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CI2MA y Departamento de Ingenieŕıa Matemática, Universidad de Concepción, Chile.

Dr. Patrick Vega Román
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Resumen

El principal objetivo de esta tesis es desarrollar un esquema de Galerkin Discontinuo Hi-

bridizable (HDG) para una ecuación de convección-difusión con condiciones de contorno no

lineales. La motivación proviene del proceso de ósmosis inversa aplicado a la desalinización de

agua, que en su versión más completa involucra un sistema acoplado de ecuaciones de Navier-

Stokes y convección-difusión, con incógnitas correspondientes a la presión, la velocidad del

fluido y la concentración de sal. En este trabajo nos enfocamos exclusivamente en la ecuación

de convección-difusión, considerando una condición de borde no lineal sobre una parte de la

frontera, donde la única incógnita es la concentración de sal.

En primer lugar, se analiza la existencia y unicidad de solución del problema a nivel continuo

mediante una formulación variacional mixta en el contexto de espacios de Banach, utilizando un

enfoque basado en la perturbación de un punto de silla. Para garantizar el buen planteamiento

del problema, se adopta una estrategia de punto fijo de Banach, resolviendo una versión lin-

ealizada del sistema en la que aparece una condición de borde del tipo Robin, y aplicando el

teorema de Banach–Nečas–Babuška junto con la teoŕıa de Babuška–Brezzi.

Posteriormente, se propone un esquema HDG para aproximar la solución de la formulación

variacional continua, cuya estructura también es no lineal. Se emplea nuevamente un esquema

de punto fijo, y para establecer el buen planteamiento del esquema linealizado se demuestra

primero la dependencia continua respecto a los datos, utilizando argumentos de enerǵıa y

dualidad. La existencia y unicidad del punto fijo en el esquema discreto se obtiene de manera

similar al caso continuo, aunque bajo hipótesis más restrictivas.

Finalmente, se realiza un análisis de error a priori, estudiando las proyecciones de los errores

y obteniendo resultados de convergencia óptimos bajo suposiciones similares a las consideradas

en el análisis discreto. Por último, se presentan ensayos numéricos que corroboran las cotas

teóricas obtenidas.
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Abstract

The main objective of this thesis is to develop a Hybridizable Discontinuous Galerkin (HDG)

scheme for a convection-diffusion equation with nonlinear boundary conditions. The motiva-

tion arises from the reverse osmosis process applied to water desalination, which, in its most

complete form, involves a coupled system of Navier–Stokes and convection–diffusion equations,

with unknowns corresponding to pressure, fluid velocity, and salt concentration. In this work,

we focus exclusively on the convection–diffusion equation, considering a nonlinear boundary

condition on part of the boundary, where the only unknown is the salt concentration.

First, we analyze the existence and uniqueness of the continuous problem using a mixed

variational formulation in the context of Banach spaces, based on a saddle-point perturba-

tion approach. To ensure the well-posedness of the problem, a Banach fixed-point strategy is

adopted, solving a linearized version of the system involving a Robin-type boundary condition,

and applying the Banach–Nečas–Babuška theorem along with the Babuška–Brezzi theory.

Then, an HDG scheme is proposed to approximate the solution of the continuous variational

formulation, whose structure is also nonlinear. A fixed-point scheme is again employed, and to

establish the well-posedness of the linearized scheme, we first prove continuous dependence on

the data using energy and duality arguments. The existence and uniqueness of the fixed point

in the discrete scheme are obtained similarly to the continuous case, but under more restrictive

assumptions.

Finally, an a priori error analysis is carried out, studying the projections of the errors

and obtaining optimal convergence results under assumptions similar to those considered in

the discrete analysis. Lastly, numerical experiments are presented that confirm the theoretical

bounds obtained.
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CHAPTER 1

Introduction

The reverse osmosis process is nowadays one of the most commonly used techniques in water

desalination plants [8]. Seawater flows into a channel at high pressure, and passes through

the pores of a semi-permeable membrane that is able to retain colloidal matter and dissolved

particles larger than 0.1-1.0 nm [12].

The mathematical model involves the Navier-Stokes equations for the fluid flow coupled

to a convection-diffusion equation for the salt concentration. Solving this non-linear coupled

system in the entire membrane module is expensive from the computational point of view.

This is why, it is common to consider numerical simulations in a rectangular section, since

desalination channels are typically represented by taking a rectangular cut of the channel. In

this setting, inlet and outlet boundary conditions at the left (Γin) and right (Γout) boundaries

of the channel, as depicted in Figure 1.1. The top and bottom boundaries, represent the semi-

permeable membrane Σ where the gradient of the salt concentration depends in a nonlinear

manner on the concentration [4].
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1.1. Preliminaries

Figure 1.1: Sketch of the geometry.

The coupled system is usually solved by means of a fixed-point algorithm. That is, given

a fluid velocity, the convection-diffusion equation is solved. Then, having the solution of the

latter, the Navier-Stokes system is solved. The main goal of this work is to propose a hybridiz-

able discontinuous Galerkin (HDG) scheme to approximate the solution of the convection-

diffusion equation, as a stepping stone towards developing a HDG scheme for the coupled

Navier-Stokes/convection-diffusion system.

1.1 Preliminaries

Let Ω ∈ Rn, n ∈ {2, 3}, be a bounded domain with polyhedral boundary ∂Ω, and let n be the

outward unit normal vector on ∂Ω. We adopt standard notations for Lebesgue spaces Lt(Ω) and

Sobolev spaces W l,t(Ω), with l ≥ 0 and t ≥ 1, whose corresponding norms, either for the scalar

and vectorial case, are denoted by ∥·∥0,t;Ω and ∥·∥l,t;Ω, respectively. Note that W 0,t(Ω) = Lt(Ω),

and if t = 2 we write H l(Ω) instead of W t,2(Ω), with the corresponding norm and seminorm

denoted by ∥·∥l,Ω and | · |l,Ω, respectively. In addition, H1/2(∂Ω) denotes the space of traces of

H1(Ω), and H−1/2(∂Ω) its dual space, provided with the duality pairing ⟨·, ·⟩∂Ω.

On the other hand, given any generic scalar functional space S, we let [S]d be the corre-

sponding vector counterpart, whereas ∥·∥, with no subscripts, will be employed for the norm of

any element or operator whenever there is no confusion about the space to which they belong.

Vector-valued functions are boldfaced.

2



1.1. Preliminaries

For any vector field v = (vi)i=1,n, we set the gradient and divergence as

∇v :=
(
∂vi
∂vj

)
i,j=1,n

and ∇ · v :=
n∑
i=1

∂vi
∂xi

.

On the other hand, given t ≥ 1, we introduce the Banach space

H(divt; Ω) := {v ∈ L2(Ω) : ∇ · v ∈ Lt(Ω)}

equipped with the natural norm ∥v∥divt;Ω := ∥v∥0,Ω + ∥∇ · v∥0,t;Ω.

We recall that, proceeding as in [10, Theorem 1.7], one can prove that, in R2, for t ∈

(1,+∞] in there holds

⟨v · n, ψ⟩∂Ω =
∫

Ω
ψ ∇ · v +

∫
Ω

∇ψ · v, ∀(v, ψ) ∈ H(divt; Ω) ×H1(Ω). (1.1.1)

We recall some definitions and technical results concerning boundary conditions and ex-

tension operators from [10]. Let Γ1 and Γ2 be disjoint parts of ∂Ω such that |Γ1| ̸= 0 and

∂Ω = Γ1 ∪ Γ2. We define

H
1/2
00 (Γ2) := {µ|Γ2 : µ ∈ H1(Ω), µ = 0 on Γ1} (1.1.2)

Equivalently, if EΓ2,0 : H1/2(Γ2) → L2(∂Ω) is the extension operator

EΓ2,0(µ) :=

 µ on Γ2

0 on Γ1

, ∀µ ∈ H1/2(Γ2) (1.1.3)

we have that

H
1/2
00 (Γ2) = {µ ∈ H1/2(Γ2) : EΓ2,0(µ) ∈ H1/2(∂Ω)} (1.1.4)

which is endowed with the norm ∥µ∥1/2,00,Γ2 := ∥EΓ2,0(µ)∥1/2,∂Ω. We recall that H−1/2
00 (Γ2) is

the dual space of H1/2
00 (Γ2), then the duality between H

−1/2
00 (Γ2) and H

1/2
00 (Γ2), with respect to

L2(Γ2), is denoted by ⟨·, ·⟩Γ2 . In addition, given ψ ∈ H−1/2(∂Ω), its restriction to Γ2, denoted

3



1.2. The model problem

by ψ|Γ2 and defined by

⟨ψ|Γ2 , µ⟩Γ2 := ⟨ψ,EΓ2,0(µ)⟩∂Ω, ∀µ ∈ H
1/2
00 (Γ2), (1.1.5)

clearly belongs to H−1/2
00 (Γ2). Moreover, we have that

∥ψ|Γ2∥−1/2,00,Γ2 ≤ ∥ψ∥−1/2,∂Ω, ∀ψ ∈ H−1/2(∂Ω) (1.1.6)

1.2 The model problem

We consider a given fluid velocity β ∈ [L4(Ω)]2 (we can think this is a discretized velocity

coming from a previous iteration of a fixed point algorithm) such that ∇ ·β = 0 in Ω. We look

for the salt concentration ϕ such that


−κ∆ϕ+ β · ∇ϕ = f in Ω,

ϕ = ϕin in Γin,

κ∇ϕ · n + g(ϕ) = 0 in ΓN := Σ ∪ Γout,

(1.2.1)

where κ is the solute diffusivity through the solvent, ϕin is the salt concentration at the inlet,

and f is a source term. In addition, g is given by

g(ϕ) :=

 0 in Γout,

a3ϕ+ a1ϕ
2 in Σ,

(1.2.2)

where a0 := A∆P , a1 := AiRT , and a2 := B are positive constants and can be calculated using

the values in Table 6.2 of [1]; and a3 = a2 − a0. In the reverse osmosis process f is zero, but

we include it in the model to handle more general situations.

4



CHAPTER 2

Continuous solvability analysis

2.1 The mixed formulation

In this section, we follow [1] to derive a mixed formulation for (1.2.1) within a Banach spaces

framework. In order to describe the geometry, we let Ω be an open bounded simply connected

polygonal domain in R2 such that ∂Ω is divided in three parts: Γin (inlet), Γout (outlet) and Σ

(wall) such that ∂Ω = Γin ∪ Σ ∪ Γout, as depicted in Figure 1.1.

In order to derive a mixed formulation, we set q := −κ∇ϕ. In this way, (1.2.1) can be rewritten

equivalently as follows: Find (q, ϕ) in suitable spaces to be indicated below, such that



κ−1q + ∇ϕ = 0 in Ω,

∇ · q − κ−1β · q = f in Ω,

ϕ = ϕin, in Γin,

q · n − g(ϕ) = 0 in ΓN .

(2.1.1)

We first consider the change of variable ϕ∗ = ϕ−ϕin in order to obtain a homogeneous Dirichlet

5



2.1. The mixed formulation

boundary condition. We notice that g(ϕ) = g(ϕ∗ + ϕin) = φ(ϕ∗)ϕ∗ + g(ϕin), where

φ(ζ) :=

 0 in Γout,

c3 + c1ζ in Σ.
(2.1.2)

Here c3 := a3 + 2a1ϕin, c1 := a1. Then, since ϕin is constant, (2.1.1) becomes



κ−1q + ∇ϕ∗ = 0 in Ω,

∇ · q − κ−1β · q = f in Ω,

ϕ∗ = 0, in Γin,

q · n − φ(ϕ∗)ϕ∗ = g(ϕin) in ΓN .

(2.1.3)

We begin by looking originally for ϕ∗ ∈ H1(Ω). Then multiplying the first equation of (2.1.3)

by r ∈ H(divt; Ω) with t ∈]1,∞[, applying the integration by parts formula, we find that

κ−1
∫

Ω
q · r −

∫
Ω
ϕ∗ ∇ · r + ⟨r · n, ϕ∗⟩∂Ω = 0, ∀r ∈ H(divt; Ω). (2.1.4)

It is clear that the first term on the left-hand side is well-defined for q ∈ L2(Ω). In addition,

knowing that ∇ · r ∈ Lt(Ω), we realize from Hölder’s inequality that it is sufficient to look for

ϕ∗ ∈ Lt
′(Ω) such that 1

t
+ 1

t′
= 1. Since traces of Lt′(Ω)-functions are not defined, we introduce

a Lagrange multiplier λ := ϕ∗

∣∣∣
ΓN

∈ H
1/2
00 (ΓN), and realize that (2.1.4) becomes

κ−1
∫

Ω
q · r −

∫
Ω
ϕ∗ ∇ · r + ⟨r · n, λ⟩ΓN

= 0, ∀r ∈ H(divt; Ω). (2.1.5)

Here we used the fact that ϕ∗

∣∣∣
Γin

= 0, and r · n is well defined since r ∈ H(divt; Ω). Next,

from the second equation of (2.1.3), with ψ ∈ Ls(Ω) as test function, we obtain

∫
Ω

∇ · q ψ − κ−1
∫

Ω
q · β ψ =

∫
Ω
fψ, ∀ψ ∈ Ls(Ω). (2.1.6)

For the second term on the left-hand side, since q ∈ L2(Ω) by Hölder’s inequality, there holds

∣∣∣∣ ∫
Ω
q · β ψ

∣∣∣∣ ≤ ∥q∥0;Ω ∥β∥0,p;Ω ∥ψ∥0,s;Ω , (2.1.7)

6



2.1. The mixed formulation

where 1
s

+ 1
p

= 1
2 with s, p ∈ (2,+∞). The other terms are well-defined if we assume that ∇ · q

and f are in Ls′(Ω), where s′ is the conjugate of s . Since we would like to seek q and r in the

same space, it follows that s′ = t, so ϕ∗ and ψ belong to the same space. We can write t and t′

in terms of p as

t = 2p
p+ 2 and t′ = 2p

p− 2 .

Since we are interested in the Navier-Stokes/convection-diffusion equation coupled problems,

we know that p = 4 (see [1, Section 2]), so t′ = 4 and t = 4/3.

Now for the fourth equation of (2.1.3), after testing against µ ∈ H
1/2
00 (ΓN) and using the

definition of the Lagrange multiplier λ, it follows that

⟨q · n, µ⟩ΓN
− ⟨φ(λ)λ, µ⟩ΓN

= ⟨g(ϕin), µ⟩ΓN
, ∀µ ∈ H

1/2
00 (ΓN) (2.1.8)

Consequently, we introduce the following spaces

H := H(div4/3; Ω), Q1 := L4(Ω), Q2 := H
1/2
00 (ΓN), and Q := Q1 ×Q2.

and equipping these spaces with the norms

∥r∥H := ∥r∥div;4/3;Ω ∀r ∈ H ,

∥(ψ, µ)∥Q := ∥ψ∥0,4;Ω + ∥µ∥1/2,00;ΓN
∀(ψ, µ) ∈ Q,

∥(r, (ψ, µ))∥H×Q := ∥r∥H + ∥(ψ, µ)∥Q ∀(r, (ψ, µ)) ∈ H × Q.

We define the bilinear forms a : H × H → R, and b, c : H × Q → R, for all q, r ∈ H and all

(ψ, µ) ∈ Q, as

a(q, r) := (κ−1q, r)Ω,

b(r, (ψ, µ)) := −(ψ,∇ · r)Ω + ⟨r · n, µ⟩ΓN
,

c(r, (ψ, µ)) := (κ−1r · β, ψ)Ω.

7



2.2. Fixed-point operator

We define the linear functional G ∈ Q′, for all (ψ, µ) ∈ Q, as

G(ψ, µ) := −(f, ψ)Ω + ⟨g(ϕin), µ⟩Σ = −(f, ψ)Ω + ⟨c2, µ⟩Σ, (2.1.9)

where c2 := a3ϕin + a1ϕ
2
in. Now, given ζ ∈ Q2, we define the bilienar from dζ : Q2 × Q2 → R,

for all (λ, µ) ∈ Q2, as

dζ(λ, µ) := ⟨φ(ζ)λ, µ⟩Σ.

Hence, we arrive at the next variational formulation: Find (q, (ϕ∗, λ)) ∈ H × Q such that

a(q, r) + b(r, (ϕ∗, λ)) = 0,

b(q, (ψ, µ)) + c(q, (ψ, µ)) − dλ(λ, µ) = G(ψ, µ),
(2.1.10)

for all
(
r, (ψ, µ)

)
∈ H × Q.

2.2 Fixed-point operator

We begin by rewriting (2.1.10) as an equivalent fixed-point equation. We define T : Q2 → Q2

as the operator defined for each ζ ∈ Q2 as

T (ζ) := λζ , (2.2.1)

where (qζ , (ϕζ∗, λζ)) ∈ H × Q is the unique solution (to be confirmed later) of the following

linearized problem: Find (qζ , (ϕζ∗, λζ)) ∈ H × Q such that

a(qζ , r) + b(r, (ϕζ∗, λζ)) = 0,

b(qζ , (ψ, µ)) + c(qζ , (ψ, µ)) − dζ(λζ , µ) = G(ψ, µ),
(2.2.2)

for all (r, (ψ, µ)) ∈ H × Q. We observe that solving (2.1.10) is equivalent to seeking a fixed

point of T , that is: Find λ ∈ Q2 such that T (λ) = λ.

Before stating the boundedness of all variational forms involved in (2.1.10) and (2.2.2), we
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2.2. Fixed-point operator

recall the following injections. First, ct : H1/2(∂Ω) → Lt(∂Ω) denotes the compact injection

from H1/2(∂Ω) into Lt(∂Ω) for t ≥ 1 (see [9, Theorem B.46] for the case d = 1, s = 1/2, and

p = 2). Second, it : H1(Ω) → Lt(Ω) denotes the continuous injection from H1(Ω) into Lt(Ω).

Now, in order to prove that the operator T is well defined, we can define the following

quantities

∥a∥ := κ−1, ∥b∥ := ∥i4∥ + 2, ∥c∥ := κ−1∥β∥0,4;Ω, ∥G∥ := ∥f∥0,4/3,Ω + ∥c2∥ |c2| |Σ|1/2,

(2.2.3)

such that the following holds

|a(q, r)| ≤ ∥a∥ ∥q∥H ∥r∥H ∀q, r ∈ H , (2.2.4a)

|b(r, (ψ, µ))| ≤ ∥b∥ ∥r∥H ∥(ψ, µ)∥Q ∀(r, (ψ, µ)) ∈ H × Q, (2.2.4b)

|c(r, (ψ, µ))| ≤ ∥c∥ ∥r∥H ∥(ψ, µ)∥Q ∀(r, (ψ, µ)) ∈ H × Q, (2.2.4c)

|G(ψ, µ)| ≤ ∥G∥ ∥(ψ, µ)∥Q ∀(ψ, µ) ∈ Q, (2.2.4d)

where ∥a∥ and ∥c∥ are obtained by direct applications of Cauchy-Schwarz and Hölder inequali-

ties. For the boundedness of b, we proceed similarly as in [1, Appendix A.1.]. Thus, by Hölder’s

inequality we have

|b(r, (ψ, µ))| ≤ ∥r∥H ∥(ψ, µ)∥Q + |⟨r · n, µ⟩ΓN
|.

Then, by (1.1.5) and (1.1.1) we have

⟨r · n, µ⟩ΓN
= ⟨r · n, EΓN ,0(µ)⟩∂Ω =

∫
Ω
γ̃−1

0 (EΓN ,0(µ)) ∇ · r +
∫

Ω
r · ∇

(
γ̃−1

0 (EΓN ,0(µ))
)
,

where γ̃−1
0 : H1/2(∂Ω) → [H1

0 (Ω)]⊥ is the right inverse of the trace operator γ0 : H1(Ω) →

H1/2(∂Ω) (see [10, Section 1.3.4]). Thus, applying Cauchy-Schwarz and Hölder’s inequalities

we obtain

∫
Ω
γ̃−1

0 (EΓN ,0(µ)) ∇ · r ≤ ∥γ̃−1
0 (EΓN ,0(µ))∥0,4;Ω ∥∇ · r∥0,4/3;Ω ≤ ∥i4∥ ∥γ̃−1

0 (EΓN ,0(µ))∥1,Ω ∥r∥H

= ∥i4∥ ∥EΓN ,0(µ)∥1/2,∂Ω ∥r∥H = ∥i4∥ ∥r∥H ∥µ∥1/2,00,ΓN
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2.2. Fixed-point operator

≤ ∥i4∥ ∥r∥H ∥(ψ, µ)∥Q,

and

∫
Ω
r · ∇

(
γ̃−1

0 (EΓN ,0(µ))
)

≤ ∥r∥0,Ω ∥∇
(
γ̃−1

0 (EΓN ,0(µ))
)
∥0,Ω ≤ ∥r∥H ∥γ̃−1

0 (EΓN ,0(µ))∥1,Ω

= ∥r∥H ∥EΓN ,0(µ)∥1/2,∂Ω = ∥r∥H ∥µ∥1/2,00,ΓN

≤ ∥r∥H ∥(ψ, µ)∥Q.

From this, we obtain ∥b∥. Next, in order to get ∥G∥, since g(ϕin) ∈ L2(ΓN), by Cauchy-Scwarz

and Hölder’s inequalities we get that

G(ψ, µ) = −
∫

Ω
fψ −

∫
Σ
c2µ ≤ ∥f∥0,4/3;Ω ∥ψ∥0,4;Ω + |c2| ∥1∥0,Σ ∥µ∥0,Σ

≤ ∥f∥0,4/3,Ω ∥(ψ, µ)∥Q + |c2| |Σ|1/2 ∥EΓN ,0(µ)∥0,∂Ω

≤ ∥f∥0,4/3,Ω ∥(ψ, µ)∥Q + ∥c2∥ |c2| |Σ|1/2 ∥EΓN ,0(µ)∥1/2,∂Ω

≤ ∥f∥0,4/3,Ω ∥(ψ, µ)∥Q + ∥c2∥ |c2| |Σ|1/2 ∥(ψ, µ)∥Q.

From this, we can obtain directly ∥G∥. Now we need a bound for dζ , and for this purpose we

notice that

∥φ(ζ)∥0,Σ ≤ |c3| |Σ|1/2 + |c1| ∥ζ∥0,Σ ≤ |c3| |Σ|1/2 + |c1| ∥c2∥∥ζ∥1/2,00;ΓN
.

Now, the bilinear form dζ will be bounded in a ball. More precisely, let us define

B := {ζ ∈ Q2 : ∥ζ∥1/2,00;ΓN
≤ R}, (2.2.5)

with R > 0 to be defined in Lemma 2.2.2. Now, for every ζ ∈ B, we get that ∥φ(ζ)∥0,Σ ≤ Mφ,

where Mφ := |c3| |Σ|1/2 + |c1| ∥c2∥R. Under this assumption, we have that

|dζ(λ, µ)| = |⟨φ(ζ)λ, µ⟩Σ| ≤ ∥φ(ζ)∥0,Σ ∥λ∥0,4;Σ ∥µ∥0,4;Σ ≤ Mφ∥c4∥2∥λ∥1/2,00,ΓN
∥µ∥1/2,00,ΓN

10



2.2. Fixed-point operator

and we can define

∥dζ∥ := Mφ∥c4∥2 (2.2.6)

and get that dζ(λ, µ) ≤ ∥dζ∥∥λ∥1/2,00;ΓN
∥µ∥1/2,00;ΓN

. We showed that all variational forms in-

volved in (2.1.10) and (2.2.2) are bounded.

2.2.1 Well-definedness of the operator T

We will show that (2.2.2) is well-posed, and therefore the operator T is well-defined. For

this purpose, we will use the Banach-Nečas-Babuška [9, Theorem 2.6], along with the Banach

version of Babuška-Brezzi theory. We begin by remarking that, being Lt(Ω) reflexive for each

t > 1, all the spaces involved, namely H(div4/3; Ω), L4(Ω) and H
1/2
00 (ΓN) are easily shown to

be reflexive as well. Also, we notice that G is linear and bounded.

First, in what follows we address the solvability of the next problem, which satisfies hy-

potheses of [9, Theorem 2.34]: Find (q, (ϕ∗, λ)) ∈ H × Q such that

a(q, r) + b(r, (ϕ∗, λ)) = 0,

b(q, (ψ, µ)) = G(ψ, µ),
(2.2.7)

for all (r, (ψ, µ)) ∈ H × Q.

Now, letting V be the null space of the linear and bounded operator induced by b, we

readily see that

V = {t ∈ H : ∇ · t = 0, (t · n)|ΓN
= 0}. (2.2.8)

It is straightforward to see from the definition of a that, for each r ∈ V , there holds

a(r, r) ≥ α∥r∥2
H .

with α = κ−1/2. Now, we provide the corresponding inf-sup condition for b. We recall that its

proof is basically an adaptation of the work done in [3, Lemma 3.4] and [10, Section 2.4.2].
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2.2. Fixed-point operator

Lemma 2.2.1. There exists a positive constant β such that

sup
q∈H
q ̸=0

b(q, (ψ, µ))
∥q∥H

≥ β∥(ψ, µ)∥Q, ∀(ψ, µ) ∈ Q. (2.2.9)

Proof. Given ψ ∈ Q1, we set ψ4/3 := |ψ|2ψ and observe that |ψ4/3|4/3 = |ψ|4, which implies

that ψ4/3 ∈ L4/3(Ω) and that

∫
Ω
ψψ4/3 = ∥ψ∥0,4;Ω ∥ψ4/3∥0,4/3;Ω.

Then , given ψ4/3, we let z1 ∈ H1
Γin(Ω) be the unique weak solution of the boundary problem:


−∆z1 = ψ4/3 in Ω,

z1 = 0 in Γin,

∇z1 · n = 0, in ΓN .

By the Lax-Milgram Lemma, we get that ∥z1∥1,Ω ≤ C−2
P ∥i4∥ ∥ψ4/3∥0,4/3;Ω, where CP is the

Poincaré constant, such that ∥z1∥1,Ω ≤ CP |z|1,Ω.

Thus, by defining q̃1 := ∇z1 we notice that ∇ · q̃1 = −ψ4/3 ∈ L4/3(Ω) and that q̃1 ·n
∣∣∣
ΓN

= 0,

and then q̃1 ∈ H . A simple calculation leads to ∥q̃1∥H ≤ (C−2
P ∥i4∥ + 1) ∥ψ4/3∥0,4/3;Ω.

Now, it is easy to get that

S ≥ (C−2
P ∥i4∥ + 1)−1∥ψ∥0,4;Ω, (2.2.10)

where S := sup
q∈H
q ̸=0

b(q, (ψ, µ))
∥q∥H

.

Now, given µ ∈ H
1/2
00 (ΓN), we let z2 ∈ H1

Γin(Ω) be the unique weak solution of the boundary

problem: 
−∆z2 = 0 in Ω,

z2 = 0 in Γin,

∇z2 · n = R−1
00 (µ), in ΓN .
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2.2. Fixed-point operator

where R00 : H−1/2
00 (ΓN) → H

1/2
00 (ΓN) is the corresponding Riesz mapping. By the Lax-Milgram

Lemma, we get that ∥z2∥1,Ω ≤ C−2
P Ctr ∥µ∥1/2,00,ΓN

, where Ctr comes from the trace inequality.

Thus, by defining q̃2 := ∇z2 we notice that ∇· q̃2 = 0 ∈ L4/3(Ω) and that q̃2 ·n
∣∣∣
ΓN

= R−1
00 (µ),

and then q̃2 ∈ H . A simple calculation leads to ∥q̃2∥H ≤ C−2
P Ctr ∥µ∥1/2,00,ΓN

.

Now, it is easy to get that

S ≥ C2
P C−1

tr ∥µ∥1/2,00,ΓN
. (2.2.11)

From (2.2.10) and (2.2.11) we get the inf-sup condition for b, where

β := 1
2 min{(C−2

P ∥i4∥ + 1)−1, C2
P C−1

tr }.

In other words, thanks to [9, Theorem 2.34], the non-perturbed problem (2.2.7) is well-

posed. In addition, (2.2.2) is also well-posed according to the following result.

Lemma 2.2.2. Let us assume that the radius R in (2.2.5), and the given data c1, c2, c3, κ and

β satisfy

κ−1∥β∥0,4;Ω + ∥c4∥2
(
|c3| |Σ|1/2 + c1 ∥c2∥R

)
< αA/2.

Then problem (2.2.16) has a unique solution, equivalently T is well-posed. Moreover, the fol-

lowing a priori estimate holds

∥(qζ , (ϕζ∗, λζ))∥H×Q ≤ 2
αA

(
∥f∥0,4/3,Ω + ∥c2∥ |c2| |Σ|1/2

)
. (2.2.12)

Proof. Consider the following problem: Find (q, (ϕ∗, λ)) ∈ H × Q such that

A
(
(q, (ϕ∗, λ)), (r, (ψ, µ))

)
= G̃(r, (ψ, µ)), (2.2.13)

for all (r, (ψ, µ)) ∈ H ×Q, where A : (H ×Q) × (H ×Q) → R be the bilinear form given by

A
(
(q, (ϕ∗, λ)), (r, (ψ, µ))

)
:= a(q, r) + b(r, (ϕ∗, λ)) + b(q, (ψ, µ)),
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2.2. Fixed-point operator

and G̃ : H ×Q → R is the linear functional defined by G̃(r, (ψ, µ)) := G(ψ, µ). We notice that

problems (2.2.7) and (2.2.13) are equivalent, and since (2.2.7) is well-posed, by [9, Theorem

2.6] there exists αA > 0 such that, for all (q, (ϕ∗, λ)) ∈ H × Q

SA := sup
(r,(ψ,µ))∈H×Q

(r,(ψ,µ)) ̸=0

A
(
(q, (ϕ∗, λ)), (r, (ψ, µ))

)
∥(r, (ψ, µ))∥H×Q

≥ αA ∥(q, (ϕ∗, λ))∥H×Q, (2.2.14)

which implies that there exists (r̃, (ψ̃, µ̃)) ∈ H × Q, with (r̃, (ψ̃, µ̃)) ̸= 0 such that

A
(
(q, (ϕ∗, λ)), (r̃, (ψ̃, µ̃))

)
≥ αA∥(q, (ϕ∗, λ))∥H×Q∥(r̃, (ψ̃, µ̃))∥H×Q, ∀(q, (ϕ∗, λ)) ∈ H × Q.

(2.2.15)

Now, (2.2.2) can be stated, equivalently, as: Find (qζ , (ϕζ∗, λζ)) ∈ H × Q such that

Aζ

(
(qζ , (ϕζ∗, λζ)), (r, (ψ, µ))

)
= G̃(r, (ψ, µ)), (2.2.16)

for all (r, (ψ, µ)) ∈ H ×Q, where Aζ : (H ×Q) × (H ×Q) → R is the bilinear form given by

Aζ

(
(q, (ϕ∗, λ)), (r, (ψ, µ))

)
:= A

(
(q, (ϕ∗, λ)), (r, (ψ, µ))

)
+ c(q, (ψ, µ)) + dζ(λ, µ).

We will now show that the assumptions of Theorem 2.6 in [9] are satisfied. Let us define

Sζ := sup
(r,(ψ,µ))∈H×Q

(r,(ψ,µ)) ̸=0

Aζ

(
(q, (ϕ∗, λ)), (r, (ψ, µ))

)
∥(r, (ψ, µ)∥H×Q

.

Then, given (r̂, (ψ̂, µ̂)) ∈ H × Q, and thanks to (2.2.3) and (2.2.6) we get that

Aζ

(
(q, (ϕ∗, λ)), (r̂, (ψ̂, µ̂))

)
∥(r̂, (ψ̂, µ̂)∥H×Q

=
A
(
(q, (ϕ∗, λ)), (r̂, (ψ̂, µ̂))

)
∥(r̂, (ψ̂, µ̂))∥H×Q

+ c(q, (ψ̂, µ̂))
∥(r̂, (ψ̂, µ̂))∥H×Q

+ dζ(λ, µ̂)
∥(r̂, (ψ̂, µ̂))∥H×Q

≥
A
(
(q, (ϕ∗, λ)), (r̂, (ψ̂, µ̂))

)
∥(r̂, (ψ̂, µ̂))∥H×Q

− ∥c∥∥q∥H − ∥dζ∥∥λ∥1/2,00;ΓN
.
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2.2. Fixed-point operator

And now taking supremum over H × Q we get

Sζ ≥ (αA − ∥c∥ − ∥dζ∥) ∥(q, (ϕ∗, λ))∥H×Q =
(
αA − κ−1∥β∥0,4;Ω −Mφ∥c4∥2

)
∥(q, (ϕ∗, λ))∥H×Q,

where we have used (2.2.3) and (2.2.6). Moreover, since Mφ = |c3| |Σ|1/2 + c1 ∥c2∥R, then the

assumption of this lemma implies that

Sζ ≥ αA
2 ∥(q, (ϕ∗, λ))∥H×Q,

proving that the first assumption of Theorem 2.6 of [9] is satisfied.

On the other hand, we consider (r̃, (ψ̃, µ̃)) ∈ H × Q from (2.2.15). Then, since A and dζ

are symmetric, thanks to (2.2.4) and (2.2.14) we have

Aζ

(
(r̃, (ψ̃, µ̃)), (q, (ϕ∗, λ))

)
= A

(
(r̃, (ψ̃, µ̃)), (q, (ϕ∗, λ))

)
+ c(r̃, (ϕ∗, λ)) + dζ(µ̃, λ)

= A
(
(q, (ϕ∗, λ)), (r̃, (ψ̃, µ̃))

)
+ c(r̃, (ϕ∗, λ)) + dζ(λ, µ̃)

≥ (αA − ∥c∥ − ∥dζ∥) ∥(q, (ϕ∗, λ))∥H×Q ∥(r̃, (ψ̃, µ̃))∥H×Q

≥ αA
2 ∥(q, (ϕ∗, λ))∥H×Q ∥(r̃, (ψ̃, µ̃))∥H×Q.

Therefore, if sup
(r,(ψ,µ))∈H×Q

Aζ

(
(r, (ψ, µ)), (q, (ϕ∗, λ))

)
= 0, then (q, (ϕ∗, λ)) = 0, proving the

second assumption of Theorem 2.6 in [9]. Thus, (2.2.16) has a unique solution and we have the

a priori estimate

∥(qζ , (ϕζ∗, λζ))∥H×Q ≤ 2
αA

(
∥f∥0,4/3,Ω + ∥c2∥ |c2| |Σ|1/2

)
.
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2.2. Fixed-point operator

2.2.2 Solvability analysis of the fixed-point scheme

Knowing that the operator T is well-defined, we now focus on the solvability of the fixed point.

Let ζ ∈ B. Then, we have

∥T (ζ)∥1/2,00;ΓN
= ∥λζ∥1/2,00;ΓN

≤ ∥(qζ , (ϕζ∗, λζ))∥H×Q ≤ 2
αA

(
∥f∥0,4/3,Ω + ∥c2∥ |c2| |Σ|1/2

)
.

If we assume that the data f and c2 satisfy

2
αA

(
∥f∥0,4/3,Ω + ∥c2∥ |c2| |Σ|1/2

)
< R, (2.2.17)

then T (ζ) ∈ B.

On the other hand, for i ∈ {1, 2}, let ζi ∈ B and set T (ζi) := λζi , where (qζi , (ϕζi
∗ , λ

ζi)) ∈

H × Q is the only solution to (2.2.2) with ζi as data. We have that

∥λζi∥1/2,00;ΓN
≤ 2
αA

(
∥f∥0,4/3,Ω + ∥c2∥ |c2| |Σ|1/2

)
. (2.2.18)

If we define ζ := ζ1 − ζ2 and (qζ , (ϕζ∗, λζ)) := (qζ1 − qζ2 , (ϕζ1
∗ − ϕζ2

∗ , λ
ζ1 − λζ2)), then, according

to (2.2.16), for all (r, (ψ, µ)) ∈ H × Q

Aζ1

(
(qζ1 , (ϕζ1

∗ , λ
ζ1)), (r, (ψ, µ))

)
− Aζ2

(
(qζ2 , (ϕζ2

∗ , λ
ζ2)), (r, (ψ, µ))

)
= 0.

Rewriting this expression,

A
(
(qζ , (ϕζ∗, λζ)), (r, (ψ, µ))

)
+ c(qζ , (ψ, µ)) = dζ1(λζ1 , µ) − dζ2(λζ2 , µ),

i.e.,

A
(
(qζ , (ϕζ∗, λζ)), (r, (ψ, µ))

)
+ c(qζ , (ψ, µ)) = ⟨φ(ζ1)λζ , µ⟩Σ + ⟨(φ(ζ1) − φ(ζ2))λζ2 , µ⟩Σ.
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This implies that

Aζ1

(
(qζ , (ϕζ∗, λζ), (r, (ψ, µ))

)
= A

(
(qζ , (ϕζ∗, λζ), (r, (ψ, µ))

)
+ c(qζ , (ψ, µ)) − dζ1(λζ , µ)

= ⟨(φ(ζ1) − φ(ζ2))λζ2 , µ⟩Σ

≤ c1∥ζ∥0,Σ∥λζ2∥0,4;Σ∥µ∥0,4;Σ

≤ c1∥c2∥∥c4∥2∥ζ∥1/2,00;ΓN
∥λζ2∥1/2,00;ΓN

∥µ∥1/2,00;ΓN
,

where we used the definition (2.1.2). Also, by (2.2.12) and (2.2.17),

Aζ1

(
(qζ , (ϕζ∗, λζ), (r, (ψ, µ))

)
≤ c1∥c2∥∥c4∥2R ∥ζ∥1/2,00;ΓN

∥µ∥1/2,00;ΓN
.

Thus, we have

αA
2 ∥(qζ , (ϕzh, λζ))∥ ≤ sup

(r,(ψ,µ))∈H×Q
(r,(ψ,µ)) ̸=0

Aζ1

(
(qζ , (ϕζ∗, λζ)), (r, (ψ, µ))

)
∥(r, (ψ, µ)∥H×Q

≤ c1∥c2∥∥c4∥2 R∥ζ∥1/2,00;ΓN
.

Thus,

∥λζ∥1/2,00;ΓN
≤ LT∥ζ∥1/2,00;ΓN

with

LT := 2
αA

c1∥c2∥∥c4∥2 R. (2.2.19)

In other words, we have proved the following result, thanks to Banach fixed-point theorem.

Theorem 2.2.3. If the data f and c2 satisfy

2
αA

(
∥f∥0,4/3,Ω + ∥c2∥ |c2| |Σ|1/2

)
< R (2.2.20)

and the data c1 is small enough such that LT < 1, then (2.2.16) has a unique fixed-point.
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Remark 1. In reverse osmosis models, f = 0 and c0, c1 and c2 are small parameters according

to Table 6.2 of [1].
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CHAPTER 3

An HDG Scheme and well-posedness

3.1 HDG formulation

Let Th a simplicial shape-regular triangulation of Ω of meshsize h, with mesh-regularity param-

eter ϱ. For a simplex K, we denote its diameter hK and outward unit normal by nK , writing n

instead of nK when there is no confusion. Similarly, for a facet e, we denote be he its diameter

and write n instead of ne to refer to its normal vector. We also consider, by simplicity, that

the triangulation does not have hanging nodes. The set of facets and boundary facets of Th are

denoted by Eh and E∂h, respectively.

For each scalar-valued function η and ζ, we define

(η, ζ)Th
:=

∑
K∈Th

(η, ζ)K and ⟨η, ζ⟩∂Th
:=

∑
K∈Th

⟨η, ζ⟩∂K .

19



3.1. HDG formulation

Vector-valued functions are boldfaced and, for η and ζ, we write

(η, ζ)Th
:=

d∑
i=1

(ηi, ζi)Th
and ⟨η, ζ⟩∂Th

:=
d∑
i=1

⟨ηi, ζi⟩∂Th
.

These inner products defined on the mesh induce the norms

∥·∥Th
:=

 ∑
K∈Th

∥·∥2
K

1/2

, ∥·∥∂Th
:=

 ∑
K∈Th

∥·∥2
∂K

1/2

.

The problem (2.1.3), can be written as



κ−1q + ∇ϕ∗ = 0 in Ω,

∇ · (q + βϕ∗) = f in Ω,

ϕ∗ = 0 in Γin,

(q + βϕ∗) · n − φ(ϕ∗)ϕ∗ = β · nϕ∗ + g(ϕin) in ΓN .

(3.1.1)

The approximation of the solution will be looked in the following finite dimensional spaces:

Hh :=
{
v ∈ [L2(Th)]2 : v

∣∣∣
K

∈ [Pk(K)]d , ∀K ∈ Th
}
, (3.1.2a)

Qh :=
{
w ∈ L2(Th) : w

∣∣∣
K

∈ Pk(K) , ∀K ∈ Th
}
, (3.1.2b)

Mh :=
{
µ ∈ L2(Eh) : µ

∣∣∣
e

∈ Pk(e) , ∀ e ∈ Eh
}
. (3.1.2c)

The HDG scheme reads: Find (qh, ϕh, ϕ̂h) ∈ Hh×Qh×Mh, an approximation of (q, ϕ∗, ϕ∗|Eh
),

such

(κ−1qh, rh)Th
− (ϕh,∇ · rh)Th

+ ⟨rh · n, ϕ̂h⟩∂Th
= 0, (3.1.3a)

−(qh + βϕh,∇wh)Th
+ ⟨ ̂qh + βϕh · n, wh⟩∂Th

= (f, wh)Th
, (3.1.3b)

⟨ ̂qh + βϕh · n, µh⟩∂Th\Γin = ⟨φ(ϕ∗)ϕ∗ + β · nϕ̂h + g(ϕin), µh⟩ΓN
, (3.1.3c)

⟨ϕ̂h, µh⟩Γin = 0, (3.1.3d)
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for all (rh, wh, µh) ∈ Hh ×Qh × Mh, where the numerical trace for the total flux is given by

̂qh + βϕh := qh + βϕ̂h + τ(ϕh − ϕ̂h)n on ∂Th, (3.1.3e)

and τ is a stabilization parameter such that it satisfies (S1) and (S2). We notice that, since

ϕin is constant, if the HDG scheme has an unique solution, then (qh, ϕh + ϕin, ϕ̂h + ϕin) will be

the unique solution for the problem with non zero Dirichlet condition. In particular, we set

τβ := τ − 1
2β · n and assume that

(S1) there exists a constant γ0 > 0 such that |τβ|∂Th
> γ0,

(S2) τ is constant on each facet.

3.2 Fixed-point scheme

We begin by rewriting (3.1.3) as an equivalent fixed point equation. We define Th : Mh → Mh

as the operator defined for each z ∈ Mh as

Th(z) := ϕ̂zh (3.2.1)

where (qzh, ϕzh, ϕ̂zh) ∈ Hh ×Qh × Mh is the unique solution (to be confirmed later in Section 3.5)

of the following linearized problem:

(κ−1qzh, rh)Th
− (ϕzh,∇ · rh)Th

+ ⟨rh · n, ϕ̂zh⟩∂Th
= 0, (3.2.2a)

−(qzh + βϕzh,∇wh)Th
+ ⟨ ̂qzh + βϕzh · n, wh⟩∂Th

= (f, wh)Th
, (3.2.2b)

⟨ ̂qzh + βϕzh · n, µh⟩∂Th\Γin = ⟨φ(z)ϕ̂zh + βϕ̂zh · n + g(ϕin), µh⟩ΓN
, (3.2.2c)

⟨ϕ̂zh, µh⟩Γin = 0, (3.2.2d)

for all (rh, wh, µh) ∈ Hh ×Qh × Mh.

We observe that solving (3.1.3) is equivalent to seeking a fixed point of Th, that is: Find

λ ∈ MΣ
h such that Th(λ) = λ, where MΣ

h is the restriction of Mh to Σ.
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3.3 Preliminaries

Norm equivalences and Sobolev inequality. During the stability analysis, we will be

using the following norms and results: Let A be a subset of Eh, for a scalar-valued function η,

we define

∥η∥∞,A := max
e∈A

∥η∥∞,e.

We will also use the following results: Given v ∈ Mh and e ∈ Eh, there exists a constant

Ceq > 0, independent of h, such that

h−1/2
e ∥v∥0,e ≤ ∥v∥∞,e ≤ Ceq h

− 1
2

e ∥v∥0,e. (3.3.1)

Let v ∈ Qh, K ∈ Th, and e an edge of K. We know that [7, Lemma 1.46]

h
1/2
K ∥v∥0,e ≤ Ce

tr∥v∥0,K , (3.3.2)

where Ce
tr depends only on ϱ and k.

We now recall the Sobolev’s inequality [2, Lemma 4.34]. Let Ω̂ a domain of diameter d̂ and

is star-shaped with respect to a ball B. If v is in Wm,p(Ω) where either (i) 1 < p < ∞ and

m > 2/p, or (ii) p = 1 and m ≥ 2, then v can be identified by a continuous function in Ω

and there exists a positive Sobolev constant Csob, depending on the diameter d̂ and chunkiness

parameter (cf. [2, Definition 4.2.16])

∥v∥∞,Ω̂ ≤ Csob∥v∥
m,p,Ω̂. (3.3.3)

Projections. We denote by PM the L2-projection from L2(Eh) into Mh. Let e ∈ Eh and

K ∈ T an element with e as an edge. For all s ∈ {0, ..., k + 1} and all v ∈ Hs(K), there exists

a positive constant C1, independent of the meshsize, such that

∥v − PMv∥e ≤ C1h
s−1/2
K |v|s,K . (3.3.4)
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Moreover, for all µ ∈ Hs(e), there exists C2 > 0, independent of the meshsize, such that

∥µ− PMµ∥e ≤ Chse|µ|s,e. (3.3.5)

We refer to [7, Lemmas 1.58 and 1.59] for more details.

We now recall the HDG projections suitable for our problem (cf. [5]). On any simplex K,

the projection Πh(q, ϕ) := (ΠV q,ΠWϕ) is the element of Pk(K) × Pk(K) which solves the

equations

(
(ΠV q − q) − β(ΠWϕ− ϕ), r

)
K

= 0 ∀r ∈ [Pk−1(K)]2, (3.3.6a)(
ΠWϕ− ϕ,w

)
K

= 0 ∀w ∈ Pk−1(K), (3.3.6b)〈(
(ΠV q − q) + β(PMϕ− ϕ)

)
· n + τ(ΠWϕ− ϕ), µ

〉
e

= 0 ∀µ ∈ Pk(e), (3.3.6c)

for all faces e of the simplex K.

According to Theorem 2.1 in [5], if Assumption (S1) holds true, the system (3.3.6) is uniquely

solvable for ΠV q and ΠWϕ. Moreover, we have the following approximation properties:

∥ΠWϕ− ϕ∥0,K ≤ C1
W,Kh

ℓϕ+1
K |ϕ|ℓϕ+1,K + C2

W,Kh
ℓq+1
K |∇ · q|ℓq ,K , (3.3.7a)

∥ΠV q − q∥0,K ≤ C1
V,Kh

ℓq+1
K |q|ℓq+1,K + C2

V,Kh
ℓϕ+1
K |ϕ|ℓϕ+1,K . (3.3.7b)

for ℓϕ, ℓq ∈ [0, k]. Here, as shown in [5], if h is sufficiently small, the values C1
W,K , C2

W,K , C1
V,K

and C2
V,K can be bounded independently if the meshsize. More precisely, there exists a constant

C > 0 depending on the polynomial degree and the shape-regularity constant, and

C1
W,K ≤ C

(τmax
K + |β|1,∞,K)

γ0
,

C2
W,K ≤ C

γ0
,

C1
V,K ≤ C

(
1 + |β|1,∞,K

γ0

)
,

C2
V,K ≤ C

(
τ ∗
K + |β|1,∞,K(τmax

K + |β|1,∞,K)
γ0

)
,
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where

τmax
K := max

e∈∂K
|τ |∂K |,

τ ∗
K := max

e∈∂K
|τ |∂K\e∗ |

and e∗ is any face of K at which |τ |∂K | attains its maximum.

In order to use a duality argument, we need to introduce an auxiliary projection, the

HDG projection, associated to Π∗
h as defined in [5]. On any simplex K ∈ Th, Π∗

h(Q, Ψ) =

(Π∗
VQ,Π∗

WΨ) is the element of Pk(K) × Pk(K) determined by requiring that

(
(Π∗

VQ − Q) − (Π∗
WΨ − Ψ)β, r

)
K

= 0 ∀r ∈ [Pk−1(K)]2 (3.3.8a)(
Π∗
WΨ − Ψ,w

)
K

= 0 ∀w ∈ Pk−1(K) (3.3.8b)〈
(Π∗

VQ − Q) · n + (τ − β · n)(Π∗
WΨ − Ψ), µ

〉
e

= 0 ∀µ ∈ Pk(e) (3.3.8c)

for all faces e of K.

According to [5, Theorem A.1], if k ≥ 0 and assumption (S1) hold true, the projection Π∗
h

is well-posed and satisfies the following approximation properties:

∥Π∗
WΨ − Ψ∥0,K ≤ C1,∗

W,Kh
ℓΨ +1
K |Ψ |ℓΨ +1,K + C2,∗

W,Kh
ℓQ+1
K |∇ · Q|ℓQ,K , (3.3.9a)

∥Π∗
VQ − Q∥0,K ≤ C1,∗

V,Kh
ℓQ+1
K |Q|ℓQ+1,K + C2,∗

V,Kh
ℓΨ +1
K |Ψ|ℓΨ +1,K , (3.3.9b)

for ℓΨ , ℓQ ∈ [0, k]. Here, as shown in [5], if h is sufficiently small, the values C1,∗
W,K , C

2,∗
W,K , C

1,∗
V,K

and C2,∗
V,K can be bounded independently of the meshsize. More precisely, there exists a constant

C > 0 depending on the polynomial degree and the shape-regularity constant, and

C1,∗
W,K ≤ C

((τβ)max
K + |β|1,∞,K)

γ0
,

C2,∗
W,K ≤ C

γ0
,

C1,∗
V,K ≤ C

(
1 + |β|1,∞,K

γ0

)
,
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C2,∗
V,K ≤ C

(
(τβ)∗

K + |β|1,∞,K ((τβ)max
K + |β|1,∞,K)
γ0

)
,

where

(τβ)max
K := max |(τ − β · n)|∂K |,

(τβ)∗
K := max |(τ − β · n)|∂K\e∗ |,

and e∗ is the face of K at which |(τ − β · n)|∂K | attains its maximum.

3.4 Stability estimates

We are interested in showing the stability estimates associated with (3.4.1). Now, as we will see

in the next sections, to show the contraction property of Th and also to obtain the error bounds,

the same stability estimates will be required, but they will be associated to HDG schemes as

the one in (3.4.1) with different right-hand sides. This is the reason why we will analyze the

following more general HDG scheme. Given z ∈ Mh, I ∈ L2(Ω) and Λ ∈ L2(ΓN) such that

Λ|Γout = 0, find (qzh, ϕzh, ϕ̂zh) ∈ Hh ×Qh × Mh such that

(κ−1qzh, rh)Th
− (ϕzh,∇ · rh)Th

+ ⟨rh · n, ϕ̂zh⟩∂Th
= (κ−1I, rh)Th

, (3.4.1a)

−(qzh + βϕzh,∇wh)Th
+ ⟨ ̂qzh + βϕzh · n, wh⟩∂Th

= (f, wh)Th
, (3.4.1b)

⟨ ̂qzh + βϕzh · n, µh⟩∂Th\Γin = ⟨φ(z)ϕ̂zh + βϕ̂zh · n + Λ, µh⟩ΓN
, (3.4.1c)

⟨ϕ̂zh, µh⟩Γin = 0, (3.4.1d)

for all (rh, wh, µh) ∈ Hh×Qh×Mh. Here, addition, I will be zero when we prove well-posedness

and will be orthogonal to polynomials of degree less than or equal to k− 1 when we derive the

error estimates.

Let us define

E :=
(
∥κ−1/2qzh∥2

Th
+ ∥τ 1/2

β (ϕzh − ϕ̂zh)∥2
∂Th

)1/2
. (3.4.2)
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3.4.1 Energy estimate.

Lemma 3.4.1. Suppose that assumption (S2) is satisfied. Then we have

E2 + 1
2∥|β · n|1/2 ϕ̂zh∥2

ΓN
= − ⟨φ(z)ϕ̂zh, ϕ̂zh⟩Σ − ⟨Λ, ϕ̂zh⟩Σ + (f, ϕzh)Th

+ (κ−1I, qzh)Th
. (3.4.3)

Proof. From the first equation of the HDG scheme (3.4.1a) with rh = qzh and integration by

parts, we get that

∥κ−1/2qzh∥2
Th

+ (qzh,∇ϕzh)Th
− ⟨qzh · n, ϕzh⟩∂Th

+ ⟨qzh · n, ϕ̂zh⟩∂Th
= (κ−1I, qzh)Th

.

From the second equation of the HDG scheme (3.4.1b) with wh := ϕzh we get that

−(qzh,∇ϕzh)Th
−(β ϕzh,∇ϕzh)Th

+⟨qzh ·n, ϕzh⟩∂Th
+⟨β ·n ϕ̂zh, ϕ

z
h⟩∂Th

+⟨τ(ϕzh−ϕ̂zh), ϕzh⟩∂Th
= (f, ϕzh)Th

.

By adding the last two equalities we get that

∥κ−1/2qzh∥2
Th

− (β ϕzh,∇ϕzh)Th
+ ⟨β · n ϕ̂zh, ϕ

z
h − ϕ̂zh⟩∂Th

+ ⟨τ(ϕzh − ϕ̂zh), ϕzh − ϕ̂zh⟩∂Th
+ ⟨ ̂qzh + βϕzh · n, ϕ̂zh⟩∂Th

= (f, ϕzh)Th
+ (κ−1I, qzh)Th

.

From the third equation of the HDG scheme (3.4.1c) with µh := ϕ̂zh we get that

⟨ ̂qzh + βϕzh · n, ϕ̂zh⟩∂Th
= ⟨φ(z)ϕ̂zh + β · n ϕ̂zh + Λ, ϕ̂zh⟩ΓN

+ ⟨ ̂qzh + βϕzh · n, ϕ̂zh⟩Γin

and from the fourth equation of the HDG scheme (3.4.1d), we obtain that

⟨ϕ̂zh, ̂qzh + βϕzh · n⟩Γin
= 0.

Then,

∥κ−1/2qzh∥2
Th

− (β ϕzh,∇ϕzh)Th
+ ⟨β · n ϕ̂zh, ϕ

z
h − ϕ̂zh⟩∂Th

+ ⟨τ(ϕzh − ϕ̂zh), ϕzh − ϕ̂zh⟩∂Th
+ ⟨φ(z)ϕ̂zh, ϕ̂zh⟩Σ + ⟨β · n ϕ̂zh, ϕ̂

z
h⟩ΓN
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+ ⟨Λ, ϕ̂zh⟩Σ = (f, ϕzh)Th
+ (κ−1I, qzh)Th

.

By integration by parts and some simple algebraic manipulation, we get that

(β ϕzh,∇ϕzh)Th
= 1

2⟨β · n (ϕzh − ϕ̂zh), ϕzh − ϕ̂zh⟩∂Th
+ 1

2⟨β · n ϕ̂zh, ϕ
z
h⟩∂Th

+ 1
2⟨β · n ϕ̂zh, ϕ

z
h − ϕ̂zh⟩∂Th

and we have that

∥κ−1/2qzh∥2
Th

− 1
2⟨β · n ϕ̂zh, ϕ̂

z
h)∂Th

+ ⟨(τ − 1
2β · n) (ϕzh − ϕ̂zh), ϕzh − ϕ̂zh⟩∂Th

+ ⟨Λ, ϕ̂zh⟩Σ

+ ⟨φ(z)ϕ̂zh, ϕ̂zh⟩Σ + ⟨β · n ϕ̂zh, ϕ̂
z
h⟩ΓN

= (f, ϕzh)Th
+ (κ−1I, qzh)Th

.

Since ∇·β = 0,β ∈ H(div; Ω). By the characterization of H(div; Ω) on a mesh Th, the normal

component of β is well defined on each internal face, ∂Th \ ∂Ω, and in our case it vanishes.

Hence, we obtain

⟨β · n ϕ̂zh, ϕ̂
z
h⟩∂Th

= ⟨β · n ϕ̂zh, ϕ̂
z
h⟩Γin

+ ⟨β · n ϕ̂zh, ϕ̂
z
h⟩ΓN

= ⟨β · n ϕ̂zh, ϕ̂
z
h⟩ΓN

,

which implies that

∥κ−1/2qzh∥2
Th

+ ∥τ 1/2
β (ϕzh − ϕ̂zh)∥2

∂Th
+ 1

2⟨β · n ϕ̂zh, ϕ̂
z
h)ΓN

+ ⟨Λ, ϕ̂zh⟩Σ

+ ⟨φ(z)ϕ̂zh, ϕ̂zh⟩Σ = (f, ϕzh)Th
+ (κ−1I, qzh)Th

.

As we observe, we will need to bound ∥ϕzh∥Th
and ∥ϕ̂zh∥Σ. To that end, as usual, we will

proceed by a duality argument.
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3.4.2 Duality argument

Given Θ ∈ L2(Ω) and z ∈ Mh, we define (Q, Ψ) to be the solution of the auxliary problem



κ−1Q + ∇Ψ = 0 in Ω,

∇ · (Q − βΨ) = Θ in Ω,

Ψ = 0, in Γin,

(Q − βΨ) · n = φ(z)Ψ in ΓN .

(3.4.4)

We assume that the solution of this problem (3.4.4) satisfies the following regularity estimate:

There exists a constant Creg such that

∥Q∥1,Ω + ∥Ψ∥2,Ω ≤ Creg∥Θ∥0,Ω. (3.4.5)

This holds [11], for example, when Ω is a convex polyhedral domain.

Lemma 3.4.2. For any Θ ∈ L2(Ω) we have (ϕzh,Θ)Th
=

5∑
i=1

Ti, where

T1 := (κ−1qzh,Π∗
VQ − Q)Th

, T2 := (f,Π∗
WΨ)Th

,

T3 := −⟨φ(z)ϕ̂zh, PMΨ − Ψ⟩Σ, T4 := −⟨Λ, PMΨ⟩Σ,

T5 := −(κ−1I,Π∗
VQ − Q)Th

+ (I,∇Ψ − ∇Ψh)Th
,

for all Ψh ∈ Qh.

Proof. By the second equation of the dual problem (3.4.4), integration by parts, and the first

equation defining Π∗
h (3.3.8a) with r := ∇ϕzh, we have

(ϕzh,Θ)Th
= (ϕzh,∇ · (Q − βΨ))Th

= −(∇ϕzh,Q − βΨ)Th
+ ⟨ϕzh, (Q − βΨ) · n⟩∂Th

= −(∇ϕzh,Π∗
VQ − βΠ∗

WΨ)Th
+ ⟨ϕzh, (Q − βΨ) · n⟩∂Th

.
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Integrating by parts the first term of the right-hand side and using that ∇ · β = 0 we obtain

(ϕzh,Θ)Th
= (ϕzh,∇ · Π∗

VQ)Th
− (ϕzh,β · ∇(Π∗

WΨ))Th
− ⟨ϕzh, (Π∗

VQ − βΠ∗
WΨ) · n⟩∂Th

+ ⟨ϕzh, (Q − βΨ) · n⟩∂Th
.

Now by the first equation of the HDG scheme (3.4.1a) with rh := Π∗
VQ, and the first equation

of the dual problem (3.4.4), we get that

(ϕzh,Θ)Th
= (κ−1qzh,Π∗

VQ)Th
+ ⟨Π∗

VQ · n, ϕ̂zh⟩∂Th
− (ϕzh,β · ∇(Π∗

WΨ))Th

− ⟨ϕzh, (Π∗
VQ − Q) · n − β · n (Π∗

WΨ − Ψ)⟩∂Th
− (κ−1I,Π∗

VQ)Th

= (κ−1qzh,Π∗
VQ − Q)Th

+ (κ−1qzh,Q)Th
+ ⟨Π∗

VQ · n, ϕ̂zh⟩∂Th
− (ϕzh,β · ∇(Π∗

WΨ))Th

− ⟨ϕzh, (Π∗
VQ − Q) · n − β · n (Π∗

WΨ − Ψ)⟩∂Th
− (κ−1I,Π∗

VQ)Th

= T1 − (qzh,∇Ψ)Th
+ ⟨Π∗

VQ · n, ϕ̂zh⟩∂Th
− (ϕzh,β · ∇(Π∗

WΨ))Th

− ⟨ϕzh, (Π∗
VQ − Q) · n − β · n (Π∗

WΨ − Ψ) · n⟩∂Th
− (κ−1I,Π∗

VQ)Th
.

Now, using the second equation of the HDG scheme (3.4.1b) on the fourth term of the right-

hand side, with wh := Π∗
WΨ , we get that

(ϕzh,Θ)Th
= T1 − (qzh,∇Ψ)Th

+ ⟨Π∗
VQ · n, ϕ̂zh⟩∂Th

+ (f,Π∗
WΨ)Th

+ (qzh,∇(Π∗
WΨ))Th

− ⟨ ̂qzh + βϕzh · n,Π∗
WΨ⟩∂Th

− ⟨ϕzh, (Π∗
VQ − Q) · n − β · n (Π∗

WΨ − Ψ)⟩∂Th

− (κ−1I,Π∗
VQ)Th

= T1 + (qzh,∇(Π∗
WΨ − Ψh))Th

+ ⟨Π∗
VQ · n, ϕ̂zh⟩∂Th

+ (f,Π∗
WΨ)Th

− ⟨ ̂qzh + βϕzh · n,Π∗
WΨ⟩∂Th

− ⟨ϕzh, (Π∗
VQ − Q) · n − β · n (Π∗

WΨ − Ψ)⟩∂Th

− (κ−1I,Π∗
VQ)Th

.

Now, using integration by parts and the second equation that defines Π∗
h (3.3.8b) with w :=

∇ · qzh, the third term of the right-hand side becomes

(qzh,∇(Π∗
WΨ − Ψ))Th

= −(∇ · qzh,Π∗
WΨ − Ψ)Th

+ ⟨qzh · n,Π∗
WΨ − Ψ⟩∂Th
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= ⟨qzh · n,Π∗
WΨ − Ψ⟩∂Th

+ (qzh,∇(Ψ − Ψh))Th
.

Using the last equality, we get that

(ϕzh,Θ)Th
=T1 + ⟨qzh · n,Π∗

WΨ − Ψ⟩∂Th
+ ⟨Π∗

VQ · n, ϕ̂zh⟩∂Th
+ (f,Π∗

WΨ)Th

− ⟨ ̂qzh + βϕzh · n,Π∗
WΨ⟩∂Th

− ⟨ϕzh, (Π∗
VQ − Q) · n − β · n (Π∗

WΨ − Ψ)⟩∂Th
− (κ−1I,Π∗

VQ)Th
.

Now using the third equation of the HDG scheme (3.4.1c) with µh := PMΨ , and the third

equation of the dual problem (3.4.4), the fifth term on the right-hand side becomes

−⟨ ̂qzh + βϕzh · n,Π∗
WΨ⟩∂Th

= −⟨ ̂qzh + βϕzh · n,Π∗
WΨ − PMΨ⟩∂Th

− ⟨ ̂qzh + βϕzh · n, PMΨ⟩∂Th

= −⟨ ̂qzh + βϕzh · n,Π∗
WΨ − PMΨ⟩∂Th

− ⟨ ̂qzh + βϕzh · n, PMΨ⟩∂Th\Γin

− ⟨ ̂qzh + βϕzh · n, PMΨ⟩Γin

= −⟨ ̂qzh + βϕzh · n,Π∗
WΨ − PMΨ⟩∂Th

− ⟨φ(z)ϕ̂zh, PMΨ⟩Σ

− ⟨β · n ϕ̂zh, PMΨ⟩ΓN
− ⟨Λ, PMΨ⟩Σ.

Expanding the numerical trace of the total flux, we get the next expression.

(ϕzh,Θ)Th
= T1 + ⟨qzh · n,Π∗

WΨ − Ψ⟩∂Th
+ ⟨Π∗

VQ · n, ϕ̂zh⟩∂Th
+ (f,Π∗

WΨ)Th

− ⟨qzh · n,Π∗
WΨ − PMΨ⟩∂Th

− ⟨ϕ̂zh,β · n(Π∗
WΨ − PMΨ)⟩∂Th

− ⟨τ(ϕzh − ϕ̂zh),Π∗
WΨ − PMΨ⟩∂Th

− ⟨φ(z)ϕ̂zh, PMΨ⟩Σ − ⟨ϕ̂zh,β · n PMΨ⟩ΓN

− ⟨ϕzh, (Π∗
VQ − Q) · n⟩∂Th

+ ⟨ϕzh,β · n (Π∗
WΨ − Ψ)⟩∂Th

− (κ−1I,Π∗
VQ)Th

− ⟨Λ, PMΨ⟩Σ.

Re-arranging terms,

(ϕzh,Θ)Th
=T1 + ⟨Π∗

VQ · n, ϕ̂zh⟩∂Th
+ (f,Π∗

WΨ)Th
− ⟨ϕ̂zh,β · n(Π∗

WΨ − PMΨ)⟩∂Th

− ⟨τ(ϕzh − ϕ̂zh),Π∗
WΨ − PMΨ⟩∂Th

− (κ−1I,Π∗
VQ)Th

− ⟨Λ, PMΨ⟩Σ

− ⟨φ(z)ϕ̂zh, PMΨ⟩Σ − ⟨ϕ̂zh,β · n PMΨ⟩ΓN

30



3.4. Stability estimates

+ ⟨ϕzh, (Q − Π∗
VQ) · n − β · n (Ψ − Π∗

WΨ)⟩∂Th
.

Adding and subtracting ϕ̂zh in the last term

(ϕzh,Θ)Th
= T1 + ⟨Π∗

VQ · n, ϕ̂zh⟩∂Th
+ (f,Π∗

WΨ)Th

− ⟨ϕ̂zh,β · n(Π∗
WΨ − PMΨ)⟩∂Th

− ⟨τ(ϕzh − ϕ̂zh),Π∗
WΨ − PMΨ⟩∂Th

− (κ−1I,Π∗
VQ)Th

− ⟨Λ, PMΨ⟩Σ

− ⟨φ(z)ϕ̂zh, PMΨ⟩Σ − ⟨ϕ̂zh,β · n PMΨ⟩ΓN

+ ⟨ϕzh − ϕ̂zh, (Q − Π∗
VQ) · n − β · n (Ψ − Π∗

WΨ)⟩∂Th

+ ⟨ϕ̂zh, (Q − Π∗
VQ) · n − β · n (Ψ − Π∗

WΨ)⟩∂Th

= T1 + (f,Π∗
WΨ)Th

− (κ−1I,Π∗
VQ)Th

− ⟨Λ, PMΨ⟩Σ

− ⟨φ(z)ϕ̂zh, PMΨ⟩Σ − ⟨ϕ̂zh,β · n PMΨ⟩ΓN

+ ⟨ϕzh − ϕ̂zh, (Q − Π∗
VQ) · n + (τ − β · n) (Ψ − Π∗

WΨ)⟩∂Th

+ ⟨ϕ̂zh,Q · n − β · n (Ψ − PMΨ)⟩∂Th

The seventh term vanishes thanks to (3.3.8c). Moreover, since ϕ̂zh is single-valued, and that

ϕ̂zh = 0 on Γin, together with the facts that β and Q are in H(div; Ω), the contribution of the

last term is only on the boundary ∂Ω, the contribution of the last term is only on the boundary

ΓN . Thus,

(ϕzh,Θ)Th
= T1 + (f,Π∗

WΨ)Th
− ⟨φ(z)ϕ̂zh, PMΨ⟩Σ − ⟨ϕ̂zh,β · n PMΨ⟩ΓN

+ ⟨ϕ̂zh,Q · n − β · n (Ψ − PMΨ)⟩ΓN
− (κ−1I,Π∗

VQ)Th
− ⟨Λ, PMΨ⟩Σ

= T1 + (f,Π∗
WΨ)Th

− ⟨φ(z)ϕ̂zh − β · n ϕ̂zh, PMΨ⟩Σ − ⟨ϕ̂zh,β · n PMΨ⟩Γout

+ ⟨ϕ̂zh,Q · n − β · n (Ψ − PMΨ)⟩Γout + ⟨ϕ̂zh,Q · n − β · n (Ψ − PMΨ)⟩Σ

− (κ−1I,Π∗
VQ)Th

− ⟨Λ, PMΨ⟩Σ

= T1 + (f,Π∗
WΨ)Th

− ⟨φ(z)ϕ̂zh − β · n ϕ̂zh, PMΨ⟩Σ

+ ⟨ϕ̂zh,Q · n − β · n (Ψ − PMΨ)⟩Σ − (κ−1I,Π∗
VQ)Th

− ⟨Λ, PMΨ⟩Σ

= T1 + (f,Π∗
WΨ)Th

− ⟨φ(z)ϕ̂zh, PMΨ⟩Σ − κ−1I,Π∗
VQ)Th

− ⟨Λ, PMΨ⟩Σ
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+ ⟨ϕ̂zh,Q · n − β · n Ψ⟩Σ

= T1 + (f,Π∗
WΨ)Th

− ⟨φ(z)ϕ̂zh, PMΨ⟩Σ − (κ−1I,Π∗
VQ)Th

− ⟨Λ, PMΨ⟩Σ

+ ⟨ϕ̂zh,−φ(z)Ψ⟩Σ

= T1 + (f,Π∗
WΨ)Th

− ⟨φ(z)ϕ̂zh, PMΨ − Ψ⟩Σ − (κ−1I,Π∗
VQ)Th

− ⟨Λ, PMΨ⟩Σ.

Finally, we observe that

(κ−1I,Π∗
VQ)Th

= (κ−1I,Π∗
VQ − Q)Th

+ (κ−1I,Q)Th

= (κ−1I,Π∗
VQ − Q)Th

− (I,∇Ψ)Th

= (κ−1I,Π∗
VQ − Q)Th

− (I,∇Ψ − ∇Ψh)Th
,

for all Ψh ∈ Qh, where we have used the fact that I is orthogonal to polynomials of degree

k − 1. The result follows.

Corollary 3.4.1. Suppose that Assumption (3.4.5) is satisfied, f ∈ L2(Ω) and k ≥ 1. There

exists a positive constant Cd, independent of h, such that

∥ϕzh∥Th
≤ Cd

(
h ∥κ−1/2qzh∥Th

+ ∥f∥0,Ω + h∥I∥Th
+ ∥Λ∥Σ + h3/2∥φ(z)∥∞,Σ ∥ϕ̂zh∥Σ

)
. (3.4.6)

Proof. We have to estimate the terms on the right-hand side of the identity of Lemma 3.4.2.

For this purpose, we use (3.3.9) with ℓQ = 0 and ℓΨ = 1 to get

∥Π∗
WΨ − Ψ∥0,K ≤ max{C1,∗

W , C2,∗
W } max{1,

√
d } h

(
|Q|1,K + |Ψ |2,K

)
,

∥Π∗
VQ − Q∥0,K ≤ max{C1,∗

V , C2,∗
V } h

(
|Q|1,K + |Ψ |2,K

)
.

where C1,∗
W := max

K
C1,∗
W,K , C2,∗

W := max
K

C2,∗
W,K , C1,∗

V := max
K

C1,∗
V,K and C2,∗

V := max
K

C2,∗
V,K . Now we

get that

∥Π∗
WΨ − Ψ∥Th

≤
√

2 max{C1,∗
W , C2,∗

W } max{1,
√
d } Creg h∥Θ∥0,Ω, (3.4.7)
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∥Π∗
VQ − Q∥Th

≤
√

2 max{C1,∗
V , C2,∗

V }Creg h∥Θ∥0,Ω. (3.4.8)

With this, by the Cauchy-Schwarz inequality and (3.4.8) we get that

|T1| ≤ ∥κ−1qzh∥Th
∥Π∗

VQ − Q∥Th
≤ CT1h∥κ−1/2qzh∥Th

∥Θ∥0,Ω,

where CT1 := κ−1/2√2 max{C1,∗
V , C2,∗

V }Creg.

For T2, we have

|T2| ≤ CT2∥f∥0,Ω∥Θ∥0,Ω,

where CT2 := CregCΠ∗
W

and CΠ∗
W
> 0 is a constant that depends on the projection Π∗

W . For T3,

|T3| ≤
∑
e⊂Σ

∥ϕ̂zh∥0,e ∥φ(z)∥∞,e ∥PMΨ − Ψ∥0,e

≤ ∥φ(z)∥∞,Σ
∑
e⊂Σ

∥ϕ̂zh∥0,e C
′′
app h

3/2
Ke

|Ψ |2,Ke

≤ C ′′
app h

3/2∥φ(z)∥∞,Σ

(∑
e⊂Σ

∥ϕ̂zh∥2
0,e

)1/2( ∑
K∈Th

∥Ψ∥2
2,K

)1/2

≤ CT3 h
3/2∥φ(z)∥∞,Σ ∥ϕ̂zh∥Σ ∥Θ∥0,Ω,

where Ke denotes the element that has the edge e, and CT3 := C ′′
appCreg.

Now, by the Cauchy-Schwarz inequality and assumption (3.4.5) we get that

|T4| ≤ Creg∥Λ∥Σ∥Θ∥0,Ω.

For the last term, using (3.4.8), we have that

|T5| ≤ ∥κ−1/2I∥Th

√
2 max{C1,∗

V , C2,∗
V }Creg h∥Θ∥0,Ω + ∥κ−1/2I∥Th

∥κ1/2(∇Ψ − ∇Ψh)∥Th
.

Moreover, if we take Ψh as the L2-projection over Qh, we know (cf. [7]) that there exists a
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3.4. Stability estimates

positive constant C2, independent of the meshsize, such that

∥κ1/2(∇Ψ − ∇Ψh)∥Th
≤ C2h∥Ψ∥2,Ω ≤ C2Cregh∥Θ∥0,Ω

We conclude that there exists CT5 > 0, independent of h, such that

|T5| ≤ CT5h∥κ−1/2I∥Th
∥Θ∥0,Ω,

with CT5 :=
√

2 max{C1,∗
V , C2,∗

V } + κ1/2C2.

The result in (3.4.6) follows from the choice of Θ = ϕzh and Cd := max{CT1 , CT2 , CT3 , Creg, CT5}.

On the other hand, following the proof of [6, Theorem 4.1], we see that given K ∈ Th
and p ∈ Pk(∂K), there exist r ∈ [Pk(K)]d and a constant C̃ such that r · n = p in ∂K,

and ∥r∥0,K ≤ C̃h1/2∥p∥0,∂K . Then, by the first equation of the HDG scheme (3.4.1a), and

considering p = ϕ̂zh, we obtain that

∥ϕ̂zh∥2
0,∂K = −(κ−1qzh, rh)K + (ϕzh,∇ · rh)K + (κ−1I, rh)K

≤ ∥κ−1qzh∥0,K ∥rh∥0,K + Cinv h
−1
K ∥ϕzh∥0,K ∥rh∥0,K + ∥κ−1I∥0,K∥rh∥0,K

≤ (∥κ−1qzh∥0,K + Cinv h
−1
K ∥ϕzh∥0,K) C̃h1/2∥ϕ̂zh∥0,∂K + C̃h1/2∥κ−1I∥0,K∥ϕ̂zh∥0,∂K ,

which, implies that

∥ϕ̂zh∥h ≤ C̃1h∥κ−1/2qzh∥Th
+ C̃2∥ϕzh∥Th

+ C̃h∥κ−1I∥Th
, (3.4.9)

with C̃1 := κ1/2√2 C̃ and C̃2 :=
√

2 C̃Cinv. Here

∥·∥h :=
 ∑
K∈Th

hK∥·∥2
∂K

1/2

.
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3.4.3 Energy bound

Lemma 3.4.3. Let ϵΛ a positive parameter at our disposal such that ϵΛ = 0 if Λ = 0 and

ϵΛ > 0 otherwise. Moreover, we assume that ϵΛ < min
Σ

|β · n|.

If f = 0, then

1
2E

2 +
(1

2(cβ − ϵΛ) − ∥φ(z)∥∞,Σ

)
∥ϕ̂zh∥2

Σ ≤ 1
2ϵΛ

∥Λ∥2
Σ + 1

2∥κ−1/2I∥2
Th
,

where cβ := min
Σ

|β · n|. Moreover, if f ̸= 0, then

1
2E

2 +
(1

4(cβ − ϵΛ) − ∥φ(z)∥∞,Σ

)
∥ϕ̂zh∥2

Σ

≤ Cd

(
h2Cd + 1 + hCd

2 + Cd
2 + h3Cd

cβ − ϵΛ
∥φ(z)∥2

∞,Σ

)
∥f∥2

0,Ω

+ 1
ϵΛ

∥Λ∥2
Σ + 1

2 (2 + h) ∥κ−1/2I∥2
Th
, (3.4.10)

Proof. By Cauchy-Schwarz inequality applied to (3.4.1) we get that

E2 + cβ
2 ∥ϕ̂zh∥2

Σ ≤ ∥φ(z)∥∞,Σ∥ϕ̂zh∥2
Σ + ∥Λ∥Σ∥ϕ̂zh∥Σ + ∥f∥0,Ω∥ϕzh∥Th

+ ∥κ−1/2I∥Th
∥κ−1/2qzh∥Th

.

Now, by Young’s inequality, there exist positive parameters ϵE and ϵΛ at our disposal such that

∥Λ∥Σ∥ϕ̂zh∥Σ ≤ 1
2ϵΛ

∥Λ∥2
Σ + ϵΛ

2 ∥ϕ̂zh∥2
Σ,

∥κ−1/2I∥Th
∥κ−1/2qzh∥Th

≤ 1
2ϵE

∥κ−1/2I∥2
Th

+ ϵE
2 ∥κ−1/2qzh∥2

Th
.

Thus, the result for f = 0 follows by choosing ϵE = 1.

On the other hand, if f ̸= 0, then by Young’s inequality, there exist positive parameters

ϵ1, ϵ2, ϵ3 and ϵ4 at our disposal such that, thanks to Corollary 3.4.1,

∥f∥0,Ω∥ϕzh∥Th
≤ Cdh

( 1
2ϵ1

∥f∥2
0,Ω + ϵ1

2 E
2
)

+ Cd∥f∥2
0,Ω + Cdh

( 1
2ϵ2

∥f∥2
0,Ω + ϵ2

2 ∥κ−1/2I∥2
Th

)
+ Cd

( 1
2ϵ3

∥f∥2
0,Ω + ϵ3

2 ∥Λ∥2
Σ

)
+ Cdh

3/2
( 1

2ϵ4
∥φ(z)∥2

∞,Σ∥f∥2
0,Ω + ϵ4

2 ∥ϕ̂zh∥2
Σ

)
.
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So, now we have that

(
1 − ϵE

2 − Cdh
ϵ1

2

)
E2 +

(
cβ
2 − ϵΛ

2 − Cdh
3/2 ϵ4

2 − ∥φ(z)∥∞,Σ

)
∥ϕ̂zh∥2

Σ

≤ Cd

(
h

2ϵ1
+ 1 + h

2ϵ2
+ 1

2ϵ3
+
h3/2∥φ(z)∥2

∞,Σ

2ϵ4

)
∥f∥2

0,Ω

+
( 1

2ϵΛ
+ Cdϵ3

2

)
∥Λ∥2

Σ +
(

1
2ϵE

+ Cdhϵ2

2

)
∥κ−1/2I∥2

Th
.

By choosing ϵE = 1
2 , ϵ1 = (C−1

d h−1)/2, ϵ2 = C−1
d , ϵ3 = C−1

d /ϵΛ and ϵ4 =
(
C−1
d h−3/2(cβ − ϵΛ)

)
/2,

we obtain the result.

Corollary 3.4.2. Let us assume that there exists a positive constant M∞, independent of h,

such that for all z ∈ MΣ
h , it holds that

∥φ(z)∥∞,Σ ≤ M∞. (3.4.11)

If M∞ < (cβ − ϵΛ)/4, there exists a constant Cφ > 0 independent of h such that, when

f = 0,

E2 + Cφ∥ϕ̂zh∥2
Σ ≤ 1

ϵΛ
∥Λ∥2

Σ + ∥κ−1/2I∥2
Th
.

In addition, if f ̸= 0, then there exists a constant CE > 0 and h0 > 0, independent of h, such

that

E2 + Cφ∥ϕ̂zh∥2
Σ ≤ CE

(
∥f∥2

0,Ω + 1
ϵΛ

∥Λ∥2
Σ + (2 + h)∥κ−1/2I∥2

Th

)
,

for all h < h0.

Proof. Let us define Cφ := 1
2(cβ − ϵΛ) − 2M∞ > 0. The result when f = 0 follows directly from

the assumption over φ(z) and Lemma 3.4.2. If f ̸= 0, we have

1
2E

2 + 1
2Cφ∥ϕ̂zh∥2

Σ ≤ Cd

(
h2Cd + 1 + hCd

2 + Cd
2 + h3Cd

cβ − ϵΛ
∥φ(z)∥2

∞,Σ

)
∥f∥2

0,Ω
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+ 1
ϵΛ

∥Λ∥2
Σ + 1

2 (2 + h) ∥κ−1/2I∥2
Th
.

We notice that
h3Cd
cβ − ϵΛ

∥φ(z)∥2
∞,Σ <

h3Cd
16 (cβ − ϵΛ).

The result follows thanks to Lemma 3.4.3, where

CE := max
{

1, Cd
(

2Cdh2
0 + Cdh0 + h3

0Cd
8 (cβ − ϵΛ) + Cd + 2

)}
.

3.5 Solvability analysis of the fixed point scheme

First of all, the operator Th is well-defined. In fact, given z ∈ Mh, if f = 0 and ϕin = 0, by

the Fredholm alternative, it is enough to show that (3.2.2) has only the trivial solution. The

latter follows directly from Corollaries 3.4.2 and 3.4.1 and the estimate in (3.4.9), noticing that

(3.2.2) is a particular case of (3.4.1) with Λ = 0 and I = 0.

Now, by Corollary 3.4.2 with Λ = g(ϕin) and I = 0, if f = 0 we have

Cφ∥Th(z)∥2
Σ = Cφ∥ϕ̂zh∥2

Σ ≤ 1
ϵΛ

∥g(ϕin)∥2
Σ = c2

2
ϵΛ

|Σ|,

and if f ̸= 0 we have

Cφ∥Th(z)∥2
Σ = Cφ∥ϕ̂zh∥2

Σ ≤ CE

(
∥f∥2

0,Ω + 1
ϵΛ

∥g(ϕin)∥2
Σ

)
= CE

(
∥f∥2

0,Ω + c2
2
ϵΛ

|Σ|
)
.

Let us define the ball

B2 := {z ∈ MΣ
h : ∥z∥Σ ≤ R2}, (3.5.1)

where R2 > 0. Thus, we have the following result.

Lemma 3.5.1. Suppose that the assumptions of Corollary 3.4.2 are satisfied. Moreover, let us
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assume that R2 and the data c2 satisfy

c2
2

CφϵΛ
|Σ| ≤ R2

2 (3.5.2)

when f = 0; and R2 and the data f and c2 satisfy

CE
Cφ

(
∥f∥2

0,Ω + c2
2
ϵΛ

|Σ|
)

≤ R2
2, (3.5.3)

when f ̸= 0. Then, Th(B2) ⊂ B2.

On the other hand, for i ∈ {1, 2}, let zi ∈ B2 such that the hypothesis over the data of

Lemma 3.5.1 and Corollary 3.4.2 are satisfied. We set Th(zi) := ϕ̂zi
h , where (qzi

h , ϕ
zi
h , ϕ̂

zi
h ) is the

only solution to (3.2.2) with zi as data. In this scenario Λ = g(ϕin) and I = 0. Moreover,

g(ϕin)|Σ = a3ϕin + a1ϕ
2
in =: c2. By Lemma 3.5.1, we have,

Cφ∥ϕ̂zi
h ∥2

Σ ≤ CφR
2
2. (3.5.4)

If we define z := z1 − z2 and (qzh, ϕzh, ϕ̂zh) := (qz1
h − qz2

h , ϕ
z1
h − ϕz2

h , ϕ̂
z1
h − ϕ̂z2

h ), then (qzh, ϕzh, ϕ̂zh) ∈

Hh ×Qh × Mh satisfy

(κ−1qzh, rh)Th
− (ϕzh,∇ · rh)Th

+ ⟨rh · n, ϕ̂zh⟩∂Th
= 0, (3.5.5a)

−(qzh + βϕzh,∇wh)Th
+ ⟨ ̂qzh + βϕzh · n, wh⟩∂Th

= 0, (3.5.5b)

⟨ ̂qzh + βϕzh · n, µh⟩∂Th\Γin = ⟨φ(z1)ϕ̂zh + βϕ̂zh · n + Λ, µh⟩ΓN
, (3.5.5c)

⟨ϕ̂zh, µh⟩Γin = 0, (3.5.5d)

for all (rh, wh, µh) ∈ Hh ×Qh × Mh, with

Λ :=(φ(z1) − φ(z2))ϕ̂z2
h .
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Also thanks to Lemma 3.5.1, since in this case f = 0 and I = 0 we have

Cφ∥ϕ̂zh∥2
Σ ≤ 1

ϵΛ
∥Λ∥2

Σ. (3.5.6)

Now, we note that

∥φ(x) − φ(y)∥∞,Σ = c1∥x− y∥∞,Σ ∀x, y ∈ L∞(Σ), (3.5.7)

and if we define e∗ ⊆ Σ such that ∥z∥∞,Σ = ∥z∥∞,e∗ , then by (3.3.1) we get the following.

∥Λ∥Σ ≤ c1∥z1 − z2∥∞,Σ∥ϕ̂z2
h ∥Σ ≤ c1Ceqh

−1/2
e∗ ∥z1 − z2∥0,e∗∥ϕ̂z2

h ∥Σ. (3.5.8)

Then

Cφ∥ϕ̂zh∥2
Σ ≤ c2

1
ϵΛ
C2
eqh

−1
e∗ R2

2∥z1 − z2∥2
0,e∗ .

Therefore, we have that

∥Th(z1) − Th(z2)∥2
Σ = ∥ϕ̂zh∥2

Σ ≤ L2
Th

∥z∥2
0,e∗ ,

with

LTh
:= c1Ceqh

−1/2
e∗ R2

ϵΛC
1/2
φ

.

In other words, we have the following result.

Theorem 3.5.2. Let us assume that the data satisfies hypotheses of Corollary 3.4.2 and Lemma

3.5.1. Moreover, let us assume that the data c2 satisfies

c2
2

CφϵΛ
|Σ| ≤ R2

2 (3.5.9)

when f = 0; and that the data f and c2 satisfy

CE
Cφ

(
∥f∥2

0,Ω +
( 1
ϵΛ

+ 1
)
c2

2|Σ|
)

≤ R2
2, (3.5.10)
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3.5. Solvability analysis of the fixed point scheme

and the data c1 is small enough such that LTh
< 1, then (3.1.3) has a unique fixed-point.

Remark on the feasibility of the smallness assumption. In the reverse osmosis model

[1], f = 0, and we expect that assumptions (3.4.11) and (3.5.3) hold since c1, c2, and c3 are

extremely small. On the other hand, in order to ensure LTh
< 1, it is necessary that c1h

−1/2
e∗

is sufficiently small. In other words, for a given c1, our result guarantees the existence and

uniqueness of the solution for all mesh sizes h such that c1h
−1/2
e∗ is small enough.
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CHAPTER 4

A priori error analysis

4.1 Analysis of the projection of the errors

In this section we will prove the error estimates for q and ϕ. For this purpose, let us define the

projection of errors as follows.

eq := ΠV q − qh, (4.1.1a)

eϕ := ΠWϕ− ϕh, (4.1.1b)

eϕ̂ := PMϕ− ϕ̂h, (4.1.1c)

ê · n := PM
(
(q + βϕ) · n − ̂qh + βϕh · n

)
, (4.1.1d)

and we define the error of the projection as

Iq := q − ΠV q, (4.1.2a)

Iϕ := ϕ− ΠWϕ, (4.1.2b)
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4.1. Analysis of the projection of the errors

Iϕ̂ := ϕ− PMϕ, (4.1.2c)

so we can write q − qh = Iq + eq, ϕ− ϕh = Iϕ + eϕ and (ϕ− ϕ̂h)|e = Iϕ̂ + eϕ̂ for all e ∈ Eh.

We begin our analysis by establishing the following equality

ê · n = eq · n + β · n eϕ̂ + τ(eϕ − eϕ̂) on ∂Th. (4.1.3)

To prove this, let K ∈ Th and e ⊆ ∂K. Then, by the definition of eq, eϕ, and eϕ̂, we have for

all µ ∈ Mh that

⟨eq · n + β · n eϕ̂ + τ(eϕ − eϕ̂), µh⟩e = ⟨ΠV q · n + β · n PMϕ+ τ(ΠWϕ− PMϕ)⟩e

− ⟨qh · n + β · n ϕ̂h + τ(ϕh − ϕ̂h)⟩e

= ⟨ΠV q · n + β · n PMϕ+ τ(ΠWϕ− PMϕ)⟩e

− ⟨ ̂qh + βϕ · n, µh⟩e.

Finally, from the third equation defining Πh (3.3.6c) we notice that

⟨ΠV q · n + β · n PMϕ+ τ(ΠWϕ− PMϕ)⟩e = ⟨PM((q + βϕ) · n), µh⟩e.

Now it follows directly from the definition that the projection of errors (4.1.1) satisfies

(κ−1eq, rh)Th
− (eϕ,∇ · rh)Th

+ ⟨rh · n, eϕ̂⟩∂Th
= −(κ−1Iq, rh)Th

, (4.1.4a)

−(eq + βeϕ,∇wh)Th
+ ⟨ê · n, wh⟩∂Th

= 0, (4.1.4b)

⟨ê · n, µh⟩∂Th\Γin = ⟨φ(ϕ̂h)eϕ̂ + β · neϕ̂ + Λ, µh⟩ΓN
, (4.1.4c)

⟨eϕ̂, µh⟩Γin = 0, (4.1.4d)

for all (rh, wh, µh) ∈ Hh ×Qh × Mh, where Λ :=
(
φ(ϕ) − φ(ϕ̂h)

)
PMϕ+ φ(ϕ)I

ϕ̂
+ β · nI

ϕ̂
.

Now we proceed as in the general HDG scheme (3.4.1), with f = 0 and I = −Iq.
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4.1. Analysis of the projection of the errors

Let us define

Eh :=
(
∥κ−1/2eq∥2

Th
+ ∥τ 1/2

β (eϕ − eϕ̂)∥
2
∂Th

)1/2
. (4.1.5)

Theorem 4.1.1. Let us assume that the hypotheses of Corollaries 3.4.2 and 3.4.1 hold true.

If ϕ|Σ ∈ L∞(Σ), then

∥Λ∥Σ ≤c1
(
∥I

ϕ̂
∥Σ + Ceq∥h−1/2I

ϕ̂
∥Σ + ∥ϕ∥∞,Σ

)
∥eϕ̂∥Σ

+
(
|c3| + c1∥Iϕ̂∥∞,Σ + c1∥ϕ∥∞,Σ + ∥β · n∥∞,Σ

)
∥I

ϕ̂
∥Σ,

Eh + C1/2
φ ∥eϕ̂∥Σ ≤∥κ−1/2Iq∥Th

+ 1
ϵ

1/2
Λ

∥Λ∥Σ,

and

∥eϕ∥Th
≤ Cd

(
h∥κ−1/2eq∥Th

+ h∥Iq∥Th
+ ∥Λ∥Σ + h3/2∥φ(ϕ̂h)∥∞,Σ ∥eϕ̂∥Σ

)
.

Proof. The second and third inequalities follow from the energy identity in Corollary 3.4.2 and

the duality estimate in Corollary 3.4.1. It remains to bound ∥Λ∥Σ and we proceed as follows.

∥Λ∥Σ = ∥
(
φ(ϕ) − φ(ϕ̂h)

)
PMϕ+ φ(ϕ)I

ϕ̂
+ β · nI

ϕ̂
∥Σ

≤ ∥
(
φ(ϕ) − φ(ϕ̂h)

)
PMϕ∥Σ + ∥(φ(ϕ) + β · n)I

ϕ̂
∥Σ

≤ ∥
(
φ(ϕ) − φ(ϕ̂h)

)
I
ϕ̂
∥Σ + ∥

(
φ(ϕ) − φ(ϕ̂h)

)
ϕ∥Σ + ∥(φ(ϕ) + β · n)I

ϕ̂
∥Σ.

We bound each of these three terms separately. First, by (3.5.7),

∥
(
φ(ϕ) − φ(ϕ̂h)

)
I
ϕ̂
∥Σ ≤c1∥h1/2(ϕ− ϕ̂h)∥∞,Σ ∥h−1/2I

ϕ̂
∥Σ

≤c1∥h1/2I
ϕ̂
∥∞,Σ ∥h−1/2I

ϕ̂
∥Σ + c1∥h−1/2I

ϕ̂
∥Σ ∥h1/2eϕ̂∥∞,Σ

≤c1∥h1/2I
ϕ̂
∥∞,Σ ∥h−1/2I

ϕ̂
∥Σ + c1Ceq∥h−1/2I

ϕ̂
∥Σ ∥eϕ̂∥Σ,
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4.1. Analysis of the projection of the errors

where we have used (3.3.1). Second, by (3.5.7) ,

∥
(
φ(ϕ) − φ(ϕ̂h)

)
ϕ∥Σ ≤ c1∥ϕ− ϕ̂h∥Σ ∥ϕ∥∞,Σ ≤ c1∥ϕ∥∞,Σ ∥I

ϕ̂
∥Σ + c1∥ϕ∥∞,Σ ∥eϕ̂∥Σ.

Finally, also by (3.5.7)

∥(φ(ϕ) + β · n)I
ϕ̂
∥Σ ≤ (|c3| + c1∥ϕ∥∞,Σ + ∥β · n∥∞,Σ) ∥I

ϕ̂
∥Σ.

Then,

∥Λ∥Σ ≤c1
(
Ceq∥h−1/2I

ϕ̂
∥Σ + ∥ϕ∥∞,Σ

)
∥eϕ̂∥Σ

+
(
c1∥Iϕ̂∥∞,Σ + |c3| + 2c1∥ϕ∥∞,Σ + ∥β · n∥∞,Σ

)
∥I

ϕ̂
∥Σ.

Corollary 4.1.1. In addition to the hypotheses of Corollaries 3.4.2 and 3.4.1, let us suppose

that ϕ ∈ Hk+2(Ω) and q ∈ Hk+1(Ω). There hold

∥q − qh∥Th
≲hk+1 (|q|k+1,Ω + ∥ϕ∥k+2,Ω) ,

∥ϕ− ϕ̂h∥h + ∥eϕ∥Th
≲ (hk+2 + c1h

k+1) (|q|k+1,Ω + ∥ϕ∥k+2,Ω + ∥β · n∥∞,Σ) ,

∥ϕ− ϕh∥Th
≲hk+1 (|q|k+1,Ω + ∥ϕ∥k+2,Ω) .

Proof. From properties of the L2-projection (cf. (3.3.5)), for each e ∈ Eh, we have

∥I
ϕ̂
∥e ≲ hk+1

e |ϕ|k+1,e.

Moreover, by (3.5.7) and (3.3.3),

∥(φ(ϕ) + β · n)I
ϕ̂
∥Σ ≲ (|c3| + c1Csob∥ϕ∥k+1,Σ + ∥β · n∥∞,Σ)hk+1|ϕ|k+1,Σ.

44



4.1. Analysis of the projection of the errors

In addition, by a scaling argument, (3.3.3), and (3.3.5), we have

∥I
ϕ̂
∥∞,Σ ≲ hk+1/2|ϕ|k+1,Σ.

Then, thanks to the previous theorem,

∥Λ∥Σ ≤c1
(
Ceqh

k+1/2|ϕ|k+1,Σ + Csob∥ϕ∥k+1,Σ
)

∥eϕ̂∥Σ

+
(
c1h

k+1/2|ϕ|k+1,Σ + |c3| + 2c1Csob∥ϕ∥k+1,Σ + ∥β · n∥∞,Σ
)
hk+1∥ϕ∥k+1,Σ, (4.1.6)

and, for c1 sufficiently small and the second estimate of the previous Theorem, we have

Eh + ∥eϕ̂∥Σ ≲∥κ−1/2Iq∥Th
+ hk+1∥ϕ∥k+1,Σ ≲ ∥κ−1/2Iq∥Th

+ hk+1∥ϕ∥k+2,Ω,

since, by the continuous trace inequality (cf. [2]),

∥ϕ∥2
k+1,Σ =

∑
|α|≤k+1

∥Dαϕ∥2
Σ ≤

∑
|α|≤k+1

∥Dαϕ∥2
∂Ω ≲

∑
|α|≤k+1

∥Dαϕ∥2
1,Ω ≲ ∥ϕ∥2

k+2,Ω. (4.1.7)

Moreover, from (3.3.7), we have

∥κ−1/2Iq∥Th
≲ hk+1 (|q|k+1,Ω + |ϕ|k+1,Ω)

and then

Eh + ∥eϕ̂∥Σ ≲ hk+1 (|q|k+1,Ω + |ϕ|k+2,Ω) , (4.1.8)

which implies that

∥q − qh∥Th
≤ hk+1 (|q|k+1,Ω + |ϕ|k+2,Ω) .
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4.1. Analysis of the projection of the errors

In addition, replacing (4.1.8) in (4.1.6), and using the fact that ∥ϕ∥k+1,Σ ≲ ∥ϕ∥k+2,Ω, we obtain

∥Λ∥Σ ≲ c1h
k+1∥ϕ∥k+2,Ω (|q|k+1,Ω + ∥ϕ∥k+2,Ω)

+ ((c1 + |c3|)∥ϕ∥k+2,Ω + ∥β · n∥∞,Σ)hk+1∥ϕ∥k+2,Ω

≲ c1h
k+1∥ϕ∥k+2,Ω (|q|k+1,Ω + ∥ϕ∥k+2,Ω + ∥β · n∥∞,Σ) . (4.1.9)

On the other hand, by the last estimate of the previous theorem,

∥eϕ∥Th
≲h∥κ−1/2eq∥Th

+ h∥Iq∥Th
+ ∥Λ∥Σ + h3/2∥φ(ϕ̂h)∥∞,Σ ∥eϕ̂∥Σ.

Now, thanks to assumption (3.4.11) and (4.1.7),

h∥κ−1/2eq∥Th
≲ hk+2 (|q|k+1,Ω + ∥ϕ∥k+2,Ω) ,

h∥Iq∥Th
≲ hk+2 (|q|k+1,Ω + |ϕ|k+1,Ω) ,

h3/2∥φ(ϕ̂h)∥∞,Σ∥eϕ̂∥ ≲M∞h
k+5/2 (|q|k+1,Ω + ∥ϕ∥k+2,Ω)

and, from the estimate over Λ in (4.1.9), it follows that

∥eϕ∥Th
≲hk+2 (|q|k+1,Ω + ∥ϕ∥k+2,Ω) + c1h

k+1∥ϕ∥k+2,Ω (|q|k+1,Ω + ∥ϕ∥k+2,Ω + ∥β · n∥∞,Σ)

≲(hk+2 + c1h
k+1) (|q|k+1,Ω + ∥ϕ∥k+2,Ω + ∥β · n∥∞,Σ) ,

and

∥ϕ− ϕh∥Th
≲ hk+1 (|q|k+1,Ω + ∥ϕ∥k+2,Ω) .

Finally, from (3.4.9) we have

∥eϕ̂∥h ≲ h∥κ−1/2eq∥Th
+ ∥eϕ∥Th

+ h∥κ−1Iq∥Th
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4.1. Analysis of the projection of the errors

which also implies that

∥ϕ− ϕ̂h∥h ≲ (hk+2 + c1h
k+1) (|q|k+1,Ω + ∥ϕ∥k+2,Ω + ∥β · n∥∞,Σ) .
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CHAPTER 5

Computational results

In this chapter, we present two examples to illustrate the performance of the HDG scheme. We

begin by introducing some additional notation. The individual errors are denoted by

e(q) := ∥q − qh∥Th
, e(ϕ) := ∥ϕ− ϕh∥Th

, e(ϕ̂) := ∥ϕ− ϕ̂h∥h.

In turn, the experimental orders of convergence are defined as:

r(∗) := log(e(∗)/e′(∗))
log(h/h′) ∀∗ ∈ {q.ϕ, ϕ̂},

where e and e′ denote the errors computed on two consecutive meshes of sizes h and h′, respec-

tively.

We implemented the fixed-point scheme specified in (3.2.2) in Matlab. That is, given

an initial value ϕ0 for the concentration in the membrane Σ, we compute the corresponding

solution to the HDG scheme (3.2.2) and obtain a concentration ϕ1. The process is repeated
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until the following stopping criterion is achieved:

∥α1 − α0∥2/∥α0∥2 < tol,

where α1 and α0 are the vectors associated with the degree of freedom ϕ1 and ϕ0, resp.; tol is

a given tolerance and ∥ · ∥2 is the Euclidean norm. In what follows, we show two manufactured

solutions.

Example 1

In the first numerical test, we consider a domain Ω with L = M = 1, that is Ω = (0, 1)2, and

set the parameters a1 = a3 = 10−4 and κ = 1; and the inlet concentration ϕin = ϕ|Γin . We

recall that c1 = a1, c2 = a3ϕin + a1ϕ
2
in and c3 = a3 + 2a1ϕin. In addition, we set the velocity β

and the manufactured solution ϕ as:

β(x, y) =

 x

−y

 , ϕ(x, y) = sin(x) sin(y)

and, on each edge e, we take τ |e = maxe β · n + 1 such that conditions (S1) and (S2) are

satisfied.

In order to use the above manufactured solution, we introduce artificial volumetric and

boundary sources that make this solution satisfy the equations. The following table shows the

history of convergence, where we have used a tolerance of 10−8 and an initial concentration

ϕ0 = 1.

Since c1 = 10−4 < h and c3 is also of order 10−4, the conditions of Theorem 3.5.2 are

fulfilled, guaranteeing the existence of a unique fixed point. Second, according to Corollary

4.1.1, we expect an order of convergence of hk+1 for the errors in q and ϕ. This is exactly what

we observe in our numerical experiments reported in Table 5.1. Moreover, we see in this table

superconvergence of hk+2 for the error of the numerical trace, which agrees with the result in

Corollary 4.1.1, since c1 = 10−4 < h. We point out that for k = 3 and N = 12764, the results
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are affected by round-off errors.

k N h iter ∥q − qh∥Th
r(q) ∥ϕ− ϕh∥Th

r(ϕ) ∥ϕ− ϕ̂∥h r(ϕ̂)

1

215 0.068199 4 5.92e-04 - 1.39e-04 - 5.13e-05 -
798 0.035400 4 1.53e-04 2.06 3.81e-05 1.97 6.74e-06 3.09
3207 0.017658 4 3.96e-05 1.95 9.75e-06 1.96 9.09e-07 2.88
12764 0.008851 4 9.55e-06 2.06 2.43e-06 2.01 1.10e-07 3.05

2

215 0.068199 4 6.39e-06 - 2.63e-06 - 2.70e-07 -
798 0.035400 4 9.20e-07 2.96 4.01e-07 2.87 1.70e-08 4.22
3207 0.017658 4 1.17e-07 2.96 4.90e-08 3.02 1.20e-09 3.82
12764 0.008851 4 1.48e-08 3.00 6.31e-09 2.97 6.87e-11 4.14

3

215 0.068199 4 9.04e-08 - 5.79e-08 - 3.07e-09 -
798 0.035400 4 5.79e-09 4.19 3.70e-09 4.20 7.95e-11 5.57
3207 0.017658 4 4.08e-10 3.81 2.44e-10 3.91 3.18e-12 4.63
12764 0.008851 4 2.34e-11 4.14 1.47e-11 4.07 4.27e-13 2.91

Table 5.1: History of convergence for Example 1.

Example 2

The second test also considers the unit square domain Ω = (0, 1)2, with L = M = 1. We

maintain the same parameters as before: a1 = a3 = 10−4 and κ = 1, with the inlet concentration

set as ϕin = ϕ|Γin , but now the velocity field and manufactured solution are given by:

β(x, y) =

βin

0

 , ϕ(x, y) = x2
(
y(1 − y) + exp(−y/

√
ε) + exp(−(1 − y)/

√
ε)
)
,

where βin stands for the inlet mean feed fluid velocity, and ε := 1/βin. The stabilization

parameter τ is defined analogously to the first test, ensuring compliance with assumptions (S1)

and (S2).

As before, to use the above manufactured solution, we introduce artificial volumetric and

boundary sources that make this solution satisfy the equations. The following tables show the

history of convergence, where we have used a tolerance of 10−8 and an initial concentration

ϕ0 = 1.

Given that c1 = 10−4 < h and c3 is of the same order, the hypotheses of Theorem 3.5.2
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remain valid, ensuring a unique fixed-point solution. In line with Corollary 4.1.1, the numerical

errors in q and ϕ converge with order hk+1, which is corroborated by the results , as we see

in Table . Furthermore, the numerical trace error displays superconvergent behavior of order

hk+2, in agreement with the theory, once again due to c1 < h. As in the previous example, we

observe that for k = 3 and N = 12764, the accuracy is limited by round-off errors.

k N h iter ∥q − qh∥Th
r(q) ∥ϕ− ϕh∥Th

r(ϕ) ∥ϕ− ϕ̂∥h r(ϕ̂)

1

215 0.068199 4 1.79e-03 - 3.93e-04 - 2.07e-04 -
798 0.035400 4 4.94e-04 1.97 1.10e-04 1.94 2.89e-05 3.00
3207 0.017658 4 1.26e-04 1.96 2.77e-05 1.98 3.79e-06 2.92
12764 0.008851 4 3.21e-05 1.99 7.05e-06 1.98 4.81e-07 2.99

2

215 0.068199 4 8.94e-06 - 2.28e-06 - 3.14e-07 -
798 0.035400 4 1.28e-06 2.96 3.43e-07 2.89 2.15e-08 4.09
3207 0.017658 4 1.68e-07 2.92 4.34e-08 2.97 1.66e-09 3.69
12764 0.008851 4 2.06e-08 3.04 5.51e-09 2.99 8.79e-11 4.25

3

215 0.068199 4 1.31e-07 - 6.47e-08 - 3.61e-09 -
798 0.035400 4 8.04e-09 4.25 4.11e-09 4.20 1.06e-10 5.37
3207 0.017658 4 6.00e-10 3.73 2.61e-10 3.96 5.57e-12 4.24
12764 0.008851 4 3.32e-11 4.19 1.58e-11 4.06 1.98e-12 1.50

Table 5.2: History of convergence for Example 2 for βin = 1.
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CHAPTER 6

Conclusions and future work

In this chapter, we summarize the main contributions of this work and give possible future

research directions.

6.1 Conclusions

In this work, we studied a mathematical model for salt concentration in reverse osmosis desali-

nation processes, involving a convection-diffusion equation with nonlinear boundary conditions

on the membrane surface.

We analyzed a mixed formulation for the continuous problem and proved its well-posedness

using a fixed-point argument. Then, we introduced a Hybridizable Discontinuous Galerkin

scheme to approximate the salt concentration. Under several assumptions, we proved the

existence and uniqueness of the discrete solution by applying a fixed-point strategy, where the

nonlinear boundary condition was linearized, leading to a Robin-type boundary condition. In

particular, we showed that the scheme is well-posed provided the data of the problem and the
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6.2. Future Work

meshsize satisfy certain assumptions.

We also carried out an a priori error analysis and obtained optimal convergence rates. These

theoretical results were confirmed by numerical experiments implemented in Matlab, which

demonstrated the expected performance of the scheme.

In summary, we established and analyzed an HDG scheme for a convection-diffusion equa-

tion with nonlinear boundary conditions, demonstrating stability and convergence under suit-

able assumptions on the data and mesh size.

6.2 Future Work

Based on the results of this work, some interesting directions for future research can be consid-

ered:

• Relax some of the assumptions made in the analysis of the HDG scheme. In particular, the

assumption c1h
−1/2 sufficiency small, we believe can be relaxed according to our numerical

results.

• Extend the methodology to the coupled system involving the Navier–Stokes equations.

• Motivated by the application to reverse osmosis process, the inlet concentration ϕin was

taken to be constant. It is possible to consider more general settings for the analysis, for

example allowing ϕin to be a general function. In this case, ϕin must first be properly

extended to ∂Ω and then construct a H1(Ω)-function whose trace is ϕin.

• Develop an a posteriori error analysis for the salt concentration.
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