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Resumen

Esta tesis investiga las correcciones cuanticas a un loop a la entropia de agujeros
negros cercanos a la extremalidad en gravedad de Einstein-Gauss-Bonnet (EGB)
acoplada a un campo de Maxwell en cinco dimensiones. Se estudia una
soluciéon puramente eléctrica que admite un limite extremal. En este limite,
la termodinédmica clasica predice una gran degeneracion del estado fundamental.
El analisis se centra en el régimen cercano a la extremalidad, donde al disminuir
la temperatura la emision de un cuanto de Hawking puede producir variaciones
apreciables en el estado térmico, lo que plantea interrogantes conceptuales sobre

la validez de la descripcion semiclasica.

Para abordar estos problemas, se emplea el formalismo de la integral de camino
euclidiana y se calcula la funciéon de particiéon en la aproximacion semiclésica. El
analisis se realiza expandiendo la acciéon hasta segundo orden en la métrica y el
campo de gauge alrededor de la geometria cerca del horizonte, la cual desarrolla
una estructura AdSs x S? en el limite extremal. En este marco, las correcciones
cuanticas quedan codificadas en el espectro de un operador generalizado de

Lichnerowicz que gobierna las fluctuaciones de la métrica y del campo de gauge.

Una caracteristica clave de este operador es la presencia de modos cero en el limite
extremal, los cuales conducen a divergencias en la funcién de particiéon a un loop.
Se muestra que, en el régimen cercano a la extremalidad, estos modos dejan de
ser modos cero y adquieren autovalores proporcionales a la temperatura, dando

lugar a correcciones logaritmicas a la entropfia.

Los resultados proporcionan una realizacién concreta de cémo los efectos cuanticos
modifican la descripcidon semiclasica de agujeros negros en teorias de gravedad
con curvatura superior, y develan la estructura de la densidad de estados en el

régimen cercano a la extremalidad.

Palabras clave: Agujeros negros, agujeros negros cercanos a la extremalidad,
gravedad de Einstein-Gauss-Bonnet, correcciones cuanticas, efectos a un loop,
integral de camino, geometria cerca del horizonte, determinantes funcionales,

modos cero, entropia de agujeros negros
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Abstract

This thesis investigates the one-loop quantum corrections to the entropy of near-
extremal black holes in five-dimensional Einstein-Gauss-Bonnet (EGB) gravity
coupled to a Maxwell field. A purely electric solution admitting an extremal limit
is considered. In this limit, classical thermodynamics predicts a large ground-
state degeneracy. The analysis focuses on the near-extremal regime, where, as the
temperature decreases, the emission of a Hawking quantum can induce appreciable
changes in the thermal state, raising conceptual questions about the validity of

the semiclassical description

To address these issues, the Euclidean path integral formalism is employed to
compute the partition function in the semiclassical approximation. The analysis is
performed by expanding the action to quadratic order in the metric and the gauge
field around the near-horizon geometry, which develops an AdS, x S3 structure
in the extremnal limit. In this framework, quantum corrections are encoded in
the spectrum of a generalized Lichnerowicz operator governing fluctuations of the

metric and the gauge field.

A key feature of this operator is the presence of zero modes in the extremal
limit, which lead to divergences in the one loop partition function. It is shown
that, in the near-extremal regime, these modes are lifted and acquire eigenvalues
proportional to the temperature, giving rise to logarithmic corrections to the

entropy.

The results provide a concrete realization of how quantum effects modify the
semiclassical description of black holes in higher-curvature gravity, and shed light

on the structure of the near-extremal density of states.

Keywords: black holes, near-extremal black holes, Einstein Gauss Bonnet gravity,
quantum corrections, one-loop effects, path integral, near-horizon geometry,

functional determinants, zero modes, black hole entropy
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1.0.1(a) Qualitative behavior of the density of microstates p(F) as
a function of the energy E above extremality. The extremal
configuration at £ = 0 exhibits a macroscopic entropy Sexs > 1,
corresponding to a highly degenerate ground state. (b) The curve
in gold represents the energy available of a black hole above
extremality, £ = M — M, as a function of its temperature T,
while the blue curve represents the energy of a Hawking quantum,
Ey, as a function of T'. In the near-extremal regime, the energy
scales as E ~ T?/Ey, whereas the typical energy of Hawking quanta
is Eg ~T. When T" < Ej, the black hole does not have enough
available energy to emit a Hawking quantum. This structure implies
that, at sufficiently low temperatures, the available energy above
extremality is insufficient to excite higher states, which plays a
central role in the breakdown of the standard thermodynamic
description of near-extremal black holes. . . . . .. ... .. ...



Chapter 1. Introduction 1

Chapter 1
Introduction

Modern physics rests on two extraordinarily successful conceptual pillars: General
Relativity and quantum mechanics. General Relativity describes gravity as a
manifestation of the geometry of spacetime, providing a classical theory whose
validity has been confirmed across a wide range of scales, from tests in the solar
system to highly energetic phenomena from mergers of compact objects [1]. On
the other hand, quantum mechanics, consistently formulated through quantum
field theory, constitutes the fundamental framework for describing matter and
non-gravitational interactions, as for example in the Standard Model of particle

physics, whose predictive accuracy is unprecedented.

Despite these achievements, both theories rely on conceptual principles that
are not easily compatible. While General Relativity treats spacetime as a
dynamical object whose geometry evolves in response to matter content, quantum
mechanics is typically formulated on a fixed background on which quantum fields
propagate. This tension becomes unavoidable in regimes where both gravitational
and quantum effects are simultaneously relevant, such as near singularities or
in the early stages of the universe. The absence of a fully consistent theory
of quantum gravity therefore reflects a fundamental limitation in our current

understanding of nature.

In this context, black holes emerge as privileged systems for exploring the
intersection between these two frameworks. Originally conceived as classical
solutions to Einstein’s equations, black holes represent regions of spacetime

bounded by an event horizon, beyond which no signals can be sent to infinity.



However, their relevance extends beyond the purely classical domain.

A decisive breakthrough occurred in the 1970s, when Jacob Bekenstein and Stephen
Hawking showed that black holes admit a thermodynamic description [2, 3]. In
particular, it was established that a black hole can be assigned an entropy and a

temperature given by

A K
kel Ty = —
AGH’ U on

where A is the horizon area and k its surface gravity. This result introduces a

Sp = (1.0.1)

profound connection between gravity, quantum mechanics, and thermodynamics.
Indeed, Hawking temperature arises from considering quantum fields propagating
on a classical gravitational background, implying that black holes emit thermal

radiation.

Conceptual Tensions and Motivation

The existence of Hawking radiation gives rise to a number of conceptual problems.
In particular, if the evolution of a black hole leads to the emission of thermal
radiation and eventually to its complete evaporation, it would appear that
information about the initial state is lost, in apparent contradiction with the
unitarity of quantum mechanics. This tension constitutes the core of the

information paradox.

From a statistical perspective, the very notion of entropy raises a further
fundamental question: if entropy measures the number of microstates accessible

to a macroscopic system, what is the nature of the microstates underlying a black
hole?

Large ground state degeneracy of extremal black holes

Beyond the question of the microscopic origin of the Bekenstein-Hawking entropy;,
there exist regimes in which even the validity of the formula itself becomes
questionable. One such regime is provided by a particular class of black holes,

known as extremal black holes.

In general, a black hole solution is characterized by a set of conserved charges,
such as its mass M, angular momentum J, and electric charge (). For fixed values

of these charges, the existence of an event horizon imposes a lower bound on the



mass, which can be schematically written as M > M (Q, J). The extremal limit
is defined by the saturation of this bound, M = M.

In this limit, the structure of the spacetime undergoes a qualitative change:
the inner and outer horizons coincide, leading to a degenerate horizon. As a
consequence, the surface gravity vanishes and therefore the Hawking temperature

is zero, while the horizon area remains finite.

On the one hand, the third law of thermodynamics in its Nernst formulation
states that the entropy of a thermodynamic system should vanish as the
temperature approaches zero. However, extremal black holes have vanishing
Hawking temperature while possessing non-zero entropy. For example, in four-
dimensional asymptotically flat Einstein-Maxwell theory a charged rotating black

hole with electric charge ) and angular momentum J has extremal entropy given
by A
Sext = 4%; = 1/Q* + 4J2. (1.0.2)

For macroscopic black holes (not necessarily astrophysical), @ > 1 and J > 1,
implying
Sext > 1. (1.0.3)

This suggests a very large ground state degeneracy. Equivalently, since Sey ~
Acxt/ E?,, the semiclassical regime corresponds to horizon areas much larger than

the Planck area.

Such large degeneracies are typically realized in systems that are either effectively
free or possess a large number of weakly interacting degrees of freedom. A standard
example is provided by Landau levels: for a charged particle in a uniform magnetic
field, each energy level contains a macroscopic degeneracy whose degeneracy is
proportional to the area of the sample. Another example is an antiferromagnetic
spin system on a triangular lattice, where geometric frustration prevents all
pairwise interactions from being simultaneously minimized, producing a large

number of nearly degenerate low-energy configurations.

In contrast, the microscopic quantum dynamics relevant for black holes is generally
expected to be strongly coupled. This expectation is supported, for example,
by holography, where black holes are related to strongly interacting conformal

field theories [4, 5]. From this perspective, extremal black holes appear to lie



well outside the regime in which the conventional counterexamples to the Nernst

formulation of the third law usually arise.

Hawking raditation for near-extremal black holes

A different issue concerning the validity of the Bekenstein-Hawking entropy
arises for near-extremal black holes and was emphasized by [6-8]. The usual
thermodynamic or statistical description of black holes relies on the assumption
that the emission of a single Hawking quantum does not significantly change the
temperature. However, the temperature of a black hole depends on its energy
E, charge @), and angular momentum J, i.e., T = T(E,Q,J). When the black
hole emits a quantum of radiation, it loses an amount of energy dF, leading to a

change in temperature 7.

Expanding the temperature around FE, one finds

TNE+6E%:T@D+§Z SE + O((6E)?), (1.0.4)
O |,
therefore, to first order in dF,
ar
6T = —| 6E. (1.0.5)
OF | ;

Since the emitted radiation carries away energy from the black hole, the
corresponding variation of its energy is negative, 6 F < 0. Moreover, the typical
energy of a Hawking quanta, because of Wien’s law, is of the order of the

temperature, 6 ¥ ~ —T. Therefore, the relative change in temperature is

6% = g—g ) (1.0.6)
Q,J

A broad variety of near-extremal black holes exhibit this low-temperature structure,

including the Reissner-Nordstrom, Kerr, and Kerr-Newman families, as well as

charged black holes in asymptotically AdS spacetimes. For this broad class of

solutions, and at fixed ) and J, the energy above extremality and the entropy

admit expansions of the form

2

T
EEM—MMZE+O@% (1.0.7)
b



S = St + & T+ O(T?), (1.0.8)

where Ej, defines the coefficient of the quadratic term in the expansion of the mass,
and depends on the conserved charges that are considering to be fixed, while ¢, is
a solution-dependent constant which is generally proportional to F,- ! although it
does not necessarily coincide with it exactly. While the precise coeflicients depend
on the particular black hole solution, the leading scaling behaviour (1.0.7) and
(1.0.8) appear to be a general feature for extremal black holes in the near-extremal

regime.

Therefore, for this class of near-extremal black holes, combining (1.0.6) with

(1.0.7) gives

o  1FE,
? — 5?. (1.0.9)
Thus, 5T
—>1 1.0.1
= > (1.0.10)

when T" < Ej. This indicates that, in the near-extremal regime, the emission
of a single quantum induces an O(1) change in the temperature, indicating a
breakdown of the standard thermodynamic description even before extremality
is reached. The structure described above has important implications for the
spectrum of excitations near extremality. In particular, the combination of a large
ground state degeneracy and a finite energy gap leads to a highly constrained set
of accessible states at low energies. This behavior is schematically illustrated in
Fig. 1.0.1.
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Figure 1.0.1: (a) Qualitative behavior of the density of microstates p(E) as a
function of the energy E above extremality. The extremal configuration at £ = 0
exhibits a macroscopic entropy Sext > 1, corresponding to a highly degenerate
ground state. (b) The curve in gold represents the energy available of a black hole
above extremality, E = M — M., as a function of its temperature T', while the
blue curve represents the energy of a Hawking quantum, Fy, as a function of T'.
In the near-extremal regime, the energy scales as E ~ T?/E},, whereas the typical
energy of Hawking quanta is Eg ~ T. When T" < Ej, the black hole does not
have enough available energy to emit a Hawking quantum. This structure implies
that, at sufficiently low temperatures, the available energy above extremality is
insufficient to excite higher states, which plays a central role in the breakdown of
the standard thermodynamic description of near-extremal black holes.

How can these issues be reconciled? In 2020, Maldacena and collaborators [9]
proposed the so-called central dogma, which states that, for an external observer,
a black hole can be described as an ordinary quantum system with a finite number
of degrees of freedom proportional to the horizon area, evolving unitarily. This
viewpoint encapsulates the idea that, despite the semiclassical description, the full

dynamics of black holes should be compatible with standard quantum mechanics.

One logical possibility would be to abandon this principle and conclude that black
holes are not ordinary quantum systems. However, there is no concrete evidence
supporting this possibility. On the contrary, the central dogma is supported
by several independent lines of evidence within string theory: (i) holography
via AdS/CFT, which ensures unitarity; (ii) microscopic derivations of black hole
entropy matching the Bekenstein-Hawking formula [10]; and (iii) dynamical studies
of thermalization and chaos in strongly coupled quantum systems. No controlled

counterexamples are known.



The alternative is to accept that quantum gravitational effects become relevant
in the near-extremal regime, even at low temperatures. A potential objection to
this viewpoint is that the curvature near the horizon of an extremal black hole
can be made arbitrarily small by taking the conserved charges to be large. This
might suggest that quantum gravity effects should be negligible, since they are
commonly expected to become important only in regions of large curvature, such

as spacetime singularities.

However, this reasoning is not conclusive. The smallness of curvature invariants
does not, by itself, guarantee the suppression of quantum effects. Whether quantum
corrections are relevant is a subtle question that must be addressed through explicit

calculations, rather than inferred solely from dimensional arguments.

Therefore, if one insists on the validity of the central dogma, the question becomes
unavoidable: what is the origin of quantum effects capable of modifying the

semiclassical result Sg > 17

This question suggests that the Bekenstein-Hawking entropy should admit a
microscopic interpretation within a theory of quantum gravity. In the absence of

a complete formulation of such a theory, however, one must proceed indirectly.

Rather than attempting a first-principles derivation of the microscopic degrees
of freedom, a natural strategy is to study how quantum effects modify the

semiclassical entropy formula.

The appropriate framework for this problem is the Euclidean gravitational path
integral. In the Euclidean formulation, the gravitational partition function is

formally defined by

7 = /che”q’h (1.0.11)
where ® collectively denotes the dynamical fields and I[®] is the Euclidean action.

When the Euclidean time direction is periodic, the partition function admits
a thermodynamic interpretation: the free energy, entropy, and other thermal
quantities can be extracted from log Z. From this perspective, the thermodynamic
properties of black holes are directly determined by the underlying gravitational

action.



This simple observation already suggests the relevance of higher-curvature
interactions. If the Einstein-Hilbert action provides only the leading contribution
to the low-energy effective description of gravity, then modifying the action
necessarily modifies the partition function and therefore the quantum corrections

to black hole thermodynamics.

In the semiclassical approximation, the path integral is dominated by saddle
points of the classical action, while the leading quantum contribution arises from
fluctuations around the corresponding background. Expanding the fields around a
classical solution, the one-loop correction is governed by the quadratic fluctuation
operator. Therefore, the problem of computing quantum corrections to black hole
entropy reduces to a spectral problem: one must determine how the eigenvalues
of the fluctuation operator behave in the near-horizon geometry of the relevant
black hole background.

This observation becomes particularly significant in the near-extremal regime.
As will be discussed below, extremal black holes develop a decoupled near-
horizon region containing an AdS; factor. In such geometries, the fluctuation
operator may develop zero modes. Their presence reflects an enhanced degeneracy
of the semiclassical background and leads to infrared singularities in the one-
loop partition function. At small but finite temperature, these zero modes are
expected to be lifted, generating small eigenvalues that can produce logarithmic

contributions to the entropy.

A natural question then arises. If the gravitational dynamics is modified by higher-
curvature interactions, how are the spectrum of fluctuations and the resulting

quantum corrections affected?

From the viewpoint of effective field theory, the Einstein-Hilbert action should be
regarded as the leading term in a derivative expansion valid below the ultraviolet
completion [11|. At low energies, the effective action is therefore expected to

contain higher-order curvature invariants of the schematic form

B 1
- 16wG

Seff

/dda:\/—g (R +a R? + as R, R" + -+ ) ) (1.0.12)

Once such terms are included, the quadratic fluctuation operator around a non-
trivial background is no longer the one obtained in pure Einstein gravity, but

rather a deformation of it. Consequently, the one-loop partition function, and



therefore the logarithmic corrections to black hole entropy, can acquire a non-trivial

dependence on the new couplings appearing in the effective theory.

Within this broader class of theories, Einstein-Gauss-Bonnet gravity occupies a
distinguished position. It corresponds to the first non-trivial member of Lovelock’s
hierarchy of higher-curvature theories. More precisely, it is the most general
extension of Einstein gravity whose field equations remain second order in the
metric [12]. In four spacetime dimensions, the Gauss-Bonnet combination is purely
topological and does not modify the local dynamics. By contrast, in five or more
dimensions it contributes non-trivially to the equations of motion, providing one
of the simplest settings in which higher-curvature effects become dynamically

relevant.

The particular combination of quadratic curvature invariants defining the Gauss-
Bonnet term also avoids the appearance of additional ghost-like degrees of freedom
[13]. Moreover, such terms arise naturally as leading o/ corrections in string theory,
in particular in heterotic string theory up to field redefinitions [14, 15|, providing

an independent physical motivation for their study.

Beyond this general theoretical relevance, the Einstein-Gauss-Bonnet theory
coupled to a Maxwell field provides a particularly useful setting for the present
problem. In contrast with Einstein gravity, exact rotating black hole solutions at
finite Gauss-Bonnet coupling are not known in closed analytic form, with existing
results being mostly numerical or perturbative [16]. Charged static solutions,
however, are available analytically and possess a well-defined extremal branch.
This makes the Einstein-Maxwell-Gauss-Bonnet system especially suitable for

investigating near-extremal quantum effects.

In five dimensions, near-extremal black holes develop a near-horizon geometry
containing an AdS, x S? throat whose geometric scales depend explicitly on the
Gauss-Bonnet coupling.. This makes it possible to formulate sharply the question
that motivates this work: how does the higher-curvature coupling modify the
spectrum of quantum fluctuations around the near-horizon geometry, and what is

its effect on the logarithmic corrections to the entropy?

The question of logarithmic quantum corrections to black hole entropy has been
studied in several related settings over the past decades. Early analyses within

quantum field theory in curved spacetime showed that logarithmic corrections
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emerge from the evaluation of functional determinants using heat-kernel techniques,

and are closely related to conformal anomalies [17, 18|.

Later, in theories with extended supersymmetry, the quantum entropy function
formalism developed by Ashoke Sen provided a systematic framework for
computing these contributions in extremal black holes. In this approach, the
logarithmic coefficient is determined by the spectrum of fluctuations around
the near-horizon geometry [19, 20]. In supersymmetric settings, non-trivial
cancellations between bosonic and fermionic modes can strongly constrain the

structure of the corrections.

Beyond the supersymmetric regime, subsequent studies extended these analyses
to non-BPS black holes, rotating configurations, and near-extremal geometries,
where protected cancellations are generally absent and the logarithmic coefficient
acquires a richer dependence on field content and boundary conditions [21, 22].
In parallel, holographic approaches have reinterpreted these effects in terms of
dual conformal field theories, further clarifying the relation between gravitational

thermodynamics and microscopic degrees of freedom [23].

These developments indicate that the study of quantum corrections to black hole
entropy should not be regarded merely as a technical refinement. Since different
proposals for quantum gravity may agree on the leading semiclassical contribution
while differing in subleading terms, a detailed analysis of logarithmic corrections

provides a sensitive probe of the microscopic structure of black holes.

The present work addresses this problem in the context of higher-curvature gravity,
focusing on the near-extremal regime of charged black holes in Einstein-Gauss-

Bonnet theory.

Motivated by these considerations, the main objective of this thesis is to determine
how the higher-curvature coupling modifies the spectrum of fluctuations around
the near-horizon geometry and how this dependence is reflected in the one-loop

partition function.

More specifically, we study five-dimensional charged black hole solutions admitting
an extremal branch. Within this setting, the problem reduces to the analysis of the
generalized fluctuation operator governing metric and gauge-field perturbations,
with particular emphasis on the role of zero modes and their lifting at small but

finite temperature.
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The structure of this thesis is as follows.

In Chapter 2, we introduce the path integral formulation of the partition function
and its semiclassical approximation. In this context, we explain how quantum
corrections arise from fluctuations around classical solutions and how they are
encoded in functional determinants. As a preliminary step, we analyze the
quantum harmonic oscillator as a solvable example, illustrating these ideas in a

controlled setting.

In Chapter 3, we present the Einstein-Gauss-Bonnet theory coupled to a Maxwell
field and review the corresponding charged black hole solutions. We discuss their
thermodynamic properties, with particular emphasis on the extremal and near-
extremal regimes, where a finite mass gap and a large ground-state degeneracy

emerge.

In Chapter 4, we focus on the near-horizon geometry of near-extremal black holes.
We show how, in the zero-temperature limit, the geometry develops an AdS, x S*
throat that effectively decouples from the asymptotic region, providing the natural

background for the quantum analysis.

In Chapter 5, we construct the quadratic action for fluctuations around this near-
horizon background and derive the differential operator governing the dynamics
of perturbations. We analyze its spectrum, paying special attention to the role of

zero modes and their lifting in the near-extremal regime.

Finally, using these results, we evaluate the one-loop partition function and
discuss the resulting logarithmic corrections to black hole entropy, with particular
emphasis on their implications for the near-extremal density of states. We conclude
with a summary of the main results and a discussion of possible directions for

future research.
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Chapter 2

Partition Function

2.1 Partition Function and the Semiclassical

Approximation

This chapter introduces the main tool that underlies the rest of this thesis: the
Euclidean partition function. As emphasized in the Introduction, our goal is
to study quantum corrections to near-extremal black hole thermodynamics. In
this setting, the partition function is the natural object because it encodes both
the thermodynamic information of the classical background and the quantum

fluctuations around it.

In gravitational systems, the Euclidean partition function is formally defined by

7 = /ng e~ el (2.1.1)

where ¢ collectively denotes the dynamical fields and Iy is the Euclidean action.
The functional integral is taken over field configurations satisfying prescribed
Fuclidean boundary conditions. In the semiclassical regime, the dominant

contributions arise from stationary points of the Euclidean action.

When the Euclidean time direction is periodic with period [, the contribution of
a given saddle admits a thermodynamic interpretation. The period [ is identified

with the inverse temperature,
(2.1.2)
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and thermodynamic quantities are extracted from the log Z. In particular, the

free energy and entropy are given by

1

F =
B

log Z, M = 0 log Z, S = <1 — 63) log Z. (2.1.3)

0B p

For the problem studied here, quantum corrections to black hole entropy arise

from the quantum contribution to this quantity [24].

The difficulty, of course, is that this path integral is defined over an
infinite-dimensional space of field configurations and in general is not exactly
computable. The appropriate approximation scheme is therefore the saddle-point,

or semiclassical, expansion around a stationary point of the Euclidean action.

The dominant configurations are therefore classical saddles ¢ satisfying

0l g

— =0. 2.14

. (2.14)
To extract quantum effects, one writes

¢ =0¢+n, (2.1.5)

and expands the action as a power series in 7,
Ip[g] = Iu[d] + IV + IP[n] + O(n*). (2.1.6)

The linear term vanishes on-shell, so the leading quantum contribution is governed

by the quadratic term.

If the quadratic action takes the form

1?0 = %/ddxr]@n, (2.1.7)

where d denotes the spacetime dimension and O is the differential operator

determined by the background, then the path integral becomes,
7 ~ e~ 1eld] / Dy e 120, (2.1.8)

The expression above is a Gaussian functional integral, whose result is determined
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by the functional determinant of the operator O as
Z ~ e 2l (det ©) 12, (2.1.9)

Therefore, .
log Z = —Ip[d] — 5 log det O, (2.1.10)

which already exhibits the structure that will be central in what follows: a classical
contribution from the on-shell action and a one-loop correction encoded in the

determinant of the fluctuation operator.

For the purposes of this thesis, this framework isolates the ingredients that must
later be identified in the black holes problem: a relevant classical saddle, the
quadratic fluctuation operator around it, and the associated zero modes. The
near-horizon region of the corresponding extremal solution generally takes the
form

AdSy x M, (2.1.11)

with M compact. For extremal rotating black holes with a U(1) fiber, this
factorization provides the geometric setting in which the one-loop partition function

and the associated logarithmic corrections to entropy will be studied [25].

The logic of the semiclassical expansion can also be illustrated in a simpler setting.

Consider the ordinary integral
Z = /d:c e 5@, (2.1.12)

whose dominant contribution in the limit # — 0 comes from the extrema of S(z).
This finite-dimensional example is included only as a familiar analogue of the
saddle-point approximation and should be understood merely as an illustration of

the general structure described above.

Before turning to the gravitational case, however, it is useful to study a simpler
example in which the same logic can be followed explicitly. The harmonic oscillator
can be solved both from the canonical definition of the partition function and from
the Euclidean path integral. Since its action is already quadratic, the Gaussian
path integral gives the exact result rather than only the first one-loop correction.

Nevertheless, this example remains an ideal prototype for understanding how
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functional determinants, normalization factors, and zero modes arise in the

semiclassical treatment that will later be applied to black hole backgrounds.

2.2 The Quantum Harmonic Oscillator

The energy levels of a harmonic oscillator with frequency w are given by:

1
En:hw(n—|—§), n=0,1,2,... (2.2.1)

By expressing the partition function Z as a sum over all possible states using the

eigenvalues from Eq. (2.2.1), we obtain:

7 = Z o BEn _ f: efﬂhw(m%)’
n

B2 _ o—Bhw/2’

S 2.2.2
~ 2sinh(Bhw/2)’ (222)

Alternatively, the partition function can be expressed through the path integral

formalism in Euclidean time. For the harmonic oscillator, it is defined as:

Zno.(B) = / Dqp(7) e %8, (2.2.3)
ae(0)=q5(B)

where the Euclidean action Sg is

Sp = %/f dr ((@5_7(7))2 +w2q%(7)) . (2.2.4)

Since we must consider periodic trajectories with period [, we expand gg(7) in a
Fourier series:

q5(T) 2% D Gue™ (2.2.5)

n=—oo
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where w,, = 27n/ denotes the Matsubara frequencies.

2.2.1 Reality Conditions and Coefficients

Because the physical path ¢g(7) € R, we must impose a reality condition on the

Fourier coefficients. Starting from the inverse transform:

P .
qn_/ qe(T)e”*“"dr, (2.2.6)
0

it follows that:
B , B .
M :/ gp(T)e“ Tdr :/ gp(r)e” " "Tdr = G, (2.2.7)
0 0

Under the condition ¢_,, = ¢}, the terms of order +n in Eq. (2.2.5) combine as
follows:
Gn€“" 4+ G_pe T = 2Re{G.e“""} € R. (2.2.8)

By decomposing the coefficients into real and imaginary parts as ¢, = a, + ib,,

where a,, b, € R, the reality condition from Eq. (2.2.7) implies:

ay, =a_n,, b,=—b_,, and specifically by = 0. (2.2.9)

2.2.2 Evaluating the Euclidean Action

To evaluate the integral in Eq. (2.2.3), we substitute the expansion from Eq.

(2.2.5). First, we compute the time derivative:
'l: o
i(r) = 3 > waae™. (2.2.10)
n=-—oo
Integrating the potential term ¢%(7) over the period 3, we obtain:

w2

B B
/ Wiap(r)dr = = Z C]k@l/ e! Wit gy, (2.2.11)
0 B k,l 0

Using the orthogonality property:

B
/ T dr — B8y, (2.2.12)
0
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the expression simplifies to:

B
/OWQE 5 Z -k = — 5 Z |Gk|* = 5 Z Pby). (2213)

k=—o00

Similarly, applying the derivative Eq. (2.2.10) and the orthogonality condition
Eq. (2.2.12) to the kinetic term:

B
/ 2(r)dr = —— E Wewi Gk (Bok,—1),
0

Z wi(—wk) @Gy, = 3 Z wi(ai +b3). (2.2.14)

k—foo k=—o00

Substituting Eqgs. (2.2.13) and (2.2.14) into the Euclidean action Sg and using
the symmetry conditions from Eq. (2.2.9), we find:

B
m .
o=y [ o).
0
m o0
=25 D (wi +w?)(af + 7).
k=—0o0

m mw
=3 D (Wi + W) (ai + b) + = -ap, (2.2.15)
k=1

2.2.3 Path Integral Measure and Partition Function

In the discretized time formalism, the transition amplitude is defined by the

measure [see 26, p. 43|

) n/2 "
u= i (525) " T (2216)

where € = 3/n is the lattice spacing in Euclidean time.

By transforming from the coordinates g; to the Fourier coefficients a,,, b, the

measure changes via a Jacobian J = |det(J)]:

n—1 00
Doe = tim (55)" 1 [ (kﬂlda’f@ oo = B(9) (,Hda’“db’“> o

(2.2.17)
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where we have absorbed the discrete normalization factor together with the
Jacobian J into an overall constant B(5). The dependence on J arises through the
lattice spacing € = 5/n, as well as from the normalization of the Fourier modes
defined on the interval [0, §]. Substituting the action from Eq. (2.2.15) into the
path integral Eq. (2.2.3), we obtain:

Zio(5) = B(S) ( / :”e e} d) ﬁ K / :”e Bt of dak)
(/+OO e~ B Wi g )] (2.2.18)
oo ) ()

218 o]
BN — L[l T (2.2.19)

where each integral is taken over the full real line, reflecting the fact that the

Fourier coefficients span R, and we have used the standard Gaussian integral

/ 6_a$2dx = \/§, a € R, (2220)
. a

Thus, the partition function for the harmonic oscillator is given by:

218 yo}
Zuo.(B) = B ’!_[1 YL (2.2.21)

At this stage, the expression appears to be divergent due to the infinite product

over modes. However, this divergence is not physical: it originates from the overall
normalization of the path integral, encoded in the factor B(/), and from the

infinite product itself, which requires regularization.

On the other hand, from the standard canonical approach, namely the definition
of the partition function as a sum over energy eigenvalues (see Eq. (2.2.2)), we
know that the result must be finite. Therefore, the apparent divergence signals

that Eq. (2.2.21) is not yet properly normalized.

To recover the finite result, one must regularize the infinite product and fix the
normalization factor B(/3) by matching to a known reference, such as the canonical

partition function or an appropriate limiting case. For this purpose, we consider
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the free particle as the zero-frequency limit of the harmonic oscillator. In other
words, the free-particle partition function is formally obtained from Eq. (2.2.21)
by setting w = 0. However, this limit is subtle because the prefactor /275/(mw?)

diverges due to the integration over the zero mode ay.
Let us therefore analyze the partition function of the free particle directly.

The Euclidean action for the free particle is

SE—/ Fb(T (2.2.22)

From the Fourier expansion

Z Gnc™"", (2.2.23)

with ¢, = a, + 1b,, it follows that
g 22 1 - 2(.2 2
/ qp(7) dr = B Z wi(ag + by), (2.2.24)
0 k=—oc0
and therefore
SE = / —QE
~ 23 Z wi(ai + b7),
k=—00
71 )
m
= 25 ( Z wi(ai +b3) + wi(a? +b2) + Zwi(ai + bi)) ,
k=—o00 k=1
- 2"; (Zw k\& k"‘bQ )+O2(a0+02 +Zwk ak+b2)>
k=1

=3 Zw (ai + b}).
k=1

|3

The free-particle partition function is obtained by inserting the action above into
the Euclidean path integral and using the same functional measure introduced
for the harmonic oscillator. Since the change of variables from the discretized
coordinates ¢; to the Fourier coefficients is identical, the measure again takes the

form
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n/2 n—1 0o
Dgp = lim %hg) J / <£[1 dakdbk> day = B(S) / (H dakdbk> dap.

k=1

(2.2.25)
The important difference with respect to the harmonic oscillator is that the free-
particle action contains no term proportional to a2. Therefore, the non-zero modes
still give Gaussian integrals, while the zero mode must be treated separately.
Substituting Eq. (2.2.23) into the path integral, we obtain

F

7| Dap(r) =%,
q6(0)=qr(B)

— B(B) / (E[l dakdbk> day exp [—%gwi(ai—i—bz)
R )
o TI() (V)

mf
sV H mwk

Here we have denoted by V = [ dag the contribution of the translational zero
mode. This factor deserves a brief comment: since the action of the free particle
does not depend on the zero mode, the integration over ag does not produce a
Gaussian factor; instead, it measures the volume associated with the translational
invariance of the system. To make this statement precise, we place the particle in
a box of length L, so that the spatial coordinate is restricted to the interval [0, L.
With the Fourier convention in Eq. (2.2.23), the zero mode is

B
ap = qo = / qe(t)dr = B34, (2.2.26)
0
where g = 7! fo qe(7) dT is the average position along the Euclidean trajectory.

Since qg(T ) € [0, L], it follows that g € [0, L], and therefore the zero mode ranges

over the interval ag € [0, 5L]. Hence,

/dao - B/OL dg = BL. (2.2.27)
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In the decompactification limit L. — oo, this factor diverges, as expected for the
infinite translational volume of a free particle

The ratio between the partition functions of the harmonic oscillator and the free

particle is then

ZHO B(ﬁ \V :17;62 Hk 1 m( 2+w2
B( fdao 2017:52 ’

Zp
f dag \/ZH W2 + o2 (2.2.28)
Using the result [ dag = SL, this becomes
(2.2.29)

ZH.O. . 1 271'6 ﬁ w,%
Zr  BL Y mw? k:1w£+w2'

To determine the overall normalization, we now evaluate the free-particle partition

function in a box of length L from the canonical point of view. For a particle

confined to an interval of size L, the energy levels are
m2n?
n=——s, =1,2,3,... 2.2.
TNE n 3 (2.2.30)
so that -
Ip = Ze*ﬁm. (2.2.31)
n=1

In the large-L limit, the spacing between neighboring energy levels becomes small

(2.2.32)

and the sum can be approximated by an integral
I e ¢}
Tp =225 / dn e Pamiz .
0

Using Eq. (2.2.20) with @ = 87%/(2mL?), and noting that the integration range is

[0, 00) rather than (—oo, 00), one obtains an additional factor of 1/2. Therefore,
1 [2mL?

Zp = = . 2.2.33

oo\ g ( )




22 2.2. The Quantum Harmonic Oscillator

Substituting this result into the ratio above, we find

Z 2.2.34
HO-" 3w H - Wi + w2 ( )
Using the Matsubara frequencies wy = 27k/3, we obtain
2 2
wi k - _ Bw
= = —. 2.2.35
witw? k240 Y=o ( )
Hence,
1 k2
Zu0. = — . 2.2.36
o=tz 2236)
We now apply the standard infinite-product identity
o Bw/2
= = ) 2.2.37
1!_11 k? 4+ &%  sinh(nmw)  sinh(fw/2) ( )
Substituting this expression into the previous equation gives
1 2 1
bufz _ _ (2.2.38)

710 B Snh(Be/2) | 2emh(3w/2)

This agrees precisely with the canonical result obtained in Eq. (2.2.2). Therefore,
the path integral computation not only reproduces the expected answer, but also
illustrates explicitly how the divergent normalization can be removed by taking
the ratio with the free-particle partition function and regularizing the resulting
infinite product. More importantly, this simple example makes transparent the
ingredients that will reappear in the gravitational setting: the expansion around
a classical background, the emergence of functional determinants from Gaussian

integration, and the special role played by zero modes and normalization factors.

The harmonic oscillator is, of course, far simpler than the black hole backgrounds
of interest, but that is precisely why it is useful. It provides a clean laboratory
in which the logic of the semiclassical expansion can be displayed without the
technical complications of diffeomorphism invariance, gauge constraints, and
higher-curvature interactions. Once this logic is clear, the subsequent chapters can
be read as a progressive elaboration of the same structure: first one identifies the

relevant Einstein-Maxwell-Gauss-Bonnet saddle and its near-extremal throat, and
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then one studies the quadratic operators that control the one-loop fluctuations

around it.

In this sense, the present chapter serves as the conceptual bridge between the
formal definition of the Euclidean path integral and the concrete black hole
computation developed in the rest of the thesis. The next chapter turns to the
charged Einstein-Maxwell-Gauss-Bonnet solution itself and establishes the classical
near-extremal background, while the subsequent one extracts the generalized

Lichnerowicz operator and analyzes its zero modes.
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Chapter 3

Einstein-Gauss-Bonnet coupled to

Maxwell

3.1 The charged black hole in Einstein-Maxwell-

(Gauss Bonnet

Having established in the harmonic-oscillator example how the path integral
reduces to Gaussian integrations and how its normalization can be fixed by
comparison with a reference system, we now turn to the gravitational problem
of interest. The Einstein-Maxwell-Gauss-Bonnet theory provides a concrete
framework in which these ideas can be implemented for black-hole backgrounds

and, eventually, for the computation of one loop corrections to the entropy.

The five-dimensional Einstein-Gauss-Bonnet theory coupled to a Maxwell field

can be defined via the bulk action

1
g, A] = 5 [ @oy=g(R=20 % a6~ FuF?),  (31)
G =R"" R, — 4R R, + R, (3.1.2)

with k2 = 167G and where G denotes the Gauss-Bonnet invariant.

Throughout this section we work in Lorentzian signature and adopt the mostly-plus

convention.

For later use, it is also convenient to fix our definition of the Hodge dual. For a
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p-form

1
F, = —F

p| H1---Hp

dz"t A - A datr (3.1.3)

on a D-dimensional manifold with metric g,, and determinant g, we define

*Fp = ]Q‘(D—@I))'F'ulup eﬂlnwufpyl-"VD—p dlCVl /\ ... /\ deD—p’ (3.1-4)
with orientation fixed by €,1 ,p = 1. In this section we restrict to D = 5.

The equations of motion derived from the action (3.1.1) are

d+F =0, (3.1.5)

1
R, — §gw,R +Agy +aH,, =27, (3.1.6)
where the energy-momentum tensor of the Maxwell field is

1
T = FnF> — Zgu,,F,\(;F)‘a , (3.1.7)

and the contribution from the Gauss-Bonnet term is given by

1 6
— dr\/—¢G, 3.1.8
V') 59;“/ / ! gg ( )

1
=2RR,, — 4R,,R’, — AR’ R’ 15, + 2R,,05 R,""° — 59w (3.1.9)

H, =

A class of solutions to these equations is given by static, charged black holes with

metric
2 o | dr? 27.2/a3
ds® = —f(r)dt* + —— +r°ds*(S°), (3.1.10)
fr)
r? \/ oA ma  16¢%«
f(r)—l—i—@(l— 1+ 3 to - 55 | (3.1.11)

and gauge potential

1 (q g

Here, m is an integration constant related to the black hole mass, ¢ is proportional
to the electric charge, and r, denotes the radial coordinate of the event horizon,
defined as the largest root of f(r). We choose the branch of the solution that



26 3.1. The charged black hole in Einstein-Maxwell-Gauss Bonnet

admits a smooth Einstein-Maxwell limit as o — 0. Expanding f(r) for small «,

one finds

firy=1——=+-——=r"+0(a), (3.1.13)

which corresponds to the standard five-dimensional Reissner-Nordstrom-(A)dS
solution. The asymptotic structure of the spacetime can be inferred from the

large-r behavior of the metric function. Expanding f(r) for » — 0o, one obtains

r? 3m 2¢°
r)=-——+1-— + +0O(r %) . 3.1.14
J(r) 0% 8v9 + 12aAr2 /9 + 12aA 4 (™) ( )

The leading term, proportional to r2, determines the asymptotic geometry. In
particular, for A = 0 one has l.g — 00, and the spacetime becomes asymptotically
flat. For A # 0, the metric approaches that of (anti-)de Sitter spacetime, but with
an effective cosmological constant induced by the Gauss-Bonnet coupling. More

precisely, the asymptotic curvature scale is governed by an effective AdS radius

This shows that higher-curvature corrections modify the relation between the
cosmological constant and the curvature radius of the spacetime. In particular,
even though A appears in the action, the asymptotic geometry is controlled by
Lo rather than directly by A.

A well-defined action principle requires supplementing (3.1.1) with appropriate
boundary terms. In particular, the bulk action alone does not lead to a well-posed
variational principle, since variations of the metric generate normal derivatives at
the boundary. To cancel these contributions, one must include the generalized
Gibbons-Hawking-York (GHY) term appropriate for Einstein-Gauss Bonnet
gravity [24, 27].

Moreover, in asymptotically AdSs; spacetimes, the on-shell action generically
diverges due to the infinite volume of the spacetime. These divergences can
be removed by adding local covariant counterterms constructed from intrinsic
boundary quantities [28-30]. The resulting renormalized action is finite and

suitable for thermodynamic applications.
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These contributions are respectively given by

1 (1. 1 .
Ieny = — | d'zvV/—h {2}( +adli K, (-Rﬂ’fbc — —Kﬂkac)] : (3.1.16)
R* Jom 2 3
2 1 v Cogr 8
I = — d*zv/—h |——— [ 2 1—-— | —=(2—4/1- =
t /{2 OM X [ geﬂ“ < + L2> 4 ( L2> R] ’
(3.1.17)
where A = —6/L* < 0. Here, hy denotes the induced metric on the timelike

boundary OM at fixed radial coordinate r, with topology R, x S2. The tensor
K, is the extrinsic curvature associated with the outward-pointing unit normal to
the boundary, K = h®* K, is its trace, and R is the Ricci scalar of the boundary
OM constructed from hy,.

Finally, in order to implement the canonical ensemble, corresponding to fixed
temperature and electric charge in AdS, the action must be further supplemented
by an additional boundary term. In the presence of a Maxwell field, fixing the
charge rather than the potential requires performing a Legendre transform of the

action, which is achieved by adding the Hawking-Ross term [31]:

4 4
Iip=— | d'avV—hnFPA = — [ AAKF. (3.1.18)
K2 Jom K= Jom
Before turning to the thermodynamic analysis, it is useful to determine whether

the charged solution admits an extremal limit.

3.1.1 Existence of an extremal branch

The near-extremal regime analyzed in the remainder of this work is meaningful
only if the charged Einstein-Maxwell-Gauss-Bonnet solution admits extremal
configurations. By definition, extremality occurs when the outer horizon becomes
a double zero of the blackening factor. In other words, the horizon sits at a radius

r+ € R, such that
fre)=0,  fi(ry)=0. (3.1.19)

The first condition guarantees the existence of a Killing horizon, while the second
ensures that the zero is degenerate. This is precisely the geometric signal that the
outer and inner horizons have merged. Equivalently, the Hawking temperature

vanishes, since from the general relation for metrics of the form (3.1.10), 7' =
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f'(ry)/4m, a double root immediately implies T = 0.

It is useful to emphasize why these conditions are non-trivial in the present theory.
The metric function contains a non-linear term in the constants ¢ and m, so
requiring both f(ry) =0 and f'(ry) = 0 does not merely fix the mass in terms of
the charge, but selects special loci in parameter space where the two independent
horizon conditions become compatible. Solving them simultaneously yields two
algebraic branches, distinguished by the sign of ri + 4a. This quantity appears
naturally when differentiating f(r) and therefore controls the local behavior of

the solution near the degenerate horizon.

For 73 + 4 > 0, one finds

m = 1613 + 16 — 4r} A, (3.1.20)
7,4
7= _+2(3 —r2A), (3.1.21)
together with
8 —4r2A
" +
3.1.22
fr(ry) 2 1 da ( )

This branch has a clear physical interpretation. For the range of interest in this
work, A <0, the factor 3 — %A in (3.1.21) is strictly positive for any real r_, so
¢* > 0 automatically. Moreover, if a > 0, then 72 + 4 > 0 is satisfied for every
positive horizon radius. Hence this branch is not only algebraically allowed but
also naturally realized in the parameter region continuously connected to standard
Einstein-Maxwell theory. The expression (3.1.22) for the second derivative is
likewise positive in this regime, because both numerator and denominator are
positive, showing that the degenerate zero is a local minimum of f(r). This is the
expected behavior for an extremal black hole, where the double root separates

the exterior region from the would-be interior.

On the other hand, for r3 + 4a < 0, one obtains

2 3ri + 6rioz + 2riozA
—2«
4 (1 +ah)

m=16a0 - —————~ (3.1.24)
o)

, (3.1.23)
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and
420+ 12 (1 + al)]

a(ri + 4a)

f(ry) = (3.1.25)

This second branch is much less compelling for our purposes. First, it requires
a < 0 and in particular ri < —4q, so it has no smooth counterpart in the Einstein
Maxwell limit o« — 0. Second, the positivity of ¢? is no longer automatic and
depends on a more restrictive balance among r,, a, and A. Thus, although
it solves the extremality equations algebraically, it does not provide the robust
physical branch needed for a controlled near-extremal expansion around the

General Relativity regime.

In what follows, we therefore restrict our attention to the first branch. It is the
one continuously connected to the Einstein Maxwell limit as o — 0, it guarantees
a real positive charge for A < 0, and it exhibits the correct local structure of
an extremal horizon. This is the branch that underlies the extremal background
relevant for the subsequent near-extremal analysis. The next step is to rewrite
the solution in a way that makes the coexistence and eventual merger of the outer

and inner horizons fully explicit.

3.2 Thermodynamic Quantities

In order to perform the subsequent thermodynamic analysis, it is convenient to
rewrite the metric function f(r) in terms of the inner and outer horizons, r_ and
r,. This can be achieved by exploiting the polynomial structure underlying the

horizon condition.

Imposing f(ry) = 0 is equivalent to requiring that r is a root of the polynomial
3
P(r) = Ar® — 6" + Z(m — 160)r? — 4q¢° . (3.2.1)

Due to the fact that P(r)/f(r) is function of 72, the roots of P(r) come in pairs

{#£r;}, and can be parameterized as

{ro,r_,ry, —ry, —r_, —7r3}. (3.2.2)

Here, r3 does not correspond to a physical horizon in general, but rather arises

from the algebraic structure of the polynomial.
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Applying Vieta’s formulas to the polynomial (3.2.1), one obtains relations between
the roots and the coefficients of the polynomial. In particular, the non-trivial

relations can be written as

6
rirt 4y = T (3.2.3)
3
r2r? +rirl il = Ty (m—160), (3.2.4)
4 2
r2r?r? = %. (3.2.5)

These relations allow one to eliminate r3 and express the parameters m and
q entirely in terms of the horizon radii r. Solving for r2 from (3.2.3) and
substituting into (3.2.4) and (3.2.5), one finds

4A
m = 16a + 8(r7 +r2) — ?(ri +r3r? 4+ rt), (3.2.6)
3 A
¢ = 57&7{ — Zrir% (ri +71%). (32.7)

Substituting these expressions back into the metric function, and eliminating rj, it
is possible to rewrite f(r) in a form that makes its polynomial structure manifest.

To this end, it is convenient to express the argument of the square root as
R(ry=1+-Aa+— — ——. (3.2.8)
T

A straightforward algebraic manipulation shows that this expression can be

reorganized as

10\’ da
R(ry=(1+ poy + ﬁP(T) : (3.2.9)
where P(r) is the polynomial defined above.
Using the factorized form
P(r) = A(r* — ri)(rQ —r3)(r* —1d), (3.2.10)

the metric function can be written as

2 40\?  daA
f(r):l—i—i—a 1—\/(1+r—3> +%(r2—ri)(r2—r3)(r2—r§) . (3.2.11)
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Finally, eliminating r3 through the Vieta relation

6
=gt (3.2.12)

one obtains an expression for f(r) entirely in terms of the horizon radii r:

r2 40\?  daA 6
) =1+ 1—\/(“72) )=o) (- (-1 - )
(3.2.13)

This representation makes explicit the role of the horizon radii and is particularly
useful for computing thermodynamic quantities. Most importantly, it makes
transparent how extremality is encoded in the horizon data: the limit r, — r_

corresponds to the coalescence of the two physical horizons.

The first quantity to examine is the Hawking temperature, since it directly
measures how far the solution lies from extremality. In this parametrization, it

takes the form

/ 2 .2 o 2 2
T — f (7’+) _ (T+ T—>(6 2AT+ AT—) ] (3214)
4 12774 (r2 + 4a)

Having identified the temperature, the next thermodynamic observable of interest
is the entropy. In a higher-curvature theory this quantity cannot be read off
from the area law alone, so one must instead use Wald’s formula [32, 33|, which
associates an entropy to any stationary horizon as a Noether charge. For a

diffeomorphism-invariant theory, the entropy is given by

oL

S = —27r/ Pxvh SR Cuoo (3.2.15)
H U po

where H denotes a spatial cross-section of the horizon, h is the induced metric

on H, and €, is an antisymmetric tensor constructed from the two independent

normal directions to H at each point. It characterizes the two-dimensional plane

orthogonal to the horizon cross-section..

Applying this formula to the Einstein-Gauss-Bonnet theory (3.1.1), one finds that
the entropy receives a correction proportional to the Gauss-Bonnet coupling a.

For the static, spherically symmetric solution, taking & = 0; and evaluating the
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expression at the outer horizon r = r, the entropy becomes

2,.3
§="T1t (1 + 12—0‘) . (3.2.16)

2G r2

The expression above shows that the entropy does not follow the standard
Bekenstein Hawking area law, but instead receives corrections proportional to
the Gauss-Bonnet coupling. In particular, both terms rf’r and ar, have the same

dimension and contribute on equal footing. Equivalently, the entropy can be

g4 (1+12—O‘>, (3.2.17)

Te! r2

written as

where A = 27?r? is the area of the horizon. This shows that higher-curvature
corrections modify the Bekenstein-Hawking area law by introducing a term

proportional to the intrinsic curvature scale of the horizon.

Another useful quantity in the canonical ensemble is the heat capacity at fixed

charge,
08

Using the temperature and entropy above, one obtains

37‘(‘27“_,_(7“3_ +4a)? (3Ti — Ari - 2q2)

C, = :
T 2G (A8 — 12aA78 — 318 + 12art + 10¢2r2 + 24aq?)

(3.2.19)

This expression measures the local thermal response of the black hole at fixed

electric charge.

With the temperature, entropy, and heat capacity at hand, one can complete
the thermodynamic description by identifying the conserved charges and their
conjugate potentials.  With this normalization, the conserved charges of
the solution can be defined in such a way that the first law of black hole
thermodynamics,

dM =TdS + ®dQ , (3.2.20)
is satisfied.

The electric charge can be obtained from the Maxwell sector of the theory by
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considering the associated conserved current. Starting from the action
2
I[A] = —— [ FAXF, (3.2.21)

K2

the variation with respect to the gauge field yields the equations of motion
d* F' = 0, which imply the existence of a conserved charge. The electric charge is

then defined as the flux of the electric field through a spatial section ¥ at infinity,

Q= —/ «F . (3.2.22)

For the static, spherically symmetric solution under consideration, this expression

evaluates to
™q

V26

The chemical potential ® is defined as the difference of the electric potential

Q= (3.2.23)

between the horizon and infinity, yielding

q

o= — .
V212

(3.2.24)

The mass of the configuration is obtained from the asymptotic behavior of the

metric and is given by
~ 3mm

=0 (3.2.25)

In the following, we will use the pairs (m, M) and (¢, Q) interchangeably, depending
on convenience. At this stage, all thermodynamic quantities have been expressed
in terms of the horizon radii, so the extremal limit can now be implemented

directly by taking the degenerate-horizon condition ry = r_.

In the canonical ensemble, where the charge () is held fixed, the existence of the
extremal branch implies a minimum mass M = M. (@) at which the inner and
outer horizons coincide, rg := r, = r_. This statement follows directly from the
temperature formula (3.2.14): at fixed charge and for 73 + 4a > 0, the vanishing
of T is achieved precisely when r, = r_. Evaluating (3.2.6) on this locus then

gives the corresponding extremal mass parameter,

Mext = 1673(q) + 160 — 475 (q)A . (3.2.26)
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While the charge constraint is obtained from (3.2.7) evaluated on the same
degenerate configuration. The extremal radius ry can therefore be expressed purely
in terms of the charge parameter ¢q. Solving (3.2.7) for ry through Cardano’s

formula gives

2
12(q) = {1 + 2cos (— arccos(1 — ¢*A?) + g)] , A#0, (3.2.27)
\[Iq| A=0, (3.2.28)
where n = 0,1,2,..., and ry is defined as the largest real root. In this way,

extremality is not merely assumed but completely characterized by the pair of
algebraic relations above: for each fixed charge in the physical branch, they

determine the degenerate horizon radius and the corresponding minimum mass.

Once the extremal solution has been identified, near-extremal configurations are
conveniently described by a small-temperature expansion around 7" = 0 at fixed
charge. Writing the energy as M = M(T,(Q)) and expanding around extremality,

one finds

1672 (rg + 4ar)?

— Mgt — T2 + O(T3 3.2.29
m m t T(Z)A _ 2 _'_ ( ) ? ( >
or equivalently
2
M = Mext(Q) + M + O(T3> ) (3230)
gap

The absence of a linear term in 7T is the key feature here: once the charge is
held fixed, the first correction to the extremal energy is quadratic. It is therefore
natural to parametrize this leading departure from extremality in terms of a mass

gap, defined by
4G(2 — Ard)
Myop i= ———= 3.2.31
BP T 3m3(da + )2 ( )
Since we are considering A < 0, the mass gap Mg, is strictly positive. This
is another explicit example where the expression (1.0.7) from the introduction
holds. As a consequence, deviations from extremality at fixed charge and low

temperature follow the same qualitative behavior as in General Relativity: the
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energy above the extremal bound scales quadratically with the temperature,
M — My ~ O(T?). (3.2.32)

As discussed in the Introduction, this has an important physical implication.
The typical energy of a Hawking quantum is of order T', whereas the excess
energy available above extremality behaves as 72. Therefore, at sufficiently low
temperatures, the system does not possess enough energy to emit even a single
Hawking quantum. In this regime, the black hole becomes effectively stable against

thermal radiation.

This behavior suggests that the density of states is sharply peaked around the
extremal configuration. Indeed, the extremal black hole can carry a macroscopic
entropy, implying a large degeneracy of microstates at zero temperature. The
existence of a finite mass gap then separates this highly degenerate ground state
from the first excited states that can participate in thermal radiation. Such a
structure often hints at an underlying symmetry that enhances the degeneracy of
the extremal configuration, as occurs in certain supersymmetric or supergravity

settings.

However, in close analogy with the Einstein-Maxwell case, no such symmetry is
currently known in Einstein-Gauss-Bonnet-Maxwell theory that could account
for this large, gapped ground-state degeneracy. This constitutes a well-known
puzzle in black hole physics [6-8], now extended to the higher-curvature setting

considered here.

For later convenience, we also denote the same quantity by

4G(2 — Ard)

Eoop = ———5,
8P 3m3(4a +r)?

(3.2.33)
which explicitly depends on the Gauss Bonnet coupling a. For small «, this
expression departs from its General Relativity counterpart by a correction that
is linear in «, reflecting the impact of higher-curvature interactions on the near-

extremal spectrum.

Further insight comes from analyzing the first law of thermodynamics in

the canonical ensemble. Considering two infinitesimally close equilibrium
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configurations at fixed charge, one has
OM =T6S. (3.2.34)

From this relation, it follows that in order to generate a contribution to the
energy that is linear in T at low temperatures, thereby allowing for Hawking
emission at arbitrarily small 7', the entropy must contain a term logarithmic in

the temperature, ~ logT'.

In General Relativity, it has been shown that such logarithmic contributions arise
from quantum corrections to the semiclassical Bekenstein Hawking entropy, in
particular from one loop effects in the Euclidean path integral [34-43|. These
corrections modify the low temperature thermodynamics and can, in principle,

lift the strict mass gap present at the classical level.

Motivated by these considerations, we now turn to the near-horizon, near-extremal
regime. A full one loop computation on the complete black-hole geometry is
prohibitively complicated, whereas the near-horizon region isolates the degrees
of freedom that dominate the low temperature dynamics while retaining the
information relevant for the logarithmic corrections. The idea is therefore to zoom
into the throat that develops as T' — 0, where the classical extremal structure
derived above organizes the quantum problem most efficiently. Now, we determine
the near-horizon geometry of the near-extremal solution, which furnishes the

appropriate background for the quantum analysis.

3.3 Near-Horizon, Near-Extremal Geometry

The Euclidean near-horizon geometry of the near-extremal solution is obtained by
expanding the spacetime around the 7" = 0 limit. To this end, we introduce the

coordinate transformation

— o (T) + 4763, s T sin? (1) S 3.1
r=14(T) + 4nly 44T sin 5) t 5T (3.3.1)
with )
4
T To 2o and 7 the Euclidean time. (3.3.2)

AdS — M:
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In the strict 7' — 0 limit, this transformation decouples an infinite AdS,
throat with curvature radius fxqs from the rest of the spacetime. This is the
geometric counterpart of the thermodynamic statement established above: as the
temperature approaches zero at fixed charge, the solution develops a universal
throat governed by the extremal radius rg. At first order in the low temperature
expansion, the geometry describes the near-horizon region of a near-extremal

black hole and takes the form
G = Guv + 09T + O(T?) (3.3.3)
with the leading AdS, x S? spacetime given by
Gudz"dz” = ds*(AdSs) + rgds*(S%) . (3.3.4)

Using the coordinates (7,7) for the Euclidean AdS, space and (6, ¢, ) for the S,
the line elements in (3.3.4) are respectively. The AdS, factor is written here in
Euclidean Rindler-like coordinates; for a brief summary of its embedding and of

its relation to other coordinate patches, see Appendix A.

ds?(AdSy) = (2 s (sinh? ndr? + dn?), (3.3.5)

ds*(S%) = i(d&2 + sin? 0d¢?) + ;L(dgb + cos 0dp)? . (3.3.6)

The deformation at leading order in 7" is given by
[(Aas(6 — r3A) + 3r3]
3ro(2 — 12A)

+ 473 45 To cosh n d2;. (3.3.7)

Sgudrtdx’ = 27ml3 4q (2 + cosh ) tanh? (g) (—sinh®ndr? + dn?)

It is worth emphasizing that the resulting geometry depends on the Gauss-Bonnet
coupling « exclusively through the AdS, curvature radius ¢aqg defined in (3.3.2).
In particular, once the charge ¢ is held fixed, the remaining coefficients of the
solution are insensitive to variations in «, so that all higher-curvature effects are
effectively encoded in the scale of the AdS, factor. This observation is conceptually
important for what follows: although the full five-dimensional theory contains
non-trivial higher-curvature interactions, in the near-horizon region their leading

effect is funneled into a small set of effective parameters.
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The expansion extends naturally to the gauge sector. Writing the gauge field as
A" = A+ 6AT, one finds

2
A= @\ /3 —12A (coshn —1)idr, (3.3.8)
To
54
5A = —%, /3 — Ar2 sinh? i dr. (3.3.9)
0

The corresponding field strength F' = dA is proportional to the volume form of
the AdS, factor appearing in (3.3.4), reflecting the fact that the background gauge
field is supported entirely along the AdS, directions. Moreover, the potential A is

regular at the origin, namely, A, vanishes at n = 0.

Regularity of the Euclidean geometry at this point imposes a periodic identification
of the Euclidean time coordinate, 7 ~ 7 + 27. This condition ensures the absence
of conical singularities and, at the same time, provides the appropriate setting for

a mode decomposition of fields on the near-horizon background.

The geometry described in (3.3.3) should be understood as a perturbative solution
of the Einstein-Gauss-Bonnet equations coupled to a Maxwell field, valid up
to O(T?). In constructing this expansion, we have imposed that the charge
parameter ¢ in (3.2.7) remains fixed along the deformation parameterized by T
This requirement uniquely determines the positions of the outer and inner horizons,
ro and r_, as functions of T'. In other words, the near-extremal deformation is
not arbitrary: it follows the canonical ensemble trajectory away from the extremal

point while staying within the same charge sector.

More explicitly, the location of the event horizon admits the expansion shown in
Appendix B.1:

4(6 — r2A)a + 1472 — A
P (T) = 1o + 21 lhqs T + T6gs ( (6= roh)a+ Lrg = 5075 ) o

ro(2 — Arg)?

8gidsﬂ3 2 452\ 2 2 4
—— A 1(96 + 32r2A — 162 A 16872 — 687 A + 4rSA?
322 — Al [( + 32r; roA*)a” + (168 ro\ + 4rg A7)«

4484 — 3178A + 5r§A2} T3 + O(T"), (3.3.10)

+
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while the Cauchy horizon is given by

4(6 — 12 30r2 — 13rgA

3ro(2 — Ar3)?

4 2 3
9(2€fd/SX7:’8)4 [(_384A + 112T(2)A2)0‘2 + (—432 + 1207“8/\ + 87‘3A2)a
— 18012 + 12612 A — 237~3A2] T3 + O(TY). (33.11)

These expressions will play a central role in what follows. In particular, they
provide the precise dependence of the horizon data on the near-extremality
parameter 7', which is required in order to consistently evaluate the one-loop
partition function around the near-horizon geometry. The explicit control over this
expansion ensures that quantum fluctuations can be systematically incorporated
while maintaining a fixed charge sector, a feature that will be essential in the
computation of logarithmic corrections to the entropy. In this sense, the present
section closes the classical part of the construction: it identifies the relevant
extremal solution, characterizes its low temperature deformations, and furnishes

the background on which the quantum analysis will be built.
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Chapter 4

The generalized Lichnerowicz

operator and its zero modes

4.1 Saddle-point approximation

The previous chapter identified the classical background that will play the central
role in the quantum analysis: an extremal Einstein-Maxwell-Gauss-Bonnet black
hole together with its controlled near-extremal deformation. Having isolated the
relevant near-horizon throat and characterized its dependence on the temperature
and charge, we are now in a position to study the fluctuations that govern the

one loop partition function.

The strategy is the standard saddle-point one. The Euclidean path integral is
expanded around the classical near-horizon solution, and the leading quantum
correction is encoded in the Gaussian integral over linearized perturbations.
Consequently, the first task is to expand the action (3.1.1) up to second order
in the field perturbations. This requires evaluating the action on configurations
where both the metric and the gauge field are perturbed around their background

values.

To this end, we consider a non-compact, five-dimensional Lorentzian manifold
M endowed with a metric g, defined as a perturbation of a fixed background

metric g, by a small fluctuation h,,, namely

giw = G + h/w . (411)
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Similarly, the gauge field is expanded around its background configuration A, by

introducing a perturbation a,, such that
A=A, +a,. (4.1.2)

Using (4.1.1) and (4.1.2), the functional Taylor expansion for the action reads

Tlg+h A+a] = Ig, A + /d% (5—])%(9;) i au(x))

S (z dA,(z)
1 5 5 . 621 (e 621
"3 / d I/ 7Y (h“y( )5gw(x)5gpa(y) Do () + )Mﬂ(l‘ﬁgpa(y) e (4]
_'_hlﬂf(x) 5gw(a;6)(§,4p(y) ap(y) + au(x)ma,,(y)) 4+ ... . (413)

The zeroth-order term gives the classical on-shell action of the background, the
first-order term vanishes because the background is a saddle point of the action,
and the second-order term determines the fluctuation operator whose determinant
yields the one loop correction. For this reason, we extract the quadratic form
implicit in (4.1.3).

4.2 Quadratic fluctuations for Einstein-Gauss-

Bonnet-Maxwell theory

We now compute (4.1.3) for the Einstein-Maxwell-Gauss-Bonnet theory. Since
several sectors contribute and mix at quadratic order, it is useful to split the
calculation into manageable pieces. For this purpose, and for clarity, we decompose
the total action (3.1.1) as

g, A] = Iglg] + Inlg] + Lalg, A] + Iglg], (4.2.1)
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where

1 1
Irlg] = ?/d%\/——g}%—i——/ 2K #1, (4.2.2)
oM

2
1
Dol = o [ @av=g-20), (123)
1 4
I4lg, A] = = /df’a:\/—g(—FWF‘“’) + ?/ ANKF, (4.2.4)
oM
1 5 1 abc 7-d 1 ef 1 e 1-f\ =
[g[g]:?/dl' _gag_'_?/aMOéddefKa(ER bc_gKch *17
(4.2.5)

Where x denotes the Hodge dual on OM.

This background satisfies Dirichlet boundary conditions for the metric and
Neumann boundary conditions for the gauge field, the latter being required to
implement the canonical ensemble. As a result, the linear terms in the expansion
(4.1.3) vanish upon imposing the equations of motion. This is precisely what
makes the Gaussian approximation meaningful: once the saddle is fixed, the

leading quantum information is entirely contained in the second variation.

The first functional derivatives of each contribution in (4.1.3) are given by

; 5IR __V ;gGm/’ 5 014 - Y ;gAg"W, (426)

G () k 9w () :
5IA . 4\/—9 oLt 5Ig Gy =g nz

5AN<I»> = ,{/2 VpF ) 6g#y(~r> - K/Q H ) <427>
51 V=g 1 2v—

59 ?x) - Kzg (_59“”FpaFW +2F“AF"A) - TgTW' (4.2.8)
Hnv

Note that all boundary contributions vanish by virtue of the imposed boundary
conditions, together with the inclusion of the appropriate boundary terms in
(4.2.2), (4.2.4), and (4.2.5).

For simplicity, we treat the computation of each contribution in the sum (4.2.1)
separately. This decomposition also helps to clarify where the generalized
Lichnerowicz operator will emerge: it is not inserted by hand, but rather appears

as the natural differential operator governing the quadratic metric fluctuations.
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To this end, we introduce the notation

=5 [ & [ ¢y futw) 5FM()5GN()9N@>, (4.2.9)

where Fy; and Gy denote collective field labels, with Fy, Gy € {A,, g, }, while

fu and gy denote the corresponding fluctuations, with fr, gn € {a,, b}

In the following, we compute each term I/9) appearing in the expansion (4.1.3).
Once these pieces are assembled, the structure of the quadratic action will become
transparent and the analysis of zero modes can be formulated in a precise operator

language.

4.2.1 Computation of 7" terms

4.2.1.1 Einstein Hilbert sector

We begin with the gravitational sector. Since this is the simplest place where the
structure of the quadratic operator already becomes visible, it is useful to proceed
step by step: first we vary the action once, then we vary the result again, and
finally we reorganize the answer into a geometrically transparent form. The action

is given by

Irlg] = / d°z\/—g R+ Ipr, (4.2.10)
M

167G

where Ipr denotes the boundary term required for a well-defined variational

principle.

Taking the first variation and using the Palatini identity, we obtain

R =

/d%\/—g (G 09" 4+ g" 0R,) + d1pr,

/d%\/_( G"™ 6g,) (4.2.11)

167TG

167TG

where in the last step we have used that the boundary term Igr is chosen so as
to enforce Dirichlet boundary conditions, thereby cancelling the total-derivative

contribution arising from g"”dR,, .

The first functional derivative then follows as

olg u
= V- Y. 4.2.12
8 () 167TG 96 ( )
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At this stage the result is still completely standard: the Einstein tensor controls
the linearized response of the action. The genuinely new information needed for
the one loop problem enters at the next step, namely the second variation. To

obtain the second functional derivative, we vary (4.2.12) once more:

5( Oz ) (4.2.13)

09y ()
1

— _ pnv
= “Terg OV79E"),
1

1 « v el v v o, v
= _167TG\/_g (59 B8gas G* + 5g"Go" + 0g"PG* 5 + g'g 65Ga5> :

1 1
= \/—_g[ (—gaﬂ GH — g"* g™ G\ — g”ag”G“A) 89as + 9" 9" 6Gap

167G 2

(4.2.14)

To complete the computation of the second variation, we now derive the explicit

expression for G, which is the object that carries the differential structure of

uvs
the quadratic operator. This is the point where the fluctuation problem starts

acquiring its characteristic operator form.

The variation of the Christoffel symbols and the Riemann tensor is given by
1
OTH o = §g“>‘ (Vp0gar + Vg — Vadgps) (4.2.15)

SRy o = V0T 5 — V0T 5 . (4.2.16)

From now on, it is convenient to switch from the abstract variation notation to

the fluctuation field itself. We therefore define the metric perturbation

Py = 0Guw (4.2.17)
h=g"hu, (4.2.18)
where hy, is an arbitrary symmetric tensor. It follows that 6¢g" = —h*¥, and
therefore
1
01 po =5 (Vohe! +NVohy —VFh,e) (4.2.19)

1
0T’ = 5 Vb (4.2.20)
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The next step is to express the curvature variations directly in terms of h,,. The

variation of the Ricci tensor is then

SRyy = V0174 — Vo 0T% 5

1
=3 (V,Vohy’ +V,V\ho" =V, NPhy, —V,Vh) . (4.2.21)

Taking the trace, we obtain

G0 Rye = Y,V b — Y, V7. (4.2.22)

The variation of the Ricci scalar follows as

SR = 6" R, + g™ SR,
— —W" Ry, + V,V b — Y ,V’h. (4.2.23)

Using these results, the variation of the Einstein tensor is

1 1
6Guu = 5Ruu — ER (Sguy — Eguy 5R,

1 1
=3 (V,V,h,+V,V,h, -V, Vh,, —V,V,h)— §R Py

1
- Eg;w (_hpaRpU + vaghpa - Vprh) . (4224)

To make the geometric structure explicit, we commute covariant derivatives. Using

V,V,.h,' =V, V,h" + Rypuh™ + Ryh> (4.2.25)
V,V,h' =V, V,h," + Rnh™ + Ryh> (4.2.26)

we obtain

1
0G, = 5 (V.V,h+V,V,h, -V, V’h,, —V,V,h)

1 1
+ Run,h™ + 5 (Rauh + Rahy) — 5w
1

= 5 (=W Rpg + VN oh?7 =V, V0h) . (4.2.27)

Thus, the linearised Einstein tensor 0G,, evaluated on the perturbation b, takes
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the form

1 1 1 1
6G . = 5vyvphup + §vuvph/’ + R h™ + §Rkyhﬁﬁ + §Rwhl,*

1 1 1
= 5VoV hu = 5V = Sl R
1
— ~gu (=W Rpy + V V0 =V, V°h) = W, %" 6gas . (4.2.28)

2

Substituting (4.2.28) in (4.2.14) and then taking the variation with respect to
d9as(y), we obtain

)
, 4.2.29)
505 1) 30 7) (
1 1 (87 v 67 v voa 14 «
=—ToaV Y {59 B — gt gnﬂgn —yq g"ﬁG“n + g'g San s 5(5)(3; — ).
(4.2.30)

Substituting into the second-order term in the saddle-point expansion, we obtain

](h,h) — l d5y d5{L' 525 L (y)h (l‘)
f 2! M 5gaﬁ<y) 5gul/ (37) o -
1 1
- Jd° —a | Zg*Par — 9gteq"B GV un v af | p B
327TG/M T/ 9[29 G 99" G+ g g W ol

(4.2.31)

where we used the symmetry of the integrand under the interchange (uv) <> (af)
to combine the two G, -dependent terms. It remains to evaluate the contraction

Webh,sh,,,. Expanding explicitly:

WPt hoshyy, = WYN LV R+ B Ry + B Ry by
1 1 1
= Gh"NV VP by = SHV V= Sh By R

1 1 1
+ Sh W Ry = Sh VNVl + SV NV (4.2.32)

Integrating by parts and discarding total derivatives, the underlined terms combine
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as follows:

Wa’g’uyhaﬂhuu - _Vyhlvah/l,p + h'uVRuApl/h)\p + hMVRAVhlt)\ (4233>

1 1
= GHN Py VN b = SR

1 1
+ Sh I Ry = SV, VPR A V().

To simplify the violet-coloured terms, we introduce the gauge-fixing combination
1 1
B =g (V,,h,f — ivuh) (Vahl," — §Vyh) ,
1

=V, h, 'V h'" =V, h,VF'h + Zvuh V*H*h, (4.2.34)

which immediately gives

1

-V, V0 + VW b= —6 4 Zvuh VH#h . (4.2.35)

Substituting back and grouping terms by the tensor structures acting on i,z from

the left and h,, from the right, we arrive at

1 1 1
Wt hoghy, = hag [19“5 g"'O+ R 4 g R — 59’“9”5 O - 59’“9”5 R
1 af v
—|—§g R* h/W?
= —6+V(--). (4.2.36)

Inserting this result into (4.2.31) and using the decomposition G = RH — % g R

to rewrite the terms involving the Einstein tensor, we find

1 1
I(h,h) / d /_ha po VBD - ;UJD _Ruaﬁu - ﬂuRoa/
1 1 1
g RAP _ ZgregvPR 4 “RaB o | R
29 49 g + 3 g9 v

e G/dsf"\/_g“” <V hy! = —V h> (V h,? V h) . (4.2.37)

This is the standard Lichnerowicz form of the quadratic gravitational action, which

will serve as the starting point for the stability analysis in subsequent sections.
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4.2.1.2 Cosmological constant sector

We now turn to the contribution arising from the cosmological constant term. In
contrast to the Einstein Hilbert sector, this contribution is purely algebraic in the
metric and does not involve derivatives, which considerably simplifies its second

variation.

The variation of the first functional derivative of Iy with respect to the metric

yields

() 26

=909, 9" — g?"g°" g 0) . 4.2.38
59'[“/(1:) 14 14 ( )

From this expression, the second functional derivative follows as

0*In V=g A 1
= — 5(5) T — <_ PO MUV 'u,(p g’)y) ) 4239
390 (4) 0G0 (7) = (@ —y) | 5979 = 9" ( )

Substituting into the definition of [/(\h’h), we obtain the quadratic contribution

1 A A
= — / &*2/=g hyo (—Zg""g“” + Eg“”g"”) P (4.2.40)
K
This contribution acts as an effective mass-like term for the metric perturbations,
in contrast to the kinetic structure arising from the Einstein Hilbert sector. In
the following, we proceed to analyze the remaining contributions to the quadratic

action.

4.2.1.3 Gauge field sector

We now compute the contribution to the quadratic action arising from the gauge-
field sector due to metric fluctuations. This requires evaluating the second

functional derivative of I4[g, A] with respect to the metric.

We begin by varying the first functional derivative,

59(5i> _ 5, [2_\/_9 (Fuppw _ }lgwppowt’)] | (4.2.41)

89 () K2
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Performing the variation, and using dg"” = —h*¥, we obtain

1
597090 T" = 09,09" F AFYN = 6Gpag” P FH\F7

S (S]A o 2\/—9
g - HQ

69 ()

vo 1 ov « 1 v o
- 6gpoF#pF + Z(sgpogp“g aﬁF p + 59# 5gpchp>\F A .

(4.2.42)

From this, the second functional derivative follows as

(52]/1 _ 2\/ _96(5)
59pa(y)5g;w (z) K2

1
(x — 1) §gPUTMV _ gu(ppv)/\}:’l/A _ g”(pF")AF“A

1 1
— prlppro) Zg“(ng)VFaﬂFaﬁ + §QMVF(p/\FU)/\ (4.2.43)
Substituting into the definition of I&h’h), we obtain
1 1
I == / 0/=g by | 59" T — g FPF"y — g FI P
up Vo 1 up ,ov [e75] 1 Ly mp 2N
— FHPEY7 + 1979 FogF ™" + 29 FPA\F7  hy, . (4.2.44)

Replacing T*”, the expression simplifies to

1
gFaﬁFaB (Qgpugm/ _ nggMV) — FHepve

hoh 1
14 ):E dPrn/=g o

— 2FPAFH, g7 + g™ FPAF7 By, (4.2.45)

Finally, exploiting the symmetry under the interchange (uv) < (po), the
expression can be written in the manifestly symmetric form above.
4.2.1.4 Gauss-Bonnet sector

We now turn to the Gauss-Bonnet contribution, which constitutes the most

intricate part of the quadratic expansion. While its structure is analogous to that
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of the Einstein Hilbert sector, it involves the variation of the Lanczos-Lovelock

tensor H

w», Whose dependence on curvature tensors leads to a significantly more

intricate tensorial structure.

Starting from the first functional derivative, the second variation reads

5]g Qay/—g 1 s
0 = — —agP?s UH;W -4 - Bp oV _ 5 - vp [jho B VS 5 .
<5guu<x)> 2kK2 29 Ge Yoo 9 9po 9 + g9 Ad

(4.2.46)

The first three terms are purely algebraic in the metric perturbation, while the
last term encodes the non-trivial differential structure through the variation of

H,,,. To make this structure explicit, we introduce the linear operator
0H,, = P[H|." hyo, (4.2.47)

where P[H] is a second-order differential operator acting on symmetric tensors.

With this definition, the second functional derivative can be written compactly as

0%1g ay/=g 1
= — 5O (g — Y (_ngHMV . gu(ﬂHJ)u _ gl/(pHU)u +P[H ,uu,pa) ‘
59,00(3/) 5guu(x) 2K2 ( ) 2 [ ]

(4.2.48)

Substituting into the quadratic form, we obtain

h,h 1 o v ov «Q v,po
1§ = 5 [ ov=gh, (= 5o+ ag B~ SPHP )y (4249)

To determine the explicit form of P[H], we compute the variation of the Lanczos-
Lovelock tensor term by term. Conceptually, this is the analogue of the Einstein
Hilbert computation performed above, but with a much more elaborate tensorial

structure. Recall that
1
H,, =2RR,, —4R,,R?, — 4R’ ,R’ 15, + 2R, 55 R,"° — 590w, (4:2.50)

which we decompose as H,, = Zle t,(fg, where t,(fl), is the i-th term in the

Eq.(4.2.50).
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The variation is therefore

5
0Hu, = 0t (4.2.51)
=1

and each contribution can be computed using the standard first-order variations

of the curvature tensors.

The explicit expressions for (5’(,(3 are obtained by straightforward, albeit lengthy,
substitutions of the identities for dR, 6 R,,, and 0R,,,,. For completeness, we list
the resulting contributions. The important point to keep in mind is that, despite
their complexity, all of them fit into the same general pattern: algebraic curvature

couplings plus a second-order differential action on h,,.

Collecting all terms, the operator P[H] is defined implicitly through

5
W PHu" hyo = W' 6H,, = B Y 60 (4.2.52)

i=1

and can be compactly presented as

GurGvs P)\&pghpa -

1
— Shwd = W [2R,sRy — AR, Rys — ARy R + R Rus™ + 2R, Ry,

+ Ry (Rysin — 2Runs) + 2Rumyn (—Rus™ + R3] + R (V5 V,R7° — Oh)

+ 4R " [V Vinh — VsVah® + Ohpyy — VsV hy'| + 2R,s0R" — 2R,,,5V"V°h,
— (Rusum + Ryupus) 2VV R — VIVR) — 2R, 5V VB, + 2R,5, V'V 070

+ 2Ry V'V, B + gy [N (—4R,"Rsy + Rys R + Ry Ryyae) — RVsV,R°

+RO” — 2R (V5Voh — 2V, Vsh," + Ohos) + 2R, VI VRY°]

+ R (2V5V hyy — 2VsV hoy — 2VsV by + V Vo hes + YV, V ko)

1
— 3RO =2V, V" =29V, + V. VbV, V,h) (4.2.53)

Finally, the quadratic contribution from the Gauss-Bonnet sector is fully
determined by substituting this result into (4.2.49).
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4.2.2 Computation of interaction terms /"% and I(*"

Before turning to the individual contributions, let us make explicit the general step
that will be used repeatedly below. Suppose that, after varying a first functional
derivative of the action with respect to a fluctuation field ¢(y), one obtains a local

expression of the form

5, (Mf—(]z)) = L(z;9), (4.2.54)

where L(z;¢) depends only on ¢(z) and its derivatives evaluated at the same

spacetime point x. By definition of the second functional derivative,

51 i 521
(o) = [ 020 5580 (4.2.59)

Since the left-hand side of Eq. (4.2.54) is local in x, the second functional derivative
must have support only at # = , and therefore it is proportional to ) (z — 7).

Substituting this into a quadratic term of the form

I® = /d5 /df{W 5ol (§5<I>( ) x(x), (4.2.56)

the integration over y immediately collapses and one obtains a single spacetime
integral. In what follows, we shall only display the explicit local variations and

the resulting quadratic expressions.

We first compute Igh’a). Starting from the first functional derivative of the Maxwell

sector with respect to the gauge field,

0y 4/—g o = P
) Iv,F O, (vV/—g F™), (4.2.57)

variation with respect to the metric perturbation gives

014 _ 4 L o pu PA T 1 B Tp
59(%)_?8,0[\/__9(59 hag P — WP BN — R EP )

4

35, [@ (

2
_ Vg ( 9 P PP — QhA[PFAM).
K2

g)‘”h,\UFp“ _ Qh/\[pF)\M]>:| 7
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Therefore,

014 4y/— o 0 Alopul _ opAle 1
g (5AM(:E)) 2 ( Vv, N FPe 4 = h,\ V,FP* =2V ,h*PFy 20PNV, Fy .
(4.2.58)

Using the general procedure explained above, Eq. (4.2.58) immediately determines
the mixed quadratic contribution. Substituting the corresponding local second
functional derivative into the mixed term of Eq. (4.1.3), the Dirac delta collapses

the y-integration and one obtains

I = / P/ —g [ (V,h)a, Fr* + haMV Fre— 2V ,h Yy,

— 20 (V ,F\"a,, |, (4.2.59)

where h = h).

We now simplify Eq. (4.2.59) by integrating by parts the terms containing

derivatives of h. For the trace contribution one finds, up to boundary terms,

1

1
§/d5x\/—g (V,h)FPa,, = —5 /d%\/—gh (V,F")a,, + F"V pa,]. (4.2.60)

Using Eq. (4.2.60) in Eq. (4.2.59), the terms proportional to V,F?* cancel and

the trace contribution becomes
1
-5 /d%#—ghFWVﬂau. (4.2.61)
For the traceless part, integration by parts gives

—2 / dry/—g (V, ) Fy\Ha, =2 / dPxy/=g N [(V,F\Da, + F\MV ,a,] .
(4.2.62)
Replacing Eq. (4.2.62) into Eq. (4.2.59), the terms proportional to V,F)\* cancel
as well. Combining the resulting expression with Eq. (4.2.61), and rewriting

everything in terms of h,g, we arrive to

a 1
[ _ ?/d?f\/—_ghaﬁ (—g™P " — 4 BB ) Va0, (4.2.63)
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We now turn to Iﬁf’h). Starting from the remaining mixed term in Eq. (4.1.3),

@n _ L [ s [ 0214
I, = 5 /d x/d ya“(y)éAM(y) 590 (7) hpo (). (4.2.64)

we begin from the first functional derivative of the Maxwell action with respect to

the metric,
5;?(‘:5) = \//{? (—%g‘”’FMFM + 2F“AF”A) . (4.2.65)
Using
SaFys = 2Vpay), (4.2.66)
one finds

ol 2./—
04 ( A ) = 5 g [—g’“’FA"VAaU + 2(V’\a(“)F”)A — 2F(",\V”)aﬂ )
39w () K

(4.2.67)

It is convenient to rewrite this expression only after contraction with the symmetric

fluctuation hy,:

5IA 72\/_9 wlo v HY Ao
Py 04 (@W(x))_ = M (49" FN — " F7) V \a,. (4.2.68)

Applying the same argument as above, the corresponding second functional
derivative is local. Substituting it into Eq. (4.2.64), the integration over y is

immediate and yields
1M = % / Prr/=g hag (—g P F* — 46" M) V0, (4.2.69)
Therefore, up to boundary terms we have that
1em = (o), (4.2.70)

As expected, both terms represent the same mixed quadratic coupling and differ

only by the order of functional differentiation.
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4.2.3 Computation of I(¢%
)

We now compute the purely Maxwell contribution ]j(f’a )

Eq. (4.2.57),

Starting again from

Ol WG pu (4.2.71)

dA,(x) K2
Varying with respect to the gauge field fluctuation a,, and using 4 F'?* = VPat —

V*a?, one finds,

014 4v—g P tp
= — . 4.2.72
0a (5A#(x)) " (V,VPa' =V ,VHal) (4.2.72)

Applying the same procedure to the purely gauge-field term in Eq. (4.1.3), the
corresponding second functional derivative is again local. Substituting it into the

quadratic expansion and performing the y-integration gives

a,a 2
fﬁ;’ )= K2 dz/=g a, (V,VPa" =V, V¥a). (4.2.73)

To simplify Eq. (4.2.73), we commute the covariant derivatives in the second term.

Using the Ricci identity,

V,ViaP = VIV, + Ri\a, (4.2.74)
Eq. (4.2.73) becomes
2
1 = = /d‘:’x\/—g [a,V,V*a" — a, V"V 0" — a,R*\a’] . (4.2.75)

It is then convenient to integrate by parts the second term. Discarding boundary

terms, one obtains
—/d% —gaHV“Vpap:/d%\/—g (V,a")?. (4.2.76)

Using Eq. (4.2.76) in Eq. (4.2.75), the quadratic Maxwell contribution can be

written as

a,a 2
189 = 2 [ 8oy [0~ 2 + (V] (270
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where [ =V, V7.

4.3 One-loop partition function and the eigenvalue
equation

With the second-order expansion of the action at hand, the quantum corrections
to the partition function are encoded in the Euclidean functional integral. After
Wick rotating to the Euclidean background metric g,,,, the semiclassical partition

function takes the form
7 = ¢ 1% / D¢ exp (— / x5 ¢* ¢ ) : (4.3.1)

If we define the inner product as

0.6) = [ Eavu, (432)

and assume that the operator O is self-adjoint with respect to this inner product
and has a discrete spectrum with a complete set of normalizable orthonormal

eigenfunctions {u;} satisfying

Any fluctuation can be expanded as
o(x) = Z ciui(x), (4.3.4)

with complex coefficients ¢;. Using orthonormality, the quadratic form diagonalizes

as

ww@=2&m? (4.3.5)

The functional measure is defined by projecting onto this basis, as the same way

as we did in section 2.2 for the harmonic oscillator,

D¢ = [[ de de; (4.3.6)
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up to an overall normalization constant. Therefore, the functional integral

factorizes into an infinite product of Gaussian integrals,

Zl—loop = /D¢€_(¢’©¢). (437)

For the bosonic fluctuations considered here, the resulting Gaussian integration

yields the usual square-root dependence on the determinant, namely
Z1100p X (det @)12, (4.3.8)

Absorbing the field-independent normalization constant into the definition of the

path integral, one obtains

1% 1 _ 1% 1
7 ~e 1[@@ — o 11®] H\/_T (4.3.9)

Although we have focused on bosonic fields, gauge invariance requires the inclusion

of Faddeev-Popov ghosts associated with diffeomorphism and U(1) symmetries.

A crucial subtlety arises from the presence of zero modes of O, which render the
determinant ill-defined and require a suitable regularization. As will be discussed
below, these zero modes are precisely responsible for the logarithmic corrections

to the entropy.

This mechanism can be understood by viewing the near-extremal, near-horizon
geometry (3.3.3) as a deformation of the AdS, x S? background, with the deviation
controlled linearly by the temperature T'. Accordingly, the operator O admits a

decomposition of the form
0 = ©Ad82><53 + 00 , (4310)

where 6Q is linear in 7.

Let {u;} denote the orthonormal eigenfunctions of the unperturbed operator

@Ad82><537
AdS2xS3
Opdsyxssts = A 277 (4.3.11)
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Then, at first order in perturbation theory, the eigenvalues of O are given by
A = ARSXS s (4.3.12)

with

For modes that are non-vanishing in the extremal limit, /\?ds@xs?* # 0, the
correction d\; produces only subleading effects in the determinant. However, for
zero modes satisfying

ARS2xS® (4.3.14)

Y

the leading contribution to the eigenvalue arises entirely from the perturbation,

As a result, the contribution of these modes to the one loop determinant behaves

as

IT »x~7", (4.3.16)

zero modes
where Nj is the number of zero modes. Taking the logarithm, this produces a

term proportional to

N, T
log Z1100p D 20 log | =) . (4.3.17)
2 To

which gives rise to logarithmic corrections to the entropy. Here T} is an arbitrary
reference scale with dimensions of temperature, introduced so that the logarithm
has a dimensionless argument. Hence, it follows from (4.3.9) that the logarithmic

contribution to the one loop partition function arises exclusively from the zero
modes of the AdS, x S? background. Indeed,

(0)
1 1
108 Zstop ~ — 3o ( ABdSaxst M) ~ =3 2 log(oX), (4.3.18)

where ZEO) denotes the sum over zero modes of Qags,x 53 (see [34-43]).

Therefore, the computation of logarithmic corrections to the entropy reduces to
determining the temperature-dependent shift d\; of these zero modes. In what

follows, we carry out this computation. Notice that both Qaqg,x g3 and 0O depend
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non-trivially on the Gauss Bonnet coupling «, as shown in the previous section.

The quadratic operator appearing in (4.3.1) takes the form

_ / PG5 0p = — / d%\/;[thwahm + hy DM,

+a, D" h,y + a,D""a,| . (4.3.19)

Under the imposed boundary conditions, the mixed terms satisfy

hw D" Pa, = a,D*P7 R,y (4.3.20)
so that the operator is symmetric in the space of fluctuations.
The purely gravitational sector is governed by
1 1 1 1 1
h,, DM, — ——h U[_ BP VO[] Z P gMV [ — — RMPOV |~ o0k RPV
g g w2 (39 g9 9 2 39
1 1 1
— ZgMYRPT — ZgMPgV R Z Ra®° g™
29 49 g + 3 g9 g
A loa 14 A' ov
_ ng g + Egupg
1
+ éF)\(SF)\(s (QQngO'V o gpaguu) — pHe Vo
— QFPAEH, gV 4 g FPy FOA
« g 174 ov « V,po
— J9H" +ag" HT — SP[H]" }hw. (4.3.21)
Finally, the mixed and gauge-field sectors are given by
2
h,D*Pa, = Eh‘w (g“”FO‘B + 4g“’\g”[°‘FAB]) Vaag, (4.3.22)
2
a,D"*a, = ——a, (¢"'0 — R") ay. (4.3.23)

K2

4.4 Zero Modes

The computation of zero modes arising from the gravitational sector proceeds by
exploiting the gauge symmetries of the theory. As in General Relativity, Einstein-
Gauss-Bonnet theory is invariant under diffeomorphisms. At the perturbative

level, this symmetry acts on the metric fluctuation h,, around a background g,
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through the Lie derivative,
Ochy = LeGuw (4.4.1)

where £ is a vector field on M.

It is important to note that no ambiguity arises in the number of propagating
degrees of freedom, since the Gauss-Bonnet coupling a can be considereda
perturbative parameter, and therefore does not introduce additional dynamical

modes beyond those of General Relativity [13].

Upon imposing a suitable gauge-fixing condition, zero modes of the operator O on
the extremal near-horizon geometry can be constructed from metric fluctuations
of the form

hyw = LeGu (4.4.2)

subject to the conditions of normalizability,

(hyws hyw) =1, (4.4.3)
transversality,
VFh,, =0, (4.4.4)
and tracelessness,
g'wjh,uu =0. (445)

A key feature of these modes is that they are generated by vector fields £&# which
are non-normalizable. As a consequence, the associated diffeomorphisms act
non-trivially on the asymptotic region of the near-horizon extremal geometry,

thereby giving rise to physical zero modes (see, for instance, [38]).

The spectrum of zero modes of the operator Qaqg, « g3 can be organized into distinct
families, each contributing to the logarithmic corrections under consideration.
In particular, one finds two classes of gravitational zero modes, together with

additional contributions arising from the U(1) gauge sector.

In the following, we analyze each family of modes separately, beginning with the

gravitational sector and subsequently turning to the gauge-field contributions.
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4.4.1 Tensor Modes

The tensor zero modes are constructed from scalar functions on the AdSs factor.

More precisely, they arise from solutions of the equation
(IjAng + RAdSz) B(Ta 77) =0 ) (446)
where [J Ads, and Raqs, denote the Laplacian and Ricci scalar associated with the

AdS; metric (3.3.5).

Given a solution B, the corresponding metric perturbation is generated by a

diffeomorphism,

hw = LeGuw . E=79"E0,, € =*nas,dB, (4.4.7)

where %545, denotes the Hodge dual with respect to the AdS, metric.

This construction follows from the traceless condition g*"h,, = 0, which implies
d*aqs,& » = 0. By Poincaré’s lemma, this condition is locally solved by £ = % Ads,dB
for some scalar function B. The transversality condition ?“hw = 0 then leads

precisely to (4.4.6).

For the background under consideration, the normalized tensor perturbations take

the explicit form

3 HIinT 2
W datde? = 15 faasv/In|(n? = 1) tanh!" <Q> idr + i (4.4.8)
" 27?3/27“3/2 2 sinhn /) ’

with |n| = 2,3, ..., where normalizability on the extremal near-horizon geometry

excludes the lowest modes.

At finite but small temperature, these zero modes are lifted. The corresponding
first-order correction to the eigenvalues is given by
tensor n n 5 — 1 (n)* v,po 1, (n
gALmser = (b SO R)) = / dPx\/G B 5D PR,
_ InlT

Tlcensor

+O(T?), (4.4.9)
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where the characteristic scale is

64Gr3

_— 4.4.1
31 (4o + 13) ( 0)

71tensor =

As in General Relativity, the lifting of the zero modes is linear in the mode
number n. This behavior leads to the well-known 3/2 coefficient in the logarithmic
correction to the entropy of extremal black holes at small temperature and fixed

charge.

Finally, it is worth emphasizing that for positive Gauss-Bonnet coupling «, as
suggested by string theory, the scale Ticneor is manifestly positive. Moreover,
for fixed horizon radius rg, the correction depends linearly on «, reflecting the

perturbative role of the higher-curvature interaction in the spectrum of fluctuations.

4.4.2 Vector Modes

The vector modes are constructed by combining scalar functions on AdS, with
Killing one-forms on the three-sphere. More precisely, they are generated from
solutions of

Oaas,V(7,m) =0, (4.4.11)

which provide the AdS, dependence of the perturbation.

Given such a solution V,,, the corresponding metric fluctuation is defined as

hm dat dz? = dV, ® Gn + G ® dViy = 2(ndViy (4.4.12)

jn%

where n labels the eigenmodes of (4.4.11), and (,, denotes a basis of one-forms on

S3 whose dual vector fields generate the isometries of the sphere.

For the metric (3.3.6), the isometry algebra is s0(4) = su(2) @ su(2). A convenient

complex basis is given by

¢ = €(df — isinOdy)), ¢4 = €¥(dh — isin 0do), (4.4.13)
G = e7(df +isin Ody)) (s = e (df + isin Od), (4.4.14)
(3 = iV2(de + cos Odep) , 6 = iV2(dy) + cos Odg) , (4.4.15)

where (3 and (g generate the Cartan subalgebra. These one-forms satisfy the
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Maurer Cartan relations, for instance
V2dG +GACG =0, (4.4.16)

with analogous relations for the remaining generators.

Regularity of V(7,n) at the origin implies that the general solution to (4.4.11) is

V. (1,n) = A, €™ tanh" <g> ) (4.4.17)

where A,, is a normalization constant. The corresponding normalized perturbation

18

1 : n . |n|
p(mom) inT ¢ h‘"‘(—) dr + ——d s Gm 4.4.18
: 7r3|n\r0€ an 5 indr coshi 7 N ) Qs Cn s ( )

where ®, denotes the symmetric tensor product without the conventional factor
of 1/2.

The lifting of these zero modes at finite temperature is determined by

SAwer = (ht™™ 5@ htmm) = / dPx/g hi " 5D b7
_ T

T+ o(T?%), (4.4.19)
vector
with
48Gri(4 2)(Arz —2
Tiector = natr)in =2 g g)
7 (—48a2 + 24a2Arg + daAry — 12arf + Arg — 315)
In this case, |n| = 1,2,..., as required by normalizability. The correction is

independent of the index m, reflecting the degeneracy associated with the S®

1sometries.

The sign of the correction depends sensitively on the Gauss Bonnet coupling. For

a > —rg/4, one finds SAT > ( for any A < 0, whereas for a < —r3/4 the

m,n

correction becomes negative.
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Expanding for small Gauss Bonnet coupling, one obtains

T 203 _ 2\ 2 203 4
sywecor _ Inl7T [r8(3 =13 >+a__i+@<a_)] S (a2

T GT’S’ 2 — T%A 27“(2] Té Tg

Interestingly, the linear correction in « is absent, indicating that the leading Gauss

Bonnet effect in this sector arises only at quadratic order.

4.4.3 U(1) gauge modes

The U(1) gauge modes a,(x) arise as zero-modes of the operator (4.3.23) and are
required to satisfy the gauge-fixing condition V,a* = 0. Pure gauge configurations,
namely a, = 0,V, automatically lie in the kernel of (4.3.23). The gauge condition
then implies that the scalar function V' must satisfy OV = 0.

Exploiting the direct product structure of the background geometry, the relevant
solutions are those with non-trivial dependence along AdS,, which coincide with
the solutions of (4.4.11). These modes are therefore labeled by an integer n and

take the form

1 , |n|

() Jopht — inT nl (7 (;

a,’’dxt = e tanh (—) <1nd7’—|— - d > . 4.4.22
“ 24/ |n|m3rd 2 sinhn g ( )
Normalizability requires |n| = 1,2, ..., and these modes form an orthonormal set

with respect to the inner product, (a™,a™) = 6, ,.

The leading temperature correction to these U(1) zero-modes is given by

SNV = (ag‘)ﬁ@a/(f)) = /d%\/ﬁal oD a,

_ [T

= +0O(T?), (4.4.23)
Ty

with
_12Grg (4a +1g) (Arg — 2)

7 (=24 + 16aAr2 + Arg)

Ty = (4.4.24)
This correction is non-vanishing only when either « or A is different from zero. For
A < 0 and a > 0, it is always negative, in agreement with the behavior already
observed in General Relativity with a negative cosmological constant, where the

contribution vanishes in the limit A — 0 (see, e.g., Eq. (4.31) of [41]). Allowing
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A > 0, one finds parameter regions where the correction becomes positive.

For small Gauss Bonnet coupling, a/r2 < 1, the expansion reads

2 2 3 4
SAV) — anlT [ Arg e 4o 1607 +o<0‘_)} . (4.4.25)

Gro 12(Ar—2) 1 ra rs rs

It is worth emphasizing that these U(1) gauge zero-modes are also annihilated
by the interaction operator (4.3.22). Consequently, obtaining a non-vanishing
interaction contribution requires considering perturbations that are not generated

by a pure gauge transformation.

Possible existence of additional modes. In three dimensions, there exist
non-trivial tensor modes that are eigenfunctions of the Laplace Beltrami operator.
Since the near-horizon geometry contains a three-sphere, it is natural to investigate
whether analogous tensorial perturbations on S® could contribute to the path

integral.

Consider a maximally symmetric p-dimensional manifold N with metric 7,
curvature K, and covariant derivative D;. Let us restrict to perturbations
generated by a gauge transformation, h;; = 2D;§;), which are required to be

traceless, 77 h;; = 0, and transverse, D;h*” = 0. These conditions imply
D;D'¢ = -K(p—1)¢&, (4.4.26)

so that &/ must be a vector harmonic on N.

For N = SP, the spectrum of vector harmonics is known, and the eigenvalue

condition reduces to
p=IlIl+p—-1), l=1,2,... (4.4.27)

which admits only the solution [ = 1. This corresponds to the p(p + 1)/2 Killing
vectors of the sphere, for which the associated perturbation h;; vanishes identically.
Therefore, no additional transverse-traceless tensor modes generated by gauge

transformations contribute in this sector. With support along the sphere.

Taking all contributions into account, we are finally in a position to assemble the

one loop answer. The tensor modes (4.4.8), gravitational vector modes (4.4.18),
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and U(1) gauge modes (4.4.22) each contribute an infinite tower of lifted zero
modes, and their combined effect on the one loop partition function is obtained
using zeta-function regularization. A detailed derivation of these regularized

infinite products can be found, for example, in Kirsten’s textbook [44]:
1 ¢ 1 s 1
- = — == —. 4.4.28
gn £3/2\/21’ gn V27€ ( )

Accounting for the contributions from positive and negative mode numbers, one

finds

3 1
1 Z(O) = —1 -1
8 I-loop 2 o8 ﬂensor 2 Tvector - 2 o TU(l)

o, (4.4.29)

where the ellipsis denotes temperature-independent constants. The factor of 6
in the vector contribution arises from the six independent Killing vectors of S3,
each generating a tower of modes contributing a factor of 1/2. This formula is the
practical payoff of the whole operator analysis: once the near-extremal lifting of

the zero modes is known, the logarithmic temperature dependence follows directly.

4.4.4 Entropy correction and the near-extremal density of

states

Eq. (4.4.29) allows one to read off the leading one loop contribution to the
thermodynamics in the canonical ensemble. Summing the three sectors, the
temperature-dependent part of the one loop partition function is
T
log Z\,, = 5log (?) +O(T. (4.4.30)
0

Here Tp is a reference temperature scale, and O(T°) stands for temperature-
independent constants, including the scales Tiensor, Tvectors and Ty(1y, which do not
affect the logarithmic dependence of the entropy. A natural choice, obtained by
combining the three sectors in Eq. (4.4.29), is

1/5
TS = T2 78 /2 T0:<T3/2 T3 T1/2)> . (4.4.31)

0 — “tensor- vector U(1)? tensor+ vector U(1
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(0)

This choice is not universal: changing 7p only shifts log Z

by a temperature-
independent constant and therefore leaves the logarithmic coefficient equal to
5.

At fixed charge, the entropy is obtained from the canonical relation

S(T,Q) = (1 — 5%) log Z(5,Q)  with B=T"". (4.4.32)

Applying this formula to the one loop contribution (4.4.30), one finds

A8 100p(T, Q) = 5 log (%) +O(TY). (4.4.3)

Therefore, the logarithmic correction anticipated on general grounds in Chapter 3
is realized explicitly in the present Einstein Gauss Bonnet Maxwell background,

with overall coefficient equal to 5.

Combining this result with the classical near-extremal thermodynamics discussed

in the previous chapter, the entropy at small temperature and fixed charge takes

the form - .
S(T, Q) = Sext(Q) + 7. +5log <70> : (4.4.34)

Using the first law in the canonical ensemble, dE = T dS with E := M — My,

we then obtain
dE dsS 27T

i o — T 4.4.
i~ Tar . torom (4.4.35)
and therefore )
E(T) =5T + +0O(T?). (4.4.36)
Mgap

This is the key physical effect of the one loop correction: the strict quadratic
behavior of the classical near-extremal energy is replaced by a leading term linear
in the temperature. As a consequence, the black hole now carries enough energy
to emit arbitrarily soft Hawking quanta, and the classical mass-gap obstruction is

softened.

The corresponding modification of the density of states can be inferred from the
microcanonical relation
p(E) ~ 58 (4.4.37)
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In the very low-energy regime, Eq. (4.4.36) gives T' ~ E/5, so Eq. (4.4.34) becomes

E 2F
S(E) =~ Sex +5log | — | + : 4.4.38
()~ 500(@) + 5108 (5 ) + 53 (4.4.38)
where FEj is a reference energy scale, and up to an additive constant that depends
on the precise normalization of the one loop partition function. Exponentiating,

one finds the qualitative near-extremal behavior
g E 5 2F
p(E) o e”ext oA e Mz [1 4+ O(FE)]. (4.4.39)
0

This shows how the quantum effects modify the schematic profile displayed
in Fig. 1.0.1 of the Introduction. Classically, the extremal state appears as a
macroscopically degenerate ground state. After including the one-loop correction,
the low-energy density of states acquires a power-law suppression controlled by the
logarithmic term. In particular, the factor (E/FEy)® drives the effective density of
states to zero as the extremal limit is approached. Thus, within the semiclassical
approximation considered here, the apparent ground-state degeneracy is explicitly

suppressed by the quantum correction.
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Chapter 5

Conclusiones

En este trabajo se estudio el papel de las correcciones cuanticas de un loop en
la termodindmica de agujeros negros cargados cercanos a la extremalidad en
gravedad de Einstein-Gauss-Bonnet acoplada a un campo de Maxwell. El objetivo
principal fue entender como las modificaciones de curvatura superior afectan el
operador de fluctuaciones alrededor de la geometria de garganta y cémo, a través
de sus modos cero, dichas fluctuaciones se reflejan en correcciones logaritmicas a

la entropia.

El analisis comenzé con la formulacion de la funciéon de particién euclidea y su
expansion semiclésica. Este marco permitié identificar de manera sistematica como
las correcciones cuanticas de un loop se codifican en determinantes funcionales
del operador cuadratico de fluctuaciones, y por qué los modos cero requieren un

tratamiento separado en el régimen cercano a la extremalidad.

Posteriormente se reviso la solucion cargada de Einstein-Maxwell-Gauss-Bonnet y
su limite extremal. La presencia del término de Gauss-Bonnet modifica tanto la
geometria como la entropia clasica de Wald, y en el régimen extremal la region
cercana al horizonte desarrolla una garganta de tipo AdS, x S3. Esta geometria
constituye el fondo natural sobre el cual se estudian las fluctuaciones cuanticas

relevantes para la correcciéon de un loop.

En particular, las cantidades termodinamicas clésicas que organizan directamente

el analisis son la masa y la entropia de Wald. Con las convenciones usadas en este
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trabajo,

3m™m w23 12a
M="" S=—>(1+"-). 5.0.1
64G” 2G ( M 7&) (5:0.1)

Y la capacidad calorifica a carga fija viene dada por

3miry (rd + 4a)? (3ry — Arf — 2¢%)
2G (—Ar§ — 120A78 — 3rS + 120t + 10¢%r2 + 24aq?)

Cy = (5.0.2)
Las expresiones para M y S resumen la termodinédmica clasica sobre la cual se

incorporan posteriormente las correcciones cuanticas.

El resultado central de este trabajo es que los modos cero del operador de
fluctuaciones son levantados al considerar una temperatura pequena pero finita.

Este levantamiento produce una contribucion logaritmica a la entropfia,

0

AS1100p(T, Q) = blog (%) + O(T?), (5.0.3)

y por lo tanto la entropia corregida a baja temperatura contiene el término
5log(T/Ty), donde T} es una escala de referencia con dimensiones de temperatura.
Para temperaturas suficientemente bajas, esta contribucion se vuelve grande y
negativa, dominando el comportamiento hacia el limite extremal. En consecuencia,
la degeneracion macroscopica del estado fundamental sugerida por la entropia
clasica no permanece intacta: al incluir la correcciéon de un loop, el nimero efectivo
de estados asociados al limite de energia cero se anula. De manera equivalente,
usando p(E) ~ %) 1a correccién encontrada implica un comportamiento de la

forma

p(E) o e (%)5 (5.0.4)

donde Ej es una escala de referencia con dimensiones de energia. Asi, para energias
suficientemente pequenas, la densidad de estados queda suprimida y se aproxima

a cero hacia el limite extremal.

Asi, la correccion logaritmica proporciona una resolucion clara, dentro del régimen
semiclasico considerado, de la aparente gran degeneracion del estado fundamental
extremal: la contribucion cuéntica suprime explicitamente dicha degeneracion en el
limite de temperatura cero. Este resultado muestra que los términos sublideres en
la funcién de particién no son meras correcciones pequenas al area, sino que pueden

cambiar cualitativamente la interpretaciéon microscopica del estado extremal.
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Como posible direccion futura, seria natural extender este analisis a teorias de
gravedad de orden superior més generales, como las teorias de Lovelock y las
teorias quasitopologicas. Estas extensiones permitirian estudiar si la supresion
de la degeneracion del estado fundamental encontrada aqui persiste en familias
més amplias de acciones efectivas y como depende de la estructura particular de
los términos de curvatura superior. Ademés, un articulo reciente subido a arXiv
[45] seniala que, para ciertas contribuciones provenientes de modos vectoriales,
el analisis realizado directamente en la geometria de horizonte cercano no es
necesariamente equivalente al analisis que mantiene la geometria completa del
agujero negro. Dado que este es un desarrollo reciente, seria interesante estudiar
con mayor detalle si esas afirmaciones son compatibles con el caso considerado en
esta tesis, o si la inclusion de la geometria completa modifica de manera no trivial

la contribuciéon de los modos vectoriales a la correcciéon logaritmica.

Conclusions

In this work we studied the role of one-loop quantum corrections in the
thermodynamics of near-extremal charged black holes in Einstein-Gauss-Bonnet
gravity coupled to a Maxwell field. The main goal was to understand how higher-
curvature interactions modify the fluctuation operator around the near-horizon
throat and how, through its zero modes, these fluctuations produce logarithmic

corrections to the entropy.

The analysis began with the Euclidean partition function and its semiclassical
expansion. This framework made it possible to identify systematically how one-
loop quantum corrections are encoded in functional determinants of the quadratic
fluctuation operator, and why zero modes require a separate treatment in the

near-extremal regime.

We then reviewed the charged Einstein-Maxwell-Gauss-Bonnet solution and its
extremal limit. The Gauss-Bonnet term modifies both the geometry and the
classical Wald entropy, while the extremal near-horizon region develops an AdSy x
S3 throat. This geometry provides the natural background on which the quantum

fluctuations relevant for the one-loop correction are analyzed.

In particular, the classical thermodynamic quantities that directly organize the

analysis are the mass and the Wald entropy. With the conventions used in this
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work,

3m™m 7T27“i 12
M—@, S = 5 (1+—2>. (5.0.5)

And the heat capacity at fixed charge is

3miry (rd + 4a)? (3ry — Arf — 2¢%)
2G (—Ar§ — 120A78 — 3rS + 120t + 10¢%r2 + 24aq?)

C, = (5.0.6)
The expressions for M and S summarize the classical thermodynamic background

on top of which the quantum corrections are subsequently incorporated.

The central result of this thesis is that the zero modes of the fluctuation operator
are lifted when a small but finite temperature is introduced. This lifting generates

a logarithmic contribution to the entropy,

AS1100p(T, Q) = 5log (%) +O(TY), (5.0.7)

0

so that the corrected low-temperature entropy contains the term 5log(7/Ty),
where T} is a reference scale with dimensions of temperature. At sufficiently
low temperatures, this contribution becomes large and negative, controlling the
behavior toward the extremal limit. Therefore, the macroscopic ground-state
degeneracy suggested by the classical entropy is not preserved: once the one-loop
correction is included, the effective number of states associated with the zero-
energy limit vanishes. Equivalently, using p(E) ~ %) the correction implies the

low-energy behavior

p(E) oc e <E£0)5 (5.0.8)

where Ej is a reference scale with dimensions of energy. Thus, at sufficiently
low energies, the density of states is suppressed and approaches zero toward the

extremal limit.

Thus, the logarithmic correction gives a direct semiclassical mechanism by which
the apparent large degeneracy of the extremal ground state is explicitly suppressed.
This shows that subleading terms in the partition function are not only quantitative
corrections to the area contribution, but can qualitatively change the microscopic

interpretation of the extremal state.

As a possible future direction, it would be natural to extend this analysis to more
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general higher-curvature theories, such as Lovelock gravity and quasitopological
gravity. These extensions would make it possible to test whether the suppression
of the ground-state degeneracy found here persists in broader families of effective
gravitational actions, and how it depends on the specific structure of the higher-
curvature terms. In addition, a recent arXiv article [45] points out that, for certain
contributions arising from vector modes, the computation performed directly in
the near-horizon geometry is not necessarily equivalent to the computation that
keeps the full black hole geometry. Since this is a recent development, it would be
interesting to examine in detail whether those statements are compatible with the
case studied in this thesis, or whether the inclusion of the full geometry modifies

the vector-mode contribution to the logarithmic correction in a non-trivial way.
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Appendix A

Embedding of AdSs

Al Geometry of AdS,

Anti-de Sitter space can be defined as a hyperboloid embedded in a higher-

dimensional flat space. In the case of AdS,, this corresponds to the surface

AdS, = {(X_1, X0, X1) e R : —=X? | + X{ — X7 = —(*}. (A1.1)

Different coordinate systems can be introduced depending on how the hyperboloid
is parametrized. A convenient choice is given by global coordinates, defined

through

X _ 1 =/VcoshpcosT,
Xo = {sinhp, (A1.2)
Xy =/lcoshpsinT,

which lead to the metric
ds®> = * (— cosh® pdT® + dp?) . (A1.3)

These coordinates cover the entire AdSs spacetime.

An alternative parametrization gives rise to a Rindler-like patch, with metric

ds® = (* (—sinh® pdT* + dp?) (A1.4)
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which only covers a portion of the full manifold.

Another useful coordinate system is provided by the Poincaré patch, defined by

2 e P
The relation between the Rindler-like and Poincaré patches can be obtained
by comparing their embeddings in the ambient space. The corresponding

transformation is

r = {(cosh p — cosh T'sinh p), (A1.6)
‘ ¢sinh psinh T'
~ coshp —coshT'sinhp’

(ALT)

Applying this transformation to the near-horizon configuration obtained previously,

one finds

ds® = (Ras, (—sinh? pdT? + dp®) + r3.ds*(S?), (A1.8)
V3 = rA
F= eidsg% sinh pdp A dT. (AL9)
+

A corresponding gauge potential that reproduces this field strength is given by

62
A= A%2 32 A (coshp — 1)dT. (A1.10)
r+
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Appendix B

Expansion of 4 and r—

B.1 Expansion of r, and r_

We aim to obtain an expansion of the horizon radii r, and r_ in powers of the
temperature 7" in the canonical ensemble. This corresponds to keeping the charge
Q fixed at its extremal value )y, which in turn implies that the charge parameter

q is also fixed. In what follows, we present two methods to derive these expansions.

B.1.1 Method 1

Starting from the expression for the temperature,

T = f/fl::) - 24a7r71“i\/z [ri (3\/Z ~ V3(4ah + 3)) - 8\/§an] . (B.L1)

where )
3 16
A=3+4ah 4+ 0 - 200 (B.1.2)

one can solve for the mass parameter m as a function of o, 7', and ¢, obtaining

1
9r8 (ry — 8waT)? [

+ 8¢°r} (—24mar T + 96m°aT? + 3 (3 + 2a))] . (B.1.3)

4(3 + 4aN)(16aq” + ri0(127r, T — 487aT? + 11 A))

m =

Since o and A are constants, expressing m = m(ry, T, q) implicitly assumes that

r, depends on the temperature. In particular, as the temperature is increased
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from 7" = 0, the horizon radius r; deviates from its extremal value ry. Therefore,
once the temperature 7" and charge parameter ¢ are fixed, the mass parameter
m is fully determined. Different black hole configurations correspond to different

values of T" while keeping ¢ fixed.

In what follows, we choose this fixed value of the charge to be its extremal value,

q = Qext = qo. From this point on, we will replace g by qo.

From the expression for the charge in terms of r, and r_ (see (3.2.7)), in the

extremal case where v, = r_ = rg, the charge is given by

2 To, 2
7 = E(TOA —3). (B.1.4)

Substituting (B.1.4) into (B.1.3) and then into the metric function f(r), we obtain

an expression of the form f = f(ry, ro, T):

1 r8 (3 + 4al)? — 4ard(r2A — 3)
= — [ 3r] + 120 — 1% | = b . (B.15
J(rs) 12a < Tyl TJF\/ rio(ry — 87T a)? ( )

We now assume the following ansatz for r, as a power series in 7', up to order T3:

7 (T) = 1o+ di T + dyT? + dsT>. (B.1.6)

Substituting this ansatz into (B.1.5), performing a Taylor expansion around 7" = 0,
and imposing the condition f(r,) = O(T*) order by order, allows us to determine

the coefficients dy, ds, and ds.

A similar procedure can be applied to the inner horizon r_. Substituting ¢ = qo
into f(r_) yields an expression analogous to (B.1.5), now depending on both r

and r_. Using the expansion (B.1.6) together with the ansatz
r_(T) =719+ 2T + 2T% + 23T°, (B.1.7)

and again expanding around 7' = 0 while imposing f(r_) = O(T*) order by order,

one can solve for the coefficients z;, 2z, and z3.
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B.1.2 Method 2

In this approach, we begin by assuming from the outset that both horizon radii

r, and r_ admit expansions in powers of the temperature 7"
r(T) =19+ diT + doT? + d3T?, (B.1.8)
r_(T) =719+ 2T + 2T% + 23T°. (B.1.9)

Substituting these ansétze into the expression for the charge parameter ¢ =
q(ry,r—) given in (3.2.7), and imposing that the charge remains fixed at its
extremal value, one obtains constraints among the coefficients. More precisely,
by expanding in powers of 7' and requiring that ¢ = go + O(T*), one finds the
relations

2= —dy, (B.1.10)
d3(riA —6)
3ro(r2A —2)’
A} (r§A — 6)% + 9rfda (15 A — 2)* — 6rodida(12 — 8rgA + rgA?)

= . (B.1.12
» SN 2 e

29 = —d2+ (Blll)

Next, we substitute the expansions (B.1.8) and (B.1.9) into the temperature
expression 1" = T'(ry,r_) given in (3.2.14). Using the relations (B.1.10) (B.1.12)
to express z1, 29, and z3 in terms of dy, ds, and d3, we perform a Taylor expansion

around T = 0 up to order 7.

By solving the resulting equations order by order in 7', one determines the
coefficients dy, dy, and d3. The coefficients z1, 29, and 23 then follow directly by
substituting these results back into (B.1.10), (B.1.11), and (B.1.12).
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