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estudios de postgrado, hubo una primera etapa de formación informal. Debo
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Frecuentemente me aconsejó acerca de cómo organizar mis tiempos y proyectar
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a los grupos de investigación de los que forman parte. Lina Vandré, gracias por
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Resumen

Orden causal indefinido ha atráıdo una creciente atención durante la última

década, siendo el quantum switch su instancia más famosa. El quantum switch ha

sido implementado en varios experimentos fotónicos y ha proporcionado ventajas

computacionales en varias tareas. Sin embargo, orden causal indefinido ha sido

apenas estudiado en sistemas cuánticos de variable continua. Esta tesis sugiere

que las aplicaciones de orden causal indefinido en sistemas cuánticos de variable

continua podŕıan ofrecer más amplias ventajas que utilizando sistemas cuánticos

de dimensión finita. Nuestro enfoque es exploratorio, comparando el rendimiento

del quantum switch con sistemas cuánticos de alta dimensión y de variable

continua en algunas aplicaciones a computación y metroloǵıa cuánticas. En

particular, utilizamos matrices de Hadamard complejas para introducir una familia

generalizada de problemas de promesa, que se reduce a los conocidos problemas

de promesa de Fourier y Hadamard como casos ĺımite. Mostramos que el quantum

switch proporciona ventaja tanto para el caso de varibale continua como discreta,

y demostramos que sistemas de variable continua son necesarios para implementar

el problema de promesa más general. Además, proponemos un procedimiento de

estimación para transformaciones unitarias de dimensión d utilizando el quantum

switch. Para d > 2, las transformaciones unitarias cercanas a la identidad se

estiman saturando la cota cuántica de Cramér-Rao. Para d = 2, la estimación

de todas las transformaciones unitarias es óptima en presencia de información

previa. Remplazando la transformación unitaria por un canal cuántico arbitrario,

mostramos que nuestro procedimiento codifica la matriz χ del canal en el estado

de salida del sistema de control. Aunque orden causal indefinido no ofrece ventaja

metrológica en nuestra propuesta, es importante señalar que una extensión al

régimen de variable continua requeriŕıa un sistema de control de dimensión infinita.

Esto inspira la introducción del quantum switch de control continuo, dando lugar

a nuevos fenómenos como el efecto acelerando/rallentando. Concluimos que el

uso de sistemas de variable continua ampĺıa el número de tareas que se benefician

de orden causal indefinido y exhibe nuevos fenómenos dentro del área.

Keywords – Orden causal indefinido, quantum switch, fotónica, variable

continua, problemas de promesa, metroloǵıa cuántica, transformaciones unitarias,

ordenamiento temporal
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Abstract

Indefinite causal order has attracted a growing attention during the last decade,

with the quantum switch being its most prominent instance. The quantum switch

has been implemented in several photonic experiments and has also provided

computational advantages in several tasks. However, indefinite causal order on

continuous-variable (CV) quantum systems has been barely studied. This thesis

suggests that applications of indefinite causal order on CV quantum systems may

offer broader advantages than using finite-dimensional quantum systems. We

follow an exploratory approach comparing the performance of the quantum switch

with high-dimensional and CV quantum systems in some applications to quantum

computing and quantum metrology. In particular, we use Complex Hadamard

matrices to introduce a generalised family of promise problems, which reduces to

the known Fourier and Hadamard promise problems as limiting cases. We show

that the quantum switch provides query advantage for both the continuous and

discrete cases, and prove that a CV system is necessary for implementing the most

general promise problem. In addition, we propose an estimation procedure for

d-dimensional unitary transformations using the quantum switch. For d > 2, the

unitary transformations close to the identity are estimated saturating the quantum

Cramér-Rao bound. For d = 2, the estimation of all unitary transformations is also

optimal with some prior information. We replace the unitary transformation by an

arbitrary quantum channel and show that our procedure encodes the χ matrix of

the channel in the output state of the control system. Although indefinite causal

order does not offer metrological advantage in our proposal, it is worthy to note

that an extension to the CV regime would require an infinite-dimensional control

system. This inspires the introduction of the quantum switch with continuous

control, which leads to new phenomena such as the accelerando/rallentando effect.

We conclude that using CV systems enlarges the number of tasks benefited by

indefinite causal order and exhibits new phenomena within the field.

Keywords – Indefinite causal order, quantum switch, photonics, continuous

variable, promise problems, quantum metrology, unitary transformations, time-

ordering
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Chapter 1

Introduction

Let me invite you to listen to your favourite song. Please, look for it and press

play. Reading this thesis can wait a few minutes.

Ready? Cool!

If you really played your favourite song, I could guess that you did not skip any

part of it, you started listening from the first second of the recording until the

last one. No pauses, no steps back and forth. A well defined sequence of sounds

in a specific rhythm, carefully studied and performed by the artist. Now look for

the album to which that song belongs. The order of the tracks in the album is

most likely carefully designed as well, regardless you could choose the order in

which you want to listen to them. If you want, you could randomly reshuffle the

order of the tracks, although the whole experience would be a little different. Yes,

you can reshuffle your playlist. But can you reshuffle the episodes of your life?

Can you reshuffle the order of physical phenomena?

In Nature, some things cannot happen if another event, its cause, has not occurred

beforehand. For example, we cannot expect a water leakage from a pipeline before

the pipeline breaks, nor a plane to fly before being built. The effects cannot

precede their causes. The order of the events is well defined and arranged in a

timeline that runs from past to future, as in the best of musical compositions. We

say that physical events are sorted in a definite causal order. By the way, the

arrow of time is like a stubborn leader who does not wait nor turn back for us.

We better give up trying to pause or remix the song of Nature!
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Nevertheless, this thesis is about indefinite causal order (ICO). There are good

reasons to explore the possibility of events without a definite order. The first of

them is to examine the boundaries of the theories that we use to describe the

universe. The second reason is plain: quantum mechanics allows for it.

In this introductory chapter we are going to present the concept of indefinite

causal order and make a quick journey through its different flavours. We will start

in Section 1.1 with a broad conceptual motivation for studying ICO, based on

the approach of Lucien Hardy to quantum gravity. Then, we will introduce the

quantum switch, which is a particular instance of ICO and the main character

of this thesis, followed by the process matrices formalism and the gravitational

quantum switch. In Section 1.1.5 we will comment on some ongoing debates within

the field. In Section 1.2 we will notice a gap in the literature about indefinite

causal order on continuous-variable quantum systems, what will lead us to define

the objectives of this thesis in Section 1.3. Finally, in Section 1.4 we will outline

the rest of the thesis. This chapter is intended as a conceptual introduction and

we will avoid the use of equations whenever it is possible, though it is plenty of

references for the interested reader. Technical details will be provided in further

chapters when required.

Now let us start the trip and let the arrow of time flow.

1.1 Indefinite causal order

1.1.1 Hardy’s program

Quantum theory and general relativity are the most succesful physical theories

so far. They are able to explain together most of known physical phenomena.

However, the golden dream of several physicists is to explain everything in one

single theory involving both of them, that is, to achieve a sort of “quantum gravity”

theory. The search for such a theory has been the motive for many researchers,

Lucien Hardy among them. In 2007, introducing a very interesting approach,

Hardy highligthed that general relativity is a deterministic theory where the

causal structure is not predefined (it depends on the distribution of matter and

energy), while quantum theory is a fundamentally probabilistic theory on a fixed
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causal structure1. According to his reasoning, a quantum gravity theory should

be expected to combine the radical aspects of both theories. In other words, it

should be a probabilistic theory with non-fixed causal structure [1].

In a subsequent paper [2], Hardy discussed the consequences of an indefinite

causal structure for computation. Algorithms, which are specific sequences of

calculations, are the basic elements for computing. How could any algorithm be

implemented or even defined when the causal structure and the order of events

is non-fixed? Can an eventual quantum gravity computer outperform quantum

and classical computers? By raising these questions Hardy implicitly invited the

community of quantum information and quantum computation to join his research

program.

Inspired by Hardy’s ideas, at least three different approaches to indefinite causal

order have been developed:

• Quantum switch: The first approach is based solely on quantum

computation. It defines a higher-order operation, called the quantum switch,

which consists in the application of two or more quantum operations in a

coherent superposition of different orders, controlled by an ancillary system.

The order of the operations remains indefinite unless the control system

is measured in the computational basis. The quantum switch is a process

allowed by quantum mechanics and has been already implemented in a

number of experiments.

• Process matrices framework: In this approach, two parties are free to

implement quantum operations on a quantum system according to the laws

of quantum mechanics. Inside their labs there is a fixed Minkowski spacetime,

but no causal structure is assumed out of the labs. Here, the connection

between the outcomes and inputs of each lab is mediated by a process matrix.

Physical processes such as state preparation, measurements and signalling

from one lab to another can be fairly described by particular process matrices,

but some non-physical processes are also allowed. Therefore, the process

1The causal structure of spacetime is usually understood as an order relation between spacetime
points. Two points can be causally connected only if it is possible to send a signal from one to
the other without surpassing the speed of light. We could say that the causal structure is a
feature of the manifold describing spacetime, hence it depends on the distribution of matter
and energy. In the case of quantum theory, we usually assume a fixed flat geometry, since
quantum experiments are performed in a lab within a locally Minkowski spacetime.
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matrices framework goes beyond quantum mechanics, although without

dealing with gravity explicitly. One important feature of this approach is a

precise definition of the notion of causal nonseparability, which is required

to decide whether a given process is an instance of indefintie causal order

or not. Actually, it has been shown, both theoretically and experimentally,

that the quantum switch is a causally nonseparable process in this sense.

• Superposition of causal structures: The last approach is one that

explicitly takes gravity into account. It postulates that spacetime can be

treated as a quantum system and therefore can be assigned a quantum state.

Particularly, any classical manifold can be related to a specific quantum state

of the spacetime. Hence, an indefinite causal structure can be achieved just by

superposing different manifolds. Interestingly, some particular gravitational

scenarios can be devised in such a way that they reproduce the same effects

as the quantum switch. This scenarios are naturally known as gravitational

quantum switches.

In the following subsections we review these three different approaches to indefinite

causal order. Although they raise relevant concerns regarding their physicality

(see Section 1.1.5 for an overview on some ongoing debates), they push forward

our understanding of quantum mechanics and explore what kind of phenomena

we could expect in the realm of quantum gravity.

1.1.2 The quantum switch

1.1.2.1 Concept

The usual way to proceed in quantum computing is by encoding information in

the state of a quantum system and then to process that information by performing

certain quantum operations on the system. The final state of the quantum

system is measured and hence the intended output of the computation is retrieved.

This procedure is analogous to the evaluation of a function on a given input.

But just like higher-order functions take other functions as input or output,

we could define transformations which map quantum operations into quantum

operations. Such higher-order maps are known as quantum supermaps and were

introduced in Ref. [3] and extended to the notion of quantum combs in Ref.

[4]. Operationally, these transformations can be seen as circuits with slots where
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Figure 1.1.1: Quantum supermaps and quantum combs. A box represents
a quantum operation or 1-comb (upper left); a diagram with two teeth represents
a 2-comb, i.e., a supermap where a quantum box can be plugged (upper center);
a diagram with three teeths represents a 3-comb where up to two boxes or one
2-comb can be plugged (upper right). When two combs are combined, the result
is a new comb. For example, a 4-comb can take a 3-comb as input and transform
it in a 1-comb as output (lower). Figure from Ref. [4].

the input operations, provided as black boxes or oracles, can be plugged. The

resulting circuit corresponds to the output quantum operation (see Fig. 1.1.1).

The quantum switch, introduced in 2013 by Chiribella et al. [5], is a special

example of quantum supermap. It consists in the application of two quantum

channels A and B on a quantum system in one of two different orders, either B ◦ A
or A ◦ B. The order is coherently controlled by an ancillary qubit. Hereafter,

the system on which A and B act will be called the target system, while the

ancillary qubit will be called the control system. If the control is in state |0⟩, A
is applied before B; conversely, if the control is in state |1⟩, B is applied before

A (see Fig. 1.1.2). Notice that this is a straightforward extension of a classical

code where two subroutines are called in one specific order which depends on the

truth value of an if statement. Here, the novelty is that the control system is

characterized by a quantum state, which could be a superposition of |0⟩ and |1⟩,
leading to a “superposition” of two different orders. For example, if the state of

the control system is |+⟩ = (|0⟩ + |1⟩)/
√

2, then the order of the operations will

remain indefinite even after the application of both operations. Indeed, the order

can be fixed in a later time by measuring the control system in the computational

basis, with 50% of probability of getting one order or the other. Furthermore, the

control system could be measured in a different basis, such as the σx eigenbasis,

leading to an effective transformation on the target system that is not one of the

two orders anymore. Particularly, if A and B are unitary operations, the target

system will have undergone either the commutator or anticommutator of these
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Figure 1.1.2: Quantum switch. The simplest quantum switch applies two
gates in two different orders, which is coherently controlled by a control qubit. In
photonic realizations, the order of the operations can be controlled by the path
degree of freedom of photons, which we illustrate by colour wires. When the
control is in a superposition of states, the order of the gates becomes indefinite.

|+⟩
1√
2

(
|0⟩ ⊗BA |ψ⟩ + |1⟩ ⊗ AB |ψ⟩

)
|ψ⟩ A B A

|a0⟩ A |a0⟩

Figure 1.1.3: Fixed order circuit equivalent to the quantum switch.
In order to implement the same transformation than the quantum switch in a
fixed order circuit with unitary inputs A and B, at least one extra copy of one of
the gates is required. Controlled-SWAP gates are used as a router to ensure the
coherent control of the order of the operations.

operations.

In Ref. [5] the authors proved that the quantum switch “cannot be realized by

inserting a single use of the input black box in a quantum circuit with fixed

causal ordering of the gates”. In other words, if we want to build a quantum

circuit implementing this supermap, even in the simplest case of unitary gates, we

would need to add at least one additional copy of one of the operations (see Fig.

1.1.3). Furthermore, for general quantum channels it is still unknown whether

the quantum switch can be deterministically simulated with a finite number of

copies of each channel [6]. This result strongly suggests two things: firstly, that

the quantum switch may provide some computational advantages by reducing the

number of queries to the quantum operations involved in some particular tasks

(we will study exhaustively one of those tasks in Chapter 2), and secondly, that

the quantum switch may be an instance of indefinite causal order, although a

proper proof had to wait for a formal definition of causal nonseparability and the
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Figure 1.1.4: Photonic quantum switch by Procopio et al. (2015). (a)
Source of entangled photons. One photon is used as a herald while the other
is routed into a quantum switch. (b) Quantum switch. Unitaries U1 and U2,
which act on the polarization degree of freedom, are applied on the photon in a
superposition of two different orders, coherently controlled by the path degree of
freedom. Figure from Ref. [7].

study of causal witnesses (cf. Section 1.1.3.2).

Despite the impossibility of implementing the quantum switch as a quantum

circuit, it is still possible to build it as an interferometric setup. Indeed, as

Fig. 1.1.2 suggests, if a given system can be routed through static devices in

a superposition of two different paths, then the path followed by the system

can act as control and some internal degree of freedom as target. This was

the proposal by Procopio et al. in 2015, who reported the first experimental

implementation of the quantum switch using a photonic platform [7]. In their

experiment, the path of a photon is used as the control system and its polarization

as the target. The superposition of paths is achieved using a balanced beam

splitter and the operations acting on the polarization degree of freedom are unitary

transformations implemented each one as a set of one half-wave and two quarter-

wave plates. Then, a second beam splitter allows to measure the control system

in the σx basis (see Fig. 1.1.4). The result of the measurement deterministically

discriminates between commuting and anticommuting gates. Following this first

experiment, many photonic implementations of the quantum switch have been

reported, both for applications and certification of causal nonseparability [8–25].
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The quantum switch has been also implemented on nuclear spins using nuclear

magnetic resonance and coherently controlled interactions [26, 27]. For a thorough

review on the experimental implementations of the quantum switch, see Ref. [28].

A generalization of the quantum switch to a larger number of gates, known as the

N -switch, was introduced by Araújo, Costa and Brukner in 2014 [29]. It consists

in the coherent control of the order of N transformations, although it is also

possible to use only p of the N ! permutations of theses gates [30–32]. In Chapter

2 we will refer to this generalised quantum switch as (N, p)-switch2. The only

experimental realization of a quantum switch with more than two gates so far was

reported in 2021 by Taddei et al. [36] and was implemented at Universidad de

Concepción.

1.1.2.2 Applications

Since its introduction, the quantum switch has seen a large amount of applications

in several areas such as quantum computing, quantum communication, quantum

thermodynamics and quantum metrology. Let us revisit some of them in this

section.

1.1.2.2.1 Quantum computing. The first application of the quantum switch

outperforming fixed order circuits was proposed by Giulio Chiribella in 2012. He

showed that the quantum switch can deterministically discriminates between a

pair of commuting and a pair of anticommuting unitaries, while fixed order circuits

can only do this probabilistically [37]. This task was implemented experimentally

in Refs. [7, 19] and extended and generalised as a family of promise problems

using the (N, p)-switch in Refs. [29, 36, 38, 39]. We are going to talk extensively

about these promise problems in Chapter 2.

Other application of the quantum switch for quantum computing is the inversion

of a unitary evolution. A probabilistic protocol that takes an unknown unitary U

and applies U † on an arbitrary qubit was proposed in Ref. [40] and implemented

using the quantum switch in Ref. [18]. It has been shown that some indefinite

causal order processes can achieve greater success probability than any fixed

order circuit for unitary inversion and unitary transposition when k copies of the

2Ref. [33] introduced a quantum switch of quantum switches, later generalised to higher-order
quantum switches, also called superswitches [34, 35]. These nested quantum switches form a
particular class of the (N, p)-switch.
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unknown unitary are available, although these processes are different from the

quantum switch and there is no clear intuition behind them [41–43].

The potential use of indefinite causal order processes for quantum computing has

been also studied in connection with nonlocal quantum operations [44], Boolean

functions [45], quantum machine learning [46], nonstabilizer operations [47] and

distributed quantum computing [48].

1.1.2.2.2 Quantum communication. The first application of the quantum

switch for quantum communication was introduced in Ref. [49]. There, it was

proposed a tripartite communication task in which Charlie must calculate a

function of two inputs provided by Alice and Bob. If the communication allowed

between the parties is restricted to two bits, then the probability of success

using fixed order processes is less than one, while the quantum switch allows the

parties to succeed with probability 1. In a subsequent work, the same authors

showed a similar task where the quantum switch offers an exponential saving in

communication in the asymptotic limit [50]. This advantage was experimentally

demonstrated in 2019 in the first implementation of the quantum switch with a

high-dimensional target system [10].

The quantum switch admits general quantum channels as input and not only

unitary transformations, which are just a particular class of quantum channels.

Regarding noisy channels, Ebler, Salek and Chiribella showed in 2018 one of the

most striking uses of the quantum switch: the activation of channel capacity.

This phenomenon consists in an increase of the amount of information that a

quantum channel can transmit. In particular, they showed that if two completely

depolarizing channels, which have zero capacity, are applied in a superposition of

two different orders, then some amount of information can now be transmitted

[51]. The capacity activation mediated by the quantum switch is a phenomenon

that appears also in the more general case of N partially depolarizing channels in

a superposition of p ≤ N ! orders [30–32, 52–54]. Furthermore, the phenomenon

has been studied for general Pauli channels [33, 35, 55, 56], thermalizing channels

[57] and amplitude damping channels [58]. One outstanding result was provided in

Ref. [56], where it was shown that two copies of a specific entanglement-breaking

channel in a quantum switch exhibit perfect transmission of quantum information

if it is heralded by a measurement on the control system.
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Figure 1.1.5: Coherent control of operations versus coherent control of
orders. In the coherent control of operations (left), also called “superposition of
quantum channels”, two quantum channels are applied on a target system, each
one in a different arm of an interferometer. Instead, in the quantum switch, or
coherent control of order (right), both channels are applied in a sequence whose
order depends on the path followed by the target system. Figure from Ref. [13].
The original figure also shows two additional arrays of two quantum channels, not
discussed in this thesis.

The first experimental demonstration of the activation of channel capacity was

reported in 2020 by two independent groups, both of them implementing two

Pauli channels in a photonic quantum switch, although using different degrees of

freedom of the photons [11, 12]. Perfect transmission through noisy channels in a

quantum switch was reported in Refs. [13] and the quantum switch of thermal

channels was recently implemented in a photonic setup [25] and in a nuclear

magnetic resonance experiment [27].

The capacity activation of noisy channels using the quantum switch is a major

result that has been shown to enhance the performance of several communication

tasks, such as entanglement distribution [59, 60], teleportation [61–63], superdense

coding [64], quantum random access codes [65], quantum steering [65], quantum

state discrimination [34] and quantum key distribution [66]. Notwithstanding,

this effect is not based solely on indefinite causal order. Indeed, Ref. [67] showed

that it is possible to obtain an activation of the channel capacity also in a scenario

where two noisy channels are coherently controlled, that is, when each channel is

located in a different arm of an interferometer, such that one of them is applied

on the target when the control system is in state |0⟩ and the other is applied

when the state of the control is |1⟩ (see Fig. 1.1.5). However, this scenario has

subtle differences with the quantum switch. As showed by Abbott et al. in

Ref. [68], additional information regarding the implementation of the quantum

channels is required in the coherent control of operations, since the capacity of the
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effective channel can be different for different implementations of the same noisy

channels, while in the quantum switch the effect is independent of their particular

implementations. Another difference was highlighted in Ref. [69], where it was

shown numerically that the coherent control of quantum channels always provide a

communication advantage, while the quantum switch can give either an advantage

or disadvantage depending on which the input channels are. Interestingly, for

some particular cases the quantum switch can achieve perfect transmission, what

was proved to be impossible for the coherent control of noisy channels [56]. An

experimental comparison of these two scenarios was implemented in Ref. [13].

Also, the effect of using different implementations of the same quantum channels

with a coherent control was experimentally studied in Ref. [70]. It is important

to notice that a third scenario was also proposed in Ref. [71], in which two noisy

channels are implemented in a fixed order, but adding controlled unitaries before

them, after them and/or in between. Although this third scenario also offers

perfect transmission, as far as we known it has not been further explored. All

these works are part of an ongoing debate on the role of indefinite causal order in

the activation of channel capacity. In some of them it is claimed that the resource

that allows capacity activation is the coherence of the control system. Indeed,

the advantages provided by the quantum switch are affected by decoherence on

the control system, as firstly noticed in Ref. [65] and further studied in Ref.

[72]. Summarizing, the activation of quantum channels capacity is the result of a

combination of three factors: indefinite causal order, coherent control of operations

and the particular implementation of the quantum channels.

In addition to this important application of the quantum switch, other

communication tasks using the quantum switch have been studied. In particular,

entanglement generation with local operations in indefinite order was proposed

in Ref. [73], a protocol for entanglement distillation was devised in Ref. [74]

and a key distribution protocol assisted by the quantum switch was studied in

Ref. [75]. A new cryptographic task called local-data-hiding was proposed in Ref.

[76], showing that causally nonseparable processes outperform fixed order circuits,

although these processes are different from the quantum switch.

1.1.2.2.3 Quantum thermodynamics. Another striking application of the

quantum switch was suggested by Felce and Vedral in Ref. [77]. They considered

two copies of a thermalizing channel applied in a superposition of two different
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orders as in the quantum switch. While the application of these channels in a

fixed order always leads to an output thermal state in the same temperature

as the thermal baths, the quantum switch allows the target to get a higher or

lower temperature than the baths depending on the result of the measurement

performed on the control. The authors use this result to build a refrigeration

cycle that extracts energy from a cold reservoir while consuming coherence of

the control system. This effect was experimentally implemented in 2022 in two

independent works, one of them using a photonic setup [14] and the other one

being the first realization of the quantum switch using nuclear magnetic resonance

[26]. The effect of decoherence of the control in this task was studied in Ref. [72].

1.1.2.2.4 Quantum metrology. Other important avenue for applications of

the quantum switch is quantum metrology. One of the first metrological tasks

using the quantum switch was proposed in Ref. [78], where the goal was to

estimate the strength of a depolarizing channel. To achieve the goal, two copies of

the same depolarizing channel are applied on the target system in a superposition

of orders. By comparing the quantum Fisher information, it was shown that the

strategy using the quantum switch can reach a better precision than strategies

applying the operations in a fixed order. A similar idea was also proposed in Ref.

[79], where the aim was to measure the temperature of two copies of a thermal bath.

These two instances of single parameter estimation using the quantum switch

showed that the quantum switch can offer a metrological advantage compared

to fixed order strategies. Further instances of single parameter estimation with

enhanced precision via the quantum switch are the estimation of the product

of two displacements in the phase space[20, 80], estimation of the phase of a

noisy unitary gate[22, 81–84], estimation of the phase of an ideal unitary gate

sorrounded by two noisy channels in a superposition of orders [85, 86], estimation

of the rotation angle in an orbital angular momentum state [24] and estimation of

an area on the Bloch sphere [87]. Some of these tasks have been demonstrated in

photonic experiments [20, 22, 24]. A proposal for using the quantum switch for

multiparameter estimation, again showing an improvement in the precision of the

estimation, was studied in Ref. [88].

1.1.2.2.5 Others. The list of applications of the quantum switch also includes

charging quantum batteries [21], applying non-gaussian operations [89] and
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measuring the incompatibility of observables [90]. The topic is becoming popular

with a larger amount of research being performed in this subject every year.

1.1.3 Process matrices

1.1.3.1 Concept

The quantum switch was introduced following a strictly computational motivation,

inspired by the research program of Lucien Hardy. But does quantum mechanics

allow other schemes with no definite causal order? Contemporarily to the

introduction of the quantum switch, Ref. [91] proposed the framework of process

matrices, which describes all the correlations that two parties can observe in

their laboratories when quantum mechanics is valid within each lab, but without

making any assumption about the causal structure out of the labs. Each party,

let us call them Alice and Bob, receives a quantum system as input, on which

they perform some local quantum operations (see Fig. 1.1.6). Given a fixed set of

operations, the set of joint probabilities that Alice and Bob produce as outcome

is called a process. Each process is represented by a matrix W , which must satisfy

some conditions to be a valid process matrix: it must 1) be positive semidefinite in

order to ensure that probabilities are non-negative, and 2) satisfy a completeness

relation guaranteeing that the sum of all probabilities is 1. If we also assume that

the global causal structure forbids signaling from one of the parties to the other

one, then an extra condition must be imposed on W , which becomes a channel

with memory as defined in Ref. [4]. A process where Alice cannot signal to Bob,

what means that Alice is not in the causal past of Bob, is denoted by WA⊀B.

Similarly, WB⊀A denotes a process where Bob cannot signal to Alice. Using this

notation, Ref. [91] introduced the notion of causal non-separability, formalizing the

definition of indefinite causal order. A process W is said to be causally separable

if it can be written as a convex combination W = qWA⊀B + (1 − q)WB⊀A, where

q ∈ [0, 1]. Conversely, if W cannot be written in this form, i.e. if it cannot be

decomposed as a mixture of definite order processes, it is said to be causally

non-separable.

In addition to the introduction of the process matrices framework and the definition

of causal non-separability, Ref. [91] also introduced a particular example of causally
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Figure 1.1.6: Bipartite process matrix. Alice and Bob perform quantum
operations acting on some input systems and obtain outcomes a and b. Their labs
are connected by an unknown causal structure represented by a process matrix
W , which may be causally non-separable. The joint probabilities P (a, b) depend
on a combination of W and the operations performed by the parties. Figure from
Ref. [92].

non-separable process, later called the “OCB process”3. The proof of its causal

non-separability consists in the violation of a “causal inequality”, similar to the

violation of a Bell inequality for proving that a given bipartite quantum state

is entangled. The proof can be summarized as follows: when Alice and Bob are

connected by a causally separable process, their success probability in the “Guess

Your Neighbour Input” game is always less than 3/4, while the OCB process

allows the parties to exceed this bound; thus, the OCB process must be causally

non-separable.

It is important to note that Ref. [91] did not offer a way to implement the OCB

process, letting open the question about its physicality. Furthermore, it rose the

question about which processes in the framework are physically implementable

and which are not. This question was addressed in Refs. [93] and [94], which

proposed some demarcation criteria for the implementability of general processes.

Additionally, Ref. [95] showed that the probabilities arising from standard quantum

theory do not violate causal inequalities of the type violated by the OCB process,

what means that the OCB process cannot be physically implemented according

to quantum theory and thus confirms that the process matrices framework goes

beyond quantum mechanics. However, the proof in Ref. [95] does not consider

the possibility of realizing indefinite causal order in time-delocalized subsystems

3“OCB” refers to the authors of Ref. [91], namely Oreshkov, Costa and Brukner.
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as suggested by Ref. [94]; moreover, there exist tripartite processes which admit

such a realization and also violate causal inequalities [96]. Thus, the question

about the implementability of general processes remains open.

Regarding the quantum switch, it has been shown that it is a causally non-separable

process that does not violate any causal inequality [97]. However, and despite its

several experimental implementations, there is still an active debate concerning

its physicality. Indeed, some authors claim that the reported experiments are just

simulations instead of genuine implementations of the quantum switch [98, 99].

We are going to postpone this debate for later (cf. 1.1.4).

In the search for physically implementable processes with indefinite causal order

others than the quantum switch, Ref. [100] characterised a broad class of

implementable processes called “Quantum circuits with coherent control”. The

quantum switch is an instance of this family, while processes violating causal

inequalities, such as the OCB process, cannot be described by it. A novel example

of causal non-separable process within this class is a tripartite process that involves

dynamical control of the causal order [100]. To the best of our knowledge, this

process, known as the “Grenoble process”, has not been implemented in any

experiment so far.

Now let us comment some extensions of the process matrices framework. First of

all, the extension to multipartite scenarios was not as straightforward as originally

thought by Oreshkov, Costa and Brukner in their seminal work [91]. Actually,

the multipartite scenario exhibits a richer causal structure than the bipartite case.

For example, in the multipartite case the result of an operation performed by

one party could influence the order of the operations performed by other two

parties [101], a dynamical feature which is absent in the bipartite case. Also, an

N -partite causally non-separable process is not necessarily genuinely N -partite

non-causal, since the parties could eventually be grouped in smaller sets with

a definite causal order between the sets [102]. Another difference between the

bipartite and multipartite cases relates to the restriction to classical parties. While

all the correlations between two parties that only perform classical operations

can be explained by causally separable processes [91], this is not true in the

multipartite case [103, 104]. For a discussion on the definition of multipartite

causal nonseparability, see Ref. [105].
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The process matrices formalism and its multipartite extension was introduced

originally for finite dimensional systems. Its continuous-variable (CV) version,

i.e. with parties performing operations on CV quantum systems, was studied in

Ref. [106], but only for the bipartite case. That work showed that the quantum

switch is a causal non-separable process also in the CV regime. However, to our

knowledge, no certification strategy has been proposed for this scenario. The

extension of the process matrices framework to the CV multipartite case, with its

expected richer structure, is lacking as well.

Finally, we can mention a few further developments on the process matrices

framework. For instance, Ref. [107] studied the possibility of composing process

matrices, Ref. [108] addressed the discrimination of process matrices and Ref.

[23] proposed and implemented a scheme for process matrix tomography. The

possibility of process matrices evolving in time was studied in Ref. [109]. Lastly,

Refs. [110, 111] studied the so called “causal reference frames”, i.e., how a process

is observed from the perspective of each party involved in the process.

1.1.3.2 Certification of causal non-separability

How can we certify that a given quantum process or experiment is an instance

of indefinite causal order? In this subsection we are going to take a glance at

the different strategies that answer this question, which mimic the methods for

entanglement certification.

We mentioned above that some causally non-separable processes violate some

causal inequalities. Causal inequalities allow for a device-independent certification

of indefinite causal order, since they, as well as Bell inequalities, rely solely on

the outcome probabilities of the operations performed by each party involved in

the process. In the case of entanglement, tight Bell inequalities are the facets of

the “Local Polytope”, wich is the set of probabilities compatible with local hidden

variable models [112]. In analogy to this description, Ref. [113] characterized

the “Causal Polytope” for bipartite processes, that is the set of correlations

compatible with definite causal order. The facets of the causal polytope define

causal inequalities which can be violated for some causally non-separable processes.

The causal polytope for the tripartite scenario was characterised in Ref. [114]. In

entanglement certification, the extent to which a Bell inequality can be violated

has been shown to have an upper limit given by the Tsirelson bound [115].



1.1. Indefinite causal order 17

Figure 1.1.7: Causal Witness. The inner ellipse represents the set of causally
separable processes and the bigger ellipse represents the set of all process matrices.
For every causally non-separable process W ns, it can be defined a hyperplane S
(a causal witness) that separates W ns from the set of causally separable processes.
Figure from Ref. [92].

Similarly, a Tsirelson-like bound for the violation of causal inequalities was shown

in Refs. [116, 117]. We have also mentioned above that there exist causally

non-separable processes, like the quantum switch, that do not violate causal

inequalities. Notwithstanding, by adding an extra party it is possible to build

some inequalities that can be violated by the quantum switch. For instance, Ref.

[118] proposed an inequality for a quantum switch whose control is entangled

with a qubit sent to a space-like separated party who performs measurements on

it. This proposal shows that device-independent certification of indefinite causal

order is possible.

One of the most important methods to certify entanglement is the measurement

of entanglement witnessess [112]. For different quantum states, different witnesses

must be build, and their implementation requires prior knowledge about the

particular state and the functioning of the devices used by the parties; hence, it

is a device-dependent certification strategy. Again, it is possible to mimic this

method and build “causal witnesses” for certifiyng causal non-separability [92,

97]. Indeed, given that the set of causally separable processes is a convex set, it

is possible to define an hyperplane separating this set from the specific causally

nonseparable process to be certified (see Fig. 1.1.7). The main advantage of this

approach is that a causal witness can be translated into a number of operational
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settings to be implemented by the parties. In particular, a causal witness for the

quantum switch was derived using semidefinite programming in Ref. [97] and Refs.

[8] and [9] independently demonstrated that the quantum switch is an instance of

indefinite causal order by measuring a causal witness in photonic experiments.

An intermediate approach, known as semi-device-independent certification of

causal non-separability, was formulated in Ref. [119]. There, one of the parties is

trusted, meaning that their operations are fully characterised, while the other one

is untrusted and only their outcome probabilities are known. Correlations certified

this way are stronger than those certified only by device-dependent strategies.

The causal non-separability of the quantum switch can be certified using this

method [119] and has been demonstrated experimentally [16]. An alternative

semi-device-independent method was proposed in Ref. [120], where all the parties

remain uncharachterised, but they are given trusted quantum inputs instead of

classical ones. By adding new uncharacterised parties, although connected in a

particular network, this semi-device-independent with quantum inputs strategy

becomes a network-device-independent certification of causal non-separability.

[121].

Lastly, a possibilistic proof of causal non-separability of the quantum switch has

been recently introduced [122] in analogy to the possibilistic proof of nonlocality

by Peres and Mermin [123, 124].

Summarizing, different tools used for proving nonlocality of quantum states,

both probabilistic and possibilistic, have been translated for certifying causal

non-separability of process matrices. This spectrum of strategies also shows

that quantum processes can be sorted in a hierarchy with different causal non-

separability strengths, although, to our knowledge, no measure of causal non-

separability has been proposed within this framework.

1.1.4 Superposition of causal structures

The purpose of the Hardy’s program is to build a theory of quantum gravity, but

neither the quantum switch nor the process matrices framework deal with gravity

explicitly. Alternatively, Ref. [125] put features from both gravity and quantum

theory together, by assuming the possibility of a superposition of causal structures.

The idea is the following: let us suppose that each metric defining a manifold
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Figure 1.1.8: Gravitational quantum switch. A massive body is in a
superposition of two different locations, while two clocks are in fixed locations.
Due to gravitational time dilation, an event defined in one clock can be in the
causal past of an event defined in the other clock. The order of the events depends
on the branch of the superposition; an indefinite location of the massive body
generates an indefinite causal structure realising a gravitational version of the
quantum switch. Figure from Ref. [125].

M can be assigned a quantum state |M⟩, with orthogonal states representing

macroscopically distinguishable spacetimes; then, we assume that a superposition

of different manifolds, such as (|M1⟩+ |M2⟩)/
√

2, is a valid state for the geometry

of spacetime. We could guess that a theory of quantum gravity would eventually

admit this kind of composition. If so, what kind of phenomena should we expect

from such a superposition of causal structures?

Ref. [125] studied a particular scenario where a massive body is in a superposition

of two different locations. There, the gravitational field is naturally in a

superposition of two different geometries. As seen in Fig. 1.1.8, we could locate

two clocks in fixed positions respect to a far-away observer, such that in one

configuration one of the clocks will be closer to the massive body, while in the

other branch of the superposition the other clock will be the one closer to the

source of the gravitational field. For a given proper time τ the clocks define

corresponding events A and B. However, for each configuration, if the clocks start

synchronised as seen from the far-away observer, after a while their proper times

will be different due to gravitational time dilation. Hence, one of the events will

be in the causal past of the other. For the superposition of the two geometries,

the result will be a superposition of order of the events, as in the quantum switch.

Moreover, the quantum switch can be implemented in this scenario by locating a

target system together with one of the clocks and applying on it local quantum
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operations triggered by a signal emmited from each clock at its proper time τ . This

version of the quantum switch, where the control system is the gravitational field

prepared in a superposition of classical manifolds, is usually called a gravitational

quantum switch. An alternative realization of the gravitational quantum switch,

where the source of the gravitational field is a superposition of spherical mass

shells, was proposed in Ref. [126].

Notice that in the scenario described in the previous paragraph there are two parties

or labs with their own clocks either applying or triggering quantum operations

on a target system. According to the reference frame of each lab there is one

quantum operation applied in a definite time while the other operation appears

to be time-delocalised. This observation led to the concept of “time reference

frames”, i.e., quantum reference frames associated to gravitating clocks, studied

in Ref. [127]. Other realizations of the gravitational quantum switch consider

agents in a superposition of paths [128] or with entangled acceleration [129] in

a fixed spacetime, although these scenarios are different to the superposition of

causal structures that we are reviewing here.

In Section 1.1.3.1 we mentioned that some authors claim that the photonic

experiments implementing the quantum switch are just simulations of this process

[98]. According to them, only the gravitational quantum switch can be a genuine

implementation of the quantum switch. The reason for that comes from the

fact that all the photonic experiments implementing the quantum switch are

performed within a laboratory immersed in a fixed Minkowski spacetime. As

shown in Fig. 1.1.9, in a photonic experiment the target system is split in a

superposition of paths, with one of them reaching Alice’s lab at time t1 and then

going to Bob’s lab at time t2, while in the other arm of this array the photon goes

first to Bob’s lab at time t1 and then to Alice’s in time t2. Strictly speaking, there

are two controlled operations (A and A′ in Fig. 1.1.9), which happen to be equal,

performed in Alice’s side at different times. The same occurs at Bob’s. Thus,

the photonic implentation of the quantum switch is just a simulation, since it

considers four events in spacetime instead of two as a genuine quantum switch, like

the gravitational one, would do. Four controlled operations are explicitly applied

also in nuclear magnetic resonance implementations of the quantum switch.

A different analysis leading to a similar conclusion was carried out in Refs. [99,

130], where it was discussed that there are two different notions of causality



1.1. Indefinite causal order 21

Figure 1.1.9: Photonic quantum switch embedded in spacetime. The
implementation of the photonic quantum switch comprises four points in spacetime.
A genuine quantum switch should comprise only two events. Figure from Ref.
[98].

involved in the study of the quantum switch. One of them is an information-

theoretic concept of causality and the other one is spacetime causality. The latter

demands an acyclic spacetime structure in order to satisfy relativistic causality

principles such as the impossibility of superluminal signaling. By introducing the

concept of “fine-graining”, Refs. [99, 130] showed that cyclic information-theoretic

structures are embedded in acyclic spacetime structures, reconciling both notions.

Furthermore, they showed that causally nonseparable processes are compatible

with cyclic causal structures, therefore they admit a realization in an acyclic

spacetime at a fine-grained level as fixed order processes. In particular, since

the photonic experiments of the quantum switch are implemented in a definite

Minkowski spacetime (acyclic structure satisfying relativistic causality), they must

be instances of a fixed order process. The question about how to make general

processes compatible with spacetime in the fine-grained level was studied in Ref.

[131].

Nevertheless, the criticism against a faithful realisation of the quantum switch

in photonic experiments strongly relies on the notion of event understood as a

point in spacetime. Although the concept is uncontroversial when the spacetime is

definite, it must be revisited when a superposition of causal structures is considered.

Indeed, Ref. [132] advocates for a rather operational definition of an event as a

coincidence of worldlines, notion further discussed in Ref. [133]. For each branch

of the superposition of manifolds (see Fig. 1.1.10), it is possible to draw the

worldlines of the target system and the agents Alice and Bob. The application
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Figure 1.1.10: Superposition of causal structures. In the superposition
of classical manifolds, an event is a crossing of worldlines. For each branch, the
corresponding events are identified via a quantum controlled diffeomorphism.
Figure from Ref. [132].

of a quantum operation on the target occurs when the target’s worldline meets

the worldine of one of the agents. However, since there is a superposition of

causal structures, the events of each branch must be identified. This identification

can be achieved via a quantum controlled diffeomorphism [132]. According to

this operational view, the photonic implementation of the quantum switch is as

genuine as its gravitational version, provided a superposition of causal structures

is involved.

The superposition of causal structures is still a new approach with room for

further developments. We can mention a few works on this line. For example,

some quantifiers for indefinite causal order have been defined in Refs. [132,

134]. Besides, Ref. [135] studied the operational effects of a superposition of

Minkowski spacetimes with periodic boundary conditions while Ref. [136] analyses

the influence of a superposition of diamond spacetimes on quantum entanglement.

Also, it has been shown that superposition of spacetimes related by coordinates

transformations can be expressed as a single definite spacetime with matter in

a superposition of configurations [137]. Actually, this is the case of the scenario

considered in Ref. [125] with a massive body in a superposition of two locations

and two clocks in fixed positions, which is equivalent to a massive body in a fixed

position and two clocks with entangled positions. Anyway, there are much more

questions to solve in this approach. For instance, if quantum states are assigned

to classical manifolds, in which Hilbert space do those states live? How do they

evolve? How can the state of a classical manifold be projected onto a superposition
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of geometries or viceversa? How to identify events when two worldlines meet in

one of the branches but not in the other one? As we mentioned earlier, while

the superposition of causal structures is a rather speculative approach, it is an

interesting avenue to explore new phenomena that could eventually appear in

a theory of quantum gravity and therefore in regimes where both quantum and

gravitational effects are relevant.

1.1.5 Ongoing debates

We have seen that indefinite causal order is a research topic that embraces from

foundational research to applications, linking quantum gravity with quantum

information communities. Different approaches have been explored in the last

decade in order to formalize the concept and a number of experiments have been

already implemented. However, there are still major ongoing debates, which we

summarize here.

1. On the advantages of the quantum switch: The quantum switch offers

interesting advantages when compared to fixed order circuits. However, it

is not completely clear which is the resource behind those advantages. Is

it indefinite causal order or the coherent control of operations? Or maybe

is it the non-commutativity of operators? Or a mixture of all of them?

Besides, some of the advantages have been shown either in ad hoc tasks for

the quantum switch or in impractical scenarios. Can they be transferred to

real-world problems in order to provide practical solutions?

2. On the physicality of process matrices: The process matrices framework

includes processes that violate causal inequalities. However, they seem

to be non-physical processes. Which is the boundary between physically

implementable processes and non-physical ones? Can those processes

forbidden by standard quantum mechanics be relevant processes in a

quantum gravity scenario? In other words, can some of them be still

allowed by Nature in some extreme conditions?

3. On the faithfulness of ICO realisations: The notion of event is still

controversial and it is the key when interpreting current experiments on

indefinite causal order. Are the experiments realising the quantum switch

genuine instances of indefinite causal order or are they just simulations
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instead?

4. On the definition of quasi-classical manifolds: The superposition of

causal structures is an approach that needs to be further developed. Is the

Hilbert space of the states assigned to classical manifolds well defined? How

much more structure from quantum theory can be added to this approach?

All these questions are quite interesting, and there are more open questions on

each of the specific topics reviewed along this section. Notwithstanding, there is

still another gap that we consider important to fill. We will take a closer look at

it in the next section, as it will motivate the objectives of this thesis.

1.2 Indefinite causal order in the continuos-

variable regime

Most of the literature we have reviewed above considers a target system which

lives in a finite-dimensional Hilbert space. In this section, let us recapitulate what

is already known about indefinite causal order, but in the continuous-variable

(CV) regime.

Regarding applications of the quantum switch on CV systems, the majority of

them concern quantum metrology. The most famous work in this regard is Ref.

[80], which showed that the quantum switch can estimate the product of the

averages of two sets of displacements in phase space, with one set corresponding

to displacements along the X quadrature and the other set corresponding to

displacements along the P quadrature. Interestingly, the estimation is achieved by

measuring the qubit control system alone, while discarding the target. Moreover,

the target ends in a state which is the result of applying the total displacement to

its initial state. In other words, the target undergoes all the displacements while

the relevant information about these operations is retrieved from the ancillary

qubit. Additionally, the authors claim that the use of the quantum switch provides

a super-Heisenberg scaling in the precision of the estimated parameter, although

this seems to be due to averaging each set of displacements rather than because of

the use of indefinite causal order. Actually, the same scaling can be achieved via

a coherent superposition of the displacements, though with a different effective

transformation on the target system [138]. A photonic implementation of this
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work was reported in Ref. [20], which is the first experiment of the quantum

switch on a CV target system.

A different scenario was studied in Ref. [86], which considers two thermalizing

channels acting on a qumode and one phase shift operation implemented between

them. The goal is to estimate the phase introduced by the phase shift. If the

operations are applied in a fixed order, the last thermalizing channel erases all

information about the phase. Instead, by using the quantum switch it is still

possible to estimate the phase, with the amount of information available in

the target depending on the result of a measurement performed on the control

qubit. Similarly, Ref. [24] considers three operations but acting on the orbital

angular momentum of a photon. One operation is a rotation characterized by

an azimuthal angle and the other two operations increase or reduce the orbital

angular momentum. In their experiment, measuring the qubit control is enough

to estimate the angle of the rotation with a higher precision than in experiments

without indefinite causal order.

In other surprising application of the quantum switch, Ref. [89] showed that

a non-gaussian state can be prepared starting from the single-mode vacuum

state by applying two gaussian operations, specifically one displacement and one

squeezing, in a superposition of two different orders. The non-gaussianity and

non-classicality of the final state appears deterministically after post-selection on

the control system, and their amount can be engineered since they depend on the

displacement and squeezing parameters of the operations.

There is also one application of the quantum switch to quantum communication.

In particular, Ref. [62] studied the effect of the quantum switch in the teleportation

of a CV state when the entangled pair required for this task has been distributed

through two thermalizing channels in a superposition of orders. Lastly, Ref. [139]

studied the quantum switch as a resource for thermodynamics and considered a

qumode among their study cases.

Finally, regarding the process matrices framework, it was shown in Ref. [106]

that the bipartite quantum switch with operations on CV quantum systems is an

instance of indefinite causal order. However, to our knowledge, no certification

strategy nor an extension to multipartite scenarios have been studied.

As we can see, works on indefinite causal order with a CV target system are
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comparatively few compared to the amount of literature that we reviewed in the

previous section. We speculate that focusing on CV systems or at least trying to

extend the field in that direction may bring some novelties which deserve to be

discussed.

1.3 Objectives and methodology

At what extent can applications of indefinite causal order and its certification

strategies be extended to the CV regime? This thesis tries to address this

question, led by the following

Hypothesis:

Applications of indefinite causal order on CV quantum systems offer

broader advantages than using finite-dimensional quantum systems.

The tasks reviewed in Section 1.2 exhibit particular features suggesting that

they are indeed causally non-separable instances. Among them, engineering

non-gaussian states from gaussian operations applied in indefinite order on the

vacuum state [89] is perhaps the only task qualitatively different to what is

achievable using finite-dimensional systems and can be considered as support to

our hypothesis. We aim to provide further and stronger support by pursuing the

following goals:

General objective:

To show that the quantum switch provides broader advantages for

quantum information processing when the target system is a CV

quantum system rather than finite-dimensional.

Specific objectives:

(i) To assess the performance of the quantum switch in the solution of promise

problems for high-dimensional and CV quantum systems.

(ii) To assess the performance of the quantum switch in multiparameter

estimation using high-dimensional and CV quantum systems.

Because of the few works regarding indefinite causal order on CV systems so
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far, this thesis is rather exploratory. Our work follows a theoretical approach,

although we also discuss possible experimental realizations of the proposed tasks.

The general plan is to study new applications of the quantum switch while

comparing its performance in finite higher-dimensional and CV target systems.

This comparison may give a better intuition about what is new when taking

indefinite causal order to the CV regime. In particular, we will study one

application of the quantum switch in quantum computing and one in quantum

metrology. The methodological approach to each specific objective is the following:

(i) To achieve objective (i), we will study a family of promise problems where

the goal is to discriminate between a set of properties of a given set of

unitary gates. It has been shown that the quantum switch can reduce the

number of gate queries required for solving promise problems, what we

denote as “query advantage”. Known promise problems where the quantum

switch provides query advantage are the discrimination between commuting

and anticommuting gates [37], the Fourier promise problem [29] and the

Hadamard promise problem [36, 38]. While the first one is well defined

for every dimension of the target, the other two have severe restrictions in

the dimension of the target and control systems. We propose to extend

the family of promise problem such that they could be defined in every

finite dimension and also in CV systems. To this aim, we will use Butson-

Hadamard matrices [140] and complex Hadamard matrices [141], which are

more general than the Fourier and Hadamard matrices. We will assess the

query advantage of the quantum switch in solving this generalised family of

promise problems.

(ii) To address objective (ii), we propose to apply the quantum switch to the

estimation of unitary transformations. We will start with qubit unitary

gates, scenario where the precision of the estimation can be compared with

related works [142] using the quantum Fisher information matrix [143] as

figure of merit. Then, we will extend the protocol to higher dimensions and

non-unitary transformations before trying to extend the proposal to CV

systems.

Details regarding the methods used for tackling each objective are included within

each chapter.
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1.4 Outline

Chapters 2 and 3 address specific objectives (i) and (ii), respectively. In particular,

Chapter 2 studies a generalised family of promise problems that can be solved

using the quantum switch, including a special analysis for CV target systems,

and Chapter 3 is dedicated to the estimation of unitary gates using the quantum

switch and an extension of the protocol to arbitrary quantum channels. The

attempt to extend the latter task to the CV regime will suggest the introduction

of the quantum switch with continuous control, a novel process which opens

new unexpected avenues for indefinite causal order. The quantum switch with

continuous control is sketched out in Chapter 4, after drawing our conclusions

and some open questions.

The results of this thesis have been communicated in the following scientific

publications and conferences:

Publications:

• J. Escandón-Monardes, A. Delgado and S. P. Walborn, “Practical

computational advantage from the quantum switch on a generalized family

of promise problems”, Quantum 7, 945 (2023).

• J. Escandón-Monardes, D. Uzcátegui, M. Rivera-Tapia, S. P. Walborn

and A. Delgado, “Estimation of high-dimensional unitary transformations

saturating the Quantum Cramér-Rao bound”, Quantum 8, 1405 (2024).

Conferences:

• Workshop MIRO 2022, Millennium Institute for Research in Optics,

Universidad de Los Andes, Santiago, Chile. 5th - 7th October 2022. Poster:

“Estimation of unitary gates using the quantum switch”.

• XXIII Simposio Chileno de F́ısica SOCHIFI 2022, Universidad Técnica

Federico Santa Maŕıa, Valparáıso, Chile. 22nd - 24th November 2022. Talk:

“Computational advantage from the quantum switch”.

• VIII Paraty Quantum Information School and Workshop, Paraty, Rio

de Janeiro, Brazil. 7th - 18th August 2023. Talk: “Computational
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advantage from the quantum switch on a generalized family of

promise problems”.

• Workshop MIRO 2023, Millennium Institute for Research in Optics,

Pontificia Universidad Católica de Chile, Santiago, Chile. 10th - 13th

October 2023. Talk: “Quantum channel to quantum state

converter”.

• XV Symposium KCIK-ICTQT on Quantum Information, Sopot, Poland.

15th - 18th May 2024. Poster: “Transcribing quantum channels into

quantum states”.

• 19th Central European Quantum Information Processing Workshop, Skalica,

Slovakia. 3rd - 6th June 2024. Poster: “Transcribing quantum channels

into quantum states”.

• Time in Quantum Theory 2024, Smolenice Castle, Slovakia. 10th - 13th

September 2024. Poster: “Quantum switch with continuous control”.

• 2024 INAQT Network Meeting (International Network for Acausal Quantum

Technologies), Vienna, Austria. 4th - 6th November 2024. Poster:

“Quantum switch with continuous control”.

• Quantum Optics X, Puerto Varas, Chile. 9th - 13th December 2024. Poster:

“Quantum switch with continuous control”.
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Chapter 2. Practical computational advantage from the quantum switch on a

generalized family of promise problems

Chapter 2

Practical computational

advantage from the quantum

switch on a generalized family of

promise problems

The quantum switch provides computational advantage by reducing the number

of queries of unknown quantum channels in a family of tasks, of which the

simplest known case is to decide whether a pair of unitary gates commute or

anticommute [7, 37]. This can be achieved using the quantum switch with a single

use of each gate, whilst a fixed-order circuit demands one extra query to one of

them. This task has been generalised to the so-called Fourier Promise Problem

(FPP). There, a quantum switch of N unitary gates (N -switch) deterministically

discriminates between a set of N ! properties that a set of gates is promised to

satisfy upon permutation [29]. The N -switch coherently applies the N ! different

orders of the gates such that the permutation property can be determined with a

single use of each unitary. On the contrary, the best known fixed-order circuit

simulating the quantum switch requires a total of O(N2) gate queries [144]. An

alternative solution to the FPP using a fixed-order circuit has a query complexity

of O(N logN), with the cost of using extra ancillary systems [145].

The quantum switch has been experimentally implemented to solve the FPP for

N = 2 qubit gates [7, 8]. However, implementation for N > 2 is technically difficult
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due to the unfavorable scaling of the dimension of the target system, which must

have dimension at least N ! [29]. While photons do indeed have accessible degrees

of freedom with large dimension, such as orbital angular momentum [146] and

other types of spatial modes [147, 148], producing the required transformations

even for the smallest dimensional case of 3! is challenging. One possible path

towards more practical realizations of promise problems was provided in Ref. [36],

where the Hadamard Promise Problem (HPP) was introduced, with an explicit

solution experimentally demonstrated using a quantum switch that applied four

sequences of four gates to a qubit target system. A more general definition of

HPPs using N gates was introduced in Ref. [38], with the same distinctive feature

of requiring just a qubit as the target system. Both the FPP and HPP can be cast

as the task of determining which column of a matrix describes the permutation

properties of a set of unitaries, relating the promise satisfied by the set of unitaries

to the entries of a Fourier or Hadamard matrix.

In this chapter, we introduce a generalized set of promise problems, which in

addition to providing much more freedom in regards to the dimension of the

target system, uncouples the order of the matrix and the number of quantum

gates, offering more parameters to explore. To achieve this, we turn to the more

general Complex Hadamard (CH) matrices to define the Complex Hadamard

Promise Problem (CHPP), providing a large family of promise problems. The

CHPP reduces to the FPP or HPP as limiting cases. In regard to discrete variable

target systems, our approach removes the unfavorable factorial scaling of the FPP,

and we find that CHPPs exist for every finite dimension with some additional

constraints on the entries of the CH matrix. In addition, the entire family of

CHPPs can be defined for continuous variable (CV) target systems. Moreover,

some CHPPs are exclusively defined for CV systems, which could possibly lead

to new applications. For a comparison with related works on these features, see

Table 2.0.1. Looking towards implementation, we show how the quantum switch

solves the CHPP and offers computational advantage compared to the best known

fixed-order circuits for both discrete and continuous variable target systems. This

result renders new flexibility to the design of experiments using the quantum

switch to solve promise problems and opens the possibility of using CV platforms

to this end.

The structure of the chapter is as follows. Section 2.1 introduces Complex
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Araújo, Taddei Renner,
Parameter Chiribella Costa, et al. Brukner This work

[37] Brukner[29] [36] [38]
Matrix M H2 F H4 H CH

Number N of 2 N ≥ 2 4 N ≥ 2 N ≥ 2
gates

Dimension d of 2 multiple of N ! 2 2 d ≥ 2 and CV
the target system

Number p of 2 N ! 4 2N−1 p ≤ N !
permutations

Subclass HPP, FPP HPP HPP BHPP,
FPP CHPP

Table 2.0.1: Promise problems in the literature. Comparison between
different promise problems and explicit solutions using the quantum switch. The
last row shows the subclass of promise problems covered in each related work.

Hadamard matrices and some relevant properties. The Complex Hadamard

Promise Problem (CHPP) is defined in Section 2.2 and shown to be well defined

for every dimension, with some restrictions on the Complex Hadamard (CH)

matrices. Section 2.3 shows the solution of the CHPP using the quantum switch

and Section 2.4 assesses the computational advantage of the quantum switch

against the best known fixed-order solutions. A discussion on possible experimental

implementations is found in Section 2.5, and concluding remarks are drawn in

Section 2.6.

The results of this chapter have been published in

• Jorge Escandón-Monardes, Aldo Delgado and Stephen P. Walborn, “Practical

computational advantage from the quantum switch on a generalized family

of promise problems”, Quantum 7, 945 (2023).

2.1 Complex Hadamard matrices

A square matrix M of size p is called a Complex Hadamard (CH) matrix if its

entries are unimodular (|Mjk| = 1) and MM † = pI, where I is the identity matrix

of size p (for further details see [141]). We denote the set of complex Hadamard

matrices of size p as CH(p). It is clear from the definition that if M ∈ CH(p),

then M/
√
p is unitary, and that any two columns or rows of M are orthogonal.

If the entries of a complex Hadamard matrix in the first column and the first

row are all equal to one, we say that the matrix is in its dephased form. Any
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M ∈ CH(p) can be cast in dephased form1.

Since the entries of a complex Hadamard matrix are unimodular, they can be

written as

Mjk = eiϕjk . (2.1.1)

The phases ϕjk ∈ [0, 2π) are the entries of a matrix ϕ known as a log-Hadamard

matrix. For example, if M is dephased, then all the entries of the first row and

first column of the corresponding log-Hadamard matrix are equal to zero.

A special subset of complex Hadamard matrices is the set of Butson-type complex

Hadamard matrices, or Butson-Hadamard (BH) matrices for short [140]. They

satisfy the additional condition that all their entries are roots of unity. We say

that M ∈ CH(p) is a BH matrix of complexity d if all its entries are d-th roots of

unity, what we denote as M ∈ BH(p, d). Notice that the log-Hadamard elements

associated to a BH matrix of complexity d have the form ϕjk = 2πqjk/d, with

qjk ∈ {0, 1, ..., d− 1}.

Particular examples of BH matrices are Fourier matrices Fd, belonging to BH(d, d)

with entries

(Fd)jk = ei
2πjk
d , (2.1.2)

where we have dropped the normalizing constant. Another known family of BH

matrices is the set of real Hadamard matrices, with entries equal to ±1, hence

corresponding exactly to the set BH(p, 2).

It is important to notice that not every CH matrix is BH. As an example, let us

consider the case of CH matrices of size 4. Every matrix in CH(4) is equivalent 2

to a matrix in the family

F
(1)
4 (a) =


1 1 1 1

1 ieia −1 −ieia

1 −1 1 −1

1 −ieia −1 ieia

 , (2.1.3)

with a ∈ [0, π). Conversely, every matrix in this family is a CH. Notice that

1For any Complex Hadamard matrix M , there exist diagonal unitary matrices D1 and D2 such
that D1MD2 is dephased.

2Two complex Hadamard matrices M1 and M2 are said to be equivalent if there are permutation
matrices P1, P2 and diagonal matrices D1, D2 such that M1 = D1P1M2P2D2.
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F
(1)
4 (0) is the Fourier matrix of size 4, F4, while F

(1)
4 (π/2) is a real Hadamard

matrix. To get a CH matrix which is not BH, it is enough to write a = 2πν and

fix ν as an irrational number.

2.2 Complex Hadamard Promise Problem

2.2.1 The Problem

In this section we introduce the Complex Hadamard Promise Problem (CHPP).

Our definitions follow those laid out in Ref. [29].

Let M be a CH(p) matrix in its dephased form and consider a set of N unknown

unitary gates U0, ..., UN−1. We define the product Π0 = UN−1UN−2...U0 and denote

different permutations of the same gates by Π1, ...,Πp−1. The Complex Hadamard

Promise states that the set of unitaries satisfies the following property for one of

the columns of M :

∀j ∈ {0, ...p− 1} : Πj = Mjk · Π0. (2.2.1)

The problem is to find the column k.

Notice that the size p of the matrix defines the number of permutations that will

be considered. This sets a lower bound for the number of unitaries N , which must

be such that:

p ≤ N !. (2.2.2)

2.2.2 Existence of unitaries satisfying the promise: Finite

dimensional target

The definition of the CHPP does not garantee the existence of a set of unitaries

satisfying the promise under some permutations for a given CH matrix. Here,

we prove that those unitaries do exist, but some restrictions appear on the CH

matrices if we choose unitary gates acting on finite dimensional systems.

Let us consider a D-dimensional target system. In that case, gates are D ×D

unitary matrices. We can follow a similar approach as in Ref. [29] to find

that MD
jk = 1, due to detΠj = MD

jk detΠ0 and detΠj = detΠ0, for any j and

k. Consequently, M must be a BH matrix. More specifically, a CHPP can be

implemented in finite dimensional systems only if the CH matrix specifying the
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promise is Butson-type with complexity d = D/m for some positive integer m.

Moreover, if a CHPP can be formulated for a d-dimensional target, it can also be

formulated for any system with dimension that is a multiple of d. This follows

from the definition of BH matrices, which implies that BH(p, d) ⊆ BH(p,md).

For the canonical case of a qubit target, the CHPP must be specified by a real

Hadamard matrix, i.e., the CHPP gets restricted to the HPP already introduced

in Refs. [36, 38], which may also be implemented in any even dimensional target

system.

It is useful to set some nomenclature at this point. We will refer to particular

classes of CHPPs, such as Butson-Hadamard Promise Problems (BHPPs), Fourier

Promise Problems (FPPs) and Hadamard Promise Problems (HPPs), when the

CH matrices specifying them are Butson-type, Fourier and Hadamard, respectively.

Notice that the original definition of the FPP [29] uses all possible permutations

of N unitaries, hence the dimension of the target must be a multiple of d = N !.

Since we are loosening the number of permutations required for the promise, our

definition allows the FPP to be formulated with Fourier matrices whose size, and

therefore the dimension of the target system, does not need to be as large as

the factorial of the number of unitaries, allowing for more realistic experimental

scenarios. Similarly, Ref. [38] introduced a method to construct HPPs from

simpler HPPs. It leads to specific relations between p and N depending on the

fundamental HPP considered. Their explicit construction is based on Chiribella’s

task [37] and leads to p = 2N−1, which is included in Table 2.0.1. It can be proven

that Taddei et al.’s task [36] is also fundamental in this sense, providing a different

scaling for p in terms of N . With our approach instead, we shall be able to build

solutions for every HPP, be it fundamental or not.

Now, let us show that any BHPP is well defined on a target with compatible

dimension, i.e. we can always find sets of unitary gates fulfilling the promise when

the dimension of the target is multiple of the complexity of the BH matrix. The

construction is as follows:
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Let us consider the generalized Pauli X and Z gates, defined as:

X :=
d−1∑
j=0

|j ⊕ 1⟩ ⟨j| , (2.2.3)

Z :=
d−1∑
j=0

ωj
d |j⟩ ⟨j| , (2.2.4)

where ⊕ denotes sum modulo d and ωd = exp(2πi/d) is the primitive d-th root

of unity. These unitary operators satisfy Xd = Zd = Id and the commutation

relation

ZX = ωdXZ , (2.2.5)

which can be extended using mathematical induction to

ZjXk = ωjk
d X

kZj . (2.2.6)

Now, let us define the following p unitaries:

U0 = X ,

Uj = Zqj , ∀j = 1, ..., p− 1 ,
(2.2.7)

where qj are integers, and consider the following p permutations, where U0 is

shifted one position to the left each time:

Π0 = Up−1Up−2 · · ·U1U0 ,

Π1 = Up−1Up−2 · · ·U0U1 ,
...

...

Πp−2 = Up−1U0 · · ·U2U1 ,

Πp−1 = U0Up−1 · · ·U2U1 .

(2.2.8)

Using the commutation relation (2.2.6) it is easy to show that

Πj = ei
2π
d
(q1+q2+...+qj)Π0 , ∀j = 1, ..., p− 1 . (2.2.9)

Hence, given M ∈ BH(p, d) dephased and an arbitrary column

M∗,k = (1, ei
2π
d
q1k , ei

2π
d
q2k , · · · , ei

2π
d
q(p−1)k)T (2.2.10)
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of M , we just need to choose qj = qjk − q(j−1)k for j = 1, ..., p− 1 to obtain a set

of p unitaries satisfying the promise, as we wanted to show.

2.2.3 Existence of unitaries satisfying the promise:

Continuous variable target

As mentioned in Section 2.1, there are Complex Hadamard matrices which are not

Butson-type. Consequently, they do not define valid CHPPs on finite dimensional

target systems. Interestingly, the restriction imposed by the determinant in

the finite dimensional case is dropped in the continuous variable (CV) regime.

Moreover, as we next prove, unitary gates satisfying the promise do exist for every

CH matrix in its dephased form and for each of its columns, thus the CHPP is

always well defined for CV target systems.

The construction of unitaries is analogous to that in previous section. Now let us

consider the displacement operators

Xα = e−iαp̂ ,

Zβγ = ei(βx̂+γp̂) ,
(2.2.11)

where α, β, γ are real numbers, while x̂ and p̂ are position and momentum operators

satisfying [x̂, p̂] = iI. Using the Baker-Campbell-Hausdorff formula we have

ZβγXα = eiαβXαZβγ . (2.2.12)

Setting the gates

U0 = Xα ,

Uj = Zβjγj , ∀j = 1, ..., p− 1 ,
(2.2.13)

and considering the same p permutations of (2.2.8), it can be shown that

Πj = eiα(β1+β2+...+βj)Π0 , ∀j = 1, ..., p− 1 . (2.2.14)

Given M dephased and an arbitrary column

M∗,k = (1, eiϕ1k , eiϕ2k , · · · , eiϕ(p−1)k)T (2.2.15)

ofM , we can choose α ̸= 0, βj = (ϕjk−ϕ(j−1)k)/α and γj arbitrary for j = 1, ..., p−1
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to have a set of unitaries satisfying the promise.

Notice that if {Uj} is a set of unitaries satisfying a specific promise and V is any

unitary gate, then the set {V UjV
†} fulfills the same promise.

2.2.4 Existence of unitaries satisfying the promise:

Minimal sets

From the definition of the problem, we already know that the number of unitaries

N required to satisfy a promise specified by a CH(p) matrix is such that p ≤ N !.

We will say that a set of unitaries satisfying the promise is minimal if the number

of unitaries is the minimum N such that p ≤ N !. In this section we discuss the

following question: is it possible to define a minimal set of unitaries satisfying a

given promise?

Some examples are already known. Indeed, Ref. [29] shows minimal sets of

unitaries for some FPPs; since they consider only matrices of order N !, their

construction of unitaries is trivially minimal. Also, in Ref. [38] a specific HPP is

considered for any N , with a construction of unitaries that is minimal for N = 2,

3 and 4, but not for larger N . Meanwhile, our construction above is minimal only

for matrices of size p = 2 and 3.

We also investigated the case of a CHPP specified by a CH(4) matrix. In

particular, we considered an arbitrary member of the parameterised family defined

in Eq. (2.1.3). Since this family includes matrices which are not Butson-type,

we required unitary gates acting on a CV system. This promise consists on four

permutations; therefore, a minimal set of unitaries must have three gates: U0, U1

and U2. We chose Π0 = U2U1U0, Π1 = U2U0U1, Π2 = U0U2U1 and Π3 = U0U1U2,

and the ansatz U0 = Xα0Zβ0 , U1 = Xα1Zβ1 and U2 = Xα2Zβ2 . Solving for αj and

βj , we found solutions for each column and any a ∈ [0, π). Some solutions are the

following:

• For column k = 0: αj = 0 and βj arbitrary for every j.

• For column k = 1: α0 = 0, α1 ̸= 0 arbitrary, α2 = (π − 2a)α1/(π + 2a),

β0 = (π + 2a)/2α1, β1 arbitrary and β2 = (3π + 2α2β1 − 2a)/2α1.

• For column k = 2: α0 = 0, α1 ̸= 0 arbitrary, α2 = −α1, β0 = π/α1, β1

arbitrary, and β2 = −β0 − β1.
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• For column k = 3: If a = π/2, then α0 ≠ 0 arbitrary, α1 = 0, α2 arbitrary,

β0 arbitrary, β1 = 0, β2 = (−π + α2β0)/α0. If a ̸= π/2, then α0 = 0, α1 ̸= 0

arbitrary, α2 = (−3π + 2a)α1/(π − 2a), β0 = (−π + 2a)/2α1, β1 arbitrary,

and β2 = (π + 2α2β1 − 2a)/2α1.

Thus, for every CHPP of size 4, minimal sets of unitaries satisfying the promise

do exist.

We conjecture that minimal sets of unitaries satisfying a CHPP exist for every size

p. However, they may require joint systems as target, just like the construction in

Ref. [29]. That is, for some p, keeping the number of unitaries low would demand

an increase in the dimension of the target.

2.3 Solution using the quantum switch

The quantum switch S is a device that applies a set of unknown gates on a target

quantum system in different orders that are determined by a control quantum

system. For each basis state |j⟩ of the control, a corresponding permutation Πj

of the gates is applied on the target, which is prepared in some arbitrary initial

state |ψ⟩. Mathematically, the action of the quantum switch for unitary gates is

described by the joint unitary

S =

p−1∑
j=0

Πj ⊗ |j⟩⟨j| , (2.3.1)

where the first operation in the tensor product acts on the target system and the

second one acts on the control. Hence,

S (|ψ⟩ ⊗ |j⟩) = Πj |ψ⟩ ⊗ |j⟩ . (2.3.2)

If the control is in a superposition of states, then the gates are applied in a

superposition of orders (see Fig. 2.3.1).

In the literature, it is common to find the expression “N -switch” for a quantum

switch of N gates. As we mentioned above, we do not necessarily require all

possible permutations, so it makes sense to refer to an (N, p)-switch, i.e., a

quantum switch of N gates applied in p different orders. Of course, since there are

different combinations of p permutations of N elements, the expression “(N, p)-
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(3,4)-switch

Figure 2.3.1: Example of (N, p)-switch. An (N, p)-switch applies N unitaries
in p different orders. In the image we show a (3, 4)-switch, where the colour wires
represent the states of the control system.

switch” properly denotes a class of quantum switches. Therefore, the N -switch

considering all the N ! permutations, as originally introduced in Ref. [29], is the

only quantum switch in the class of (N,N !)-switches. Rigorously speaking, the

HPP implemented in Ref. [36] is solved using a (4, 4)-switch and the scaling

method proposed in Ref. [38] uses (N, 2N−1)-switches that can be described as

nested (2, 2)-switches3. Note that the exploration of different combinations of

permutations of channels was also highlighted in Refs. [30–32].

The quantum switch plays a key role in the quantum approach to solving the

CHPP, which is a straightforward extension of the protocol for solving the FPP in

Ref. [29]. It is as follows: First, consider a CHPP specified by a matrix M ∈ CH(p)

and a set of p permutations {Πj} of N unitaries. Suppose the unitaries satisfy the

promise for the k-th column of M . Now initialize a control system of dimension p

in the state |0⟩, and a target system of dimension compatible with the problem in

an arbitrary state |ψ⟩. The unitary gate M/
√
p is applied on the control system.

3Cf. footnote 2.



2.3. Solution using the quantum switch 41

Since M must be in its dephased form, the joint state becomes

(
I ⊗ 1

√
p
M

)
(|ψ⟩ ⊗ |0⟩) = |ψ⟩ ⊗ 1

√
p

p−1∑
j=0

|j⟩ . (2.3.3)

Then, applying the corresponding quantum switch we get

S

(
|ψ⟩ ⊗ 1

√
p

p−1∑
j=0

|j⟩

)
=

1
√
p

p−1∑
j=0

S (|ψ⟩ ⊗ |j⟩)

=
1
√
p

p−1∑
j=0

Πj |ψ⟩ ⊗ |j⟩

(2.3.4)

where we used Eq. (2.3.2). Using now the definition of the promise (2.2.1) and

recognizing the matrix multiplication, we have

S

(
|ψ⟩ ⊗ 1

√
p

p−1∑
j=0

|j⟩

)
=

1
√
p

p−1∑
j=0

Π0 |ψ⟩ ⊗Mjk |j⟩

=
1
√
p

Π0 |ψ⟩ ⊗M |k⟩ . (2.3.5)

Applying the inverse M †/
√
p on the control, the number k of the column becomes

encoded on the control system:(
I ⊗ 1

√
p
M †
)(

1
√
p

Π0 |ψ⟩ ⊗M |k⟩
)

= Π0 |ψ⟩ ⊗ |k⟩ . (2.3.6)

Finally, a projective measurement on the control system gives us the solution of

the problem deterministically.

The solution of the CHPP using the quantum switch only requires a single use of

each gate. Indeed, this can be shown by coupling one high-dimensional ancilla

state |f⟩ as “counter” to each gate [29], whose state evolves from |f⟩ to |f + 1⟩
each time the corresponding gate is used, with f ∈ N . More specifically, if the

counters are initialized in state |0⟩, then the state of each counter becomes |1⟩
after applying the quantum switch, since the unitaries are coherently controlled.

The solution using the quantum switch is the most efficient solution known to the

CHPP, as we discuss in next section.
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|j⟩ ∑
j Πj |ψ⟩ ⊗ |j⟩

|ψ⟩ U0 U1 U2 U0 U1

|a0⟩ U0 |a0⟩
|a1⟩ U1 |a1⟩

Figure 2.4.1: Fixed-order simulation of a (3, 4)-switch. The arrangement
of the Ui gates in the circuit is the shortest one containing the permutations 012,
021, 120 and 201. This circuit has a two-qubit control register, one target and
two ancillary systems. The state |j⟩ of the control defines which permutation
will be applied to the target system |ψ⟩. The target is routed with the aid of
controlled-swap gates which interchange the target and one of the ancillas |ai⟩.

2.4 Solution using fixed-order circuits

The CHPP can also be solved using fixed-order circuits. However, as we discuss

next, the solution using the quantum switch requires a fewer number of gate

queries than the best known fixed-order alternatives, which is referred to as query

complexity advantage.

2.4.1 Simulation of the quantum switch

A first way to solve the CHPP using a fixed-order circuit is by simulating the

quantum switch in the circuit model [144, 149]. The best simulation known

requires as many gates as elements are in the shortest common supersequence

(SCS)4 of the permutations involved [144]. The circuit consists of a target and a

p-dimensional control system. The gates are applied in the order specified by the

SCS and for each extra use of a unitary gate an ancillary system with the same

dimension of the target is added [36]. Controlled-swap gates route the target in

such a way that it undergoes the required permutation of the gates. Furthermore,

the ancillas are used in such a way that they end up being disentangled from

the rest of the system. See Fig. 2.4.1 for a (3, 4)-switch fixed-order simulation

example.

In order to assess the query advantage of the quantum switch against its fixed-order

4Given a set of sequences s1, ..., sr, a supersequence s′ is a sequence such that every si can
be recovered by deleting some elements from s′. A SCS is a supersequence of minimal
length and may not be unique. For example, s′ = 0120210 is a SCS for the set of sequences
{012, 021, 102, 120, 201, 210}.
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Gates
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Figure 2.4.2: Number of gate queries in a fixed-order simulation. We
illustrate how to calculate numerically the number of queries required by the
simulation of a (3, 4)-switch. Firstly, all the permutations of the gates and all
the combinations of p permutations are computed. We demand the combinations
to include Π0 = UN−1...U1U0, otherwise the gates are relabeled. Then, one SCS
for each combination is found numerically and their lengths are averaged.

simulation, we have to find the length of the corresponding SCS, which will be

equal to the total number of queries. However, the problem of finding a SCS has

been proved to be NP-complete [150] and some approximate algorithms have been

reported in the literature (for further details see Ref. [151]). In the case of the SCS

containing all the N ! permutations of N elements, its length grows with O(N2)

[144] and an upper bound is set by the length of the Koutas-Hu supersequence [152].

In this work, we deal with a broader scenario considering p ≤ N ! permutations,

hence the SCS may be shorter. To find it, we proceed by numerical exhaustive

search, i.e., we list and sort by length all the sequences shorter than the Koutas-Hu

supersequence and for each one we decide if it contains or not the desired set of

permutations; the search halts when the first supersequence is found and its length

is recorded. In this fashion, we explored the cases N = 3 and N = 4 with varying

p, confirming that the total number of queries depends on both N and p, and

also on the specific set of permutations. For example, simulating a (3, 4)-switch

demands 5 or 6 gate uses, which depends on the set of chosen permutations, with

an average of 5.4 queries (see Fig. 2.4.2). For the case of the (3, 3!)-switch, 7 calls

to the gates are required. Similarly, simulating a (4, 4)-switch requires a number

of gate uses in a range from 6 to 9, with an average of 7.43, while simulating all

the permutations of 4 gates demands 12 queries.



44 2.4. Solution using fixed-order circuits

0 5 10 15 20 25
Number of permutations p

1.00

1.25

1.50

1.75

2.00

2.25

2.50

2.75

3.00

Qu
er

ie
s p

er
 g

at
e 

(q
pg

)
Query advantage of the quantum swtich

 with N = 4 gates

max
mean
min
Q. Switch

Figure 2.4.3: Queries per gate in fixed-order simulations for N = 4
gates.The graph shows the minimum, maximum and average queries per gate
(qpg) of a fixed-order simulation of an (N, p)-switch, for N = 4 and varying p.
The dashed line shows the performance of the quantum switch.

In Refs. [29, 38], each promise problem is specified by the number of gates N .

Here, we have seen that the same CHPP can be defined for different values of N .

As a consequence, the total number of queries may not be the best parameter to

assess the computational advantage of the quantum switch over solutions based

on fixed-order circuits solving the same task. We find it useful to introduce the

average number of queries per gate (qpg) as a parameter for query complexity

advantage. The quantum switch has a constant value of qpgswitch = 1 for every

CHPP, while its simulation via the shortest common supersequence grows with

qpg = O(N). The simulations of the (3, 4)- and (4, 4)-switches described in the

previous paragraph have averages qpg(3,4) = 1.8 and qpg(4,4) = 1.86, respectively,

and if we consider all the permutations of 3 and 4 gates, the corresponding

simulations of the quantum switch will be qpg(3,3!) = 2.33 and qpg(4,4!) = 3. A

thorough description for the case N = 4 is shown in Fig. 2.4.3. It can be seen that

the quantum switch offers advantage for every p ≥ 2 with the greatest difference

for p = N !.
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2.4.2 Other approaches

We could ask whether different approaches using fixed-order circuits could solve

any arbitrary CHPP as well. In particular, tomographic reconstruction of the

gates is discussed in Ref. [36], with cubically worse performance in N than with

the quantum switch; similarly, direct reconstruction of the permutations is still

quadratically worse than the quantum switch. Alternatively, the authors of Ref.

[145] proposed a causal circuit which solves the original FPP with O(N logN)

queries to the gates (qpg = O(logN)), and in Ref. [38] they extended it to solve

the HPP. That is the best fixed-order circuit known to solve these particular tasks

for large N and it is conjectured that no causal algorithm can solve them more

efficiently. It is an open question whether this approach can be extended to the

general CHPP.

There is one additional scenario that deserves special attention, since it could solve

the CHPP also with qpg = 1. It is known from the d-dimensional dense coding

protocol that we can send a 2-dit message using 1 qudit system when a maximally

entangled high-dimensional channel has been previously shared. This information

is encoded by applying a generalized Pauli gate on the system and retrieved at

the end in a Bell-state measurement [153]. Retrieving the message is equivalent

to discriminating which Pauli gate was applied. Consequently, to solve a CHPP

where the unitary gates are known to be a certain set of Pauli gates, we could

identify each unitary by using it to perform a dense coding protocol and then

calculate their permutations; it would solve the CHPP with a single query to each

gate, the same as the quantum switch. Notwithstanding, this approach consumes

N pairs of maximally entangled qudits (one for each unitary) and requires prior

information about the gates. Also, the Bell-state measurement must be performed

with respect to the correct basis. Instead, the quantum switch based solution

does not consume entanglement nor need prior information about the gates.

2.5 Remarks on possible experimental

realizations

The introduction of the more general CHPP opens the possibility for experimental

realizations of the computational advantage of the quantum switch in higher
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dimensions, both in terms of the number of permutations and the dimension of

the target system. In addition, the more general description via CH matrices

should allow these problems to be more readily adapted to different experimental

platforms that do not necessarily implement a Fourier or Hadamard transformation

directly.

Most of photonic implementations of the quantum switch have exploited the

polarization degree of freedom as either the control or target system [7–10, 12, 36].

For higher-dimensional target systems, implementations of the BHPP with the

quantum switch requires two photonic degrees of freedom (DOF) with dimension

greater than two. Due to the fact that arbitrary d× d unitary operations can be

constructed from 2 × 2 beam splitters and phase shifters [154], the path DOF is a

natural candidate for the control system. Moreover, multiport beam splitters can

be used to implement Hadamard and/or Fourier transformations directly [155,

156]. For the target system, a number of transverse DOFs could be used. For

example, Weyl-Heisenberg operators can be implemented on the orbital angular

momentum of photons using spiral wave plates and other linear devices [157].

D-dimensional states and unitaries can also be implemented using gratings and

near-field diffraction via the Talbot effect [158], an approach which could also

apply to matter waves [159]. Regarding the implementation of the most general

CHPP, a CV target system is required. Particularly, simple photonic realizations

could exploit the continuous transverse position/momentum of photons [20], where

the appropriate Weyl-Heisenberg operators can be implemented using lenses and

phase devices [160].

Our results might also inspire exploration of promise problems and the quantum

switch using non-photonic systems. As noted in Ref. [80], there are a number

of systems with continuous degrees of freedom that could be candidates for the

quantum switch, including trapped ions or cavity QED systems.

Generalization of the Fourier and Hadamard promise problem to the CHPP also

inspires further study from a fundamental point of view. Causal non-separability

of the quantum switch has been experimentally confirmed for the case of two

gates acting on a qubit target [8, 9, 16], but a similar proof with gates acting on

either higher-dimensional or CV systems is still lacking. Furthermore, as far as

we are aware, nor has experimental demonstration of causal non-separability of

the (N, p)-switch been reported.
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2.6 Conclusions

We have introduced the Complex Hadamard Promise Problem, a family of

computational tasks that includes the previously defined Fourier Promise Problem

[29] and Hadamard Promise Problem [36] as limiting cases, and shown how it can

be solved using the quantum switch. This generalization allows for the definition of

promise problems that can be solved in a wider array of physical control and target

systems, including continuous variable target systems. Moreover, it uncouples the

size p of the Complex Hadamard matrix and the number of quantum gates N ,

requiring only that p ≤ N !.

Restricting to the case of finite dimensional target systems, we have shown that

these generalized promise problems are restricted to the sub-class of Butson-

Hadamard Promise Problems. In that case, the dimension of the target must

be compatible with the complexity of the Butson-Hadamard matrix defining the

problem. In particular, all Complex Hadamard Promise Problems reduces to the

Hadamard Promise Problem when the target system is a qubit. A comparison

with related work is summarized in Table 2.0.1.

Also, we have proved that using a more general class of (N, p)-switches to solve

the Complex Hadamard Promise Problem provides computational advantages

against known fixed-order algorithms in both discrete and continuous variable

target systems. To best highlight this advantage, we have introduced the “query

per gate” parameter. The lowest value of this parameter is reached by the quantum

switch, which has a fixed qpgswitch = 1, suggesting that the quantum switch could

be considered a benchmark for query complexity.

Our work opens the possibility for experimental implementations of promise

problems in new platforms, such as CV photonic systems, trapped ions or cavity

QED. Regarding differences between using finite-dimensional and CV quantum

systems, we remark that some CHPPs are exclusively defined for CV systems,

since the restrictions imposed by the dimension of the system are lifted in the

CV regime. Finally, we highlight the necessity of further study on the (N, p)-

switch as an indefinite causal order instance and its possible application to other

computational tasks.



48 Chapter 3. Estimation of unitary transformations using the quantum switch

Chapter 3

Estimation of unitary

transformations using the

quantum switch

The continuous advancement in the ability to control quantum systems and its

application to the development of quantum technologies has driven the search for

high-precision measurements and estimation methods. Quantum metrology aims

to develop methods and tools that achieve the ultimate precision in parameter

estimation.

An instance of multiparameter estimation is the estimation of d-dimensional

unitary transformations. Several methods to accomplish this task have been

studied [161, 162], particularly standard quantum process tomography (SQPT)

[163], which has been successfully implemented for reconstructing quantum gates

on ion traps [164], superconducting circuits [165], among many others [166, 167].

This chapter explores the application of the quantum switch to estimation of

unitary gates. It starts with a brief introduction to quantum parameter estimation

in Section 3.1. In Section 3.2 we show how to estimate qubit unitary gates using

a (3, 4)-switch and saturating the quantum Cramér-Rao bound. We draw an

equivalent fixed-order circuit and perform numerical simulations comparing it

with SQPT. Then, in Section 3.3 we extend the circuit to higher dimensions and

show that our estimation procedure saturates the quantum Cramér-Rao bound

for unitaries close to the identity. In Section 3.4 we replace the unknown unitary
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transformation by an arbitrary quantum channel and discuss some features of

the circuit. Finally, we summarise our results in Section 3.5 and discuss how the

proposed circuit inspires the introduction of the quantum switch with continuous

control when trying to extend it to the CV regime.

Part of the results of this chapter have been published in

• J. Escandón-Monardes, D. Uzcátegui, M. Rivera-Tapia, S. P. Walborn

and A. Delgado, “Estimation of high-dimensional unitary transformations

saturating the Quantum Cramér-Rao bound”, Quantum 8, 1405 (2024).

3.1 Quantum parameter estimation

Parameter estimation, either classical or quantum, consists of four stages [143]:

(1) Preparation: A probe system is initialized in a particular state ρ0.

(2) Parameterization: The probe interacts with some device or natural process

which alters the state of the probe in a way that the final state of the probe

depends on a parameter vector t.

(3) Measurement: The probe in its final state is measured, generating

a probability distribution P (y|t), where y is the observed value in an

experiment for a given parameter vector t.

(4) Classical estimation: An estimator t̂ provides an estimated value of t

based on the results of the measurement.

The precision of the estimation is described by the Fisher information. The

classical Fisher information for the estimation of a single parameter t is given by

I =
∑
y

1

P (y|t)

[
∂P (y|t)
∂t

]2
, (3.1.1)

which is a measure of the sensitivity of the probability distribution to variations

in the parameter t. Its extension to the multiparameter case is the classical Fisher

information matrix defined by its entries as:

Iab =
∑
y

1

P (y|t)

[
∂P (y|t)
∂ta

] [
∂P (y|t)
∂tb

]
. (3.1.2)
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The significance of the Fisher information in classical estimation theory is better

understood in the light of the Cramér-Rao bound. The classical Cramér-Rao

bound states that the covariance matrix cov(t̂) of an unbiased estimator t̂ of a

parameter vector t is bounded below by the inverse of Fisher information matrix

I(t), that is, for n repetitions of the experiment,

cov(t̂) ≥ 1

n
I−1(t). (3.1.3)

In quantum metrology, the probe system is a quantum state and the measurement

performed on it is a POVM. The probability distribution P (y|t) depends on the

measurement performed, which leads to different Fisher information matrices.

Moreover, it is possible to derive (see Appendix H in Ref. [143]) a new bound

known as the quantum Cramér-Rao bound [168, 169] given by

cov(t̂) ≥ 1

n
I−1(t) ≥ 1

n
F−1(t), (3.1.4)

where F is the quantum Fisher information matrix. Eq. (3.1.4) sets a bound to

the achievable precision in the estimation of a set of parameters in the context

of quantum mechanics for a fixed probe ρ0. For single parameter estimation, the

quantum Fisher information is just the classical Fisher information optimised over

the set of all POVMs. In the case of estimating a set of parameters encoded in

a unitary transformation U that acts onto a pure probe state |ϕ⟩, the quantum

Fisher information matrix can be calculated as [143]

Fa,b = 2⟨ϕ|{Ha, Hb}|ϕ⟩ − 4⟨ϕ|Ha|ϕ⟩⟨ϕ|Hb|ϕ⟩, (3.1.5)

where Ha = i(∂aU
†)U .

The enhancement provided by quantum metrology depends not only on the

quantum measurement, but also on the probe state. Indeed, the optimal probe

state for single parameter estimation depends on the process that encodes the

parameter; while a given state may be optimal regarding one process, it may be

useless for a different encoding.

Due to its intrinsic difficulty [143], the multiparameter case has remained

less explored than the single parameter scenario. In particular, the optimal

measurements for different parameters are often incompatible [170] and the optimal
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probe states for different parameters can typically be different. Furthermore, in

the multiparameter estimation, the quantum Cramér-Rao bound is generally not

achievable even asymptotically [171, 172]. However, there are other Cramér-Rao

type bounds, which are defined considering a weighted trace of the covariance

matrix and are attainable in some scenarios [173–177].

Parameter estimation and the quantum switch

Is it possible to use the quantum switch for parameter estimation getting any

advantage in precision when compared with fixed order circuits? We have seen

in Section 1.1.2.2.4 that several works have shown this advantage in the single

parameter case, particularly in the estimation of a parameter that characterises

a noisy channel and the estimation of the phase of a unitary transformation

surrounded by a noisy environment. The advantage is often shown by using the

Fisher information as figure of merit. Nonetheless, it is important to note that

the advantage provided by indefinite causal order in single parameter estimation

disappears in the asymptotic limit [178].

Here, we propose to use the quantum switch for a multiparameter estimation task,

namely the estimation of a d-dimensional unitary transformation U . In paralel

to this work, Ref. [88] studied a different scenario to the one developed in the

rest of this chapter. To the best of our knowledge, Ref. [88] is the only reported

application of the quantum switch to multiparameter estimation.

3.2 Estimation of qubit unitary transformations

3.2.1 Qubit unitary transformations

Let us start considering the case of 2-dimensional unitary transformations. These

can be written as [179]

U = exp(−iαn̂ · σ̂), (3.2.1)

where σ̂ = (X, Y, Z)T is the Pauli vector, α ∈ [0, π/2], and n̂ ∈ R3 is a real unitary

vector. After carrying out the exponentiation, we obtain the representation

U = u00I + u10X + u11XZ + u01Z, (3.2.2)
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where we replaced Y = iXZ, and the coefficients are given by

u00 = cos(α),

u10 = −i sin(α) sin(θ) cos(ϕ),

u11 = sin(α) sin(θ) sin(ϕ),

u01 = −i sin(α) cos(θ), (3.2.3)

with θ ∈ [0, π] and ϕ ∈ [0, 2π[ being the spherical coordinates for n̂, and I the

2 × 2 identity matrix. Notice that u00 is always non-negative, whereas the signs

of u10, u11, u01 depend on the octant in which the vector n̂ points. Estimating

an unknown two-dimensional unitary transformation U is thus equivalent to

estimating the values of the angles (α, θ, ϕ).

3.2.2 Protocol

Let us consider a (3, 4)-switch, that is a quantum switch with three gates applied

in a superposition of four different orders. The three gates are one copy of the

unknown unitary U , one fixed Pauli gate X and one fixed Pauli gate Z. The four

orders (see. Fig. 3.2.1) are:

Π00 = XUZ ,

Π01 = UZX ,

Π10 = XZU ,

Π11 = ZUX . (3.2.4)

The control system is a four dimensional system, but for convenience we denote it

as a two-qubits system and use a pair of subindexes accordingly. The operation

applied by the quantum switch is the unitary

Uswitch =
1∑

i,j=0

Πij ⊗ |ij⟩⟨ij| , (3.2.5)

with the first operation in each tensor product acting on the target system and

the second operation acting on the control system.

Let us initialise the target system in an arbitrary pure state |ψ⟩ and the control
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Figure 3.2.1: (3, 4)-switch for estimation of qubit unitary. In our proposal,
one unknown unitary U and fixed unitaries X and Z are inserted in a quantum
switch of three gates and four coherently controlled orders.

system in the state |++⟩ =
∑1

i,j=0 |ij⟩ /2. After the application of the quantum

switch, the joint system is in a superposition of four orders, which are then

combined by applying a Hadamard gate on each control qubit, getting the state

|Φ⟩ = u01X |ψ⟩⊗|00⟩+u00XZ |ψ⟩⊗|01⟩+u11 |ψ⟩⊗|10⟩+u10Z |ψ⟩⊗|11⟩ . (3.2.6)

Notice that additional controlled Pauli gates X, ZX, I and Z can be applied on

the target, respectively for each state of the control, disentangling the control and

target systems. Additionally, if an X gate is applied on the second control qubit,

then the subindexes of the coefficients would match the corresponding states of

the control. Consequently, the final state is

|Φ′⟩ = |ψ⟩ ⊗ (u00 |00⟩ + u01 |01⟩ + u10 |10⟩ + u11 |11⟩) . (3.2.7)

Thus, a projective measurement of control qubits in the computational basis leads

to probabilities

P00 = cos2(α), (3.2.8)

P10 = sin2(α) sin2(θ) cos2(ϕ), (3.2.9)

P11 = sin2(α) sin2(θ) sin2(ϕ), (3.2.10)

P01 = sin2(α) cos2(θ). (3.2.11)
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It follows that

cos2(α) = P00,

cos2(θ) =
P01

1 − P00

,

cos2(ϕ) =
P10

P11 + P10

. (3.2.12)

These relations allow for estimating the value of α, which is always in the interval

[0, π/2]. However, parameters θ and ϕ remain ambiguous, since u01, u10, u11 are

determined up to a sign. This ambiguity is removed when the octant pointed to

by n̂ is known beforehand, in which case our estimation procedure characterizes

the unknown unitary transformation. Furthermore, it can be shown by direct

algebra that our estimation procedure fulfills the equality I = F where

F = 4


1 0 0

0 sin2(α) 0

0 0 sin2(α) sin2(θ)

 , (3.2.13)

and therefore our proposal saturates the quantum Cramér-Rao bound. Moreover,

F is diagonal, hence our circuit is optimal in the sense that the three parameters

defining U can be estimated simultaneously with the highest possible precision.

The quantum Fisher information matrix in Eq. (3.2.13) was also obtained in other

works [142, 180, 181]. Thus, in terms of precision, our protocol is as good as

the best of known fixed order strategies for the same number of queries to the

unknown transformation U .

The lack of a priori information does not prevent the use of our estimation

procedure. As we show through numerical simulations in section 3.2.5, our

procedure can be complemented with additional measurements and at the same

time achieves better estimation accuracy than that obtained by SQPT.

3.2.3 Experimental proposal

A photonic quantum switch of four gates and four paths based on multicore fibers

technology was implemented in Ref. [36]. There, the polarization degree of freedom

of a photon is used as the target qubit while its path degree of freedom acts as

control. In the setup, shown in Fig. 3.2.2, a four-core fiber beam splitter (4CF-BS)
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Figure 3.2.2: Experimental setup of a (4, 4)-switch. Experimental setup
for a photonic quantum switch using four-core-fiber beam splitters (4CF-BS)
and controllable liquid crystal retarders (LCRs). This setup can be adapted to
implement an optimal estimation of a unitary transformation on polarization.
Figure from Ref. [36]

performs a four-dimensional Hadamard gate on the control. This operation is

described by the matrix

H4 =


1 1 1 1

1 1 −1 −1

1 −1 −1 1

1 −1 1 −1

 , (3.2.14)

which is equivalent to the tensor product H ⊗H of two qubit-Hadamard gates up

to a relabeling of the computational basis. Before entering the quantum switch,

a demultiplexer (DMUX) couples each core of the multicore fiber (green fibers)

to a different single-mode fiber (yellow fibers). Four controllable liquid crystal

retarders (LCRs) implement desired unitary transformations on the polarization

of the photon. The photon is routed through the LCRs in the desired order

by the single-mode fiber corresponding to each path. Finally, a second 4CF-BS

recombines the paths and a projective measurement of the control is performed

using a single-photon detector (APD) at the end of each path.
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The same technology can be used to devise an experimental setup realizing our

scheme. Indeed, as in Fig. 3.2.2, a photon can be initialised in an arbitrary state

of polarization and coupled to a single-core fiber. After going through a 4CF-BS,

the photon will be in the desired state of superposition of paths. The quantum

switch in Fig. 3.2.2 can be modified in such a way that unitaries are fixed to be X,

Z, I and the arbitrary unknown U . The order of the operations is adapted to the

permutations in Eq. (3.2.4) by reconnecting the single-mode fibers that route the

photon. Finally, the second 4CF-BS recombines the paths and the measurement

of the control is performed as before. This proposal leads to the same probabilities

from Eqs. (3.2.11) up to a relabeling. Hence, the estimation of a polarization

transformation can be achieved with the highest precision using just two 4CF-BSs,

one copy of U and two extra auxiliary unitaries.

3.2.4 Equivalent fixed-order circuit

The protocol proposed in Section 3.2.2 can be also implemented using the fixed-

order circuit shown in Fig. 3.2.3, leading exactly to the same results. The circuit

consists in one target qubit (qubit 0) and two control qubits (qubits 1 and 2).

The target is initialised in an arbitrary state |ψ⟩0 and the control qubits in state

|00⟩12. A Hadamard gate is applied on each control qubit, leading to the desired

superposition state. Controlled Pauli operations are applied before and after U

mimicking the quantum switch. Then, Hadamard gates are applied again on the

control qubits to combine the different orders. The joint state |Φ7⟩012, where the

superindex indicates the time step in the circuit, is exactly the state derived in

Eq. 3.2.6. Extra controlled operations disentangle the target from the control and

a final X gate on the second control qubit is applied just for convenience. The

final state is the tensor product |ψ⟩0 ⊗ |φ⟩12, where

|φ⟩12 = u00 |00⟩ + u01 |01⟩ + u10 |10⟩ + u11 |11⟩ . (3.2.15)

Interestingly, the final state of the target system is exactly the same as it was

initialised, while all the information of U is now available in the control.
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|ψ⟩0 X Z U Z X X Z |ψ⟩0

|0⟩1 H H
|φ0⟩12

|0⟩2 H H X

|Φ0⟩012 |Φ7⟩012

Figure 3.2.3: Fixed-order circuit for estimation of qubit unitary. The
circuit is equivalent to the quantum switch proposed in Section 3.2.2. All the
information related to U is transcribed to the final state of the control system.

3.2.5 Numerical simulations

In this section we study the performance of our estimation procedure for the case of

qubit gates without prior information. This is achieved by measuring the quantum

state in Eq. (3.2.15) in three different bases. The resulting statistics completely

characterizes the unknown unitary transformation, as shown in Appendix A.

We simulate the fixed-order realization of our estimation procedure with Qiskit

[182], IBM’s software development platform for quantum processors, and compare

its performance against the built-in function for SQPT. Since the output of

SQPT is a quantum channel that is not necessarily unitary, contrary to our

procedure which guarantees unitarity, we use as figure of merit the average gate

fidelity, which compares a general quantum channel with a unitary quantum

transformation [183]. We generate a set of 200 single-qubit unitary matrices,

which are randomly drawn from a uniform Haar distribution. Each unitary

transformation is reconstructed 1000 times using our estimation procedure and

additionally SQPT. In both strategies we calculate the average gate fidelity respect

to the ideal unitary gate. This is repeated using increasing number of shots (or

ensemble sizes) to simulate the measurement results. Finally, we also perform

simulations considering various error sources (see Appendix B) and readout error

mitigation. The code implementing this method is available in a Github repository

[184].

Figure 3.2.4 shows the simulation results for our estimation procedure (green solid

dots) and SQPT (red solid dots). Figures (a) and (c) show mean and median gate

fidelity, respectively, as functions of the number of shots obtained in absence of

error sources, that is, when the operations required by the estimation procedures
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Figure 3.2.4: Mean and median gate fidelities - Noiseless and full noise.
Plots (a) and (b) show the mean and plots (c) and (d) show the median gate
fidelities as functions of the number of shots for both our estimation procedure
(solid green dots) and SQPT (solid red dots). The left and right plots represent the
noiseless and noisy cases, respectively. Shaded areas represent standard deviation
or interquartile range. The insets illustrate the low number of shots regime.

are carried out perfectly. Figures (b) and (d) show results considering experiments

with errors affecting single qubit gates, conditional gates, thermal relaxation, and

measurements, a scenario that we call full noise model. This situation corresponds

to a unitary gate embedded in a noisy device. Insets illustrate the behavior of

estimation procedures in the small number of shots regime. Shaded areas show
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standard deviation in Figs. (a) and (b) and interquartile range in Figs. (c) and

(d).

In the noiseless case, according to Figs. (a) and (c), both our estimation procedure

and SQPT are characterized by almost indistinguishable mean and median average

gate fidelity. In addition, in regime of a large number of shots, both estimation

procedures exhibit extremely narrow standard deviation and interquartile range.

In the small number of shots regime, our estimation procedure has a very rapidly

narrowing standard deviation and interquartile range. Therefore, our estimation

procedure and SQPT lead to an average gate fidelity that is independent of the

unitary transformation. Figures (a) and (c) show that our estimation procedure

achieves near-unit gate fidelity for ensemble sizes as small as 2 × 103 clearly

outperforming SQPT.

Simulations show that the presence of noise affects the estimation of our procedure,

decreasing the mean and median average gate fidelity with respect to their noiseless

values, as exhibited in Figs. (b) and (d). The mean average gate fidelity of both

estimation procedures becomes very similar, while the median gate fidelity of our

estimation procedure is above that of SQPT, although standard deviation and

interquartile range of our estimation procedure become wider.

In Fig. 3.2.5 we study the impact of different error sources on our estimation

procedure and compare it to SQPT. Figures (a) and (b) show the mean and

median average gate fidelity, respectively, for the noiseless case (solid green dots),

noisy control-not gate (solid red pentagons), full noise with ideal control-not

gate (solid blue diamonds) and full noise (solid pink squares) for our estimation

procedure, and SQPT with full noise (black crosses). All simulations consider

readout error mitigation as described in Qiskit documentation [182]. The noise

models and values used correspond to the ibmq quito processor, and are provided

in Appendix B. Insets depict the small ensemble regime. As expected, Fig. 3.2.5

shows that the full noise model leads to the the biggest decrease in the mean

and median average gate fidelity. In the small ensemble regime, the estimation

considering noisy control-not gates leads to a better mean and median gate fidelity

than the estimation considering other error sources. However, as the ensemble size

increases, the estimation procedure is clearly more affected by noisy control-not

gates. Also, in this regime mean and median average gate fidelity become constant

and the increase in the ensemble has no impact in the estimation accuracy.
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Figure 3.2.5: Mean and median gate fidelities - Different noise models.
Mean (a) and median (b) gate fidelities as functions of the number of shots for
our estimation procedure with different noise models and SQPT with full noise.
Shaded areas represent standard deviation or interquartile range.

3.2.6 Discussion

Which is the role of indefinite causal order in our protocol? Is there any advantage

provided by the quantum switch in this task? Unfortunately, indefinite causal

order plays no role in this task.

It is clear from Section 3.2.4 that the outcome state from the quantum switch can

be obtained from a fixed-order circuit using a single query of U . Hence, no query

advantage is exhibited. Moreover, this conclusion agrees with Theorem 1 in Ref.

[3], which states that every deterministic supermap (i.e. every transformation of

a quantum channel into a quantum channel) can be realised as a quantum circuit

where the input operation (in this case the unitary U) is inserted between two

isometries (in this case all the unitary transformations before and after U in Fig.

3.2.3). In other words, if only one operation is unknown while all the rest are

fixed, there is no query advantage compared to fixed-order circuits; the quantum

switch can only provide query advantage when two or more unknown operations

are inserted on it.

Notwithstanding, the quantum switch is still an alternative setup for estimation of

unitary transformations, offering a saving in the number of auxiliary gates. Indeed,
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in Section 3.2.3 we have proposed a photonic experiment realising estimation of a

unitary transformation acting on the polarization degree of freedom of a photon. A

comparable experiment has been performed in Ref. [142], which includes repetition

of U and feedback further improving the precision of the estimation procedure. To

make a fair comparison, we may remove feedback and fix the number of repetitions

of U per round to N = 1. In that case, the implementation in Ref. [142] requires

10 half wave plates and 3 quarter wave plates as auxiliary gates on polarization,

together with 3 beam displacers. Instead, our experimental proposal requires just

4 auxiliary gates in total. For a better precision, feedback and repetitions of U

can be added without changing the number of auxiliary gates, thus keeping the

advantage of the quantum switch in terms of number of auxiliary gates.

Regarding precision of the estimation procedure, we proved that our squeme

saturates the quantum Cramér-Rao bound, being as good as the best fixed-order

circuit. This is again a consequence of being a deterministic supermap. In

experimental implementations, the precision achievable by our proposal, its fixed-

order equivalent circuit or any other proposal, will be affected by noise. Thus,

precision will depend more on the development of the chosen technology than on

the presence of indefinite causal order.

For getting a real advantage in precision from indefinite causal order, it is needed

to move to scenarios such as those studied in Ref. [88], where different parameters

are encoded by different operations. In the next section we will follow a rather

different direction, extending our protocol to higher dimensions and proving that

it saturates the quantum Cramér-Rao bound for estimating high-dimensional

unitary transformations close to the identity.
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3.3 Estimation of high-dimensional unitary

transformations saturating the Quantum

Cramér-Rao bound

3.3.1 Unitary transformations

An arbitrary d-dimensional unitary transformation U can be expanded in the

Weyl-Heisenberg basis as

U =
d−1∑

m,n=0

um,nX
mZn, (3.3.1)

where X and Z are the shift and phase operators, respectively. These act onto the

canonical basis {|k⟩} with k = 0, . . . , d− 1 as X|k⟩ = |k ⊕ 1⟩ and Z|k⟩ = ωk|k⟩
with ω = exp(2iπ/d). The set {um,n = rm,ne

iϕm,n} of d2 complex coefficients

satisfies the unitarity constraint and characterizes U . With this, a general unitary

can be written

U = r0,0I +
d−1∑

m,n=0
(m,n)̸=(0,0)

rm,ne
iϕm,nXmZn. (3.3.2)

where we set ϕ0,0 = 0 without loss of generality.

3.3.2 General procedure

To estimate a d-dimensional unitary operation U , we propose a procedure which

uses the quantum circuit shown in Fig. 3.3.1, which for dimension d = 2 reduces

to the circuit in Fig. 3.2.3. This circuit is applied to the following initial quantum

state of three qudits

|Φ0⟩012 = |ψ⟩0 ⊗ |00⟩12, (3.3.3)

where the target qudit is in the arbitrary state |ψ⟩0, and the qudits labeled 1 and

2 are the control states. The superscript i in |Φi⟩012 indicates the time step in

the circuit. Each control qudit is subject to the action of a Fourier transform

F |k⟩ = (1/
√
d)
∑
ωmk|m⟩, followed by the sequence of controlled shift and phase
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|ψ⟩0 X
(0)
02 Z

†(1)
01 U Z

(0)
01 X

†(1)
02 X

†(−1)
01 Z

†(0)
02

|ψ⟩0

|0⟩1 F F−1

|φ0⟩12
|0⟩2 F F−1 X

|Φ0⟩012 |Φ7⟩012 |Φ10⟩012

Figure 3.3.1: Quantum circuit implementation of our estimation
procedure. F are d-dimensional Fourier transforms acting on control qudits
1 and 2, X

(i)
tc and Z

(i)
tc are controlled gates defined in Eq. (3.3.4), and U is the

unitary transformation to be estimated. State tomography of the control system
leads to complete estimation of U .

operators X
(0)
02 and Z

†(1)
01 defined by

X
(i)
tc =

d−1∑
m=0

Xm
t ⊗ |m⊖ i⟩c⟨m⊖ i|,

Z
(i)
tc =

d−1∑
m=0

Zm
t ⊗ |m⊖ i⟩c⟨m⊖ i|. (3.3.4)

The action of the previous transformations leads to the probe state

∣∣Φ3
〉
012

=
1

d

d−1∑
j1,j2=0

Z−j1−1
0 Xj2

0 |ψ⟩0 ⊗ |j1⟩1 ⊗ |j2⟩2 . (3.3.5)

The unitary transformation U to be estimated acts on the target qudit followed

by the sequence Z
(0)
01 and then X

†(1)
02 and inverse Fourier transforms acting on each

control qudit. Thereby, the initial state is transformed into the state

|Φ7⟩012 =
d−1∑

m,n=0

um,n+1(X
m−1Zn|ψ⟩0) ⊗ |m⟩1 ⊗ |n⟩2, (3.3.6)

then X
†(−1)
01 and Z

†(0)
02 disentangles the target qudit from the control qudits, followed

by X2 which correlates the indexes of the coefficients with the computational basis

of both control qudits. The final state (see Appendix C for details) is

|Φ10⟩012 = |ψ⟩0 ⊗ |φ0⟩12, (3.3.7)
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where ∣∣φ0
〉
12

=
d−1∑

m,n=0

um,n|m⟩1 ⊗ |n⟩2. (3.3.8)

The coefficients um,n entering in Eq. (3.3.1) are now in a one-to-one relation with

the states in the canonical basis of the control qudits. Thus, the estimation of state

|φ0⟩12 by any quantum tomographic scheme for pure states leads to the estimation

of the unknown unitary transformation U . Moreover, simpler measurement

schemes can be used, provided that a pure state of two qudits is defined by a set

of 2d2 − 2 independent real parameters while a unitary transformation acting on

a single qudit is characterized only by d2 − 1 real parameters. Some specific cases

are studied below.

3.3.3 Unitary transformations close to the identity

In order to estimate a higher-dimensional unitary transformation we need a clear

dependence of U in terms of d2 − 1 independent real parameters. For example, U

can be parametrized in a similar fashion to Eq. (3.2.1) as U = exp
(
i
∑d2−1

j=1 λjTj

)
,

where Tj are the generalized Gell-Mann matrices and λj are the independent

real parameters. For d = 2 we expanded this expression in the Weyl-Heisenberg

basis as in Eq. (3.2.2), where the complex coefficients um,n explicitly depend on

the corresponding parameters λj (see Eq. (3.2.3)). However, it is not possible to

obtain equivalent relations for d > 2 analytically, leading to difficulties in both the

estimation of λj and the calculation of the classical and quantum Fisher information

matrices. Furthermore, finding a convenient parametrization that facilitates these

calculations is an open problem. In this work, we consider the expansion of U

from Eq. (3.3.2) where the elements in {rm,n, ϕm,n} are not independent from each

other. We restrict the analysis to unitary transformations that are close to the

identity, since this approximation uncouples the parameters and allows us to

obtain analytically both the classical and quantum Fisher information matrices.

To simplify the notation, we denote the coefficients upx,pz ≡ up = rpe
iϕp , where we

have defined a single index p = (px, pz). These coefficients are constrained by the

conditions ∑
m∈Z2

d

r2m = 1 (3.3.9)
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and ∑
m∈Z2

d

rmrp⊕me
i(ϕp⊕m−ϕm)ω−mxpz = 0, ∀ p ̸= (0, 0), (3.3.10)

which enforce unitarity (see Appendix D). For unitary transformations close to

the identity we have that rm/r0 ≪ 1 for m ̸= (0, 0). With this approximation,

the only terms contributing in Eq. (3.3.10) are those where m = (0, 0) and

m = ⊖p ≡ (d− px, d− pz). Thus, Eq. (3.3.10) becomes

rpe
iϕp ≈ r⊖pe

−iϕ⊖p+i 2π
d
pxpz+iπ, (3.3.11)

where we set ϕ0,0 = 0 without loss of generality. From the previous equation we

obtain

rp ≈ r⊖p (3.3.12)

and

ϕp ≈ −ϕ⊖p +
2π

d
pxpz + (2n+ 1)π ,with n ∈ Z. (3.3.13)

These conditions show that the amplitudes and phases of the coefficients up are

related in pairs. In the case p = ⊖p, Eq. (3.3.13) ties the phase to a discrete set,

that is,

ϕp ≈
π

d
pxpz +

2n+ 1

2
π ,with n ∈ Z. (3.3.14)

Notice that the last restriction on the phases only occurs when d is even, and only

for p = (d/2, 0), p = (0, d/2) and p = (d/2, d/2). Therefore, in the case d = 2, the

three coefficients have a fixed phase up to a difference of π.

The constraints in Eqs. (3.3.12) and (3.3.13) allow us to recognize the d2 − 1

parameters that characterizes U in the close-to-the-identity approximation. These

are, for d = 2, three unpaired amplitudes rp. For d > 2 odd, all the coefficients

are paired, implying that the relevant parameters are (d2 − 1)/2 amplitudes rp

and the same number of phases ϕp. For d > 2 even, we have the three unpaired

amplitudes r(d/2,0), r(0,d/2) and r(d/2,d/2), and (d2−4)/2 other amplitudes and equal

number of phases.

To handle these three cases at once we introduce the following partition of the set

Z2
d of indexes:

Z2
d = S0 ∪ Su ∪ S+ ∪ S− , (3.3.15)

where S0 = {(0, 0)}, Su = {(d/2, 0), (0, d/2), (d/2, d/2)}, and S+ and S− are any
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partition such that p ∈ S+ if and only if ⊖p ∈ S−. In this way, we can easily

identify the set of parameters defining U :

ParU = {rf}f∈Su ∪ {ra, ϕa}a∈S+ . (3.3.16)

Notice that every ra and ϕa with a ∈ S+ is respectively paired with r⊖a and

ϕ⊖a, with ⊖a ∈ S−, via Eqs. (3.3.12) and (3.3.13). Here and in what follows we

use indexes f, g ∈ Su to label unpaired amplitudes and a, b ∈ S+ to label paired

amplitudes and phases.

Let us introduce the notation |f⟩ = |fx⟩1 ⊗ |fz⟩2 for index f = (fx, fz), and

similarly for a = (ax, az). Then, using partition (3.3.15), the state |φ0⟩12 in

Eq. (3.3.8) becomes

∣∣φ0
〉
12

= r0 |0⟩ +
∑
f∈Su

rfe
iϕf |f⟩

+
∑
a∈S+

ra
(
eiϕa |a⟩ + eiϕ⊖a |⊖a⟩

)
, (3.3.17)

where r0 = (1 −
∑

n ̸=(0,0) r
2
n)1/2.

Now, consider the following two-qudit operation

H̃ |n⟩ =


|n⟩ , for n = 0 and n ∈ Su.

1√
2

(|n⟩ + |⊖n⟩) , for n ∈ S+.

1√
2

(|⊖n⟩ − |n⟩) , for n ∈ S−.

(3.3.18)

This operation can be understood as a set of Hadamard gates each acting in a

subspace labeled with paired indexes, while acting as an identity on the other

subspaces. Applying H̃ on |φ0⟩12 we obtain the state

∣∣φ1
〉
12

= r0 |0⟩ +
∑
f∈Su

rfe
iϕf |f⟩

+
∑
a∈S+

ra√
2

(
eiϕa + eiϕ⊖a

)
|a⟩

+
∑
a∈S+

ra√
2

(
eiϕa − eiϕ⊖a

)
|⊖a⟩ . (3.3.19)

Projective measurements on the computational basis for both qudits leads to the
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probabilities

P0 = r20,

Pf = r2f ,

Pa = r2a(1 + cos(∆a)),

P⊖a = r2a(1 − cos(∆a)), (3.3.20)

where ∆a = ϕa − ϕ⊖a is given by the expression

∆a = 2ϕa −
2π

d
axaz − (2n+ 1)π ,with n ∈ Z. (3.3.21)

These probabilities lead to the estimates for the amplitudes

rf =
√
Pf

ra =

√
Pa + P⊖a

2
, (3.3.22)

and for the phases

ϕa = ± 1

2
arccos

(
Pa − P⊖a

Pa + P⊖a

)
+
π

d
axaz

+ (n+
1

2
)π ,with n ∈ Z. (3.3.23)

Thus, our proposal estimates the amplitudes and phases that characterize any

d-dimensional close-to-the-identity unitary gate. In any case, the phases are

estimated up to a set of four candidates, as implied by Eq. (3.3.23) and in

agreement with the 2-dimensional case. The discrimination of the candidates

requires prior information or additional experiments.

For dimension d even, the quantum Fisher information matrix characterizing our

process is given (see Appendix E for details) by the block matrix

Feven =


A B 0

BT C 0

0 0 D

 , (3.3.24)

where the ordering in the block matrix Feven is given by ({rf}, {ra}, {ϕa}), with
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f ∈ Su and a ∈ S+, and the explicit form of each block is

Af,g = 4
rfrg
r20

+ 4δf,g (3.3.25)

Bf,a = 8
rfra
r20

(3.3.26)

Ca,b = 16
rarb
r20

+ 8δa,b (3.3.27)

Da,b = 8r2aδa,b , (3.3.28)

being δx,y the Kronecker delta. In particular, for d = 2, the unitary transformation

is characterized by three unpaired amplitudes, i.e., S+ and S− are empty. Hence,

the quantum Fisher information matrix reduces to the upper left block as

F2 = A . (3.3.29)

In the case of dimension d odd all amplitudes and phases are paired, hence Su is

empty. Thus, the quantum Fisher information matrix is given by

Fodd =

(
C 0

0 D

)
. (3.3.30)

In this way, we have obtained the quantum Fisher information matrix Fd

for estimating close-to-the-identity unitary transformations in every dimension.

Furthermore, we show in Appendix F that the classical Fisher information matrix

Id is equal to Fd. Thus, our estimation procedure saturates the quantum Cramér-

Rao inequality for close-to-the-identity unitary transformations. Let us note

that within the approximation rm/r0 ≪ 1 the non-diagonal terms in Feven

are O((rm/r0)
2), hence they can be neglected and consequently all the Fisher

information matrices are nearly diagonal. In this way, in the case of odd dimension,

the amplitudes can be estimated independently of each other and with equal

precision. For even dimension, the amplitudes are also estimated independently;

however, unpaired amplitudes are estimated with half the precision of paired

amplitudes. Lastly, the precision in the estimation of the phases is severely

restricted since it is proportional to the inverse of the square of the corresponding

amplitude.

We must emphasize that our result is only valid within the close-to-the-identity
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approximation, where the parameters in the Weyl-Heisenberg expansion of d-

dimensional unitary matrices, namely the phases {ϕp} and the amplitudes {rp},

are approximately independent between each other. In the case far from the

identity, where the parameters are strongly correlated, the above does not hold:

even a slight variation in one of the amplitudes, which produces slight variations

in the other ones because of the normalization, leads to violation of the unitarity

conditions. Since the relation between the parameters for the general case is

not clear, it is not possible to calculate, even numerically, the partial derivatives

required to obtain the classical and quantum Fisher information matrices. In

Appendix G we use a different parametrization to compare these matrices, showing

that the distance between them increases as U is further from the identity.

3.3.4 Discussion

In this section we extended the analysis of the circuit proposed in Section 3.2.4 to

higher dimensions and proved analytically that our procedure is optimal for unitary

gates close to the identity in any finite dimension. In Ref. [180] it was shown that

the quantum Cramér-Rao bound can be achieved for unitary transformations close

to the identity, but no explicit protocol was proposed; our procedure accomplishes

this task. Far from the identity our procedure still estimates the amplitudes rp of

the coefficients, but the assessment of the precision of this estimation is an open

problem.

Notice that part of the circuit in Fig. 3.3.1 can be described by a quantum switch.

Indeed, if the control system is the path degree of freedom of a photon and the

target system is any high-dimensional degree of freedom, then the Fourier and

inverse Fourier transforms correspond to multiport beam splitters. The controlled

operations acting before U have the form of a gate Zd−m−1Xn when the control is

in state |mn⟩. Meanwhile, the controlled operations after U and before the inverse

Fourier transforms for the same control state become the operation Xd−n−1Zm.

Hence, to get the state |Φ7⟩012, a total of d− 1 copies of X, d− 1 copies of Z and

one copy of U need to be applied on the target system in a different order in each

path. Thus, it is equivalent to a (2d− 1, d2)-switch. As discussed in the previous

section, since only one of these gates is unknown, no role is expected for indefinite

causal order in this protocol other than being an alternative setup for estimation

of high-dimensional unitary gates.
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Although indefinite causal order is not relevant in the behaviour of the circuit, our

circuit exhibits some surprising features. Firstly, it transcribes the coefficients of

the gate in the Weyl-Heisenberg basis into probability amplitudes of two control

qudits. And secondly, the initial state of the target system is kept the same at

the end of the procedure. These characteristics will be further discussed in the

next section, where we replace the unitary operation U by an arbitrary quantum

channel E .

3.4 Transcribing quantum channels into

quantum states

3.4.1 Process matrix of a quantum channel

In this section, we show that when U is replaced by an arbitrary quantum channel

E , the circuit in Fig. 3.3.1 encodes the process matrix of E in the output state

of the control, while the original state ρ0 of the target is obtained as output,

unaffected by the channel. Here, we denote as “process matrix” one of the different

representations of a quantum channel and must not be confused with the process

matrices framework reviewed in Section 1.1.3.1. Also, notice that for dealing with

arbitrary channels, quantum states must be now described by density matrices

instead of unitary vectors. Let us start this section briefly introducing quantum

channels and their process matrix representation.

Let H be a d-dimensional Hilbert space, L(H) the space of linear operators

on H and E : L(H) → L(H) an arbitrary quantum channel, i.e., a linear map

taking quantum states into quantum states. The map E is a quantum channel

if and only if it is a completely positive and trace preserving (CPTP) linear

map or, equivalently, its action on an input state ρ can be written in the Kraus

representation [179, 185] as

E(ρ) =
∑
i

EiρE
†
i , (3.4.1)

where the Ei are linear operators on H satisfying the completeness relation

∑
i

E†
iEi = I, (3.4.2)
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with I the identity operator. Given a basis B = {Ẽj}d
2

j=1 for the space L(H),

Kraus operators can be spanned as the linear combination

Ei =
∑
j

eijẼj , (3.4.3)

where eij are complex coefficients. Then, the action of the channel can be written

as

E(ρ) =
∑
jk

χjkẼjρẼ
†
k , (3.4.4)

where

χjk :=
∑
i

eije
∗
ik (3.4.5)

are the elements of a d2 × d2 matrix χ, known as process matrix [163]. It can be

seen from Eq. (3.4.4) that χ completely describes the action of E on any quantum

state, provided a basis for L(H).

If the operators Ẽj ∈ B satisfy the orthogonality relation

Tr[Ẽj
†
Ẽk] = dδjk , (3.4.6)

where δjk is the Kronecker delta, then χ is a positive semi-definite matrix with

trace equal to 1 (see Appendix H for details). In other words, the process matrix

χ is a valid d2-dimensional quantum state.

A basis for L(H) satisfying relation (3.4.6) is the set of Weyl-Heisenberg operators1

B = {XjZk}d−1
j,k=0 . (3.4.7)

Hereafter, we will only consider the process matrix χ of a quantum channel relative

to the Weyl-Heisenberg basis.

3.4.2 The circuit

Fig. 3.4.1 depicts the circuit that transcribes the process matrix of an arbitrary

quantum channel E onto an auxiliary output system. This circuit consists in one

1Cf. Eq. C.7.
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ρ0 X
(0)
02 Z

†(1)
01 E Z

(0)
01 X

†(1)
02 X

†(−1)
01 Z

†(0)
02

ρ0

|0⟩⟨0|1 F F−1

χ

|0⟩⟨0|2 F F−1 X

Figure 3.4.1: Circuit that transcribes the process matrix χ of an
arbitrary quantum channel E into the state of an auxiliary quantum
system. The circuit does not alter the state ρ0 of the target system. F are
d-dimensional Fourier transforms acting on control qudits 1 and 2, and X

(i)
tc and

Z
(i)
tc are controlled gates with shift in the control.

target and two control qudits initialized in the state

ρin = ρ0 ⊗ |0⟩⟨0|1 ⊗ |0⟩⟨0|2 , (3.4.8)

where ρ0 is an arbitrary initial state for the target qudit. Let us briefly review

the action of the circuit. First, Fourier transforms

F =
1√
d

d−1∑
j,k=0

ωjk|j⟩⟨k| (3.4.9)

act on the control qudits, transforming them into maximal superposition states.

Then, controlled operations X
(0)
02 and Z

†(1)
01 are applied creating entanglement

between the target and control systems. These controlled operations are particular

cases of what we call controlled operators with shifted control, which are generally

defined as

V
(i)
tc :=

d−1∑
k=0

V k
t ⊗ |k ⊖ i⟩⟨k ⊖ i|c , (3.4.10)

where V k
t is the k-th power of the operator V applied on the target system t, and

i indicates a shift in the control system c, with ⊖ denoting difference modulo d.

Then, an arbitrary quantum channel

E(ρ) =
∑
i

EiρE
†
i (3.4.11)

is applied on the target system followed by controlled operations Z
(0)
01 and X

†(1)
02 .

Inverse Fourier transforms then act on the control qudits. At this point, the joint
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state of the system may remain entangled, so new controlled operations X
†(−1)
01 and

Z
†(0)
02 are implemented in order to separate the target from the control. Finally, an

X gate is applied to the second control qudit in order to more conveniently pair

the coefficients that characterize the quantum channel with the computational

basis of the control register.

Notice that the evolution of the joint system before the application of E is unitary.

Hence, we can group the operations preceding E as

V = (Z
†(1)
01 ⊗ I2)(X

(0)
02 ⊗ I1)(I0 ⊗ F1 ⊗ F2) . (3.4.12)

Similarly, we can group the unitary operations applied after E in the gate

W = (I0 ⊗ I1 ⊗X2)(Z
†(0)
02 ⊗ I1)(X

†(−1)
01 ⊗ I2)(I0 ⊗F †

1 ⊗F †
2 )(X

†(1)
02 ⊗ I1)(Z

(0)
01 ⊗ I2) .

(3.4.13)

Thus, the action of the circuit can be written shortly as

ρout =
∑
i

WEiV ρinV
†E†

iW
† , (3.4.14)

or

ρout =
∑
i

KiρinK
†
i , (3.4.15)

with

Ki = WEiV . (3.4.16)

In other words, we can consider our circuit as transforming a d-dimensional

quantum channel with Kraus operators Ei into a d3-dimensional quantum channel

with Kraus operators Ki = WEiV .

As shown in Appendix I, these final Kraus operators are

Ki =
∑
n∈Z2

d

d−1∑
k1,k2=0

einω
k1(k2+nz−1)X−k1

0 Z−k2
0 ⊗ |k1 ⊕ nx⟩ ⟨k1|1 ⊗ |k2 ⊕ nz⟩ ⟨k2|2 .

(3.4.17)

Here we use a notation with ordered pairs n = (nx, nz) ∈ Z2
d as indexes for the

elements in B, such that ein is the component of Ei along XnxZnz .
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Applied to ρin, the output state of the circuit is

ρout =
∑
i

KiρinK
†
i

= ρ0 ⊗ χ , (3.4.18)

i.e., the circuit keeps the initial target state invariant and outputs the process

matrix χ associated to E as the state of the control system. For brevity and

convenience, we refer to this process as “transcription”.

In the following, let us briefly discuss some aspects of the circuit.

3.4.3 Some features of the circuit

3.4.3.1 Correlations between target and external systems is maintained

Suppose that the target system is coupled to an extra arbitrarily large system A,

with their joint initial state being ρA0 and ρ0 = TrA[ρA0]. If the target system

enters in the circuit as before while the system A undergoes an identity evolution,

then the initial state ρA0 is again recovered. Indeed, linearity of quantum channels

implies that the output state of the circuit will be ρA0⊗χ. This indicates that not

only the initial state of the target, but also its entanglement and other types of

correlations with other systems get protected against the action of noisy channels.

3.4.3.2 Initial state can be recovered even if target qudit is lost

Suppose the target qudit gets lost in the region immediately before or immediately

after the application of E . We could replace the lost qudit by a new qudit in an

arbitrary state σ and continue with the remaining operations of the circuit. This

action is equivalent to the application of the map M = Tr[ρ]σ instead of E . Since

M is also a quantum channel, the output of the circuit will be still the tensor

product of the initial state of the target and the process matrix χ, but now χ

being the process matrix associated to M.

The previous observation suggests that the initial state of the target system is

transferred to the control qudits before applying E , from where it is retrieved

afterwards. This can be interpreted as the action of an “asymmetric SWAP”

operation between the target and control systems, which also explains why
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entanglement between the target and external systems is protected by the circuit.

3.4.3.3 Information available in sub-systems

Finally, let us see what the reduced density matrices of each qudit right after the

application of E are. Denoting the joint state of the system at this stage as ρ(4)

(right after the fourth step in the circuit), we obtain

ρ
(4)
0 = Tr12[ρ

(4)] =
E(I)

d
, (3.4.19)

ρ
(4)
1 = Tr02[ρ

(4)] =
I

d
, (3.4.20)

ρ
(4)
2 = Tr01[ρ

(4)] =
1

d

d−1∑
m,n=0

ρmnX
n−m , (3.4.21)

where ρmn are the matrix elements of ρ0. That is, the first control qudit alone

has no information concerning ρ0 while the second control qudit exhibits partial

information. In particular, if ρ0 is an eigenstate of X, then ρ
(4)
2 is also an eigenstate

of X, specifically the one with conjugate eigenvalue; instead, if ρ0 is diagonal

in the computational basis, then ρ
(4)
2 = I/d (for details, see Appendix J). Thus,

although the information about ρ0 is safe in the control register, whose state at

this point is given by

ρ
(4)
12 =

1

d2

d−1∑
p,q,m,n,k=0

ρmnω
k(q−p) |p⟩ ⟨q|1 ⊗ |k ⊖m⟩ ⟨k ⊖ n|2 , (3.4.22)

in general both control qudits are required in order to retrieve this information.

Finally, notice that none of the three qudits alone can provide any information

about the quantum channel applied on the target, as long as the channel is unital,

i.e., E(I) = I.

3.4.4 Comparison to “Choi” and “Choi-Bell” circuits

As it is well-known, there exist other quantum circuits that can encode complete

information about a quantum channel onto the output state. First, consider the

circuit illustrated in Fig. 3.4.2, which we call “Choi circuit”. The name is due

to the fact that the output state CE of the system is proportional to the Choi

representation of E , which is a matrix that completely characterizes a quantum
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|0⟩⟨0|1 X
(0)
12 E

CE

|0⟩⟨0|2 F

Figure 3.4.2: “Choi circuit”.

|0⟩⟨0|1 X
(0)
12 E X

†(0)
12

χ

|0⟩⟨0|2 F F−1

Figure 3.4.3: “Choi-Bell circuit”.

ρ0 E ρ0

|0⟩⟨0|1 X
(0)
12 X

†(0)
12

χ

|0⟩⟨0|2 F F−1

Figure 3.4.4: Choi-Bell circuit with an additional qudit and swap gates.

channel via the Choi-Jamio lkowski isomorphism [186, 187]. As noted in Ref. [188],

the process matrix χ relative to the Weyl-Heisenberg basis is equal to the Choi

operator written in the Bell basis. This combination gives rise to the circuit

that we call “Choi-Bell circuit” (see Fig. 3.4.3), which produces the state χ with

less operations than the channel transcription circuit in Fig. 3.4.1, but does

not provide information concerning the initial state ρ0. A proof of the relation

between the Choi operator and χ is given in Appendix K using our notation. To

recover the initial state ρ0, we can add a third qubit in an arbitrary initial state

and introduce swap operations just before and after the application of E in Fig.

3.4.3, to obtain a new circuit with exactly the same output state as the channel

transcription circuit (see Fig. 3.4.4).

We could still go further and add controlled gates between the two control qudits

with the aim of distributing the state ρ0 among them before the application of E ,

therefore getting all the features previously described for our circuit. Nevertheless,

at this point of the discussion it is clear that both circuits have different structures.
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Then, why should one prefer one of them instead of the other? Without intention

to give a definite answer to this question, we first note that the circuit in Fig. 3.4.4

requires at least 8 two-qudit controlled gates, compared to the 6 gates required in

the circuit in Fig. 3.4.1. In addition, it is worth noting that the circuit in Fig.

3.4.1 is well suited for interferometric arrays using a quantum switch as discussed

in Section 3.3.4. This way, our circuit could be fairly implemented with current

photonic technology (cf. Ref. [36] and Sec. 3.2.3). Conversely, the Choi-Bell

circuit demands non-local operations between the two control qudits, or equivalent

non trivial unitary gates acting on the d2-dimensional control register. Hence,

the Choi-Bell circuit seems to be more suitable for platforms where control and

target qudits are treated on an equal footing, such as superconducting qubits or

ion traps.

3.4.5 Possible applications

The structure of the channel transcription circuit was first utilized in Section 3.3

for the estimation of unitary gates, so it is natural to think that it could find

use in quantum process tomography of E as well. For this task, we could use

the circuit to output matrix χ encoded as a quantum state, and then perform

quantum state tomography using some available method. Though it is clear

that the Choi-Bell circuit (Fig. 3.4.3) is much simpler than ours to this aim,

there could still be some place for the application of the transcription circuit in

quantum process tomography. Recently, Ref. [189] introduced a similar quantum

circuit, highlighting its ability to protect the initial state of the target, but without

analyzing the relation of the final state of the control system with the quantum

channel applied. Interestingly, the authors realized that the protection of the

information is achieved also in scenarios where the control qudits are subject to

some classes of noise. It would be interesting to study how robust the transcription

of the quantum channel provided by our circuit is against noise, compared to that

by the Choi-Bell circuit. We leave this question for future work.

If the transcription circuit does provide some advantage over the Choi-Bell circuit

in some scenarios, then it could also become a tool for quantum remote sensing.

We could imagine that the control qudits remain in the lab in a low-noise quantum

memory, while the target system is sent to some external region to interact

with another system (the channel E), and then returned to the lab where the
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information about the interaction is retrieved from the control qudits.

Finally, let us note that our circuit can be used to implement a curious version

of quantum superdense coding [190, 191]. In the present case, in addition to

the 2 dits of information sent in the single target qudit, the target qudit is also

sent. Imagine that after the preparation state (Alice), the control qudits are

sent to Bob. Indeed, if we consider that the quantum channel is actually Alice

implementing one of the d2 Weyl-Heisenberg operations, then this encodes two

dits of information into the target, which is then sent to Bob for completion of

the circuit. As no information about the channel is available in the control qudits,

they contain no information about the message. These two dits get revealed

deterministically by Bob by measuring the control system in the computational

basis at the end of the circuit. Moreover, the initial state of the target can be

also used to encode information in the computational basis, as in this case all

three reduced density matrices are identity. It is still an open question whether

the qudit encoded from the beginning in the target system can be useful for some

other communication tasks such as quantum signature or author authentication.

3.4.6 Discussion

In this section we showed that the circuit introduced in Section 3.3 outputs the

process matrix of an unknown d-dimensional quantum channel while protects the

initial state of the target qudit. We also built a variation of the Choi-Bell circuit

with the same features of our circuit. The usefulness of our circuit in quantum

process tomography and quantum remote sensing remains unclear, although it

could be subject to its robustness against noise in the control system, analysis

that is left for future work. Also, it is an open question whether our circuit could

find some application in quantum communications, with the state of the target

system playing a special role. Finally, it would be interesting to take this circuit

to the continuous variable regime and compare it with other tools for quantum

process characterization.

3.5 Conclusions

In this chapter we have explored the application of the quantum switch for

quantum metrology. In particular, we addressed a multiparameter estimation
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task consisting in estimating a unitary transformation. Firstly, we proposed a

protocol for estimating qubit gates using a (3, 4)-switch, which may be easily

implemented by modifying the experimental setup of Ref. [36]. Our proposal

saturates the quantum Cramér-Rao bound with a lower number of auxiliary

gates than related works [142, 180, 181], although does not provide neither

metrological nor query advantages. We simulated an equivalent fixed-order circuit

in Qiskit using different models of noise. Our simulations show that our procedure

outperforms SQPT in a noiseless scenario for every size of the ensemble and also

in noisy scenarios with a small ensemble. Then we extended the protocol to higher

finite dimensions and showed that it saturates the quantum Cramér-Rao bound

for unitary transformations close to the identity. The protocol can be realised as a

(2d− 1, d2)-switch or an equivalent fixed-order circuit. Replacing the unitary gate

by an arbitrary d-dimensional quantum channel, we obtained a quantum circuit

that transcribes a quantum channel into the quantum state of an auxiliary system

while keeps the target system unaffected by the channel. We compared the circuit

with the Choi and Choi-Bell circuits, which have similar features, and mentioned

some possible applications.

We have argued at the end of Section 3.2 that indefinite causal order does not

play any role in this procedure. Indeed, the most general circuit presented here

(see Fig. 3.4.1) is a deterministic supermap, which map an input quantum

channel E to a new quantum channel. This is clearly stated in Eq. 3.4.16, which

specifies how the Kraus operators of the input channel are transformed into a

new set of Kraus operators. Whether the quantum switch or its fixed-order

equivalent is better for experimental implementations, depends exclusively on the

technological advancement of the chosen platform. Actually, more research about

the performance of our circuit in noisy devices is required. During this chapter,

we have learned that multiparameter estimation is a promissory direction for

applications of the quantum switch, but with different parameters being encoded

in different operations.

The aim of our exploration is to find applications of the quantum switch in CV

tasks. The extension of the circuit discussed in Section 3.4 to the CV regime is

an interesting future direction, since it could inspire new tomographic methods

for characterising CV quantum processes. Notwithstanding, we are interested in

applications of indefinite causal order. In this regard, it is important to highlight
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that our circuit can be implemented as a quantum switch. If we wish to extend the

fixed-order circuit to the CV regime, we may wonder whether the corresponding

quantum switch can be extended to the CV regime as well. Notice that the

dimension of the control system grows quadratically with the dimension of the

target, hence if the target becomes infinite-dimensional, the control system should

become infinite-dimensional too. However, the quantum switch has always been

defined for a finite number N of operations in up to N ! possible orders, implying

a finite-dimensional control. In a forthcoming work (see Section 4.3) we will insist

in this question: is it possible to extend the definition of the quantum switch to a

scenario with a continuous control? If so, is this quantum switch with continuous

control a causally non-separable process? And finally, does such a process provide

any computational advantage over causally ordered processes as the traditional

quantum switch does?
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Chapter 4

Conclusions

This final chapter offers a general view of the thesis. In Section 4.1 we summarise

our results and discuss the accomplishment of our objectives. In Section 4.2 we

insist in some open questions and offer some future directions which may provide

further support to our hypothesis. Finally, we offer a sneak peek of an ongoing

work in Section 4.3 and close in Section 4.4.

4.1 Summary

In this thesis we explored the application of the quantum switch to quantum

information processing, comparing its performance when the target is a CV system

versus when it is a finite-dimensional quantum system. In particular, we studied

the solution of a family of promise problems and an instance of multiparameter

estimation using an (N, p)-switch. We expected the quantum switch to provide

broader advantages when the target is a CV quantum system.

In Chapter 2 we were devoted to the study of the Complex Hadamard Promise

Problem, a generalized family of promise problems which reduces to the Hadamard

and Fourier promise problems as limiting cases. This family has well defined

instances in every finite dimension, relaxing the restrictions on the dimension of

the control and target systems imposed by previous approaches which focused on

the number of gates. Hence, our approach opens the possibility of more flexible

experimental realisations of this task. It is important to notice that the whole

family of Complex Hadamard promise problems is well defined for a CV target,
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while only a particular subset is allowed for each finite dimension of the target.

We also showed that every Complex Hadamard promise problem can be solved

deterministically using the quantum switch with only one query per gate both

in the finite-dimensional and CV cases. Moreover, the best fixed order circuits

known to solve the same family of problems require a larger number of queries

per gate, which grows with the number N of gates and the dimension p of the

control. Thus, the quantum switch provides query advantage in all the cases,

independently of the dimension of the target system. For this task, we conclude

that using a CV target provides broader advantages than using a finite-dimensional

one, accomplishing our first specific objective. This broader advantage is not

achieved in terms of the query per gates parameter, but in the amount of problems

allowed to be solved, since the CV regime lifts all the restrictions imposed by a

finite-dimensional target.

In Chapter 3 we assessed the performance of the quantum switch in a particular

multiparameter estimation task consisting in the estimation of a unitary

transformation. We proposed a variation of the experimental setup of Ref. [36]

for estimating a unitary gate acting on the polarization of a photon. Our proposal

saturates the quantum Cramér-Rao bound and uses a lower number of auxiliary

gates than related works. Building the equivalent fixed-order circuit, it became

clear that indefinite causal order does not provide metrological nor query advantage

in our procedure. Our scheme can be generalised to a (2d − 1, d2)-switch and

the unitary can be replaced by an arbitrary d-dimensional quantum channel.

Interestingly, our proposal keeps the target system unaffected by the quantum

channel while all the information regarding the channel is encoded in the control

register as the χ-matrix of the channel. In order to assess the performance of the

quantum switch in this task for CV target systems, a straightforward generalization

would demand a quantum switch with a continuous control. Hence, at this point

we cannot guarantee that taking our protocol to the CV regime will offer broader

advantages as hypothesised. Nevertheless, the quantum switch with continuous

control, which is the matter of a work in preparation (see Section 4.3), leads to

new effects which are conjectured to lay beyond the process matrices framework,

motivating a promising new avenue for research on indefinite causal order.

We have attempted to give new support to the hypothesis that indefinite causal

order provides broader advantages when the target system is CV. We have found
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those advantages to be a larger family of tasks benefited by the quantum switch

when the target system is CV and suggest that new phenomena may arise when

the control system becomes infinite-dimensional. Indefinite causal order on CV

quantum systems is a topic still quite unexplored and several questions remain

open. We discuss a couple of them in the next section.

4.2 Open questions

As we have mentioned in Section 1.2, Ref. [106] demonstrated that the (2, 2)-

switch with CV target is a causally non-separable process. However, as far as we

know, there is no demonstration of causal non-separability in a quantum switch

with p > 2 orders and CV target. Furthermore, no certification strategy of causal

non-separability has been proposed for process matrices with CV target. It would

be an interesting future direction to design a CV causal witness, which may be

eventually achieved combining methods from Refs. [106] and [192]. Such a causal

witness may be used to show that some of the quantum information processing

tasks mentioned in Section 1.2, as well as the one introduced in Chapter 2, are

indeed instances of indefinite causal order.

Regarding experimental realizations of indefinite causal order on CV systems, we

are aware of only two photonic implementations of the quantum switch with a CV

target. One of them uses the transverse position of the photon as target [20], while

the other applies operations on the orbital angular momentum degree of freedom

[24]. Since both experiments use polarization as control, they can combine only

two different orders of operations. Therefore, building a quantum switch with CV

operations in more than two different orders is still an open challenge. Different

degrees of freedom with higher dimension, e.g. frequency and orbital angular

momentum, may be used as control to this aim. An experiment like this would be

able to implement the most general CHPP discussed in Chapter 2 or an eventual

CV causal witness as suggested in the previous paragraph.
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4.3 Ongoing work

4.3.1 Quantum switch with continuous control

Following the hint at the end of Chapter 3, we may wonder whether a quantum

switch with continuous control can be defined. The traditional approach to

the quantum switch and the process matrices framework considers effective

transformations performed on the target system, usually illustrated as boxes.

As a consequence, the emphasis has always been on the number of agents, each

one applying a single quantum instrument on their corresponding input system.

If N agents participate in the process, there are up to N ! possible orders. Thus,

an N !-dimensional control system would be enough. However, this operational

approach keeps the dynamics hidden. It is well known that the dynamics of

a quantum system in standard quantum mechanics is ruled by a differential

equation in time, implying that the evolution of a system is continuous in time.

Here we propose to redefine the quantum switch by making the dynamics explicit

and directly linking the state of the control system to the time ordering of the

dynamics. This will allow to extend the quantum switch to a continuous control

in a straightforward manner.

To start with, consider the case of two unitary gates UA and UB. Each unitary is

generated by a Hamiltonian that rules the dynamics of the target system via the

Schrödinger equation during a given time frame. From the point of view of the

target system, it is indistinct whether one, two or more parties are responsible

for the evolution. The target system will evolve according to a time-dependent

Hamiltonian H(t) during a total time frame [ti, tf ]. Using the Dyson formula, one

of the orders of the unitaries can be written as

UBUA = T⃗ exp

(
− i

ℏ

∫ tf

ti

H(t)dt

)
, (4.3.1)

where T⃗ is the time-ordering operator. The alternative order does not alter the

dynamics behind each unitary nor the total time frame for the evolution. It only

affects the time ordering, what can be described by introducing a bijection Λ on

the time frame:

UAUB = T⃗ exp

(
− i

ℏ

∫ tf

ti

H(Λ(t))dt

)
. (4.3.2)
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In this particular case Λ permutes the time frames of the unitaries, but in principle

it could be any reshuffling of the total time frame. Consequently, the quantum

switch is redefined as a process that couples the state of the control system with the

time ordering of the dynamics. Every individual quantum switch is characterised

by a coupling function which assigns to each state |k⟩ of the control a bijection

Λk on the total time frame. The overall evolution of the joint system is described

by the unitary:

Uswitch =
∑
k

|k⟩⟨k| ⊗ T⃗ exp

(
− i

ℏ

∫ tf

ti

H(Λk(t))dt

)
. (4.3.3)

This new definition of the quantum switch, that we will denote generically as

quantum switch with continuous control, involves at least the following instances:

• The (N, p)-switch: The (N, p)-switch is a particular case where the

total time frame is partitioned in N parts and the control system has

finite dimension p. The coupling function assigns to each state in the

computational basis of the control a bijection which is a permutation of the

time partition.

• Superposition of forward and time-reversal dynamics: Consider a

qubit as control and the functions Λ0(t) = t and Λ1(t) = ti + tf − t assigned

respectively to the states |0⟩ and |1⟩ of the control. If the control is initialized

in state |+⟩, then the quantum switch will implement a superposition of

forward and time-reversal dynamics. This process resembles a relative of

indefinite causal order known as indefinite time direction [193, 194].

• Continuously cyclic time ordering: Eq. (4.3.3) can be straightforwardly

extended to a continuous-variable control system as

Uswitch =

∫
dφ|φ⟩⟨φ| ⊗ T⃗ exp

(
− i

ℏ

∫ tf

ti

H(Λφ(t))dt

)
, (4.3.4)

where φ is a continuous variable such as the azimuthal angle of a particle

in a ring. A bijection Λ(t0) that cuts the total time frame in a point t0 and

then permutes the two resulting parts (see Fig. 4.3.1) can be assigned to a

particular value φ0 of the control variable. If t0 can be chosen freely in the

total time frame, then a superposition of continuously cyclic time-orderings



86 4.3. Ongoing work
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Figure 4.3.1: Quantum switch with continuous control. The quantum
switch of two unitary operations (left) can be recast as a single evolution determined
by a Hamiltonian H(t) (right). The total time frame is partitioned in two at
some instant t0, which labels the end of one unitary and the beginning of the
other. Then the parts are permuted. Forgetting about the original unitaries, the
point t0 could be chosen arbitrarily within the total time frame. Furthermore,
each value of t0 defines a different time ordering on the dynamics, which may be
controlled coherently. A quantum switch with continuous control may implement
a superposition of continuously cyclic time orderings on the dynamics.

can be achieved.

• Accelerando/rallentando effect: In principle, there is no restriction on

the functional form of Λ(t) as long as it is a bijection. If it is a non-linear

continuous function, then the rate of change of the Hamiltonian according

to the target system can be modified, altering its overall evolution. This

novel effect appears naturally in a variation of the gravitational quantum

switch. Indeed, indefinite order of events in the scenario introduced by Ref.

[125] is due to gravitational time dilation, which is a non-linear function on

the distance to the source of the gravitational field. Therefore, in order to

get a non-linear time ordering on the dynamics, it is enough to increase the

number of events, which now trigger a change in the Hamiltonian instead of

an instantaneous operation.

The quantum switch with continuous control will be further discussed in

• Jorge Escandón-Monardes, Natália S. Móller,  Lukasz Rudnicki and Stephen

P. Walborn, “Quantum switch with continuous control” (in preparation).

This work is a collaboration with researchers from the International Centre for

Theory of Quantum Technologies ICTQT (University of Gdańsk, Poland) and the

Research Center for Quantum Information RCQI (Slovak Academy of Sciences,
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Slovakia).

4.4 Coda

Indefinite causal order is currently a hot topic within quantum information. It

involves several subjects in the field, from a foundational level to applications.

It trascends standard quantum mechanics in an attempt to approach quantum

gravity, opening several avenues for further research.

This thesis is just a short song within the album of indefinite causal order.

Somewhere the main symphony is waiting to be played.
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[18] P. Schiansky, T. Strömberg, D. Trillo, et al., “Demonstration of universal
time-reversal for qubit processes”, Optica 10, 200–205 (2023).
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Certification of Causal Nonseparability”, Quantum 8, 1514 (2024).

[122] T. van der Lugt and N. Ormrod, “Possibilistic and maximal indefinite
causal order in the quantum switch”, Quantum 8, 1543 (2024).

[123] A. Peres, “Incompatible results of quantum measurements”, Physics Letters
A 151, 107–108 (1990).

[124] N. D. Mermin, “Quantum mysteries revisited”, American Journal of Physics
58, 731–734 (1990).

[125] M. Zych, F. Costa, I. Pikovski, et al., “Bell’s theorem for temporal order”,
Nature Communications 10, 3772 (2019).
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Appendix A

Estimation of qubit unitary

transformations without prior

information

Any qubit unitary gate can be written as (3.2.1), which is expanded as

U = cos(α)I − i sin(α)n̂ · σ̂

= cII − icxX − icyY − iczZ

= cII − icxX + cyXZ − iczZ , (A.1)

where cI = cos(α) and ck = sin(α)nk for k ∈ {x, y, z}, with α ∈ [0, π/2] and

n̂ ∈ R3 a unit vector.

Notice that in the circuit of Fig. 3.2.3, the final joint state is given by

|Φ10⟩012 = |ψ⟩0 ⊗ |φ⟩12 . (A.2)

Dropping the last X gate on the second control qubit, the quantum state |Φ9⟩012
in the previous step of the circuit becomes

|Φ9⟩012 = |ψ⟩0 ⊗
(
− icz|00⟩12 + cI |01⟩12 + cy|10⟩12 − icx|11⟩12

)
= |ψ⟩0 ⊗ |φZ⟩12 , (A.3)
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|ψ⟩0 X Z U Z X X Z |ψ⟩0

|0⟩1 H H
|φZ⟩12

|0⟩2 H H

|Φ0⟩012 |Φ7⟩012

Figure A.1: Measurement of control in Z eigenbasis. The circuit is the
same as in Fig. 3.2.3, without the last X gate in the second control qubit.

where |φZ⟩12 = −icz|00⟩12 + cI |01⟩12 + cy|10⟩12 − icx|11⟩12 . Measuring this state

in the computational basis (see Fig. A.1) leads to probabilities PZ
00 = |cz|2,

PZ
01 = |cI |2, PZ

10 = |cy|2 and PZ
11 = |cx|2.

For measuring the control qubits in the X basis we need to apply a Hadamard

gate on each one (see Fig. A.2). We get the new state

|φX⟩12 =
1

2

[
(−icz + cI + cy − icx)|00⟩12 + (−icz − cI + cy + icx)|01⟩12

+ (−icz + cI − cy + icx)|10⟩12 + (−icz − cI − cy − icx)|11⟩12
]
, (A.4)

leading to probabilities

PX
00 =

1

4

(
(cI + cy)

2 + (cx + cz)
2

)
,

PX
01 =

1

4

(
(cI − cy)

2 + (cx − cz)
2

)
,

PX
10 =

1

4

(
(cI − cy)

2 + (cx − cz)
2

)
,

PX
11 =

1

4

(
(cI + cy)

2 + (cx + cz)
2

)
. (A.5)

In order to measure the qubits in the Y eigenbasis, we apply a π/2-phase gate,

defined as

S = |0⟩⟨0| + i|1⟩⟨1| , (A.6)

followed by a Hadamard gate on each control qubit (see Fig. A.3). We get the
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|ψ⟩0 X Z U Z X X Z |ψ⟩0

|0⟩1 H H H

|0⟩2 H H H

|Φ0⟩012 |Φ7⟩012 |φZ⟩12 |φX⟩12

Figure A.2: Measurement of control in X eigenbasis. The circuit is
the same as in Fig. 3.2.3, without the last X gate in the second control qubit.
Additional rotation is performed in each control qubit in order to measure them
in the X eigenbasis.

|ψ⟩0 X Z U Z X X Z |ψ⟩0

|0⟩1 H H S H

|0⟩2 H H S H

|Φ0⟩012 |Φ7⟩012 |φZ⟩12 |φY ⟩12

Figure A.3: Measurement of control in Y eigenbasis. The circuit is
the same as in Fig. 3.2.3, without the last X gate in the second control qubit.
Additional rotation is performed in each control qubit in order to measure them
in the Y eigenbasis.

state:

|φY ⟩12 =
i

2

[
(−cz + cI + cy + cx)|00⟩12 + (−cz − cI + cy − cx)|01⟩12

+ (−cz + cI − cy − cx)|10⟩12 + (−cz − cI − cy + cx)|11⟩12
]
, (A.7)

and the outcome probabilities

P Y
00 =

1

4

(
cI + cy + cx − cz

)2

,

P Y
01 =

1

4

(
− cI + cy − cx − cz

)2

,

P Y
10 =

1

4

(
cI − cy − cx − cz

)2

,

P Y
11 =

1

4

(
− cI − cy + cx − cz

)2

. (A.8)
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Since the absolute values of cI , cx, cy and cz are known from the first experiment,

we can now use the outcome probabilities (A.5) and (A.8) to discriminate their

signs. We denote ri ≡ |ci|, si ≡ sgn(ci) and sxz = sx · sz. We obtain

PX
00 + PX

11 − P Y
00 − P Y

11 = 2cxcz . (A.9)

Hence

sxz = sgn(PX
00 + PX

11 − P Y
00 − P Y

11) . (A.10)

Also, it is easy to show that

PX
00 + PX

11 + P Y
00 + P Y

11 = 1 + 2cIcy , (A.11)

from where we get

sy = sgn(PX
00 + PX

11 + P Y
00 + P Y

11 − 1) , (A.12)

where we have used the fact that c2I + c2x + c2y + c2z = 1 and cI > 0.

Now we have two ways to obtain sx. Firstly, noticing that

P Y
10 + P Y

11 =
1

2
− cxcI + czcy (A.13)

and that sz = sxsxz, we can write

P Y
10 + P Y

11 =
1

2
− sxrxrI + sxsxzsyrzry , (A.14)

from where we get

sx =
P Y
10 + P Y

11 − 1/2

sxzsyrzry − rxrI
. (A.15)

Another possibility is start from

P Y
10 − P Y

11 = cycx − czcI + cxcz − cIcy (A.16)

to get

sx =
P Y
10 − P Y

11 + syrIry − sxzrxrz
syryrx − sxzrIrz

. (A.17)

Finally, we obtain sz = sxz · sx.
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Notice that the Eqs. (A.15) and (A.17) are ill defined in some cases. Then,

the complete protocol to estimate the unitaries from the outcome probabilities

must consider special cases. We summarize the discrimination procedure in the

following steps:

1. Get the magnitude of the coefficients ri from PZ
jk.

2. If three of the ri are zero, then U ∈ {I,X, Y, Z}.

3. If rz = rx = 0, we only need to find sy using Eq. (A.12). In case it is exactly

zero, it means that either rI or ry is close to zero; we choose sy randomly.

4. If rI = ry = 0, we get freedom in the global phase. Hence, we choose sx

randomly and calculate sz from sxz and Eq. (A.10).

5. Otherwise, we calculate sxz and sx using Eqs. (A.10) and (A.12), respectively.

Then we choose Eq. (A.15) or (A.17) according to which expression has the

denominator with larger absolute value, in order to diminish the statistical

variation on the estimation of sx. If both denominators are zero, we choose

sx as the numerator of Eq. (A.17).

The codes for this algorithm are shown in github [184].
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Appendix B

Noise model for estimation of

unitary transformations

We use the NoiseModel class from Qiskit to incorporate noise in the simulation

of our procedure. The simulation with full noise was accomplished by importing

an approximate noise model of the ibmq quito quantum processor of IBM. We

consider only qubits 0, 1 and 2 from the five qubits of this processor, assigning

qubit 1 for the target qubit in our protocol and qubits 0 and 2 as control register.

Tables B.1 and B.2 show the relevant error parameters for this setting, which are

relaxation times T1 and T2, single-qubit gates error SX, readout or measurement

errors and control-not gates error.

A second noisy simulation was performed considering only control-not gate errors.

To this end, we fixed single-qubit gates and readout errors to zero. To avoid

relaxation, we kept relaxation times but set the implementation time of each

gate to zero. Finally, a full noise simulation but with ideal control-not gate was

performed. In this case, only control-not error was consider equal to zero. Table

B.3 shows the error parameters considered in these scenarios. These values are the

maximum error parameters in ibmq quito at the moment of setting the model

and we consider the same values for each qubit.



106

Error Parameter Qubit 0 Qubit 1 Qubit 2
Relaxation time T1s [ns] 87.49953 × 103 86.63249 × 103 83.6549 × 103

Relaxation time T2s [ns] 121.65781 × 103 97.53323 × 103 72.867 × 103

Single-qubit gate error (SX) 0.00045 0.0004 0.00027
Readout errors 0.0406 0.0444 0.0841

Table B.1: Error parameters for full noise simulation - Single qubit
gates. Error parameters of ibmq quito for each qubit used in the full noise
simulation.

Error Parameter Qubit 01 Qubit 12
Control-not error 0.01021 0.00861

Table B.2: Error parameters for full noise simulation - CNOT gates.
Error parameters of ibmq quito for CNOT gates on each pair of qubits used in
the full noise simulation.

Error Parameter Value
Relaxation time T1s [ns] 110 × 103

Dephasing time T2s [ns] 147 × 103

Error probabilities (SX) 0.00045
Readout errors 0.0841

Control-not 0.0142

Table B.3: Error parameters for partial noise simulations. For simulations
with noiseless control-not gate we set its value to zero. For simulations considering
only a noisy control-not gate we set to zero the other noise sources.
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Appendix C

Derivation of the output state of

our circuit for estimation of

high-dimensional unitary

transformations

In this appendix we follow the evolution of the state through the circuit illustrated

in Fig. 3.3.1. Before that, let us start with some preliminary definitions.

Let us consider a d-dimensional Hilbert space H and the d2-dimensional space L(H)

of linear operators on H. We will denote the dth root of unity as ω ≡ exp(2πi/d),

the addition modulo d as ⊕ and the sustraction modulo d as ⊖. Some important

unitary operations in L(H) are the following:

1. Identity :

I :=
d−1∑
k=0

|k⟩ ⟨k| . (C.1)

2. Shift operator :

X :=
d−1∑
k=0

|k ⊕ 1⟩ ⟨k| . (C.2)

3. Phase operator :

Z :=
d−1∑
k=0

ωk |k⟩ ⟨k| . (C.3)
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4. Fourier transform:

F :=
1√
d

d−1∑
k=0

ωjk |j⟩ ⟨k| . (C.4)

It can be easily shown that the shift and phase operators satisfy the relation

ZjXk = ωjkXkZj . (C.5)

Also, we use a short notation for the Weyl-Heisenberg operators, defined as

Dn ≡ D(nx,nz) := XnxZnz , (C.6)

with n = (nx, nz) ∈ Z2
d, being Zd = {0, ..., d − 1}. The set {Dn}n∈Z2

d
is an

orthogonal basis for L(H); indeed, considering the Hilbert-Schmidt inner product

for operators ⟨A,B⟩ = Tr[A†B] and the relation
∑d−1

i=0 ω
i(j−k) = dδjk, it is possible

to show that

⟨Dn, Dm⟩ = dδnm , (C.7)

where δnm = δnxmxδnzmz . Consequently, any operator in L(H) can be written as

a linear combination of Weyl-Heisenberg operators. In particular, an unknown

unitary U can be expanded as

U =
∑
n∈Z2

d

rne
iϕnDn =

∑
n∈Z2

d

u(nx,nz)X
nxZnz , (C.8)

where un = rne
iϕn are complex coefficients with amplitude rn and phase ϕn.

Additionally, we define the controlled unitary operators with shifted control:

V
(i)
tc :=

d−1∑
k=0

V k
t ⊗ |k ⊖ i⟩c⟨k ⊖ i| , (C.9)

where Vt is a unitary gate acting on a target system t controlled by a control

system c whose state is shifted by i. For our procedure, we need the following
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four controlled operations:

X
(0)
02 =

d−1∑
k=0

Xk
0 ⊗ |k⟩2⟨k| , (C.10)

Z
†(1)
01 =

d−1∑
k=0

(Z†
0)k ⊗ |k ⊖ 1⟩1⟨k ⊖ 1| =

d−1∑
k=0

Z−k−1
0 ⊗ |k⟩1⟨k| , (C.11)

Z
(0)
01 =

d−1∑
k=0

Zk
0 ⊗ |k⟩1⟨k| , (C.12)

X
†(1)
02 =

d−1∑
k=0

(X†
0)k ⊗ |k ⊖ 1⟩2⟨k ⊖ 1| =

d−1∑
k=0

X−k−1
0 ⊗ |k⟩2⟨k| . (C.13)

Now let us proceed with the protocol. We start with the initial joint state

∣∣Φ0
〉
012

= |ψ⟩0 ⊗ |0⟩1 ⊗ |0⟩2 , (C.14)

where |ψ⟩0 is an arbitrary pure state. After applying the Fourier gates on the

control qudits, it becomes

∣∣Φ1
〉
012

= (I0 ⊗ F1 ⊗ F2)
∣∣Φ0
〉
012

=
1

d

d−1∑
j1,j2=0

|ψ⟩0 ⊗ |j1⟩1 ⊗ |j2⟩2 . (C.15)

After the controlled gate X
(0)
02 we have

∣∣Φ2
〉
012

= (X
(0)
02 ⊗ I1)

∣∣Φ1
〉
012

=
1

d

d−1∑
j1,j2=0

Xj2
0 |ψ⟩0 ⊗ |j1⟩1 ⊗ |j2⟩2 . (C.16)

Then,

∣∣Φ3
〉
012

= (Z
†(1)
01 ⊗ I2)

∣∣Φ2
〉
012

=
1

d

d−1∑
j1,j2=0

Z−j1−1
0 Xj2

0 |ψ⟩0 ⊗ |j1⟩1 ⊗ |j2⟩2 . (C.17)
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Applying U on the target qudit and using Eq. (C.5), we get

∣∣Φ4
〉
012

= (U0 ⊗ I1 ⊗ I2)
∣∣Φ3
〉
012

=
1

d

d−1∑
nx,nz ,j1,j2=0

u(nx,nz)ω
j2(nz−j1−1)Xnx+j2

0 Znz−j1−1
0 |ψ⟩0 ⊗ |j1⟩1 ⊗ |j2⟩2 .

(C.18)

Following with the next controlled operations we have

∣∣Φ5
〉
012

= (Z
(0)
01 ⊗ I2)

∣∣Φ4
〉
012

=
1

d

d−1∑
nx,nz ,j1,j2=0

u(nx,nz)ω
j2(nz−1)+j1nxXnx+j2

0 Znz−1
0 |ψ⟩0 ⊗ |j1⟩1 ⊗ |j2⟩2 ,

(C.19)

and then

∣∣Φ6
〉
012

= (X
†(1)
02 ⊗ I1)

∣∣Φ5
〉
012

=
1

d

d−1∑
nx,nz ,j1,j2=0

u(nx,nz)ω
j2(nz−1)+j1nxXnx−1

0 Znz−1
0 |ψ⟩0 ⊗ |j1⟩1 ⊗ |j2⟩2

=
d−1∑

nx,nz=0

u(nx,nz)X
nx−1
0 Znz−1

0 |ψ⟩0

⊗
(

1√
d

d−1∑
j1=0

ωj1nx |j1⟩1
)
⊗
(

1√
d

d−1∑
j2=0

ωj2(nz−1) |j2⟩2
)

=
d−1∑

nx,nz=0

u(nx,nz)X
nx−1
0 Znz−1

0 |ψ⟩0 ⊗ F1 |nx⟩1 ⊗ F2 |nz ⊖ 1⟩2 . (C.20)

Now we apply the inverse Fourier transform on the control qudits, getting

∣∣Φ7
〉
012

= (I0 ⊗ F−1
1 ⊗ F−1

2 )
∣∣Φ6
〉
012

=
d−1∑

nx,nz=0

u(nx,nz)X
nx−1
0 Znz−1

0 |ψ⟩0 ⊗ |nx⟩1 ⊗ |nz ⊖ 1⟩2

=
d−1∑

nx,nz=0

u(nx,nz⊕1)X
nx−1
0 Znz

0 |ψ⟩0 ⊗ |nx⟩1 ⊗ |nz⟩2 . (C.21)

In order to disentangle the target from the control qudits, we use the following
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controlled gates:

X
†(−1)
01 =

d−1∑
k=0

(X†
0)k ⊗ |k ⊕ 1⟩1⟨k ⊕ 1| =

d−1∑
k=0

X−k+1
0 ⊗ |k⟩1⟨k| , (C.22)

Z
†(0)
02 =

d−1∑
k=0

Z−k
0 ⊗ |k⟩2⟨k| . (C.23)

Successive steps leads to:

∣∣Φ8
〉
012

=
(
X

†(1)
01 ⊗ I2

) ∣∣Φ7
〉
012

=
d−1∑

nx,nz=0

u(nx,nz⊕1)Z
nz
0 |ψ⟩0 ⊗ |nx⟩1 ⊗ |nz⟩2 , (C.24)

∣∣Φ9
〉
012

=
(
Z

†(0)
02 ⊗ I1

) ∣∣Φ8
〉
012

= |ψ⟩0 ⊗

(
d−1∑

nx,nz=0

u(nx,nz⊕1) |nx⟩1 ⊗ |nz⟩2

)
, (C.25)

and

∣∣Φ10
〉
012

= (I0 ⊗ I1 ⊗X2)
∣∣Φ9
〉
012

= |ψ⟩0 ⊗

(
d−1∑

nx,nz=0

u(nx,nz) |nx⟩1 ⊗ |nz⟩2

)
= |ψ⟩0 ⊗

∣∣φ0
〉
12
, (C.26)

where |φ0⟩12 =
∑d−1

nx,nz=0 u(nx,nz) |nx⟩1⊗|nz⟩2 is the state of the control with exactly

the same coefficients of U . For short, we write

∣∣φ0
〉
12

=
∑
n∈Z2

d

un |n⟩ =
∑
n∈Z2

d

rne
iϕn |n⟩ , (C.27)

which corresponds to Eq. (3.3.8) in the main text.
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Appendix D

Unitarity condition of

high-dimensional operators

Let us consider the unitary gate U , written in the Weyl-Heisenberg basis as

U =
∑
n∈Z2

d

rne
iϕnDn , (D.1)

and its adjoint

U † =
∑
m∈Z2

d

rme
−iϕmD†

m , (D.2)

where Dn is defined in Eq. (C.6). We have

UU † =
∑

m,n∈Z2
d

rmrne
i(ϕn−ϕm)DnD

†
m , (D.3)

but since U is unitary we also have UU † = I. Noticing that I = D0 and considering

Eq. (C.7), we have that unitarity of U implies:

Tr[D†
pUU

†] = dδp,0 =

d if p = (0, 0)

0 if p ̸= (0, 0)
. (D.4)
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Let us calculate the left hand side of this expression using Eq. (D.3). We have:

Tr[D†
pUU

†] =
d−1∑
k=0

⟨k|
∑

m,n∈Z2
d

rmrne
i(ϕn−ϕm)D†

pDnD
†
m |k⟩

=
∑

m,n∈Z2
d

rmrne
i(ϕn−ϕm)

d−1∑
k=0

⟨k|D†
pDnD

†
m |k⟩ , (D.5)

but in terms of the shift and phase operators we also have

⟨k|D†
pDnD

†
m |k⟩ = ⟨k| (XpxZpz)†(XnxZnz)(XmxZmz)† |k⟩

= ⟨k|Z−pzX−pxXnxZnzZ−mzX−mx |k⟩

= ω−mx(nz−mz)ω−pz(nx−px−mx) ⟨k|Xnx−px−mxZnz−mz−pz |k⟩

= ω−mx(nz−mz)ω−pz(nx−px−mx)ω(nz−mz−pz)k ⟨k|Xnx−px−mx |k⟩

= ω−mx(nz−mz)ω−pz(nx−px−mx)ω(nz−mz−pz)k ⟨k| k ⊕ nx ⊖ px ⊖mx⟩

= ω−mx(nz−mz)ω−pz(nx−px−mx)ω(nz−mz−pz)kδnx,px⊕mx

= ω−mx(nz−mz)ω(nz−mz−pz)kδnx,px⊕mx , (D.6)

where we have used the commutation relation in Eq. (C.5). Now, summing over

k we get

d−1∑
k=0

⟨k|D†
pDnD

†
m |k⟩ = ω−mx(nz−mz)

( d−1∑
k=0

ω(nz−mz−pz)k

)
δnx,px⊕mx

= ω−mx(nz−mz)dδnz ,pz⊕mzδnx,px⊕mx

= dω−mx(nz−mz)δn,p⊕m . (D.7)

Replacing Eq. (D.7) in Eq. (D.5), we get

Tr[D†
pUU

†] = d
∑

m,n∈Z2
d

rmrne
i(ϕn−ϕm)ω−mx(nz−mz)δn,p⊕m

= d
∑
m∈Z2

d

rmrp⊕me
i(ϕp⊕m−ϕm)ω−mxpz . (D.8)
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In particular, for p = (0, 0) in Eq. (D.4) we obtain a normalization condition,

which is equivalent to the total probability rule for the outcomes of our circuit:

∑
m∈Z2

d

r2m = 1 . (D.9)

Besides, for p ̸= (0, 0), we have

∑
m∈Z2

d

rmrp⊕me
i(ϕp⊕m−ϕm)ω−mxpz = 0 . (D.10)

Eqs. (D.9) and (D.10) appear as Eqs. (3.3.9) and (3.3.10), respectively, in the

main text.
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Appendix E

Calculation of Quantum Fisher

Information Matrix

The entries Fab of the quantum Fisher information matrix are given by

Fab = 2 ⟨Φ| {Ha, Hb} |Φ⟩ − 4 ⟨Φ|Ha |Φ⟩ ⟨Φ|Hb |Φ⟩ , (E.1)

with Ha = i
(
∂aU

†)U = −iU † (∂aU), and |Φ⟩ the probe state. In our circuit, the

probe state is given by Eq. (C.17) as

|Φ⟩ =
∣∣Φ3
〉
012

=
1

d

d−1∑
j1,j2=0

Z−j1−1
0 Xj2

0 |ψ⟩0 ⊗ |j1⟩1 ⊗ |j2⟩2 , (E.2)

where |ψ⟩0 is the initial state of the target system.

Let us consider again the expansion of the unitary gate

U =
∑
n∈Z2

d

rne
iϕnDn , (E.3)

where n = (nx, nz) is an ordered pair and Dn = Dnx,nz = XnxZnz . The sum can

be split using partition (3.3.15) as

U = r0I +
∑
f∈Su

rfe
iϕfDf +

∑
a∈S+

ra

(
eiϕaDa + eiϕ⊖aD⊖a

)
, (E.4)
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where r0 =
(

1 −
∑

n ̸=(0,0) r
2
n

)1/2
and we have used ra = r⊖a in the last sum. Notice

that

r0 =

1 −
∑
f∈Su

r2f −
∑
a∈S+

r2a −
∑

⊖a∈S−

r2⊖a

1/2

=

1 −
∑
f∈Su

r2f − 2
∑
a∈S+

r2a

1/2

. (E.5)

We can now determine the derivatives of U and therefore the operators Ha that

appears in Eq. (E.1). For f ∈ Su we have:

∂rfU = −rf
r0
I + eiϕfDf , (E.6)

and therefore

Hrf = i
(
∂rfU

†)U
= i

∑
n∈Z2

d

rn

(
−rf
r0
eiϕnDn + ei(ϕn−ϕf )D†

fDn

)
. (E.7)

Similarly, for a ∈ S+ we have:

∂raU = −2
ra
r0
I + eiϕaDa + eiϕ⊖aD⊖a (E.8)

and

∂ϕaU = ira(e
iϕaDa − eiϕ⊖aD⊖a) , (E.9)

leading to

Hra = i
∑
n∈Z2

d

rn

(
−2

ra
r0
eiϕnDn + ei(ϕn−ϕa)D†

aDn + ei(ϕn−ϕ⊖a)D†
⊖aDn

)
(E.10)

and

Hϕa =
∑
n∈Z2

d

rarn

(
ei(ϕn−ϕa)D†

aDn − ei(ϕn−ϕ⊖a)D†
⊖aDn

)
. (E.11)
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In order to calculate the anti-commutators in Eq. (E.1), let us note that

{Ha, Hb} =
[
i
(
∂aU

†)U] [−iU † (∂bU)
]

+
[
i
(
∂bU

†)U] [−iU † (∂aU)
]

=
(
∂aU

†)UU † (∂bU) +
(
∂bU

†)UU † (∂aU) . (E.12)

By imposing unitarity on U we have that UU † = I and Eq. (E.12) becomes

{Ha, Hb} =
(
∂aU

†) (∂bU) +
(
∂bU

†) (∂aU) . (E.13)

We can now replace Eqs. (E.6), (E.8) and (E.9) into (E.13) and get:

{Hrf , Hrg} = 2
rfrg
r20

I − rf
r0

(
eiϕgDg + e−iϕgD†

g

)
− rg
r0

(
eiϕfDf + e−iϕfD†

f

)
+ ei(ϕg−ϕf )D†

fDg + ei(ϕf−ϕg)D†
gDf , (E.14)

{Hrf , Hra} = 4
rfra
r20

I − 2
ra
r0

(
eiϕfDf + e−iϕfD†

f

)
− rf
r0

(
eiϕaDa + e−iϕaD†

a + eiϕ⊖aD⊖a + e−iϕ⊖aD†
⊖a

)
+
(
ei(ϕa−ϕf )D†

fDa + ei(ϕf−ϕa)D†
aDf

)
+
(
ei(ϕ⊖a−ϕf )D†

fD⊖a + ei(ϕf−ϕ⊖a)D†
⊖aDf

)
, (E.15)

{Hrf , Hϕa} = ira

(
rf
r0

(
−eiϕaDa + e−iϕaD†

a + eiϕ⊖aD⊖a − e−iϕ⊖aD†
⊖a

)
+
(
ei(ϕa−ϕf )D†

fDa − ei(ϕf−ϕa)D†
aDf

)
+
(
−ei(ϕ⊖a−ϕf )D†

fD⊖a + ei(ϕf−ϕ⊖a)D†
⊖aDf

))
, (E.16)

{Hra , Hrb} = 8
rarb
r20

I − 2
ra
r0

(
eiϕbDb + e−iϕbD†

b + eiϕ⊖bD⊖b + e−iϕ⊖bD†
⊖b

)
− 2

rb
r0

(
eiϕaDa + e−iϕaD†

a + eiϕ⊖aD⊖a + e−iϕ⊖aD†
⊖a

)
+
(
ei(ϕb−ϕa)D†

aDb + ei(ϕa−ϕb)D†
bDa

)
+
(
ei(ϕ⊖b−ϕa)D†

aD⊖b + ei(ϕa−ϕ⊖b)D†
⊖bDa

)
+
(
ei(ϕb−ϕ⊖a)D†

⊖aDb + ei(ϕ⊖a−ϕb)D†
bD⊖a

)
+
(
ei(ϕ⊖b−ϕ⊖a)D†

⊖aD⊖b + ei(ϕ⊖a−ϕ⊖b)D†
⊖bD⊖a

)
, (E.17)
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{Hra , Hϕb
} = 2i

rarb
r0

(
−eiϕbDb + e−iϕbD†

b + eiϕ⊖bD⊖b − e−iϕ⊖bD†
⊖b

)
+ irb

(
ei(ϕb−ϕa)D†

aDb − ei(ϕa−ϕb)D†
bDa − ei(ϕ⊖b−ϕa)D†

aD⊖b

+ ei(ϕa−ϕ⊖b)D†
⊖bDa + ei(ϕb−ϕ⊖a)D†

⊖aDb − ei(ϕ⊖a−ϕb)D†
bD⊖a

+ ei(ϕ⊖a−ϕ⊖b)D†
⊖bD⊖a − ei(ϕ⊖b−ϕ⊖a)D†

⊖aD⊖b

)
(E.18)

and

{Hϕa , Hϕb
} = rarb

(
ei(ϕb−ϕa)D†

aDb + ei(ϕa−ϕb)D†
bDa − ei(ϕ⊖b−ϕa)D†

aD⊖b

− ei(ϕa−ϕ⊖b)D†
⊖bDa − ei(ϕb−ϕ⊖a)D†

⊖aDb − ei(ϕ⊖a−ϕb)D†
bD⊖a

+ ei(ϕ⊖a−ϕ⊖b)D†
⊖bD⊖a + ei(ϕ⊖b−ϕ⊖a)D†

⊖aD⊖b

)
. (E.19)

In order to calculate the expectation values ⟨Φ|Ha |Φ⟩ and ⟨Φ| {Ha, Hb} |Φ⟩ in

Eq. (E.1), we are going to need ⟨Φ|Dn |Φ⟩ and ⟨Φ|D†
aDb |Φ⟩. We can simplify

the notation for our probe state and rewrite Eq. (E.2) as

|Φ⟩ =
1

d

d−1∑
r,s=0

Z−1−rXs |ψ⟩ |rs⟩ . (E.20)

Thus,

⟨Φ|Dn |Φ⟩ =
1

d2

d−1∑
r′,s′=0

d−1∑
r,s=0

⟨ψ| ⟨r′s′|X−s′Z1+r′DnZ
−1−rXs |ψ⟩ |rs⟩

=
1

d2

d−1∑
r′,s′=0

d−1∑
r,s=0

⟨r′s′| rs⟩ ⟨ψ|X−s′Z1+r′DnZ
−1−rXs |ψ⟩

=
1

d2

d−1∑
r′,s′=0

d−1∑
r,s=0

δr′rδs′s ⟨ψ|X−s′Z1+r′DnZ
−1−rXs |ψ⟩

=
1

d2

∑
r,s

⟨ψ|X−sZ1+rDnZ
−1−rXs |ψ⟩ . (E.21)

But X−sZ1+rDnZ
−1−rXs = X−sZ1+r(XnxZnz)Z−1−rXs = XnxZnzωrnxωsnzωnx .
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Thus,

⟨Φ|Dn |Φ⟩ =
1

d2
⟨ψ|XnxZnz |ψ⟩ωnx

∑
r

ωrnx
∑
s

ωsnz

=
1

d2
⟨ψ|Dn |ψ⟩ωnxd2δnx,0δnz ,0

= ⟨ψ|Dn |ψ⟩ωnxδnx,0δnz ,0 . (E.22)

Note that Eq. (E.22) is different to zero only when nx = 0 and nz = 0, in which

case Dn = D0 = I. Hence,

⟨Φ|Dn |Φ⟩ = δn,0 . (E.23)

Also,

D†
aDb = Z−azX−axXbxZbz

= Z−azXbx−axZbz

= ω−az(bx−ax)Xbx−axZbz−az

= ω−az(bx−ax)Db−a . (E.24)

Thus, ⟨Φ|D†
aDb |Φ⟩ = ω−az(bx−ax) ⟨Φ|Db−a |Φ⟩. Replacing Db−a into (E.23) we

obtain

⟨Φ|D†
aDb |Φ⟩ = ω−az(bx−ax) ⟨Φ|Db−a |Φ⟩

= ω−az(bx−ax)δax,bxδaz ,bz

= δa,b (E.25)

We can now find each ⟨Φ|Ha |Φ⟩. By using Eq. (E.7),

⟨Φ|Hrf |Φ⟩ = i
∑
n

(
−rfrn

r0
eiϕn ⟨Φ|Dn |Φ⟩ + rne

i(ϕn−ϕf ) ⟨Φ|D†
fDn |Φ⟩

)
. (E.26)

From Eqs.(E.23) and (E.25) we see that the first term in Eq.(E.26) is non-zero

only for n = 0, whereas the second term is non-zero only for n = f . Therefore,

⟨Φ|Hrf |Φ⟩ = −irfr0
r0

+ irf = 0 . (E.27)
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Similarly, using Eq. (E.10) we have

⟨Φ|Hra |Φ⟩ = i
∑
n∈Z2

d

rn

(
− 2

ra
r0
eiϕn ⟨Φ|Dn |Φ⟩ + ei(ϕn−ϕa) ⟨Φ|D†

aDn |Φ⟩

+ ei(ϕn−ϕ⊖a) ⟨Φ|D†
⊖aDn |Φ⟩

)
= i

(
−2

rar0
r0

+ ra + r⊖a

)
= 0 , (E.28)

and using Eq. (E.11) we get

⟨Φ|Hϕa |Φ⟩ =
∑
n∈Z2

d

rarn

(
ei(ϕn−ϕa) ⟨Φ|D†

aDn |Φ⟩ − ei(ϕn−ϕ⊖a) ⟨Φ|D†
⊖aDn |Φ⟩

)
= r2a − rar⊖a

= 0 . (E.29)

Now let us determine the expectation values of the form ⟨Φ| {Ha, Hb} |Φ⟩. From

(E.14) and using Eqs.(E.23) and (E.25) we get

⟨Φ| {Hrf , Hrg} |Φ⟩ = 2
rfrg
r20

− rf
r0

(eiϕg + e−iϕg)δg,0 −
rg
r0

(eiϕf + e−iϕf )δf,0

+ (ei(ϕg−ϕf ) + ei(ϕf−ϕg))δf,g . (E.30)

Given the partition (3.3.15), we have f, g ∈ Su. It follows that f ̸= 0 and g ≠ 0,

hence the second and third term vanish. Thus,

⟨Φ| {Hrf , Hrg} |Φ⟩ = 2
rfrg
r20

+ 2δf,g . (E.31)

By replacing Eqs. (E.27) and (E.31) into (E.1), we obtain the entries of the first

block of F :

Af,g := Frf rg = 4
rfrg
r20

+ 4δf,g . (E.32)
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In the same way, from Eq. (E.15), we have

⟨Φ| {Hrf , Hra} |Φ⟩ = 4
rfra
r20

− 2
ra
r0

(
eiϕf + e−iϕf

)
δf,0

− rf
r0

(
eiϕaδa,0 + e−iϕaδa,0 + eiϕ⊖aδ⊖a,0 + e−iϕ⊖aδ⊖a,0

)
+
(
ei(ϕa−ϕf ) + ei(ϕf−ϕa)

)
δf,a +

(
ei(ϕ⊖a−ϕf ) + ei(ϕf−ϕ⊖a)

)
δf,⊖a .

(E.33)

Notice that all the Kronecker deltas in this equation are null because their indexes

belong to different sets of the partition (3.3.15). Thus,

⟨Φ| {Hrf , Hra} |Φ⟩ = 4
rfra
r20

, (E.34)

and we get the second block of F :

Bf,a := Frf ra = 8
rfra
r20

. (E.35)

From Eq. (E.16), we have

⟨Φ| {Hrf , Hϕa} |Φ⟩ = ira

(
rf
r0

(
−eiϕaδa,0 + e−iϕaδa,0 + eiϕ⊖aδ⊖a,0 − e−iϕ⊖aδ⊖a,0

)
+
(
ei(ϕa−ϕf ) − ei(ϕf−ϕa)

)
δf,a

+
(
−ei(ϕ⊖a−ϕf ) + ei(ϕf−ϕ⊖a)

)
δf,⊖a

)
. (E.36)

Again, the Kronecker deltas are always zero because of the partition, hence

⟨Φ| {Hrf , Hϕa} |Φ⟩ = 0 , (E.37)

and thus

Frfϕa = 0 . (E.38)
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From Eq. (E.17) we have

⟨Φ| {Hra , Hrb} |Φ⟩ = 8
rarb
r20

− 2
ra
r0

(
eiϕbδb,0 + e−iϕbδb,0 + eiϕ⊖bδ⊖b,0 + e−iϕ⊖bδ⊖b,0

)
− 2

rb
r0

(
eiϕaδa,0 + e−iϕaδa,0 + eiϕ⊖aδ⊖a,0 + e−iϕ⊖aδ⊖a,0

)
+
(
ei(ϕb−ϕa) + ei(ϕa−ϕb)

)
δa,b +

(
ei(ϕ⊖b−ϕa) + ei(ϕa−ϕ⊖b)

)
δa,⊖b

+
(
ei(ϕb−ϕ⊖a) + ei(ϕ⊖a−ϕb)

)
δ⊖a,b

+
(
ei(ϕ⊖b−ϕ⊖a) + ei(ϕ⊖a−ϕ⊖b)

)
δa,b , (E.39)

Now, the only Kronecker deltas that do not vanish are δa,b. Thus,

⟨Φ| {Hra , Hrb} |Φ⟩ = 8
rarb
r20

+ 4δa,b (E.40)

and

Ca,b := Frarb = 16
rarb
r20

+ 8δa,b . (E.41)

From Eq. (E.18),

⟨Φ| {Hra , Hϕb
} |Φ⟩ = 2i

rarb
r0

(
−eiϕbδb,0 + e−iϕbδb,0 + eiϕ⊖bδ⊖b,0 − e−iϕ⊖bδ⊖b,0

)
+ irb

(
ei(ϕb−ϕa)δa,b − ei(ϕa−ϕb)δa,b − ei(ϕ⊖b−ϕa)δa,⊖b

+ ei(ϕa−ϕ⊖b)δa,⊖b + ei(ϕb−ϕ⊖a)δ⊖a,b − ei(ϕ⊖a−ϕb)δ⊖a,b

+ ei(ϕ⊖a−ϕ⊖b)δa,b − ei(ϕ⊖b−ϕ⊖a)δa,b

)
, (E.42)

but some Kronecker deltas are null because of the partition, while the terms in

δa,b cancel out. Thus,

⟨Φ| {Hra , Hϕb
} |Φ⟩ = 0 (E.43)

and

Fraϕb
= 0 . (E.44)
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Finally, from Eq. (E.19), we have

⟨Φ| {Hϕa , Hϕb
} |Φ⟩ = rarb

(
ei(ϕb−ϕa)δa,b + ei(ϕa−ϕb)δa,b − ei(ϕ⊖b−ϕa)δa,⊖b

− ei(ϕa−ϕ⊖b)δa,⊖b − ei(ϕb−ϕ⊖a)δ⊖a,b − ei(ϕ⊖a−ϕb)δ⊖a,b

+ ei(ϕ⊖a−ϕ⊖b)δa,b + ei(ϕ⊖b−ϕ⊖a)δa,b

)
= 4rarbδa,b

= 4r2aδa,b (E.45)

and

Da,b := Fϕaϕb
= 8r2aδa,b . (E.46)

Summarizing, the quantum Fisher information matrix for estimating a unitary

gate close-to-the-identity in dimension even is

Feven =


A B 0

BT C 0

0 0 D

 , (E.47)

with A, B, C, and D being the blocks defined in Eqs. (E.32), (E.35), (E.41) and

(E.46), respectively. This matrix corresponds to the block matrix in Eq. (3.3.24).
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Appendix F

Calculation of Classical Fisher

Information Matrix

The classical Fisher information matrix is given by

Iab =
∑
y

1

P (y|t)

[
∂P (y|t)
∂ta

] [
∂P (y|t)
∂tb

]
. (F.1)

We can expand the sum using the partition (3.3.15):

Iab =
1

P0

[
∂P0

∂ta

] [
∂P0

∂tb

]
+
∑
h∈Su

1

Ph

[
∂Ph

∂ta

] [
∂Ph

∂tb

]
+
∑
c∈S+

(
1

Pc

[
∂Pc

∂ta

] [
∂Pc

∂tb

]
+

1

P⊖c

[
∂P⊖c

∂ta

] [
∂P⊖c

∂tb

])
. (F.2)

Deriving the probablities in Eqs. (3.3.20) we get:

∂P0

∂rf
=

∂

∂rf

1 −
∑
h∈Ss

r2h − 2
∑
c∈S+

r2c

 = −2rf , (F.3)

∂P0

∂ra
=

∂

∂ra

1 −
∑
h∈Ss

r2h − 2
∑
c∈S+

r2c

 = −4ra , (F.4)
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∂P0

∂ϕa

=
∂

∂ϕa

1 −
∑
h∈Ss

r2h − 2
∑
c∈S+

r2c

 = 0 . (F.5)

∂Ph

∂rf
=

∂

∂rf
r2h = 2rhδh,f . (F.6)

∂Ph

∂ra
= 0 . (F.7)

∂Ph

∂ϕa

= 0 . (F.8)

∂Pc

∂rf
=

∂

∂rf
r2c (1 + cos(∆c)) = 0 . (F.9)

∂Pc

∂ra
=

∂

∂ra
r2c (1 + cos(∆c)) = 2rcδa,c (1 + cos(∆c)) . (F.10)

Considering Eq. (3.3.21),

∂Pc

∂ϕa

=
∂

∂ϕa

r2c (1 + cos(∆c)) = −2r2c sin(∆c)δa,c . (F.11)

∂P⊖c

∂rf
=

∂

∂rf
r2c (1 − cos(∆c)) = 0 . (F.12)

∂P⊖c

∂ra
=

∂

∂ra
r2c (1 − cos(∆c)) = 2rcδa,c (1 − cos(∆c)) . (F.13)

∂P⊖c

∂ϕa

=
∂

∂ϕa

r2c (1 − cos(∆c)) = 2r2c sin(∆c)δa,c . (F.14)
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Putting all these derivatives in Eq. (F.2), we can calculate I by blocks. We have:

Af,g := Irf rg

= 4
rfrg
r20

+
∑
h∈Ss

1

r2h
4rgrfδh,fδh,g + 0

= 4
rfrg
r20

+
1

r2f
4rgrfδf,g

= 4
rfrg
r20

+ 4δf,g . (F.15)

Also,

Bf,a := Irf ra = 8
rfra
r20

+ 0 + 0 = 8
rfra
r20

, (F.16)

and

Irfϕa = 0 + 0 + 0 = 0 , (F.17)

similarly

Ca,b := Irarb

= 16
rarb
r20

+ 0 +
∑
c∈S+

(
1

r2c (1 + cos ∆c)
4r2c (1 + cos ∆c)

2δa,cδb,c

+
1

r2c (1 − cos ∆c)
4r2c (1 − cos ∆c)

2δa,cδb,c

)
= 16

rarb
r20

+ (4(1 + cos ∆a) + 4(1 − cos ∆a)) δa,b

= 16
rarb
r20

+ 8δa,b , (F.18)

and

Iraϕb
= 0 + 0 +

∑
c∈S+

(
−4

r2c (1 + cos ∆)
r3c (1 + cos ∆c) sin ∆cδa,cδb,c

+
4

r2c (1 − cos ∆c)
r3c (1 − cos ∆c) sin ∆cδa,cδb,c

)
=
∑
c∈S+

(−4rc sin ∆c + 4rc sin ∆c) δa,cδb,c

= 0 , (F.19)
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finally

Da,b := Iϕaϕb

= 0 + 0 +
∑
c∈S+

(
4

r2c (1 + cos ∆c)
r4c sin2 ∆cδa,cδb,c

+
4

r2c (1 − cos ∆c)
r4c sin2 ∆cδa,cδb,c

)
=
∑
c∈S+

4r2c sin2 ∆cδa,cδb,c

(
1

1 + cos ∆c

+
1

1 − cos ∆c

)
=
∑
c∈S+

4r2c sin2 ∆cδa,cδb,c

(
1 − cos ∆c

1 − cos2 ∆c

+
1 + cos ∆c

1 − cos2 ∆c

)
=
∑
c∈S+

8r2cδa,cδb,c

= 8r2aδa,b . (F.20)

Summarizing, we obtained the following classical Fisher information matrix for

our procedure:

I =


A B 0

BT C 0

0 0 D

 , (F.21)

where each block has the same definition of the corresponding block in the quantum

Fisher information matrix in Eq. (E.47).
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Appendix G. Comparison of classical and quantum Fisher information matrices

slightly away from the identity

Appendix G

Comparison of classical and

quantum Fisher information

matrices slightly away from the

identity

G.1 Alternative Parametrization of U : Gell-

Mann matrices

In order to compare the classical and quantum Fisher information matrices, we

firstly need to guarantee the unitarity of U while mantaining the independence of

the parameters. A suitable way to do this is by writing an arbitrary unitary gate

as the exponential of a Hermitian operator H:

U = exp(iH) . (G.1.1)

We can always write H as

H =
d2−1∑
j=1

λjTj , (G.1.2)

where Tj are the generalized Gell-Mann matrices and λj are d2−1 real parameters

(see definition in Ref. [195]).

The set {Tj} of the d2−1 generalized Gell-Mann matrices plus the operator
√

2/d I
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is a set of d2 linear operators satisfying the orthogonality relation Tr[T †
i Tj ] = 2δi,j ,

with δi,j being the Kronecker delta. Hence, this set is an orthogonal basis for the

space of d-dimensional linear operators. As a consequence, any operator U can be

spanned as:

U =
d2∑
k=1

u
(GM)
k Tk , (G.1.3)

where u
(GM)
k are complex coefficients. In order to relate this expansion with the

one in the main text, we will rewrite here Eq. (3.3.1) as:

U =
d2∑
k=1

u
(WH)
k Dk , (G.1.4)

where u
(WH)
k are complex coefficients and Dk are the Weyl-Heisenberg operators.

Notice that every Gell-Mann matrix can also be spaned in the Weyl-Heisenberg

basis. We can write

Tk =
d2∑
j=1

t
(k)
j Dj , (G.1.5)

where the j-th component t
(k)
j of the k-th Gell-Mann matrix can be calculated as

t
(k)
i =

1

d
Tr[D†

iTk] . (G.1.6)

Let us highlight that now we have two orthogonal bases in the space of d-

dimensional operators. Moreover, we know from Eq. (3.3.9) that every unitary

transformation is associated to a unitary vector when it is expanded in the Weyl-

Heisenberg basis. This is not the case if we use the Gell-Mann basis, as can be

easily seen by taking the identity, which in the Gell-Mann basis has a unique

component different from zero with value
√
d/2. We would like to normalize

Gell-Mann matrices in such a way that any unitary operator is still associated to

a unitary vector. To this end, we define the normalized Gell-Mann matrices as

T̃k =

√
d

2
Tk , (G.1.7)
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whose components in the Weyl-Heisenberg basis are

t̃
(k)
i =

1

d
Tr[D†

i T̃k] =

√
d

2
t
(k)
i . (G.1.8)

These components define the vectors of an alternative orthonormal basis in a

d2-dimensional vector space. Indeed, let us calculate the inner product of the k-th

vector by the j-th vector:

∑
i

t̃
(k)
i · t̃(j)∗i =

∑
i

1

d2
· Tr[D†

i T̃k] · Tr[D†
i T̃j]

∗

=
∑
i

1

d2
· d

2
· Tr[D†

iTk] · Tr[D†
iTj]

∗

=
1

2d

∑
i,m,n

⟨m|D†
iTk|m⟩⟨n|D†

iTj|n⟩∗

=
1

2d

∑
i,m,n

⟨m|D†
iTk|m⟩⟨n|T †

jDi|n⟩

=
1

2d

∑
i,m,n

⟨n|T †
jDi|n⟩⟨m|D†

iTk|m⟩

=
1

2d

∑
m,n

⟨n|T †
j

∑
i

(
Di|n⟩⟨m|D†

i

)
Tk|m⟩ . (G.1.9)

But notice that

∑
i

(
Di|n⟩⟨m|D†

i

)
=
∑
ix,iz

(
X ixZiz |n⟩⟨m|Z−izX−ix

)
=
∑
ix,iz

ωiz(n−m)|n⊕ ix⟩⟨m⊕ ix|

=
∑
ix

d · δm,n|n⊕ ix⟩⟨m⊕ ix| . (G.1.10)
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Then,

∑
i

t̃
(k)
i · t̃(j)∗i =

1

2d

∑
m,n,ix

d · δm,n⟨n|T †
j |n⊕ ix⟩⟨m⊕ ix|Tk|m⟩

=
1

2

∑
m

⟨m|T †
j

∑
ix

(|m⊕ ix⟩⟨m⊕ ix|)Tk|m⟩

=
1

2

∑
m

⟨m|T †
j Tk|m⟩

=
1

2
· Tr[T †

j Tk]

=
1

2
· 2δj,k

= δj,k . (G.1.11)

In the next subsection, we will use {t̃(k)} as the measurement basis for the control

system in our circuit.

G.2 Estimating the parameteres of U (first

order)

Let us consider an arbitrary unitary transformation U close to the identity. If we

expand Eq. (G.1.1) to first order, we get

U ≈ I + iH . (G.2.1)

Using Eq. (G.1.2),

U ≈ I + i

d2−1∑
j=1

λjTj . (G.2.2)

Considering the normalized Gell-Mann matrices, we have

U ≈ I + i

√
2

d

d2−1∑
j=1

λjT̃j , (G.2.3)
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and we can rewrite Eq. (G.1.3) as

U =

√
2

d

d2∑
k=1

u
(GM)
k T̃k

=
d2∑
k=1

ũ
(GM)
k T̃k , (G.2.4)

with ũ
(GM)
k =

√
2/d·u(GM)

k being the components of the unitary vector representing

U in the normalized Gell-Mann basis. Thus, we have:

ũ
(GM)
0 ≈ 1 , (G.2.5)

ũ
(GM)
j ≈ i

√
2

d
λj , for 1 ≤ j ≤ d2 − 1 . (G.2.6)

Now let us consider again our circuit. By measuring the final state of the control

system in the basis induced by the normalized Gell-Mann matrices, we get outcome

probabilities

p0 = |ũ(GM)
0 |2 ≈ 1 , (G.2.7)

pj = |ũ(GM)
j |2 ≈

2λ2j
d

, for 1 ≤ j ≤ d2 − 1 , (G.2.8)

from where we get an estimation of the parameters. Assuming λj ≥ 0, we have

λj ≈
√
d · pj

2
. (G.2.9)

Now we can use this estimator to assess the quality of the approximation when

we go slightly away from the identity, and also compare numerically the classical

and quantum Fisher information matrices.

G.3 Quality of the estimation

We assessed numerically the accuracy of the parameter estimation using

Eq. (G.2.9). For each dimension d = 2, 3, 4 and 5 we created 10000 random

unitary transformations close to the identity. Hamiltonian parameters were chosen

randomly within a variable range up to [0, 0.1], in such a way that we could scan
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Figure G.3.1: Average relative error of estimated Hamiltonian
parameters using first order approximation. Figures (a), (b), (c) and
(d) show unitary transformations close to the identity in dimensions 2, 3, 4 and 5,
respectively.

different distances to the identity. Although it is not properly a distance, we used

1 − r0 as a measure of how close is U to the identity operator, with r0 being the

component of U in the Weyl-Heisenberg basis as in the main text (we also tried with

the trace distance, obtaining equivalent results). For each unitary transformation,

we estimated the parameters in the asymptotic limit using Eq. (G.2.9). The

average relative error of the estimated parameters for each unitary is shown in Fig.

G.3.1. As expected, the accuracy of the estimation gets worse as U is further from

the identity. For dimensions 3, 4 and 5 the approximation leads to an average

relative error easily surpassing 1% when 1 − r0 > 1 × 10−3, i.e. for r0 < 0.999.

For dimension d = 2, the average relative error remains below 1% in the range of

parameters considered.



134 G.4. Classical and quantum Fisher Information comparison

G.4 Classical and quantum Fisher Information

comparison

For the same unitaries as the previous section, we numerically calculated the

quantum Fisher information matrix respect to the Hamiltonian parameters and

the classical Fisher information matrix for two different measurement schemes:

1) when the control system of our circuit is measured in the computational basis

(corresponding to the Weyl-Heisenberg basis in the space of linear operators)

and 2) in the basis induced by the normalized Gell-Mann matrices. We used

the trace distance between the quantum an classical Fisher information matrices

as figure of merit. Fig G.4.1 shows that for dimensions 3, 4 and 5 the classical

Fisher information matrix is closer to the quantum Fisher information matrix

when the control system is measured in the basis induced by Gell-Mann matrices.

Moreover, this distance approaches to zero as U approaches the identity, while the

distance between the classical Fisher information using the computational basis

and quantum Fisher information matrices remains constant when U approaches

to identity. In the case of dimension d = 2, where both bases are the same, the

trace distance achieves lower values than in higher dimensions.

G.5 Far from the identity

The estimation of parameters performed above only considers a first order

approximation of U around the identity. It would be interesting to go beyond

this approximation to estimate parameters far from the identity. For example, we

could approximate U to second order and calculate the Hamiltonian parameters

from the outcome probabilities by using equations similar to Eq. (G.2.9). However,

we could not find neither analytical nor numerical solutions for the nonlinear

equations system not even in dimension d = 3. An alternative approach consists

in having a good guess for the unitary gate (let us call it Ũ) and expand U to first

order around Ũ . However, this approach is not straightforward, since it involves

derivatives of operators which do not necessarily commute. Finally, it would be

interesting to explore different parametrizations for unitary operators, what we

let for future work.
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Figure G.4.1: Trace distance between classical Fisher information (CFI)
and quantum Fisher information (QFI) matrices. For dimension 3, 4 and 5,
classical Fisher information is computed from probabilities obtained by measuring
the control system in two different bases: the computational basis (WH, blue dots)
and the basis induced by normalized Gell-Mann matrices (GM, orange dots). For
dimension d = 2 both bases are exactly the same.
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Appendix H

Process matrix representation of

a quantum channel

Let H be a d-dimensional Hilbert space, L(H) the space of linear operators on H
and E : L(H) → L(H) an arbitrary quantum channel (or CPTP linear map). The

action of E on an input state ρ can be written in the Kraus representation [179,

185] as

E(ρ) =
∑
i

EiρE
†
i , (H.1)

where the Ei are linear operators on H satisfying the completeness relation

∑
i

E†
iEi = I , (H.2)

with I the identity operator.

An alternative representation of a quantum channel is known as the process matrix

or chi matrix representation [163]. Given a basis B = {Ẽj}d
2

j=1 for the space

L(H) of linear operators on H, the Kraus operators can be spanned as the linear

combination

Ei =
∑
j

eijẼj , (H.3)

where eij are complex coefficients. Then, the action of the channel can be written
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as

E(ρ) =
∑
i

(∑
j

eijẼj

)
ρ

(∑
k

e∗ikẼ
†
k

)
=

∑
jk

(∑
i

eije
∗
ik

)
ẼjρẼ

†
k

=
∑
jk

χjkẼjρẼ
†
k , (H.4)

where

χjk :=
∑
i

eije
∗
ik (H.5)

are the elements of a d2 × d2 matrix χ. Thus, χ completely describes the action

of E provided a basis for L(H).

The matrix χ becomes a particularly interesting representation of a quantum

channel when the operators Ẽj ∈ B satisfy the orthogonality relation

Tr[Ẽj
†
Ẽk] = dδjk , (H.6)

where ⟨A,B⟩ = Tr[A†B] is the Hilbert-Schmidt inner product of A and B on L(H).

Indeed, in that case χ is a density matrix since it has the following properties:

1. Positive semi-definite:

If we consider an orthonormal basis {|j⟩} for a d2-dimensional space, then

we can write χ as:

χ =
∑
jk

χjk|j⟩⟨k|

=
∑
ijk

eije
∗
ik|j⟩⟨k|

=
∑
i

(∑
j

eij |j⟩
)(∑

k

⟨k| e∗ik
)

=
∑
i

|ei⟩⟨ei| , (H.7)

with

|ei⟩ :=
∑
j

eij |j⟩ . (H.8)
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Therefore, given an arbitrary d2-dimensional state |ψ⟩, we have:

⟨ψ|χ |ψ⟩ =
∑
i

⟨ψ| ei⟩⟨ei |ψ⟩

=
∑
i

| ⟨ei|ψ⟩|2

≥ 0 . (H.9)

2. Unitary trace:

We have

Tr[χ] =
∑
n

⟨n|χ |n⟩

=
∑
ijkn

eije
∗
ik⟨n|j⟩⟨k|n⟩

=
∑
ijkn

eije
∗
ikδnjδkn

=
∑
in

eine
∗
in

=
∑
in

|ein|2 . (H.10)

But from the completeness relation of the Kraus operators,

∑
i

E†
iEi = I

⇒
∑
i

∑
j

e∗ijẼ
†
j

∑
k

eikẼk = I

⇒
∑
ijk

e∗ijeikẼ
†
j Ẽk = I . (H.11)

Tracing both sides of the equation we get:

⇒ Tr

[∑
ijk

e∗ijeikẼ
†
j Ẽk

]
= Tr

[
I
]

⇒
∑
ijk

e∗ijeikTr[Ẽ
†
j Ẽk] = d . (H.12)
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Using the relation (H.6), we have

∑
ijk

e∗ijeikdδjk = d

⇒
∑
ij

e∗ijeij = 1

⇒
∑
ij

|eij|2 = 1 , (H.13)

and replacing in Eq. (H.10), we get

Tr[χ] = 1 . (H.14)

Thus, when the elements of B satisfy Eq. (H.6), χ is a density matrix.

Consequently, any quantum channel E acting on a d-dimensional space H can be

represented by a quantum state χ of dimension d2.

Notice that χ can be used to obtain back a set of Kraus operators for E . Indeed,

if the elements of B satisfy Eq. (H.6), then we can choose the basis |j⟩ =
∣∣∣Ẽj

〉
where the ket |A⟩ denotes a vector with the same coefficients of the operator A

in the basis B. Hence, in Eq. (H.8) |ei⟩ = |Ei⟩, and therefore Eq. (H.7) shows a

direct relation between the Kraus operators and an ensemble of quantum states

leading to χ. It is known that the Kraus representation of a quantum channel

is not unique; here we see that any ensemble compatible with χ is related to a

Kraus representation of E .
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quantum channel

Appendix I

Derivation of the output state of

our circuit for an arbitrary

quantum channel

Here we describe and calculate the evolution of an input state ρin going through

the circuit in Fig. 3.4.1. The circuit consists in one target and two control qudits

initialized in the state

ρin = ρ0 ⊗ |0⟩⟨0|1 ⊗ |0⟩⟨0|2 , (I.1)

where ρ0 is an arbitrary initial state for the target qudit. Firstly, Fourier transforms

F =
1√
d

d−1∑
j,k=0

ωjk|j⟩⟨k| (I.2)

act on the control qudits, letting them in a maximally coherent state. Then,

controlled operations X
(0)
02 and Z

†(1)
01 are applied creating entanglement between

the target and control systems. These controlled operations are particular cases of

what we call controlled operators with shifted control, which are generally defined

as

V
(i)
tc :=

d−1∑
k=0

V k
t ⊗ |k ⊖ i⟩c⟨k ⊖ i| . (I.3)
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In particular,

X
(0)
02 =

d−1∑
k=0

Xk
0 ⊗ |k⟩2⟨k| , (I.4)

Z
†(1)
01 =

d−1∑
k=0

(Z†
0)k ⊗ |k ⊖ 1⟩1⟨k ⊖ 1| =

d−1∑
k=0

Z−k−1
0 ⊗ |k⟩1⟨k| . (I.5)

Then, an arbitrary quantum channel

E(ρ) =
∑
i

EiρE
†
i (I.6)

is applied on the target system followed by controlled operations

Z
(0)
01 =

d−1∑
k=0

Zk
0 ⊗ |k⟩1⟨k| , (I.7)

X
†(1)
02 =

d−1∑
k=0

(X†
0)k ⊗ |k ⊖ 1⟩2⟨k ⊖ 1| =

d−1∑
k=0

X−k−1
0 ⊗ |k⟩2⟨k| . (I.8)

Inverse Fourier transforms act on the control qudits bringing them back to the

computational basis. At this point, the joint state of the system may remain

entangled, so new controlled operations

X
†(−1)
01 =

d−1∑
k=0

(X†
0)k ⊗ |k ⊕ 1⟩1⟨k ⊕ 1| =

d−1∑
k=0

X−k+1
0 ⊗ |k⟩1⟨k| , (I.9)

Z
†(0)
02 =

d−1∑
k=0

Z−k
0 ⊗ |k⟩2⟨k| (I.10)

are implemented in order to separate the target from the control. Finally an X

gate is conveniently applied to the second control qudit for pairing the coefficients

that characterize the quantum channel with the computational basis of the control

register.

Now let us calculate the output of the circuit. Firstly, notice that the evolution of

the joint system before the application of E is unitary. Hence, we can group the

operations preceding E as

V = (Z
†(1)
01 ⊗ I2)(X

(0)
02 ⊗ I1)(I0 ⊗ F1 ⊗ F2) . (I.11)
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Similarly, we can group the unitary operations applied after E in the gate

W = (I0 ⊗ I1 ⊗X2)(Z
†(0)
02 ⊗ I1)(X

†(−1)
01 ⊗ I2)(I0 ⊗F †

1 ⊗F †
2 )(X

†(1)
02 ⊗ I1)(Z

(0)
01 ⊗ I2) .

(I.12)

Thus, the action of the circuit can be written shortly as

ρout =
∑
i

WEiV ρinV
†E†

iW
† , (I.13)

or

ρout =
∑
i

KiρinK
†
i , (I.14)

with

Ki = WEiV . (I.15)

In other words, we can consider our circuit as transforming a d-dimensional

quantum channel with Kraus operators Ei into a d3-dimensional quantum channel

with Kraus operators Ki = WEiV .

Let us calculate the Kraus operators Ki of the resulting channel. Firstly, we have

I0 ⊗ F1 ⊗ F2 =
1

d

d−1∑
j1,j2,k1,k2=0

ωj1k1ωj2k2I0 ⊗ |j1⟩⟨k1|1 ⊗ |j2⟩⟨k2|2 . (I.16)

Then,

(X
(0)
02 ⊗ I1)(I0 ⊗ F1 ⊗ F2) =

=
1

d

d−1∑
j1,j2,k1,k2=0

ωj1k1ωj2k2

d−1∑
k=0

Xk
0 ⊗ |j1⟩⟨k1|1 ⊗ |k⟩ ⟨k|j2⟩ ⟨k2|2

=
1

d

d−1∑
j1,j2,k1,k2=0

ωj1k1ωj2k2Xj2
0 ⊗ |j1⟩⟨k1|1 ⊗ |j2⟩ ⟨k2|2 (I.17)

and V becomes

V = (Z
†(1)
01 ⊗ I2)(X

(0)
02 ⊗ I1)(I0 ⊗ F1 ⊗ F2)

=
1

d

d−1∑
j1,j2,k1,k2=0

ωj1k1ωj2k2

d−1∑
k=0

Z−k−1
0 Xj2

0 ⊗ |k⟩ ⟨k|j1⟩ ⟨k1|1 ⊗ |j2⟩ ⟨k2|2
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=
1

d

d−1∑
j1,j2,k1,k2=0

ωj1k1ωj2k2Z−j1−1
0 Xj2

0 ⊗ |j1⟩ ⟨k1|1 ⊗ |j2⟩ ⟨k2|2

=
1

d

d−1∑
j1,j2,k1,k2=0

ωj1k1ωj2k2ω−j2(j1+1)Xj2
0 Z

−j1−1
0 ⊗ |j1⟩ ⟨k1|1 ⊗ |j2⟩ ⟨k2|2 .(I.18)

Expanding the Kraus operators of E in the Weyl-Heisenberg basis as

Ei =
∑
n∈Z2

d

einX
nx
0 Znz

0 , (I.19)

we have

EiV =
1

d

∑
n∈Z2

d

ein

d−1∑
j1,j2,k1,k2=0

ωj1k1ωj2k2ω−j2(j1+1)Xnx
0 Znz

0 Xj2
0 Z

−j1−1
0

⊗ |j1⟩⟨k1|1 ⊗ |j2⟩⟨k2|2

=
1

d

∑
n∈Z2

d

ein

d−1∑
j1,j2,k1,k2=0

ωj1k1ωj2k2ω−j2(j1+1)ωj2nzXnx+j2
0 Znz−j1−1

0

⊗ |j1⟩⟨k1|1 ⊗ |j2⟩⟨k2|2 . (I.20)

Following with the operations of W , we get

(Z
(0)
01 ⊗ I2)EiV =

=
1

d

∑
n∈Z2

d

ein

d−1∑
j1,j2,k1,k2=0

ωj1k1ωj2k2ω−j2(j1+1)ωj2nz

d−1∑
k=0

Zk
0X

nx+j2
0 Znz−j1−1

0

⊗ |k⟩ ⟨k|j1⟩ ⟨k1|1 ⊗ |j2⟩ ⟨k2|2

=
1

d

∑
n∈Z2

d

ein

d−1∑
j1,j2,k1,k2=0

ωj1k1ωj2k2ω−j2(j1+1)ωj2nzZj1
0 X

nx+j2
0 Znz−j1−1

0

⊗ |j1⟩ ⟨k1|1 ⊗ |j2⟩ ⟨k2|2

=
1

d

∑
n∈Z2

d

ein

d−1∑
j1,j2,k1,k2=0

ωj1k1ωj2k2ω−j2(j1+1)ωj2nzωj1(nx+j2)Xnx+j2
0 Znz−1

0

⊗ |j1⟩ ⟨k1|1 ⊗ |j2⟩ ⟨k2|2
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=
1

d

∑
n∈Z2

d

ein

d−1∑
j1,j2,k1,k2=0

ωj1(k1+nx)ωj2(k2−1+nz)Xnx+j2
0 Znz−1

0

⊗ |j1⟩ ⟨k1|1 ⊗ |j2⟩ ⟨k2|2 . (I.21)

Then,

(X
†(1)
02 ⊗ I1)(Z

(0)
01 ⊗ I2)EiV =

=
1

d

∑
n∈Z2

d

ein

d−1∑
j1,j2,k1,k2=0

ωj1(k1+nx)ωj2(k2−1+nz)

d−1∑
k=0

X−k−1
0 Xnx+j2

0 Znz−1
0

⊗ |j1⟩ ⟨k1|1 ⊗ |k⟩ ⟨k|j2⟩ ⟨k2|2

=
1

d

∑
n∈Z2

d

ein

d−1∑
j1,j2,k1,k2=0

ωj1(k1+nx)ωj2(k2−1+nz)X−j2−1
0 Xnx+j2

0 Znz−1
0

⊗ |j1⟩ ⟨k1|1 ⊗ |j2⟩ ⟨k2|2

=
1

d

∑
n∈Z2

d

ein

d−1∑
j1,j2,k1,k2=0

ωj1(k1+nx)ωj2(k2−1+nz)Xnx−1
0 Znz−1

0 ⊗ |j1⟩ ⟨k1|1 ⊗ |j2⟩ ⟨k2|2 .

(I.22)

Reordering the sums and noticing that

F |k ⊕ n⟩ =
1√
d

d−1∑
j=0

ωj(k+n) |j⟩ , (I.23)

we can write

(X
†(1)
02 ⊗ I1)(Z

(0)
01 ⊗ I2)EiV =

=
∑
n∈Z2

d

einX
nx−1
0 Znz−1

0 ⊗

(
1√
d

d−1∑
j1,k1=0

ωj1(k1+nx) |j1⟩ ⟨k1|1

)

⊗

(
1√
d

d−1∑
j2,k2=0

ωj2(k2−1+nz) |j2⟩ ⟨k2|2

)

=
∑
n∈Z2

d

einX
nx−1
0 Znz−1

0 ⊗
d−1∑
k1=0

F |k1 ⊕ nx⟩ ⟨k1|1 ⊗
d−1∑
k2=0

F |k2 ⊕ nz ⊖ 1⟩ ⟨k2|2 .

(I.24)
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Applying the Fourier inverse on the control qudits,

(I0 ⊗ F †
1 ⊗ F †

2 )(X
†(1)
02 ⊗ I1)(Z

(0)
01 ⊗ I2)EiV =

=
∑
n∈Z2

d

d−1∑
k1,k2=0

einX
nx−1
0 Znz−1

0 ⊗ |k1 ⊕ nx⟩ ⟨k1|1 ⊗ |k2 ⊕ nz ⊖ 1⟩ ⟨k2|2 . (I.25)

It follows that

(X
†(−1)
01 ⊗ I2)(I0 ⊗ F †

1 ⊗ F †
2 )(X

†(1)
02 ⊗ I1)(Z

(0)
01 ⊗ I2)EiV =

=
∑
n∈Z2

d

d−1∑
k1,k2=0

d−1∑
k=0

einX
−k+1
0 Xnx−1

0 Znz−1
0

⊗ |k⟩ ⟨k|k1 ⊕ nx⟩ ⟨k1|1 ⊗ |k2 ⊕ nz ⊖ 1⟩ ⟨k2|2

=
∑
n∈Z2

d

d−1∑
k1,k2=0

einX
−k1
0 Znz−1

0 ⊗ |k1 ⊕ nx⟩ ⟨k1|1 ⊗ |k2 ⊕ nz ⊖ 1⟩ ⟨k2|2 , (I.26)

then

(Z
†(0)
02 ⊗ I1)(X

†(−1)
01 ⊗ I2)(I0 ⊗ F †

1 ⊗ F †
2 )(X

†(1)
02 ⊗ I1)(Z

(0)
01 ⊗ I2)EiV =

=
∑
n∈Z2

d

d−1∑
k1,k2=0

d−1∑
k=0

einZ
−k
0 X−k1

0 Znz−1
0 ⊗ |k1 ⊕ nx⟩ ⟨k1|1 ⊗ |k⟩ ⟨k|k2 ⊕ nz ⊖ 1⟩ ⟨k2|2

=
∑
n∈Z2

d

d−1∑
k1,k2=0

einZ
−k2−nz+1
0 X−k1

0 Znz−1
0 ⊗ |k1 ⊕ nx⟩ ⟨k1|1 ⊗ |k2 ⊕ nz ⊖ 1⟩ ⟨k2|2

=
∑
n∈Z2

d

d−1∑
k1,k2=0

einω
k1(k2+nz−1)X−k1

0 Z−k2
0 ⊗ |k1 ⊕ nx⟩ ⟨k1|1 ⊗ |k2 ⊕ nz ⊖ 1⟩ ⟨k2|2 ,

(I.27)

and finally

Ki = (I0 ⊗ I1 ⊗X2)(Z
†(0)
02 ⊗ I1)(X

†(−1)
01 ⊗ I2)(I0 ⊗ F †

1 ⊗ F †
2 )(X

†(1)
02 ⊗ I1)

· (Z
(0)
01 ⊗ I2)EiV

=
∑
n∈Z2

d

d−1∑
k1,k2=0

einω
k1(k2+nz−1)X−k1

0 Z−k2
0 ⊗ |k1 ⊕ nx⟩ ⟨k1|1 ⊗ |k2 ⊕ nz⟩ ⟨k2|2 .

(I.28)
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Now let us consider the initial state

ρin = ρ0 ⊗ |0⟩⟨0|1 ⊗ |0⟩⟨0|2 , (I.29)

where ρ0 is an arbitrary state for the target qudit. The output of our circuit will

be the state

ρout =
∑
i

KiρinK
†
i

=
∑
i

(∑
n∈Z2

d

d−1∑
k1,k2=0

einω
k1(k2+nz−1)X−k1

0 Z−k2
0

⊗ |k1 ⊕ nx⟩ ⟨k1|1 ⊗ |k2 ⊕ nz⟩ ⟨k2|2
)(

ρ0 ⊗ |0⟩⟨0|1 ⊗ |0⟩⟨0|2
)

( ∑
m∈Z2

d

d−1∑
j1,j2=0

e∗imω
−j1(j2+mz−1)Zj2

0 X
j1
0 ⊗ |j1⟩ ⟨j1 ⊕mx|1 ⊗ |j2⟩ ⟨j2 ⊕mz|2

)

=
∑
i

∑
n,m∈Z2

d

d−1∑
k1,k2,j1,j2=0

eine
∗
imω

k1(k2+nz−1)ω−j1(j2+mz−1)

·
(
X−k1

0 Z−k2
0 ρ0Z

j2
0 X

j1
0

)
⊗
(
|k1 ⊕ nx⟩ ⟨k1|0⟩⟨0|j1⟩ ⟨j1 ⊕mx|1

)
⊗
(
|k2 ⊕ nz⟩ ⟨k2|0⟩⟨0|j2⟩ ⟨j2 ⊕mz|2

)
=
∑
i

∑
n,m∈Z2

d

d−1∑
k1,k2,j1,j2=0

eine
∗
imω

k1(k2+nz−1)ω−j1(j2+mz−1)

(
X−k1

0 Z−k2
0 ρ0Z

j2
0 X

j1
0

)

⊗ δk1,0δj1,0δk2,0δj2,0

(
|k1 ⊕ nx⟩ ⟨j1 ⊕mx|1

)
⊗
(
|k2 ⊕ nz⟩ ⟨j2 ⊕mz|2

)
=
∑
i

∑
n,m∈Z2

d

eine
∗
imρ0 ⊗ |nx⟩ ⟨mx|1 ⊗ |nz⟩ ⟨mz|2

=
∑

n,m∈Z2
d

(∑
i

eine
∗
im

)
ρ0 ⊗ |nx⟩ ⟨mx|1 ⊗ |nz⟩ ⟨mz|2

=
∑

n,m∈Z2
d

χnmρ0 ⊗ |n⟩ ⟨m|12

=ρ0 ⊗
( ∑

n,m∈Z2
d

χnm |n⟩ ⟨m|12
)

=ρ0 ⊗ χ12 , (I.30)
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where |n⟩12 = |nx⟩1 ⊗ |nz⟩2.

Thus, we have showed that for the input state in Eq. (I.1), the circuit keeps the

initial target state invariant and outputs the process matrix χ associated to E as

the state of the control system.
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Appendix J

Reduced density matrix right

before and after E in our circuit

J.1 Before E

Firstly, let us calculate the joint state of the system right before the application

of E . It is given by

ρ(3) = V ρinV
† , (J.1.1)

where

V =
1

d

d−1∑
j1,j2,k1,k2=0

ωj1k1ωj2k2ω−j2(j1+1)Xj2
0 Z

−j1−1
0 ⊗ |j1⟩ ⟨k1|1 ⊗ |j2⟩ ⟨k2|2 (J.1.2)

is the composition of all the unitaries in the circuit before E (cf. Eq. (I.18)) and

ρin = ρ0 ⊗ |0⟩⟨0|1 ⊗ |0⟩⟨0|2 (J.1.3)

is the initial state of the circuit according to Eq. (3.4.8). Thus,
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ρ(3) =
1

d2

(
d−1∑

j1,j2,k1,k2=0

ωj1k1ωj2k2ω−j2(j1+1)Xj2
0 Z

−j1−1
0 ⊗ |j1⟩ ⟨k1|1 ⊗ |j2⟩ ⟨k2|2

)
(
ρ0 ⊗ |0⟩⟨0|1 ⊗ |0⟩⟨0|2

)
(

d−1∑
p1,p2,q1,q2=0

ω−p1q1ω−p2q2ω+p2(p1+1)Zp1+1
0 X−p2

0 ⊗ |q1⟩ ⟨p1|1 ⊗ |q2⟩ ⟨p2|2

)

=
1

d2

d−1∑
j1,j2,k1,k2,p1,p2,q1,q2=0

ωj1k1ωj2k2ω−j2(j1+1)ω−p1q1ω−p2q2ω+p2(p1+1)

(
Xj2

0 Z
−j1−1
0 ρ0Z

p1+1
0 X−p2

0

)
⊗ |j1⟩ ⟨k1|0⟩⟨0|q1⟩ ⟨p1|1 ⊗ |j2⟩ ⟨k2|0⟩⟨0|q2⟩ ⟨p2|2

=
1

d2

d−1∑
j1,j2,p1,p2=0

ω−j2(j1+1)ω+p2(p1+1)
(
Xj2

0 Z
−j1−1
0 ρ0Z

p1+1
0 X−p2

0

)
⊗ |j1⟩ ⟨p1|1 ⊗ |j2⟩ ⟨p2|2 . (J.1.4)

Now let us calculate the reduced density matrices:

J.1.1 Reduced density matrix of the target:

ρ
(3)
0 = Tr12

[
ρ(3)
]

=
1

d2

d−1∑
j1,j2,p1,p2=0

ω−j2(j1+1)ω+p2(p1+1)
(
Xj2

0 Z
−j1−1
0 ρ0Z

p1+1
0 X−p2

0

)
Tr
[
|j1⟩ ⟨p1|

]
Tr
[
|j2⟩ ⟨p2|

]
=

1

d2

d−1∑
j1,j2,p1,p2=0

ω−j2(j1+1)ω+p2(p1+1)
(
Xj2

0 Z
−j1−1
0 ρ0Z

p1+1
0 X−p2

0

)
δj1p1δj2p2

=
1

d2

d−1∑
j1,j2=0

ω−j2(j1+1)ω+j2(j1+1)
(
Xj2

0 Z
−j1−1
0 ρ0Z

j1+1
0 X−j2

0

)
=

1

d2

d−1∑
j1,j2=0

Xj2
0 Z

−j1−1
0 ρ0Z

j1+1
0 X−j2

0 (J.1.5)
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Writing ρ0 as

ρ0 =
d−1∑

m,n=0

ρm,n|m⟩⟨n| , (J.1.6)

we have

ρ
(3)
0 =

1

d2

d−1∑
j1,j2,m,n=0

ρm,nX
j2
0 Z

−j1−1
0 |m⟩⟨n|Zj1+1

0 X−j2
0

=
1

d2

d−1∑
j1,j2,m,n=0

ρm,nω
(n−m)(j1+1)Xj2

0 |m⟩⟨n|X−j2
0

=
1

d2

d−1∑
j2,m,n=0

ρm,n

d−1∑
j1=0

(
ω(n−m)(j1+1)

)
|m⊕ j2⟩⟨n⊕ j2|

=
1

d2

d−1∑
j2,m,n=0

ρm,ndδm,n|m⊕ j2⟩⟨n⊕ j2|

=
1

d

d−1∑
j2,m=0

ρm,m|m⊕ j2⟩⟨m⊕ j2|

=
1

d

(
d−1∑
m=0

ρm,m

)(
d−1∑
j=0

|j⟩⟨j|

)

=
I

d
, (J.1.7)

where we changed the summation index j2 by j = m⊕ j2 and used the fact that

Tr[ρ0] =
∑

m ρm,m = 1.

J.1.2 Reduced density matrix of the control:

ρ
(3)
12 = Tr0[ρ

(3)]

=
1

d2

d−1∑
j1,j2,p1,p2=0

ω−j2(j1+1)ω+p2(p1+1)Tr
[
Xj2

0 Z
−j1−1
0 ρ0Z

p1+1
0 X−p2

0

]
|j1⟩ ⟨p1|1 ⊗ |j2⟩ ⟨p2|2

=
1

d2

d−1∑
j1,j2,p1,p2,m,n=0

ρm,nω
−j2(j1+1)ω+p2(p1+1)Tr

[
Xj2

0 Z
−j1−1
0 |m⟩⟨n|Zp1+1

0 X−p2
0

]
|j1⟩ ⟨p1|1 ⊗ |j2⟩ ⟨p2|2
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=
1

d2

d−1∑
j1,j2,p1,p2,m,n=0

ρm,nω
−(j2+m)(j1+1)ω(p2+n)(p1+1)Tr

[
|j2 ⊕m⟩⟨p2 ⊕ n|

]
|j1⟩ ⟨p1|1 ⊗ |j2⟩ ⟨p2|2

=
1

d2

d−1∑
j1,j2,p1,p2,m,n=0

ρm,nω
−(j2+m)(j1+1)ω(p2+n)(p1+1)δj2⊕m,p2⊕n

|j1⟩ ⟨p1|1 ⊗ |j2⟩ ⟨p2|2

=
1

d2

d−1∑
j1,j2,p1,p2,m=0

ρm,m⊕j2⊖p2ω
(j2+m)(p1−j1) |j1⟩ ⟨p1|1 ⊗ |j2⟩ ⟨p2|2 . (J.1.8)

If we change the index j′2 = j2 ⊕m and then p′2 = j′2 ⊖ p2, we get

ρ
(3)
12 =

1

d2

d−1∑
j1,j′2,p1,p

′
2,m=0

ρm,p′2
ωj′2(p1−j1) |j1⟩ ⟨p1|1 ⊗ |j′2 ⊖m⟩ ⟨j′2 ⊖ p′2|2 , (J.1.9)

or equivalently,

ρ
(3)
12 =

1

d2

d−1∑
p,q,m,n,k=0

ρm,nω
k(q−p) |p⟩ ⟨q|1 ⊗ |k ⊖m⟩ ⟨k ⊖ n|2 . (J.1.10)

J.1.3 Reduced density matrix of control 1:

ρ
(3)
1 = Tr2

[
ρ
(3)
12

]
=

1

d2

d−1∑
p,q,m,n,k=0

ρm,nω
k(q−p) |p⟩ ⟨q|1 δm,n

=
1

d2

d−1∑
p,q=0

(
d−1∑
m=0

ρm,m

)(
d−1∑
k=0

ωk(q−p)

)
|p⟩ ⟨q|1

=
1

d2

d−1∑
p,q=0

dδp,q |p⟩ ⟨q|1

=
I

d
. (J.1.11)
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J.1.4 Reduced density matrix of control 2:

ρ
(3)
2 = Tr1

[
ρ
(3)
12

]
=

1

d2

d−1∑
p,q,m,n,k=0

ρm,nω
k(q−p)δp,q |k ⊖m⟩ ⟨k ⊖ n|2

=
1

d2

d−1∑
p,m,n,k=0

ρm,n |k ⊖m⟩ ⟨k ⊖ n|2

=
1

d

d−1∑
m,n,k=0

ρm,n |k ⊖m⟩ ⟨k ⊖ n|2

=
1

d

d−1∑
m,n=0

ρm,n

(
d−1∑
k=0

|k ⊖m⟩ ⟨k ⊖ n|2

)

=
1

d

d−1∑
m,n=0

ρm,nX
n−m . (J.1.12)

J.2 After E

Now we can easily calculate the reduced density matrices immediately after the

application of E .

J.2.1 Reduced density matrix of the target:

ρ
(4)
0 = Tr12

[
(E ⊗ I12)(ρ

(3))
]

= E
(
Tr12[ρ

(3))]
)

= E
(
ρ
(3)
0 )
)

=
1

d
E (I) . (J.2.1)

Here we have used the fact that E is applied only on the target system, so it

commutes with the partial trace applied on the control system. Notice that, in

particular,

ρ
(4)
0 =

I

d
(J.2.2)
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when E is unital.

J.2.2 Reduced density matrix of the control:

ρ
(4)
12 = Tr0

[
(E ⊗ I12)(ρ

(3))
]

= Tr0
[
ρ(3)
]

= ρ
(3)
12 , (J.2.3)

where we have used the fact that E is trace-preserving, so Tr0 ◦ E = Tr0.

Consequently, according to Eqs. (J.1.8), (J.1.11) and (J.1.12), we have:

ρ
(4)
12 =

1

d2

d−1∑
p,q,m,n,k=0

ρm,nω
k(q−p) |p⟩ ⟨q|1 ⊗ |k ⊖m⟩ ⟨k ⊖ n|2 , (J.2.4)

ρ
(4)
1 =

I

d
, (J.2.5)

ρ
(4)
2 =

1

d

d−1∑
m,n=0

ρm,nX
n−m . (J.2.6)

We can see that the information about the initial state ρ0 of the target system

is present in the control system and it can be partially recovered from ρ
(4)
2 alone.

The amount of information in the second control depends on which is the state ρ0.

Here we specify two cases:

• If ρ0 is diagonal, then ρm,n = 0 for m ̸= n. Hence,

ρ
(4)
2 =

1

d

d−1∑
m=0

ρm,mX
0

=
I

d
. (J.2.7)

In this case, no information about ρ0 is available in the second control alone.

• If ρ0 is an eigenstate of X, i.e., if

ρ0 = σk := |ϕk⟩⟨ϕk| , for k = 0, ...d− 1 , (J.2.8)
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with |ϕk⟩ satisfying

X |ϕk⟩ = αk |ϕk⟩ , (J.2.9)

with αk ∈ C, then we can show that ρ
(4)
2 is another eigenstate of X. Firstly,

we will show that the eigenvectors of X have the form

|ϕk⟩ = F |k⟩ ,with k = 0, ..., d− 1 , (J.2.10)

with corresponding eigenvalues

αk = ω−k . (J.2.11)

Indeed,

X |ϕn⟩ = XF |n⟩

= X
1√
d

d−1∑
j,k=0

ωjk |j⟩ ⟨k|n⟩

= X
1√
d

d−1∑
j=0

ωjn |j⟩

=
1√
d

d−1∑
j=0

ωjn |j ⊕ 1⟩

=
1√
d

d−1∑
j=0

ω(j−1)n |j⟩

= ω−n 1√
d

d−1∑
j=0

ωjn |j⟩

= ω−nF |n⟩

= ω−n |ϕn⟩ . (J.2.12)

Now, for the state σk, we have

ρ
(4)
2 =

1

d

d−1∑
m,n=0

⟨m|σk |n⟩Xn−m

=
1

d

d−1∑
m,n=0

⟨m|ϕk⟩⟨ϕk|n⟩Xn−m
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=
1

d

d−1∑
m,n=0

⟨m|ϕk⟩ ⟨ϕk|Xn−m |m⟩Xn−m

=
1

d

d−1∑
m,n=0

⟨ϕk|Xn−m |m⟩ ⟨m|ϕk⟩Xn−m

=
1

d

d−1∑
m,j=0

⟨ϕk|Xj |m⟩ ⟨m|ϕk⟩Xj

=
1

d

d−1∑
j=0

⟨ϕk|Xj |ϕk⟩Xj

=
1

d

d−1∑
j=0

ω−kjXj . (J.2.13)

Noticing that X can be written in its diagonal form as

X =
d−1∑
m=0

ω−m|ϕm⟩⟨ϕm| , (J.2.14)

hence

Xj =
d−1∑
m=0

ω−jm|ϕm⟩⟨ϕm| , (J.2.15)

we have

ρ
(4)
2 =

1

d

d−1∑
j,m=0

ω−j(k+m)|ϕm⟩⟨ϕm|

=
1

d

d−1∑
m=0

dδm,⊖k|ϕm⟩⟨ϕm|

= |ϕ⊖k⟩⟨ϕ⊖k|

= σ⊖k . (J.2.16)

Thus, if ρ0 is an eigenstate of X, the reduced state of control 2 will be

another eigenstate of X, specifically the one with conjugate eigenvalue.
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Appendix K. Relation between the Choi operator and the process matrix of a

quantum channel.

Appendix K

Relation between the Choi

operator and the process matrix

of a quantum channel.

Given a quantum channel E , its Choi operator is defined as

C̃E := E ⊗ I(|Φ̃⟩⟨Φ̃|) , (K.1)

where ∣∣∣Φ̃〉 =
d−1∑
i=0

|i⟩ ⊗ |i⟩ . (K.2)

We can also normalize
∣∣∣Φ̃〉 in order to make it a quantum state, as

|Φ⟩ =
1√
d

d−1∑
i=0

|i⟩ ⊗ |i⟩ , (K.3)

and get a normalized Choi operator

CE =
1

d

d−1∑
i,j=0

E(|i⟩⟨j|) ⊗ |i⟩⟨j| . (K.4)

The most relevant characteristic of the Choi operator is that it completely

represents a quantum channel, since it is a block matrix indicating the action of

the channel on any element |i⟩⟨j| of the standard basis of the space of operators.
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Now let us consider the Choi circuit showed in Fig. 3.4.2. The outcome state

is exactly the normalized Choi operator. We can complement this result and

complete the Bell-Choi circuit in Fig. 3.4.3. Firstly, we expand Eq. (K.4) in terms

of the elements of the χ matrix, following Eq. (3.4.4):

CE =
1

d

d−1∑
i,j=0

d2−1∑
m,n=0

χmnẼm|i⟩⟨j|Ẽ†
n ⊗ |i⟩⟨j| . (K.5)

Using the Weyl-Heisenberg basis in Eq. (3.4.7), and writing

Ẽn = XnxZnz , (K.6)

we have

CE =
1

d

d−1∑
i,j,mx,mz ,nx,nz=0

χmxmznxnzX
mxZmz |i⟩⟨j|Z−nzX−nx ⊗ |i⟩⟨j| . (K.7)

Then, following the Choi-Bell circuit:

C ′
E = X

†(0)
12 CEX

(0)
12

=

(
d−1∑
k1=0

X−k1 ⊗ |k1⟩⟨k1|

)
(

1

d

d−1∑
i,j,mx,mz ,nx,nz=0

χmxmznxnzX
mxZmz |i⟩⟨j|Z−nzX−nx ⊗ |i⟩⟨j|

)
(

d−1∑
k2=0

Xk2 ⊗ |k2⟩⟨k2|

)

=
1

d

d−1∑
k1,k2,i,j,mx,mz ,nx,nz=0

χmxmznxnzX
mx−k1Zmz |i⟩⟨j|Z−nzX−nx+k2

⊗ |k1⟩ ⟨k1|i⟩⟨j|k2⟩ ⟨k2|

=
1

d

d−1∑
i,j,mx,mz ,nx,nz=0

χmxmznxnzX
mx−iZmz |i⟩⟨j|Z−nzX−nx+j ⊗ |i⟩ ⟨j| .(K.8)
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Finally, applying the Fourier inverse on the second qudit,

C ′′
E = (I ⊗ F−1)C ′

E(I ⊗ F )

=
1

d

d−1∑
i,j,mx,mz ,nx,nz=0

χmxmznxnzX
mx−iZmz |i⟩⟨j|Z−nzX−nx+j ⊗ F−1 |i⟩ ⟨j|F

=
1

d

d−1∑
i,j,mx,mz ,nx,nz=0

χmxmznxnzω
mzi−nzj|mx⟩⟨nx|

⊗1

d

d−1∑
k1=0

ω−k1i |k1⟩ ⟨k2|
d−1∑
k2=0

ωk2j

=
1

d2

d−1∑
k1,k2,i,j,mx,mz ,nx,nz=0

χmxmznxnzω
mzi−nzj−k1i+k2j|mx⟩⟨nx| ⊗ |k1⟩ ⟨k2|

=
1

d2

d−1∑
k1,k2,mx,mz ,nx,nz=0

χmxmznxnz

(
d−1∑
i=0

ωi(mz−k1)

)(
d−1∑
j=0

ωj(k2−nz)

)
|mx⟩⟨nx| ⊗ |k1⟩ ⟨k2|

=
1

d2

d−1∑
k1,k2,mx,mz ,nx,nz=0

χmxmznxnzd
2δmz ,k1δk2,nz |mx⟩⟨nx| ⊗ |k1⟩ ⟨k2|

=
d−1∑

mx,mz ,nx,nz=0

χmxmznxnz |mx⟩⟨nx| ⊗ |mz⟩ ⟨nz|

=
d−1∑

m,n=0

χmn|m⟩⟨n|

= χ , (K.9)

where we have used |m⟩ = |mx⟩ ⊗ |mz⟩.

Thus, the Choi-Bell circuit leads to a final state which is equal to the χ matrix of

E when the Weyl-Heisenberg basis is considered.
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