
3r6+ + 6r4+α + 2r6+αΛ

−2α
, (3.1.23)

m = 16α−
4r4+(1 + αΛ)

α
, (3.1.24)
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and

f ′′(r+) =
4
[
2α + r2+(1 + αΛ)

]
α(r2+ + 4α)

. (3.1.25)

This second branch is much less compelling for our purposes. First, it requires
α < 0 and in particular r2+ < −4α, so it has no smooth counterpart in the Einstein
Maxwell limit α → 0. Second, the positivity of q2 is no longer automatic and
depends on a more restrictive balance among r+, α, and Λ. Thus, although
it solves the extremality equations algebraically, it does not provide the robust
physical branch needed for a controlled near-extremal expansion around the
General Relativity regime.

In what follows, we therefore restrict our attention to the first branch. It is the
one continuously connected to the Einstein Maxwell limit as α→ 0, it guarantees
a real positive charge for Λ ≤ 0, and it exhibits the correct local structure of
an extremal horizon. This is the branch that underlies the extremal background
relevant for the subsequent near-extremal analysis. The next step is to rewrite
the solution in a way that makes the coexistence and eventual merger of the outer
and inner horizons fully explicit.

3.2 Thermodynamic Quantities

In order to perform the subsequent thermodynamic analysis, it is convenient to
rewrite the metric function f(r) in terms of the inner and outer horizons, r− and
r+. This can be achieved by exploiting the polynomial structure underlying the
horizon condition.

Imposing f(r+) = 0 is equivalent to requiring that r+ is a root of the polynomial

P (r) = Λr6 − 6r4 +
3

4
(m− 16α)r2 − 4q2 . (3.2.1)

Due to the fact that P (r)/f(r) is function of r2, the roots of P (r) come in pairs
{±ri}, and can be parameterized as

{r+, r−, r3, −r+, −r−, −r3} . (3.2.2)

Here, r3 does not correspond to a physical horizon in general, but rather arises
from the algebraic structure of the polynomial.
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Applying Vieta’s formulas to the polynomial (3.2.1), one obtains relations between
the roots and the coefficients of the polynomial. In particular, the non-trivial
relations can be written as

r2+ + r2− + r23 =
6

Λ
, (3.2.3)

r2+r
2
− + r2+r

2
3 + r2−r

2
3 =

3

4Λ
(m− 16α) , (3.2.4)

r2+r
2
−r

2
3 =

4q2

Λ
. (3.2.5)

These relations allow one to eliminate r3 and express the parameters m and
q entirely in terms of the horizon radii r±. Solving for r23 from (3.2.3) and
substituting into (3.2.4) and (3.2.5), one finds

m = 16α + 8(r2+ + r2−)−
4Λ

3
(r4+ + r2+r

2
− + r4−) , (3.2.6)

q2 =
3

2
r2+r

2
− − Λ

4
r2+r

2
−(r

2
+ + r2−) . (3.2.7)

Substituting these expressions back into the metric function, and eliminating r3, it
is possible to rewrite f(r) in a form that makes its polynomial structure manifest.
To this end, it is convenient to express the argument of the square root as

R(r) = 1 +
4

3
Λα +

mα

r4
− 16

3

q2α

r6
. (3.2.8)

A straightforward algebraic manipulation shows that this expression can be
reorganized as

R(r) =

(
1 +

4α

r2

)2

+
4α

3r6
P (r) , (3.2.9)

where P (r) is the polynomial defined above.

Using the factorized form

P (r) = Λ(r2 − r2+)(r
2 − r2−)(r

2 − r23) , (3.2.10)

the metric function can be written as

f(r) = 1+
r2

4α

1−
√(

1 +
4α

r2

)2

+
4αΛ

3r6
(r2 − r2+)(r

2 − r2−)(r
2 − r23)

 . (3.2.11)
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Finally, eliminating r3 through the Vieta relation

r23 =
6

Λ
− r2+ − r2− , (3.2.12)

one obtains an expression for f(r) entirely in terms of the horizon radii r±:

f(r) = 1+
r2

4α

1−
√(

1 +
4α

r2

)2

+
4αΛ

3r6
(r2 − r2+)(r

2 − r2−)

(
r2 −

(
6

Λ
− r2+ − r2−

)) .

(3.2.13)

This representation makes explicit the role of the horizon radii and is particularly
useful for computing thermodynamic quantities. Most importantly, it makes
transparent how extremality is encoded in the horizon data: the limit r+ → r−

corresponds to the coalescence of the two physical horizons.

The first quantity to examine is the Hawking temperature, since it directly
measures how far the solution lies from extremality. In this parametrization, it
takes the form

T =
f ′(r+)

4π
=

(r2+ − r2−)(6− 2Λr2+ − Λr2−)

12πr+(r2+ + 4α)
. (3.2.14)

Having identified the temperature, the next thermodynamic observable of interest
is the entropy. In a higher-curvature theory this quantity cannot be read off
from the area law alone, so one must instead use Wald’s formula [32, 33], which
associates an entropy to any stationary horizon as a Noether charge. For a
diffeomorphism-invariant theory, the entropy is given by

S = −2π

∫
H
d3x

√
h

∂L
∂Rµνρσ

ϵµνϵρσ , (3.2.15)

where H denotes a spatial cross-section of the horizon, h is the induced metric
on H, and ϵµν is an antisymmetric tensor constructed from the two independent
normal directions to H at each point. It characterizes the two-dimensional plane
orthogonal to the horizon cross-section..

Applying this formula to the Einstein-Gauss-Bonnet theory (3.1.1), one finds that
the entropy receives a correction proportional to the Gauss-Bonnet coupling α.
For the static, spherically symmetric solution, taking ξ = ∂t and evaluating the
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expression at the outer horizon r = r+, the entropy becomes

S =
π2r3+
2G

(
1 +

12α

r2+

)
. (3.2.16)

The expression above shows that the entropy does not follow the standard
Bekenstein Hawking area law, but instead receives corrections proportional to
the Gauss-Bonnet coupling. In particular, both terms r3+ and αr+ have the same
dimension and contribute on equal footing. Equivalently, the entropy can be
written as

S =
A

4G

(
1 +

12α

r2+

)
, (3.2.17)

where A = 2π2r3+ is the area of the horizon. This shows that higher-curvature
corrections modify the Bekenstein-Hawking area law by introducing a term
proportional to the intrinsic curvature scale of the horizon.

Another useful quantity in the canonical ensemble is the heat capacity at fixed
charge,

Cq = T

(
∂S

∂T

)
q

. (3.2.18)

Using the temperature and entropy above, one obtains

Cq =
3π2r+(r

2
+ + 4α)2

(
3r4+ − Λr6+ − 2q2

)
2G (−Λr8+ − 12αΛr6+ − 3r6+ + 12αr4+ + 10q2r2+ + 24αq2)

. (3.2.19)

This expression measures the local thermal response of the black hole at fixed
electric charge.

With the temperature, entropy, and heat capacity at hand, one can complete
the thermodynamic description by identifying the conserved charges and their
conjugate potentials. With this normalization, the conserved charges of
the solution can be defined in such a way that the first law of black hole
thermodynamics,

dM = TdS + ΦdQ , (3.2.20)

is satisfied.

The electric charge can be obtained from the Maxwell sector of the theory by
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considering the associated conserved current. Starting from the action

I[A] = − 2

κ2

∫
F ∧ ⋆F , (3.2.21)

the variation with respect to the gauge field yields the equations of motion
d ⋆ F = 0, which imply the existence of a conserved charge. The electric charge is
then defined as the flux of the electric field through a spatial section Σ at infinity,

Q =
4

κ2

∫
∂Σ

⋆F . (3.2.22)

For the static, spherically symmetric solution under consideration, this expression
evaluates to

Q = − πq√
2G

. (3.2.23)

The chemical potential Φ is defined as the difference of the electric potential
between the horizon and infinity, yielding

Φ = − q√
2r2+

. (3.2.24)

The mass of the configuration is obtained from the asymptotic behavior of the
metric and is given by

M =
3πm

64G
. (3.2.25)

In the following, we will use the pairs (m,M) and (q,Q) interchangeably, depending
on convenience. At this stage, all thermodynamic quantities have been expressed
in terms of the horizon radii, so the extremal limit can now be implemented
directly by taking the degenerate-horizon condition r+ = r−.

In the canonical ensemble, where the charge Q is held fixed, the existence of the
extremal branch implies a minimum mass M =Mext(Q) at which the inner and
outer horizons coincide, r0 := r+ = r−. This statement follows directly from the
temperature formula (3.2.14): at fixed charge and for r2+ + 4α > 0, the vanishing
of T is achieved precisely when r+ = r−. Evaluating (3.2.6) on this locus then
gives the corresponding extremal mass parameter,

mext = 16r20(q) + 16α− 4r40(q)Λ . (3.2.26)
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While the charge constraint is obtained from (3.2.7) evaluated on the same
degenerate configuration. The extremal radius r0 can therefore be expressed purely
in terms of the charge parameter q. Solving (3.2.7) for r0 through Cardano’s
formula gives

r20(q) =
1

Λ

[
1 + 2 cos

(
1

3
arccos(1− q2Λ2) +

2nπ

3

)]
, Λ ̸= 0 , (3.2.27)

r20(q) =

√
2

3
|q| , Λ = 0 , (3.2.28)

where n = 0, 1, 2, . . . , and r0 is defined as the largest real root. In this way,
extremality is not merely assumed but completely characterized by the pair of
algebraic relations above: for each fixed charge in the physical branch, they
determine the degenerate horizon radius and the corresponding minimum mass.

Once the extremal solution has been identified, near-extremal configurations are
conveniently described by a small-temperature expansion around T = 0 at fixed
charge. Writing the energy as M =M(T,Q) and expanding around extremality,
one finds

m = mext −
16π2(r20 + 4α)2

r20Λ− 2
T 2 +O(T 3) , (3.2.29)

or equivalently

M =Mext(Q) +
T 2

Mgap

+O(T 3) , (3.2.30)

The absence of a linear term in T is the key feature here: once the charge is
held fixed, the first correction to the extremal energy is quadratic. It is therefore
natural to parametrize this leading departure from extremality in terms of a mass
gap, defined by

Mgap :=
4G(2− Λr20)

3π3(4α + r20)
2
. (3.2.31)

Since we are considering Λ ≤ 0, the mass gap Mgap is strictly positive. This
is another explicit example where the expression (1.0.7) from the introduction
holds. As a consequence, deviations from extremality at fixed charge and low
temperature follow the same qualitative behavior as in General Relativity: the
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energy above the extremal bound scales quadratically with the temperature,

M −Mext ∼ O(T 2) . (3.2.32)

As discussed in the Introduction, this has an important physical implication.
The typical energy of a Hawking quantum is of order T , whereas the excess
energy available above extremality behaves as T 2. Therefore, at sufficiently low
temperatures, the system does not possess enough energy to emit even a single
Hawking quantum. In this regime, the black hole becomes effectively stable against
thermal radiation.

This behavior suggests that the density of states is sharply peaked around the
extremal configuration. Indeed, the extremal black hole can carry a macroscopic
entropy, implying a large degeneracy of microstates at zero temperature. The
existence of a finite mass gap then separates this highly degenerate ground state
from the first excited states that can participate in thermal radiation. Such a
structure often hints at an underlying symmetry that enhances the degeneracy of
the extremal configuration, as occurs in certain supersymmetric or supergravity
settings.

However, in close analogy with the Einstein-Maxwell case, no such symmetry is
currently known in Einstein-Gauss-Bonnet-Maxwell theory that could account
for this large, gapped ground-state degeneracy. This constitutes a well-known
puzzle in black hole physics [6–8], now extended to the higher-curvature setting
considered here.

For later convenience, we also denote the same quantity by

Egap =
4G(2− Λr20)

3π3(4α + r20)
2
, (3.2.33)

which explicitly depends on the Gauss Bonnet coupling α. For small α, this
expression departs from its General Relativity counterpart by a correction that
is linear in α, reflecting the impact of higher-curvature interactions on the near-
extremal spectrum.

Further insight comes from analyzing the first law of thermodynamics in
the canonical ensemble. Considering two infinitesimally close equilibrium
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configurations at fixed charge, one has

δM = T δS . (3.2.34)

From this relation, it follows that in order to generate a contribution to the
energy that is linear in T at low temperatures, thereby allowing for Hawking
emission at arbitrarily small T , the entropy must contain a term logarithmic in
the temperature, ∼ log T .

In General Relativity, it has been shown that such logarithmic contributions arise
from quantum corrections to the semiclassical Bekenstein Hawking entropy, in
particular from one loop effects in the Euclidean path integral [34–43]. These
corrections modify the low temperature thermodynamics and can, in principle,
lift the strict mass gap present at the classical level.

Motivated by these considerations, we now turn to the near-horizon, near-extremal
regime. A full one loop computation on the complete black-hole geometry is
prohibitively complicated, whereas the near-horizon region isolates the degrees
of freedom that dominate the low temperature dynamics while retaining the
information relevant for the logarithmic corrections. The idea is therefore to zoom
into the throat that develops as T → 0, where the classical extremal structure
derived above organizes the quantum problem most efficiently. Now, we determine
the near-horizon geometry of the near-extremal solution, which furnishes the
appropriate background for the quantum analysis.

3.3 Near-Horizon, Near-Extremal Geometry

The Euclidean near-horizon geometry of the near-extremal solution is obtained by
expanding the spacetime around the T = 0 limit. To this end, we introduce the
coordinate transformation

r = r+(T ) + 4πℓ2AdST sinh2
(η
2

)
, t = − iτ

2πT
, (3.3.1)

with
ℓ2AdS =

r20 + 4α

2(2− Λr20)
, and τ the Euclidean time. (3.3.2)
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In the strict T → 0 limit, this transformation decouples an infinite AdS2

throat with curvature radius ℓAdS from the rest of the spacetime. This is the
geometric counterpart of the thermodynamic statement established above: as the
temperature approaches zero at fixed charge, the solution develops a universal
throat governed by the extremal radius r0. At first order in the low temperature
expansion, the geometry describes the near-horizon region of a near-extremal
black hole and takes the form

gµν = ḡµν + δgµνT +O(T 2) , (3.3.3)

with the leading AdS2 × S3 spacetime given by

ḡµνdx
µdxν = ds2(AdS2) + r20ds

2(S3) . (3.3.4)

Using the coordinates (τ, η) for the Euclidean AdS2 space and (θ, ϕ, ψ) for the S3,
the line elements in (3.3.4) are respectively. The AdS2 factor is written here in
Euclidean Rindler-like coordinates; for a brief summary of its embedding and of
its relation to other coordinate patches, see Appendix A.

ds2(AdS2) = ℓ2AdS(sinh
2 ηdτ 2 + dη2) , (3.3.5)

ds2(S3) =
1

4
(dθ2 + sin2 θdϕ2) +

1

4
(dψ + cos θdϕ)2 . (3.3.6)

The deformation at leading order in T is given by

δgµνdx
µdxν = 2πℓ2AdS

[ℓ2AdS(6− r20Λ) + 3r20]

3r0(2− r20Λ)
(2 + cosh η) tanh2

(η
2

)
(− sinh2 η dτ 2 + dη2)

+ 4πℓ2AdS r0 cosh η dΩ
2
3. (3.3.7)

It is worth emphasizing that the resulting geometry depends on the Gauss-Bonnet
coupling α exclusively through the AdS2 curvature radius ℓAdS defined in (3.3.2).
In particular, once the charge q is held fixed, the remaining coefficients of the
solution are insensitive to variations in α, so that all higher-curvature effects are
effectively encoded in the scale of the AdS2 factor. This observation is conceptually
important for what follows: although the full five-dimensional theory contains
non-trivial higher-curvature interactions, in the near-horizon region their leading
effect is funneled into a small set of effective parameters.
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The expansion extends naturally to the gauge sector. Writing the gauge field as
A′ = A+ δAT , one finds

A =
ℓ2AdS

r0

√
3− r20Λ (cosh η − 1) i dτ, (3.3.8)

δA = −3πℓ4AdS

r20

√
3− Λr20 sinh2 η i dτ. (3.3.9)

The corresponding field strength F = dA is proportional to the volume form of
the AdS2 factor appearing in (3.3.4), reflecting the fact that the background gauge
field is supported entirely along the AdS2 directions. Moreover, the potential A is
regular at the origin, namely, Aτ vanishes at η = 0.

Regularity of the Euclidean geometry at this point imposes a periodic identification
of the Euclidean time coordinate, τ ∼ τ + 2π. This condition ensures the absence
of conical singularities and, at the same time, provides the appropriate setting for
a mode decomposition of fields on the near-horizon background.

The geometry described in (3.3.3) should be understood as a perturbative solution
of the Einstein-Gauss-Bonnet equations coupled to a Maxwell field, valid up
to O(T 2). In constructing this expansion, we have imposed that the charge
parameter q in (3.2.7) remains fixed along the deformation parameterized by T .
This requirement uniquely determines the positions of the outer and inner horizons,
r+ and r−, as functions of T . In other words, the near-extremal deformation is
not arbitrary: it follows the canonical ensemble trajectory away from the extremal
point while staying within the same charge sector.

More explicitly, the location of the event horizon admits the expansion shown in
Appendix B.1:

r+(T ) = r0 + 2πℓ2AdST + π2ℓ2AdS

(
4(6− r20Λ)α + 14r20 − 5Λr40

r0(2− Λr20)
2

)
T 2

+
8ℓ2AdSπ

3

3r20(2− Λr20)
4

[
(96 + 32r20Λ− 16r40Λ

2)α2 + (168r20 − 68r40Λ + 4r60Λ
2)α

+ 48r40 − 31r60Λ + 5r80Λ
2
]
T 3 +O(T 4), (3.3.10)
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while the Cauchy horizon is given by

r−(T ) = r0 − 2πℓ2AdST − π2ℓ2AdS

(
4(6− r20Λ)α + 30r20 − 13r40Λ

3r0(2− Λr20)
2

)
T 2

+
4ℓ2AdSπ

3

9(2− Λr20)
4

[
(−384Λ + 112r20Λ

2)α2 + (−432 + 120r20Λ + 8r40Λ
2)α

− 180r20 + 126r40Λ− 23r60Λ
2
]
T 3 +O(T 4). (3.3.11)

These expressions will play a central role in what follows. In particular, they
provide the precise dependence of the horizon data on the near-extremality
parameter T , which is required in order to consistently evaluate the one-loop
partition function around the near-horizon geometry. The explicit control over this
expansion ensures that quantum fluctuations can be systematically incorporated
while maintaining a fixed charge sector, a feature that will be essential in the
computation of logarithmic corrections to the entropy. In this sense, the present
section closes the classical part of the construction: it identifies the relevant
extremal solution, characterizes its low temperature deformations, and furnishes
the background on which the quantum analysis will be built.



40 Chapter 4. The generalized Lichnerowicz operator and its zero modes

Chapter 4

The generalized Lichnerowicz

operator and its zero modes

4.1 Saddle-point approximation

The previous chapter identified the classical background that will play the central
role in the quantum analysis: an extremal Einstein-Maxwell-Gauss-Bonnet black
hole together with its controlled near-extremal deformation. Having isolated the
relevant near-horizon throat and characterized its dependence on the temperature
and charge, we are now in a position to study the fluctuations that govern the
one loop partition function.

The strategy is the standard saddle-point one. The Euclidean path integral is
expanded around the classical near-horizon solution, and the leading quantum
correction is encoded in the Gaussian integral over linearized perturbations.
Consequently, the first task is to expand the action (3.1.1) up to second order
in the field perturbations. This requires evaluating the action on configurations
where both the metric and the gauge field are perturbed around their background
values.

To this end, we consider a non-compact, five-dimensional Lorentzian manifold
M endowed with a metric g′µν , defined as a perturbation of a fixed background
metric gµν by a small fluctuation hµν , namely

g′µν = gµν + hµν . (4.1.1)
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Similarly, the gauge field is expanded around its background configuration Aµ by
introducing a perturbation aµ, such that

A′
µ = Aµ + aµ . (4.1.2)

Using (4.1.1) and (4.1.2), the functional Taylor expansion for the action reads

I[g + h,A+ a] = I[g, A] +

∫
d5x

(
δI

δgµν(x)
hµν(x) +

δI

δAµ(x)
aµ(x)

)
+

1

2

∫
d5x

∫
d5y

(
hµν(x)

δ2I

δgµν(x)δgρσ(y)
hρσ(y) + aµ(x)

δ2I

δAµ(x)δgρσ(y)
hρσ(y)

+hµν(x)
δ2I

δgµν(x)δAρ(y)
aρ(y) + aµ(x)

δ2I

δAµ(x)δAν(y)
aν(y)

)
+ . . . . (4.1.3)

The zeroth-order term gives the classical on-shell action of the background, the
first-order term vanishes because the background is a saddle point of the action,
and the second-order term determines the fluctuation operator whose determinant
yields the one loop correction. For this reason, we extract the quadratic form
implicit in (4.1.3).

4.2 Quadratic fluctuations for Einstein-Gauss-

Bonnet-Maxwell theory

We now compute (4.1.3) for the Einstein-Maxwell-Gauss-Bonnet theory. Since
several sectors contribute and mix at quadratic order, it is useful to split the
calculation into manageable pieces. For this purpose, and for clarity, we decompose
the total action (3.1.1) as

I[g, A] = IR[g] + IΛ[g] + IA[g, A] + IG[g] , (4.2.1)
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where

IR[g] =
1

κ2

∫
d5x

√
−gR +

1

κ2

∫
∂M

2K ⋆̄1 , (4.2.2)

IΛ[g] =
1

κ2

∫
d5x

√
−g(−2Λ) , (4.2.3)

IA[g, A] =
1

κ2

∫
d5x

√
−g(−FµνF µν) +

4

κ2

∫
∂M

A ∧ ⋆F , (4.2.4)

IG[g] =
1

κ2

∫
d5x

√
−g αG +

1

κ2

∫
∂M

αδabcdefK
d
a

(
1

2
Ref

bc −
1

3
Ke

bK
f
c

)
⋆̄1 ,

(4.2.5)

Where ⋆̄ denotes the Hodge dual on ∂M.

This background satisfies Dirichlet boundary conditions for the metric and
Neumann boundary conditions for the gauge field, the latter being required to
implement the canonical ensemble. As a result, the linear terms in the expansion
(4.1.3) vanish upon imposing the equations of motion. This is precisely what
makes the Gaussian approximation meaningful: once the saddle is fixed, the
leading quantum information is entirely contained in the second variation.

The first functional derivatives of each contribution in (4.1.3) are given by

δIR
δgµν(x)

= −
√
−g
κ2

Gµν ,
δIΛ

δgµν(x)
= −

√
−g
κ2

Λgµν , (4.2.6)

δIA
δAµ(x)

=
4
√
−g
κ2

∇ρF
ρµ ,

δIG
δgµν(x)

= −α
√
−g
κ2

Hµν , (4.2.7)

δIA
δgµν(x)

=

√
−g
κ2

(
−1

2
gµνFρσF

ρσ + 2F µ
λF

νλ

)
≡ 2

√
−g
κ2

T µν . (4.2.8)

Note that all boundary contributions vanish by virtue of the imposed boundary
conditions, together with the inclusion of the appropriate boundary terms in
(4.2.2), (4.2.4), and (4.2.5).

For simplicity, we treat the computation of each contribution in the sum (4.2.1)
separately. This decomposition also helps to clarify where the generalized
Lichnerowicz operator will emerge: it is not inserted by hand, but rather appears
as the natural differential operator governing the quadratic metric fluctuations.
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To this end, we introduce the notation

I(f,g) :=
1

2

∫
d5x

∫
d5y fM(y)

δ2I

δFM(y) δGN(x)
gN(x) , (4.2.9)

where FM and GN denote collective field labels, with FM , GN ∈ {Aµ, gµν}, while
fM and gN denote the corresponding fluctuations, with fM , gN ∈ {aµ, hµν}.

In the following, we compute each term I(f,g) appearing in the expansion (4.1.3).
Once these pieces are assembled, the structure of the quadratic action will become
transparent and the analysis of zero modes can be formulated in a precise operator
language.

4.2.1 Computation of I(h,h) terms

4.2.1.1 Einstein Hilbert sector

We begin with the gravitational sector. Since this is the simplest place where the
structure of the quadratic operator already becomes visible, it is useful to proceed
step by step: first we vary the action once, then we vary the result again, and
finally we reorganize the answer into a geometrically transparent form. The action
is given by

IR[g] =
1

16πG

∫
M

d5x
√
−g R + IBT , (4.2.10)

where IBT denotes the boundary term required for a well-defined variational
principle.

Taking the first variation and using the Palatini identity, we obtain

δIR =
1

16πG

∫
d5x

√
−g (Gµν δg

µν + gµν δRµν) + δIBT ,

=
1

16πG

∫
d5x

√
−g (−Gµν δgµν) , (4.2.11)

where in the last step we have used that the boundary term IBT is chosen so as
to enforce Dirichlet boundary conditions, thereby cancelling the total-derivative
contribution arising from gµνδRµν .

The first functional derivative then follows as

δIR
δgµν(x)

= − 1

16πG

√
−g Gµν

∣∣∣
x
. (4.2.12)
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At this stage the result is still completely standard: the Einstein tensor controls
the linearized response of the action. The genuinely new information needed for
the one loop problem enters at the next step, namely the second variation. To
obtain the second functional derivative, we vary (4.2.12) once more:

δ

(
δIR

δgµν(x)

)
(4.2.13)

= − 1

16πG
δ
(√

−g Gµν
)
,

= − 1

16πG

√
−g
(
1

2
gαβδgαβ G

µν + δgµαGα
ν + δgνβGµ

β + gµαgνβδGαβ

)
,

= − 1

16πG

√
−g

[(
1

2
gαβGµν − gµαgβλGλ

ν − gναgβλGµ
λ

)
δgαβ + gµαgνβδGαβ

]
.

(4.2.14)

To complete the computation of the second variation, we now derive the explicit
expression for δGµν , which is the object that carries the differential structure of
the quadratic operator. This is the point where the fluctuation problem starts
acquiring its characteristic operator form.

The variation of the Christoffel symbols and the Riemann tensor is given by

δΓµρσ =
1

2
gµλ (∇ρδgσλ +∇σδgρλ −∇λδgρσ) , (4.2.15)

δRµ
λρσ = ∇ρδΓ

µ
σλ −∇σδΓ

µ
ρλ . (4.2.16)

From now on, it is convenient to switch from the abstract variation notation to
the fluctuation field itself. We therefore define the metric perturbation

hµν ≡ δgµν , (4.2.17)

h ≡ gµνhµν , (4.2.18)

where hµν is an arbitrary symmetric tensor. It follows that δgµν = −hµν , and
therefore

δΓµρσ =
1

2
(∇ρhσ

µ +∇σhρ
µ −∇µhρσ) , (4.2.19)

δΓρρµ =
1

2
∇µh . (4.2.20)
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The next step is to express the curvature variations directly in terms of hµν . The
variation of the Ricci tensor is then

δRλσ = ∇ρδΓ
ρ
σλ −∇σδΓ

ρ
ρλ

=
1

2
(∇ρ∇σhλ

ρ +∇ρ∇λhσ
ρ −∇ρ∇ρhλσ −∇σ∇λh) . (4.2.21)

Taking the trace, we obtain

gλσδRλσ = ∇ρ∇σh
ρσ −∇ρ∇ρh . (4.2.22)

The variation of the Ricci scalar follows as

δR = δgµνRµν + gµνδRµν ,

= −hµνRµν +∇ρ∇σh
ρσ −∇ρ∇ρh . (4.2.23)

Using these results, the variation of the Einstein tensor is

δGµν = δRµν −
1

2
Rδgµν −

1

2
gµν δR,

=
1

2
(∇ρ∇µhν

ρ +∇ρ∇νhµ
ρ −∇ρ∇ρhµν −∇µ∇νh)−

1

2
Rhµν

− 1

2
gµν (−hρσRρσ +∇ρ∇σh

ρσ −∇ρ∇ρh) . (4.2.24)

To make the geometric structure explicit, we commute covariant derivatives. Using

∇ρ∇µhν
ρ = ∇µ∇ρhν

ρ +Rνλρµh
λρ +Rλµhν

λ , (4.2.25)

∇ρ∇νhµ
ρ = ∇ν∇ρhµ

ρ +Rµλρνh
λρ +Rλνhµ

λ , (4.2.26)

we obtain

δGµν =
1

2
(∇µ∇ρhν

ρ +∇ν∇ρhµ
ρ −∇ρ∇ρhµν −∇µ∇νh)

+Rµλνρh
λρ +

1

2

(
Rλµhν

λ +Rλνhµ
λ
)
− 1

2
Rhµν

− 1

2
gµν (−hρσRρσ +∇ρ∇σh

ρσ −∇ρ∇ρh) . (4.2.27)

Thus, the linearised Einstein tensor δGµν evaluated on the perturbation hµν takes
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the form

δGµν =
1

2
∇ν∇ρhµ

ρ +
1

2
∇µ∇ρhν

ρ +Rµλρνh
λρ +

1

2
Rλνhµ

λ +
1

2
Rλµhν

λ

− 1

2
∇ρ∇ρhµν −

1

2
∇µ∇νh− 1

2
hµνR

− 1

2
gµν(−hρσRρσ +∇ρ∇σh

ρσ −∇ρ∇ρh) ≡Wµν
αβ δgαβ . (4.2.28)

Substituting (4.2.28) in (4.2.14) and then taking the variation with respect to
δgαβ(y), we obtain

δ2IR
δgαβ(y) δgµν(x)

, (4.2.29)

= − 1

16πG

√
−g
[
1

2
gαβGµν − gµαgηβGη

ν − gναgηβGµ
η + gµηgνξWηξ

αβ

]
δ(5)(x− y) .

(4.2.30)

Substituting into the second-order term in the saddle-point expansion, we obtain

I
(h,h)
R ≡ 1

2!

∫
M

d5y d5x
δ2S

δgαβ(y) δgµν(x)
hαβ(y)hµν(x)

= − 1

32πG

∫
M

d5x
√
−g
[
1

2
gαβGµν − 2gµαgηβGη

ν + gµηgνξWηξ
αβ

]
hαβhµν ,

(4.2.31)

where we used the symmetry of the integrand under the interchange (µν) ↔ (αβ)

to combine the two Gµν-dependent terms. It remains to evaluate the contraction
Wαβ,µνhαβhµν . Expanding explicitly:

Wαβ,µνhαβhµν = hµν∇ν∇ρhµ
ρ + hµνRµλρνh

λρ + hµνRλνhµ
λ

− 1

2
hµν∇ρ∇ρhµν −

1

2
hµν∇µ∇νh− 1

2
hµνhµνR

+
1

2
hhρσRρσ −

1

2
h∇ρ∇σh

ρσ +
1

2
h∇ρ∇ρh . (4.2.32)

Integrating by parts and discarding total derivatives, the underlined terms combine
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as follows:

Wαβ,µνhαβhµν = −∇νh
µν∇ρhµ

ρ + hµνRµλρνh
λρ + hµνRλνhµ

λ (4.2.33)

− 1

2
hµν∇ρ∇ρhµν +∇µh

µν∇νh− 1

2
hµνhµνR

+
1

2
hhρσRρσ −

1

2
∇ρh∇ρh+∇(· · · ) .

To simplify the violet-coloured terms, we introduce the gauge-fixing combination

G ≡ gµν
(
∇ρhµ

ρ − 1

2
∇µh

)(
∇σhν

σ − 1

2
∇νh

)
,

= ∇ρhµ
ρ∇σh

µσ −∇ρhµ
ρ∇µh+

1

4
∇µh∇µh , (4.2.34)

which immediately gives

−∇νh
µν∇ρhµ

ρ +∇µh
µν∇νh = −G+

1

4
∇µh∇µh . (4.2.35)

Substituting back and grouping terms by the tensor structures acting on hαβ from
the left and hµν from the right, we arrive at

Wαβ,µνhαβhµν = hαβ

[
1

4
gαβgµν□+Rµαβν + gβµRαν − 1

2
gµαgνβ□− 1

2
gµαgνβR

+
1

2
gαβRµν

]
hµν ,

= −G+∇(· · · ) . (4.2.36)

Inserting this result into (4.2.31) and using the decomposition Gµν = Rµν− 1
2
gµνR

to rewrite the terms involving the Einstein tensor, we find

I
(h,h)
R =

1

16πG

∫
M

d5x
√
−g hαβ

[
1

4
gµαgνβ□− 1

8
gαβgµν□− 1

2
Rµαβν +

1

2
gβµRαν

−1

2
gµνRαβ − 1

4
gµαgνβR +

1

8
Rgαβgµν

]
hµν

+
1

32πG

∫
d5x

√
−g gµν

(
∇ρhµ

ρ − 1

2
∇µh

)(
∇σhν

σ − 1

2
∇νh

)
. (4.2.37)

This is the standard Lichnerowicz form of the quadratic gravitational action, which
will serve as the starting point for the stability analysis in subsequent sections.
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4.2.1.2 Cosmological constant sector

We now turn to the contribution arising from the cosmological constant term. In
contrast to the Einstein Hilbert sector, this contribution is purely algebraic in the
metric and does not involve derivatives, which considerably simplifies its second
variation.

The variation of the first functional derivative of IΛ with respect to the metric
yields

δ

(
δIΛ

δgµν(x)

)
= −

√
−gΛ
κ2

(
1

2
gρσδgρσ g

µν − gρµgσνδgρσ

)
. (4.2.38)

From this expression, the second functional derivative follows as

δ2IΛ
δgρσ(y) δgµν(x)

= −
√
−gΛ
κ2

δ(5)(x− y)

(
1

2
gρσgµν − gµ(ρgσ)ν

)
. (4.2.39)

Substituting into the definition of I(h,h)Λ , we obtain the quadratic contribution

I
(h,h)
Λ =

1

κ2

∫
d5x

√
−g hρσ

(
−Λ

4
gρσgµν +

Λ

2
gµρgσν

)
hµν . (4.2.40)

This contribution acts as an effective mass-like term for the metric perturbations,
in contrast to the kinetic structure arising from the Einstein Hilbert sector. In
the following, we proceed to analyze the remaining contributions to the quadratic
action.

4.2.1.3 Gauge field sector

We now compute the contribution to the quadratic action arising from the gauge-
field sector due to metric fluctuations. This requires evaluating the second
functional derivative of IA[g, A] with respect to the metric.

We begin by varying the first functional derivative,

δg

(
δIA

δgµν(x)

)
= δg

[
2
√
−g
κ2

(
F µ

ρF
νρ − 1

4
gµνFρσF

ρσ

)]
. (4.2.41)
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Performing the variation, and using δgµν = −hµν , we obtain

δg

(
δIA

δgµν(x)

)
=

2
√
−g
κ2

[
1

2
gρσδgρσT

µν − δgρσg
µρF σλF ν

λ − δgρσg
νρF µ

λF
σλ

− δgρσF
µρF νσ +

1

4
δgρσg

ρµgσνFαβF
αβ +

1

2
gµνδgρσF

ρ
λF

σλ

]
.

(4.2.42)

From this, the second functional derivative follows as

δ2IA
δgρσ(y)δgµν(x)

=
2
√
−g
κ2

δ(5)(x− y)

[
1

2
gρσT µν − gµ(ρF σ)λF ν

λ − gν(ρF σ)λF µ
λ

− F µ(ρF νσ) +
1

4
gµ(ρgσ)νFαβF

αβ +
1

2
gµνF (ρ

λF
σ)λ

]
. (4.2.43)

Substituting into the definition of I(h,h)A , we obtain

I
(h,h)
A =

1

κ2

∫
d5x

√
−g hρσ

[
1

2
gρσT µν − gµρF σλF ν

λ − gνρF µ
λF

σλ

− F µρF νσ +
1

4
gµρgσνFαβF

αβ +
1

2
gµνF ρ

λF
σλ

]
hµν . (4.2.44)

Replacing T µν , the expression simplifies to

I
(h,h)
A =

1

κ2

∫
d5x

√
−g hρσ

[
1

8
FαβF

αβ (2gρµgσν − gρσgµν)− F µρF νσ

− 2F ρλF µ
λg

σν + gµνF ρ
λF

σλ

]
hµν . (4.2.45)

Finally, exploiting the symmetry under the interchange (µν) ↔ (ρσ), the
expression can be written in the manifestly symmetric form above.

4.2.1.4 Gauss-Bonnet sector

We now turn to the Gauss-Bonnet contribution, which constitutes the most
intricate part of the quadratic expansion. While its structure is analogous to that
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of the Einstein Hilbert sector, it involves the variation of the Lanczos-Lovelock
tensor Hµν , whose dependence on curvature tensors leads to a significantly more
intricate tensorial structure.

Starting from the first functional derivative, the second variation reads

δ

(
δIG

δgµν(x)

)
= −α

√
−g

2κ2

(
1

2
gρσδgρσH

µν − δgρσ g
µρHσν − δgρσ g

νρHµσ + gµλgνδ δHλδ

)
.

(4.2.46)

The first three terms are purely algebraic in the metric perturbation, while the
last term encodes the non-trivial differential structure through the variation of
Hµν . To make this structure explicit, we introduce the linear operator

δHµν ≡ P[H]µν
ρσ hρσ , (4.2.47)

where P[H] is a second-order differential operator acting on symmetric tensors.

With this definition, the second functional derivative can be written compactly as

δ2IG
δgρσ(y) δgµν(x)

= −α
√
−g

2κ2
δ(5)(x− y)

(
1

2
gρσHµν − gµ(ρHσ)ν − gν(ρHσ)µ + P[H]µν,ρσ

)
.

(4.2.48)

Substituting into the quadratic form, we obtain

I
(h,h)
G =

1

κ2

∫
d5x

√
−g hµν

(
−α
4
gρσHµν + αgµρHσν − α

2
P[H]µν,ρσ

)
hρσ . (4.2.49)

To determine the explicit form of P[H], we compute the variation of the Lanczos-
Lovelock tensor term by term. Conceptually, this is the analogue of the Einstein
Hilbert computation performed above, but with a much more elaborate tensorial
structure. Recall that

Hµν = 2RRµν − 4RµρR
ρ
ν − 4Rδ

ρR
ρ
µδν + 2RµρσδRν

ρσδ − 1

2
G gµν , (4.2.50)

which we decompose as Hµν =
∑5

i=1 t
(i)
µν , where t

(i)
µν is the i-th term in the

Eq.(4.2.50).
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The variation is therefore

δHµν =
5∑
i=1

δt(i)µν , (4.2.51)

and each contribution can be computed using the standard first-order variations
of the curvature tensors.

The explicit expressions for δt(i)µν are obtained by straightforward, albeit lengthy,
substitutions of the identities for δR, δRµν , and δRµνρσ. For completeness, we list
the resulting contributions. The important point to keep in mind is that, despite
their complexity, all of them fit into the same general pattern: algebraic curvature
couplings plus a second-order differential action on hµν .

Collecting all terms, the operator P[H] is defined implicitly through

hµν P[H]µν
ρσhρσ = hµν δHµν = hµν

5∑
i=1

δt(i)µν , (4.2.52)

and can be compactly presented as

gµλgνδP
λδ,ρσhρσ =

− 1

2
hµνG − hγδ

[
2RγδRµν − 4RµγRνδ − 4RγηδλRµ

η
ν
λ +RµγηλRνδ

ηλ + 2Rµ
η
γ
λRνλδη

+Rµγ
ηλ(Rνδηλ − 2Rνηδλ) + 2Rµηγλ(−Rνδ

ηλ +Rν
λ
δ
η)
]
+Rµν(∇δ∇γh

γδ −□h)

+ 4R(µ|
γ
[
∇γ∇|ν)h−∇δ∇γh|ν)

δ +□h|ν)γ −∇δ∇|ν)hγ
δ
]
+ 2Rµγνδ□h

γδ − 2Rνηγδ∇η∇δhµ
γ

− (Rµδνη +Rµηνδ)(2∇η∇γh
γδ −∇η∇δh)− 2Rµηγδ∇η∇δhν

γ + 2Rνγδη∇η∇µh
γδ

+ 2Rµγδη∇η∇νh
γδ + gµν

[
hγδ(−4Rγ

ηRδη +RγδR +Rγ
ηλξRδηλξ)−R∇δ∇γh

γδ

+R□h− 2Rγδ (∇δ∇γh− 2∇η∇δhγ
η +□hγδ) + 2Rγηδλ∇λ∇ηhγδ

]
+Rγδ (2∇δ∇γhµν − 2∇δ∇µhνγ − 2∇δ∇νhµγ +∇µ∇νhγδ +∇ν∇µhγδ)

− 1

2
R (2□hµν − 2∇γ∇µhν

γ − 2∇γ∇νhµ
γ +∇µ∇νh+∇ν∇µh) . (4.2.53)

Finally, the quadratic contribution from the Gauss-Bonnet sector is fully
determined by substituting this result into (4.2.49).
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4.2.2 Computation of interaction terms I(h,a) and I(a,h)

Before turning to the individual contributions, let us make explicit the general step
that will be used repeatedly below. Suppose that, after varying a first functional
derivative of the action with respect to a fluctuation field φ(y), one obtains a local
expression of the form

δφ

(
δI

δΦ(x)

)
= L(x;φ), (4.2.54)

where L(x;φ) depends only on φ(x) and its derivatives evaluated at the same
spacetime point x. By definition of the second functional derivative,

δφ

(
δI

δΦ(x)

)
=

∫
d5y φ(y)

δ2I

δφ(y) δΦ(x)
. (4.2.55)

Since the left-hand side of Eq. (4.2.54) is local in x, the second functional derivative
must have support only at x = y, and therefore it is proportional to δ(5)(x− y).
Substituting this into a quadratic term of the form

I(2) =
1

2

∫
d5x

∫
d5y φ(y)

δ2I

δφ(y) δΦ(x)
χ(x), (4.2.56)

the integration over y immediately collapses and one obtains a single spacetime
integral. In what follows, we shall only display the explicit local variations and
the resulting quadratic expressions.

We first compute I(h,a)A . Starting from the first functional derivative of the Maxwell
sector with respect to the gauge field,

δIA
δAµ(x)

=
4
√
−g
κ2

∇ρF
ρµ =

4

κ2
∂ρ
(√

−g F ρµ
)
, (4.2.57)

variation with respect to the metric perturbation gives

δg

(
δIA

δAµ(x)

)
=

4

κ2
∂ρ

[√
−g
(
1

2
gλσhλσF

ρµ − hρλFλ
µ − hµλF ρ

λ

)]
,

=
4

κ2
∂ρ

[√
−g
(
1

2
gλσhλσF

ρµ − 2hλ[ρFλ
µ]

)]
,

=
4
√
−g
κ2

∇ρ

(
1

2
gλσhλσF

ρµ − 2hλ[ρFλ
µ]

)
.
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Therefore,

δg

(
δIA

δAµ(x)

)
=

4
√
−g
κ2

(
1

2
∇ρhλ

λ F ρµ +
1

2
hλ

λ∇ρF
ρµ − 2∇ρh

λ[ρFλ
µ] − 2hλ[ρ∇ρFλ

µ]

)
.

(4.2.58)

Using the general procedure explained above, Eq. (4.2.58) immediately determines
the mixed quadratic contribution. Substituting the corresponding local second
functional derivative into the mixed term of Eq. (4.1.3), the Dirac delta collapses
the y-integration and one obtains

I
(h,a)
A =

2

κ2

∫
d5x

√
−g
[1
2
(∇ρh)aµF

ρµ +
1

2
h aµ∇ρF

ρµ − 2(∇ρh
λ[ρ)Fλ

µ]aµ

− 2hλ[ρ(∇ρFλ
µ])aµ

]
, (4.2.59)

where h ≡ hλ
λ.

We now simplify Eq. (4.2.59) by integrating by parts the terms containing
derivatives of h. For the trace contribution one finds, up to boundary terms,

1

2

∫
d5x

√
−g (∇ρh)F

ρµaµ = −1

2

∫
d5x

√
−g h [(∇ρF

ρµ)aµ + F ρµ∇ρaµ] . (4.2.60)

Using Eq. (4.2.60) in Eq. (4.2.59), the terms proportional to ∇ρF
ρµ cancel and

the trace contribution becomes

−1

2

∫
d5x

√
−g hF ρµ∇ρaµ. (4.2.61)

For the traceless part, integration by parts gives

−2

∫
d5x

√
−g (∇ρh

λ[ρ)Fλ
µ]aµ = 2

∫
d5x

√
−g hλ[ρ

[
(∇ρFλ

µ])aµ + Fλ
µ]∇ρaµ

]
.

(4.2.62)
Replacing Eq. (4.2.62) into Eq. (4.2.59), the terms proportional to ∇ρFλ

µ cancel
as well. Combining the resulting expression with Eq. (4.2.61), and rewriting
everything in terms of hαβ, we arrive to

I
(h,a)
A =

1

κ2

∫
d5x

√
−g hαβ

(
−gαβF µν − 4gαλgβ[µFλ

ν]
)
∇µaν . (4.2.63)
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We now turn to I(a,h)A . Starting from the remaining mixed term in Eq. (4.1.3),

I
(a,h)
A =

1

2

∫
d5x

∫
d5y aµ(y)

δ2IA
δAµ(y) δgρσ(x)

hρσ(x). (4.2.64)

we begin from the first functional derivative of the Maxwell action with respect to
the metric,

δIA
δgµν(x)

=

√
−g
κ2

(
−1

2
gµνFλδF

λδ + 2F µ
λF

νλ

)
. (4.2.65)

Using
δAFλδ = 2∇[λaδ], (4.2.66)

one finds

δA

(
δIA

δgµν(x)

)
=

2
√
−g
κ2

[
−gµνF λσ∇λaσ + 2(∇λa(µ)F ν)

λ − 2F (ν
λ∇µ)aλ

]
.

(4.2.67)

It is convenient to rewrite this expression only after contraction with the symmetric
fluctuation hµν :

hµν δA

(
δIA

δgµν(x)

)
=

2
√
−g
κ2

hµν
(
4gµ[σF λ]ν − gµνF λσ

)
∇λaσ. (4.2.68)

Applying the same argument as above, the corresponding second functional
derivative is local. Substituting it into Eq. (4.2.64), the integration over y is
immediate and yields

I
(a,h)
A =

1

κ2

∫
d5x

√
−g hαβ

(
−gαβF µν − 4gαλgβ[µFλ

ν]
)
∇µaν . (4.2.69)

Therefore, up to boundary terms we have that

I
(a,h)
A = I

(h,a)
A . (4.2.70)

As expected, both terms represent the same mixed quadratic coupling and differ
only by the order of functional differentiation.
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4.2.3 Computation of I(a,a)

We now compute the purely Maxwell contribution I
(a,a)
A . Starting again from

Eq. (4.2.57),
δIA

δAµ(x)
=

4
√
−g
κ2

∇ρF
ρµ. (4.2.71)

Varying with respect to the gauge field fluctuation aν , and using δAF ρµ = ∇ρaµ−
∇µaρ, one finds,

δA

(
δIA

δAµ(x)

)
=

4
√
−g
κ2

(∇ρ∇ρaµ −∇ρ∇µaρ) . (4.2.72)

Applying the same procedure to the purely gauge-field term in Eq. (4.1.3), the
corresponding second functional derivative is again local. Substituting it into the
quadratic expansion and performing the y-integration gives

I
(a,a)
A =

2

κ2

∫
d5x

√
−g aµ (∇ρ∇ρaµ −∇ρ∇µaρ) . (4.2.73)

To simplify Eq. (4.2.73), we commute the covariant derivatives in the second term.
Using the Ricci identity,

∇ρ∇µaρ = ∇µ∇ρa
ρ +Rµ

λa
λ, (4.2.74)

Eq. (4.2.73) becomes

I
(a,a)
A =

2

κ2

∫
d5x

√
−g
[
aµ∇ρ∇ρaµ − aµ∇µ∇ρa

ρ − aµR
µ
λa

λ
]
. (4.2.75)

It is then convenient to integrate by parts the second term. Discarding boundary
terms, one obtains

−
∫
d5x

√
−g aµ∇µ∇ρa

ρ =

∫
d5x

√
−g (∇µa

µ)2. (4.2.76)

Using Eq. (4.2.76) in Eq. (4.2.75), the quadratic Maxwell contribution can be
written as

I
(a,a)
A =

2

κ2

∫
d5x

√
−g
[
aµ(□g

µλ −Rµλ)aλ + (∇µa
µ)2
]
, (4.2.77)
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where □ ≡ ∇ρ∇ρ.

4.3 One-loop partition function and the eigenvalue

equation

With the second-order expansion of the action at hand, the quantum corrections
to the partition function are encoded in the Euclidean functional integral. After
Wick rotating to the Euclidean background metric ḡµν , the semiclassical partition
function takes the form

Z = e−I[Φ̄]

∫
Dϕ exp

(
−
∫
d5x

√
ḡ ϕ∗Oϕ

)
. (4.3.1)

If we define the inner product as

(ψ, ϕ) :=

∫
d5x

√
ḡ ψ∗ϕ , (4.3.2)

and assume that the operator O is self-adjoint with respect to this inner product
and has a discrete spectrum with a complete set of normalizable orthonormal
eigenfunctions {ui} satisfying

Oui = λiui , (ui, uj) = δij . (4.3.3)

Any fluctuation can be expanded as

ϕ(x) =
∑
i

ciui(x) , (4.3.4)

with complex coefficients ci. Using orthonormality, the quadratic form diagonalizes
as

(ϕ,Oϕ) =
∑
i

λi|ci|2 . (4.3.5)

The functional measure is defined by projecting onto this basis, as the same way
as we did in section 2.2 for the harmonic oscillator,

Dϕ =
∏
i

dci dc
∗
i , (4.3.6)
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up to an overall normalization constant. Therefore, the functional integral
factorizes into an infinite product of Gaussian integrals,

Z1-loop =

∫
Dϕe−(ϕ,Oϕ) . (4.3.7)

For the bosonic fluctuations considered here, the resulting Gaussian integration
yields the usual square-root dependence on the determinant, namely

Z1-loop ∝ (detO)−1/2 . (4.3.8)

Absorbing the field-independent normalization constant into the definition of the
path integral, one obtains

Z ∼ e−I[Φ̄] 1√
detO

= e−I[Φ̄]
∏
i

1√
λi
. (4.3.9)

Although we have focused on bosonic fields, gauge invariance requires the inclusion
of Faddeev-Popov ghosts associated with diffeomorphism and U(1) symmetries.

A crucial subtlety arises from the presence of zero modes of O, which render the
determinant ill-defined and require a suitable regularization. As will be discussed
below, these zero modes are precisely responsible for the logarithmic corrections
to the entropy.

This mechanism can be understood by viewing the near-extremal, near-horizon
geometry (3.3.3) as a deformation of the AdS2×S3 background, with the deviation
controlled linearly by the temperature T . Accordingly, the operator O admits a
decomposition of the form

O = OAdS2×S3 + δO , (4.3.10)

where δO is linear in T .

Let {ui} denote the orthonormal eigenfunctions of the unperturbed operator
OAdS2×S3 ,

OAdS2×S3ui = λAdS2×S3

i ui . (4.3.11)
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Then, at first order in perturbation theory, the eigenvalues of O are given by

λi = λAdS2×S3

i + δλi , (4.3.12)

with
δλi = (ui, δOui) . (4.3.13)

For modes that are non-vanishing in the extremal limit, λAdS2×S3

i ≠ 0, the
correction δλi produces only subleading effects in the determinant. However, for
zero modes satisfying

λAdS2×S3

i = 0 , (4.3.14)

the leading contribution to the eigenvalue arises entirely from the perturbation,

λi ∼ δλi ∝ T . (4.3.15)

As a result, the contribution of these modes to the one loop determinant behaves
as ∏

zero modes

λi ∼ TN0 , (4.3.16)

where N0 is the number of zero modes. Taking the logarithm, this produces a
term proportional to

logZ1-loop ⊃ −N0

2
log

(
T

T0

)
. (4.3.17)

which gives rise to logarithmic corrections to the entropy. Here T0 is an arbitrary
reference scale with dimensions of temperature, introduced so that the logarithm
has a dimensionless argument. Hence, it follows from (4.3.9) that the logarithmic
contribution to the one loop partition function arises exclusively from the zero
modes of the AdS2 × S3 background. Indeed,

logZ1-loop ∼ −1

2

∑
i

log
(
λAdS2×S3

i + δλi

)
∼ −1

2

(0)∑
i

log(δλi) , (4.3.18)

where
∑(0)

i denotes the sum over zero modes of OAdS2×S3 (see [34–43]).

Therefore, the computation of logarithmic corrections to the entropy reduces to
determining the temperature-dependent shift δλi of these zero modes. In what
follows, we carry out this computation. Notice that both OAdS2×S3 and δO depend
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non-trivially on the Gauss Bonnet coupling α, as shown in the previous section.

The quadratic operator appearing in (4.3.1) takes the form

−
∫
d5x

√
ḡ ϕ∗Oϕ = −

∫
d5x

√
ḡ
[
hµνD

µν,ρσhρσ + hµνD
µν,ρaρ

+ aµD
µ,ρσhρσ + aµD

µ,ρaρ

]
. (4.3.19)

Under the imposed boundary conditions, the mixed terms satisfy

hµνD
µν,ρaρ = aµD

µ,ρσhρσ , (4.3.20)

so that the operator is symmetric in the space of fluctuations.

The purely gravitational sector is governed by

hµνD
µν,ρσhρσ = − 1

κ2
hρσ

[1
4
gµρgνσ□− 1

8
gρσgµν□− 1

2
Rµρσν +

1

2
gσµRρν

− 1

2
gµνRρσ − 1

4
gµρgνσR +

1

8
Rgρσgµν

− Λ

4
gρσgµν +

Λ

2
gµρgσν

+
1

8
FλδF

λδ (2gρµgσν − gρσgµν)− F µρF νσ

− 2F ρλF µ
λg

σν + gµνF ρ
λF

σλ

− α

4
gρσHµν + αgµρHσν − α

2
P[H]µν,ρσ

]
hµν . (4.3.21)

Finally, the mixed and gauge-field sectors are given by

hµνD
µν,ρaρ =

2

κ2
hµν

(
gµνFαβ + 4gµλgν[αFλ

β]
)
∇αaβ, (4.3.22)

aµD
µ,ρaρ = − 2

κ2
aµ
(
gµλ□−Rµλ

)
aλ. (4.3.23)

4.4 Zero Modes

The computation of zero modes arising from the gravitational sector proceeds by
exploiting the gauge symmetries of the theory. As in General Relativity, Einstein-
Gauss-Bonnet theory is invariant under diffeomorphisms. At the perturbative
level, this symmetry acts on the metric fluctuation hµν around a background ḡµν
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through the Lie derivative,
δξhµν = Lξḡµν , (4.4.1)

where ξµ is a vector field on M.

It is important to note that no ambiguity arises in the number of propagating
degrees of freedom, since the Gauss-Bonnet coupling α can be considereda
perturbative parameter, and therefore does not introduce additional dynamical
modes beyond those of General Relativity [13].

Upon imposing a suitable gauge-fixing condition, zero modes of the operator O on
the extremal near-horizon geometry can be constructed from metric fluctuations
of the form

hµν = Lξḡµν , (4.4.2)

subject to the conditions of normalizability,

(hµν , hµν) = 1 , (4.4.3)

transversality,
∇̄µhµν = 0 , (4.4.4)

and tracelessness,
ḡµνhµν = 0 . (4.4.5)

A key feature of these modes is that they are generated by vector fields ξµ which
are non-normalizable. As a consequence, the associated diffeomorphisms act
non-trivially on the asymptotic region of the near-horizon extremal geometry,
thereby giving rise to physical zero modes (see, for instance, [38]).

The spectrum of zero modes of the operator OAdS2×S3 can be organized into distinct
families, each contributing to the logarithmic corrections under consideration.
In particular, one finds two classes of gravitational zero modes, together with
additional contributions arising from the U(1) gauge sector.

In the following, we analyze each family of modes separately, beginning with the
gravitational sector and subsequently turning to the gauge-field contributions.
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4.4.1 Tensor Modes

The tensor zero modes are constructed from scalar functions on the AdS2 factor.
More precisely, they arise from solutions of the equation

(
□̄AdS2 +RAdS2

)
B(τ, η) = 0 , (4.4.6)

where □̄AdS2 and RAdS2 denote the Laplacian and Ricci scalar associated with the
AdS2 metric (3.3.5).

Given a solution B, the corresponding metric perturbation is generated by a
diffeomorphism,

hµν = Lξḡµν , ξ = ḡµνξ♭µ∂ν , ξ♭ = ⋆AdS2dB , (4.4.7)

where ⋆AdS2 denotes the Hodge dual with respect to the AdS2 metric.

This construction follows from the traceless condition ḡµνhµν = 0, which implies
d⋆AdS2ξ

♭ = 0. By Poincaré’s lemma, this condition is locally solved by ξ♭ = ⋆AdS2dB

for some scalar function B. The transversality condition ∇̄µhµν = 0 then leads
precisely to (4.4.6).

For the background under consideration, the normalized tensor perturbations take
the explicit form

h(n)µν dx
µdxν =

i einτ ℓAdS

√
|n|(n2 − 1)

2π3/2r
3/2
0

tanh|n|
(η
2

)(
i dτ +

dη

sinh η

)2

, (4.4.8)

with |n| = 2, 3, . . ., where normalizability on the extremal near-horizon geometry
excludes the lowest modes.

At finite but small temperature, these zero modes are lifted. The corresponding
first-order correction to the eigenvalues is given by

δλtensorn =
(
h(n)µν , δOh(n)µν

)
=

∫
d5x

√
ḡ h(n)∗µν δDµν,ρσh(n)ρσ ,

=
|n|T
Ttensor

+O(T 2) , (4.4.9)
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where the characteristic scale is

Ttensor =
64Gr30

3π (4α+ r20)
. (4.4.10)

As in General Relativity, the lifting of the zero modes is linear in the mode
number n. This behavior leads to the well-known 3/2 coefficient in the logarithmic
correction to the entropy of extremal black holes at small temperature and fixed
charge.

Finally, it is worth emphasizing that for positive Gauss-Bonnet coupling α, as
suggested by string theory, the scale Ttensor is manifestly positive. Moreover,
for fixed horizon radius r0, the correction depends linearly on α, reflecting the
perturbative role of the higher-curvature interaction in the spectrum of fluctuations.

4.4.2 Vector Modes

The vector modes are constructed by combining scalar functions on AdS2 with
Killing one-forms on the three-sphere. More precisely, they are generated from
solutions of

□̄AdS2V (τ, η) = 0 , (4.4.11)

which provide the AdS2 dependence of the perturbation.

Given such a solution Vn, the corresponding metric fluctuation is defined as

h(n,m)
µν dxµdxν = dVn ⊗ ζm + ζm ⊗ dVn = 2 ζ(mdVn) , (4.4.12)

where n labels the eigenmodes of (4.4.11), and ζm denotes a basis of one-forms on
S3 whose dual vector fields generate the isometries of the sphere.

For the metric (3.3.6), the isometry algebra is so(4) ∼= su(2)⊕ su(2). A convenient
complex basis is given by

ζ1 = eiϕ(dθ − i sin θdψ) , ζ4 = eiψ(dθ − i sin θdϕ) , (4.4.13)

ζ2 = e−iϕ(dθ + i sin θdψ) , ζ5 = e−iψ(dθ + i sin θdϕ) , (4.4.14)

ζ3 = i
√
2(dϕ+ cos θdψ) , ζ6 = i

√
2(dψ + cos θdϕ) , (4.4.15)

where ζ3 and ζ6 generate the Cartan subalgebra. These one-forms satisfy the
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Maurer Cartan relations, for instance

√
2 dζ1 + ζ1 ∧ ζ3 = 0 , (4.4.16)

with analogous relations for the remaining generators.

Regularity of V (τ, η) at the origin implies that the general solution to (4.4.11) is

Vn(τ, η) = An e
inτ tanh|n|

(η
2

)
, (4.4.17)

where An is a normalization constant. The corresponding normalized perturbation
is

h(m,n) =
1

8
√
π3|n|r0

einτ tanh|n|
(η
2

)(
indτ +

|n|
cosh η

dη

)
⊗s ζm , (4.4.18)

where ⊗s denotes the symmetric tensor product without the conventional factor
of 1/2.

The lifting of these zero modes at finite temperature is determined by

δλvectorm,n =
(
h(m,n), δOh(m,n)

)
=

∫
d5x

√
ḡ h(m,n)∗µν δDµν,ρσh(m,n)ρσ

=
|n|T
Tvector

+O(T 2) , (4.4.19)

with

Tvector =
48Gr30(4α + r20)(Λr

2
0 − 2)

π (−48α2 + 24α2Λr20 + 4αΛr40 − 12αr20 + Λr60 − 3r40)
. (4.4.20)

In this case, |n| = 1, 2, . . ., as required by normalizability. The correction is
independent of the index m, reflecting the degeneracy associated with the S3

isometries.

The sign of the correction depends sensitively on the Gauss Bonnet coupling. For
α > −r20/4, one finds δλvectorm,n > 0 for any Λ < 0, whereas for α < −r20/4 the
correction becomes negative.
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Expanding for small Gauss Bonnet coupling, one obtains

δλvectorm,n =
|n|πT
Gr30

[
r20(3− r20Λ)

2− r20Λ
+
α2

2r20
− 2α3

r40
+O

(
α4

r60

)]
. (4.4.21)

Interestingly, the linear correction in α is absent, indicating that the leading Gauss
Bonnet effect in this sector arises only at quadratic order.

4.4.3 U(1) gauge modes

The U(1) gauge modes aµ(x) arise as zero-modes of the operator (4.3.23) and are
required to satisfy the gauge-fixing condition ∇̄µa

µ = 0. Pure gauge configurations,
namely aµ = ∂µV , automatically lie in the kernel of (4.3.23). The gauge condition
then implies that the scalar function V must satisfy □̄V = 0.

Exploiting the direct product structure of the background geometry, the relevant
solutions are those with non-trivial dependence along AdS2, which coincide with
the solutions of (4.4.11). These modes are therefore labeled by an integer n and
take the form

a(n)µ dxµ =
1

2
√

|n|π3r30
einτ tanh|n|

(η
2

)(
in dτ +

|n|
sinh η

dη

)
. (4.4.22)

Normalizability requires |n| = 1, 2, . . ., and these modes form an orthonormal set
with respect to the inner product, (a(n), a(m)) = δn,m.

The leading temperature correction to these U(1) zero-modes is given by

δλU(1)
n =

(
a(n)µ , δOa(n)µ

)
=

∫
d5x

√
ḡ a∗µ δD

µ,ρaρ

=
|n|T
TU(1)

+O(T 2) , (4.4.23)

with
TU(1) = − 12Gr0 (4α + r20) (Λr

2
0 − 2)

π (−24α+ 16αΛr20 + Λr40)
. (4.4.24)

This correction is non-vanishing only when either α or Λ is different from zero. For
Λ < 0 and α > 0, it is always negative, in agreement with the behavior already
observed in General Relativity with a negative cosmological constant, where the
contribution vanishes in the limit Λ → 0 (see, e.g., Eq. (4.31) of [41]). Allowing
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Λ > 0, one finds parameter regions where the correction becomes positive.

For small Gauss Bonnet coupling, α/r20 ≪ 1, the expansion reads

δλU(1)
n =

π|n|T
Gr0

[
− Λr20
12 (Λr20 − 2)

− α

r20
+

4α2

r40
− 16α3

r60
+O

(
α4

r60

)]
. (4.4.25)

It is worth emphasizing that these U(1) gauge zero-modes are also annihilated
by the interaction operator (4.3.22). Consequently, obtaining a non-vanishing
interaction contribution requires considering perturbations that are not generated
by a pure gauge transformation.

Possible existence of additional modes. In three dimensions, there exist
non-trivial tensor modes that are eigenfunctions of the Laplace Beltrami operator.
Since the near-horizon geometry contains a three-sphere, it is natural to investigate
whether analogous tensorial perturbations on S3 could contribute to the path
integral.

Consider a maximally symmetric p-dimensional manifold N with metric γij,
curvature K, and covariant derivative Di. Let us restrict to perturbations
generated by a gauge transformation, hij = 2D(iξj), which are required to be
traceless, γijhij = 0, and transverse, Dih

ij = 0. These conditions imply

DiD
iξj = −K(p− 1) ξj , (4.4.26)

so that ξj must be a vector harmonic on N .

For N = Sp, the spectrum of vector harmonics is known, and the eigenvalue
condition reduces to

p = l(l + p− 1) , l = 1, 2, . . . (4.4.27)

which admits only the solution l = 1. This corresponds to the p(p+ 1)/2 Killing
vectors of the sphere, for which the associated perturbation hij vanishes identically.
Therefore, no additional transverse-traceless tensor modes generated by gauge
transformations contribute in this sector. With support along the sphere.

Taking all contributions into account, we are finally in a position to assemble the
one loop answer. The tensor modes (4.4.8), gravitational vector modes (4.4.18),
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and U(1) gauge modes (4.4.22) each contribute an infinite tower of lifted zero
modes, and their combined effect on the one loop partition function is obtained
using zeta-function regularization. A detailed derivation of these regularized
infinite products can be found, for example, in Kirsten’s textbook [44]:

∞∏
n=2

ξ

n
=

1

ξ3/2
√
2π

,

∞∏
n=1

ξ

n
=

1√
2πξ

. (4.4.28)

Accounting for the contributions from positive and negative mode numbers, one
finds

logZ
(0)
1-loop =

3

2
log

T

Ttensor
+

6

2
log

T

Tvector
+

1

2
log

T

TU(1)

+ . . . , (4.4.29)

where the ellipsis denotes temperature-independent constants. The factor of 6
in the vector contribution arises from the six independent Killing vectors of S3,
each generating a tower of modes contributing a factor of 1/2. This formula is the
practical payoff of the whole operator analysis: once the near-extremal lifting of
the zero modes is known, the logarithmic temperature dependence follows directly.

4.4.4 Entropy correction and the near-extremal density of

states

Eq. (4.4.29) allows one to read off the leading one loop contribution to the
thermodynamics in the canonical ensemble. Summing the three sectors, the
temperature-dependent part of the one loop partition function is

logZ
(0)
1-loop = 5 log

(
T

T0

)
+O(T 0) . (4.4.30)

Here T0 is a reference temperature scale, and O(T 0) stands for temperature-
independent constants, including the scales Ttensor, Tvector, and TU(1), which do not
affect the logarithmic dependence of the entropy. A natural choice, obtained by
combining the three sectors in Eq. (4.4.29), is

T 5
0 = T

3/2
tensorT

3
vectorT

1/2
U(1), T0 =

(
T

3/2
tensorT

3
vectorT

1/2
U(1)

)1/5
. (4.4.31)
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This choice is not universal: changing T0 only shifts logZ
(0)
1-loop by a temperature-

independent constant and therefore leaves the logarithmic coefficient equal to
5.

At fixed charge, the entropy is obtained from the canonical relation

S(T,Q) =

(
1− β

∂

∂β

)
logZ(β,Q) with β = T−1 . (4.4.32)

Applying this formula to the one loop contribution (4.4.30), one finds

∆S1-loop(T,Q) = 5 log

(
T

T0

)
+O(T 0) . (4.4.33)

Therefore, the logarithmic correction anticipated on general grounds in Chapter 3
is realized explicitly in the present Einstein Gauss Bonnet Maxwell background,
with overall coefficient equal to 5.

Combining this result with the classical near-extremal thermodynamics discussed
in the previous chapter, the entropy at small temperature and fixed charge takes
the form

S(T,Q) ≈ Sext(Q) +
2T

Mgap

+ 5 log

(
T

T0

)
. (4.4.34)

Using the first law in the canonical ensemble, dE = T dS with E := M −Mext,
we then obtain

dE

dT
= T

dS

dT
=

2T

Mgap

+ 5 +O(T ) (4.4.35)

and therefore
E(T ) = 5T +

T 2

Mgap

+O(T 2) . (4.4.36)

This is the key physical effect of the one loop correction: the strict quadratic
behavior of the classical near-extremal energy is replaced by a leading term linear
in the temperature. As a consequence, the black hole now carries enough energy
to emit arbitrarily soft Hawking quanta, and the classical mass-gap obstruction is
softened.

The corresponding modification of the density of states can be inferred from the
microcanonical relation

ρ(E) ∼ eS(E) . (4.4.37)
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In the very low-energy regime, Eq. (4.4.36) gives T ≃ E/5, so Eq. (4.4.34) becomes

S(E) ≈ Sext(Q) + 5 log

(
E

E0

)
+

2E

5Mgap

. (4.4.38)

where E0 is a reference energy scale, and up to an additive constant that depends
on the precise normalization of the one loop partition function. Exponentiating,
one finds the qualitative near-extremal behavior

ρ(E) ∝ eSext

(
E

E0

)5

e
2E

5Mgap [1 +O(E)] . (4.4.39)

This shows how the quantum effects modify the schematic profile displayed
in Fig. 1.0.1 of the Introduction. Classically, the extremal state appears as a
macroscopically degenerate ground state. After including the one-loop correction,
the low-energy density of states acquires a power-law suppression controlled by the
logarithmic term. In particular, the factor (E/E0)

5 drives the effective density of
states to zero as the extremal limit is approached. Thus, within the semiclassical
approximation considered here, the apparent ground-state degeneracy is explicitly
suppressed by the quantum correction.
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Chapter 5

Conclusiones

En este trabajo se estudió el papel de las correcciones cuánticas de un loop en
la termodinámica de agujeros negros cargados cercanos a la extremalidad en
gravedad de Einstein-Gauss-Bonnet acoplada a un campo de Maxwell. El objetivo
principal fue entender cómo las modificaciones de curvatura superior afectan el
operador de fluctuaciones alrededor de la geometría de garganta y cómo, a través
de sus modos cero, dichas fluctuaciones se reflejan en correcciones logarítmicas a
la entropía.

El análisis comenzó con la formulación de la función de partición euclídea y su
expansión semiclásica. Este marco permitió identificar de manera sistemática cómo
las correcciones cuánticas de un loop se codifican en determinantes funcionales
del operador cuadrático de fluctuaciones, y por qué los modos cero requieren un
tratamiento separado en el régimen cercano a la extremalidad.

Posteriormente se revisó la solución cargada de Einstein-Maxwell-Gauss-Bonnet y
su límite extremal. La presencia del término de Gauss-Bonnet modifica tanto la
geometría como la entropía clásica de Wald, y en el régimen extremal la región
cercana al horizonte desarrolla una garganta de tipo AdS2 × S3. Esta geometría
constituye el fondo natural sobre el cual se estudian las fluctuaciones cuánticas
relevantes para la corrección de un loop.

En particular, las cantidades termodinámicas clásicas que organizan directamente
el análisis son la masa y la entropía de Wald. Con las convenciones usadas en este
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trabajo,

M =
3πm

64G
, S =

π2r3+
2G

(
1 +

12α

r2+

)
. (5.0.1)

Y la capacidad calorífica a carga fija viene dada por

Cq =
3π2r+(r

2
+ + 4α)2

(
3r4+ − Λr6+ − 2q2

)
2G (−Λr8+ − 12αΛr6+ − 3r6+ + 12αr4+ + 10q2r2+ + 24αq2)

. (5.0.2)

Las expresiones para M y S resumen la termodinámica clásica sobre la cual se
incorporan posteriormente las correcciones cuánticas.

El resultado central de este trabajo es que los modos cero del operador de
fluctuaciones son levantados al considerar una temperatura pequeña pero finita.
Este levantamiento produce una contribución logarítmica a la entropía,

∆S1-loop(T,Q) = 5 log

(
T

T0

)
+O(T 0), (5.0.3)

y por lo tanto la entropía corregida a baja temperatura contiene el término
5 log(T/T0), donde T0 es una escala de referencia con dimensiones de temperatura.
Para temperaturas suficientemente bajas, esta contribución se vuelve grande y
negativa, dominando el comportamiento hacia el límite extremal. En consecuencia,
la degeneración macroscópica del estado fundamental sugerida por la entropía
clásica no permanece intacta: al incluir la corrección de un loop, el número efectivo
de estados asociados al límite de energía cero se anula. De manera equivalente,
usando ρ(E) ∼ eS(E), la corrección encontrada implica un comportamiento de la
forma

ρ(E) ∝ eSext

(
E

E0

)5

(5.0.4)

donde E0 es una escala de referencia con dimensiones de energía. Así, para energías
suficientemente pequeñas, la densidad de estados queda suprimida y se aproxima
a cero hacia el límite extremal.

Así, la corrección logarítmica proporciona una resolución clara, dentro del régimen
semiclásico considerado, de la aparente gran degeneración del estado fundamental
extremal: la contribución cuántica suprime explícitamente dicha degeneración en el
límite de temperatura cero. Este resultado muestra que los términos sublíderes en
la función de partición no son meras correcciones pequeñas al área, sino que pueden
cambiar cualitativamente la interpretación microscópica del estado extremal.
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Como posible dirección futura, sería natural extender este análisis a teorías de
gravedad de orden superior más generales, como las teorías de Lovelock y las
teorías quasitopológicas. Estas extensiones permitirían estudiar si la supresión
de la degeneración del estado fundamental encontrada aquí persiste en familias
más amplias de acciones efectivas y cómo depende de la estructura particular de
los términos de curvatura superior. Además, un artículo reciente subido a arXiv
[45] señala que, para ciertas contribuciones provenientes de modos vectoriales,
el análisis realizado directamente en la geometría de horizonte cercano no es
necesariamente equivalente al análisis que mantiene la geometría completa del
agujero negro. Dado que este es un desarrollo reciente, sería interesante estudiar
con mayor detalle si esas afirmaciones son compatibles con el caso considerado en
esta tesis, o si la inclusión de la geometría completa modifica de manera no trivial
la contribución de los modos vectoriales a la corrección logarítmica.

Conclusions

In this work we studied the role of one-loop quantum corrections in the
thermodynamics of near-extremal charged black holes in Einstein-Gauss-Bonnet
gravity coupled to a Maxwell field. The main goal was to understand how higher-
curvature interactions modify the fluctuation operator around the near-horizon
throat and how, through its zero modes, these fluctuations produce logarithmic
corrections to the entropy.

The analysis began with the Euclidean partition function and its semiclassical
expansion. This framework made it possible to identify systematically how one-
loop quantum corrections are encoded in functional determinants of the quadratic
fluctuation operator, and why zero modes require a separate treatment in the
near-extremal regime.

We then reviewed the charged Einstein-Maxwell-Gauss-Bonnet solution and its
extremal limit. The Gauss-Bonnet term modifies both the geometry and the
classical Wald entropy, while the extremal near-horizon region develops an AdS2×
S3 throat. This geometry provides the natural background on which the quantum
fluctuations relevant for the one-loop correction are analyzed.

In particular, the classical thermodynamic quantities that directly organize the
analysis are the mass and the Wald entropy. With the conventions used in this
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work,

M =
3πm

64G
, S =

π2r3+
2G

(
1 +

12α

r2+

)
. (5.0.5)

And the heat capacity at fixed charge is

Cq =
3π2r+(r

2
+ + 4α)2

(
3r4+ − Λr6+ − 2q2

)
2G (−Λr8+ − 12αΛr6+ − 3r6+ + 12αr4+ + 10q2r2+ + 24αq2)

. (5.0.6)

The expressions for M and S summarize the classical thermodynamic background
on top of which the quantum corrections are subsequently incorporated.

The central result of this thesis is that the zero modes of the fluctuation operator
are lifted when a small but finite temperature is introduced. This lifting generates
a logarithmic contribution to the entropy,

∆S1-loop(T,Q) = 5 log

(
T

T0

)
+O(T 0), (5.0.7)

so that the corrected low-temperature entropy contains the term 5 log(T/T0),
where T0 is a reference scale with dimensions of temperature. At sufficiently
low temperatures, this contribution becomes large and negative, controlling the
behavior toward the extremal limit. Therefore, the macroscopic ground-state
degeneracy suggested by the classical entropy is not preserved: once the one-loop
correction is included, the effective number of states associated with the zero-
energy limit vanishes. Equivalently, using ρ(E) ∼ eS(E), the correction implies the
low-energy behavior

ρ(E) ∝ eSext

(
E

E0

)5

, (5.0.8)

where E0 is a reference scale with dimensions of energy. Thus, at sufficiently
low energies, the density of states is suppressed and approaches zero toward the
extremal limit.

Thus, the logarithmic correction gives a direct semiclassical mechanism by which
the apparent large degeneracy of the extremal ground state is explicitly suppressed.
This shows that subleading terms in the partition function are not only quantitative
corrections to the area contribution, but can qualitatively change the microscopic
interpretation of the extremal state.

As a possible future direction, it would be natural to extend this analysis to more
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general higher-curvature theories, such as Lovelock gravity and quasitopological
gravity. These extensions would make it possible to test whether the suppression
of the ground-state degeneracy found here persists in broader families of effective
gravitational actions, and how it depends on the specific structure of the higher-
curvature terms. In addition, a recent arXiv article [45] points out that, for certain
contributions arising from vector modes, the computation performed directly in
the near-horizon geometry is not necessarily equivalent to the computation that
keeps the full black hole geometry. Since this is a recent development, it would be
interesting to examine in detail whether those statements are compatible with the
case studied in this thesis, or whether the inclusion of the full geometry modifies
the vector-mode contribution to the logarithmic correction in a non-trivial way.
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Appendix A

Embedding of AdS2

A1 Geometry of AdS2

Anti-de Sitter space can be defined as a hyperboloid embedded in a higher-
dimensional flat space. In the case of AdS2, this corresponds to the surface

AdS2 =
{
(X−1, X0, X1) ∈ R3 : −X2

−1 +X2
0 −X2

1 = −ℓ2
}
. (A1.1)

Different coordinate systems can be introduced depending on how the hyperboloid
is parametrized. A convenient choice is given by global coordinates, defined
through

X−1 = ℓ cosh ρ cosT,

X0 = ℓ sinh ρ, (A1.2)

X1 = ℓ cosh ρ sinT,

which lead to the metric

ds2 = ℓ2
(
− cosh2 ρ dT 2 + dρ2

)
. (A1.3)

These coordinates cover the entire AdS2 spacetime.

An alternative parametrization gives rise to a Rindler-like patch, with metric

ds2 = ℓ2
(
− sinh2 ρ dT 2 + dρ2

)
, (A1.4)



A1. Geometry of AdS2 79

which only covers a portion of the full manifold.

Another useful coordinate system is provided by the Poincaré patch, defined by

ds2 = −r
2

ℓ2
dt2 +

ℓ2

r2
dr2. (A1.5)

The relation between the Rindler-like and Poincaré patches can be obtained
by comparing their embeddings in the ambient space. The corresponding
transformation is

r = ℓ(cosh ρ− coshT sinh ρ), (A1.6)

t =
ℓ sinh ρ sinhT

cosh ρ− coshT sinh ρ
. (A1.7)

Applying this transformation to the near-horizon configuration obtained previously,
one finds

ds2 = ℓ2AdS2

(
− sinh2 ρ dT 2 + dρ2

)
+ r2+ds

2(S3), (A1.8)

F = ℓ2AdS2

√
3r4+ − r6+Λ

r3+
sinh ρ dρ ∧ dT. (A1.9)

A corresponding gauge potential that reproduces this field strength is given by

A =
ℓ2AdS2

r+

√
3− r2+Λ (cosh ρ− 1) dT. (A1.10)
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Appendix B

Expansion of r+ and r−

B.1 Expansion of r+ and r−

We aim to obtain an expansion of the horizon radii r+ and r− in powers of the
temperature T in the canonical ensemble. This corresponds to keeping the charge
Q fixed at its extremal value Q0, which in turn implies that the charge parameter
q is also fixed. In what follows, we present two methods to derive these expansions.

B.1.1 Method 1

Starting from the expression for the temperature,

T =
f ′(r+)

4π
=

1

24απr5+
√
∆

[
r6+

(
3
√
∆−

√
3(4αΛ + 3)

)
− 8

√
3αq2

]
, (B.1.1)

where
∆ ≡ 3 + 4αΛ +

3αm

r4+
− 16αq2

r6+
, (B.1.2)

one can solve for the mass parameter m as a function of r+, T , and q, obtaining

m =
1

9r6+(r+ − 8παT )2
[
4(3 + 4αΛ)(16αq4 + r10+ (12πr+T − 48π2αT 2 + r2+Λ))

+ 8q2r4+(−24παr+T + 96π2α2T 2 + r2+(3 + 2αΛ))
]
. (B.1.3)

Since α and Λ are constants, expressing m = m(r+, T, q) implicitly assumes that
r+ depends on the temperature. In particular, as the temperature is increased
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from T = 0, the horizon radius r+ deviates from its extremal value r0. Therefore,
once the temperature T and charge parameter q are fixed, the mass parameter
m is fully determined. Different black hole configurations correspond to different
values of T while keeping q fixed.

In what follows, we choose this fixed value of the charge to be its extremal value,
q = qext = q0. From this point on, we will replace q by q0.

From the expression for the charge in terms of r+ and r− (see (3.2.7)), in the
extremal case where r+ = r− = r0, the charge is given by

q20 =
r40
2
(r20Λ− 3). (B.1.4)

Substituting (B.1.4) into (B.1.3) and then into the metric function f(r), we obtain
an expression of the form f = f(r+, r0, T ):

f(r+) =
1

12α

(
3r2+ + 12α− r2+

√
r6+(3 + 4αΛ)2 − 4αr40(r

2
0Λ− 3)

r10+ (r+ − 8πTα)2

)
. (B.1.5)

We now assume the following ansatz for r+ as a power series in T , up to order T 3:

r+(T ) = r0 + d1T + d2T
2 + d3T

3. (B.1.6)

Substituting this ansatz into (B.1.5), performing a Taylor expansion around T = 0,
and imposing the condition f(r+) = O(T 4) order by order, allows us to determine
the coefficients d1, d2, and d3.

A similar procedure can be applied to the inner horizon r−. Substituting q = q0

into f(r−) yields an expression analogous to (B.1.5), now depending on both r+
and r−. Using the expansion (B.1.6) together with the ansatz

r−(T ) = r0 + z1T + z2T
2 + z3T

3, (B.1.7)

and again expanding around T = 0 while imposing f(r−) = O(T 4) order by order,
one can solve for the coefficients z1, z2, and z3.
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B.1.2 Method 2

In this approach, we begin by assuming from the outset that both horizon radii
r+ and r− admit expansions in powers of the temperature T :

r+(T ) = r0 + d1T + d2T
2 + d3T

3, (B.1.8)

r−(T ) = r0 + z1T + z2T
2 + z3T

3. (B.1.9)

Substituting these ansätze into the expression for the charge parameter q =

q(r+, r−) given in (3.2.7), and imposing that the charge remains fixed at its
extremal value, one obtains constraints among the coefficients. More precisely,
by expanding in powers of T and requiring that q = q0 + O(T 4), one finds the
relations

z1 = −d1, (B.1.10)

z2 = −d2 +
d21(r

2
0Λ− 6)

3r0(r20Λ− 2)
, (B.1.11)

z3 = −d
3
1(r

2
0Λ− 6)2 + 9r20d3(r

2
0Λ− 2)2 − 6r0d1d2(12− 8r20Λ + r40Λ

2)

9r20(r
2
0Λ− 2)2

. (B.1.12)

Next, we substitute the expansions (B.1.8) and (B.1.9) into the temperature
expression T = T (r+, r−) given in (3.2.14). Using the relations (B.1.10) (B.1.12)
to express z1, z2, and z3 in terms of d1, d2, and d3, we perform a Taylor expansion
around T = 0 up to order T 4.

By solving the resulting equations order by order in T , one determines the
coefficients d1, d2, and d3. The coefficients z1, z2, and z3 then follow directly by
substituting these results back into (B.1.10), (B.1.11), and (B.1.12).
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