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Resumen

Los entornos acuaticos de la Tierra y el cuerpo humano presentan sistemas estratificados en los que las
interfaces entre las capas albergan nadadores microbianos en colonias conocidas como alfombras activas.
Se ha demostrado anteriormente que estos nadadores mejoran la difusiéon térmica y el transporte de
masas en medios semi-infinitos. Este estudio investiga la dinamica de fluidos de las “alfombras activas"
en capas confinadas, como las llamadas slicks en masas de agua. Presentamos hallazgos novedosos
sobre las fluctuaciones hidrodindmicas en medios confinados en los que varia la viscosidad del fluido.
Nuestros resultados identifican tres regiones de fluctuacion: las fluctuaciones verticales dominan cerca de
la alfombra activa y la interfaz (Region I), las fluctuaciones isotropicas se producen méas arriba (Region
II), y las fluctuaciones horizontales prevalecen cerca de la superficie (Region III). La extension de estas
regiones varia con el espesor de la capa y los cambios de viscosidad. También encontramos estructuras de
flujo a gran escala dentro de estas capas confinadas, lo que ofrece nuevas perspectivas sobre la capacidad
de mezcla de los sistemas biogénicos y posibles aplicaciones en ecologia y bioingenieria.



Abstract

Earth’s aquatic environments and human body feature layered systems where interfaces between layers
host microbial swimmers in colonies known as Active Carpets. These swimmers have previously been
shown to enhance thermal diffusion and mass transport in semi-infinite media. This study investigates
the fluid dynamics of Active Carpets in confined layers, such as slicks on water bodies. We present novel
findings on hydrodynamic fluctuations within confined environments where the fluid viscosity varies. Our
results identify three regions of fluctuation: vertical fluctuations dominate near the Active Carpet and
interface (Region I), isotropic fluctuations occur further up (Region II), and horizontal fluctuations prevail
near the surface (Region III). These regions’ extents vary with layer thickness and viscosity changes. We
also discover large-scale flow structures within these confined layers, offering new insights into biogenic
systems’ mixing capacity and potential applications in ecology and bioengineering.

xi



Chapter 1

Introduction

In nature, biological activity is often densely concentrated and covers large areas on solid or soft surfaces,
forming boundary-driven fluctuations that stir the fluid around and generate globally directed flows
and transport [1, 2]. These accumulations are found across different length scales, from cytoskeletal
elements at the cell cortex to microorganisms accumulating near fluid-fluid interfaces or close to rigid
surfaces forming biofilms [3, 4, 5, 6, 7, 8, 9, 10, 11]. In such crowded and confined environments,
transporting molecules, suspended particles, and fluids are crucial for maintaining continuous biological
processes. These include clearing pathogens, creating feeding currents, locomotion of reproductive cells,
self-cleaning, and cargo transport, which have direct implications for various fields, including microfluidics
and life sciences [12, 13, 14].

The emergence of these large quasi-two-dimensional boundary accumulations, termed Active Carpets,
is a response to various taxis, such as viscosity or light in marine microorganisms, hydrodynamic in-
teractions, mechanical responses, and optimization of metabolic activities [3, 15, 16, 17, 18, 19]. These
accumulations change the spatial distribution of microorganisms on stratified environments characterized
by abrupt gradients in fluid properties, including temperature (thermocline), salinity (haloclines), density
(pycnoclines), dissolved oxygen (oxycline), dissolved chemicals (chemoclines), or sharp shifts in viscosity
[20, 4, 21, 22, 23, 24, 25]. As an example, photosynthetic microbes habit around the thermocline, the
zone of maximum vertical temperature gradient in the water column, separating the upper warmer layer
from the deeper, nutrient-enriched colder layer [26, 15, 27]. Moreover, most of Earth’s aquatic systems
are capped by the air-water interface, the free surface where the atmosphere meets waters holding thin
oil films or slicks lying at their surfaces. Such a layering environment creates a wide range of niches for
microbial swimmers and inert suspended matter [6, 28, 29, 30], as well as vertical confinement that may
control the ability of microbes to harvest food and self-clean via collective hydrodynamic fluctuations.
Biogenic hydrodynamic stirring has been proved to enhance active diffusion [31, 32, 33, 34, 35, 36, 37, 3§|,
generate persistent flows for feeding processes in collective and single microswimmers [1, 9, 39|, produce
aggregation [40, 41, 42, 43, 14, 44] and induce long-range hydrodynamic fluctuations [45, 46].

In [41], Aguayo et al. recently studied the hydrodynamic fluctuations induced by Active Carpets
formed by dipole microswimmers organized into a thin layer beneath the free surface of a semi-infinite
homogeneous fluid. The authors found that the hydrodynamics fluctuations produce anisotropic diffusion
that decays slowly with distance, showing a remarkable biogenic long-range effect on vertical transport.
In a different aspect, artificial carpets made of soft microswimmers, mimicking cilia and reacting to
magnetic, light, and electric stimuli to generate transport, have gained interest in fluid manipulation.
These carpets have demonstrated increasing potential in cargo delivery and fluid pumping, offering also
a valuable experimental setup to study active carpets [47, 48, 49, 50, 51].

Vertical transport is essential for mixing and ventilation in stratified environments. A long-debated
question is whether swimming organisms contribute to such processes in aquatic systems [52, 53]. To
uncover the role of microorganisms in stratified liquid systems, Ardekani and Stocker [54] employed the
multipole expansion technique to examine a single microswimmer known as stratlet. According to the
biophysics operating at the micro-scale, the stratlet model considers an organism moving at low Reynolds
numbers, Re < 1, in which viscous forces dominate over inertial ones. Their findings revealed that
pullers moving in a stratified fluid do not generate persistent flows conducive to vertical mixing. Instead,
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stratlets induce in-plane flows that strengthen the existing stratification [54]. Theoretical studies further
corroborated these findings, demonstrating that at low-Re, a single microbe swimming perpendicular
to isopycnals has minimal impact on mixing [55]. However, numerical and laboratory experiments have
demonstrated that the collective vertical migration of small organisms—like zooplankton swimming at
intermediate Reynolds number Re ~ O(1) [56, 57|-can drive a significant enhancement of the transport
and mixing across fluid-fluid interfaces [58, 59]. Recently, it has been theoretically predicted that Active
Carpets, formed by large numbers of organisms swimming at low Reynolds numbers, can drive long-
range hydrodynamic fluctuations that enhance transport in fluid environments. This prompts further
investigation into the behavior of these hydrodynamic fluctuations within layered environments.

This work focuses on Active Carpets living within a confined layer, bounded above by a free surface
(air-water interface) and below by a fluid-fluid interface characterized by a viscosity interface that sep-
arates two fluid layers of viscosities 1 and po. Within this environment, an Active Carpet experiences
two confining mechanisms: geometrical confinement, characterized by the thickness of the upper layer H
(the floating film), and viscous confinement, characterized by the viscosity jump or ratio A = us/p;. We
can posit two scenarios for A. In a first scenario, A < 1, the Active Carpet lives in a fluid that it is more
viscous that its underlying layer. Whereas in the second scenario, A > 1, the Active Carpet lives in a
less viscous layer than the subject layer. In this case, A tells us how soft (A — 1) or rigid (A — oo) the
fluid-fluid viscous interface is.

The results of this thesis work contrast significantly from previous studies on Active Carpets. In the
case of [45], the authors investigated Active Carpets living near a no-slip surface, the fluctuations decay
monotonically as (v7) o z;* for parallel dipoles. Similarly, [41] found that fluctuations were long-ranged,
with (v?) Zy 2 in the case of a free surface. In the case investigated here, the hydrodynamic fluctuations
decay in a more manner due to the confinement and the influence of the viscous fluid-fluid interface.
Although all the variances maintain their anisotropic behavior, we found a non-monotonic trend, with
a striking change in the amplitude of the variance components and the dominance of directional effects.
At some distance z, from the Active Carpet, the vertical fluctuations decay much more rapidly with zg
than the horizontal fluctuations.

This thesis is organized as follows: First, goals and research questions are stated. Continuing, in
Chapter 2 we review the essential fluid dynamics theory at low Reynolds number to model microswimmer
fluid disturbances in the medium, this being free or near boundaries. Then, in Chapter 3 we review the
microscopic particle dynamics that microswimmers follow in a fundamental model of active matter. Next,
Chapter 4 presents the theoretical and numerical aspects of the theory of active carpets developed to
date in detail. Finally, in Chapter 5 we start by presenting the hydrodynamic model for point forces and
dipole forces in a floating film, and then in Sec.5.4 we present the main findings of this thesis work.



Goals and Research Questions

The main goal of this thesis is to characterize the effects produced by an Active Carpet (AC) near a fluid-
fluid interface, constrained to hydrodynamic confinement by a free-surface interface using tools from low
Reynolds number fluid dynamics and statistical mechanics. The questions guiding our research are the
following:

1. How is the geometry of the induced flow fluctuations due to a confined active carpet?

2. What is the role of fluid-fluid interface and the size of confinement in transport and fluctuations
induced by a confined active carpet in the surrounding fluid?

3. Can a confined active carpet induce hydrodynamic fluctuations that in turn generate coherent flows
that may lead to fluid mixing?

To answer these questions, we will employ the active carpets framework developed so far, which combines
an analytical approach and a series of numerical simulations. Initially, we will implement the flow field
exerted by a single microswimmer moving between both interfaces. Subsequently, we will identify the
geometry of the AC’s flow fluctuations. An understanding of this will set a basis for describing the
hydrodynamics and microscopic dynamics of passive tracer particles above the AC.

Afterwards, we will explore the explicit dependency of the flow fluctuations on the characteristic
parameters of the problem to unveil the role of confinement and the interface in shaping the fluid flow. By
characterizing their role, we aim to identify whether the effects of the AC can be enhanced or diminished
on a series of different physical configurations. Following this, we will focus on exploring quantitatively
the mixing capabilities of the AC in favorable conditions, delving deeper into the fundamental length
scales involved in the agitation of the fluid and the emergence of coherent structures.

This comprehensive approach will allow us to further understand the relationship between fluid inter-
faces and Active Carpets from hydrodynamics and out-of-equilibrium statistical mechanics, contributing
to the modeling of collective dynamics and giving perspective on the biogenic role of microorganisms in
layered environments.



Chapter 2

Microhydrodynamics

Fluid dynamics at the microscale is well studied and has been theoretically robust for decades. To
understand the hydrodynamics of micro-swimmers we must start by understanding how their time scales
are characterized and how the physical motion is intertwined with the response of the medium. In
this chapter I start by introducing the Reynolds number to understand fluid particle’s motion at the
microscale. Then, I present the mathematical model that describes the perturbations of point forces in
fluid media at low Reynolds numbers. After this, I connect the previous concepts with the reality of the
motion of micro-swimmers and finish with the modeling of their perturbations in fluids when they are
close to surfaces.

2.1 Low Reynolds number hydrodynamics

To describe the dynamics of an incompressible, viscous fluid of viscosity p and density p due to the
perturbations produced by an organism of length L and velocity U we must take into account two time
scales: an advective time scale t4 = L/U, at which the surrounding fluid moves along the swimmer, and
a diffusive time scale tp = pL?/u, at which, due to viscosity effects, perturbations are dissipated [60].
The ratio tp/ta defines a dimensionless quantity known as Reynolds number [61, 62]
~ pUL

o
This quantity is usually interpreted as a measure of the relative importance of the inertial forces compared
to the viscous forces produced by the swimmer in the fluid [63, 64]. For instance, if we consider the fluid
as water, such that p/p ~ 107%m?/s and a bacterium such as an Escherichia coli, whose characteristic
velocity and length are U ~ 107%m/s and L ~ 10~ %m, respectively, then Re ~ 107% < 1. Since other
microorganisms, such as spermatozoa or algae have velocities and lengths of similar order of magnitude,
these are usually said to swim at low Reynolds number [64].

Re (2.1.1)

The complex dynamics of a Newtonian fluid are described by the Navier-Stokes equations. On the
low Reynolds number regime, where the effects of inertia by advection of the fluid are neglected, these
are reduced to their linearized, simpler version, the Stokes equations [61].

2.2 The Stokes equations

The governing equations of motion of an incompressible, stationary fluid at a low Reynolds number are
the Stokes equations

Vp(z) = uViu(zx) + F(x) (2.2.1)
V- u(x)=0 (2.2.2)
where u(x) is the velocity field of the fluid at location @, p(x) is the pressure, u is the dynamic viscosity

and F(x) = f;é; is any external force acting on the fluid. The index j € {z,y, 2} denotes Cartesian
directions, with é; as unit vectors.
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Figure 2.1: Scheme of microswimmer system of reference.

Consider the external force to be a point-force F(x,y) = 6®) (z —y)f° acting at the fluid at position
y, where §(3) (z) is the Dirac delta function, and fS is the force strength. We define r = * — y as the
relative position of the force to the fluid. The three-dimensional, fundamental singular solution of the
Stokes equations for the fluid velocity field u* () due to the point-force F(#) is

uf (7, %) = f7Gi(7) (2.2.3)
1 6”‘ Ty
ii\T) =\ = 224
Gis () 8mu ( s e ( )
where r = |r|, J;; is the Kronecker delta, and G;;(r) is the Green’s function called the Oseen tensor.

The resulting velocity field is well-known as the Stokeslet [65, 66, 67]. Note that we use the Einstein
summation convention. The boundary condition on the velocity field is that far away from where the
force is acting, the disturbance flow generated by the microswimmer should decay, such that

lmlligloo uf (7, %) =0 (2.2.5)

The corresponding pressure field p(x) due to the point-force F(7) is written similarly as

p(F, £%) = [7P;(7) (2.2.6)
rj
j = 2.2.7
Pilr) = 1= (2.2.7)
The viscous stress tensor is defined as
ou;  Ou;
Oij = —p5ij +u <5$; + 8$Z> = —p% + 2uE;; (2.2.8)

where E;; is the strain-rate (or rate of deformation, shear stress) tensor

1 /0u; Ou;
Ej=5(7-+7" 2.2.
J 2 (890] + 830%) ( 9)
The stress tensor in terms of the Oseen tensor is defined as
ok (7, %) = [ Tiju(7) (2.2.10)
0G;: Ll
Tijr(r) = =0 P;(r) + 9ilr) | 9Gu(r) (2.2.11)

8rk aT‘i

The stress field 0% (x) due to a point-force F(7) is obtained from replacing Eq.(2.2.4) and Eq.(2.2.8) in

Eq.(2.2.11), such that
3riT;Ty,
Tiji(r) = — s (2.2.12)
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2.3 Multipole Expansion

Consider a finite microswimmer with surface S(&) located at position y = x5 + &. We define the relative
position of a point in the fluid according to the swimmer’s center as r = x — 5. The geometry is shown
in Fig.2.1. As it swims, it exerts forces on the fluid on each point of its surface so there is a distribution
(&) of forces acting on the fluid. Using the singular solution we can write the full flow field as the sum
of the Oseen tensor over the swimmer’s surface

wr)= [ Gylr—es(eds (23.1)
5(¢)
Performing a multipole expansion around » for small values of £ so we neglect higher-order terms we have
0Gi;(r) 19G;;(r)

sw(\ (1) — - c ) £(8)d 2.3.2
wrr) = [ (9u) - G S G+ ) neas (232)

Since the Oseen tensor and its derivative do not depend on &,

sw agZ r 1 agZ r
ui"(r) = Gij(r) fi(€)ds — 99:5(r) fi(€)&rdS + 5 i(r) [i(€)&x&dS + ... (2.3.3)
S Ok Jse) 2 0rc0re Jse)

These integrals correspond to the multipole moment tensors of the expansion so that we rewrite them as

0Gy(r) o 10Gi(r)
87% D]k + 2 87‘k6m

ufw(r) = Qij (T)Fj ijl + ... (234)

Here note that Fj is the net force exerted over the swimmer’s surface, but swimmers are known to be
neutrally buoyant so there are no exerted forces over them. Then, assuming that the effects of inertia
are negligible, F; = 0. From this, we get that the leading order term in the expansion is the dipolar
contribution, which captures perfectly the fluid perturbation made by a swimming microorganism in the
far-field [68, 69, 70|
0G;;(r
uv(r) = —MDjk (2.3.5)
87‘k

where Dy, is the dipole moment tensor and the whole term scales as r~2. For an axisymmetric swimmer,
the symmetric part of D;j, known as the stresslet tensor, can be written as [71, 72, 73, 60]

Dj = oop;pr (2.3.6)

where 0g &~ —Fyl is the stresslet magnitude and p; the force dipole orientation. Here Fj is the magnitude
of the opposite forces involved in its motion and ¢ is a characteristic length on the order of the cell
dimensions. The sign of o9 depends on the position of the thrust and drag forces. In Fig.2.2 (top) a scheme
is shown on the swimming mechanism by a "pusher" (op < 0) and a "puller" (o > 0) microswimmer.
The first one, a pusher microswimmer, generates a net thrust —Fyp due to the rotation of the flagellar
bundle, which must balance the viscous drag force Fyp exerted by the cell body as it translates through
the fluid, resulting in an extensile dipole force. On the other hand, a puller microswimmer, by beating
its flagella, generates a net thrust —Fyp towards the cell body, generating an opposite drag force Fyp
needed to move the cell body, resulting in a contractile dipole force [73].

In [70], from direct measurements of the flow field around freely swimming Escherichia coli bacteria,
they obtained that ¢ = 1.9 um and Fy =~ 0.42pN, such that oy = —0.8pN pm. Similarly, in [69, 74]
they measured for the single-celled, biflagellate swimming alga Chlamydomonas reinhardtii, £ = 5 um
and —Fy = 9.4pN [75], such that og &~ 47 pN pm. In comparison, a C. reinhardtii alga is approximately
58% stronger or more capable of exerting power than a E. coli bacterium.

Using Eq.(2.3.6) and the definition of stresslet magnitude, oy, we can rewrite the expression for the
far-field dipole velocity field from Eq.(2.3.5) as

up (r) = Folp,———p; (2.3.7)

9Gi;(r)
¢ aTk
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Figure 2.2: Disturbance flows induced by swimming microorganisms. (a) Drescher et al.’s (2011) particle
image velocimetry measurements around individual Escherichia coli cells (bottom) compared to a theoretical
stresslet flow (top). (b) Drescher et al.’s (2010) time-averaged particle image velocimetry measurements using
Chlamydomonas reinhardtii show a complex flow in the near field that is well approximated by three off-centered
point forces. Reproduced from [73].

Note that the Stokelet velocity field definition from Eq.(2.2.3) appears from inserting p; in the derivative,
then we can also rewrite it in terms of the Stokeslet, now in vector notation, as

u(r)

8

=k(p-Vs)(G - p) (2.3.8)

where k = Fyl/8mp which now is the stresslet magnitude, and has units of [um?3/s]. This definition
is more commonly used and the sign determines if the microswimmer is a pusher (x > 0) or a puller
(k < 0) inversely to the convention of 0. The dimensions of & are [r] = [velocity x length?], and it scales
as k ~ a’vs, where a = / is the characteristic size of the microswimmer (~ 1 — 10 um) and v, its the
swimming speed (= 10 — 100 um/s), ranging from 8 to 75 um?/s |76, 4, 69, 70, 77].

2.4 Microswimmers swimming near boundaries

Motile microorganisms are commonly known to be attracted by surfaces. Their presence can impact
dramatically their ability to generate forces for locomotion. We can take advantage of the properties of
the Stokes equations and through its singular solutions solve the hydrodynamics of microswimmers near
boundaries by using the method of images to fulfill the induced hydrodynamic boundary conditions. In
Sec.2.4.1 I review the boundary conditions that the velocity field and stress must satisfy when there is
a fluid a solid wall, and a fluid-fluid interface. In Sec.2.4.2; T present the application of the method of
images to solve the hydrodynamics of a microswimmer swimming near a specified boundary.

2.4.1 Boundary conditions at solid walls and fluid interfaces

In general, a fluid near a rigid, solid boundary, must not slip at the boundary so that the fluid moves
with the prescribed velocity of the boundary (which is often stationary). This can be broken down into



CHAPTER 2. MICROHYDRODYNAMICS

conditions on the normal and tangential components, as

u-n=v-n (kinematic condition) (2.4.1)

u—(u-nn=v—(v-n)n (dynamic condition)

where v is the velocity of the boundary, and n is a unit vector normal to the boundary. Here, Eq.(2.4.1),
is sometimes referred to as a no-penetration (impermeability) condition, while Eq.(2.4.2), is the no-slip
condition. Normally, it’s assumed that the boundary is stationary, so v = 0 reduces the no-slip condition
to its most common form

u=0 at the solid wall (2.4.3)

As an example, this condition applies at the bed of a glacier that is frozen to its bed, or a rough, non-
porous surface where nearby microswimmers move disturbing the surrounding fluid. Furthermore, as the
fluid velocity vanishes at the solid surface, there are significant velocity gradients towards the boundary
(which form a boundary layer), resulting in non-zero shear stress acting tangential to the surface.

Another important scenario is the one of a fluid-fluid interface. Assuming the interface is non-
deformable neither in space nor in time, both fluid velocities must satisfy the kinematic condition, such
that

uV . n=u? . n=0 at the interface (2.4.4)

Then the dynamic condition requires the continuity of the fluid velocity across the interface
uV = u® at the interface (2.4.5)

Also, it requires a stress balance that comes from a force equilibrium condition on the interface, as it
is assumed to be a surface of zero thickness, such that it can be entirely characterized by a surface or
interfacial tension,y, that is a function of the local thermodynamic state, such as temperature or pres-
sure, but is independent of whether the interface is undergoing any macroscopic motion or deformation.
Mathematically, the stress balance is expressed as the following condition

Ao -n+Vyy—yn(V-n)=0 (2.4.6)

where Ao = o — 6@ o) = —p() 4 2/,VE® and V, = V — n(n - V). It’s useful to express this
condition in its tangential and normal directions

n-Aoc-n—vy(V-n)=0 (normal-stress balance) (2.4.7)
n-Ao -t +Vey -t =0 (tangential or shear-stress balance)

where t; are two orthogonal unit tangent vectors that are normal to m. The first one is interpreted as
that in crossing an interface, the normal component of the total stress is discontinuous, as undergoes a
jump equal to v(V - n), where V - n is the curvature of the interface. Note that a planar, non-deforming
interface has zero curvature, so the normal stress becomes continuous across the interface.

On the other hand, the second condition implies that the shear stress is discontinuous across the
interface whenever Vv is non-zero. Nonetheless, in the absence of significant surface tension gradients,
Vv = 0, it requires the continuity of shear stress

[(E(l) — AE®) n} by =0 (2.4.9)

where A = po/p1. In particular, if one of the fluids is considerably more viscous than the other, e.g., a
gas-liquid interface, A = 0, then the condition reduces to

[(E(l)) n} iy =0 (2.4.10)
in the fluid with a larger viscosity. This condition is often known as the "zero-shear-stress" condition

(though it is strictly the velocity gradient that is approximately zero rather than the stress) and applies
to free surfaces.
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2.4.2 Microswimmer’s velocity field image system

Consider an infinite, planar boundary, extended over the plane z = 0, as shown in Fig.2.3. A microswim-
mer is located at position x,, with surface S(£), located at y = x; + &€, which has a force distribution
f(&) exerted by the swimmer’s body. The relative position of a point @ in the fluid according to the
swimmer’s center and swimmer’s surface are r = x — x5 and 7 = x — y, respectively. According to the
method of images, we introduce an image swimmer, located at position ¥, with surface S(£*) located at
y* =zt + £ and a force distribution f(¢*). Also, equivalent relative positions according to the image
swimmer’s center and the image swimmer’s surface, 7* = & — &% and #* = & — y*, respectively.

As in Sec.2.2, we consider a point force F(zx,y) = 6@ (x — y)fS acting at point y on the surface of
the swimmer, with force strength fs. Following the scheme on Fig.2.3, the Stokes equations for fluid 1
are

V) = 1 V2u® 4 6@ £5 (2 — y), (2.4.11)
V.u® =0, (2.4.12)

while for fluid 2 we have

Fluid 1

-----

Figure 2.3: Scheme of the image system for a single microswimmer moving near a fluid-fluid interface.

Vp? = 1y V2@ 4+ F™ (2, y*), (2.4.13)
v-u® =o. (2.4.14)
where Fim(m,y*) is any force required from the image system that is needed to satisfy the boundary

conditions on the velocity field w(!) (z). Note that as a general boundary condition, as in bulk, both fluid
velocities must decay in the far field,

lim u®(x)=0  withi=1,2. (2.4.15)

|| —o00

The solution of Eq.(2.4.11) is the Stokeslet, while the solution of Eq.(2.4.13) will depend strongly on the
specification of the boundary, such that the effective velocity field will be

uM(z, g,y %) = 7Gi(x,y) + [ Vi@, y) = uf (z,y, £7) + ul* (z, y", £7) (2.4.16)
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where V;;(x,y*) is the appropriate Green’s function, i.e., the image system, that is needed to fulfill the
boundary conditions, and w”* () its velocity field. In the following, I show the boundary conditions and
the respective image system required for a free surface boundary (e.g. an air-liquid interface), a solid
boundary, and a liquid-liquid interface between two fluids with different viscosities:

1. Considering the boundary as a non-deformable, stationary free surface (e.g., an air-liquid inter-
face), the boundary conditions for fluid 1 at the interface are the kinematic and zero-shear-stress
conditions, Eq.(2.4.4) and Eq.(2.4.10), respectively

u) n =0 (2.4.17)
é. - EM.e,=e..EM.¢,=0 (2.4.18)

The velocity field of the image system for fluid 1 near an air-liquid boundary is
u* (@, y", £°) = f7Fi (7) (2.4.19)

1 5ik TiTk
.7'—7,(7’) = Mjkgik = %M]k <T + 3 > (2420)

where M, = (0000 — J;303) = diag(1,1, —1) is a mirror matrix, with a = 1, 2.

2. Considering the boundary as a stationary, solid surface, the boundary condition at the surface is
the no-slip condition, Eq.(2.4.2),for fluid 1

u =0 (2.4.21)
The velocity field of the image system for fluid 1 near a solid surface is

u*(z,y", 7)) = [7Bi; (7) (2.4.22)

1 Oij | Til;j NI dig | TiT3
Bi(r) = — [— (rj + 7’3J> +2x5,3|\/|jk871k ( s (r + 3 (2.4.23)

3. Considering the boundary as a non-deformable, stationary liquid-liquid interface, the boundary
conditions are the kinematic condition,Eq.(2.4.4), and the continuity of the fluid velocity and shear
stress at the interface, Eq.(2.4.5) and Eq.(2.4.9), respectively

w® n=u® . n=0 (2.4.24)
u) =@ (2.4.25)
é.-EW.é,=¢é,.AE® . ¢, witha=y,z (2.4.26)

where A = ug/p1. The velocity field of the image system for fluid 1 near a liquid-liquid interface is

uS*(a,y*, £5) = fEAL (7) (2.4.27)
Wy = L[y (O LT Lo oM O (sari  (dis | Tils
Az (r) S { Jk( . + 3 )—i— 14,3 I G 3 ., + e
(2.4.28)

where M;\k = Aobarbar + 6]‘363]9 = diag(AQ,Ag, 1), with Ay = ()\ — 1)/()\ + 1), A = )\/()\ + 1), and
a = 1,2. The resulting velocity field of fluid 2 is directly

z,y", ) = [FAD (7) (2.4.29)
(2) _ 1 2 . 5@7@ TiTo i _ Ts3Ti % T3
Aij (r)= 8rpa 1+ A |:6J(X < ” + 3 ) + Ts3 oz 3 , + 3 (2.4.30)

As in Sec.2.3, we model the microswimmer’s velocity field by considering a distribution of forces, f(§&),
over its body’s surface, S(§), and the same for the image system, such that now the effective velocity
field from Eq.(2.4.16) is integrated as

ui(r,r) = / (Gij(r — &) + Vij(r™ = &7)) f;(€)dS (2.4.31)
S(8)

10
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After a multipole expansion for small £ and £*, we obtain

~0(Gii(r) + Vij(r™))
0rk

ui" (r,r*) = (Gij(r) + Vi (r7)) Fj Djj+ -+ (2.4.32)

which, for neutrally buoyant microswimmers, the leading order term takes the form

_0(Gij(r) + Yi; (r7))
8rk

u(r, ") =

Dji (2.4.33)

According to the theory and experimental insights described in Sec.2.3, describing the velocity field of
a microswimmer moving near a boundary requires the addition of an appropriate image system to take
into account the effects of the boundary, which in this singularity description is straightforward for simple
boundaries. In general, the far-field dipole velocity field can be written as

D

. k(P Vi) [(Gij + Vij) - pl (2.4.34)

Fig.2.4 shows the flow fields produced by microswimmers near a solid boundary (top row) and near a
free surface (bottom row).

Solid boundary

Figure 2.4: Flow fields produced by microswimmers (force dipoles) near interfaces.
In this chapter I presented the fundamental hydrodynamics for modeling the perturbation in the fluid

medium produced by micro-swimmers. In the next chapter I investigate the dynamics of micro-swimmers
as small particles moving in a medium and describe their transport properties.

11



Chapter 3

Dynamics and transport of
microswimmers

An extensive experimental analysis and mathematical modeling of the single microswimmer dynamics
have been performed intensively over at least the last two decades, leading, for instance, to the creation
of bio-engineered, synthetic microswimmers that mimic the biological ones. As stated in Chap.2, mi-
croorganisms in the low Reynolds number world swim through their medium by non-reciprocal motion,
disturbing the surrounding fluid in such a way that it allows one to model these disturbances in space
accurately, but not in time. Yet, it is possible to understand and describe their motion dynamics robustly
by studying the role of their intrinsic activity at the microscale. In this chapter, I first briefly introduce
the concept of Brownian motion as a key to understanding transport in the microscale. Second, I present a
model to describe the motion of a single microswimmer from a statistical mechanics point of view, focusing
on its non-equilibrium and transport properties. Finally, I give a rationalization on why microorganisms
swim as they do, based on the best-understood microorganism: the Escherichia Coli bacterium and its
mechanism of motion, the run-and-tumble. Additionally, I give a quantitative overview of the trans-
port capabilities of microorganisms such as E. coli and the microalgae Chlamydomonas reindhartii, and
compare them with those of passive or non-motile micron-sized particles.

3.1 Brownian motion

In 1827, in one of its experiments, the botanist Robert Brown observed through a microscope the intrigu-
ing erratic, irregular motion of small pollen grain particles of the plant Clarkia pulchella immersed in
water, leading him at first to think that they were alive [78]. Nonetheless, after testing this phenomenon
thoroughly with other kinds of particles of inorganic matter, he concluded that the motion was not due
to any living organism, but still of a purely physical nature. Later [79], this work, among others like the
one from M. Gouy in 1888 [80], explored this phenomenon even in more detail. In 1905-06 [81, 82], the
physicist Albert Einstein described Brownian motion theoretically, pointing out that Brownian motion
was caused by the permanent, random thermal motion of the liquid molecules of the solution on the im-
mersed particles. He was followed by M. Smoluchowski [83] in 1906 with a different approach to describe
Brownian motion in terms of random walks and conditional probability [84]. Eintein’s work allowed Jean
Perrin to confirm the atomic nature of matter experimentally in 1909 [85]. Typical trajectories of colloidal
particles undergoing Brownian motion are shown in Fig.3.1, directly from Perrin’s experiments.

A simpler approach, which I present in the following, was given by P. Langevin in 1908 [86], who
treated the random thermal agitation as the action of a stochastic force and wrote Newton’s second law
for an immersed particle of mass m. Denoting the position of the particle by 7(¢) in three dimensions,
its dynamics are given by
dr(t d*r(t dr(t

di); m dty = dgf) + f(t) (3.1.1)
where ( = 6mruR is the Stokes drag for a particle of radius R and fluid with viscosity u, such that the
first term on the RHS is the hydrodynamic drag force on the particle, f,, = —Cv(¢). The second term

v(t) =

12
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Figure 3.1: Three traced trajectories from colloidal particles of radius 0.53 pm with position measured every
30 seconds. The mesh size is 3.2 ym. By J. B. Perrin, SVG drawing by MiraiWarren - SVG drawing based on
File:PerrinPlot2.gif, itself from J. B. Perrin, "Mouvement brownien et réalité moléculaire," Ann. de Chimie et de
Physique (VIII) 18, 5-114 (1909).

on the RHS is the stochastic force which arises from the molecular collisions and is set to be Gaussian
(white noise) distributed with independent components and delta-correlated in time [87], such that

(f5) =0 (3.1.2)
(FEOSF ) = 2kpT¢oi50(t — ') = 2DC36;;6(t — ') withi,j = z,y, 2. (3.1.3)

where the brackets denote ensemble averages over many realizations, kp is the Boltzmann’s constant
(kp =1.38 x 10722J/K) and T is the absolute temperature [85].

An expression for the mean square displacement MSD(¢) of a (inertial) particle was introduced by
Ornstein and Uhlenbeck in 1919 [88], computed by invoking equipartition theorem, such that

kgT
MSD(t) = (|r(t) — r(0)]?) = 6Dt — 6-2=12, (1 - e*t/w) (3.1.4)
m
where T,, = m/( is the momentum relaxation time, i.e., the time needed for the particle to adapt to
inertial changes. For a micron-sized particle in water at room temperature, T,, = O(1077s). At short
times t < T,,, the particle experiences a superdiffusive, ballistic motion, such that

(r(t) = 7(0)]2) = 3%# — v2(0)¢? (3.1.5)

This is the inertial behavior that comes from the initial velocity v(0), where v%(0) = 3kgT/m. At long
times t > T,,, the mean square displacement is the result obtained by Einstein [81] for a particle moving
in three dimensions

(jr(t) — r(0)*) = 6Dt (3.1.6)

which has the characteristic scaling of diffusive processes [89]. Note that from this result appears a
characteristic time for the particle to be transported by diffusion because of thermal fluctuations on a
length scale similar to its size, tp = a?/D, where a = 2R is the particle diameter. For a micron-sized
particle in water at room temperature, tp = O(5s). The diffusion constant, D, is given by the Einstein
relation

_ ksT
D=7 (3.1.7)

The Einstein relation is a powerful example of the fluctuation-dissipation theorem: the fluctuations of
the particle as it undergoes its random motion are directly related to the drag force, thus, the dissipation

13
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of momentum, that the particle feels as it moves through the fluid [90, 91] (reason why its also called
Stokes-Einstein relation).

A characteristic feature of this kind of motion emerges from the stochastic nature of the delta-
correlated forces, affecting not only the quadratic displacement but quadratic velocities. A simple calcu-
lation leads to obtaining the velocity correlation function between velocities, which tells us information
about the velocity of the particle at time ¢ supposing we know its velocity at a time ¢ = 0. The result is
that decays exponentially as

(w(t)(0) = (v2(0))e /= (3.1.8)

This means, indeed, we can be sure that the velocities at time ¢ = 0 and time ¢ will be similar, but for
longer times t > T,, one would not be even closer to predicting its velocity.

In [82], Einstein further provided a description of rotational Brownian motion, reasoning that molecu-
lar collisions not only generate translational random motion but also random rotation through fluctuating
thermal torques, reorienting particles stochastically in a similar manner to the former. He derived the
following expression equivalent to the Stokes-Einstein relation for a particle of radius R

p, = kT
Cr

where (, = 8muR? is the rotational friction coefficient. Here, the rotational diffusion constant, D,., has
dimensions of frequency, s~!, although more strictly, rad® /s. In fact, if one assigns a unit orientation
vector p(6,¢) to a spherical particle, the obtained mean square angle at short times, where the polar
angle 6 is small, is

(3.1.9)

(62(t)) ~ 4D, t (3.1.10)

showing a diffusive behavior for the polar angle and making more clear the reason for the dimensions of
D, asrad? /s. This result also reveals a fundamental time scale, T,, = D!, for a single-order reorientation
of the particle (as if considering the rotation for a single degree of freedom) due to thermal fluctuations.
For a micron-sized particle in water at room temperature, D, = 0.16 rad? /s, thus 1, = O(5s). Note that
if we compare T, to the time scale for the particle to be transported by diffusion a distance of its length
scale, tp, we obtain that tp /T, = O(1), indicating that it takes the same amount of time to reorient itself
significantly as it takes to move that distance. Additionally, similar to the case of translational motion,
the orientation (3D) correlation function decays exponentially, such that

(p()p(0)) = e 2Pt = =t/ (3.1.11)

meaning that the particle initially has a determined orientation, then loses it exponentially with rate
2D,, i.e., with orientational relaxation time 1, = 1/2D,..

Although the above description of Brownian motion considers inertia to play a role through the mo-
mentum relaxation time T,,, it is clear that it does to a very small lapse in the motion of colloidal,
micron-sized particles or cells. Indeed, as estimated above, at equal equilibrium conditions, tp > T,,,
meaning that their motion is dominated by diffusion, as if the momentum relaxation was instantaneous,
such that its MSD obeys only to Eq.(3.1.6) for all times, and their velocities become completely uncorre-
lated in time, so there is no “memory”. Nonetheless, note that in the case of rotational motion, memory
is preserved, since the relaxation time is of the same time scale as diffusion. Anyways, this allows us to
make a valid approximation that lets us neglect the inertial term from the equation of motion Eq.(3.1.1),
obtaining the overdamped Langevin equation of motion

dr(t)
dat
which connects very well with the fact that we are seeking to model motion at a low Reynolds number.

From now on, we assume this equation to govern the motion of Brownian particles, and extend it to the
motion of microswimmers in the next section.

¢ Is (3.1.12)

3.2 Active Brownian motion

Living microorganisms have the ability to self-propel across their medium by taking energy from it and
dissipating it in the form of heat through their motion mechanism, instantly driving them far out of
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thermal equilibrium [92]. In the second decade of the 20th century, with the theory of Brownian motion
taking a major role in the foundation of statistical physics, exploring the nature of small living organisms
in this context was of great interest. Some of the first experiments on the motion of microorganisms
were performed by Karl Przibram in 1913 [93], by observing protozoa swimming in water through a
microscope. In his work, for instance, he traced the trajectory of a Paramecium of 0.27 mm, as shown in
Fig.3.2. From these experiments obtained data, Przimbram calculated and showed that the mean square
displacement increased linearly in time, just as for the Brownian motion of micron-sized particles, but
with a larger diffusion coefficient than the one predicted by Einstein’s 1905 equilibrium kinetic theory.
Furthermore, in a subsequent work [94], he reported an increased diffusion coefficient from an increasing
concentration of motile planktonic rotifers (in particular, the species Epiphanes senta), now known to be
also due to hydrodynamic interactions. Later, in 1920, Reinhold Fiirth, performed experiments similar

I' Paramaecium.
1 ¢m Zeichnung = 0,27 mm Objekt.
Zeit zwischen zwei Punkten 4 Sek.

Figure 3.2: Trajectory of a Paramecium protozoan of 0.27 mm of size traced via real-time mechanical tracking
with a microscope, with position measured every 4 seconds. The mesh size is 1.42 mm. Reproduced from [93].

to those of Pzribram [95]. However, as he measured the trajectory over time more frequently, he noticed
that in reality, the mean square displacement was not proportional to time, but quadratically at short
times, rejecting the applicability of Einstein’s theory to the data obtained from his experiments. This led
him to describe the motion of microorganisms differently, using the notion of persistent random (walk)
motion, which became a standard model. The expression found by Fiirth was the same as the one found
by Ornstein and Uhlenbeck for inertial Brownian motion (see Sec.3.1), however, the former was motivated
by experimental evidence focusing on motility when inertial effects were neglected and showed the same
ballistic motion but for time scales much longer than one of the momentum relaxation time. The work
of Przimbram and Fiirth constitutes both the first experimental evidence of active Brownian motion by
living organisms at the microscale, as well as the first accurate mathematical description of their motion
as self-propelled particles [96], using tools from statistical physics and equilibrium kinetic theory for a
phenomenon intrinsically out of equilibrium.

Just as in the case of Brownian motion, it is possible to write overdamped Langevin equations of
motion for straight-swimming microswimmers as self-propelled, active Brownian particles [97, 98]. This
is a paradigmatic minimal model of dry active matter [99], characterized by the absence of momentum
conversation, thus no relevance of hydrodynamic interactions. In the following I present the general
description of active Brownian motion given by H. Léwen in [100].

In two dimensions, the single trajectory of a particle at time ¢ is described by its center position
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vector, r(t) = (z(t),y(t)) and orientation unit vector, p(t) = (cos ¢(t),sin ¢(t)), where ¢(t) is the angle
of the particle orientation with the z-axis in the xy-plane, such that the equations of motion are

¢ dzgt) = Quop(t) + f(t) (3.2.1)
Cr%(:) = fr(t) (2D) (3.2.2)
¢ _ 1 (1) < pit) (30) (323

where ( and (, are the translational and rotational friction coefficients, and vy is the self-propulsion
speed of the active particle of size a = 2R, directed along the orientation, p(¢). These equations represent
the force and torque balance on the particle’s translational and rotational motion originated by their
surrounding’s molecular agitation represented by the components of f(t) and f.(t) as Gaussian white
noise, with

(£(£)) =0 (3.2.4)
(fi®) f3(t)) = 2D¢%6;56(t — t') (3.2.5)
(fr(t)) =0 (3.2.6)
(fr(®)fr(t) = 2D, C25(t — 1) (3.2.7)

where (-) indicates thermal noise average, while D and D, are the translational and rotational diffusion
constants, respectively. In thermal equilibrium, both diffusion coefficients are related by the expression
D = D,a?/3.

The orientational dynamics of an active Brownian particle are also characterized by the orientational
correlation function (see Sec. 3.1), given by a single exponential

(p(t) - p(0)) = e/ (3.2.8)
where T, is the orientational relaxation time, defined as the persistence time

1, =1/D,, (2D) (3.2.9)
1, =1/2D,. (3D) (3.2.10)

The persistence time characterizes the duration over which a particle can track its initial orientation.
After this period, the particle loses memory of its original direction. Correspondingly, one may define
the persistence length,

Kp = ’U()/Dr = Vo Tp (3.2.11)

which represents the distance a particle travels along its initial orientation before its motion becomes
randomized.

A scaling of the equations of motion, Eq.(3.2.1) and Eq.(3.2.2) is made using the persistence time, T,
and persistence length, ¢, as units for time and length, respectively. Defining the following dimensionless
parameters and functions

P=t/r 7O =W/t o) =060, FO =527 0. Fa® =[5 rrlal) (3212
one obtains
dr(t) = 2DT, -, -
7 = p() z F(t) (3.2.13)
do(t) _ 5z
= V2£, (1) (3.2.14)

with Gaussian white noises f(f),f,(f) of unit variance. From this result, a dimensionless translational

diffusion coefficient is defined as
D kgT

po D _ ksT
2/, CvaT,

(3.2.15)
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Here D measures the strength of the translational diffusion relative to the diffusion generated by the
persistent random walk, Zg /7p. For D « 1, the particle’s motion is a purely persistent random walk
characterized by the persistence length and persistence time, which is normally assumed in this model,
while for D > 1, particle’s activity becomes dominated by translational diffusion, equivalent to a “passive”
Brownian motion.

Additionally, another dimensionless parameter useful to quantify the importance between diffusive
motion and self-propelled motion (or strength of activity) is the Péclet number [101, 102], Pe, which
compares the characteristic time for an active particle to move a distance of its size, t, = a/vg, to the
diffusive time scale, tp = a?/D, such that

tp avg  3ugTy

Pe = -2 —
¢ ta D a

(3.2.16)

To emphasize the difference between the two distinct kinds of motion depending on D is instructive

to address the noise-averaged displacement as a function of time ¢ for a prescribed initial orientation p(0)

at time ¢t = 0. When activity is dominated by translational diffusion (D > 1), although the particle is

moving, it is equally likely to go in any direction, eventually going nowhere on average [86]. Then, for
t — 00

(r(t) —7r(0)) =0 (3.2.17)

On the other hand, when persistent motion dominates (D < 1), we have [96]

(r(t) — r(0)) = % (1= e Pt p(0) = £, (1 - e_t/TP) p(0) (3.2.18)

r

so the noise-averaged displacement is a straight linear segment oriented along p(0), which at long times
t — 00, has a total length equal to the persistence length ¢,. An intuitive interpretation of Eq.(3.2.18) is
that, for a particle with persistent motion, it is possible to remember where it came from, because it was
directed along its orientation for exactly a distance ¢,. This persistence arises because the orientation
of the particle changes over time due to rotational diffusion, meaning that rotational fluctuations govern
the persistence, not the translational ones. So even though the particle’s trajectory might seem random,
there is an underlying pattern due to the directional persistence. Fig.3.3 shows typical trajectories of
passive and active Brownian particles and their corresponding diffusion regimes in terms of the passive
and active diffusion parameters and the Péclet number Pe.

(a) Passive Brownian (b) Active Brownian
motion motion

Q@

Persistence-dominated

diffusion Persistence
. ) length
Pure translational D < ??/t,,Pe> 1
diffusion pep
D> £}lt,Pe < 1

Figure 3.3: Typical trajectories of an active Brownian particle and a passive Brownian particle. (a) Trajectory
of a passive Brownian particle characterized by random motion resulting in going nowhere on average. (b) The
persistent random motion is characterized by retaining information about the initial orientation for a distance ¢;,
before becoming randomized.
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The mean square displacement (MSD) of an active Brownian particle in two dimensions is analytically
given by [96, 103, 98]

MSD(t) = (|r(t) — r(0)[*) = 2¢2 (t -1+ et/Tv> + 4Dt (3.2.19)

Tp

Due to rotational symmetry, the MSD does not depend on the initial orientation p(0). An analysis of
the expression in Eq.(3.2.19) allows us to identify three regimes: For very short times, /T, < D, there
is a diffusive behavior

MSD(t) = 4Dt (3.2.20)

This short-time diffusive regime can be seen in experiments if the activity of the particle is not very large
[104, 105]. After the initial diffusive regime, for intermediate times, there is a superdiffusive, ballistic
regime, where

MSD(t) = v2t%, for D < t/t, <1 (3.2.21)

For long times, /T, > 1, the MSD becomes diffusive again, such that MSD(t) = 4Degt, however, this
time with a larger long-time, effective diffusion coefficient given by
vt, 2 - 1

=2 (D+3) (3.2.22)

o1 2
Deg = Jim - (r(t) — r(0))?) = D +
For particles with strong self-propulsion, D < 1, Deg is much larger than D. Indeed, in this case,
Deg = [% /T, consistent with the expected diffusion coefficient for persistent random motion assumed at
the beginning of this analysis. Fig.3.4 shows a graphical summary of the behavior of an active Brownian
particle in terms of its MSD for different self-propulsion speeds, vyg.

In the overdamped Brownian dynamics, the velocity of a particle is not a real observable since it
fluctuates without constraints due to the noise induced by the surrounding fluctuating forces. Nonetheless,
one still can define an averaged or drift velocity as

_ (r(t+ At) —r(t))
At—0 At

— vop(t) (3.2.23)

Then, it is possible to compute the velocity autocorrelation function, which results in a single exponential
(w(t)v(0)) = vie V™ = (v2(0))e /™ (3.2.24)

decaying the persistence time, ).

This section summarizes the theory necessary to understand the behavior of microswimmers on their
own, without considering either short-range (repulsive) or long-range (hydrodynamic) interactions. The
next section provides a rationalization of the reason for the characteristic motion of a bacterium such as
the Escherichia coli and its connection to the model of an active Brownian particle.

3.3 Run-and-tumble and diffusion scaling

A well-studied case on the motion of microswimmers due to their inherent activity is the one of a swimming
E. coli bacteria by Berg in [107]. In his work, he observed an interesting pattern in the motion of E.
coli, going from periods of nearly straight swimming motion (runs, about one second long), in which they
bundle their flagella in a clockwise (CW) rotation, to fast random direction reorientation events (tumbles,
typically one-tenth of a second long) caused by the unbundling of their flagella due to a counter-clockwise
(CCW) rotation, as shown in Fig.3.5.

A simple scaling argument by Purcell in [64] points out that they swim through this particular
mechanism to outrun the dominating diffusion of the nutrient molecules in their surroundings, allowing
them to compare chemical concentrations at different locations and swim towards a higher concentration
location as a result of chemotaxis. In [60], E. Lauga presents Purcell’s scaling argument as I describe in
what follows. Consider a microswimmer moving with speed vy during a time interval ¢. The distance
traveled by the microswimmer, fgwim, scales as flswim ~ vot. During the same interval, a particular
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Figure 3.4: Mean square displacement (MSD) of a two-dimensional active Brownian particle for an increasing
activity. Symbols are computed from numerical simulations (see, for example, [106]), while lines are theoretical
curves obtained from Eq.(3.2.19).

nutrient molecule travels by an approximate distance, £qig, following a diffusing scaling, £qig ~ v/ Dmt,
where D,, is the molecular diffusion constant of the substance of interest. At very short times, diffusion
always outruns the microswimmer, since t'/2 < ¢, at small ¢. For the microswimmer to outrun diffusion,
at least it has to swim for a minimum of time ¢., such that lsyim > faig. The latter implies that

t>t, = (3.3.1)

ﬁ.

As Purcell stated in [64], “If you don’t swim that far, you haven’t gone anywhere”, so swimming for
significantly less than t. would not allow the microswimmer to compare concentration at different loca-
tions. On the contrary, swimming for a longer time than ¢, would limit the microswimmer from exploring
other convenient directions toward better nutrient concentration spots. Then, an E. coli outruns diffusion
only for times just above t., tumbling after, which is exactly the aforementioned mechanism: a run and
tumble. For nutrients with standard molecular diffusivities D,, = O(107%m?/s) and microswimmers
with speed on the order of vy ~ 30 upm/s, the critical time is approximately t. = O(1s), consistent with
the average durations of runs for E. coli bacteria [107].

The reorientation process in the run-and-tumble motion of E. coli has been proven to be of stochas-
tic nature by several experiments |77, 109]. Moreover, pre and post-tumble orientations are positively
correlated, with an average change in orientation of 58 + 40° between consecutive runs [109], with mean
duration Ty, such that tumbles occur with the corresponding frequency, Tt_uinble, while runs length are
liun = VoTrun- The coupling between orientation correlation and self-propelled swimming allows one
to describe run-and-tumble as an effective diffusive process, adjusting with the whole concept of active
Brownian motion for self-propelled particles described in Sec.3.2.

Denoting the microswimmer’s unit orientation as p(t), its orientation correlation is exponentially
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Figure 3.5: Scheme of the motion mechanism by an E. coli bacterium. Adapted from [108].

distributed, as for Eq.(3.2.8), such that

T
(p(0) - p(t)) = e~/ with 1. = : run (3.3.2)
-«
where a = (cos 6) is the mean cosine of the reorientation angle (6) between two successive runs, with an
approximate value of « ~ 0.33 [110]. Then, ignoring bare translational diffusion,D = 0, one can compute
an effective diffusion coefficient for a bacterium performing run-and-tumble (in three dimensions) as

V37
Deg =D 0 trun . 3.
=Dt g (3.3.3)

The effective diffusion coefficient for an E. coli swimming with speed vg = 20 pm/s and Ty, = 18 gives
Deg & 200 pm?/s.

In [111], Saragosti et al. demonstrate that is possible to model the tumbling by rotational diffusion. For
example, tumbler strain mutants that always tumble have a rotational diffusion of D, ~ 2.1rad> /s, such
that their persistence time (equivalent to the run duration time) is T,yy = 1/2D, = 0.25 s, resulting in an
effective diffusion Deg &~ 50 pm? /s, smaller than the former case, but expected because the run duration
is smaller. In comparison, a much smaller (passive) diffusion coefficient has dead unflagellate strains or
flagellated paralyzed strains [112], where measured in the 2D plane of observation, D = 0.17 um?/s and
D, =~ 0.11rad?/s for the first, and D ~ 0.12 ym?/s and D, ~ 0.032rad?/s for the second. For reference,
for a (non-motile) micron-sized sphere, D ~ 0.22 ym?/s and D, ~ 0.16rad?/s..

A good example of another well-studied biological model microorganism that performs run-and-tumble
is the microalga Chlamydomonas reindhartii, a photosynthetic biflagellate eukaryote that swims by beat-
ing two anterior flagella at ~ 50Hz in a breaststroke motion, analogous to human breaststroke. During
the power stroke, the flagella synchronously sweep backward, remaining mostly perpendicular to the
swimming direction to maximize thrust, pulling the cell forward [113]. In [114], Polin et al. showed
using three-dimensional tracking that this cell swimming in the dark stochastically switches between syn-
chronous and asynchronous flagellar beating, equivalent to go from a period of nearly straight swimming
to abrupt large reorientations, every T.u, = 11.2s, referred to as an eukaryotic version of run-and-tumble.
Note that the run duration is approximately one order of magnitude larger than the one for an E. Coli.
On the contrary, when in the presence of a light source they steer directly towards or away from it (they
show both positive and negative phototaxis), not presenting any sign of the run-and-tumble motion [115].
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In [70], Drescher et al. measured (in the 2D focal plane of a microscope) the rotational diffusion
constants for a non-tumbling E. coli bacterium (of size 3 um and vy = 22 um/s) and a C. reinhardtii alga
(of size 10 wm and vy ~ 100 um/s), both swimming freely, far from surfaces, obtaining D, = 0.057 rad?/s
and D, ~ 0.4rad? /s, for each, respectively. For reference, for a (non-motile) sphere of size 5 um, we have
D, ~1.32x 103 rad®/s. As [60] indicates, for random reorientations (as in this case) a = 0 so Eq.(3.3.3)
simplifies to Deg ~ v3T,/3 = v3/6D,, so we estimate (in three-dimensions) that Deg = 2.83 x 10% um?/s
and Deg = 8.33 x 103 um?/s, for each microorganism respectively, so larger than the run and tumble
case by at least two orders of magnitude, and more than an order of magnitude larger than the mutant
tumbler case.

The above analysis gives us an idea of the scales of strength at which microorganisms can act on their
environment by the mere fact of being intrinsically active.

In this chapter, I have presented the basic concepts that govern the behavior of an active agent in a dry
active matter system. In the next chapter, I show how the capabilities of these active agents are exploited
in a specific collective system known as Active Carpet, allowing them to impact their environment even
more, by using the two great worlds explored so far in this work: microhydrodynamics and diffusion of
active systems.

21



Chapter 4

Active carpets

Biological activity is known to concentrate on surfaces. This leads in most cases to the accumulation
of biological agents that act through a collective that exhibits properties different from those that an
individual agent might exhibit. These formations, sometimes called active carpets, can be key to various
processes, both biological and environmental. From the point of view of physics, these formations are
outside thermodynamic equilibrium, since the agents that constitute them consume energy that they
then inject into the medium. In Chapter.2 I presented the hydrodynamics of these biological agents and
in Chapter.3 I explained their dynamics and transport properties. In this chapter I use the above as
a basis and introduce in detail the physical-mathematical theory for modeling active carpets and their
collective-induced transport properties.

4.1 Definition of an active carpet

Consider a finite colony of microswimmers moving in a three-dimensional homogeneous fluid of viscosity
1, where their propulsion force and drag are balanced. In the colony, each microswimmer is located (in
cartesian coordinates) at a position ry = (s, ys, 25) and oriented along a unit orientation vector p, =
(ps, Py, P») near a non-moving interface located a the origin of coordinates, z = 0. Each microswimmer
acts over tracer particles located at a position r = (z,y, z) above them. Conveniently, their position and
orientation, together with the tracer’s position can be written in cylindrical coordinates as

rs = (ps oS s, ps siny, z5)  with ps € [0, R], @5 € [—m, 7], (4.1.1)
p, = (cos ¢s sin b, sin ¢s sin b, cosbs)  with ¢ € [—m, 7|, 65 € [0, 7]. (4.1.2)
r = (pscosy, pssing,z) with ¢ € [—m, . (4.1.3)

where R is the radius of the colony if circular. Far from the interface (in bulk), each microswimmer is
modeled as a dipole point force (see Sec.2.3), generating a (Stokeslet) flow field

u(r,rs,p) = k(ps - Vs)(G(r,75) - D) (4.1.4)

where k is the dipole strength, G is the Oseen tensor and Vs = 9/0r; is the gradient operator with
derivatives taken with respect to the microswimmer position 7.

On the contrary to bulk, as considered here, near the interface, each microswimmer’s flow field must
fulfill the appropriate hydrodynamic boundary conditions induced by that interface, which is done by
using the method of images (see Sec.2.4). For this, consider an image microswimmer located at position
i = (2s,9s, 2¥), with orientation p,. The corresponding image flow field generated by this microswimmer
is given by

u(r,r5,p,) = K(ps - V) (V(r,75) - ) (4.1.5)
where the tensor ) represents the image system of singularities that allows to satisfy the boundary

conditions at the interface when summed with the real flow field, Eq.(4.1.4). Then, the effective flow field
produced by each microswimmer moving above the interface is given by

u(r,rs,rh,ps) = k(ps - Vs)(Z(r,75,7%) - D) (4.1.6)
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where Z(r,rs, %) = G(r,rs) + Y(r,r¥). For fluids in more complex geometries, where, for example,
there is more than one interface [4], generating hydrodynamic confinement, one might need another
image system, located at a new position r5*, say, W(r,r%*). In fact, the latter is the basis of this thesis
work and is considered further below.

Then, an Active Carpet, abbreviated as AC (or ACs in plural), is defined as a colony (or cluster) of
finite size R (or infinite if R — 0o as presented further below), composed of Ng microswimmers distributed
over a plane at a fixed height z;, = h, swimming parallel to an infinite, non-moving interface located at
the origin of a three-dimensional space, z = 0, in a cartesian coordinate system. In the active carpet,
each microswimmer has a position ry = (ps cos s, ps sin g, h), is oriented along a unit orientation vector
P, = (cos ¢s,sin ¢, 0) and produces an effective flow field u(r,rs, p,), Eq.(4.1.6), over a tracer (point)
particle located at position r on which the flow is evaluated. Note that although we consider the flow
field produced by microswimmers, one might use any flow disturbance concerned with the modeling of
biological (swimming or sessile) microorganisms or swimming bio-inspired objects, which makes an active
carpet powerful in a broad sense, even across length and time scales.

-1.2-0.6 0. 0.8 1.6 5 -55-27 0. 20 41 5

Figure 4.1: Single microswimmer flow in a carpet near a solid boundary produced by a bacterium (left panel)
and an alga (right panel). Streamlines (pink and green, respectively) are shown for flows at y = £5 um (side
view) and z = £5 um (front view) from the boundary to z = 5 um. Contours are the vertical velocities.

An active carpet is fundamentally characterized by its spatial architecture, i.e., the spatial distribu-
tion of microswimmers, formally defined by the probability density f(rs,p,) of finding a microswimmer
at position rg with orientation p,. In particular, a carpet consisting of Ny microswimmers uniformly
distributed and randomly oriented within a disk of radius R centered at the origin (without loss of gen-
erality) has a constant surface concentration n = N/(wR?), such that the carpet spatial distribution
function is given by

’ TR? 21
where ©(x) and §(x) are the Heaviside and Dirac delta functions. The domain of rs and p; allows to
reduce the distribution function, which is also separable, as
211 Ns 1 n
f(ps,gos,gzﬁs) = stpsfcpsf¢s = Ns?%g = ﬂ_RSQ % = % (4'1'8)
and it is normalized so that integrated it gives the number of microswimmers,

R ,m g Ns 1
/f(rs,ps)drsdps = / / / —5 5= Psdpsdpsdps = Ni. (4.1.9)
0 JoxJ_x ™R?2m

See the SI from [2] for a more realistic approach using a Gaussian density profile.

(4.1.7)

In a general case where microswimmers are allowed to be oriented out of the plane of the carpet, the
carpet distribution function is
5(25 - h>®(R — ps) 6<‘ps| — 1)
mR2 47 '

f(rs,py) = Ns (4.1.10)
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This distribution is normalized as before and reduces to f(ps, ¢s,0s, ¢s) = n/(4w).

Finally, note that if instead of being uniformly distributed over a disk of radius R, the microswimmers
are distributed over a square of side 2L, where z;,ys € [—L, L], the distribution function is written
similarly as

111 N, 1 n,

f(wmy&%) = stmsfysfzbs = Nsiﬁ% = (QL)QE = % (4.1.11)

where ny = N,/(2L)? is the square’s surface concentration.

4.2 Average flow field due to an active carpet

Taken together, the average total flow (also named net drift or mean drift flow) due to all microswimmers
combined evaluated at position r is given by

(o(r)) = / w(r, 0, D) f(re, py)dradp,. (4.2.1)

Again, considering the general case where microswimmers can be oriented out of the plane of the carpet
(although not used in what follows), using the cylindrical and spherical coordinates defined in Sec.4.1,
Eq.(4.1.1) and Eq.(4.1.2) respectively, the average total flow field is written explicitly as

p.=R Gs=T ps=m Os=7
won=[" " [l 000000 (9000 62) i sin 0.0, . (4.2:2)
o o 9.0 —_———— —— ——

s=0 s=—T s=—T
Position Orientation

For parallel microswimmers (this is, for 85 = 7/2), as considered in the definition of an active carpet,
Eq.(4.2.2) reduces to

ps=R pps=m rps=m
(v(r)) = / / /4) (T, s, s, 05) [ (Ps, sy D) psdpsdipsdgs. (4.2.3)
P ®

s=0 s=—T s=—T

To find the average total flow field due to an active carpet of parallel microswimmers, we must
first compute the flow field of a single microswimmer in the carpet and then evaluate the integral from
Eq.(4.2.3) together with Eq.(4.1.7). However, in general, this is not trivial, since these flow fields are
quite complex when evaluated algebraically. Therefore, to make progress it is convenient to approximate
the flows as being evaluated far from the interface, such that h <« z. Making h = ez with ¢ < 1, we
perform a Taylor expansion to first order in € over the single microswimmer flow about € = 0,

ou(r,rs,p,)

o e+ 0O(?) (4.2.4)

e=0

u(r,rs,ps) = ’UJ(’I", TSvps)‘e:O +

where r = (pcos g, psin, z), from Eq.(4.1.3), such that we explicitly have u(p, z, ps, ¥s, ¢s). Note that
after doing the approximation, flows must not be dependent on ¢, it’s necessary to recover the dependency
in h,z by using the relation e = h/z.

4.2.1 Average flow directly above the carpet

Directly above the carpet, i.e., on the z axis, we have that p = 0, such that the flow is evaluated at
position r = (0,0, z). In this case, we explicitly have that u(rs,p,) = u(z, ps, vs, ¢s). In what follows I
present the approximated individual flows produced by a microswimmer computed using Eq.(4.2.4) when
the interface is a solid boundary, a free surface, and a fluid-fluid interface with viscosities ratio A (see
Sec.2.4), together with the average flow resulting from the integration of Eq.(4.2.3), as a function of the
height z and the carpet radius R, (v(z, R)).
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Figure 4.2: Comparison between the full flow field (cyan) and the approximated flow (pink) for h < z at two
different heights (a) z = 2 um and (b) z = 20 um, when the interface is set as a solid boundary.

e For a solid boundary, the individual approximated flow components are

_ 3hkzps (—5p§(COS(2¢)S —3ps)) + (22% — 3p7) cos(2¢5 — ps) + cos(ips)(62° — 402))

Uy CEYINE (4.2.5)
~ 3hrzps (503 (sin(205 — 3¢ps)) + (227 — 3p2) sin(205 — ¢s) + sin(p,) (62> — 4p2))
Uy = (4.2.6)
2+ 22) 77
o OB (02 (508 (20— 01)) +3) = 227) 427)
R+
Then, the average flow is
22R? .
with optimal (maximized flow) carpet size R* = 1/2/3z.
e For a free surface, the individual approximated flow components are
" — _ kps COS (SDS) (Pf (3 COs (2 (¢9 - 908)) + 1) - 222) (4 9 9)
- (72 + 2572 =
w — _ Kps sin (ps) (Pf (3cos(2(ds —ws)) +1) — 222) (4.2.10)
’= (24 22)772 =
2(3 2(ps — s 1) — 222
u, = (05 (Beos 20y — ) 1) — 227) (42.11)
(2 + )72
Then, the average flow is
R2
(v(z,R)) = —2mnk © (4.2.12)

(2 1+ R2)3/2°

with optimal (maximized flow) carpet size R* = V2z.
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e For a fluid-fluid interface with viscosities ratio A, the individual approximated flow components

are
Kps 3

T ) (2 + 22) 72 (42" (3hAcos (265 — ps) + (9hA + 2) cos (i24)
+ 2p2 (—2(2 — 12h) cos (ps) + 3(10hX + 2) cos (2¢s — 3ps) (42.13)
+ 3(6hA + 2) cos (205 — @) + 2p; cos (ps) (3cos (2 (¢s — ¢s)) +1))

Uy :2(/\ Y ?ppger N7 (423 (BhAsin (205 — ws) + (9hA + 2) sin (ps))
+ ng (2(z — 12hA) sin (¢s) + 3(10hA + 2) sin (2¢s — 3¢s) (4.2.14)
—3(6hA + 2) sin (205 — @) — 2p, sin (ps) (3cos (2(ds — ¢s)) +1))

U, = e (ng (18R + 3(10AX + 2) cos (2 (¢s — ws)) — 2) — 223 (6hA + 2)

A+1)(p2+22)7/2 (4.2.15)
+ p;l (3 COS (2 (¢s - 905)) + 1))

Then, the average flow is

zR? (2(6hA + z) + R?) |
z

(v(z,R)) = —27nk D) (Rt 22)5/2 (4.2.16)
with optimal (maximized flow) carpet size
z + z+32%) — 18hAz + 2
V34/2% (108h2A2 4 4hAz + 322) — 18hAz + 22
R — (4.2.17)

V2

Note that in the limit A — oo, one recovers Eq.(4.2.8), while for A = 0, one recovers Eq.(4.2.12).

A comparison between the full and the approximated flow is shown in Fig.4.2, for a microswimmer
located at the center of the carpet, ps = 0, and oriented in the & direction (¢s = 0), while the interface
is set as a solid boundary. At z = 2 um the velocities differ by a factor of approximately two with the
approximated flow on the larger side, white z = 20 um, apart from the flow being smaller (since it is far
away from the boundary), both flows are approximately equal.

In Fig.4.3 are shown the analytical results obtained in Eq.(4.2.8),Eq.(4.2.12) and Eq.(4.2.16). Note
that for solid and solid-like interfaces (solid boundary and fluid-fluid interface with A = 10) the average
flows are small (although of the same order of magnitude) compared to the ones for fluid-fluid interfaces
(free surface and fluid-fluid interface with A = 0.1).

4.2.2 Average flow everywhere above the carpet

For all space above the carpet, i.e., for all other positions p # 0 (see Fig.4.4(a) for a scheme), the
approximated individual flow components are computed easily and one can still integrate Eq.(4.2.3),
although the integral over positions p,s can be challenging due to the complete elliptic integrals appearing
from the angular integration (see the Supplementary Information from [2]| for the obtained expression
for a solid boundary). In the following, instead of doing the integrals analytically, I compute them
numerically and present the results in Fig.4.4, where I show the streamlines of the average flows, explicitly,
(v(p, 2)) = (vz(p, 2))& + (v2(p, 2)) 2 (this is, for ¢ = 0), together with the average vertical flows (v, (p, 2))
as contours.

An active carpet near a solid boundary generates a steady current that brings tracer particles (nu-
trients) down towards the surface. As Fig.4.4(b) shows, the carpet yields a down-welling region for all
lateral distance p < R and all heights z > h, despite the random swimmer orientations and thermal
particle diffusion. Subsequently, the tracer particles move from the center of the carpet to beyond its
edge, p > R, where fluid is transported back up, resulting in a large toroidal recirculation as conse-
quence of steep velocity gradients (boundary layer, due to no-slip condition), leading to significant flow
up to approximately 40 times the size of a micron-sized bacterium. Indeed, maximizing the average flow
with respect to z, gives z* = 4/2/3R, which for a carpet of size R ~ 50 um and a bacterial density
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Solid boundary
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Figure 4.3: Average flow produced by an active carpet for h = 1 um, n = 0.1 um ™2, k = 30 um®/s near five

different interfaces directly above the carpet as function the height z for a carpet of radius R = 50 pm.

n ~ 0.1/um~2(relatively high but not unphysical [116]), results in z* ~ 40 um, so maximum nutrient
transport is up to |(v(z*))| ~ 0.4 um/s.

Similarly, an active carpet near a free surface, as shown in Fig.4.4(f), also generates a steady current
towards the surface, although on a order of magnitude stronger than the one near a solid boundary. In
this case, there is still a down-welling region for all lateral distance p < R and all heights z > h, while for
p > R, although fluid is still transported back up, it does on a larger length scale and does not recirculate
because of the fluid being stress-free (zero-shear stress condition) at the boundary (there is no velocity
gradients,i.e., no boundary layer). Here maximum nutrient transport is up to |[(v(z*))| ~ 7Tum/s at a
height z* = V2R ~ 35um for R ~ 50 um. Fig.4.4(c),(d),(e) are intermediate cases resulting from the
action of an active carpet near a fluid-fluid interfaces.

As a final comment on the average produced by finite-sized carpets is that there is at least two config-
urations of uniform carpets whose individual flows combined do not lead to any net drift. The first one
is a carpet of parallel Stokeslets, e.g., ciliary arrays, where force alignment is essential for microbiological
transport. Indeed, since flows are symmetric, u(&) = —u(—&), they vanish when averaging over orien-
tations pg, on the contrary to dipoles, where their flow reflection is additive, u(&) = u(—&), leading to
net flow as shown above. The second configuration is a carpet of dipoles in bulk, where they are allowed
to be oriented in three dimensions. Again, they do not generate any net flow since each flow is balanced
due to the incompressibility condition V - w = 0 (there is no sources nor sinks), although the may still
contribute to enhanced diffusive flows. In [2], Mathijssen et al. show in detail that coherent transport
arises not only from uniform concentration densities of microswimmers, but especially from gradients in
density, activity or orientation, which emerge from the long-ranged order in collective behavior, such as
in bacterial vortex arrays bacterial turbulence or more complex geometrical orientation patterns such as
topological deffects.

4.2.3 Simulations of active carpet flows
Besides analytical and numerical integration, the average flow due to an active carpet can also be approx-
imated in numerical simulations. To determine it, Ny microswimmers with positions r ; and orientations

p,,; must be placed above the interface, at z; = h, then each of their (exact) individual flows are summed,
such that

N
(o(r)) =Y wi(r,rei,p,;) (4.2.18)
=1

where (...) denotes averaging over a statistical number of ensembles N, of independent active carpet
configurations. Importantly, 7 ; and p, ; are found numerically via inverse transform sampling (Smirnov
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Figure 4.4: Average flow produced by an active carpet for h = 1um, n = 0.1 um™2, k = 30 um?/s near five

different interfaces everywhere above the carpet, p # 0.(a) Scheme of the physical system, where the active carpet
of radius R is a height h above an interface and generates an average flow (v(p, z)), shown for ¢ = 0, where in
purple are the streamlines and contours represent the vertical average flow (v.(p, z)). The latter is shown for the
interface set as a (b) solid boundary, fluid-fluid interfaces with (c) A =10, (d) A = 1.5, (e) A = 0.1, and a (f) free
surface.

transform) in order to satisfy the carpet probability distribution f(rs,p,), Eq.(4.1.8).

Recalling that in cylindrical coordinates we have that positions are r4 = (ps cos s, ps sin g, h), while
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orientations are p, = (cos ¢s, sin ¢, 0), with domain ps € [0, R], ¢s € [—m, 7] and ¢s € [—7, 7|, and the
carpet probability distribution is given by f(ps, ¢s, ¢s) = Nsfpo, fo. fo., Where f, = f4. = 1/(27) are the
angular distributions, and f,, =2/ R? is the radial distribution, the sampling goes as follows. Consider
the three random variates w; € [0,1] with ¢ € [1,2, 3] drawn from a standard uniform distribution:

e To sample the angle ¢, we compute the cumulative distribution function (CDF)

4/7;:9% , , 80/5:%03 1 , 1
Foted = [ foldddei= [ S = o (ea k) (1.2.19)
® ®

o - ‘g 2m
Next, we solve the inverse transform, wy = F,,_(¢s), obtaining the sampling

s

ps = —m + 27wws. (4.2.20)

We obtain the same sampling for ¢,
Ps = —T + 2mw3. (4.2.21)

e To sample the distance ps, we compute the cumulative distribution function (CDF)

p;:l’s ;o , p;:ps 2 , pi
Fp.(ps) = / o Joupg)psdps = / - Eabsdrs = g3 (4.2.22)
pe=0 pe=0

Next, we solve the inverse transform ws = F,_(ps), obtaining the sampling

ps = Ry/ws. (4.2.23)

Fig.4.5 shows a visualization of the simulation sampling for an active carpet uniformly distributed within
a disk.

Simulation sampling

Psi = —TT+ 27w
\ Gsi = —m+ 2w,
psi = R+/ws

w; € [0, 1]

o 4,

~
R

Figure 4.5: Active carpet flow simulation sampling visualization. An active carpet of Ny = 250 microswimmers is
uniformly distributed within a disk of radius R = 500 um, viewed from above. The positions of the microswimmers
sampled by ps,; and @, ;, are represented by pink disks, while their orientations are represented by coloured arrows
coded by their orientation angles ¢ ;, as indicated by the color wheel.
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Now, the above is considering a carpet distribution within a disk of radius R. For a carpet distribution
within a square of side 2L (see Eq.(4.1.11)) the sampling is similar. Recalling that the microswimmer
positions in cartesian coordinates are rs = (zs,ys, 2s) and orientations p, are written as above, with
zs,ys € [—L, L] and ¢, € [—m, 7], the carpet distribution is given by f(xs,ys, ¢s) = Nsfa, fy, fo, with
spatial distributions f,, = f,, = 1/(2L) and angular distribution fs, = 1/(27). Then, the sampling in
terms of w; is obtained as before, resulting in

¢s = —m + 27wy, (4.2.24)
rs = —L + 2Lw,, (4.2.25)
ys = —L + 2Lws. (4.2.26)

Note that the numerical sampling must be better when simulating flows of carpets at low z values. This
is quite simple: at high z, many microswimmer flows contribute approximately equally, but this does
not happens at low z, since only a few microswimmers are nearby. Thus, many simulations samples are
needed to achieve an equivalent averaging over the microswimmer positions and orientations. This covers
well the sampling for uniform carpet distributions, but see the SI from [2] for an overview of active carpet
flow simulations for more complex carpet distributions.

4.3 Non-equilibrium diffusion due to an active carpet

Counterintuitively to what occurs for finite carpets, in the absence of gradients, larger homogeneous
(uniform) carpets do not transport faster. Indeed, in the thermodynamic limit, R, Ny — oo with constant
n, on average, all individual microswimmer flows cancel each other out, so there is no coherent transport
to the surface, i.e., the average flow (or net drift) vanishes

im0z R) =o0. (4.3.1)

Fig.4.6 shows that in this limit the average flow due to a carpet near a solid boundary decays rapidly as
1/R3, while near a free surface it decays noticeably more slowly, as 1/R.

1 O T 1 T T T
Solid boundary
Fluid—fluid interface with A=10
1 Fluid—fluid interface with 1=1.5 7
_ Fluid—fluid interface with 2=0.1
g/ O 100 i Free surface 1
~
>~ \R— 1
0.010} R—a\ _
0.001 . : ; . .
1 10 100 1000 10% 10°

R

Figure 4.6: Absolute value of average flow produced by an active carpet for h = Lum, n = 0.1lpum™2, kK =
30 pm? /s near five different interfaces directly above the carpet, at z = 10 um, as a function of the carpet size R.

4.3.1 Active fluctuations

Importantly, even if the average flow generated by the microswimmers is equal to zero, the flow variance
at any one time is not. Thus, the flows combined can lead to “active fluctuations” that push and pull on
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particles near the carpet [45]. By definition, the variance-covariance matrix (or variance tensor) of the
velocities is given by
Koiw; = (vivy) — (vi)(vj) wherei,j = 2,y, 2. (4.3.2)

Nonetheless, as explained above, (v;) = (v;) = 0 for infinitely large carpets. Then, in general, the active
fluctuations are defined by the elements of the variance tensor, which are determined analytically in a
similar way as for the average flow in Eq.(4.2.1), as

Vij(r) = (vi(r)v;(r)) = /ui(rvrs,ps)uj(r,rs,ps)f(rs,ps)drsdps (4.3.3)

Recalling from Sec.4.1 that rs = (pscos s, pssinps, h), p, = (cos ¢s, sin ¢, 0) and that f(rs,p,) =
f(ps, s, 0s) = n/(2m) we explicitly can write the variance tensor as

. po=R po=r [do=m n
(wir)v;(r) = _lim / / / Wi, Py 90, 33)t5 (T s 90 60) 2 pudpudipuddy  (4.3.4)

Ns;R—o0 J, g J— 21

Physically, the results from integration will represent how deeply the active boundary can influence the
passive bulk fluid.

Although integration is direct, the strength of these active fluctuations can be also found numerically
by first computing the carpet flow distributions and then its moments (mean and variance) as a function
of the distance from the boundary, z. As decribed in Sec.4.2.3, to simulate active carpet flows, a uniformly
distributed carpet of Ng microswimmers with uniform surface density n is placed at z; = h. Then the
total flow v(r) is evaluated directly above the carpet at a tracer particle position r = (0,0, z). To make
an equivalent of averaging over swimmer positions and orientations, evaluation is repeated for a large
ensemble of N, independent carpet configurations, sampled as summarized in Fig.4.5.
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1.5 . 3 " ; %
.00 1 g H 1)
—_ -20 =10 0 10 20 —_ .’. E ®
o 21072 : %
— — [ H ¢ ]
E 1.0 E ' ; "
A A 103 4 5 4
¢ a o
e ' .
0.5 \ \ J‘ 5 ..;
: -\ 10 ] 5 -3
/"// f : ¢ :\\.\ ..:. : .;.
ol /) @ \\ \::* 0% ' o
. « b 4 , .
0.0 H 10°5 -2 . ..
-15 -10 -05 00 05 10 15 -6 -4 -2 0 2 4
U, U:

Figure 4.7: Probability distribution functions of the total vertical flow, PDF(v.), due to an active carpet near a
solid boundary.(a) PDF(v.), of the carpet flow evaluated at different heights z. Inset shows the PDF for z = 2 um
and z = 4 ym.(b) Normalized PDF(v}), for the different heights z, where v} = v./+/(v2).

Fig.4.7 shows the probability distribution function of the vertical flow, PDF(v.), due to an active
carpet near a solid boundary for different heights z = 2,...,20um for n = 0.1 um~—2, N, = 10° mi-
croswimmers, £ = 30 um?3/s, h = 1 ym and for N, = 10* independent carpet ensembles. As evident from
the inset in Fig.4.7(a), the distributions PDF(v,) are not purely Gaussian, since they feature skewness
and kurtosis, especially for low z values. Nonetheless, they still obey to the central limit theorem be-
cause the variance is finite for z > 0. Additionally, note they decay with z so far away from the carpet,
the distributions are more Gaussian. To see the dependence of the variance on z more clearly, we now
integrate Eq.(4.3.4).
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In what follows, as in Sec.4.2.1, using the approximation for z > h from Eq.(4.2.4) for the individual
flows I compute Eq.(4.3.4) analytically and present the obtained results for the horizontal variance,
(v2) = (v2) (due to symmetry) and the vertical variance, (v2) (the off-diagonal elements vanish, so the
only non-trivial results are i = j in Eq.(4.3.4)), directly above the carpet, i.e., evaluated at position
r = (0,0, z), when the interface is a solid boundary, a free surface, and a fluid-fluid interface with

viscosities ratio A:

e For a solid boundary, the variance components are

217nh2k?
(v2(2)) = % with o = 2,y (4.3.5)
45mnh?k?
() = =0 (43.6)
e For a free surface, the variance components are
117nk?
(W2 (2)) = % with a« = 2,y (4.3.7)
02 = 2 (138)
8z

e For a fluid-fluid interface with viscosities ratio A, the variance components are

K2 (84h2)\2 + 40h z + 1122)

2 _ ith o = 4.3.
(v5(2) T6(A T )22 witha =x,y (4.3.9)
9rnk? (20h2)\2 + 8hAz + z2)
2(2)) = 4.3.1
(2(=)) e (13.10)

Note that in the limit A — oo one recovers Eq.(4.3.5) and Eq.(4.3.6), while for A = 0, one recovers
Eq.(4.3.7) and Eq.(4.3.8).
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Figure 4.8: Variances of the flow distributions,(v?), corresponding to the strength of the active fluctuations in
thee three directions i = z,y, 2z, as function of the distance z from an active carpet near a solid boundary (left
panel) and a free surface (right panel), where h = 1 um, n = 0.1 um™2, k = 30 um?>/s.

Fig.4.8 shows the variances of the flow distributions due to active carpets near a solid boundary and
an active carpet near free surface for different heights z, where solid lines are the obtained theoretical
variances in the approximation z > h, Eq.(4.3.5), Eq.(4.3.7) and Eq.(4.3.6), Eq.(4.3.8) and symbols come
from simulations performed for the same parameters as above, in Fig.4.7. As first seen in Fig.4.7 for the
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case of a solid boundary, the mean flow of the distribution vanishes or is really small, however its width
is finite and decays with distance from the surface, so the active fluctuations are stronger closer to the
carpet, as seen now, and most important, they are anisotropic, so vertical fluctuations are stronger than
the horizontal ones. Note that for z ~ h, the simulations points don’t match the theoretical predictions;
this is because in the simulations we use the total flow, which is not approximated as in the theory.
Nonetheless, further away from the carpet they are in agreement, which is where the theory offers a good
approximation. Similarly occurs for an active carpet near a free surface (see [41] for more detail given by
Aguayo et al., where they analyze the active fluctuations due to active carpets near a free surface).

4.3.2 Tracer particle dynamics and space-dependent diffusivity

To this point we haven’t introduced any dynamics on the active carpets. Instead, flows have only been
sampled and statistics have been made over them. Nonetheless, this allowed to make a characterization
of the carpet-induced active fluctuations. To understand how these active fluctuations act over tracer
particles and may lead to particle diffusion, it is necessary to explain how exactly they vary over time. As
reviewed in Chap.3, natural systems such as bacteria (or artificial self-propolled particles) swimming over
a surface are dynamic. They move and reorient according to well-known stochastic processes generating
flows that change dynamically by combining their self-propulsion dynamics (Chap.3) with hydrodynamics
(Chap.2) so these perturbations are transmitted to their surrounding accordingly. Indeed, as I will show
in the following, a tracer particle that is advected by these flows will trace a path that is eventually
diffusive, not because of Brownian motion, but due to the active fluctuations being correlated in time:
they have a memory time that is based on the history of the active carpet configuration.

Consider a (point) tracer particle with time-dependent position »(t) = (x(t), y(¢), 2(¢)) that is initially
fixed above the active carpet at an initial position ro = (0,0, zg), not subjected to Brownian thermal
fluctuations, but only to fluctuating flows generated by the active carpet. The tracer equation of motion
is then given by
) \:
=v(r(t),t) = ) u(r(t),rs(t),p,(t)) (4.3.11)

i=1

dr(t
dt

where t is the time, v(r(t),t) is the total flow due to a carpet configuration at instant ¢, and r, ;(t)
and p, ,;(t) are now time-varying microswimmer positions and orientations. Then, to really solve tracer
dynamics we must also solve the microswimmer’s dynamics. Fig.4.9 shows a representation of how the
active carpet displaces a tracer particle by transmiting the active flow fluctuations through the medium.

Active Carpet
z=h

Tracer particle
<=2

Interface

z=0

Figure 4.9: Summary scheme of microswimmer dynamics
As reviewed in Sec.3.2, single microswimmer dynamics are dominated by rotational diffusion as self-

propel with speed v, in a directed manner with persistence time T, = 1/Dg at short times and diffuse
enhancedly at long times because of activity. An active carpet made of moving microswimmers (or moving
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actuators in general) that exert known forces on their surroundings will feature the persistence time,T,,
as time scale. Furthermore, will also feature an advection time

Ty = 2/ Vs (4.3.12)

which is defined as the time taken by the microswimmers to move underneath a tracer particle. Since the
speed vy is directly related to the strength of the hydrodynamic flow produced by the microswimmers,
this time can be interpreted as time for the active fluctuations to advect or induce long-range entrainment
on the tracer particle [117]. The latter can make solving the dynamics of tracer particles more complex
in general, but for slow microswimmers the decorrelation of the carpet memory is primarily controlled by
the rotational diffusion, since 1, < T, for small vs. In other words, in this regime, tracer particles will
still be subjected to active fluctuations, however, their time scale of motion will be more (if not only) like
the time scale proper of the motion of the microswimmers themselves. From this, one might state that
tracer particles inherit the microswimmer’s memory time.

Consider the tracer displacement, Ar(t) = r(t) —ro, as shown in Fig.4.9. In the slow micro-swimmer
regime, where the whole system is dominated by only one time scale, the motion of the tracer particles
can be solved analytically by considering small displacements of the tracer from its initial position,
|Ar| < |rg|. Then, the total active carpet flow can be expanded around 7 such that the tracer equation
of motion is

dr(t)  dAr(1)
dt  dt
where higher-order terms can expanded as power series in 1/zp [117]. Consequently, the mean square
displacement (MSD) can be determined locally as

To

~ v(ro.t) + O <A’°|) (4.3.13)

t t t gt
<AT¢AT’J'> = </ ’U,’(’I"(),t/)dt// Uj(’f‘o,lf”)dt//> = / / <UZ‘(’I"Q,tl)’Uj(’I"0,t”)>dtldt/, (4314)
0 0 o Jo
where the assumption of small tracer displacements requires that
(Ar?) < 7} (4.3.15)

From Eq.(4.3.14) we identify the time velocity correlation function (VCF) of the total flow at position
70, that is

(vi(ro, t')v; (o, ")) = (v:(rg, 0)v; (T, 0)) exp (-'t;’f) (4.3.16)

From this result one can afirm that the decorrelation or memory time of tracer particles motion is the
persistence time, T,. Inserting Eq.(4.3.16) into Eq.(4.3.14) we have

t pt |t/ o t"‘
(Ar;Arj) = <vi(r0)vj(r0)>/ / exp ()dt’dt” (4.3.17)
0o Jo Tp
Thus, after integration, the obtained MSD is
(AriAr;) = 2V,i(r0)T, (t +ry (et — 1)) (4.3.18)

where V;;(ro) = (vi(ro)vj(ro)). This result is the equivalent to the one obtained for active Brownian
particles in Sec.3.2, which captures both the short-term ballistic motion and an active diffusion after long
times, but now due to the active fluctuations induced by the active carpet at position ry. Indeed, it can
be shown that

(Vv )2, ift<m,

4.3.19
2<Ui’l)j>’fpt, if t > Tp ( )

<A’I”Z'A7"j> = {
Then for long times, ¢/T, > 1, we may now define a local effective diffusion coefficient for the tracer

particles as
.1
Dij = lim o (AriArj) = (vivj)Tp (4.3.20)
More simply, since only ¢ = j results in non-trivial fluctuations, we define the local space-dependent
diffusivity as

¢ = lim l<Ar2> = (v}, (4.3.21)
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The analytical result for the local diffusivity of a tracer particle at height z above an active carpet near an
interface in the regime of small tracer displacements is quite direct from the results obtained in Sec.4.3.1.
For instance, if the interface is a solid boundary, the local vertical diffusivity is

_ 45tnh2K?

S (4.3.22)

Now, this result allows one to analyze the consequences of the assumption of small displacements. Using
Eq.(4.3.15), we rewrite this condition as
2Dt < 2* (4.3.23)

Then, we can rearrange this for a temporal condition

»6

— L 4.3.24
T,  45mnh?k?Ts ( )
As shown above, for the tracer particle’s motion to be diffusive, we also require that ¢/, > 1, so the
theory is only expected to hold when the time scale of diffusive transport, ¢, is slow compared to the time
scale of the active fluctuations themselves, T,. Thus, from Eq.(4.3.24) we get a spatial condition that
dictates that the latter occurs far from the surface, where

z> (457mh2/<52”t12,) 16 (4.3.25)

An equivalent condition can be found for other interfaces (and actuator) types.
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Figure 4.10: Scheme of microswimmer (green) dynamics in an 2L X 2L active carpet indicating which kind of
motion induces in surrounding tracer particles (orange). In the left panel, a microswimmer follows a continous
path, changing its position and orientation accordingly to ABP dynamics, with persistence time T,. The inset
shows the MSD of a tracer particle that features the same kind of motion as the microswimmer, transitioning
from ballistic to diffusive motion, with local diffusivity (v3)T,. The right panel shows a microswimmer that does
not follow any path, but change position and orientation randomly each time the carpet ensemble (or frame, as
presented here) updates. The inset shows the MSD of a tracer particle that features purely diffusive motion with
local diffusivity (v?)T,/2.

A different approach can be made to only focus on the effects of the active carpet on tracer particles
at long times, t/1, > 1 [41]. For this, suppose that the active fluctuations flows are now uncorrelated in
time, so as time passes, each flow is generated by a carpet ensemble that is different from the previous
one, with microswimmers having randomly sampled positions and orientations each time.

Following this approach, the MSD can be defined as follows. Consider ¢',t"” € [0, ] as two consecutives
discrete time instants, where the time interval [0,¢] can be partioned to 7 subintervals of equal duration
At = At = At = t/n. Then, the MSD of a tracer particle subjected to the discrete carpet time
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evolution can be approximated as the finite sum
nAt nAt
(Ar;Arj) = Z Z (vi(ro,t)v(ro, t")) At A" (4.3.26)

=01t"=0

where now the VCF indicates an accordingly discrete decorrelation betwen time instants, such that

<U7,' (T‘Oa t/)'Uj (TOa t/l)> = <Ui (TOa O)U] (TOa O)>6t't” (4327)
Thus, the MSD is given by
nAt nAt
(Ar; Arj)y = (vi(ro)v;(10)) Z Z S A A" = (v;(r0)vj(r0))RAEAE = (v;(ro)vj(1r0)) AL (4.3.28)
+=0¢"=0

Now, to correctly describe the carpet-induced diffusion, the time subinterval must match the persistence
time, At = T,, so that it is equivalent to the correlated “physically correct” carpet case

(AriAr;) = (vi(ro)vj(ro))Tpt (4.3.29)

Note that this result indicates that in this case there is no such thing as a ballistic regime for the tracer
particle motion. Instead, the particle diffuses at all times due to the same physical reasons stated before,
but with a diffusion constant different just by a factor. Indeed, one again can define the local diffusion
constant for the tracer particle as

R 1
Dj; = t% —(AmAm) 5 —(vv;)T, (4.3.30)
which for ¢ = j writes
s 1
D; = %Z<Ar )= 2<v$>T,, (4.3.31)

This result can be analized as above to find the local diffusivity for tracer particles above different spatial
configurations (actuators and interfaces). Importantly, this approach is especially suitable to perform
numerical simulations for two reasons: first, one does not have to solve each microswimmer dynamics,
but instead just update the whole carpet randomly, and second, since we are interested precisely in
tracer particle diffusion, not waiting for microswimmers to become diffusive and still have a system with
equivalent physical properties to work with saves computation time. That said, any tracer dynamics
calculation is performed using this active carpet dynamics.

Using the small displacements relation from Eq.(4.3.23), we can write the spatial condition from
Eq.(4.3.25) under this approach, which is the one used further below to estimate how far from the
interface the theory holds. Then, if the interface is a solid boundary we obtain that

457mh2%:2”r12) 16
z> — (4.3.32)

An estimation can be done by inserting some typical numbers on the condition. For n = 0.1 um~2,

h = 1um, k= 30um3/s, T, = 0.13s (see Sec.3.3), we have that z > 2.18 um. Under this condition we
are sure that we measure the local diffusivity D(z) with small variations in z.

Fig.4.10 summarizes the two approaches to solve microswimmer dynamics and tracer particle diffusion
due to an active carpet.
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4.3.3 Simulation of tracer particle dynamics

To perform simulations of tracer particle dynamics one must simply solve Eq.(4.3.11). Recalling the
tracer position, r(t) = (z(t),y(t), 2(t)), the independent equations of motion for each coordinate write

N

T S (1), 70,2, 1) (133
N

W) Sy (r0), 7 (1), () (4334
j=1
N,

e MU OR W) (43.35)

with initial conditions z(0) = y(0) = 0 and z(0) = zp. Note that there are no thermal fluctuations
nor short-range interactions that can affect the tracer’s motion, this only for the trajectories to feature
the flow fluctuations effects whithout any bias. A more complex case was explored recently in [41],
where Aguayo et al. explored tracer dynamics with a short-range Morse interaction to characterize tracer
particle aggregation.

We use the method of finite differences to approximate the continous-time solution [z(t), y(t), z(t)] by
the discrete-time sequence [z(t;), y(¢:), 2(t;)] = [z, vs, 2;] evaluated at time steps t; = iAt, where At is a
sufficiently small time step (usually At = 1072) in a Euler integration scheme, such that we now solve

Ns
zi=xi+ Y ug(rioy,ri )t pl A (4.3.36)

Jj=1

N
Yi = Yi—1 —+ Zuy(rifla T;}l,pégl)At (4337)
j=1

N
Zi = zi—1+ Z U, (Ti—l, T';_jl, pi’_jl)At (4338)
j=1

To compute the fluctuations flows in the sum on the RHS of equations above the carpet is sampled as
described in Sec.4.2.3, so an initial carpet configuration (i = 0) is sampled with total flow

N,
u(ro, 73 5, P2 ;) = w(ro, 01, P01) + -+ u(ro, 7l N, PIN,) (4.3.39)

j=1

and then this is updated to a new different independent configuration, as shown in Fig.4.11.

In this chapter I presented the theory and numerical aspects of modeling active carpets near an
interface. I started by giving a definition of an active carpet. Then, I continued by giving analytical
definitions and numerical methods to calculate the average fluxes generated by finite active carpets.
Finally, I described the out-of-equilibrium transport properties of sufficiently large active carpets. In the
next chapter, I use what is described in this chapter to explore the effects of confinement on the action
of active carpets, which is explored for the first time in this thesis work.
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Figure 4.11: Scheme of how tracer dynamics are solved by sampling carpets each time step in the simulation.
The bottom row shows the carpet sampling on a disk of radius R in the plane z = h, where solid disks (pink) are
microswimmer positions and arrows represent their orientations with their angle following the color wheel code.
The top row shows a representative trajectory of a tracer particle, which is at its initial position for ¢ = 0 and
displaces at distance Ar in any direction each time the carpet sample is updated and the flows summed, and that

is repeated till ¢ = N;.
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Chapter 5

Active carpets in confined environments

In the previous chapters I described all the theory and numerical methods that allow us to understand
the hydrodynamics of micro-swimmers (Chapter 2), their microscopic Newtonian dynamics (Chapter 3)
and the recent theory of active carpets near an interface (Chapter 4). In this chapter we use the above
to model active carpets in a confined environment called floating film (sometimes just named film in the
following). This environment consists of two interfaces: the first, a fluid-fluid interface located below the
carpet, the second, an air-liquid interface or free surface, located above it. Fig.5.1 graphically resumes
the physical system explored in this work.

First, I present the low Reynolds number hydrodynamic model for micro-swimmers confined in the
floating film. Second, I recall some definitions on the active carpet theory and introduce a new one.
Third, I briefly review the basic aspects to perform numerical simulations with active carpets and tracer
particle dynamics, and set all the parameters used in this work.

Based on the above, I present the main results of this thesis work, starting with the analytical
calculation of the velocity field produced by a single micro-swimmer inside the film, and continue with
employing the active carpet theory to compute the active fluctuations, which I then characterize in detail
by analytical calculations and by numerical simulations. Next, I explore the role of confinement on these
fluctuations, followed by a quantitative analysis on the capacities of an active carpet, when confined, to
generate large-scale coherent flow patterns and vorticity fields.

5.1 Hydrodynamics of a single microswimmer within a floating
film

We model the flow field of a single flagellated microswimmer moving in a homogeneous fluid of viscosity
11, confined between two non-deforming boundaries [118, 4]. Here, the top boundary is a free-surface,
whereas the bottom is a fluid-fluid interface, where below it there is a second fluid of viscosity uo. The
ratio between both fluid viscosities is denoted as A = ps/p1. The distance between both interfaces is H
and is referred to as the film thickness, as depicted in Fig.5.1.

The fluid motion driven by microscopic swimmers is described in the low Reynolds number regime, in
which viscous forces dominate the momentum balance (see Sec.2.1) [63, 64]. For a point force F = f§(r—
rs) acting at position ry = (zs,ys, 2s) on a stationary fluid of dynamic viscosity p, the hydrodynamics
flow is governed by the incompressible Stokes equations [61],

Vp(r) — uV2u(r) = F, (5.1.1a)
V- u(r) =0, (5.1.1b)

where u(r) and p(r) are the fluid velocity and pressure fields at position r = (z,y, z), respectively. In
the absence of lateral boundaries, the solution of Eqgs.(5.1.1) is the well-known Stokeslet [65, 66, 67]

Gij(r,rs) - F 8 did;
u(r,rs) = J<8M), Gij(r,rs) = <dj| + |d|§>, (5.1.2)
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Figure 5.1: Scheme of a confined Active Carpet (yellow) between two fluid interfaces, at the top an air-water
interface and at the bottom a fluid-fluid interface. The active carpet is formed by microswimmers living at a
fixed distance o from the bottom fluid-fluid interface (in green). The microswimmers generate hydrodynamic
fluctuations in the confined fluid (orange arrow) that stir fluid parcels and suspended matter in within the layer.

where d = 7 — 7, is the relative position between the swimmer and the surrounding fluid (see Sec.2.2).
Derivatives of the Stokeslet are also solutions [117, 119, 120]. For swimming microorganisms, where the
thrust and the drag force balance, the Stresslet is the first dominant term in the multipole expansion to
describe their far-field flow (see Sec.2.3) [68].

Here, however, we must include the boundary conditions to fulfill the system’s confinement (see
Sec.2.4). Following [4], we construct the first approximation to the image system for the flow field
produced by a microswimmer confined between a fluid-fluid interface and a free surface interface, as
described in Fig.5.2.

The Stokes equations for a point force acting on fluid 1 are

—Vp + 1 Vu + F =0, (5.1.3a)
V-u =0, (5.1.3b)
while for fluid 2 are
—Vp® + 1, V@ =0, (5.1.4a)
V-u® =0. (5.1.4b)

The velocity field of both fluids must satisfy the following boundary conditions at the fluid-fluid
interface [118],

uaM =uy®, atz =0 (5.1.5a)
ul) = ul? =0, (5.1.5b)
8u&1) au9> Bug) 8u,(22)
= tz = 1.
H ( 0z + O F2\ 752 * oo | M7 0, (5.1.5¢)

where a = x,y, and at the free surface interface,

ul) =0, at z = H, (5.1.6a)
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Figure 5.2: Conceptual model for a single microswimmer confined between the free surface interface (top) and
the fluid-fluid interface (bottom). A microorganism swims in the z-y plane at z = o (in green), producing two
images (in yellow) located at r:° and rfF respectively.

8u((11) augl)
0z + oo

=0, atz =H. (5.1.6b)

From solving Egs.(5.1.3), Egs.(5.1.4) and Egs.(5.1.5), the image’s system for a point force between
two fluids of different viscosities leads to a generalization of the Blake tensor [118]:

1-—
Aij(r) = (1 n /\5]a5ak 3363k) Gir(r) .
2\ 0 [zs7i o
+ mzs((sja(sak - 53‘3631{)87% ( + Gis(r ))
Notice that for A = 0, we recover the image flow field of a point force close to a free surface,
Fij(r) = M;iGin(r), (5.1.8)

where M, is a mirror matrix, M = diag(1, 1, —1). This image system corresponds to the one satisfying
the boundary condition at z = H.

Formally, a point force F' = fé(r — r,) is acting at position rs = (s, ys, zs). The image system to
account for the fluid-fluid interface is constructed using the propagator tensor Eq.(5.1.7) for an image
force located at position rE¥ = (x4, ys, —2s). Whereas for the free surface interface, we set a mirror image
using Eq.(5.1.8) at position rf5 = (z,,y,, 2H — 2,). The velocity field produced by a point force parallel
to both interfaces is then given by

u(r,rs, \,H) =G(r,ry) - _f||
—|—(]—'(r1° )+A(7 SF’)‘))'fllv

where the second term is the full image system added to satisfy the induced hydrodynamic boundary
conditions and fj = f/(8mp1) is the scaled force.

We can then measure the velocity field of a force dipole (see Sec.2.3) with orientation p, as shown in
Fig.5.2,
up(r,7s,p5) = £ (P - V)G +F +A) - p]. (5.1.9)
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Here derivatives V, = 0/0rs are taken with respect to the microswimmer’s position. The coefficient
k = fjo corresponds to the dipolar strength, which characterizes the hydrodynamic distortions of each
microswimmer (see Sec.2.3) and sets the timescale of the biogenically driven flow, 7 = 03 /k, with o the
microswimmer body length, therefore, the film thickness scales as H = n,, o with the varying number
ny, and the carpet size is given by L = ncarpeto With a given number nearper. On the one hand when
k > 0, the microswimmer generates an extensile flow (pusher) similar to motile bacteria powered by a
helical flagella bundle. On the other hand when x < 0, the flow field is contractile (puller) similar to the
flow generated by green microalgae Chlamydomonas reinhardtii [69].

Here, we utilize the leading-order image system to describe the far-field flow of a dipole microswimmer
[4]. Tt is important to note that boundary conditions are only partially satisfied when two image flow fields
are added to the hydrodynamic system. To mitigate this discrepancy, recursive images of the original
images must be added. However, since the first images closely approximate the confined natural system
under investigation, they encapsulate most of the relevant physics. Therefore, subsequent images will
inevitably be farther removed from the system [9].

In nature, sharp vertical temperature gradients or the presence of natural and artificial oils can lead
to abrupt changes in fluid viscosity, especially at the skin of surface waters [121]. Also, during blooms,
planktonic microorganisms have been reported to increase the effective ambient viscosity, generating
strong viscosity gradients with relative viscosities 1 < A < 3 at short distances [16]. Microorganisms in
mammals’ guts and tracts also swim in regions of high viscosity contrast or mucus, with some bacteria
performing positive viscotaxis and some other strains performing negative viscotaxis among these regions
[122, 123, 124]. Recent research has studied the microorganisms’ optimal swimming behavior in viscosity
gradients (viscotaxis), revealing divergent trends. In some cases, microorganisms prefer swimming in
low-viscosity regions, while in others, they favor high-viscosity environments [125, 126, 122, 15, 127].
For instance, the Chlamydomonas reinhardtii, a type of phytoplankton, shows viscophobic behavior by
accumulating in the region of lower viscosity A > 1 [17].

In recent experiments, bacterial baths within microdroplets of water in oil (A < 1) have been studied
with different bacteria. In the case of magnetotactic bacteria, it was observed that they drive a vortex
flow in the center of the microdroplet in the presence of strong external magnetic fields [25]; this was also
corroborated with numerical simulations showing a fragile equilibrium between high bacterial concentra-
tions, activity, confinement, and taxis [24]. In the case of a suspension of Escherichia coli, the bacterial
bath generates hydrodynamic fluctuations that self-propel the microdroplet [128], or in the case of a
double emulsion, the suspended particle at the core of the microdroplet is inherent to the microscopic
parameters of the bacterial suspension, such as memory time and length scales [46].

5.2 Active carpets within a floating film

Our model considers a collection of dipole microswimmers constricted to move in the z-y plane at a fixed
height zs = o, which corresponds to microswimmers moving above the viscosity interface forming the
so-called Active Carpet, as sketched in Fig.5.1

As explained in detail in Chapter 4, the Active Carpet is constituted of a dense suspension of point-like
microorganisms, each of them inhabiting this environment at positions rs = (x4, ys,0) and orientations
D, = (Pz,Dy,0). We consider them in a stroboscopic diffusive regime [41, 45] such that all microswimmers
are uniformly distributed in space and orientations in a 2D surface as time progresses (this is well
summarized in Fig.4.10, Sec.4.3.2, where I described how to solve microswimmer dynamics in the active
carpet). Each microorganism stirs and energizes the confined water film, driving a flow field given by
Eq.(5.1.9). Here, we probe the biogenically driven flow at positions rg = (xg, Yo, 20), corresponding to a
fluid parcel between the free surface and fluid-fluid interface. To find a far-field approximation for the
collective flow drive by the Active Carpet, we performed a Taylor expansion for the flow field generated
by a single microswimmer, such that z5 = ezp with € < 1 (see more details in Sec.4.2, where I explained
this approximation, along with Fig.4.2 for a graphical demonstration). With this analytical expression,
we can measure analytically different statistical properties of the collectively generated flow.

In Sec.4.2 I defined the average flow field due to an active carpet, which I recall now. The mean
flow field averaged over a finite carpet of size R with microswimmer uniformly distributed in cylindrical
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coordinates, ps, 05 and orientations ¢y is

(o(r) = / (P, 7o, ps) F(r, ps) drodps, (5.2.1)

where F = n/2m > 0 is a uniform distribution of swimmers for a carpet number density n and (-) is
the average over the collection of swimmers. Here rs = (ps cosfy, pssinfs, o) is the swimmer’s posi-
tion and ps = (cos ¢s,sin ¢s, 0) the swimmer’s orientation, with ¢s,0s € [—m,7]. The variance, which
encapsulates what we call fluctuations (see Sec.4.3.1), governs the active diffusion process that tracer
particles experience over the carpet where i, j = x,y, z denote its components in Cartesian coordinates;
its magnitude depends strongly on the geometry of the environment and can be computed analytically
using the following expression for the variance tensor

Vij = (vivj) = /uiuj}'drsdps. (5.2.2)
In addition, we define the average vorticity field induced by the confined Active Carpet as
(w) =(V xv) = /(V X w)F drsdps. (5.2.3)

and the average circulation over an area .S,

r://g@yds. (5.2.4)

We now turn the focus to the numerical framework utilized to simulate the dynamics of confined
Active Carpet.

5.3 Numerical simulations

In Sec.4.2.3 and Sec.4.3.3 of this thesis work, I described in detail how to make simulations of active
carpet flows and to solve tracer particle dynamics in a similar way. This numerical simulations relies
essentially on the correct sampling of the carpet configuration (see Fig.4.5) to measure carpet flows and
by integrating simple tracer dynamics (see Fig.4.11). In the following, I review this briefly.

As discussed in Sec.5.2, we do not follow each microswimmer’s trajectory in time. Instead, we inves-
tigate the effects of the Active Carpet in the surrounding fluid once microswimmers have passed from
the ballistic regime to a diffusive regime (see Fig.4.10) [45, 41| . In brief, as reviewed in Sec.4.3.2, we
model Active Carpets by randomly distributing Ny microswimmers with uniformly distributed positions
rs = (x;,yi,0) and orientations p, = (cos ¢;, sin ¢;,0), with ¢; € [—m, 7], ¢ € [1,Ng] in a finite square
domain, 2L x 2L, where 2L is the size of the Active Carpet. The microswimmers number density in the
Active Carpet is defined as n = N,/(2L)%. The total flow generated by the active carpet is computed by
superposing the flow velocity of each individual microswimmer given by Eq.(5.1.9). Thus, the collective
velocity field driven by the ensemble, or the colony, is determined by

N
U(Tﬂ's,ps) :ZUD(T,Ts,PS)- (531)
=1

This velocity is computed for an ensemble of N, independent Active Carpet configurations. Hence, we
compute the variance tensor of the flow field Eq.(5.3.1), as defined in Eq.(5.2.2), averaging over a finite
number of Active Carpet ensembles N.. Using this framework, we investigate the dynamics of passive
tracer particles stirred by the collective action of the colony. A tracer particle, with position 77 (¢), evolves
following the motion equation,
dr®'(t)
dt

As illustrated in Fig.5.1, we explore tracer particle dynamics between the Active Carpet and the free
surface with their vertical position between o < 2o < H. We integrate Eq.(5.3.2) numerically utilizing an

=v(r’,r,,p,). (5.3.2)

43



CHAPTER 5. ACTIVE CARPETS IN CONFINED ENVIRONMENTS

Euler scheme, with a nondimensional integration time step At = 3-10727. At each time step, the tracer
particle excursions a length Ar” determined by a new random independent Active Carpet ensemble.

The size of the Active Carpet is crucial in computing every observable within this framework. In
[2] Mathijssen et al. stressed that if the Active Carpet is too small or resembles a bacterial cluster, a
drift flow can suppress the hydrodynamic fluctuations, controlling the motion of the tracer particles. To
mitigate this effect, we ensure the average flow (v) & 0, performing simulations with sufficiently large
Active Carpet [2, 45, 41] (see also Sec.4.3 for more details)

In this work, we set the following parameters unless otherwise stated: the microswimmer’s body
length and length scale o = 1, the dipole strength x = fjjc = —30 for a puller and x = 30 for a pusher
following |70, 69], the number density n = 0.1, microswimmers number N, = 105, film thickness small
parameter ¢ = 0.1, ensemble number N, = 103, and the Active Carpet’s total length 2L = 103. Our
primary focus is investigating the impact of the confinement size H and the interface strength A. In
what follows, we explore how the degree of fluid confinement impacts the spatial characteristics of the
hydrodynamic stirring driven by Active Carpets.

5.4 Results and Discussion

5.4.1 Single microswimmer flow field within the floating film

Using the mathematical methods presented in Sec.5.1 we compute the flow field of a Stokeslet and a
dipole parallel to both interfaces, as shown Fig.5.3. Near the origin, z = 0, in Fig.5.3 (bottom left) one
can observe that the fluid in dragged down when going further (left or right direction) from the force
dipole, clearly showing that boundary conditions are perturbed by the top image, which also presents a
level of deviation. Importantly, Fig.5.3 (bottom right) shows that streamlines recirculating sharply on
the contrary of the ones of a dipole near a solid boundary.

5.4.2 Active fluctuations within the floating film

We first characterize the hydrodynamic fluctuations driven by the confined Active Carpet whose members
swim parallel to the fluid-fluid interface, as sketched in Fig.5.1. To this point, the theory developed
by [2] allows us to directly compute the variance Eq.(5.2.2) of the flow field by performing a far-field
approximation of the flow field (see Sec.5.2). Note that off-diagonal components of the variance tensor
vanish. Additionally, by symmetry, we have that (v7) = (v7) [45]. Therefore, we have only two fluctuations

to characterize, the horizontal (v2) and the vertical one, (v?).

As a consequence of the confined geometry and the boundary conditions, the velocity field and its
variance depend upon the ratio A = po/u1, characterizing the viscous interface, the thickness of the
aquatic film H, as well as the intrinsic physical and geometrical parameters of the Stokes solution and
far-field approximation. Hence, each variance component is a function of (v2) = (v2)(n, k, 0, A, €, H, 29),
where z( is the height of a fluid parcel relative to the Active Carpet. The obtained analytical expressions
are

(02) = ) (210’262 —220¢€(z0 — 2H) + 11 (29 — 2H)2 33602\2€? n 1600 \e
e 64 (20 — 2H)* (A+1)225  (A+1)%23
3620 (80 Ae(H + 20¢) + H(2H + 30¢)) 3622(20\e(2H + 50¢) + H(H + 20¢)) (5.4.1a)
H5(A+1) H(A+1)
N 8H(H + c¢) — 320 \e(2H + 30¢) 44 >
H*(A+1) (A+1)%222 )7
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Figure 5.3: Flow field produced by a Stokeslet and a dipole within a floating film. The top row shows the flow
field produced by a Stokeslet in the zz-plane (left) and in the zy-plane (right) for k = 30, 0 = 1 (green dashed
line),\ = 1.5, and H = 3 (top orange dashed line) for a better visualization of the image system. The bottom row
shows the flow field by a pusher dipole for the same parameters.

(02) = Irk2n [ 202€2 — 20€ (20 — 2H) + (20 — 2H)? n 8002\ 22 . 320 e
z/ = T39 (20 — 2H)* (A+1)2z5  (A+1)223
_ 420(80Ae(H + 20¢€) + H(2H + 30¢)) n 4223 (20Xe(2H + 5oe€) + H(H + 20¢)) (5.4.1b)
H5(A+1) HS(A+1)
L4
A+1)222)°

Note that the hydrodynamic fluctuations driven by the active carpet are proportional to the number
density n and the square of the dipole strength x2. Hence, the behavior of these fluctuations is independent
of whether the swimmer is a puller or a pusher. Also, ¢ < 1 but not zero; the limit ¢ — 0 does not have
a physical interpretation. To validate these analytical results, we performed simulations using Eq.(5.3.1)
to obtain numerically the variance for a set of zy values within the range (o, H).

Fig.5.4(a) presents the analytical and simulation results for the variance, in the case of pullers mi-
croswimmers, with A = 1.5 and H = 40. First, the theory (shown in lines and in the inset as dashed,
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Figure 5.4: Anisotropic diffusion driven by Active Carpets. (a) Variance of the hydrodynamic fluctuations driven
by an Active Carpet in the horizontal and vertical directions (green, red solid lines), as defined in Eq.(5.2.2).
Markers are simulation points obtained from Eq.(5.3.1). The star marks the intersection between theoretical
variances (v2)(2.) = (v2,)(2+). Regions LI and III indicate the dominance of fluctuations according to the
distance from the Active Carpet. Here H = 40 and A = 1.5. (b) Theoretical variances for H = 20, and three
different values of A, A\ = 0.1,0.5, 1.5, denoted by dashed, dotted and dash-dotted lines, respectively. Stars are

cross-points.

dot-dashed lines) and simulations (in symbols) show great agreement. Second, the effect of confinement
in the biogenically driven fluctuations is severe. As the plot shows, horizontal and vertical fluctuations
are non-monotonic and anisotropic with a crossing at a particular height, which we denote as zg = z,. We
found that vertical variances are more significant than horizontal ones for almost half the film thickness,
zo x 0.43H. Using the expressions Eq.(5.4.1a),and Eq.(5.4.1b), we can determine exactly that they cross
at height z, = 16.6 (represented by the yellow star on the plot). At this height, we expect the fluctuations
to have the same strength. Moreover, horizontal fluctuations become more significant for heights closer
to the free surface, zp > z,. According to this unique feature, we can separate the space into three
regions, denoted by I, II, and III. Region I represents the range of heights where vertical fluctuations
dominate over horizontal fluctuations; Region II represents the locus where fluctuations are isotropic;
whereas Region III represents the range of heights where horizontal fluctuations dominate over vertical
fluctuations. To illustrate this feature, Fig.5.4(b) shows results of fluctuations for different values of A
in the list [0.1,0.5,1.5] (dashed, dotted and dot-dash, respectively) and a film thickness H = 20. The
variance curves intersect in the same fashion. Results show that the cross-point z, varies depending on
the value of A\. Smaller values of A lead cross-points closer to the top free surface, and the contrary
happens for greater values, i.e., the cross-point gets closer to the Active Carpet.

Therefore, characterizing the locus z, and its dependence on the parameters controlling the degree
of confinement is essential since it determines where fluctuations and the flow direction become spatially
biased.

5.4.3 Dispersion of tracer particles

We carried out simulations using Eq.(5.3.2) to prove that the anisotropic behavior of fluctuations effec-
tively impacts surrounding tracer particles depending on the region where they excursion. We created an
Active Carpet confined within a film of thickness H = 40, and the bottom interface was characterized by
a viscosity ratio A = 1.5. From the analytical solution Eq.(5.4.1), we determined the intersection height
2, by resolving the equation (v2)(2,) = (v2)(2). Once determined z,, we characterized the fluctuations
topology by seeding passive tracers at different heights relative to z,. Thus, we released particles at a
height zy = 27.7 > z, to measure vertical-dominated motions, at a height zy = z, to measure isotropic

motions, and a height zp = 10 < 2z, to measure horizontal-dominated motion. Then, we simulated
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T = 180 time steps by numerically integrating Eq.(5.3.2). This time was enough to determine the char-
acteristic topology of the space through which the hydrodynamic fluctuations transport tracers. Fig.5.5
show a single and multiple trajectories of tracer particles obtained from the simulations.

(b)

0.04

0.04

Figure 5.5: Tracer particle trajectories within the floating film for H = 40 and A = 1.5 starting from initial
position (red sphere), then displacing through the medium 7. = 180 time steps (coloured segments) to its final
position (green sphere). (a) Single tracer trajectory for a particle starting at zo = 10 < z,. From (b) to (d) 50
tracer trajectories per each starting height zo are presented.

To characterize the dispersion topology we average the displacement d; for all tracer particles in every
direction é;, i = x,y, z. The ellipsoids in Fig.5.4(b) (scaled for visualization) show the resulting topology
for each region.Thus, we confirm that tracer particles have a more prominent vertical motion at heights
20 < zx (red) closer to the Active Carpet, equal to horizontal motions at zy = z, (ginger) and that
horizontal motions become dominant at zy > z,. (green).

5.4.4 Impact of confinement on fluctuation’s geometry

In the previous section, we studied a particular example that demonstrated the zonification of hydrody-
namic fluctuations across the fluid layer. Throughout this section, we show how the degree of confinement,
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Figure 5.6: Ellipsoids represent the average displacement of tracer particles computed from Eq.(5.3.2) for each
fluctuation region. In green, tracer particles start at zop < 2., while in red, they start at zo < z, < H. In ginger,
they start exactly at zo = z..

determined by H and A, impacts the geometry of the biogenically driven hydrodynamic fluctuations, ad-
dressing the following question: How does z, change in terms of A and H? Fig.5.4 reveals a significant
anisotropy and non-monotonic behavior of the hydrodynamic fluctuations induced by the confined Active
Carpet. A major result is that we found the existence of three regions whose spatial distribution is de-
termined by z,; the height above the Active Carpet at which the vertical and horizontal variance of the
velocity fluctuations equal, heights z lower than z, where vertical fluctuations dominate over horizontal
fluctuations, and heights between z, and H, horizontal fluctuations dominate over vertical fluctuations.
The analytical solution Eq.(5.4.1) reported in Sec.5.4.2 enables us to describe and analysis these three
regions change as function of H and A.

We computed z, (A, H) for a wide range of film thicknesses H, and varying the viscous fluid-fluid
interface ratio \ over a range that could potentially be observed in aquatic environments [20, 16, 4]. For
this, we resolve numerically the nonlinear equation for (v2)(z,H,\) — (v3)(2,H,\) = 0 for z € (0, H),
which root corresponds to z,.

Fig.5.7 illustrates the dependency of z, with the film thickness H and A within the range A € [0, 4]
and 20 < H < 100. First, we identify that z, increases monotonically with H. This implies that thicker
aquatic films create conditions where vertical fluctuations dominate over horizontal fluctuations. From
an ecological viewpoint, this is relevant since the Active Carpet can have a longer range for attracting
or repealing mass. Second, z, is larger for smaller A\. In other words, the more viscous the layer where
the Active Carpet habits, the longer the extent of the region where vertical fluctuations dominate over
horizontal fluctuations. For the extreme case of A — 0, the fluid where the Active Carpet lives in is
dramatically more viscous than the fluid below, 117 > po. Such a big difference in viscosity can be observed
in fresh and marine aquatic environments, where algae blooms can locally change the physico-chemical
properties in the water column [129]. At some point, these significant spatial changes in viscosity push
the fluid away from the Newtonian limit. Nonetheless, Newtonian rheology remains a fair approximation
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100F;

Figure 5.7: The impact of confinement of the flow structure driven by Active Carpets. Analytical solutions for
the cross-point height z, for a domain of the parameters A and H are shown. The black dashed line represents a
level curve when H()) o< V.

for gently varying fluid viscosity, as in the case of liquid water [130]. For A = 0, and the range of
H values here explore, we obtain that z, = 0.55H. Whereas for a slightly larger value, A = 0.5, we
obtain that z, = H/2. This means that fluctuations in regions I and III will have almost the same
extent. At larger values of A\, the proportionality we just described changes. Fig.5.7 shows a different
result for A = 4, where we find that in average z, = 0.35H. In this scenario, the fluid-fluid interface
strengthens by making A larger. Consequently, from our framework, one would expect to recover the
well-studied hydrodynamic system of a free-surface liquid film held by a rigid surface for A > 1 [9]. As a
result, we observe that for larger A\, the hydrodynamic fluctuations are, on average, more planar-directed
motions than vertical motions since the region dominated by vertical fluctuations reduces to 35% of the
film’s thickness; i.e., horizontal fluctuations dominate over 75% of the film. This behavior mirrors the
viscous control observed in analogous scenarios, such as superconfined subsurface faults, where viscosity
drives fluid flow fluctuations towards quasi-two-dimensional states [131, 132]. From these results, it is
apparent that A plays a significant role in unbalancing the system and changing the architecture of the
hydrodynamic fluctuations so that the confined Active Carpet may promote, for example, biogenic mass
reorganization mechanisms such as aggregation, recently investigated in a semi-infinite fluid [41].

5.4.5 Active Carpet’s collective flow correlation

The results in Fig.5.7 highlight the tangible influence of both geometrical and viscous confinements on the
spatial structure of velocity fluctuations. This influence extends beyond fluctuations, wielding significant
control over Active Carpets and shaping the trajectories followed by passive tracers. Consequently, an
intriguing question arises: Could confine Active Carpets potentially catalyze the emergence of aggregated
large-scale coherent flow patterns? We delve into this question by examining the coherence of fluid
motions and patterns in space using pair velocity correlation and vorticity fields.

A defining feature of living systems is their ability to induce mechanical disturbances on their sur-
roundings over scales greater than their characteristic individual size, prompting investigations into their
potential for enhancing mixing in aquatic environments. This capacity of swimming organisms in stirring
fluids, particularly through interactions with each other, has garnered significant attention in recent years
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[33, 58, 36, 133, 35, 38, 134]. In the case of microbes swimming in stratified layered waters—characterized
by sharp vertical gradients in density—theoretical arguments suggest individual swimmers have low ca-
pacity to mix fluid [3, 55]. However, whether the collective action of tiny swimming organisms can
significantly affect the functioning of the fluid environment remains an open debate [55, 52, 53]. This
motivates our quest for large-scale hydrodynamic structures driven by Active Carpet within confined
layered aquatic systems. Pair velocity correlation emerges as a metric for understanding the relationships
between fluid parcel dynamics and biogenic fluid perturbations [40, 2, 41].

We compute the spatial pair velocity correlation to examine how the geometrical and viscous confine-
ment affects the coherence of the flow defined as

Ci(do) = —urulra)e (5.4.2)
V(07 (r))e(vi (r2)),
where dy = |ry — 1| is the Euclidean distance between two fluid parcels in position r; and ro with

fixed height zp, above the Active Carpet, as shown in Fig.5.8. The operator (-). represents an Active
Carpet ensemble average, and the variance tensor Eq.(5.2.2) is utilized to compute the numerator in
Eq.(5.4.2). To compute Eq.(5.4.2) from numerical simulations, we first evaluate the flow induced by the
Active Carpet at 71 5 = (+do/V/2, £do/V/2, z) with 2o = 10 for a wide range of distances dy € [0.01, 200].
Then, we compute Eq.(5.4.2) for each ensemble and take the average over ensembles. Results are shown
and discussed next.

©

<

Origin of
coordinates

Figure 5.8: Scheme of how pair velocity correlations are measured. The active carpet flows are first measured
at positions 71, r2 represented by cyan disks as tracer particles separated by a small distance dy. As shown, if one
would really follow their trajectories, they would be similar because they are close to each other so the measured
flows are also similar in magnitude. Making dy larger, make the flows to differ noticeably from each other, which
traduces in tracer particles following different trajectories (orange and pink disks).

Fig.5.9(a) displays the pair velocity correlation, C,(dp), in the é, direction, representing horizontal
correlation, as a function of dy/H for pullers microswimmers. For simplicity, we omit results for é,,
which is symmetric to those in é,. We examine the horizontal velocity pair correlation between particles
separated by a distance dy (see insets) for three H values (H € [20,40,100]), with a fixed A (A =
1.5) and a representative height zy = 10 above the Active Carpet. Note that we normalize dy by
H to gauge the characteristic length of decorrelation relative to the film thickness. The varying H
range allows us to observe that increasing geometrical confinement (i.e., thinner H) expands the relative
extent of positively correlated tracer motions over distance dy. The results indicate that horizontal flows
exhibit slower decorrelation, with increasing distance dy, in more confined systems. The latter trend
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Figure 5.9: (a), (b) Velocity pair correlation function Cy(do), C-(do) in terms of the relative distance between
a pair of tracer particles, dp, normalized by the confinement size relative to the Active Carpet H measured at
height zp = 10, for pullers microswimmers with A = 1.5,0 = 1, and x = —30. Plot markers correspond to
numerical simulations using Eq.(5.4.2) and lines to the semi-analytical far-field approximation using Eq.(5.2.1).
Insets: Illustrative scheme for measuring the velocity pair correlation between two fluid parcels separated by a
distance do. (c) Vertical velocity pair correlation function C(do), for H = 20 and A = 1.5 at different heights zo
according to fluctuations regions described in Sec.5.4.2. (d) Phase diagram of the vertical pair correlation minima
versus A and H.

is evident when comparing the curves associated with high (H = 20) and low (H = 100) geometrical
confinements, suggesting that Active Carpets struggle to disrupt fluid parcels parallel motion. As a side
note, we remark that our numerical findings align with the semi-analytical solution for (v;(r1)v;(r2)) =
Jvi(r1)vi(re) Fdrsdps, shown by solid lines in Fig.5.9.

Given that the confinement of Active Carpets primarily occurs in the vertical direction, we examine
the horizontal pair correlation in the é, direction, C,(dp), which we refer to as vertical pair correlation.
The results in Fig.5.9(b) for A = 1.5 demonstrate not only good agreement between numerically obtained
results (markers) and semi-analytical solutions (lines) but also reveal notable differences from horizontal
pair correlation (C), as shown in Fig.5.9(a).

An intriguing result is the significantly shorter decorrelation distance for flow fluctuations in the
vertical direction compared to horizontal fluctuations. This is evident from the distance dy/ (H) over
which the C, and C, curves decay to zero. The vertical pair correlation decays at least three times faster
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than the horizontal pair correlation, suggesting a distinct behavior. Moreover, a key difference is the
occurrence of negative values in C, indicating flow fluctuations in opposite directions at specific distances
dy. Such behavior is commonly associated with vortical flow structures, also observed in microswimmer’s
sheets, active turbulence experiments, and bacterial swarming [135, 136, 137, 136].

In the most confined scenario examined here (see green squares in Fig.5.9(b)), the curve reaches
its minimum min(C,) almost at dy ~ H, suggesting that fluid parcels move in opposite directions at
horizontal distances dy that scale with the size of the geometrical confinement H. The emergence of such
large-scale flow structures raises intriguing possibilities. For instance, microbial colonies formed by a
monolayer of swimmers, resembling an Active Carpet, could potentially create coherent flow structures
in the water column nearly 20 times their characteristic thickness under strong confinement.

In Sec.5.4.2, we defined the region where active fluctuations exhibit a preferred direction. As this
effect originates from the flow, we can thoroughly examine the vertical pair correlation C, in detail. To
illustrate how C', changes at different heights, we fix the values of H = 40 and A\ = 1.5 while varying the
position zg at which flows are measured. The results presented in Fig.5.9(c) demonstrate the sensitivity
of C, with respect to the height above the Active Carpet.

We have highlighted that the vertical pair correlation reaches a minimum, indicating a region where
fluid experiences vertical flow fluctuations in opposing directions. To further explore the intensity of this
negative correlation, we vary H and A. Fig.5.9(d) presents the minimum vertical pair correlation min(C.)
for film thickness in the range H € [10,50] and viscosity ratio A € [0,3.5], computed using the semi-
analytical approach. Our analysis reveals that the negative correlation, and thus the intensity of opposing
flows, becomes stronger with increased geometrical confinement. Interestingly, we also observe that
viscosity confinement, controlled by X, enhances min(C,) within the range A € [0.5,2]. The nonmonotonic
dependence with ) is exciting and warrants future research for extreme conditions. In the limit of a non-
slip boundary at the viscosity interface, i.e., A — 00, we observe the pair velocity correlations briefly
take negative values in the planar and vertical directions. The latter suggests the appearance of a weak
complex flow structure related to the action of the Active Carpet and confinement. Conversely, in the
case of a free-surface and unconfined aquatic environment, i.e. A — 0 and H — oo, the system does
not show significant evidence of an emerging fluid flow structure. For a better understanding of the fluid
dynamics of this asymptotic scenario, we refer the reader to [4].

5.4.6 Roll-like formation

Whether confined fluid environments give rise to large-scale flow structures remains unanswered. In our
study, we delve into the emergence of vortical flows induced by confined Active Carpets by examining
the spatial structure of the flow vorticity Eq.(5.2.3) and the circulation Eq.(5.2.4). We investigate these
quantities in a Cartesian coordinate system (x, y, z) to ensure clarity and guide our search for large-scale
patterns amidst the biogenic flow fluctuations. In Fig.5.10(a)(b)(c), we illustrate the vorticity field for
pullers microswimmers on the z-z plane for H = 20, A = 1.5 and x = —30, computed from Eq.(5.2.3)
using a semi-analytical approach with a spatial resolution of Az = 0.5 and Az = 0.5. To highlight
coherent trends, we show the sign of the vortical velocity j-component w;, coloring counterclockwise
motions in red (+1), clockwise motions in blue (-1), and no motion in white (0). The findings confirm
the existence of vortical flow patterns analogous to roll-like formations (exhibiting positive and negative
vorticity). To reinforce this idea, we measured the circulation I'(¢) over different squared-sized surfaces
% for the vorticity w, normal to the plane z — z. In Fig.5.10(d)(e), we defined three different regions, A,
B, and C, where we measured the circulation over different squared areas of side £. We observe regions
A (in blue) and B (in red) display circulation in opposite directions with peaks showing vortical flows of
different sizes ¢ that we compare with the system size H.

Our results offer a glimpse into the ability of Active Carpets to drive large-scale flow structures in
confined environments, bearing striking similarities to phenomena like bio-convection [33, 23], biogenic
flows in extremely confined systems [137], thermally-driven convection in super confined environments
[138, 139], and kitchen flows [140]. Such confined flows, characterized by roll-like patterns, are renowned
for their high mixing efficiency [33, 131]. In essence, our findings raise fundamental questions about
the power of Active Carpets inhabiting layered environments to shape their surroundings, enhance the
mixing of suspended and dissolved mass in aquatic environments, and facilitate transport between fluid-
fluid interfaces and layers.
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Figure 5.10: Active Carpets can drive large-scale recirculations. (a)(b)(c) Average vorticity exerted by an Active
Carpet on fluid parcels across the confinement space, in the plane z — z, for puller microswimmers H = 20, A = 1.5,
k = —30, and o = 1. The color code for vortical flows is the next, Anti-clockwise rotations (blue) and clockwise
rotations (red); the magnitude of the vorticity is indicated in the legends of each component. (d) Regions A,
B, and C were used to evaluate the circulation Eq.(5.2.4) over the confinement space. Squares with side ¢ were
utilized in each area to measure the circulation. (e) Circulation I' associated with the vorticity in the y direction,
divided by the area ¢

53



Chapter 6

Conclusions

In this thesis, we have delved into the hydrodynamics of confined Active Carpets within layered aquatic
systems. This thesis work centered on three main aspects: (i) characterizing the spatial distribution of
hydrodynamic fluctuations and the dispersion of passive tracers (Sec.5.4.2 and Sec.5.4.3), (ii) assessing
the influence of geometrical and viscous confinement on the hydrodynamics driven by Active Carpets
(Sec.5.4.4), and (iii) exploring the emergence of macroscopic hydrodynamic structures, referred to herein
as roll-like formations (Sec.5.4.5 and Sec.5.4.6).

We derived analytical expressions for the active flow fluctuations induced by Active Carpets confined
in a layer of thickness H, between a free surface and a fluid-fluid interface characterized by a viscosity
ratio. Our solutions revealed a pronounced non-monotonic behavior in the biogenic hydrodynamic fluc-
tuations, particularly in the vertical direction. This characteristic contrasts with observations made in an
Active Carpet near a single surface system [45, 41]. The non-monotonic dynamics of these hydrodynamic
fluctuations are intricately influenced by the degree of geometrical and viscous confinement imposed by H
and the viscosity ratio A = puo/p1 at the fluid-fluid interface, where p; is the viscosity of the fluid where
the Active Carpet lives, and ps is the viscosity of the deeper layer. Numerical simulations corroborated
the findings obtained from analytical solutions. These simulations provided a deeper exploration into
the dynamics of passive tracer particles, showcasing the height-dependent topology of motions above the
Active Carpet.

We showed how the topology of hydrodynamic fluctuations undergoes transformation depending on
the degree of geometrical confinement and the intensity of the viscosity ratio at the fluid-fluid interface
boundary. Notably, we have uncovered the presence of three distinct spatial regions: (I) A proximal region
to the Active Carpet where vertical fluctuations supersede horizontal fluctuations; (II) An intermediate
region characterized by isotropic hydrodynamic fluctuations; and (IIT) The furthest region from the Active
Carpet where horizontal fluctuations prevail over vertical fluctuations. This newfound understanding
equips us with a tool to wield control over directed motion within confined vertical spaces. Furthermore,
it illustrates how both dependencies are intrinsically linked to the amplification or diminishment of regions
of agitation.

By measuring the velocity pair correlation of the exerted hydrodynamic fluctuations induced by the
confined Active Carpet, we demonstrated the existence of coherent vortical motion predominantly pro-
pelled by vertical flows. Our investigation pinpointed that the characteristic length of the formed roll-like
patterns is intimately tied to the thickness of the confined layer harboring the Active Carpet. Remarkably,
these coherent vortical structures manifest with exceptional prominence in highly confined systems and
in the presence of sharp viscosity jumps at the fluid-fluid interface.

These findings carry implications for our comprehension of microbial swimmers that flourish and
cultivate biofilms at interfaces in natural shallow water environments [4], such as (i) ponds etched upon
soil and ice [141, 142], (ii) shallow saline lagoons and wetlands [143], (iii) streams [144], inside the human
body [14, 145] and even in human habitats like the thin films of water found in kitchens, bathrooms,
swimming pools and laboratories [146, 147].

To conclude, by shedding light on the dynamics of these active flows, this thesis work offers insights
into the behavior of microbial communities in thin layers within aquatic ecosystems. From pristine natural
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settings to human-altered landscapes, the understanding of the hydrodynamics induced by Active Carpets
is crucial for devising strategies to manage and harness the potential of microbial populations for various
applications, ranging from water remediation to microfluidics and biotechnology.
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Appendix A

Elements of Fluid Mechanics

A.1 Velocity gradient tensor
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A.2 Strain rate tensor
In vector notation, E = % (Vu + (Vu)T) for an incompressible fluid, V- u =0
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