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Resumen

El principal objetivo de esta tesis es desarrollar un esquema de Galerkin Discontinuo Hi-
bridizable (HDG) para una ecuacion de conveccién-difusién con condiciones de contorno no
lineales. La motivacién proviene del proceso de 6smosis inversa aplicado a la desalinizacion de
agua, que en su version mas completa involucra un sistema acoplado de ecuaciones de Navier-
Stokes y conveccion-difusion, con incognitas correspondientes a la presion, la velocidad del
fluido y la concentracion de sal. En este trabajo nos enfocamos exclusivamente en la ecuaciéon
de conveccion-difusion, considerando una condicién de borde no lineal sobre una parte de la

frontera, donde la tnica incégnita es la concentracién de sal.

En primer lugar, se analiza la existencia y unicidad de solucion del problema a nivel continuo
mediante una formulacién variacional mixta en el contexto de espacios de Banach, utilizando un
enfoque basado en la perturbacion de un punto de silla. Para garantizar el buen planteamiento
del problema, se adopta una estrategia de punto fijo de Banach, resolviendo una versién lin-
ealizada del sistema en la que aparece una condiciéon de borde del tipo Robin, y aplicando el

teorema de Banach—Necas—Babuska junto con la teoria de Babuska—Brezzi.

Posteriormente, se propone un esquema HDG para aproximar la solucién de la formulacion
variacional continua, cuya estructura también es no lineal. Se emplea nuevamente un esquema
de punto fijo, y para establecer el buen planteamiento del esquema linealizado se demuestra
primero la dependencia continua respecto a los datos, utilizando argumentos de energia y
dualidad. La existencia y unicidad del punto fijo en el esquema discreto se obtiene de manera

similar al caso continuo, aunque bajo hipdétesis mas restrictivas.

Finalmente, se realiza un analisis de error a priori, estudiando las proyecciones de los errores
y obteniendo resultados de convergencia 6ptimos bajo suposiciones similares a las consideradas
en el analisis discreto. Por 1ltimo, se presentan ensayos numéricos que corroboran las cotas

tedricas obtenidas.
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Abstract

The main objective of this thesis is to develop a Hybridizable Discontinuous Galerkin (HDG)
scheme for a convection-diffusion equation with nonlinear boundary conditions. The motiva-
tion arises from the reverse osmosis process applied to water desalination, which, in its most
complete form, involves a coupled system of Navier—Stokes and convection—diffusion equations,
with unknowns corresponding to pressure, fluid velocity, and salt concentration. In this work,
we focus exclusively on the convection—diffusion equation, considering a nonlinear boundary

condition on part of the boundary, where the only unknown is the salt concentration.

First, we analyze the existence and uniqueness of the continuous problem using a mixed
variational formulation in the context of Banach spaces, based on a saddle-point perturba-
tion approach. To ensure the well-posedness of the problem, a Banach fixed-point strategy is
adopted, solving a linearized version of the system involving a Robin-type boundary condition,

and applying the Banach—Necas—Babuska theorem along with the Babuska—Brezzi theory.

Then, an HDG scheme is proposed to approximate the solution of the continuous variational
formulation, whose structure is also nonlinear. A fixed-point scheme is again employed, and to
establish the well-posedness of the linearized scheme, we first prove continuous dependence on
the data using energy and duality arguments. The existence and uniqueness of the fixed point
in the discrete scheme are obtained similarly to the continuous case, but under more restrictive

assumptions.

Finally, an a priori error analysis is carried out, studying the projections of the errors
and obtaining optimal convergence results under assumptions similar to those considered in
the discrete analysis. Lastly, numerical experiments are presented that confirm the theoretical

bounds obtained.
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CHAPTER 1

Introduction

The reverse osmosis process is nowadays one of the most commonly used techniques in water
desalination plants [8]. Seawater flows into a channel at high pressure, and passes through
the pores of a semi-permeable membrane that is able to retain colloidal matter and dissolved

particles larger than 0.1-1.0 nm [12].

The mathematical model involves the Navier-Stokes equations for the fluid flow coupled
to a convection-diffusion equation for the salt concentration. Solving this non-linear coupled
system in the entire membrane module is expensive from the computational point of view.
This is why, it is common to consider numerical simulations in a rectangular section, since
desalination channels are typically represented by taking a rectangular cut of the channel. In
this setting, inlet and outlet boundary conditions at the left (T'y,) and right (Toy) boundaries
of the channel, as depicted in Figure 1.1. The top and bottom boundaries, represent the semi-
permeable membrane ¥ where the gradient of the salt concentration depends in a nonlinear

manner on the concentration [4].
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Figure 1.1: Sketch of the geometry.

The coupled system is usually solved by means of a fixed-point algorithm. That is, given
a fluid velocity, the convection-diffusion equation is solved. Then, having the solution of the
latter, the Navier-Stokes system is solved. The main goal of this work is to propose a hybridiz-
able discontinuous Galerkin (HDG) scheme to approximate the solution of the convection-
diffusion equation, as a stepping stone towards developing a HDG scheme for the coupled

Navier-Stokes/convection-diffusion system.

1.1 Preliminaries

Let Q € R™,n € {2,3}, be a bounded domain with polyhedral boundary 052, and let n be the
outward unit normal vector on 9€2. We adopt standard notations for Lebesgue spaces L*(€2) and
Sobolev spaces WH (), with [ > 0 and ¢ > 1, whose corresponding norms, either for the scalar
and vectorial case, are denoted by ||-||o..q and ||-||...0, respectively. Note that W (Q) = L!(Q),
and if t = 2 we write H'(Q) instead of W%2(2), with the corresponding norm and seminorm
denoted by ||-||l;.o and | - |;.q, respectively. In addition, H'/2(9€2) denotes the space of traces of
HY(Q), and H~/2(9Q) its dual space, provided with the duality pairing (-, -)a0.

On the other hand, given any generic scalar functional space S, we let [S]¢ be the corre-
sponding vector counterpart, whereas [|-||, with no subscripts, will be employed for the norm of
any element or operator whenever there is no confusion about the space to which they belong.

Vector-valued functions are boldfaced.



1.1. Preliminaries

For any vector field v = (v;);=1.,, we set the gradient and divergence as

81)@- L " 8Ui
Vv = <avj>m17n and V.v:= Z oz,

=1

On the other hand, given ¢t > 1, we introduce the Banach space
H(div; Q) :={v € L*(Q): V-v € L'(Q)}

equipped with the natural norm ||v||giv;.0 = ||v]joa + ||V - v||otq-

We recall that, proceeding as in [10, Theorem 1.7], one can prove that, in R? for ¢ €

(1,+00] in there holds
(v -1, Y)on = /Qz/; v-v+/9v¢~u, V(v,4) € H(div; Q) x H'(Q). (1.1.1)

We recall some definitions and technical results concerning boundary conditions and ex-
tension operators from [10]. Let I'; and 'y be disjoint parts of 02 such that |I';| # 0 and
00 =T, UT,. We define

HiP(Dy) == {plr, :p€ H(Q),p=0 on Ty} (1.1.2)
Equivalently, if Er, o : HY/?(Ty) — L?*(09) is the extension operator

pwoon I
Er,o(p) == , Yue HYV3(Ty) (1.1.3)
0 on I

we have that

Hyl*(Ty) = {u € HY*(Ty) : Er,o(p) € H'(09)} (1.1.4)

which is endowed with the norm ||ull1/200,r, = || Ery0(tt)|l1/2,00. We recall that HO_OI/Q(FQ) is
the dual space of Héé2(].—‘2), then the duality between H&Jl/z(f‘g) and Hééz(]_—‘g), with respect to
L*(T'y), is denoted by (-,-)r,. In addition, given 1 € H~/2(9Q), its restriction to I'y, denoted
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by ¥|r, and defined by

(@lrys )1y = (0, Bry0(i))on, Vi € Hoh (D), (1.1.5)

clearly belongs to HO_Ol/ ?(T'y). Moreover, we have that

1¥lr, [ =1/2.00m < 1¥ll—1/200, Vi € H/2(09) (1.1.6)

1.2 The model problem

We consider a given fluid velocity 3 € [L*(Q)]? (we can think this is a discretized velocity
coming from a previous iteration of a fixed point algorithm) such that V-3 = 0 in 2. We look

for the salt concentration ¢ such that

—kAp+3-Vo = f inQQ,
¢ = ¢in in Iy, <121)
kVo-n+g(¢) = 0 inly:=3Ul,

where £ is the solute diffusivity through the solvent, ¢y, is the salt concentration at the inlet,

and f is a source term. In addition, ¢ is given by

0 in Fouty
9(6) = (1.22)
azp +a1¢* in X,
where ag := AAP, a1 := AiRT, and a, := B are positive constants and can be calculated using

the values in Table 6.2 of [1]; and a3 = ay — ap. In the reverse osmosis process f is zero, but

we include it in the model to handle more general situations.



CHAPTER 2

Continuous solvability analysis

2.1 The mixed formulation

In this section, we follow [1] to derive a mixed formulation for (1.2.1) within a Banach spaces
framework. In order to describe the geometry, we let €2 be an open bounded simply connected
polygonal domain in R? such that 9 is divided in three parts: Ty, (inlet), I'oy (outlet) and 3
(wall) such that 9Q = 'y, U X U Loy, as depicted in Figure 1.1.

In order to derive a mixed formulation, we set ¢ := —xV¢. In this way, (1.2.1) can be rewritten

equivalently as follows: Find (q, ¢) in suitable spaces to be indicated below, such that

klq+Ve = 0 inQ,
V-g—r'8-q = in ,
¢-x"fq = J i (2.1.1)
¢ = ¢m, inlyy,
g-n—g(¢) = 0 inly.

We first consider the change of variable ¢, = ¢ — ¢y, in order to obtain a homogeneous Dirichlet
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boundary condition. We notice that g(¢) = g(¢« + ¢im) = p(d4)Ps + g(Pin), where

0 iIl F0ut>
2(Q) = { | (2.12)
c3 + c1( in .

Here c¢3 := a3 + 2a1 ¢, ¢1 := a;. Then, since ¢y, is constant, (2.1.1) becomes

klq+Vo, = 0 in 2,
V-gq—r'8-q = in 2,
a-rnha d (2.1.3)
¢* = 07 in Fin7

We begin by looking originally for ¢, € H'(Q). Then multiplying the first equation of (2.1.3)
by r € H(divy; Q) with ¢ €]1, 00|, applying the integration by parts formula, we find that

li_l/Qq-’r—/ng* Vord (rongen =0, Vre H(div;9). (2.1.4)

It is clear that the first term on the left-hand side is well-defined for g € L?(f2). In addition,
knowing that V - r € LY(Q), we realize from Holder’s inequality that it is sufficient to look for

¢, € L' (Q) such that 4+ = 1. Since traces of L¥(Q)-functions are not defined, we introduce

a Lagrange multiplier A := ¢,| € HoléQ(F ~), and realize that (2.1.4) becomes
N
Fﬂ/Qq - /ng)* Vord(ron e, =0, ¥re H(div:Q). (2.1.5)

Here we used the fact that ¢.| = 0, and r - n is well defined since r € H (divy;(2). Next,

Din
from the second equation of (2.1.3), with ¢ € L*(2) as test function, we obtain

[V-av—nt[q-Bu= [ fu. wer. (2.1.6)

For the second term on the left-hand side, since g € L?*(Q) by Hélder’s inequality, there holds

[ a8 Y| < laloa 1810 ¥l (21.7)

6
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where % + zlo = % with s,p € (2,400). The other terms are well-defined if we assume that V - q
and f are in L* (), where s’ is the conjugate of s . Since we would like to seek g and = in the
same space, it follows that s’ = ¢, so ¢, and 1 belong to the same space. We can write ¢ and ¢/

in terms of p as
2p
p—2

2p

t=—"— and t'=
p+2

Since we are interested in the Navier-Stokes/convection-diffusion equation coupled problems,

we know that p = 4 (see [1, Section 2]), so ¢’ =4 and t = 4/3.

Now for the fourth equation of (2.1.3), after testing against p € H&é2(I’N) and using the
definition of the Lagrange multiplier A, it follows that

<q " n, M)FN - <90()‘)>‘?/L>FN = <g(¢in>7ﬂ>FN7 VH € H(%Q(FN) (2'1'8)

Consequently, we introduce the following spaces
H = H(diV4/3; Q)a Q= L4(Q)7 Q2 = Hééz(FN)> and @ = Q) x Q.

and equipping these spaces with the norms

7l & == {7 ]| aiviassio Vr € H,
1, )ll@ == 1¥lloae + ll1lli/2000y V(v p) € Q,
[(r, (0, )l Hxq = Irlla + (4, 1) llq V(r, (¥, p) € Hx Q.

We define the bilinear forms a : H x H — R, and b,c: H x Q — R, for all g,» € H and all
(, 1) € Q, as

a(g,r) = (v'q,7)0,
b(’l", (¢’M)) = _(wv A T)Q + <’l’ ' ’n’7,u>FN7
c(r, (¥, ) = (x"'r - B, ¥)a.



2.2. Fixed-point operator

We define the linear functional G € @', for all (¢, ) € Q, as

G, 1) == =(f,)a + (9(dm), wx = = (f, ) + (c2, )3, (2.1.9)

where ¢ := a3, + a103,. Now, given ¢ € (2, we define the bilienar from d; : Q2 x Q2 — R,
for all (A, p) € @2, as
de (A, i) := (P(OA, )

Hence, we arrive at the next variational formulation: Find (g, (¢«, A)) € H x Q such that

alg,r)  + b(r, (¢4, A)) = 0,
b(g, (Y, p) + clg, (¥, ) —drx(A ) = G, p),

(2.1.10)

for all ('r, (w,u)) € HxQ.

2.2 Fixed-point operator

We begin by rewriting (2.1.10) as an equivalent fixed-point equation. We define T : Q3 — Q-

as the operator defined for each ( € ()5 as
T(C) := ), (2.2.1)

where (q°, (¢$,\°)) € H x @ is the unique solution (to be confirmed later) of the following
linearized problem: Find (g, (¢S, \°)) € H x Q such that

alg®,m)  + b(r, (5, X%)) = 0,

(2.2.2)
b, (¥, ) + (@, (W) —de(X,p) = G, p),

for all (v, (¢, ) € H x Q. We observe that solving (2.1.10) is equivalent to seeking a fixed
point of 7', that is: Find A € Q9 such that T'(\) = .

Before stating the boundedness of all variational forms involved in (2.1.10) and (2.2.2), we
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recall the following injections. First, ¢, : H/?2(9Q) — L'(0S2) denotes the compact injection
from H'/2(0Q) into L!(99) for t > 1 (see [9, Theorem B.46] for the case d = 1, s = 1/2, and
p=2). Second, i, : H'(2) — L*(Q) denotes the continuous injection from H'() into L} ().

Now, in order to prove that the operator T is well defined, we can define the following

quantities
lall :== w71 Bl = lldall + 2. llell = 5 Blloae, NGl = lflloasse + lleall el [Z[V2,

(2.2.3)

such that the following holds
la(q, )| < [lall Iqlle [I7/lx Vg,r € H, (2.2.4a)
[b(r, (¥, )| < oIl 1]z [1(9, )l V(r, (Y,p)) € H x Q, (2.2.4b)
le(r, (W, )| < lell 7]l 1, 1)l V(r, (¥, p) € H xQ, (2.2.4c)
G, 1) < |G I(¥, 0@ V(v p) € Q, (2.2.4d)

where ||a]| and ||c|| are obtained by direct applications of Cauchy-Schwarz and Holder inequali-
ties. For the boundedness of b, we proceed similarly as in [1, Appendix A.1.]. Thus, by Holder’s

inequality we have

[b(r, (@, )| < l7lle (4, ) ll@ + [{r - s ey

Then, by (1.1.5) and (1.1.1) we have

(rem ey = (- n. Eryo(nhon = [ 5 (Brwo(u) Vor+ [ v V(55 (Bry o).

where 7! HY2(0Q) — [H}(Q)]* is the right inverse of the trace operator o : H'(Q2) —
H'Y2(08) (see [10, Section 1.3.4]). Thus, applying Cauchy-Schwarz and Holder’s inequalities

we obtain

o (Eryo(i) Ver < 136 (Bry o) loas IV - Tlloasse < llall 156" (Eryo(w) e 7|z

= [[2all 1Ery oG ll/200 (7l = llaall vl flzlly2000y
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< lgall llrlle 1(0; )l

and

/Q"‘ V(% (Bryo()) < Irllo IV (56 (Bryo(e) oo < lIrle 1156 (Bryo(i) e
= lIrlla 1By o(wllyzo0 = lIrlla w2000y

< l7lla 11, wlle-

From this, we obtain ||b||. Next, in order to get |G|, since g(¢w) € L*(I'y), by Cauchy-Scwarz

and Holder’s inequalities we get that

GWp) = [ f0= [ cn < Iflose [¥loan +leal Illos lilos

< Ifloasse 1@ w)llq + leal 151Y2 | Ery o) 000
< floasse 1@, w)llg + llezll leal S | Ery0() [l /2,00

< Iflloasze 1w, mllq + llezll leal 1Y% (2, 1) l-

From this, we can obtain directly ||G||. Now we need a bound for d., and for this purpose we

notice that

lo(llos < lesl [S172 + lea] I¢llos < lesl 512+ Jeal llezlllI€lyzo0my-

Now, the bilinear form d; will be bounded in a ball. More precisely, let us define

B:={C € Q:|[¢lly200ry < R}, (2.2.5)

with R > 0 to be defined in Lemma 2.2.2. Now, for every ¢ € B, we get that ||¢(()|lox < M,

where M, := |cs| |22 + |e1] ||c2||R. Under this assumption, we have that
©

deO\ )| = [{e(ON =] < le(Ollos IMoas [l1lloas < MylleallIA/2000 1ell/2,00,08

10



2.2. Fixed-point operator

and we can define

ldell == My|lea|® (2.2.6)

and get that de(A, ) < [|de|||[A]l1/2,0000 11211 /2,000 - We showed that all variational forms in-
volved in (2.1.10) and (2.2.2) are bounded.

2.2.1 Well-definedness of the operator T

We will show that (2.2.2) is well-posed, and therefore the operator T is well-defined. For

this purpose, we will use the Banach-Necas-Babuska [9, Theorem 2.6|, along with the Banach

version of Babuska-Brezzi theory. We begin by remarking that, being L!(2) reflexive for each
1/2

t > 1, all the spaces involved, namely H (divy/s; ), L*(Q2) and Hy, (I'y) are easily shown to

be reflexive as well. Also, we notice that G is linear and bounded.

First, in what follows we address the solvability of the next problem, which satisfies hy-

potheses of [9, Theorem 2.34]: Find (g, (¢«,\)) € H x @ such that

a(q,r) + b<r7(¢*7>\)) = 07
b(q, (Y, 1)) = G(,p),

(2.2.7)

for all (v, (v, p)) € H x Q.

Now, letting V' be the null space of the linear and bounded operator induced by b, we

readily see that
V={teH:V-t=0,(t -n)lr, =0} (2.2.8)

It is straightforward to see from the definition of a that, for each € V| there holds
a(r,r) > a|r(l.

with a = k71/2. Now, we provide the corresponding inf-sup condition for b. We recall that its

proof is basically an adaptation of the work done in [3, Lemma 3.4] and [10, Section 2.4.2].

11



2.2. Fixed-point operator

Lemma 2.2.1. There exists a positive constant B such that

suszﬁnw,an, V(6 p) € Q. (2.2.9)
b lall

Proof. Given ¢ € Q1, we set 1y := [¥)|*y and observe that [thy/3*3 = [1[*, which implies
that 14,3 € L*3(Q2) and that

| 9w = Wlloase [4ysloyse.

Then , given t)y/3, we let z; € Hf. () be the unique weak solution of the boundary problem:

—Az; = g3 in (),
21 = 0 in Finy

Vzi-n = 0, inI'y.

By the Lax-Milgram Lemma, we get that ||z1]l1.0 < Cp? ||2al| [[¥a/3]l0.4/3.0, where Cp is the
Poincaré constant, such that ||z1|l1.0 < Cp|z|1q.

Thus, by defining ¢ := Vz, we notice that V- ¢, = —1by3 € L*3(Q) and that ¢, ‘n‘rN =0,
and then ¢ € H. A simple calculation leads to |G |la < (Cp2|lial + 1) [[tas3l0.4/3.0-

Now, it is easy to get that

S = (Cp*|laall + D[ llos0 (2.2.10)
b
where S := sup M
et 4qllm
q70
Now, given p € HégQ(FN), we let 2o € HE. () be the unique weak solution of the boundary
problem:
—Azy = 0 in €2,
2o = 0 in Fin>

Vz-n = Ry (p), inTy.

12



2.2. Fixed-point operator

where Roo : Hyy'! *(Ty) — Hi? (I'w) is the corresponding Riesz mapping. By the Lax-Milgram
Lemma, we get that ||22]|1.0 < Cp* Ci ||1tl]1 /2,000y, Where Cy,. comes from the trace inequality.
Thus, by defining ¢ := Vz, we notice that V-g = 0 € L*3(Q) and that q;~n]F = R (1),

N

and then ¢ € H. A simple calculation leads to ||@|lg < Cp* Ch ||1ll1/2,00T

Now, it is easy to get that
5S> C3 Cut lplly2.00ry- (2.2.11)

From (2.2.10) and (2.2.11) we get the inf-sup condition for b, where

1 . —9y . - -
B = 51r1111r1{(C'P2||’L4|| +1)71,Ch C' )

]

In other words, thanks to [9, Theorem 2.34], the non-perturbed problem (2.2.7) is well-

posed. In addition, (2.2.2) is also well-posed according to the following result.

Lemma 2.2.2. Let us assume that the radius R in (2.2.5), and the given data ¢y, co, c3, Kk and

3 satisfy
5Bl + lleall® (Jesl 1212 + e [leal|R) < aa/2.

Then problem (2.2.16) has a unique solution, equivalently T is well-posed. Moreover, the fol-

lowing a priori estimate holds

2
1(a®, (65, )l rxq < ar (I£lo.a/z0 + ezl leaf 1511/2). (2.2.12)

Proof. Consider the following problem: Find (q, (¢, \)) € H x @Q such that

= G(r,(¢,p), (2.2.13)

A((g, (¢, N), (r, (0, ) =
for all (v, (¢, p)) € H x Q, where A : (H x Q) x (H x Q) — R be the bilinear form given by

A((q, (60, V), (7, (1, 1)) 1= alq,m) + b(r, (64, X)) + bq, (2, 1),

13



2.2. Fixed-point operator

and G : H x Q — R is the linear functional defined by G(r, (¥, 1)) := G(¢, 1r). We notice that
problems (2.2.7) and (2.2.13) are equivalent, and since (2.2.7) is well-posed, by [9, Theorem
2.6] there exists aey > 0 such that, for all (q, (¢, A)) € H x Q

Sa = sup A((q, (@4, M), (7, (¥, M)))

(r () EH X Q |(r, (¥, 1) | Ex@
(r,(,1))#0

> aa [[(q, (94, M) Exq: (2.2.14)

which implies that there exists (7, (¢, i) € H x Q, with (%, (4, ji)) # 0 such that

A((q, (6, N), (7, (1, 1)) = aall(@, (6o Ml m<ell (7, (0, i) rx@: V(g (60, 1) € H x Q.
(2.2.15)

Now, (2.2.2) can be stated, equivalently, as: Find (g¢, (%, \°)) € H x Q such that

Ac((a5 (68, 09), (r, (0, ) = Glr, (¥, 1)), (2.2.16)

for all (v, (¢, 1)) € H x Q, where A : (H x Q) x (H x Q) — R is the bilinear form given by

Ac((q (60 M), (7, (0, ) = A((q, (65, N), (7, (1, 1)) + (g, (&, 12)) + dc(A, ).
We will now show that the assumptions of Theorem 2.6 in [9] are satisfied. Let us define

A  (Dss A)), (7, (W,
S (@ (0 X)), (r (. 1))

(r, (1)) EH XQ (7, (¢, )| ExQ
(r,(¢,1))#0

Then, given (7, (¢, 7)) € H x Q, and thanks to (2.2.3) and (2.2.6) we get that

A<(<q,<¢*,x>>,<a<@,m>):A(<q,<¢*,x>>,<a<z$,m>)+ la.(B.7)  d\f)
17, (&, 1) |1 17, (2, 1))l xq 17, (& i)lleg (7 (& @)l
A((q, (6., N), (7, (&, 7))
> e B i~ Nelllaller = el IA 20,

14



2.2. Fixed-point operator

And now taking supremum over H x @ we get

Se = (aa = llell = 14l (@ (6 Ml = (@ = &7 1Bllo.se — Mlleal”) (g (6., )| rxa;

where we have used (2.2.3) and (2.2.6). Moreover, since M, = |cz| |Z[Y/? + ¢; ||ez|| R, then the

assumption of this lemma implies that

(0%
S 2 5 ll(g. (60 ) <,

proving that the first assumption of Theorem 2.6 of [9] is satisfied.

On the other hand, we consider (%, (1, /1)) € H x Q from (2.2.15). Then, since A and d,
are symmetric, thanks to (2.2.4) and (2.2.14) we have

A<(<f,<zz,ﬁ>>,<q,<¢*,x>>)=A(<f~,<zz, (g, (62, 1)) + c(F, (6, 2)) + de (1. \)
(<q,<¢*, 0, 1))) + eF, (64, 0)) + de(N, 1)
> (a4 — |lel| - ||d<||>||<,<¢*,A>>||HXQ |7, (&, i) [1xa

> (. (60 M) larxq |17, (8, )

Therefore, if sup AC((’I‘, (v, 1)), (g, (gb*,)\))) = 0, then (g, (¢., A)) = 0, proving the
(r,(¥,n)EHXQ

second assumption of Theorem 2.6 in [9]. Thus, (2.2.16) has a unique solution and we have the

a priori estimate

2

(@, (65 XD @ < = (If oo + llezll lea] IZ1'2)
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2.2. Fixed-point operator

2.2.2 Solvability analysis of the fixed-point scheme

Knowing that the operator T is well-defined, we now focus on the solvability of the fixed point.

Let ( € B. Then, we have

2
IT(Olh/200rx = 1A lh/2000x < 1(a° (65, 2)) [ mxq < an (I flloasze + llezll lea] [2172).

If we assume that the data f and ¢y satisfy

2

= (IIflloasse + llezll lez| [S'/?) < R, (2.2.17)
QA

then T'(¢) € B.

On the other hand, for i € {1,2}, let ¢; € B and set T((;) := A%, where (g%, (¢$, \)) €
H x @Q is the only solution to (2.2.2) with ¢; as data. We have that

2

NI /2000y < = (Iflloasse + lleall leal 15172). (2.2.18)
(o)

If we define C = Cl - CZ and <q<7 (¢£7 AC)) = (qu - q<27 (¢£1 - ¢$2? )‘Cl - )‘CZ))v then> according
to (2.2.16), for all (v, (Y, u)) € H x Q

A (@ (68, 0), (r, (4, 1)) — Ag, (g%, (652, 3)), (7, (0, 1)) ) = 0.

Rewriting this expression,

A((q° (65, 0)), (r, (0, ) + (g, (¥, 1)) = dey (A, 1) — de, (2, ),

i.e.,

A((g° (65 29), (7, (¥, 1)) + (@, (1, 1) = (P(CAS, m)s + ((2(G) = 9(G)AZ, i),
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2.2. Fixed-point operator

This implies that

Ac, (g5 (05,09, (r, (4,1)) = A((g5 (65, X%), (r, (4, 1)) + (g”, (¢, 1) = de, (NS, )
= ((0(¢1) = p(Q))A*, s
< 1l¢lloml A lo.as o1

< arlleallleal Pl 2,00 n 1A 172,000 [0l 12,000

where we used the definition (2.1.2). Also, by (2.2.12) and (2.2.17),

Aq, ((d5 (6509, (r, (0, 1)) < ealleallleal®RIICHh 2000 12l 2000 -

Thus, we have

« Al C? £7>‘< T )
Ui s s A(EEND 00

(r, (1)) EH X Q (7, (¥, )| <o
(1 (1,11))#£0

< cllez |l leall® RICH 1 2,00, -

Thus,
||)\C||1/2,00;FN < Lyl /2,000
with
2 2
LT = 701”02”“04” R. (2219)
QA

In other words, we have proved the following result, thanks to Banach fixed-point theorem.
Theorem 2.2.3. If the data f and co satisfy

2

(0]

(I£lloass.a + lleall leaf [S[V?) < R (2.2.20)

and the data ¢, is small enough such that Ly < 1, then (2.2.16) has a unique fized-point.
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2.2. Fixed-point operator

Remark 1. In reverse osmosis models, f = 0 and ¢y, ¢; and ¢y are small parameters according

to Table 6.2 of [1].
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CHAPTER 3

An HDG Scheme and well-posedness

3.1 HDG formulation

Let 7T;, a simplicial shape-regular triangulation of €2 of meshsize h, with mesh-regularity param-
eter p. For a simplex K, we denote its diameter hx and outward unit normal by n g, writing n
instead of mg when there is no confusion. Similarly, for a facet e, we denote be h, its diameter
and write n instead of n. to refer to its normal vector. We also consider, by simplicity, that
the triangulation does not have hanging nodes. The set of facets and boundary facets of 7, are

denoted by &, and €7, respectively.

For each scalar-valued function n and ¢, we define

(77707'h = Z (7]7 C)K and <77= C)@E = Z <777 <>8K-

KeTy KeTy,
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3.1. HDG formulation

Vector-valued functions are boldfaced and, for n and ¢, we write

d d

(1,07 = > (i, G and (0, Qaz, = D (i, Gi)or, -

i=1 i=1

These inner products defined on the mesh induce the norms

1/2 1/2
-l = (Z H-H%) ;o Hlon = (Z H-H%K> :
KeTy, KeTy,

The problem (2.1.3), can be written as

klq+ Ve, = 0 in Q,
V-(g+Be.) = f in €2, (3.1.1)
¢* = 0 in Fin:

The approximation of the solution will be looked in the following finite dimensional spaces:

Hy, = {ve [T : o €[P(K)", VK eTh}, (3.1.2a)
Qn = {w € L*(Th) : w‘K eP(K), VK € 771} , (3.1.2b)
My = {p e L’(&) : n| €Pile), Vee &) . (3.1.2¢)

The HDG scheme reads: Find (g, ¢, ggh) € Hj, xQpx My, an approximation of (g, ¢., ¢.|s, ),

such
("iilqha ’rh>7—h - ((bha % ,rh)Th + <Irh ', $h>67—h = 07 (313&)
—(an + B, Vwn)7, + (an + Bon - . wi)or, = (f101) 7., (3.1.3b)
(%ﬁ% T, fp)omiT = (9(0x) i + B - ’nqgh + g(Ain), n)ry, (3.1.3¢)
(&n pn)ry, = 0, (3.1.3d)
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3.2. Fixed-point scheme

for all (rp,, wy, pun) € Hy, X Qp X My, where the numerical trace for the total flux is given by

qhﬁth ‘= qgp + /quh + T(th — quﬁh)n on 8771, (3136)

and 7 is a stabilization parameter such that it satisfies (S;) and (S2). We notice that, since
¢ is constant, if the HDG scheme has an unique solution, then (gp, ¢ + Gin, ¢ + ) will be
the unique solution for the problem with non zero Dirichlet condition. In particular, we set

1
Tg =T — 5,3 -n and assume that

(S1) there exists a constant vy > 0 such that |73|a7, > 70,

(S2) T is constant on each facet.

3.2 Fixed-point scheme

We begin by rewriting (3.1.3) as an equivalent fixed point equation. We define T}, : M, — M,

as the operator defined for each z € M, as
Th(z) == ¢}, (3.2.1)

where (q;, ¢7, qgi) € Hj, x Qp, x My, is the unique solution (to be confirmed later in Section 3.5)

of the following linearized problem:

(ki rn)7, — (05, V - )7 + (rh - m, Cgi)an =0, )
—(q; + B, Vwn)7, + (g + BS; - wi)or, = (f,wn)7, )
(@i + Bo; - 1, mn)orare = (@(2)0; + B, -1+ g(dwn), tin)rys  (3.2.2¢)

, )

<$}ZZ7 IL[/h>F11’]

0

for all (rh,wh,uh) € H; x Qh x My,.

We observe that solving (3.1.3) is equivalent to seeking a fixed point of T}, that is: Find
A € M? such that Tj,(\) = A\, where M;” is the restriction of M), to .
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3.3. Preliminaries

3.3 Preliminaries

Norm equivalences and Sobolev inequality. During the stability analysis, we will be
using the following norms and results: Let A be a subset of &, for a scalar-valued function 7,
we define

7], = 2 e

We will also use the following results: Given v € M, and e € &, there exists a constant

Ceq > 0, independent of h, such that

_1
he 2 lolloe < Nolloce < Ceq he *[[vlloe. (3.3.1)

Let v € Qpn, K € Ty, and e an edge of K. We know that [7, Lemma 1.46]
R [ollo.e < O llvllo, (33.2)

where Cf. depends only on o and k.

We now recall the Sobolev’s inequality [2, Lemma 4.34]. Let Q a domain of diameter d and
is star-shaped with respect to a ball B. If v is in W™P(Q) where either (i) 1 < p < oo and
m > 2/p, or (ii) p = 1 and m > 2, then v can be identified by a continuous function in
and there exists a positive Sobolev constant (., depending on the diameter d and chunkiness
parameter (cf. [2, Definition 4.2.16])

1] o 5 < Copll]]

00,0 —

(3.3.3)

m,p,§2°

Projections. We denote by Py, the L?-projection from L*(&,) into M. Let e € &, and
K € T an element with e as an edge. For all s € {0,...,k+ 1} and all v € H*(K), there exists

a positive constant C7, independent of the meshsize, such that

v — Pyolle < CLR3 2 ], k. (3.3.4)
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3.3. Preliminaries

Moreover, for all u € H*(e), there exists Cy > 0, independent of the meshsize, such that

|1t — Prrpille < Ch|pplse. (3.3.5)

We refer to [7, Lemmas 1.58 and 1.59] for more details.

We now recall the HDG projections suitable for our problem (cf. [5]). On any simplex K,
the projection Il,(q,¢) = (Ilyq, Il ¢) is the element of Py (K) x Py(K) which solves the

equations
((Mvg —q) - B(lwe — ¢),r) =0 vr e [P1(K))?,  (3.3.6a)
(Mwe — ,w) =0 Yuw € Py (K), (3.3.6b)
((Myq — @)+ B(Pud—0)) -+ 7w — 6). 1) =0 V€ Byle), (3.3.6¢)

for all faces e of the simplex K.

According to Theorem 2.1 in [5], if Assumption (S) holds true, the system (3.3.6) is uniquely

solvable for Ily q and Iy, ¢. Moreover, we have the following approximation properties:

[Tl — ¢||0K < OWKhZ¢+1|¢|f¢+1 KT CWKh qul|v : Q|€q,Kv (3.3.7a)

Ty g — gllox < Cxchi lalegsr i + C2rchie ™ o, o1k (3.3.7b)

for £4,¢q € [0,k]. Here, as shown in [5], if & is sufficiently small, the values Cjy rc, C3 . O
and 0‘2/—7 x can be bounded independently if the meshsize. More precisely, there exists a constant

C > 0 depending on the polynomial degree and the shape-regularity constant, and

C%VK < C(TK + |/3|100K)’
Yo
C
C3 . < —,
WK Yo

CXI/,K < C (1 + |/8|1,OO’K> 7

Yo
181,005 (TR + | B 1,oo,K)>
Yo 7

C‘%’K <(C (T}} +
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3.3. Preliminaries

where

max

T = max |7l

T = max 1T oK\ ex

and e* is any face of K at which |7|sx| attains its maximum.

In order to use a duality argument, we need to introduce an auxiliary projection, the
HDG projection, associated to II} as defined in [5]. On any simplex K € T, I[;(Q,¥) =
(II;, Q. 11}, ¥) is the element of Py(K) x Py(K) determined by requiring that

(IyQ — Q) — (¥ —v)B,r) =0 Vr € [Po1(K))? (3.3.8a)
(M@ -, w) =0 Vw € Pp_1(K) (3.3.8D)
(yQ-Q) m+(r—B-n) (¥ —¥), 1) =0 Vi € Py(e) (3.3.8¢)

for all faces e of K.

According to [5, Theorem A.1], if £ > 0 and assumption (5;) hold true, the projection IIj,

is well-posed and satisfies the following approximation properties:

T30 — @ llose < O3 i Wy 1m0 + ORIV - Qe e (3.3.92)

IT5Q — Qllox < Cvichi2 M |Qlugs1.i + Corich ™ W0y 11 i, (3.3.9b)

for by, lg € [0, k]. Here, as shown in [5], if A is sufficiently small, the values C’WK, C’WK, C{l/}}
and C‘Q/—} can be bounded independently of the meshsize. More precisely, there exists a constant

C > 0 depending on the polynomial degree and the shape-regularity constant, and

(78R + |Bl1,00,K)

Cix <C 2,
WK Yo
C
02,* S =,
WK Y0
C‘l/,}} S C <1 + |ﬁ|1,oo,K> :
’ Yo
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3.4. Stability estimates

¥ <C <(rﬁ)§< 4 Pl (TR + 18 ’1’°°’K)> ,

Yo

where

(TB)R™ := max |(T — B - n)lok],

(T8)k = max |(T = B - n)|ox e

)

and e* is the face of K at which |(7 — 3 - n)|ax| attains its maximum.

3.4 Stability estimates

We are interested in showing the stability estimates associated with (3.4.1). Now, as we will see
in the next sections, to show the contraction property of 7}, and also to obtain the error bounds,
the same stability estimates will be required, but they will be associated to HDG schemes as
the one in (3.4.1) with different right-hand sides. This is the reason why we will analyze the
following more general HDG scheme. Given z € My, I € L*(Q) and A € L*(Ty) such that
Alr,,, = 0, find (g7, ¢3, ;) € Hj, X Q) x My, such that

(57 @i )7 — (85, YV - m) 7 + (v, Gidor, = (57T, m0)7,., (3.4.1a)
—(gj, + Bo;, Vw7, + (i + Bei, -, wn)or, = (f,wn)7, (3.4.1b)
(G + B, 1 i orrs, = (9(2)0; + BE: -+ A ey, (34.1¢)

(@ pin)ry, = 0, (3.4.1d)

for all (ry,, wp, up) € Hp X Qp x My,. Here, addition, I will be zero when we prove well-posedness
and will be orthogonal to polynomials of degree less than or equal to kK — 1 when we derive the

error estimates.
Let us define
- 2 1/2, ,, =% 1/2
= (Is"gill5, + 175767 = 6 3) - (3.4.2)
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3.4. Stability estimates

3.4.1 Energy estimate.

Lemma 3.4.1. Suppose that assumption (S,) is satisfied. Then we have

B+ ;mﬁ -l Gillf = — (p()07. 0i)s — (A di)s + (f.00)7 + (5 L gi)7- (34:3)

Proof. From the first equation of the HDG scheme (3.4.1a) with 7, = ¢} and integration by
parts, we get that

w2 ai 17, + (a5 Vi) — (ai - n d7)om + (@i -1 G)om, = (v 1, q5)7,
From the second equation of the HDG scheme (3.4.1b) with wy, := ¢} we get that
~(a;, V9;) 7~ (B 65 Vi) 73+ (a5 - 67 o, + (B 07, 3o+ (7(07,— 7). di)om, = (f 97)7.

By adding the last two equalities we get that

Ik 2g;||% — (B ¢, V)7 + (B-n 6, & — i )om

+ {75, = 60, 95 — Gioms + (@i + B - m, G, = (£ + (v L)
From the third equation of the HDG scheme (3.4.1c) with , := ¢7 we get that
(g7 + Boi, -, Gi)om, = (p(2)67 + B+ & + A, Gy, + (ai + Bei - m, G,
and from the fourth equation of the HDG scheme (3.4.1d), we obtain that
(97, a5 + BY7 - m)r,, = 0.
Then,

|67 2qi )% — (B 65, Vi) + (B -1 ¢, 6 — dior,

+{(T(0f — 01), 85 — Bidom, + (0(2), 02)s + (B 6}, didry
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3.4. Stability estimates

+ (A Gi)s = (£, 07)7 + (5 L)
By integration by parts and some simple algebraic manipulation, we get that
(8 63, Voim = 5{8 -1 (65 — 61), 67 — Gidom + 508 n Gi diam + 518 5707 — Fidom,
and we have that

1 ~ = 1 ~ ~ ~
1525, = 508+ G5, Gh)om, + (7 = 58+ ) (65— G5). 67 = i, + (A, di)s

+(p(2)5, Si)s + (B-n 65, di)ry = (f.00)7 + (5L, @) 7,.-

Since V-3 = 0,8 € H(div;{2). By the characterization of H (div;{2) on a mesh 7y, the normal
component of B is well defined on each internal face, 97, \ 0f2, and in our case it vanishes.

Hence, we obtain

</8 "n &Eza $Z>3Th = <ﬁ 'n gb\fw $Z>F1n + <:3 'n gb\}zw $Z>FN = <ﬁ n q/b\fw $Z>FN7

which implies that

_ . 1/2/ 2 Tz 1 Y b
Iz UQ‘IhH%’h + ||7',B/ (05 — ¢h>||(297'h - 5(:3 "1 G, )y + (A s

+ <90(Z)$z’ $Z>E = (f7 ¢Z)Th + ("{_117 q}ZL)Th
]

As we observe, we will need to bound ||¢; 7. and ||¢;|ls. To that end, as usual, we will

proceed by a duality argument.
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3.4.2 Duality argument

Given © € L*(Q) and z € Mj,, we define (Q,¥) to be the solution of the auxliary problem

KIQ+VY = 0 inQ,
V- Q-p¥) = © inQ, (3.4.4)
v = O, in Fin7
(Q—pBY) n = @)V inly.

We assume that the solution of this problem (3.4.4) satisfies the following regularity estimate:

There exists a constant C,..4 such that
Q1.0 + [¥]l2.0 < CreglOllo,- (3.4.5)

This holds [11], for example, when € is a convex polyhedral domain.

5
Lemma 3.4.2. For any © € L*(Q) we have (¢},0)7, = > _T;, where

=1

Tl = (Hilql’iu H*VQ - Q)Thu T2 = (f7 H;VJ/)T}N
Ty = —{(p(2)¢7, PyW — W)y, T, = —(A, PyW)y,

Ty = —(v ' LIQ — Q)7 + (I, V¥ — V¥,)7,,

for all W, € Q.

Proof. By the second equation of the dual problem (3.4.4), integration by parts, and the first
equation defining IT} (3.3.8a) with r := V¢;, we have

= — (V5 Q — BY)7, + (¢4, (Q — BY) - n)or,
= —(V¢},, I,Q — By ¥)7, + (¢4, (Q — BY) - n)or, .
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3.4. Stability estimates

Integrating by parts the first term of the right-hand side and using that V - 8 = 0 we obtain

(95, 0) 7 = (95, V- T,Q) 7, — (95, B - V(ITy )7, — (95, (I}, Q — BII ) - n)or,
+ (07, (Q — BY) - )y,

Now by the first equation of the HDG scheme (3.4.1a) with 7, := II},Q, and the first equation
of the dual problem (3.4.4), we get that

(6,0)7 = (v, T Q)7, + (I, Q - 1, 67 Vo, — (65,8 V(I ¥))7,
— (05, (I;Q = Q) -m — B-n (Il ¥ — ¥))or, — (v I 1;Q)7,
= (v'q, 15,Q = Q)7 + (+7'a;. Q)7 + (I5:Q - n. G o7, — (67, 8- V(IL¥))7,
— {05, (IyQ = Q) -m — B n (Ily¥ — ¥))sr, — (v [ 1Q)7,
=T — (q;, V)7, + (I1;,Q - n, &})or, — (65,8 V(T P))7,
(05, Q- Q) -n—B-n (¥ —¥) - n)oy, — (v LILQ)7,.

Now, using the second equation of the HDG scheme (3.4.1b) on the fourth term of the right-
hand side, with wy, := IIj;;¥, we get that

(65,0)7, = T1— (q;, V)7, + (I;,Q - 1, 6} )or, + (.1, ¥) 7, + (g, V(T ¥))7,
—{qi + BY;, -, Iy o, — (65, (1,Q — Q) - n— B-n (LW — V)7,
- (v LIGQ)7,
= T+ (q;, VAL ¥ — )7 + (15,Q - n, 67 )or, + (f,15,¥)7,
—{gi + B, -, Ty Vo, — (65, (1,Q — Q) -n— B-n (LW — W)y,

— (k'L 1T5,Q) 7, -

Now, using integration by parts and the second equation that defines IT; (3.3.8b) with w :=
V - q;, the third term of the right-hand side becomes

(q;,, VLY =), = —=(V - q;, IV =) 7, + (q;, - n, 10 — &)y,
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3.4. Stability estimates

= (g, -, ¥ = P)o, + (@, VY — )7,
Using the last equality, we get that

(7, 0)7, =T1 + (g; - n, 0 — W)or + (I,Q - 1, 6 )or, + (f, 5 ¥) 7,
—(qj + Boi - n, V) o,

- <¢izn (H*VQ - Q) n - IB 'n (H*ng - Lp)><97~h - (Hil]} H*VQ>771

Now using the third equation of the HDG scheme (3.4.1c) with gy := Py¥, and the third
equation of the dual problem (3.4.4), the fifth term on the right-hand side becomes

—<QZ/+E¢Z -, W) a7, = —(qﬁﬁqﬁi -, Iy ¥ — PyW)or, — <QZ/+F¢Z -, Py,
= —(g; + B} I ¥ — Parl) oy, — (qi + Be5, - 1, Pulorir,
— (g + B - n, Pu¥)r,,
= —(gi + B - n,Tp¥ — Py ar, — ((2)5, Pui)s,

- </6 'n 527 PMW>FN - <A7PMW>E
Expanding the numerical trace of the total flux, we get the next expression.

—(g; -, W — PyW)or — (9%, 8- n(IT5 ¥ — Py®))or,
—{(7(#; — ¢1), I3y — PuW)ar, — (p(2)0%, PuW)s — (5. 8- n Pul)r,

— (¢, IQ — Q) m)or;, + (45, B+ n (W — P))oy, — (v L, 1,Q)7;, — (A, Pul¥)s.

Re-arranging terms,

(65,0)7 =T1 + (I1;:Q - n, 3 )or, + (f. 1Ly ¥) 7, — (95, B n(Ilj ¥ — Py,
—(7(¢ — ¢3), Ty W — PyW)or, — (v, T5Q) 7, — (A, Py®)s,

- <<P(Z)$fn Py¥)s, — <Ai,5 -1 Py¥)r,
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3.4. Stability estimates

+ (05, (Q-1ILQ)-n— 8 n (¥ —1¥))sr,.

Adding and subtracting ggfl in the last term

(05, O)7, = T1 + (I1,Q - m, 6} )ors, + (f, W),
— (67, 8- n(ILyW¥ — Py®)) oy, — (7(¢7, — 67), iy ¥ — Pa)or,
— ('LTE,Q) 7, — (A, Pu)s
—{(2)05, Par¥)s — (07, 8- 10 Pa¥)ry
(0 — 07, (Q—T1;,Q) -m— B-m (¥ — Iy ¥))ar,
(0, (Q-TI;Q) -n — B-n (¥ —TTjy¥))ar,
+ (£, Iy ¥) 7, — (v LIG,Q)7, — (A, Pu¥)s,
- <so<z><$;, Py®)s — (97, 8- 1 Paul)r,
+(¢h — 07, (Q—T,Q) ‘n+ (7 — B-m) (¥ —TIj,¥))yy,
+(07,Q-n—B-n (¥ — Py¥))or,

The seventh term vanishes thanks to (3.3.8¢c). Moreover, since qg,zl is single-valued, and that
(Eﬁ = 0 on I'y,, together with the facts that 3 and @ are in H (div; (), the contribution of the
last term is only on the boundary 052, the contribution of the last term is only on the boundary

I'y. Thus,

(07, 0)7, = T1 + (f, W) 7, — (p(2)65, Pul)s — (67, 8- 1 Pu®)ry
+(67,Q - n—pB-n (V- PyP))r, — (v 'IIQ)7 — (A, Py?)s
=T1 + (/. I, ¥)7, — (p(2)65 — B n &}, PuW)s — (65,8 n Py¥)r,,
+(67,Q-n—B-n (¥ —Py®))r,, + (6, Q n—B-n (- Py?))s
— (v T,Q) 7, — (A, Py®)y,
=T + (£, T, %)7, — (p(2)67, — B~ m &, Put)s
+(7,Q - n—pB-n (V- PyP))s — (v 'II;Q)7, — (A, Pyl)s
=Ty + (f, iy ¥)7, — (p(2)65, Pul)s — v LIQ)7, — (A, Pu)s
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3.4. Stability estimates

+(6,Q-n—B-n ¥y
=T\ + (£, 15, %) 7, — (p(2)05, Pu)s — (57 LIQ) 7, — (A, Pa)y,
+ (05, —(2)P)x
=T + (£, T, %) 7, — (0(2)65, Pu? — ¥)s — (5 TI,Q) 7, — (A, Put)s.

Finally, we observe that

(’%_1[7 H*VQ)Th = ("{_117 H*VQ - Q)E + (K_1I7 Q)Th
= (H_lIv H*VQ - Q)Th - (Iw vw)’Th
= (’K“'ilIv Hﬂ{/Q - Q)Th - <I7 Vv — vwh)’/-ha

for all ¥, € Qy, where we have used the fact that I is orthogonal to polynomials of degree

k — 1. The result follows.
O]

Corollary 3.4.1. Suppose that Assumption (3.4.5) is satisfied, f € L*(Q2) and k > 1. There

exists a positive constant Cy, independent of h, such that

167ll7: < Ca (B llx gl + 1f loe + A1 Tll7 + 1AL + B2 o() e 193]15) - (3:4:6)

Proof. We have to estimate the terms on the right-hand side of the identity of Lemma 3.4.2.

For this purpose, we use (3.3.9) with g = 0 and ¢y =1 to get

T @ — W lo s < max{Cyy", Ciy" } max{1,Vd } h(|Qlvx + [¥]2x),

I Q — Qllo.x < max{Cy™, CY*} h(|Ql x + [¥].x)-

1x 1,% 2% 2,% 1x 1,% 2% 2%
where Cy = max Cywi, Cw = max Cwir, Oy = max Cyk and Oy = max Cyk- Now we

get that
T, — |7 < V2max{Cy", Ci y max{1,Vd } Crey 2||O]l0.0, (3.4.7)
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3.4. Stability estimates

ITQ — Qll7 < V2max{Cy”", Oy} Creq hl|O]o0.0- (3.4.8)
With this, by the Cauchy-Schwarz inequality and (3.4.8) we get that
7| < s il 5@ = @l < Crihlls™ g5 |17, [1©llo0,

where Cp, := k= /2/2max{Cy*, C3*}Cey-

For T5, we have

T3] < Cn || fllo2l©llo.0,

where Crp, 1= C’regC'H;V and C’H»V«V > (0 is a constant that depends on the projection IIj;,. For T,

IT5] < S N10illoe l0(2) oo [1Pa? = P lloe

eCY
<@l S N1billo.e CLy B2 W] k.
eCY
" 3/2 Tz 112 1/2 2 1/2
< Ciy W02 oo X IG30E) (3 1918 )
eCX KeTy,

< Oy B*Ple(2) oo 195115 1€]log

where K, denotes the element that has the edge e, and Cr, := Cf, Ciey.

Now, by the Cauchy-Schwarz inequality and assumption (3.4.5) we get that

Tl < Cregl|All2[1®]lo.0-

For the last term, using (3.4.8), we have that
T5] < |6~ 21|17, V2 max{Cy, OV} Creg Bl®lloa + |6~ 2|17 |5(V& — V)| 7.

Moreover, if we take ¥, as the L?-projection over Qj, we know (cf. [7]) that there exists a

33



3.4. Stability estimates

positive constant Cs, independent of the meshsize, such that
1512 (V& = V) |7, < Cohl|¥]lz,0 < CoCregh|Ollo
We conclude that there exists C, > 0, independent of h, such that
| T5| < Cryhllw™ 21|17, [1©llo,0

with Cp, 1= ﬁmax{(]%;*, C‘Q/*} + K20,
The result in (3.4.6) follows from the choice of © = ¢} and C, := max{Cr,, Cr,, Cr,, Creg, C1y }
L

On the other hand, following the proof of [6, Theorem 4.1], we see that given K € T,
and p € Py(0K), there exist r € [Py(K)]? and a constant C' such that 7 -n = p in OK,
and ||r]lo.x < ChY?||pllosx- Then, by the first equation of the HDG scheme (3.4.1a), and

considering p = gE}ZU we obtain that

|IQASZH3,8K =—(k7'q, rn)x + (85, V i)k + (k' Lm0k
<[t g llo.xc Twlloic + Cino b (|05 Mlo.rc 17allosc + 167 Tllo,rc || 7nllo,x

< (15" @i lloc + Cono " 167 ll0,6) CR2 G llooxc + ChY |7 X0, |6 llo,oxc,
which, implies that
167 1ln < Cuhlls™gill7, + Colldi i + Chlls |7, (3.4.9)

with C} := k¥/2y/2 C and Cy := /2 CC,,,. Here

1/2
= (z hKn-ngK) |

KeTh
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3.4. Stability estimates

3.4.3 Energy bound

Lemma 3.4.3. Let €5 a positive parameter at our disposal such that ex = 0 if A = 0 and

exr > 0 otherwise. Moreover, we assume that ey < min |8 - n|.

If f =0, then

1 1 . 1 1,
§E2 + <2(Cﬂ —€p) — ||80(2)||oo,2) 7113 < ZHAH% + §||/< UQIHQThv

where cg 1= mzin |B - m|. Moreover, if f # 0, then
1

1 ~
S B+ (500 = n) = le(@llcs) I3

hCy C, h3C
ng<h2Cd+1+d+d+ :
2 2 cg—ep

H<P(Z)||§o,z> T

1 1 B
AR + 5 2 ) I (3.4.10)
Proof. By Cauchy-Schwarz inequality applied to (3.4.1) we get that

CIB AZ AZ AZ z - - z
B2+ 163115 < (@)oo s M7 15 + Al ills + 1 flloall iz, + 15~ i 15~ g 17

Now, by Young’s inequality, there exist positive parameters ez and €, at our disposal such that

> 1 €AY T2
IAllsllgills < SIS + S I0RI1
26/\ 2

_ “12 s [ €B\ _1/2 -
167217, |5~ g | < EHH mIH%ﬂL?HK R [

Thus, the result for f = 0 follows by choosing eg = 1.

On the other hand, if f # 0, then by Young’s inequality, there exist positive parameters

€1, €9, €3 and ¢4 at our disposal such that, thanks to Corollary 3.4.1,

. 1 €1 1 €, _
I£loaléillz, < Cab (517130 + S E2) + Callflia+ Cah (5171 + Zln~2113, )
261 2 262 2

1 €3 1 €417
+Ca (5ol Ra+ SIAI) + 0 (Sl sl IRa + 1B I)-
263 2 264 2
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3.4. Stability estimates

So, now we have that

€ €A € >
(1-Z —can2) B2+ (2= 2 - L — oo e ) 11

2 2 2
he 1 RPe()]3

h 00,3
<C/|l—4+14+—4+ —+ d 2
S Cg (2 2%, | 265 %€, > ||f||o,ﬂ

1 Ce3 1 Cahey 1
— A — 1212 .
(g SOV IR + (e + S0 ) e

By choosing ep = 1, &1 = (C;'h™1) /2, e =C;", 63 = C; ' /ep and €4 = (C’d_lh_3/2(c,3 - eA)> /2,

we obtain the result. O

Corollary 3.4.2. Let us assume that there exists a positive constant My, independent of h,

such that for all z € M}, it holds that

[o(2)]loo,s < Moo (3.4.11)

If Moo < (cg — €r)/4, there exists a constant C, > 0 independent of h such that, when
f=0,

. 1 ~
E* + Cyll g5 < aHAII% + |2

In addition, if f # 0, then there exists a constant Cg > 0 and hy > 0, independent of h, such
that

B2+ GG < Cs (17130 + AR + (2 + W)l 2|3, )

for all h < hyg.

1
Proof. Let us define C,, := 5(% —€p) —2My, > 0. The result when f = 0 follows directly from

the assumption over ¢(z) and Lemma 3.4.2. If f # 0, we have

1 1 ~, h(]d Od h Cd
S 5ClIGHIIE < Ca(WCa+ 14+ 2+ S+ o)z ) 11
2 2 2 2 Cg —
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3.5. Solvability analysis of the fixed point scheme

1 1 _
+ —[|A[% + 5 2+ ) [lk Y2113,
€A

We notice that
h3Cy

Cg — €A

h3Cy
() < o es — €.

The result follows thanks to Lemma 3.4.3, where

h3Cq

Cg = max{l,Cd <20dh§—|—0dho+ (Cg—€A>+Od+2>}.

3.5 Solvability analysis of the fixed point scheme

First of all, the operator T}, is well-defined. In fact, given z € My, if f = 0 and ¢;, = 0, by
the Fredholm alternative, it is enough to show that (3.2.2) has only the trivial solution. The
latter follows directly from Corollaries 3.4.2 and 3.4.1 and the estimate in (3.4.9), noticing that
(3.2.2) is a particular case of (3.4.1) with A =0and I =0.

Now, by Corollary 3.4.2 with A = g(¢;,) and I = 0, if f = 0 we have
2 72012 1 2 G
CollTn(2)lls = Collonlls < —llg(om)llz = =12,
EA EA
and if f # 0 we have
-~ 1 3
CATANE = CldilE < Co (1510 + 2 latenlz) = s (1130 + 2el).

Let us define the ball
By :={z¢€ My : ||z]|s < Ry}, (3.5.1)

where Ry > 0. Thus, we have the following result.

Lemma 3.5.1. Suppose that the assumptions of Corollary 3.4.2 are satisfied. Moreover, let us
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3.5. Solvability analysis of the fixed point scheme

assume that Ry and the data co satisfy

2
Co

¥ <R3 (3.5.2)

€A
when f =0; and Ry and the data f and co satisfy
Cg 2 c 2
o Iflloe + a|2| < I, (3.5.3)
¢

when f # 0. Then, T),(By) C Bs.

On the other hand, for i € {1,2}, let z; € By such that the hypothesis over the data of
Lemma 3.5.1 and Corollary 3.4.2 are satisfied. We set T},(z;) := ¢7, where (g, ¢, ¢3') is the
only solution to (3.2.2) with z; as data. In this scenario A = g(¢3,) and I = 0. Moreover,
9(din)|s = a3 + a102, =: co. By Lemma 3.5.1, we have,

Colldi |l < CoR3. (3.5.4)

If we define 2z := 21 — 22 and (Qizm¢izw¢izz) = (qizzl - ql?a 21 - 227 Zl - ;2)7 then (q}zw Z,QSZ) €

Hh X Qh X Mh satisfy

('@, )7 = (67, V - )7 + (7 1, 0o, = 0, (3.5.5a)
—~(gi + B}, Vwn)7, + (@i + B, - . wn)or, =0, (3.5.5b)
<QZ/+F¢Z 1 )amar. = (0(20)0F + B -+ A ey, (3.5.5¢)

(@5 )1y = 0, (3.5.5d)

for all ('rh,wh,,uh) e H; x Qh X My, with

A =(p(21) — p(22)) 7.
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3.5. Solvability analysis of the fixed point scheme

Also thanks to Lemma 3.5.1, since in this case f = 0 and I = 0 we have
7212 1 2
Collonlls SallAllz- (3.5.6)
Now, we note that
le() = e(W)llcos = crllz = ylloos Va,y € L7(X), (3.5.7)
and if we define e* C ¥ such that ||z||ccx = ||2]|cce*, then by (3.3.1) we get the following.

IAlls < erllzr = 22lloeslldizlls < erCeghc?l120 = 2alo.r 1672 15 (3.5.8)

Then

2
~ C B
Colldills: < inqhefRillzl — 2[G -

Therefore, we have that

15 (z21) = Ta(z2)5 = 197115 < L7, 12116 -

with
¢1Cegh* Ry

GAC';;/2

LT =

h
In other words, we have the following result.

Theorem 3.5.2. Let us assume that the data satisfies hypotheses of Corollary 3.4.2 and Lemma

3.5.1. Moreover, let us assume that the data co satisfies

2
&)

2| <R3 (3.5.9)

0@61\
when f = 0; and that the data f and co satisfy

C 1
fCE (Hf”?m + (GA + 1) C%\E\) < R3, (3.5.10)
%)
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3.5. Solvability analysis of the fixed point scheme

and the data ¢y is small enough such that Ly, <1, then (3.1.3) has a unique fized-point.

Remark on the feasibility of the smallness assumption. In the reverse osmosis model
[1], f = 0, and we expect that assumptions (3.4.11) and (3.5.3) hold since ¢, g, and c3 are
extremely small. On the other hand, in order to ensure Ly, < 1, it is necessary that clh;l/ 2
is sufficiently small. In other words, for a given ¢;, our result guarantees the existence and

uniqueness of the solution for all mesh sizes h such that ¢; he_*l/ ? is small enough.
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CHAPTER 4

A priori error analysis

4.1 Analysis of the projection of the errors

In this section we will prove the error estimates for g and ¢. For this purpose, let us define the

projection of errors as follows.

eq =1y q — qn, (4.1.1a)
eg = o — én, (4.1.1b)
e5 = Pard — on, (4.1.1¢)
¢-n:=Py ((g+B0) n—q,+ B n), (4.1.1d)

and we define the error of the projection as

I,:=q—1lyq, (4.1.2a)
I, :=¢—Ilyo, (4.1.2b)
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I := ¢ — Pyo, (4.1.2¢)

so we can write ¢ — g, = Iy +eq, ¢ — ¢, = I, + €4 and (¢—$h)|e:Iq;+e¢; for all e € &,.

We begin our analysis by establishing the following equality
enm=ec;n+B-ney+7(e;—ez) on 97T (4.1.3)

To prove this, let K € 7;, and e C K. Then, by the definition of eq4, e4, and €4, we have for
all p € My, that

(eg - m+B-mney+7(ey—e;) pin)e = (Ilvg-n+B-n Pyd+7(llwd — Prg))e
_<qh'n+6'n$h+7—(¢h_$h)>e
= (llvg-n+pB-n Py¢+7(llwd — Pyd))e.

—(qn + B -, ptn)e.

Finally, from the third equation defining II, (3.3.6¢) we notice that

(Ilyg-n+B-n Py¢+17(llwo — Pyd))e = (Pu((q + Bd) - 1), pin)e-

Now it follows directly from the definition that the projection of errors (4.1.1) satisfies

(K eq,rn)7, — (€6, V - 3) 7, + (4 - m, €4)om, = —(k )T, (4.1.4a)
—(eq + Beg, Vwp) 7, + (€- 1, wa)or, =0, (4.1.4b)

(€1, pn)oTi\ri = <90($h)€q§ + B8 -mnes+ A pn)ry, (4.1.4c)

(e tn)ry, = 0, (4.1.4d)

for all (rp,, wp, pun) € Hy X Qp X My, where A := (gp(gb) - go(ggh)> Py + cp(gb)Ig—l— B-nl.

Now we proceed as in the general HDG scheme (3.4.1), with f =0 and I = —1,.
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4.1. Analysis of the projection of the errors

Let us define
~1/2, 12 1/2 2 \ /2
En = (57" eql%; + 75" (es — ex)137) - (4.1.5)

Theorem 4.1.1. Let us assume that the hypotheses of Corollaries 3.4.2 and 3.4.1 hold true.
If ¢|s € L®(X), then

IAlls <t (I5lls + Cegllh™ 2Ll + [[llocs) lleglls

+ (lesl + Ll oo + allglloos + 18- lloox) 1Ll

_ 1
En+ O Negls <l Lllm + 75 1A,
A

and

lesl < Ca (Bllw™eqlln, + bl Zall7 + 1Al + B2 l0(@n) oo llegls:) -

Proof. The second and third inequalities follow from the energy identity in Corollary 3.4.2 and

the duality estimate in Corollary 3.4.1. It remains to bound [|A||s and we proceed as follows.

IAlls = [I(2(8) — ©(0n)) Pud + ¢(d)I;+ B - nI;|s
1(2(6) = @(on)) Pudlls + [[(#(¢) + B )]s
1(2(8) = ¢(@n) Llls + [1(2(6) = ¢(@n)) lls + 1(2(8) + B - n) L5

IN

IA

We bound each of these three terms separately. First, by (3.5.7),

1(2(6) = (dn) Lills <cr|h(6 = dn)lsos B2 L5]ls
<a|B 2Ll W72 ls + el |h7 2] B e ]lo0 s

<allh' P Lllees B2 155 + eiCeIh™ P Il lleglls,

43



4.1. Analysis of the projection of the errors

where we have used (3.3.1). Second, by (3.5.7) ,
1(6(8) = 9@0) dlls < e1llé = ulls 19lls < erlldlles 1T5ls + xlldlloos lleslls:
Finally, also by (3.5.7)

(@) + 8- n)Lglls < (les| + crl|fllcos + 18 - Plloc.) [ T3]l

Then,

IAlls <er (Cegl B2 L35 + (6]l sox) lle I

+ (1| T lloos + les] + 21 @llocs + 18- ooz 15
]

Corollary 4.1.1. In addition to the hypotheses of Corollaries 3.4.2 and 3.4.1, let us suppose
that ¢ € H*2(Q) and q € H*1(Q). There hold

lg = anllz SP (gl + [Dllerz0)
16 = Gnlln + llesllz < (052 + k™) (lalkso + [6lkr20 + 18- nllws)

¢ = énllm SPE (lgleso + [@llerz0) -
Proof. From properties of the L%-projection (cf. (3.3.5)), for each e € &, we have
||I¢?||e N hl§+1|¢|k+1,e-
Moreover, by (3.5.7) and (3.3.3),

l(p(¢) + B-n)L;]ls < (les] + c1Csapl|9lli15 + (18- 1lloon) B i3
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In addition, by a scaling argument, (3.3.3), and (3.3.5), we have
1l S B2 00105,
Then, thanks to the previous theorem,

[Ale <e1 (Ceqhk+l/2|¢|k+1,z + Csob||¢Hk+1,z) |

+ (Cthl/zW’kH,z + |es| + 261 Coop|| @] kg1,5 + 118 - nHoo,E) hk“”ﬁkaH,E, (4.1.6)

edgz;

and, for ¢; sufficiently small and the second estimate of the previous Theorem, we have

En+ lleglls SIa 2 Lgllz + h  éllkris S 1672 Iglln + B[00,

since, by the continuous trace inequality (cf. [2]),

I8llkas = > ID%IE < >0 1050 < > 1D%¢l 0 < 14llkia0- (4.1.7)

|o|<k+1 lo| <k+1 lo| <k+1

Moreover, from (3.3.7), we have

5720 |7 S B (e + [Glisr0)

and then

En + ||€<,3||2 < R (lalk+1.0 + |lkt2.0) , (4.1.8)

which implies that

lg — Qh||Th < hrtt (|Q|k+1,9 + |¢|k+2,9) .
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4.1. Analysis of the projection of the errors

In addition, replacing (4.1.8) in (4.1.6), and using the fact that ||¢[|x+1.5 S ||@]|k+2.0, We obtain

IAlls S ah®™MBller2.0 (gt + [[]kr2.0)
+ ((c1 + |esD|9llir2.0 + 18 - 1llco,s) Bl kso0

< al Mol (lalkre + Oz + 18- 1) . (4.1.9)

~J

On the other hand, by the last estimate of the previous theorem,
leollm SPIE™2eqllz + hllZgll7 + [Alls + B[l 0(0n) e lleglls:

Now, thanks to assumption (3.4.11) and (4.1.7),

h||/{_1/26q||7'h < K2 (1qles.0 + |19]lir20) -

~

h”IqHTh < B (|(I|k+1,9 + |¢|k+1,9) )

~Y

B2 0(0n)lloesllegll S Mok (lalkir g + 19]l1+2.0)
and, from the estimate over A in (4.1.9), it follows that

leallz, <P 2 (alkire + [@llk20) + k™ dlkiza (gl + [19lk20 + 18- nllxx)

S+ ™) (lglkeve + [@llkszn + 18- mllcs)

and

16 — onllz S B (1glksro + [[@llks20) -

Finally, from (3.4.9) we have

Tn T hH’QiquHTh

leglln < Rlla™"2eqll 7, + llegl
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4.1. Analysis of the projection of the errors

which also implies that

16 = Gnlln S (B2 + i) (Iglksr.o + [Bller2.0 + 18 1) -
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CHAPTER b

Computational results

In this chapter, we present two examples to illustrate the performance of the HDG scheme. We

begin by introducing some additional notation. The individual errors are denoted by

e(q) =g —alln, e(d) =16 —dnlzm, e@):= ¢~ dulln

In turn, the experimental orders of convergence are defined as:

where e and €’ denote the errors computed on two consecutive meshes of sizes h and h', respec-
tively.

We implemented the fixed-point scheme specified in (3.2.2) in MATLAB. That is, given
an initial value ¢" for the concentration in the membrane ¥, we compute the corresponding

solution to the HDG scheme (3.2.2) and obtain a concentration ¢'. The process is repeated
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until the following stopping criterion is achieved:
lor = aoll2/|evol|2 < tol,

where a; and o are the vectors associated with the degree of freedom ¢! and ¢°, resp.; tol is
a given tolerance and || - ||z is the Euclidean norm. In what follows, we show two manufactured

solutions.

Example 1

In the first numerical test, we consider a domain Q with L = M = 1, that is Q = (0,1)?, and
Fin' We

set the parameters a; = a3 = 107* and x = 1; and the inlet concentration ¢y, = ¢
recall that ¢; = ay, co = a3di, + a16?, and c3 = az + 2a;¢y,. In addition, we set the velocity 3

and the manufactured solution ¢ as:

Bz, y) = , ¢(x,y) = sin(x) sin(y)

and, on each edge e, we take 7|, = max.3 - n + 1 such that conditions (S;) and (S3) are

satisfied.

In order to use the above manufactured solution, we introduce artificial volumetric and
boundary sources that make this solution satisfy the equations. The following table shows the
history of convergence, where we have used a tolerance of 1078 and an initial concentration
¢ = 1.

Since ¢; = 107* < h and c; is also of order 107, the conditions of Theorem 3.5.2 are
fulfilled, guaranteeing the existence of a unique fixed point. Second, according to Corollary
4.1.1, we expect an order of convergence of h**! for the errors in q and ¢. This is exactly what
we observe in our numerical experiments reported in Table 5.1. Moreover, we see in this table
superconvergence of h¥*2 for the error of the numerical trace, which agrees with the result in

Corollary 4.1.1, since ¢; = 107% < h. We point out that for ¥ = 3 and N = 12764, the results
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are affected by round-off errors.

k| N h iter | |lg — anllz | (@) | 16 = dnllz | 7(@) | ¢ — lln | (o)
215 | 0.068199 | 4 5.92e-04 - 1.39e-04 - 5.13e-05 -

1 798 | 0.035400 | 4 1.53e-04 | 2.06 | 3.81e-05 | 1.97 | 6.74e-06 | 3.09
3207 | 0.017658 | 4 3.96e-05 | 1.95 | 9.75e-06 | 1.96 | 9.09e-07 | 2.88
12764 | 0.008851 | 4 9.55e-06 | 2.06 | 2.43e-06 | 2.01 | 1.10e-07 | 3.05

215 | 0.068199 | 4 6.39e-06 - 2.63e-06 - 2.70e-07 -

9 798 | 0.035400 | 4 9.20e-07 | 2.96 | 4.01e-07 | 2.87 | 1.70e-08 | 4.22
3207 | 0.017658 | 4 1.17e-07 | 2.96 | 4.90e-08 | 3.02 | 1.20e-09 | 3.82
12764 | 0.008851 | 4 1.48e-08 | 3.00 | 6.31e-09 | 2.97 | 6.87e-11 | 4.14

215 | 0.068199 | 4 9.04e-08 - 5.79e-08 - 3.07e-09 -

3 798 | 0.035400 | 4 5.79e-09 | 4.19 | 3.70e-09 | 4.20 | 7.95e-11 | 5.57
3207 | 0.017658 | 4 4.08¢-10 | 3.81 | 2.44e-10 | 3.91 | 3.18e-12 | 4.63
12764 | 0.008851 | 4 2.34e-11 | 4.14 | 1.47e-11 | 4.07 | 4.27e-13 | 2.91

Table 5.1: History of convergence for Example 1.
Example 2

The second test also considers the unit square domain Q = (0,1)? with L = M = 1. We

maintain the same parameters as before: a; = a3 = 107* and x = 1, with the inlet concentration

set as ¢y, = ¢

r,,, but now the velocity field and manufactured solution are given by:

B = | ") ol = (500 =)+ expio/VE) + expl=(1 = 5)/VB),
where [, stands for the inlet mean feed fluid velocity, and ¢ := 1/8;,. The stabilization
parameter 7 is defined analogously to the first test, ensuring compliance with assumptions (5)
and (S3).

As before, to use the above manufactured solution, we introduce artificial volumetric and
boundary sources that make this solution satisfy the equations. The following tables show the
history of convergence, where we have used a tolerance of 10~® and an initial concentration
¢° =1.

Given that ¢; = 107 < h and c3 is of the same order, the hypotheses of Theorem 3.5.2
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remain valid, ensuring a unique fixed-point solution. In line with Corollary 4.1.1, the numerical
errors in q and ¢ converge with order A**!, which is corroborated by the results , as we see
in Table . Furthermore, the numerical trace error displays superconvergent behavior of order
hE+2in agreement with the theory, once again due to ¢; < h. As in the previous example, we

observe that for k = 3 and N = 12764, the accuracy is limited by round-off errors.

R[N [ h iter | llg—auln | (@ [ 16— énlln [ 7@) [ 16— ol | (@)
215 | 0.068199 | 4 1.79e-03 - 3.93e-04 - 2.07e-04 -
1 798 | 0.035400 | 4 4.94e-04 1.97 1.10e-04 1.94 | 2.89e-05 | 3.00
3207 | 0.017658 | 4 1.26e-04 1.96 2.77e-05 1.98 | 3.79e-06 | 2.92
12764 | 0.008851 | 4 3.21e-05 1.99 7.05e-06 1.98 | 4.81e-07 | 2.99
215 | 0.068199 | 4 8.94e-06 - 2.28e-06 - 3.14e-07 -
9 798 | 0.035400 | 4 1.28e-06 2.96 3.43e-07 2.89 | 2.15e-08 | 4.09
3207 | 0.017658 | 4 1.68e-07 2.92 4.34e-08 2.97 | 1.66e-09 | 3.69
12764 | 0.008851 | 4 2.06e-08 3.04 5.51e-09 2.99 | 8.79e-11 | 4.25
215 | 0.068199 | 4 1.31e-07 - 6.47e-08 - 3.61e-09 -
3 798 | 0.035400 | 4 8.04e-09 4.25 4.11e-09 4.20 | 1.06e-10 | 5.37
3207 | 0.017658 | 4 6.00e-10 3.73 2.61e-10 3.96 | 5.57e-12 | 4.24
12764 | 0.008851 4 3.32e-11 4.19 1.58e-11 4.06 | 1.98e-12 | 1.50

Table 5.2: History of convergence for Example 2 for g;, = 1.
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CHAPTER 6

Conclusions and future work

In this chapter, we summarize the main contributions of this work and give possible future

research directions.

6.1 Conclusions

In this work, we studied a mathematical model for salt concentration in reverse osmosis desali-
nation processes, involving a convection-diffusion equation with nonlinear boundary conditions

on the membrane surface.

We analyzed a mixed formulation for the continuous problem and proved its well-posedness
using a fixed-point argument. Then, we introduced a Hybridizable Discontinuous Galerkin
scheme to approximate the salt concentration. Under several assumptions, we proved the
existence and uniqueness of the discrete solution by applying a fixed-point strategy, where the
nonlinear boundary condition was linearized, leading to a Robin-type boundary condition. In

particular, we showed that the scheme is well-posed provided the data of the problem and the
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6.2. Future Work

meshsize satisfy certain assumptions.

We also carried out an a prior: error analysis and obtained optimal convergence rates. These
theoretical results were confirmed by numerical experiments implemented in MATLAB, which

demonstrated the expected performance of the scheme.

In summary, we established and analyzed an HDG scheme for a convection-diffusion equa-
tion with nonlinear boundary conditions, demonstrating stability and convergence under suit-

able assumptions on the data and mesh size.

6.2 Future Work

Based on the results of this work, some interesting directions for future research can be consid-

ered:

o Relax some of the assumptions made in the analysis of the HDG scheme. In particular, the

—-1/2

assumption cih sufficiency small, we believe can be relaxed according to our numerical

results.
o Extend the methodology to the coupled system involving the Navier—Stokes equations.

o Motivated by the application to reverse osmosis process, the inlet concentration ¢;, was
taken to be constant. It is possible to consider more general settings for the analysis, for
example allowing ¢;, to be a general function. In this case, ¢y, must first be properly

extended to 92 and then construct a H'(Q)-function whose trace is ¢,.

o Develop an a posteriori error analysis for the salt concentration.
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