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Abstract

In this thesis we study weighted orthogonal polynomials on the d-simplex associated with

a class of weights of the form,

d
W (a) = [[ (1= fol) e

i=1

where v = (y1,...,7441) € (—1,00)%!

. We obtain integral inequalities for polynomials in L,QY
norms and exploit them to obtain approximation properties of the respective Li—orthogonal

projector measured in Sobolev norms on the d-simplex.

In addition, we characterize a certain family of second-order Sobolev-type weighted orthog-
onal polynomials in the triangle which generalize certain orthogonal polynomials introduced
by Yuan Xu in [21] in his construction of projectors that are quasi-optimal with respect to the

unweighted W2 norm.
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Resumen

En esta tesis estudiamos polinomios ortogonales ponderados en el d-simplex asociados a una

clase de pesos de la forma,
d

Wy (z) = [T 27" (1 = [x])
i=1
donde v = (71,...,7%411) € (—=1,00)4L. Obtenemos desigualdades integrales para polinomios
en normas L'Qr’ que explotamos para obtener propiedades de aproximacion del respectivo proyec-

tor L?Y-ortogonal medidas en normas Sobolev en el d-simplex.

Ademas, caracterizamos una familia de polinomios ortogonales ponderados tipo Sobolev de
segundo orden en el triangulo que generalizan ciertos polinomios ortogonales introducidos por
Yuan Xu en [21] en su construccién de proyectores que son cuasioptimales respecto a la norma

W2 sin ponderar.

ix



List of Symbols

Symbol Description First mention

by Normalization constant for the weight W.,. Section 3.3

B Bilinear form associated with the operator £7. (2.2.11)

B Bilinear form involving second-order derivatives. (3.1.1)

C™(T9) Space of m-times continuously differentiable func- Section 2.1
tions on the closure of T¢.

d}, dj; First-order differential operators. (2.2.5), (2.2.6)

der Univariate first-order differential operator. (3.2.5)

D] Auxiliary first-order differential operator. Definition 3.4.4

{ei}d, Standard basis vectors in R?. (2.2.4)

Auxiliary polynomials of degree n (i = 1,2, 3).
Topological completion of C?(T2) w.r.t. Iz -
Weighted Sobolev space on I.

Auxiliary space of polynomials of degree n.
Topological completion of C™(T4) w.r.t. [
Interval [—1, 1].

Identity operator.

Koornwinder polynomial of degree n on the triangle.
Jacobi weight function.

Suitable space of Sobolev orthogonal polynomials.

Definition 3.5.1
Chapter 3
Section 3.2
Definition 3.5.1
Definition 2.6.1
Section 3.2
Theorem 3.3.5
Section 2.4
Section 2.3
Theorem 3.1.1



Contents

Symbol Description First mention

LY Sturm-Liouville operator associated with V). (2.2.7)

LY Sturm-Liouville operator associated with V5P, Theorem 3.1.2

Lg Weighted Lebesgue space with weight W.,. Section 2.1

Lfr (W) Weighted Lebesgue space with respect to the depleted Section 2.5
weight W,,.

Li,g Weighted Lebesgue space with respect to the Jacobi Section 3.2
weight.

mY Auxiliary second-order differential operator. (3.1.4)

M7 Auxiliary third-order differential operator. (3.1.4)

M8 Univariate second-order differential operator. Definition 3.2.4

N Set of natural numbers. Proposition 2.2.1

Ny Set of non-negative integers. (2.2.3)

N>, Set of integers greater than or equal to 7. Theorem 2.1.1

N Auxiliary space of polynomials of degree n. Definition 3.6.2

p(ef) Jacobi polynomial of degree n. Section 2.3

IVDZJ Basis polynomials for the depleted space f}g . Definition 2.5.5

proj;} Orthogonal projector onto the space V). Section 2.2

p\rgjz Orthogonal projector onto the depleted space ]2’{ . (2.5.3)

proj’(®#) Orthogonal projector onto the space of Jacobi poly- Section 3.2
nomials.

R Set of real numbers. Section 2.1

R? d-dimensional Euclidean space. Section 2.1

Rxd Set of d x d real matrices. Proposition 2.5.20

RY Projection-like operator involving derivatives. Definition 3.3.2

RY Auxiliary space of polynomials of degree n. Definition 3.6.5

Sy Orthogonal projector onto the polynomial space I1¢.  Section 2.1

Sat1 Group of permutations on [d + 1]. Section 2.2

T¢ Standard d-simplex in R, Section 2.1



Contents

Symbol Description First mention
T, Affine map associated with the permutation o. Section 2.2
T Pullback operator defined by T f := f o T,. Section 2.2
Tik Tensorization operator from T1{* to 1. Definition 2.5.12
V(B) Space of pseudo-orthogonal polynomials with respect Section 3.3

to the bilinear form 87,
14 Space of orthogonal polynomials with respect to W,. (2.2.1)
lu/,'{ Space of orthogonal polynomials with respect to W7. (2.5.1)
VyyiSob Space of Sobolev orthogonal polynomials of degree n. (3.1.3)
Vi(e.f) Space of univariate Jacobi polynomials of degree n.  Section 3.2
Vabdio Space of univariate Sobolev orthogonal polynomials. Section 3.2
\'Z Set of vertices of the simplex T¢. Section 2.2
W, Weight function on the simplex T¢. Chapter 1
W, Depleted weight function on T¢. Definition 2.5.1
a, B,y Vectors in R4+, Chapter 1
] Vectorial function. Definition 3.6.11
e} Second-order differential operator. Definition 3.6.11
&, B, % Truncated vectors (first d components) of a, 8, . Proposition 2.5.4
07; Auxiliary third-order differential operator. Definition 3.4.8
A Auxiliary second-order differential operator. Definition 3.4.6
AY Eigenvalues associated with the operator £7. (2.2.9)
A Eigenvalues associated with the operator £. (3.1.2)
v Unit outward normal vector to the boundary of T¢.  Proposition 2.2.2
I Space of multivariate polynomials. Proposition 3.4.21
¢ Space of multivariate polynomials of total degree at Section 2.1

most n.
on i Auxiliary polynomials of degree n (i = 1,2, 3). Definition 3.5.9
2 Specific subset of permutations in Sy, 1. Definition 2.2.8
of Elements of the set >,. Definition 2.2.8



Contents

Symbol Description First mention
i Auxiliary polynomials of degree n (i = 1,2, 3). Definition 3.5.14
P Map from the triangle to the reference square. Section 3.5
(IDZ]- Auxiliary fourth-order differential operator. Definition 3.4.10
ARV Maps from the reference square/cube to the simplex. Subsection 2.5.1
2 Auxiliary second-order differential operator. Definition 3.4.6
E;’ Auxiliary second-order differential operator. Proposition 3.5.17
[n] Set {1,2,...,n}. Proposition 2.2.1
[1]o Set {0,1,2,...,n}. Proposition 2.3.3
|| Sum of components of the vector z € RY. Section 2.1

Vi
-1l
-1l
[ -

11139

Inner product on the univariate Sobolev space H[, 5.

Inner product on the Sobolev space ]I-]I?y

Partial derivative with respect to the ¢-th variable.
Oblique partial derivative 0; ; :== 0; — 0.

k-fold gradient operator.

Norm of the weighted Lebesgue space LE/.

Norm of the depleted weighted space L?Y(VV)
Sobolev-like norm of order m on T<.

Norm of the weighted Lebesgue space Li e

Section 3.2
(3.1.2)

Section 2.2
Section 2.2
Section 2.1
Section 2.1
Section 2.5
Section 2.1
Section 3.2



Chapter

Introduction

Orthogonal polynomials have been extensively studied due to their remarkable properties and
the wide range of applications they possess, both within and beyond mathematics. Among the
various families of orthogonal polynomials are the Sobolev orthogonal polynomials, defined by
means of an inner product that involves derivatives. Although their construction is often more
involved and they exhibit fewer properties than classical orthogonal polynomials, they have
the advantage that, in general, they provide better approximation results in norms involving
derivatives. See [16] for a detailed survey on Sobolev orthogonal polynomials. In this thesis,
we focus on the study of multivariate orthogonal polynomials on the simplex, associated with

the weight function

d
Wy () o= [ (1= [a]),

i=1

d+1

where v = (71,...,7%4+1) € (—1,00) . Our objectives are twofold:

(i) To obtain approximation results for the associated orthogonal projector, measured in

Sobolev norms on the simplex; and

(ii) To characterize a certain family of weighted Sobolev orthogonal polynomials on the tri-

angle and derive an associated Sturm-Liouville operator.

The works [22] and [10] study approximation properties in the unit disk for certain weighted



L? orthogonal projectors, measured in Sobolev norms. In both cases, the analysis relies on
exploiting specific properties of orthogonal polynomial bases. In contrast, [9] adopts a different
approach, based on structural properties of Sobolev orthogonal polynomial spaces. Our first
objective is inspired by this latter approach, adapting the techniques proposed in [9] to the
simplex setting.

On the other hand, [21] studies approximation properties in the triangle for a second-order
Sobolev orthogonal projector, measured in Sobolev norms. This work relies on the explicit
construction of orthogonal polynomial bases and the exploitation of their properties. In con-
trast, [11] addresses an analogous problem in the unit ball, following an approach similar to
that in [9], based on characterizing the Sobolev orthogonal polynomial spaces in terms of known
Lebesgue orthogonal polynomial spaces. This characterization facilitates both the analysis and
the extension of results. Our second objective combines the idea of defining a space analogous

to that in [21] with the characterization techniques developed in [11].

The thesis is organized as follows:

« Chapter 2 is devoted to the study of the L2-projection error of orthogonal polynomials
measured in Sobolev norms on the simplex. This chapter introduces the orthogonal poly-
nomial spaces and their properties, analyzes Jacobi polynomials in the simplex setting,
develops key integral inequalities (including Schur- and Markov-type inequalities), and

finally presents the approximation results.

o Chapter 3 This section addresses the characterization of certain Sobolev orthogonal
polynomials on the triangle. By defining auxiliary differential operators and introducing
bivariate polynomials, we characterize a family of weighted second-order Sobolev orthogo-
nal polynomials. This result enables us to derive a second-order Sturm—Liouville problem

associated with our Sobolev orthogonal polynomials.

o Chapter 4 contains the conclusions of this work and briefly outlines possible directions

for future research.



Chapter 2

Orthogonal polynomial projection error in

Sobolev norms in the simplex

2.1 Introduction

Let T? be the simplex defined by T¢ := {z € RY| x1,...,24 > 0, 1 — |2| > 0}, where |z| =
x1+ -+ x4. Given v € (—1,00)%"! let the weight function W, : T% — R be defined by

W (x) == al" -z} (1 — |z])* (2.1.1)

and let L2 be the weighted Lebesgue space L2(T% W,) := {WZ/2f | f € L*(T%)}, whose
natural squared norm is ||u||,2y ‘= Jpa [u(z)|? W,(z) dz. Given an integer n > 0, let TI¢ be the
space of multivariate polynomials of total degree no higher than n (we adopt the convention
1Y = {0} for n < 0). Let S be the orthogonal projector mapping L2 onto IT¢. Given an
integer m > 0, we define the Sobolev space HX as the topological completion of Cm(ﬁ) with

respect to the norm HuHim =3 HkaHi The main result of this chapter is

Theorem 2.1.1. Given d € Nxo, let v € (—1,00)4TL. Then, for all integers | and r such that
1 <r <1 there exists C := C(d,~,l,r) > 0 such that

(VueH) Ju=SIw)l,, < Cr " ul,.



2.2. Orthogonal polynomial spaces

In [9], a result analogous to Theorem 2.1.1 is proven, but in the setting of the unit ball with
the weight W, (z) = (1 — ||z]*)*. The techniques used in the proof of this result [9, Th. 1.1]
rely on the properties of orthogonal polynomial spaces, rather than depending on the specific
properties of their bases. This approach is particularly useful in our context, as it allows us to
extend approximation results to arbitrary dimensions without the need to deal explicitly with
bases or spectral differentiation formulas (cf. [10, Th. 3.11]). Although Theorem 2.1.1 follows
the ideas proposed in [9], the particular features of our orthogonal polynomial spaces lead to
different results. In our case, we obtain an approximation rate involving a higher power on n
than that found in [9, Th. 1.1], albeit numerical experiments suggest that there is room for

improvement in the power on n.

2.2 Orthogonal polynomial spaces

Let V) be the space of the orthogonal polynomials of degree n with respect to the weight W.;
ie.,

VY= {pellll (vgelll_)) (p,q), =0} (2.2.1)

For n < 0 we adopt the convention I1¢ = {0} and so V) = {0}. There holds (cf. [6, Sec. 3.1])

(2.2.2)

dim(V7) = <n+d—1>_

n

We remark that this dimension of orthogonal polynomial spaces remains the same if we switch
to any other well-defined inner product on polynomials. Let proj? denote the orthogonal

projection from L2 onto V7. From [6, Th. 3.2.18], TI¢ = @}_, V] and L2 = @2, V;, whence
(Vn € Ng) S7=> proj] and (VueL?) u=Y_ proj](u). (2.2.3)
k=0 k=0
In what follows we will make heavy use of the definition (2.1.1) so that, e.g.,

Wiy segs (@) = 251 — o). (2:2.4)



2.2. Orthogonal polynomial spaces

The following proposition collects several properties of the orthogonal polynomial spaces that

will be useful in what follows.

Proposition 2.2.1. Let d € N, v € (—1,00)" and j € [d].

(i) Let py € V7+e]+ed+l Then, We, e,k € Vi @ Vi & Vi

Ytejteqy1 3j+3d+1(

(ii) Let q. € V. Then, qx = proj,_, () + projys jrrestean

qk) + proj, Q).

(iii) Letuw € L2. Then,

+ej+te +ej+e : : ;
projy " (u) = projy U (projl (u) + projy, (u) + projis(u)) .

(iv) Letw € L2. Then,

proji T (w) = proj] (u) 4 projy T o proj), (u) — proji T o projy (u)
+ proji "7 o proj}, o (u) — projy 5 Ut o projy (u).

Proof. Given qp_1 € lx_1, (We, 10000, @)y = (D5 @)ytejtearys = 0 by definition (2.2.1). Therefore
part (i) stems from (2.2.3). An analogous argument accounts for part (ii). Part (iii) comes

tejtedt1

from the fact that, given py € V,Z ,

Yytej+edt1 ( )

(0)
<p1"Q] 7pk>"/+6j+6d+1 = <u7pk>7+€j+€d+1 = <U’W€j+ed+1pk‘>’)’

- <prOjZ(u) + pronH(u) + PrOjZ+2(U),Pk>v+ej+ed+1-

it J+ 1 (proj)(u)) and

projy T (projY (1)) to the right hand side of the part (iii) and using part (ii). O

Part (iv) is obtained from adding and substracting the terms proj,_

We now present another set of results, this time concerning differentiation. Given v € R+!
and 4, j € [d], we introduce two types of first-order differentiation operators, denoted by d; and
d] ., defined as follows

2,77

d"yq = la ( 7+€]+ed+1q) [(’Yd-f—l + 1)W€j - (7]' + 1)W€d+1:| q— W€j+€d+1ajq (225)

J

9



2.2. Orthogonal polynomial spaces

and
dZ]q = _Wf;la’b,] (W’Y+ei+6]‘q) = |:<77/ + 1)W6j - (7] + 1)W€1:| q— Wei-i-ejai,jq; (226)

where 0; denotes the partial derivative with respect to z;, and 0; ; := 0; — 0;. From expanded
forms in (2.2.5) and (2.2.6), we observe that both d} and d7; depend on two parameters.

Specifically, the former depends on 7; and 7441, while the latter depends on ~; and ;.

We introduce the second-order differential operator

d
L= Ao+ Y 4,00 (2.2.7)
i=1 1<i<j<d
For v € (—1,00)%"!, members of the space of orthogonal polynomials V7 satisfy the second-

order Sturm-Liouville problem (cf. [6, Sec. 5.3], [12, Sec. 2.1]).
(Vpn € VT’Z) £7(pn> = )‘me (2.2.8)

where

A =n(n+|y| +d). (2.2.9)

From (2.2.3), the linearity of £7 and the fact that the A} are strictly increasing with respect to
n, it is easy to check the reciprocal statement: Any polynomial that satisfies (2.2.8) belongs to
V.

On the other hand, it is straightforward to check that (cf. [12, Eq. (2.2)]) for all f € C?(T4)
and g € C'(T9)

d

<‘C7(f)> g>’y = Z <8lf7 aig>'y+ei+6d+1 + Z <8i7jf7 ai,jg>—y+ei+ej = B’Y(fa g) (2210)

i=1 1<i<j<d

Thus, the Sturm-Liouville problem (2.2.8) satisfied by LZ-orthogonal polynomials can be im-

mediately recast into the weak form:

(¥pn € V) (Vg € C(TY)) B (pn,q) = X (pns 0+ (2.2.11)

10



2.2. Orthogonal polynomial spaces

Let us note that the bilinear form B defined in (2.2.10) still makes sense if its arguments lie

in H}/
Proposition 2.2.2. Let d € N, v € (—1,00)4* and j € [d].
(i) d maps I} into II{, ;.
(ii) Given p,q € C*(T4), (05D, Q) ytejteass = (0] Q)
(iii) Let vy, € V{9 Then, dlr € V.
(iv) Let pp € VY. Then, d;p, € Vi e,
(v) Let uw e CY(T4). Then, 8; proji (u) = projy i’ (d;u).

Proof. Part (i) is straightforward. Part (ii) is obtained by integration by parts and by noticing

that no boundary term appears because W, ¢ yc,,, vanishes on the set {z € Td . xTj =

0 V |z| = 1}, and because v; = 0 on the rest of the boundary. Given r, € V¥

by part (i), djr, € IIf,,, and, on account of part (ii), it is L2-orthogonal to II{, whence
part (iii). An analogous argument accounts for part (iv). Given u € C'(T9), by part (iv),

; projl (u) € Vi1 Part (v) then comes about from the fact that for all r € V)77 ¢

. (i) . (i) (i)
<8j prOJZ(u)aT>‘Y+6J‘+€d+1 = <p1”0Jz(U)7dJ77’>v = (u,d;-y'r>., = <8juﬂr>‘>’+€j+6d+1'

Proposition 2.2.3. Let d € N, v € (—1,00)" and i,j € [d].
(i) d}; maps I} into TI{, ;.
(ii) Given p,q € CY(T%), (0;;p, Q)yreite; = (P d750)~-

(iii) Let vy, € Vi 9. Then, d] jry € Vi, .

(iv) Let pp € V. Then, 0; ;py € V7+e’+e7

(v) Let u € CY(T). Then, 9;;projy(u) = projy 3 7 (d; ju).

11



2.2. Orthogonal polynomial spaces

Proof. Part (i) is straightforward. Part (ii) is obtained by integration by parts and noticing that
no boundary term appears because W, 1., vanishes on the set {z € Td: 7, =0 Va; =0},
because (v;—1;) = 0 on the rest of the boundary. Givenry € V™", by part (i), df ;7 € II{, 1,
and, on account of part (ii), it is Lf/—orthogonal to I1¢, whence part (iii). An analogous argument
accounts for part (iv). Given u € CY(T9), by part (iv), d;, proj7 (u) € V{7, Part (v) then

comes about from the fact that for all r € ngfﬁ@j,

. (i) . (41)
(ai,j prOJz<u>7r>7+€i+€j = <pr0JZ(U),dZﬂ’>v = <u7di,jr>‘r = <ai7ju7r>7+€i+€j'

]

An important property of the W,-orthogonal polynomials on the simplex is the covariance
between the permutations of their parameters (71, ...,74+1) and of their set of vertices Vy :=
{v1,...,va41}, where v; = ¢; for all i € [d] and vgy; = 0. These properties will be exploited

using suitable affine maps which are directly related to permutations of the set V.

Let (S411,0) denote the group of permutations on [d 4 1]. Given o € Sy41, we denote by
T, : T* — T? the affine map

d
T,(x) =Y xivo@y + (1 = [2[)vg(as)

i=1

which satisfies T,(v;) = v, for all ¢ € [d + 1]. Given any function f on T¢ we define
Trf = foT,. Now, we will explore the action of T} on the weight function W, and on the

orthogonal polynomial space V.

Proposition 2.2.4. Let d € N and let 0,7 € Sgi1. Then, T, 0T, =T,.,.

Proof. Let v € T?. By definition, the affine map 7 can be written as

d
To(z) =Y ey + (1 = |2))vras),
=1

so that T-(x) is an affine combination of the vertices vy, ..., vr(a41). Since T, is also an affine
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2.2. Orthogonal polynomial spaces

map, it preserves affine combinations, and therefore we have

d d
Tcr o TT(J:) = inTU(UT(i)) + (1 - |I|>T0(U7(d+1)) = ZIiUJOT(i) + (1 - |x|)va(7’(d+1)) = TO’OT(x)

i=1 i=1

as desired. O]

Proposition 2.2.5. Given d € N and 0 € Syy1, the map T, is a bijection from T¢ onto itself
and T; ' =T,-1.

Proof. To show that T, is injective, let x,y € T?, such that T,(z) = T,(y). Then,

d

Z(l’l — Yi)Vo(i) T Y — [ Vo(ar1) = 0
=1

if 0(i) # d+ 1 for all i € [d], then the set {v,;)}&; is linearly independent and vy(g41) = 0, so
x = y. On the other hand, if there is one j € [d] such that o(j) = d+ 1, then the set V\{v,()}
is linearly independent. In this case, we obtain that z; = y; for all i € [d]\{j} and moreover,

since |z| = |y|, it follows that z; = y;. Thus, in all cases, we conclude that z = y.

To show that T}, is surjective, let y € T¢ be given. As there exists 0! € S;;; such that

ooo ! =id, we take x = T,-1(y) and by Proposition 2.2.4 we have that
TU('Q:) =10 Tafl(y) = T000*1 (y) = T‘zd(y) =Y.
To show that T = T,-1, it suffices to compute T, o T,-1(x) using Proposition 2.2.4. [
Proposition 2.2.6. Given v € (—1,00)! and o € Sy11, the following hold:

(i) TyWy = Wo(y), where o() := (Yo(1)s - - - » Yo(d+1)) -
(ii) For all f,g € C(T9), we have that (T} f,T59) o) = (£, 9)~-
(iii) TXVY = V3,

Proof. To prove part (i), we define the coordinates {(x) = (xy,...,24,1 — |2|). From this

13



2.2. Orthogonal polynomial spaces

definition, we deduce the identities

d+1 = 0(7, d+1 d+1
= Z &(I)UU Z go- 1 = (50.71(1)7 e 7§0’71(d)) aIld W H S’YZ
=1

It follows that {(7,(z)) = (§o-1(1) (%), ..., &-1(a+1)(®)). Using these results, the transformation

of the weight function is given by

d+1 d+1 . d+1
oWy () = [T & (To(2) = TT &5 H &7 (@) = Woir) (@),
i=1 =1

On the other hand, we observe that

(3£ L300 = [, F(To(@)g(Te (@) Woiy) (@) da.

Performing the change of variable z = T,(z), and using the fact that |det(D7,(z))| = 1 and

Proposition 2.2.5, we obtain

(L. 1)) = [ F)9E T3 Woir)(2) dz = (£ 9)s.

For part (iii), let p € VY. Given any ¢ € II¢_,, using part (ii) and the fact that T*_, preserves

n—1

the total degree of polynomials,

<T;p) Q>U('y) = <p, T;71q>7 = 0.

This shows that 7V C V7). As T is and injective linear map between VY and V()| because

T, is a bijection, we have that dim V) = dim V7O, so T*VY = V7). [

Proposition 2.2.7. Let 0 € S;11 and k € [d]. Then:

(i) 0T = Vo(k) — Vo(dt1)-

(ii) For all f € CY(T9), we have that

d
T f( Z T30 f () (Vo(k) — Vo(dt1) -

14



2.2. Orthogonal polynomial spaces

Proof. For part (i), we have that
d d
akTa(x) = Z 5’k$iva(i) + ak<1 - \$|)Ua(d+1) = Z 5ikva(i) — Us(d+1) = Vo(k) — Vo(d+1)-
i=1 1=1
On the other hand, for part (ii), using the chain rule and (i) we have
d d
WT;f(x) =D T30 f (x)Ok(To)i(x) =D Tr0uf () (Vo) — Voasn)is
=1 =1
which completes the proof. O
In Subsection 2.5.2, we will find it convenient to have affine maps with the property that,
given i € [d], there exists 0; € Sqy1 such that 01,17 f = T;.0;f or 012717 f = —T;.0:f. To this

end, we construct the set X, as follows.

Definition 2.2.8. Let d € N. We define the set 34 := {o1,09,...,04}, where
(i) If i € {1,2}, 0; € Sqy1 is defined such that o;(d+ 1) =i, 0;(2) = d+ 1, 0;(i) = 2 and
oi(k) =k forallk € {3,...,d}.

(i) If i € {3,...,d}, 0, € Say1 is defined such that 0;(2) = i, 0;(i) = 2, 0;(1) = d + 1,
oi(d+1) =1 and oy(k) =k for all k € {3,...,d}\{i}.

Proposition 2.2.9. The following hold:

(Z) 81T;1f = T;lal,gf, 82T;1f = —T;lalf and 8172T;1f = —T; 82f

1

(ZZ) 81T;2f = —T; ng, 82T; f == —T;2a172f and 0172T;2f == T;281f.

2 2
(ZZZ) For each i € {37 cee ,d}, 81T;lf = —T;i(‘?lf, 82T;1f = T;i@-,lf and 8172T;if = T;Z(‘)Zf

Proof. Direct from (ii) in Proposition 2.2.7 and Definition 2.2.8. O

In Chapter 3, we will use the subgroup ({¥35), o) to characterize the orthogonal polynomials
on the triangle. Some properties of the affine maps associated with the elements of 5 are as

follows:

15



2.3. Jacobi polynomials

Proposition 2.2.10. Let v := (v1,72,73) € R3. Then, the following hold:
(Z) <Z2> = {id, 01702}-
(i) diTs =T d7Y, Ty, = —Tx d?* and d,Ts = —T d3*),

(iii) d{Ty, = —Txds'Y, Ty, = —~Txd7yY and d}, Ty, = Txd7.

Proof. Part (i) is straightforward, using the fact that oy o 09 = id. Part (ii) and (iii) follow
from (i), (ii) and the definition of di, d3 and d ,. O

Remark 2.2.11. When d = 2, the affine maps 7, and 7, are of the form
T, (r) =(1—x1 —x9,21), and T, ()= (22,1 — 21 — T2).

Graphically, these maps can be represented as follows:

V2 V1
T,,
T,,
V3 U1 V2 U3

2.3 Jacobi polynomials

For a, f > —1, let the weight function J(«, ) : (=1,1) — R be defined by
J(a, B)(t) = (1 —t)*(1 +1)°. (2.3.1)

The Jacobi polynomials P(*%) are the orthogonal polynomials on (—1,1) with respect to the
weight J(«, 8), normalized according to [20, Eq. (4.1.1)]

PEA) (1) = (” * a), (2.3.2)

16



2.3. Jacobi polynomials

and given by the explicit representation [20, Eq. (4.1.2)]

r 1 n r 1) /1—t\*
p@d) () = (a+n+1) 3 m\I'(a+B+n+k+ )< t) . (2.3.3)
nl(a+B84+n+1) = \k Fla+k+1) 2
Furthermore, they satisfy the following differential equation [20, Eq. (4.2.2)]
14 4 pas) (05)
—J(a, B) (t)a Ja+1,8+ 1)(t)aPn D) =nn+a+ B+ 1P (1). (2.3.4)
Their weighted square norm is given by [20, Eq. (4.3.3)]
@B — [ [pad ]’
[P = [ P2 ®)] 3 s @) at
g0+8+1 r Hr
(n+a+1) (n—i—ﬁ—i—l)’ (2.3.5)

T mta+pB+1 IF'n+a+p+1)n!

where for n = 0 the product (2n+a+5+1)I'(n+a+F+1) must be replaced by I'(a+5+2). Some
well-known properties of the Jacobi polynomials are a (see [20, Eq. (4.1.3) and Eq. (4.21.7)]):

and, for n > 1,
d L
@Pff’ﬁ) (t) = WPQE’B”)@). (2.3.7)

In what follows, we present two properties useful for the upcoming sections.

Proposition 2.3.1. Let a, 5 > —1 and n € Ny. Then,

R s e o L P
" J(e.B) 2+ 1) " J(a+1,8)

Proof. The polynomials (1 + -)Pet8)" and n P@+18) share the same leading term in their

respective expansions with respect to the basis {(1 + t)k}:—o’ so their difference is a polynomial

17



2.3. Jacobi polynomials

of degree less than or equal to n — 1. Therefore,

M, HP (a+1,8) H <P(a+1,,3 n P(a+1,g)>J(aJrl K

— <P(a+1/3 (0, 1)P(a+1 B)>

J(a+1 ﬁ)

I(a+1,6)
1

= [ 2PHLA (PO (1)(1 — £)* (1 4 ¢)PH dt
-1

1 /
_ / [Pga-‘rl,ﬁ)(t)ﬂ (1 — )L (1 + 1%L de
-1

1
1BP —/ plat18)(1)? [(1 — )1+ t)“l}' dt.
—1

Combining the above with the identity

— [ =11+ t)ﬂ“}/ =20+ 1)1 =1 +8) — (a+ B +2)(1 — )" (1 + 1)’

we find that

n HPS"“’B)H =2(a+1) [P+t H — (a+ B +2) [Pe+to) ” y

J(a+1,8) J(e,8)
The equality above implies the desired result.

Proposition 2.3.2. Let a, 3 > —1 and n € Ny. Then,

HP (a+1, B+1)H _(2n+a+pB+3)(a++2) HP(a+1,B+1)H2
Hap) Aa+1)(B+1) n J(at+1,6+1)

Proof. We start by noticing that

~((B=a)+ (a+B+2)t)J(a+1,58+1) ()
=4(a+1)(B +1) I(e, B)(t)

—(a+B+22J(a+1,8+1)(1).

18
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2.3. Jacobi polynomials

Next, as the polynomials n P{e+15+1) and

5 — /
| platlB+D)’
<a +5+2 * " ®)

share the same leading term in their respective expansions with respect to the basis

b —« b —« "
L= ), (=) b
{ <a+6+2 a+f+2
their difference is of degree less than or equal to n — 1. Therefore,

m HpgaJrl,B+1) H2 ) <P(a+1,6+1)’ n P7(1a+1,6+1)>

J(a+1,6+1) n J(a+1,6+1)

1 J—
=2 [ Pl (0% + t) PO (1) (o + 1, 8+ 1)(¢) di.

Using that

/
(6%

It follows that

!/
(a+1,8+1)|2 ! f—a (a+1,8+1) (112
(2n + 1) |P§ HMWH) = /_1 [(a T 2+t> p (t) ] Jo+ 1,8+ 1)(t)dt.

By integration by parts and using (2.3.8) this results in

2
J(e,8)

(2n+1) HPS‘*LBJFUH?(QH’MI) _ 4(0;‘:_1;(6_; 1) HP7(1a+1,5+1)H

—(a+B8+2) HP;MLBH)Hj(aH,ﬁH) '

The equality above implies the desired result. [

Proposition 2.3.3. Let o, > —1, n € Ny and | € [n]y. Then,

<P(°‘+1”3) P(a,,@)> _ oatptl C(n+ B8+ 101+ a+1)
N () IMn+a+3+2)
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2.3. Jacobi polynomials

Proof. From [19, Thm. 3.18], we have that

'n+p+1) & Rk+a+8+1)I(k+a+5+1)

PEA(E) = >

(o8)
F(n+a+B8+2) = L(k+08+1) P ().

Then, using the above and the orthogonality of the Jacobi polynomials we obtain

<pwmmpw@> :(%+a+ﬂ+mrm+ﬁ+1ﬁu+&+ﬁ+1ww@mw |
" B CY:) Fn+a+p+2)I(1+5+1) Lo lls)
Finally, from (2.3.5) we deduce the desired result. []

Proposition 2.3.4. Let o, > —1, n € Ny and [ € [n]y. Then,

1
(a2 pied)) ::2( a+ ><Pg?ﬂ%P$@

J(a+1,6) n+p+1 >Mmm

Proof. From [2, eq. (6.4.21)] we know that

N l+a+p+1 at1 [+0 at1
P B) 1) = P( +1,8) t) — P( +1,8) ).
r) <%+a+ﬁ+1>l (*) A+a+p+1) 1 (*)

Then, we deduce that

<p(a+2,5) P(a,ﬁ)> _ l+a+8+1 <P(a+2,,6’) P(a+1,ﬂ)>
" ol J(a+1,8) A+a+pB+1 n T J(a+1,8)
_ [+ (ple+2) pletia)) |
A+a+pB+1) V" L a8

Using Proposition 2.3.3 on the right-hand side of the above equality and performing some

algebra, we have

<P(°‘+2’ﬂ) P(a,ﬁ)> _ ga+pe2 (a+1DI(n+B+2)I(1+ao+ 1)‘
S (AR ) ITn+a+B+3)(n+8+1)
Finally, applying Proposition 2.3.3 again, we obtain the desired result. O
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2.4. Koornwinder polynomials

2.4 Koornwinder polynomials

Let a,3,7 > —1 and n € Ny, in the case of the triangle, the Jacobi polynomials defined in
Section 2.3 allow us to construct an orthogonal basis for the space V%7 of (2.2.1), given by

(cf. [6, Section 2.4]), {J§£7 c0<k< n}, where

JOP(2) = (21 + 20)FPLP) (“ :L xl) pERFtAIN (1 9 —22,), 0<k<n. (2.4.1)
’ T1 + Ty

These polynomials and their variants have received various names, such as Jacobi polynomials
on the triangle [21], Dubiner polynomials after [4] and (type IV) Koornwinder polynomials
after [13].

Recalling the affine maps in Remark 2.2.11, the polynomials

2
K& (@) = (1 — ap) PP (1‘“ - 1) peEret It i 9r, — 1), 0<k<n,  (242)

and

2
Lo @) = (=2 PP (1= 22 ) P20 — 1), 0k <, (243)

satisfy the relations

Kd(x) = Ty, T3 (x) and Lyl (x) = To, T (2). (2.4.4)

n, n

Thus, using (iii) in Proposition 2.2.6 and (2.4.4), it is straightforward to verify that the sets

{Kgy’,f” : 0 <k <n}and {Lz,/j7 : 0 < k <n} each form an orthogonal basis for VA7,

Let f € CY(I). By the chain rule, we have 0;5f(1 — 2z, — 2x5) = 0. In particular, this
implies

8172J3’b’8’7(:v) = 8172P7(104+5+17’Y)(1 — 2]71 — 233'2) =0. (245)

Consequently, combining (2.4.4) with Proposition 2.2.9, we obtain

KL =0 and GyLyg” = 0. (2.4.6)
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2.4. Koornwinder polynomials

On the other hand, from (2.3.7) and (2.4.1), it follows that

IS = —(n+a+ B+y+2)JoH P

Joé57

[terating this recurrence and using the fact that and all its derivatives are functions of

1 — 221 — 225 we obtain
n+1
(Vj € [no) OPJLdT =t Jey " = (=1)" [[(n+i+a+5+7). (2.4.7)

=2

Let

ng” = (—1)’“L5:,f’7, 0<k<n.

In view of (2.4.4), it is straightforward to verify that

Tl = ()R Qi (2.4.8)
The QO‘ B are precisely the polynomials obtained by setting d = 0 in the four-parameter family
of polynomials introduced in [18, Eq. (1)]. Furthermore, [18, Cor. 1] provides the following

identities:

DQLLT = (n+ BTN, BQulT = (n+ B4y + QI

(2.4.9)
and  012Q%87 = —(n+4)Qut 1N

Combining (2.4.8), part (i) of Proposition 2.2.9 and (2.4.9) we have

T = (—1)"T5,0,2Q35" = —(n+ B)(—1)" T QN = —(n+ )

n—1n—1 n—1n—

D) = (1) 21Que = (n+ ) (=1)" T3 QI = (n+ ) A0
(2.4.10)
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2.5. Integral inequalities on the simplex

2.5 Integral inequalities on the simplex

In this section, we will prove three integral inequalities on the simplex. These inequalities arise
naturally when following the approach of [10, Proposition 3.4] to estimate the approximation
error of the S projector in Sobolev norms. We begin by introducing another weight function
on the simplex and its associated orthogonal polynomials.

Definition 2.5.1. Given d € Nxy and v € R let the weight function W,y : T4 — R be
defined by

for all x € T?.

If v € {k € R : W, € L}(T%)}, we define the space L?r(VVVv) = {W;l/zﬂ [ € LA(T%)},

whose natural inner product is

v

(W9 €L2W))  [F.g), = | F@)g@)Ws (@) da.

Td

We denote by |||l the norm induced by the inner product [-,-],. Given n € Ny, we denote by
f}g the space of L%(W)—orthogonal polynomials of degree n; that is,

VI={pel| (VgelZ,) [p.ql, =0} (2.5.1)

We adopt the convention V¥ = {0} for n < 0. There holds (cf. [6, Sec. 3.1])

C d—1
(¥n €No) dim (V]) = (” * ) (2.5.2)
n
Let proj? denote the orthogonal projection from LE/(W) onto V7. From [6, Th. 3.2.18],
I =@V (W) and L2(W) =P VW),

k=0 k=0
whence

(Vue L2(W)) u=Y" proj](u). (2.5.3)

k=0
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2.5. Integral inequalities on the simplex

2.5.1 Schur-type inequality on the simplex

In this subsection, we will prove two lemmas with Schur-type inequalities; i.e., bounds for norms
of polynomials in terms of weaker norms scaled by monotone increasing functions of their total
degree. The first will help us establish a Markov-type inequality, while the second, together

with said Markov-type inequality, will aid in proving our approximation result.

Lemma 2.5.2. Let d € Nxy, v € (—1,00)%™ and n € N,.

(i) There exists a constant C > 0, depending only on d and ~y such that
2
lally < C@n+ v+ d+ Dllal e, e

for all g € Vytertes,

(ii) There exists a constant C' > 0, depending only on d and «y such that

lpl5 < Cla+ 1)+ Iyl +d+ DIpl3 e e

for all p € TIS.
Lemma 2.5.3. Let d € N5y and v € (—1,00)%1,
(i) Letn € Ny and i € [d+ 1]. Then, for allr € VY+e,

Il = : 17115 e, -
vi+1

(i) Let n € Ny and i € [d+ 1]. Then, for all q € 112,

m+1D)(n+|y|+d+1)
lqll? < lqll?., -
v+ 1

(i1i) Let n € Ny and i € [d]. Then, for all p € V) teitedr

9 m+D(n+|y|+d+1)2n+|y|+d+1) 9
||p||7 S ] ||p||'y+ei+ed 1°
(Va1 + 1)(vi + 1) *
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2.5. Integral inequalities on the simplex

The main idea of the proof of Lemma 2.5.2 is to first establish the inequality in the triangular
case d = 2, and then apply an induction argument on the dimension. To this end, it is crucial
to identify relations between the norms on the d-simplex and on the (d + 1)-simplex. This is

made possible by the non-linear maps that follow.

For the case of the triangle, we define the map ¥ : (—1,1) x (=1,1) — T? as

This map satisfies
det [D(¥)(¢,m)] =27°(1 —n).

Similarly, for the case of the d-simplex we define the map Wy : T ! x (—1,1) — T as

(1-mn)
2

( (Lom - |c|>> |

Wa(¢,n) = ( 5

This map satisfies

det [D(Wq)(¢. )] = 27(1 — )"

Proposition 2.5.4. Let v € A% := {k € R : k€ (=1,00)" A Ky +ky > —1}. Then
W, € LY(T9).

Proof. We prove the result by induction on the dimension d.

For d = 2, let v € A2. Using the change of variables (21, 25) = ¥((, ) we have

v 1 1
W (o) do = 27 @04 [ (01 5, 90) () dn [ 300, 72)(C) A

T2 _
P+ Dl (e + DI(y3+1)
Mm+r+D)Mn+r+y+2)

Since v € /U\Q, we have vy, 72,73 > —1 and v; + 75 > —1, which ensures the expression above is
finite. Thus, W, € L!(T?).
Assume for the inductive hypothesis that for some d € N>, the statement holds for any

parameter vector in A%
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2.5. Integral inequalities on the simplex

Now, let v = (Y1,...,as1, Yas2) € AL Let 4 == (m1,...,7a1) so this ¥ = (¥, 7as2)-

Using the change of variables (x1,...,Zq+1) = Yay1(¢,n), we obtain

3 Py + T (a2 + 1) [
W, (z) dz = |, W) da.
Jrans W) d = L2 P | W) da
The condition v € Ad+1 implies that 4 € Ad, By our inductive hypothesis, the integral on the
right hand side is finite. Consequently, the integral on the left-hand side is also finite, which
proves that W, € L'(T4+). This completes the induction. O

The map ¥, together with a suitable basis of f/g , enables us to exploit properties of Jacobi
polynomials to prove Lemma 2.5.2 in the special case d = 2. In contrast, the map ¥ , together

with a suitable tensorization of ]2'{ , enables us to prove Lemma 2.5.2 for the general case.

Definition 2.5.5. Let v € A%, n e Ny and j € [n]o. We define the family of polynomials
{Pn’j}j:() by

n=j

BY ,(x) i= |aff P (9«" |;|x1> PEATT2 (] g ).

Remark 2.5.6. It is easy to check that P} ; € TI2\IT2_,, for all j € [n]y and n € Ny.

n—1

In the following, we present auxiliary results concerning to the polynomials described in

Definition 2.5.5 and their orthogonality relations.

Proposition 2.5.7. Let v € A2, mn € Ny, j € [mlo, and | € [n]o. Then, the following
identity involving the W,y—wez'ghted inner product [-, -]y holds:
{]_Ew P } — 9~ (2+H+i+271+272+73)
m,jr - n,l ~

27 21
> <Pl(71,’72)’ P§717’72)> <P7(n]_‘;"71+'y27'}’3)7 PgL:lr’Y1+’72,'Ys)> . .
J(y1,72) J(+j+v1+y2+13)

Proof. The result follows directly by applying the change of variables (z1,x2) = ¥((,n) to the
left-hand side of the identity. O

Remark 2.5.8. From Proposition 2.5.7 and the orthogonality properties of the Jacobi polyno-

mials, we deduce that {pZ,l}7_0 is a Wv—orthogonal basis of f},'{ .
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2.5. Integral inequalities on the simplex

Proposition 2.5.9. Given v € A2, m,n € Ny, j € [m]o and | € [n]o. Then, the following
identity involving the W.-weighted inner product (-,-) holds:

<1“37+¢1+ez f)’y+e1+ez> — 9~ (B+Hi+271+272+73)
m, )
2l

% <P(’Y1+1,'\/2+1) P(’Yl+1,’72+1)> <P(2J+'yl+’72+27%) P(2l+’y1+72+2ﬁ5)>
! T Iy N J(+j+71+72+173)
Proof. The result follows directly by applying the change of variables (z1,x2) = ¥((, ) to the
left-hand side of the identity. m

Remark 2.5.10. From Proposition 2.5.9 we deduce that {f‘gjel*@}" is a W,-orthogonal set.

However, in general P7+€1Jr€2 is not W,-orthogonal to lower degree polynomials, so it does not

need to belong to V;’.

The above results allow us to prove the following Schur-type inequality in the triangle.

Proposition 2.5.11. Let v € (—1,00)% and n € Ny. Then, there exists a constant C' > 0,

depending only on v, such that

2
Ipally, < €20+ 171+ 3) IPall3 e, sen

for all p, € Vyteite

Proof. Let n € Ny and j € [n]o. From Proposition 2.5.7 (with v + e; + e instead of +) and
Proposition 2.5.9 we find that

H (71+1m+1)”2
J(2j+v1+v2+1,73) J J(v1,72) (2 5 4)
? ‘P(,71+1,72+1)H2 ' e
J J(r+1,72+1)

HP(21+71+72+2773)

,
P e [z

J(2j+v14+v2+2,73)

Using Proposition 2.3.1 and Proposition 2.3.2 in (2.5.4), we obtain

HP’Y+€1+62 — (277’ + N + 72 + V3 + 3) (27 + 84! + 72 + 3) (’Yl + 2 + 2) |||P’Y+e1+62 |||

(2 +7+7+2) (m+1)(2+1)

Yteitez®
The first factor on the right-hand side of the above equation attains its maximum over j € [n]g
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2.5. Integral inequalities on the simplex

at =0, so

2 _ (271, + 84! + 2 + V3 + 3) (71 + 2 + 3) |||Iu3’y+'e1+ez |||2
i (n+1D(2+1) " herter

DY+ei+ez
HPn,j

By Remark 2.5.8 and Remark 2.5.10, the above inequality generalizes to

M+ +3)@Cn+ v +3), o

2
pn S pn e e
|| ||»y ('71 + 1)(72 + 1) ||| |||'y+ 1+e2

for all p, € V). []

Now we define an operator whose purpose is turning W7—orthogonal polynomials into ana-

logues on higher dimension.

Definition 2.5.12. Let d € Nsy, | € N, k € [l]o, and v = (¥,7a11) € A% We define the

linear operator T,}, : T4t — TI¢ as

k Iy Tg—1 2k+|¥|+d—2,

TR = ol (2 S P00 1
|| ||

Proposition 2.5.13. Let d € Nxso, n,m € Ny, k € [n]o, | € [m]o, and v := (¥,7a41) € Al

Then,

n—

[ﬂk (p)7 721(‘])}

— 9~ (k+lt|yl+d) [p’ q]:r <P 2k;r\‘7|+d*2,'7d+1)’ Pgl:rl\’7|+d*2ﬁd+1)>

v J(k+H+]9]+d—2,7a+1)

for all p e I and ¢ € I,

Proof. The result follows directly by applying the change of variables (z1,...,24) = V4(¢,n)
to the left-hand side of the identity.

Remark 2.5.14. From Proposition 2.5.13 and the orthogonality properties of Jacobi polynomials,
we deduce that if p € V] and ¢ € V), then Tok(0) Ly, Ty(q) when (n, k) # (m,1).

Remark 2.5.15. In view of Proposition 2.5.13 and (2.3.5), it follows that the operator m

introduced in Definition 2.5.12 is injective.
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2.5. Integral inequalities on the simplex

Proposition 2.5.16. Let d € N>o, n € Ny, and v = (¥,7a+1) € A, Then,
=T (V). (2.5.5)
k=0

Moreover, this decomposition is W,y-orthogonal.

Proof. Leti,j € [n]o be such that i # j. By Remark 2.5.14, we have that 7',71()}7) Ly, 7;7](1}])
Consequently, the decomposition on the right-hand side of (2.5.5) is W.,—orthogonal. This fact,
together with Remark 2.5.15, leads to the following equality:

dim (émt;j)) _ édim (T2,000)) = é (’“ +Z‘ 2) _ (”*S_ 1). (2.5.6)

In view of (2.5.2) and the above, it follows that dim (EBZ:O T ( “,3)) = dim(V?). We shall now
show that

BT vy, (2.5.7)

which, combined with (2.5.6), establishes the equality in (2.5.5).

For m € Ny, we first observe that Remark 2.5.14 and (2.5.6) imply

an (7 (7)) -3 = () - ),

1=0 r=0 1=0 m

Since T;). (Hf‘l) C I1I¢ (cf. Definition 2.5.12), we deduce that

m 1
e = IEEQ:;OW (V7). (2.5.8)

Finally, setting m = n — 1 in (2.5.8) and applying Remark 2.5.14 yields the inclusion in
(2.5.7). O

Proposition 2.5.17. Given d € N>y and n € Ny, let v = (7,7a11) € (—1,00)4*. Then, the

decomposition
n

@ +e1+ez pﬁ'-&-el +e2
n,k k
k=0
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2.5. Integral inequalities on the simplex

is W -orthogonal.
Proof. Let I,r € [n], with p; € V)T and p, € V7terte2. Applying the change of variables

(1, ...,2q) = ¥4(¢,n) yields the factorization:

(T ), T (o) = 270 )5

QUH-AH+dyar1) p@r+1A1+dyas)
x (Py2 ,Prr DI+ +d—1,7a41)

The second term on the right-hand side of the above equality can be written as follows:

/ P (2l+ |"Y|+d,'7d+1 (n )ngj\’ﬂ'i'dﬁdﬂ)(n)(l _ n)r—l—1<1 - n)2l+|’y|+d(1 + ) dp (2.5.9)

Y (n)

Ifr>1+1,then Y € Il , |, and since n > r > [+1 the integral appearing in (2.5.9) vanishes,
o

(T (), T (pr))y = 0.
If I > r+ 1, the approach is analogous to the above case, by swapping the roles of » and [. [
Proposition 2.5.18. Let d € Nso, v = (F,7442) € (—1,00)2, n € Ny and k € [n]o. Suppose

that there exists a constant C' > 0, depending only on d and =y, such that

laxlls < C2k + 131+ d+ Dllal3se, e, (2.5.10)

for all q, € ))Z%ﬁe?. Then, there exists a constant C' > 0, depending only on d and =y, such
that

Ipll5, < C@n+ |yl +d + 2ol 4, (2.5.11)

for all p € Vytertes,

Proof. Let p € VYterte By Proposition 2.5.16 there exist g, € V7™ and scalars v, for

0 < k < n such that

p= Zyk n+e1+ez k)

30



2.5. Integral inequalities on the simplex

In view of Proposition 2.5.17, we have

ol = S 2 [Tt ol (2.5.12)
0

For k € [n]o, performing the change of variables (z1,...,2411) = Ya11(¢, 1) yields

Hf]-"/+61+62 )HQ 2
Y

— 9~ (2k+|yl+d+1) s HP 2k+|5|+d+1,va+2)

} . (2.5.13)
J(2k+|71+dva+2)

By applying Proposition 2.3.1 on the last term on the right-hand side of above equality, we

obtain

I

H7—'7+61+62 )
~

— 9~ (2k+[y|+d+1) ||qk||%
Y

2

(2n + |y +d+2) HP(2k+|’7|+d+1,'yd+2)
202k + |y +d+1) " »F

~ . (2.5.14)
J2k+7|+d+1,74+2)

Finally, by using Proposition 2.5.16 (with « + e; + ey instead of «), the hypothesis, and the
identity (2.5.14), the sum in (2.5.12) reduces to the desired bound in (2.5.11). O

With these preliminaries in place, we proceed to prove the main results of this subsection

Proof of Lemma 2.5.2. For (i), we do strong induction on the dimension, the base case being
given by Proposition 2.5.11, while the inductive step is given by Proposition 2.5.18. Let p € 11¢,
from the triangle inequality, (i) and the Cauchy—Schwarz inequality for R™*!,

2
Z V(25 + Iyl + d + 1)Cllproj 772 (p )|Hv+e1+e2]

Ipll5 < Z proj 7o )H,7
XZ: 2j + |yl +d+1) Z|||pr0J Frere( )\Imeﬁeg] -
Using that
En:(2j+|'y| +d+1)=n+1)(n+ v +d+1)
=0
and Parseval’s identity for the ||-||y4e,+e, norm we obtain (ii). O
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2.5. Integral inequalities on the simplex

Proof of Lemma 2.5.3. For part (i), let » € VY*e+1. Then, there exists a homogeneous poly-

nomial h, of degree n such that r — h, € II¢_; and hence x - Vr — 2 - Vh, € II¢_,. Thus,

2
<£IZ’ ’ VT? 7">’7+6d+1 = <3§' ’ Vh?"a 7">’7+6d+1 = n<h7"> T>7+6d+1 =n HrH—y+ed+1 . (2515)

Using the fact div(x) = d, we have

20+ d) 7[5, = 200 VP )ieq,, + div(z)

2
Yt+edq+1 ”T||7+ed+1

= /. div (rQ(x)x) Woeu,, () do. (2.5.16)
Integrating by parts and using that
(Vo € T 2 YWoiep, () = (s + DW4 (@) = (7] + DWopeyy, (2)

we can recast (2.5.16) as

2 2 2
@n+d) I7]5 4., = asr + D75 = (vl + D Irll5 ey,
SO
s Cn+y+d+1),
||r||'y - ||T”’Y+€d+1 ) (2517)

Yi+1 +1
which is part (i) in the special case i = d + 1. Now, given i € [d], let 7, € S441 such that
7i(d+1) =1, 73(1) = d+ 1 and 7;(k) = k for all k € [d+ 1]\{4,d + 1}. The associated affine
map is

d
(Vo € T) T(2) = 3 wpvm + (1= 2o asn):
k=1

Let p € V™. From (iii) of Proposition 2.2.6, we have that T p € V{0t Since 7,(i) = d+1,

we can apply the identity (2.5.17) to obtain

=

2
*

Ti

n(y) v+ 1

2 (2n+\’7]+d—|—1)’

Ti(v+e:) |
performing the change of variables z = T}, () to the integrals defining each norm and using (i)

32



2.5. Integral inequalities on the simplex

of Proposition 2.2.6, this identity simplifies to

_ 2n+ |y|+d+1) Il
vi+1 e

2
Pl

which is the result stated in (i). On the other hand, given ¢ € IT%. As IT% = @}, V{ !, then

2

Yar1 +1
Qk + |’7‘ + d + 1 ’Y+ed+1 2
< (;;) a1 + 1 ) (Z HproJ H,Hed+1

o (n+1) (n+‘7’+d+ ’}’+€d+1 2
N Yar1 + 1 Z HprOJ H'r+ed+1 '

HqH?y < [ Hproj‘>’+6d+1 H ] |: \J 2k + |y +d+1 Hproszred+l(q)H,y+ed+1]
=0

Using Parseval’s identity for the ||| norm on the last equality we obtain (ii). Finally, let

i € [d] and g € V) tetedt1, Then,

Y+ed+1

q Y — Yar1 + 1 Y+ed+1
@ ((n+1)(n+lyl+d+1) (2n+hf|+d—i—1)|| |
Yar1 +1 v +1 Treitea”
concluding with the proof. O

2.5.2 Markov inequality

In this subsection, we establish a Markov-type inequality on the simplex associated with the

weight function W, defined in (2.1.1).

Lemma 2.5.19. Let d € Nso, v € (=1,00)%" and n € Ny. Then, there exists a constant

C > 0, depending only on d and ~y, such that
IVpll, < Cn?|pll,
for all p € TI<.
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2.5. Integral inequalities on the simplex

This result is a consequence of the following proposition.

Proposition 2.5.20. Let d € Nsy, v € (—1,00)! and n € Ny. Then, there exists a constant
C > 0 such that for all p € 1% and x € T? there holds:

1 — |z]

131+.T2

01 9p()]? 122 SC((J;-VP(:U))2 S [0p() ”ﬂ) (2.5.18)

|z 1<i<j<d 2]

Proof. Given z € T?, we define the matrices K (z), M (z) € R¥? by

1 -1 0 0
-1 1 0 - 0
T1X2 T1T2

K(x) := €1 —e2)® (e —eq) = .
() x1+x2<1 2) (1 2) T+ 2 0 0 O 0
0 0 0 0

and
1—|x T;T;
M(z) = |x|| |x®x+ > |x|3(ei—ej)®(ei—ej).

1<i<j<d
It is easy to check that K(z) and M(z) are symmetric matrices. We also claim that M (z) is
positive-definite; indeed, as x1,...,24 > 0 and 1 — |z| > 0, for all z € R,

1|z

z-M(z)z = Tity

(z-2)*+

(2 — ) >0
|IB‘ 1<i<j<d ’[B‘ ' ’

and if z- M(x)z = 0, then z = 0.

Now let us note that the vector v(l)(x) ‘= —xq9ey + X169 is an eigenvector of the generalized

eigenvalue problem: Find A € R and v € R?\ {0} such that
K(x)v = AM(x)v. (2.5.19)

Indeed, it is straightforward to check that
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which goes on to show that the eigenvalue associated with the eigenvector v (z) is AV (z) = 1.
As K(z) is symmetric and M (x) is symmetric and positive-definite, we can complete the set
{(AD(z),vM(2))} into a complete set {(AD(x),v®(2))}¢, of eigenpairs of (2.5.19), so that
{v@(2)}4, is an M(z)-orthogonal basis of R%. As K(z) is a rank-1 matrix and A\ (x) # 0,
it follows that A (x) = 0 for i € {2,...,d}. Therefore, \)(x) = 1 is the maximum of the
Rayleigh quotient (v - K(x)v)/(v- M(z)v) among the v € R?\ {0}, whence

(VU € Rd) v- K(z)v <v-M(z)v.

As
Vp(z) - K(2)Vp(x) = [0 op(x)—-—
p P 1,2P 71+ 29
and
1—|x T; T
Vp(a) - M(@)Vp(a) = (o Vp()? Z T S (o, p(a? B,
|| 1<i<j<d ||
we obtain (2.5.18) with C' = 1. O

We now cite a way of expressing the weak form of the Sturm-Liouville operator £7 of (2.2.8)

that is an alternative to the one given in (2.2.11).

Proposition 2.5.21. Let d € Ny, v € (—1,00)! and f,g € C*(T9). Then,

[ 270 o Wo) di = [ (o V) Vo)1~ el Wole)
+ Z /Td 0i;f (m)@,jg(x)xia:jwv(x)‘cz (2.5.20)
Proof. This is [12, Th. 2.4]. O

Lemma 2.5.22. Let d € N>y, v € (—1,00)%! and n € Ny. Then, there exists a constant

C > 0, depending only on d and ~y, such that

10L2pll, < Cn® Il ,

for all p € TI<.
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2.5. Integral inequalities on the simplex

Proof. Let p € TI¢. By Proposition 2.5.20, we deduce the inequality

dx dx
9001 e < [ G V0P (= )W) b 5 [0 W )

1<i<j<d Eln

Furthermore, applying Proposition 2.5.21 to the right hand side yields the bound

191,265 41 4e0 < LD, D)1 < LD (P, -

On the other hand,

n

> k(k + |v| + d) projl(p)

k=0

Parseval

< n+P+d)lpl,.

(228)

1£7pll, =

> L7 projl(p)
k=0

v il

From the last two inequalities and part (ii) of Lemma 2.5.2, we deduce that

9 N
||81’2p||7 < Cn(n+ |y +d) |||al,2p|”‘2y+el+eg

< Cn’(n+ |yl + d)? |Ipll? -

The inequality then follows after realizing that there exists a positive constant C' depending on

~ and d only such that Cn?(n + |y| 4+ d)> < Cn* for all n € N. O

Proof of Lemma 2.5.19. Let p € TI¢. Since T7p € I1¢, it follows from Lemma 2.5.22 that

2

H61,2T;1p i o1(4)

‘01(7

, < Cn’ |70

Performing the change of variables z = T,, (z) and applying (i) in Proposition 2.2.9, we deduce

that the inequality above is equivalent to
2 FRTINIE
[02p]], < T Ipl5 -

By analogous arguments, we obtain the same inequality for 0;p.

Now let i € {3,...,d}. From (iii) in Proposition 2.2.9, and after the change of variables

36



2.6. Approximation results

z =1T,,(z), we observe that

i

* 2 o * 2 - 12 * 2 . 2
|0tz =|\Ts0w], = l0wl; and T3] = lipll;-
Since T p € [1¢, applying again Lemma 2.5.22 yields
2 2
12ipll5 < Cn*lp]l5 -
This completes the proof. O]

Corollary 2.5.23. Given d € Nxy, let v € (—1,00)4" r € N and n € Ny. Then, there exists

a constant C' > 0, depending only on d, r and =y, such that
IV.pll., < Cn* |p]l,

for all p € TI4.

Proof. We proceed by induction on the order of differentiation, observing that the base case

corresponds to Lemma 2.5.19. ]

2.6 Approximation results

In this section, we present two approximation results. First, we establish an estimate for the
projector S in the Lebesgue norm ||-[|,. Although similar results were established in [7] and [3]
on the triangle and the simplex, respectively. We provide an alternative proof that exploits the
properties of the Sturm-Liouville operator £7. Finally, we present the proof of the main result

of this chapter, Theorem 2.1.1.

Definition 2.6.1. Given d € N, m € Ny and v € (—1,00)%*, we define HZ' as the topological
completion of (C™(T9), [y -

That is, up to isometry, HX is the space of the equivalence classes of Cauchy sequences of
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2.6. Approximation results

(C™(T9), | ~.m) With respect to the equivalence relation ~ defined by

(wnnest ~ Wolnen = il = yull = 0.

equipped with the metric
(.T, y) = nh_{go Hajn - yn“-y;m )
where (,)nen ¥ (Yn)nen are any representatives of the equivalence classes x and y, respectively,

which makes it a complete metric space. Identifying each f € C™(T?) with the equivalence

class of the constant sequence (f)nen, C™(T4) is a dense subset of HZ' [15, Th. II1.33.VII].

It is easy checked that the map (x,y) — lim, o (Zp, Yn)~:m, Where again (2, )nen and (yy, )nen
are any representatives of the equivalence classes x and y, respectively, is a well defined inner
product that induces the above metric, whence HX is a Hilbert space. We denote that inner

product by (-, ).m as well.

Proposition 2.6.2. Let d € N andy € (—1,00)*"". Then, the bilinear form BY : HY x H! —
R defined in (2.2.10) satisfies

(Vu,v € HY) B (u,0)| < [|Vul, |V, . (2.6.1)

Proof. Let u € C'(T49). First we note that

d

d d d d
Z |8lu|2 Wei+ed+1 = Z |alu|2 Wei [1 - Z Wej] = Z |azu|2 Wei - Z |aiu|2wei+ej
i=1 i=1 j=1 i=1 ij=1

and

Z ’aivju‘2W€i+ej = Z (’aju|2 - 28@“ aju + ‘azu|2> We¢+ej

1<i<j<d 1<i<j<d

d
= Z |3iu|2W€i+ej — Z 281-u8quei+ej.

ij=1 1<i<j<d
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Thus,

d d
Z |@1U|2 W€i+€d+1 + Z |8m-u|2 Wei—l—e]- = Z |3Zu|2 Wei -2 Z @uﬁqueiJrej.
i=1 i=1

1<i<j<d 1<i<j<d

Since W, (z) < 1 for all x € T?, we deduce that

d d
Z |a%u|2 W3i+3d+1 + Z |ai7ju|2 Wei+ej < Z |alu‘2 :
=1 =1

1<i<j<d =

Multiplying both sides by W.,(x) and integrating over x € T¢, we obtain
B (u, )| < [[Vulf3.
By the Cauchy—Schwarz inequality for the positive semi-definite bilinear form B? it follows that
(Yu,v € CH(TD)  |BY(u,0)] < [Vull, [ Vol

The general result then follows from Definition 2.6.1. O

Proposition 2.6.3. Let d € N and v € (—1,00)*™. Then,
(Vu € Hk) (VneNp) [lu—Sy(u)], < ()\Z+1)—1/2p121§d IVu = Vp,l|., (2.6.2)
and

(VueH2) (Yn e No)  fu— ST (ull, < (Ala) 1L (w) = ST(L7(w))]] (2.6.3)

~

Proof. Let v € H}r By Definition 2.6.1, it is the limit in H,ly of a sequence of functions in
Cl(ﬁ). Hence, exploiting the bound (2.6.1) and the structure of the Sobolev inner product,
we can extend (2.2.11) to:

(Vo €V)) B (pn,v) = Xl(pn,v).
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Then, given n € Ny and ¢ € T1¢,

B(g,0) = 3. B(proji(a).v) = 3 X1 (proil (a), v)-

k=0 k=0

SO

BY(v—gq,v—q)=B"(v,v) + kﬁ: A [IIproid (@)l = 2(proji (q), v)s] - (2.6.4)

As the eigenvalues A7 are nonnegative (2.2.9), a minimizer of the left-hand side of (2.6.4) among
all ¢ € T1¢ is obtained by minimizing what lies inside the square brackets of the right-hand side
for each n independently, and that is attained by choosing ¢ so that proj}(¢) = proj)(v) for

0 < k < n; hence,

(‘v’v € H,ly) (Vn e Ng) S)(v) € argmin B (v — q,v — q). (2.6.5)

q€lrd

Now, for all n € N,

0< B(v—87(v),v - 57(v) "= BY(v,v) = 3\ [|proji ().
k=0

. . . n . 2 .
Thus, every partial sum of the series of non-negative terms >-3_, A} [[proj; (v) |5 is bounded by

the finite quantity B7(v,v), so the series converges and we obtain the Bessel-type bound

(VU € H}/) (Vn € Np) i AL |lprojl(v)]| < B7(v,v). (2.6.6)

k=0

Therefore, given u € H! and n € Ny,

lu =S5 = > llproji (w)f5
k=n+1
v \-1 S v Y 2 (260 v \-1
<) X0 Mlprojl ()l < (W) B (w = Sy (u), u — ST (u))
k=n+1
CED 3T VN i BY(u— po—pr) - £ (ALY inf [V — V|
= ntl) U—pu,u—pn) < (A pigng‘ u pn"y'

The desired bound (2.6.2) then follows by taking square roots on both sides of the above
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inequality, utilizing the fact that the function x — /x is monotonically increasing.

Let w € C?(T9). From (2.2.8), (2.2.9), (2.2.10) and the self-adjointness of BY made evident
there, for all k € Ny and ¢, € V{,

(LYW, qr)y = MW, )y = (AL Projl(w), qr)~-

So, let u € H?Y and n € Ny. The above inequality, the fact £7 is a continuous map from H,ZY to

L?/ and Definition 2.6.1 give
(Vk € Ng)  projl (L7u) = N proj] (u). (2.6.7)

Then, the bound (2.6.3) follows from

lu—SY()|3 < (W)™ > I\ proji(w)]]
k=n-+1
(2.6.7) P . -
=" () X proil (L w15 = (A4n) 2 [1£7u = S7 (LM )3
k=n-+1

Finally, taking square roots and noting the monotonicity of the function z + /x completes

the proof of the bound (2.6.3). O

Proposition 2.6.4. Let d € N, m € N and v € (=1,00)"'. Then, for all u € HZ"' and

n € Ny we have

2m—1

lu = Sl < (Aaa)™ 2

VL2 ()| (2.6.8)

~

Also, for all v € H?,m and n € Ny we have

lo = S (0)ll, < ae) ™™ 7™ (v) = SEAL7™ ()l (2.6.9)

oy

Proof. We proceed by induction on the regularity parameter m. For m = 1, the statement is

proven by the inequalities in (2.6.2) and (2.6.3).

Now, assume the proposition holds for some m € N. Let u € HZ™+)=! and n € Ny. We

note that u € H2"=2 and that [£7]*(™TD~2(u) € HL. Applying the inductive hypothesis for
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the even case (with regularity 2m), yields

(2.6.2) 2m+1

L) = 87 (L7 @) < ()%

Y

lu—SY(W)]., < (A1)~ F

VL™ ()|

~

Similarly, let v € H2™) We note that v € H2™*)~2 and that [£7]*™F)~2(u) € H2. Applying

the inductive hypothesis for the even case (with regularity 2m), yields

2(m+1) 2

lu =Syl < (Aa)”

(L7 =2 () — S ([P 02 ()|

(2.6.3)

< AL DL ) — 87 (1L (w)) |

-
-
This completes the inductive step and concludes the proof. [
Lemma 2.6.5. Letd € N, m € N and v € (—1,00)%*t. Then, there exists a constant C' > 0,
depending only on d and ~y such that

(YueHy) (vneNo)  Jlu— 587w, < CNL) 7 ully,
Proof. Let u € H2™~". Since the operator V[£7]*"~" is bounded from H2"™~" to L2, we deduce
that there exists a constant Coyq := Coaq (7, m) > 0 such that

~ 2m—1

|V 2u] < Coaa(N10)

(2.6.10)

elly 21 -

Combining (2.6.8) of Proposition 2.6.4 and the inequality (2.6.10), we obtain the desired result

for all u € H,Zymfl.

On the other hand, let v € H2™. Since the operator is bounded from H2™ to L2, we deduce

that there exists a constant Cloyen = 'wven (7Y, m) > 0 such that

J1eP] < Conen ML) I (2.6.11)

v,2m

Combining (2.6.9) of Proposition 2.6.4 and the inequality (2.6.11), we obtain the desired result
for all v € H?Ym O
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2.6. Approximation results

Proposition 2.6.6. Let d € N, v € (—1,00)%" and | € N. Then, there exists a constant
C > 0, depending only on d and ~ such that for all u € le n €N and j € [d],

10587 () — S7_1 (B;u)|l., < Cn2~"[|0yul|

il—1"

Proof. Let us first assume that v € C!(T9). Combining part (v) of Proposition 2.2.2 and part

(iv) of Proposition 2.2.1, we obtain

FDiff)
. . Y+eite . Y+ei+e .
oy pfOJzH (u) — projj (Oju) = prOJZ 7T o pfOJzH (Oju) — prOszlj ! o projj (9;u)
+ proj " o projl (9u) — proj] Ty ! o projl (9u) .
SDiffy

Summing this expression from 0 to n — 1 yields
n—1 n—1 n—1
> {@ proj;_ ;(u) — projz((?ju)} = > FDiffy + ) _ SDiff, (2.6.12)
k=0 k=0 k=0

Since both sums on the right-hand side are telescoping, they can be evaluated directly. The

first sum results in
n—1

S" FDiffy, = proj ¢ o projl (O;u) (2.6.13)
k=0

and the second sum evaluates to
n—1 . A
> SDiffy, = proj) YT o proj?, , (9;u) + proja_ g’ o proj? (d;u). (2.6.14)
k=0

Using (2.2.3) to express S7 in terms of the proj), and combining this with the identities in

(2.6.12), (2.6.13), and (2.6.14), we have

n—1
0;87(u) — Sy (9ju) = > [0 projiy, (u) — projf (9;u)] = proji 5 *** o proj] (dju)
k=0
+ proj It o proj(dyu) + proji e T o profl,, (Byu). (2.6.15)
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2.6. Approximation results

Now, by part (iii) of Lemma 2.5.3, the fact that Hprojfre”Jred+1 cw < 1 and the fact
Ytejteqia
that [[-l,4¢,1eq,, < IIll, in L3, we have that for all n € N
Y+ejte . 2 . 2
proqn =5 o proji (9w < Csga(n) [Iprogi s (9yu)1 (2.6.16)
and
. €;iT€, . 2 .
[profi = e o proj(@;u) | < Coja(n) [Iprof? (Bsu)l (2.6.17)
where
nn+ |yl +d)2n+|y|+d—-1
Oy o MY £ D@0y 1)
(Va+1 + 1) (75 + 1)
Analogous arguments show that for all n € N,
. €jT€, . 2 .
[profi =5 7 o proj(@yu) [ < Csja(n) [Iprof? (Bsu)l (2.6.18)

where
m—Dn+y+d—1)2n+|y|+d-1)
(Va1 + 1)(y; + 1)

Taking the squared Lg norm of both ends of (2.6.15), using the triangle inequality and the
bounds (2.6.16),(2.6.17) and (2.6.18), we observe that

Chin(n) =

10,57 (w) = 71 (9gu)ll5, < Coygia(m) 10u — ST 1 (D)5 -

As Jju € Hﬂ,‘l, we can appeal to Lemma 2.6.5 to obtain the desired result for u € C(T4)
after realizing that there exists a constant C' > 0, depending only on d and ~ such that
(Cosa(n))Y2(A7)~"F < Cn"2" . The general result then follows via the density result in Defi-

nition 2.6.1. ]

Remark 2.6.7. Numerical experiments suggest that the case [ = 1 of Proposition 2.6.6 is sharp
if one relies on the |[0ju||, seminorm. However, switching to the directionally stronger |[Vul|.,
seminorm reduces the observed power of n from 3/2 to 1/2. This reduction, if true, would
impact Corollary 2.6.8 and the main result of this section, Theorem 2.1.1, making the results

comparable to those in [9].
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2.6. Approximation results

Corollary 2.6.8. Given d € Ny, v € (—1,00)4 and r,l € N with r <. Then, there exists

a constant C > 0, depending only on d, I, r and v such that for all u € Hﬁ/ and n € N,
IV:S7 () = Y (Vew)ll, < Cn® 27 ful

Proof. We will now operate by induction on r. Taking the square root of the sum with respect
to j of the square of both sides of the inequality in Proposition 2.6.6 the case r = 1 follows at
most immediately. Let us suppose now that our desired result holds for some r € [I] and that

r+ 1 <. Then, for all j € [d], by triangle inequality,
V05 (u) = S7(Vy05u)ll, < 10;57 (w) — ST (Oju)l,, + VST (05u) — ST(VrOu)ll, -

By Corollary 2.5.23 and Proposition 2.6.6, the first term is bounded by an appropriate constant
times n2n®2=1||0;ul| By the induction hypothesis and the fact that 9;u € H.™!, the second

Then, the desired

v;l—1"

term is bounded by a appropriate constant times n?+/2-(-1 105wl -

result in the r + 1 case follows from summing up with respect to j and standard inequalities

connecting vector 1- and 2-norm. O

Proof of Theorem 2.1.1. For every k € {1,...,r},

[u = ST, < 2[Viw = ST(Viw)|l5 + 2(157 (Viu) — VS ()l

e k _ 1
< CiW) T YT ( )H@aulli;lﬁ@n%“ Hlull3, < Con™ 72 a3,

|a|=k

where we have used Lemma 2.6.5, Corollary 2.6.8 and €} and C5 depend on =, d, [ and k only
and C3 depends on ~, d, [ and r only. Thus,

lu = S3)I2, < (CaXrar) ™+ rCan®™ ) [lull2, < Con®* 1 ul?,

where we have again used Lemma 2.6.5, Cy depends on =, d and only [ and C5 depends on ~,

d, [ and r only. O]
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Chapter 3

Characterization of Sobolev orthogonal

polynomials on the triangle

3.1 Introduction

Given v = (71,72,73) € (—1,00)% and persisting with the notation of Section 2.1, we define,
inspired by the terms involving derivatives of order two in the expansion of the inner product

in [21, Eq. (7.1)], the bilinear form
‘B"(u, U) = <6301U, 63811)>7+€1 + <6362u, 83620>7+52 + <8182u, 8182’0>7+e3, (311)

where 03 := 0y — 0;. Let us recall that Sj is the orthogonal projection from L?y onto constant
polynomials. We define the Sobolev space ]HI% as the topological completion of C?(T2) with

respect to the inner product

3
(u, v)mz == B (u,v) + D _(S7(du), S§(0v)) + (57 (w), 57 (V). (3.1.2)

i=1
In [21, Sec. 14] orthogonal projectors with respect to an analogue of ]HI,QY for the case v = (0,0, 0)
were shown to provide quasioptimal polynomial approximants in the full unweighted Sobolev
norm WH%(T?) = H!(T?). However, the role that the projectors Sy play in the lower-order

terms of (3.1.2) is in [21] played by trace operators, which are not necessarily well defined
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3.1. Introduction

in weighted Sobolev spaces. Another observation is that in [21] explicit bases of orthogonal
polynomials lie in the center of the arguments, whereas we strive to reserve that place for
spaces of orthogonal polynomials. Given n € Ny we denote by V75° the space of orthogonal

polynomials of degree n with respect to the inner product (-, -)Hg7 of (3.1.2); that is,
Vrsh [y e T2 | (Vg € T2_,) (p, ) = 0} (3.1.3)

In this chapter, we focus on the study and characterization of each space of Sobolev orthogonal

Sob  For lower degrees (n € [3]) we found an explicit basis of V5P (see

polynomials V)’
Theorem 3.3.8 and Theorem 3.3.10), while for higher degrees (n € N>4) we characterize V)5°P
as a direct sum of the image of (mostly) weighted Lebesgue orthogonal polynomial spaces
through compositions of instances of the first-order differential operators of (2.2.5) and (2.2.6)

with the right parameters, namely,
mY =d]" %A} and MY :=m” (dﬁe?’) . (3.1.4)

The characterization which we obtain is summarized in the following theorem.

Theorem 3.1.1. Let v € (—1,00)% be such that v # (0,0,0), and n € Ns4. Then, there exists

a subspace JY C VISP such that

8183jg C V‘ngel, 8283._77? C V;ZJrQeQ and 8182‘_77? C V;.Z+263.

n — —

Moreover, we have the direct sum decomposition
v;Sob 7y 0 Y+e1t+eza+es
Vst = g7 oM (VI .

The subspace 7,7, defined in Theorem 3.1.1, will be presented later and is constructed from
the polynomials in Section 3.5. An important detail of this subspace is that it depends on the
nature of the parameter =; specifically, on whether one, several, or none of its elements are

Zero.
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3.1. Introduction

The second main contribution of this chapter is the characterization of the elements of
V59b as eigenfunctions of the Sturm-Liouville-type operator L7 = Lre—e=es L LOTY, where
Lr—e1e27¢s g the operator defined in (2.2.7), and LOT” denotes a suitable lower-order finite-
rank operator defined in Definition 3.6.11. This characterization is summarized in the following

theorem.

Theorem 3.1.2. Let v € (—1,00)® be such that v # (0,0,0), n € Ny and p, € V)5, Then,

0 ifo<n<l,

E’Y(pn) = )\zp'r“ Where S\Z =
nin+ vl —1) if 2 <n.

The case v = (0,0,0) was studied in [1], where a Sturm-Liouville operator for Sobolev
orthogonal polynomials on the triangle was derived. Furthermore, in that work, this result was

extended to Sobolev orthogonal polynomials on the simplex when v = (0, ...,0).

In the previous chapter (see Theorem 2.1.1) we proved that for all u € ny, there exists
C > 0 such that

lu = S (@)l < O™ ful]y -

As mentioned in Section 2.1, this result appears to be suboptimal with respect to the power
on n. However, even the optimal power on n attainable while sticking with the projector S} as
above may well be strictly worse than the power attained by a better projector, as it is the case
in the ball (e.g., compare the case r = 1 of [9, Th. 1.1} against [11, Cor. 4.7]). This situation is
consistent with the fact that in the above equation there is a mismatch between the norm in

which the error is measured and the norm that corresponds to the projector operator.

Motivated by the work of [21], we define a Sobolev-type projector based on the space
VS°bwith the expectation of proving in future work that this projector achieves an optimal

. . . 1
approximation rate in H..

Moreover, the characterization of V75" in terms of L?Y—orthogonal polynomial spaces allows
us to exploit well-known properties of the spaces V7 to analyze the structure of V°°. For

example, the existence of a Sturm—Liouville operator associated with V7Y (cf. (2.2.8)) provides
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3.2. Sobolev orthogonal polynomials on the interval

a natural pathway for constructing an analogous operator for V755,

Following the ideas in [11] and the proof of Proposition 2.6.3, this approach could allow us

to obtain first-order Sobolev-type approximation bounds for the associated projector.

Throughout this chapter we abbreviate

T:=T? 05:=01p, and d3 :=dj,.

3.2 Sobolev orthogonal polynomials on the interval

In this section we study univariate Sobolev orthogonal polynomials with respect to an inner
product inspired by (3.1.2). The primary motivation for this is characterizing 7Y for the various
regimes of .

Let o, 3 > —1 and I := (—1,1). Let V(@5 be the space of the orthogonal polynomials of

degree n with respect to the Jacobi weight J(a, ) defined in Section 2.3; i.e.,

vied .= {pemm| (Vg ) (p,q)sap =0}

Let pron(a’ﬁ) denote the orthogonal projector from Liﬁ(]) onto V)@ From [6, Th. 3.2.18],
= @r_, V" and L2 ;=@ VP whence

(Vn e Ng) SJ@h) = > proji(a’ﬁ) and (Vuell;) u=) proji(a’ﬁ) (u).
= k=0
For o > —2 and 8 > —1, we define the Sobolev space

Hgﬁ *{fELaHﬁ f €L’ at1,8 N fHELa+1,3+1} (3.2.1)

By standard arguments (see, e.g., [14, Th. 1.1]), Hf, 5 equipped with the inner product

1
<f7 g>;,5 = <f//7 g//>J(a+1,ﬂ+1) + Z < Sat, B)<f ) SJ(CH_I ) (g( )>> (322)

=0 J(a+1,8)
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3.2. Sobolev orthogonal polynomials on the interval

is a Hilbert space. Given n € Ny we denote by V%% the space of orthogonal polynomials of

degree n with respect to this inner product (,-) 5 of (3.2.1); that is,

vere ={pem| (Ygell, ) (p.g)oy =0} (3:2.3)

A first characterization of V%% is given by the following proposition.

Proposition 3.2.1. Let a > —2, > —1 and n € N>y. Then,

vele = {p e | (Yg €10, ,) (0", ¢ Vstasraeny =0 A (V€ {0,1}) S (pM) = 0}
(3.2.4)

Proof. Let p € V&%, It is straightforward to check that

J(a 1,5 2 o J(a 1,6 2 e}
So D) I s = 0 Do =0 and S @) 115005 = (2. 3(0,1))2 5 = 0.

Since [|1]] (11,4 7 0, we must have Syt (p) = 0 and S5 (p/) = 0. These two identities,
together with the fact that p € V*#° imply the left-to-right inclusion. The reverse inclusion

is immediate. O

In what follows, we introduce and study some differential operators that will be useful in
the characterization of V®#°. We begin by introducing the following first-order differential

operator, which is a univariate variant of the operator d] of (2.2.6)

d*Pp = —J(a, ) [Ja+ 1,8+ 1)p]
= [(a+1)J(0,1) — (B+1)J(1,0)] p— J(1,1)p". (3.2.5)

Proposition 3.2.2. Let o, 8 > —1 and k € Ny. Then, the following properties hold:
(i) d*P maps 11}, into 11}, ;.

(ii) Given p,q € Cl(]_), then (0, q)s(a+1,8+1) = (P da’ﬂq)J(a75).

50



3.2. Sobolev orthogonal polynomials on the interval

(iii) Let r € V,;](QH’BH), then d*Pr € V,;IEFC;’B).
(iv) Let h € V)P then b € Y]t orl),
Proof. Analogous to the proof of Proposition 2.2.2. m

Proposition 3.2.3. Let o, § € R. The following identity holds:

(av=1871p) = d*Fp' + (a + B)p,

for all p € C*(I).

Proof. The result follows directly from (3.2.5) and by application of the calculus rules of dif-

ferentiation. O]

Definition 3.2.4. Let o, € R. We define the second-order differential operator (cf. [11,
eq. (38)] and (3.1.4) below)

M7 = o818 = [J(a — 1,6 — 1)) [Ja+ 1,8+ 1)p)”.

From (3.2.5), Definition 3.2.4 and by applying the calculus rules of differentiation, it follows
that

M*Pp = a(a+1)J(0,2)p + B(B + 1)J(2,0)p — 2(a + 1) (B + 1)I(1, 1)p

—2(a+1)J(1,2)p +2(8+1)J(2,D)p" + J(2,2)p". (3.2.6)
Then, M®# maps II}, into II}_,. Moreover, from the above expression, we can deduce that
M*Pp(1) = 4afa +1)p(1) and M*Pp(—1) = 4B(8 + 1)p(—1). (3.2.7)
Proposition 3.2.5. Let o, 3 € R. The following identities hold for all p € C?(I):

(i) (M*Pp) = ML+ 4 2(a + 6+ 1)dPp,
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3.2. Sobolev orthogonal polynomials on the interval

(ii) (Maﬁp)” = M+2842p" L 4o + 4 2)d* TP 4 2(a+ B4 2) (o + f + 1)p.
Proof. To prove (i), we use Definition 3.2.4 and Proposition 3.2.3 to obtain
!/ /
(Ma,ﬁp) — (dafl,ﬁflda,ﬁp)
= () + o+ B)dp

= dPd Y 4 (a4 B+ 2)dPp + (a + B)d™p

= MY L 2(a+ B + 1)d™Pp.
Thus, (i) is established. For (ii), we apply (i) and Proposition 3.2.3 again:

(M*Pp)" = (M1 4 2(a+ 5+ 1)d7p)
/ /
= (Maﬂ’ﬁﬂp’) +2(a+F+1) (da’ﬂp)
— Ma+2,,3+2p/l + 2(a + ﬁ +3>da+1,ﬁ+1p/ + 2(0( + 6 + 1) {da—&-l,,@—i—lp/ + (a + ﬁ + 2)p]

= M*272p"  d(a+ B+ 3)d* Y + 2(a+ B+ 1) (a + B+ 2)p.

Hence, (ii) holds. O

Proposition 3.2.6. Let o« > =2, > —1 and n € N>o. The following property holds:

(Ma"g)” (VJ(az—f—l,ﬁ—i—l)) C Vi(_a;l,ﬁ-i—l)‘

Proof. Let p € Vi(a;l’ﬁﬂ). First, we note from (ii) of Proposition 3.2.5 that

(Ma,ﬁp>” = M L Ao+ B4 2)d* T 42+ B+ 2)(a+ B+ 1)p. (32.8)

Next, from Definition 3.2.4, we deduce that

Ma+2,ﬂ+2 " da+1,,8+1da+2,5+2 11

p

From (iv) of Proposition 3.2.2 and (iii) of Proposition 3.2.2, we observe the following mapping
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3.2. Sobolev orthogonal polynomials on the interval

for the first term on the right-hand side of (3.2.8):

J(a+1,841) 0" §,J(a+3,8+3) MT2542 1 J(a+1,8+1)
Vn72 —>an4 — Vn72 :

Similarly, from (iv) of Proposition 3.2.2 and (iii) of Proposition 3.2.2, we establish the mapping
for the second term on the right-hand side of (3.2.8):

’ a+1,8+1
Vi(_a2+1,ﬁ+1) L Vi(_a3+2,ﬁ+2) d it Vi(_a2+1,,6’+1)'

Since p € Vi(_a;l’ﬁ H), all terms on the right-hand side of (3.2.8) belong to Vi(_a;lvﬁ“)' Therefore,
we conclude that (Mavﬁp)ﬁ c Vﬁ](_azﬂ’ﬁﬂ). -

Proposition 3.2.7. Let o« > =2, f > —1 and n € N>4. The following property holds:
M8 (Vi(_a;l,ﬁurl)) C Vi(_céﬂ,ﬁ) ® Vi(_a;l,ﬁ) o Vi(_a1+1,6) o Vi(cH»LB).

Proof. Let p € Vi(_a;l’ﬁﬂ) and ¢ € I} _,. Applying Definition 3.2.4 and integrating by parts
twice, we find that the inner product (M*?p, q) (1,5 can be simplified as follows:
(M*p, q)s(as1,8) = / Ja=1,8-1)""J(a+1,8+1)p)" ¢J(a+1,5)

[_171]

= (Ja+1,8+1)p)" qJ(2,1)

[_171}

=), O+t Dp) [¢3(2, 1))

= (p, (CIJ(27 1))”>J(a+1,5+1)-

Since p € V2% and (¢J(2,1))" € TI%_,, we conclude that (M*®p,q)j(a41,5 = 0. This

n—3»

establishes the desired result. O]

Proposition 3.2.8. Let o« > =2, > —1 and n € N>o. The following property holds:

(Ma’ﬁ)/ (Vi(_a2+17ﬁ+1)) - Vi(_a;l’ﬂ) ® Vi(_a;rl,ﬁ).
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3.2. Sobolev orthogonal polynomials on the interval

Proof. Let p € Vn (LAY and ¢ € I1}_,. From (i) of Proposition 3.2.5 we have
(Ma,gp)/ _ Ma+1,ﬂ+1p/ + 2(a 1B+ l)da,Bp — JoB (da+1,6+1p/ + 2(a L8+ l)p) '

Letting h := d*™1p' + 2(a+ B + 1)p and using (3.2.5) we have that

(M*$p)" = a= 1% — J(0, 1)h. (3.2.9)
From (iii) and (iv) of Proposition 3.2.2, and the fact that p € V a+1 F) we deduce that
dot By e PN oo e VI CThis and (3.2.9) yield
!/
<<Ma’ﬂp) »Q>J( g <da+wh Q)3 J(a+1,8) —(h,q)s J(a+1,6+1) (daHBh Q)3 J(a+1,8)

By part (ii) of Proposition 3.2.2; we have

<da+16h O 3at1,8) = (h @)sat2,841) = (R, J(1,0)¢") s(a+1,8+1) = 0.

This establishes the desired result. O

Proposition 3.2.9. Let o > =2, f > —1 and n € Ny. Then, the operator M""B\H}l is injective.

Proof. Let p € TI} be such that M®#p = 0. From Definition 3.2.4, we have that
Ja-1,8-1)""(J(a+1,8+1)p)" =0.

Since J(a — 1,8 — 1)7!' # 0 on I, we deduce that (J(a+ 1,8+ 1)p)” = 0 on I. The above
implies that J(aw + 1,8 + 1)p € I}. If p is a non-null polynomial, then J(a + 1,5 + 1) is
polynomial; consequently o +1 € Ny and f+ 1 € Ny. Since a« > —2 and § > —1, the
polynomial J(a + 1,8 + 1) has degree at least one. Thus the product, J(a + 1,5 + 1)p has

degree at least n + 1, which is a contradiction. Therefore, we conclude that p = 0. O]
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3.2. Sobolev orthogonal polynomials on the interval

Lemma 3.2.10. Let o« > =2, 8 > —1 and n € N>4. Then, the following property holds:
Va,ﬁ;o _ Ma,ﬁ (VJ£a2+1,6+1))

Proof. The inclusion
Ma,ﬁ (Vi(_a;rl’ﬁJrl)) C va,/g’;o

follows from the structure of the inner product (3.2.2), Proposition 3.2.6, Proposition 3.2.8 and
Proposition 3.2.7. Furthermore, from Proposition 3.2.9 we deduce that the dimensions of both

spaces are the same. Therefore, the desired result holds. [

Definition 3.2.11. We define n : T — [ as the map given by n(x) = 1 — 2x1 — 229 and

nf=1rfon.
Proposition 3.2.12. Lety € (—1,00)3, n € Ny and p € I1L. Then, the polynomial n*p satisfies
(i) S3(rp) = 537 ),
(i) dim*p = —2n*p/,
(iii) Oan*p = —20"p,
(iv) Osnp = 0.

Proof. Part (i) follows from the fact that
(Vg € Hvlz) (n*q, 1>’Y = 27372717272773“: 1>J(’717’)/2)<q? 1>J(71+72+1,’Ys)'

On the other hand (ii), (iii) and (iv), follow from the rules of calculus. O

We close this section with the following lemma, stating that the univariate Sobolev orthog-
onal polynomials given in (3.2.4) become bivariate Sobolev orthogonal polynomials defined in
(3.1.3) under the pullback n*, provided the degree is sufficiently large. Together with the results

from the upcoming section, this will allow for the definition of J) in specific cases of +.
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3.2. Sobolev orthogonal polynomials on the interval

Lemma 3.2.13. Let v € (—1,00)* and n € Ns4. Then,
n*vvﬁw,%;o C YiSob.
Proof. Let p € Y)t72%:° Using Proposition 3.2.12; we have
S5 (Ovy"p) = S3(Ban"p) = —28; W () and ST (Dsn*p) = 0
0 (Ov"p) = S5 (021"p) 0 (p") and  S¢(dsn"p) = 0.

From Proposition 3.2.1, we deduce that 53727 (/) = 0 and S5 T2 F153) (p)
fore, S7(01*p) = 0, S5 (0an*p) = 0, 57 (dsn*p) = 0 and S5 (n"p) = 0.

Now, let k € [n — 1]p and [ € [k]y. Since d3m*p = 0, we deduce that
~(oox YN * Proposition 3.2.1 * /I
B (n*p, Jy;) = (01020 D, D102 Tk 1)y +es = A p", 0105 1) tes

Since 8,0,J7; € VIt t2% there exist ¢, ...,¢]_, € R such that

* l/ ’}’+61+62+263
BY (", J, 240 ARy Jytes-

By performing the change of variables x = W((,n), we find that (cf. (2.4.1))

< 7 J'r+e1+ez+2eg> o 2—4—271—272—73—1'<P("/1+1,W2+1) 1>
- 7 3

~Y+e3 J(71:72)

<p// J(’i O>P(2z+v1+'yz+3 ¥3+2)

= (0. There-

k—2—i >J(’)/1+’}'2+1,’73+1)'

Since J(i,0)PZ 11 #2895 ¢ [Tl there exists a polynomial k; € ITL such that

21+’Y1+’72+3,’Y3+2)
h! = J(i,0)P
k—2—1

Then, from Proposition 3.2.1, we get that

(2i+v1+72+3,73+2
<p” J(Z O)Pk 271 R )>J(’71+72+1,’Y3+1) = <p”7h;l>z]("f1+72+1,73+1) = 0.
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3.3. Sobolev orthogonal polynomials on the triangle

Consequently, B7(n*p, J,Z ;) = 0. Since this holds for every basis member ‘]I;Y, 1, we deduce that
n*p c V;/;Sob. ]

3.3 Sobolev orthogonal polynomials on the triangle

In this section, we study some properties of the space of Sobolev orthogonal polynomials V7:5°P
and construct explicit bases for low degrees. Given v € (—1,00)%, we define the number b, as

follows:
Ly + DI (2 + DI(y3 4+ 1)
(v 4+ v+ 793+ 3) ’

by = /TW,Y(x) der =

The following result yields a preliminary characterization of the orthogonal polynomials V7P

with respect to the inner product (-, -)H;Y .

Lemma 3.3.1. Let v € (—1,00)® and n € N>y. Then,
Vst = {peIl| (Vg e TI2_,) B7(p,q) =0 A SJ(Vp) =0 A S(p) =0},

where V = (04,0, 03)".

Proof. Let p € VYS°P Tt is straightforward to check that
<p7 1>H,2Y = Sg(p)b"/v <p7 VVeg>H,2Y = _Sg(alp)67 - Sg(aQP)b"/v a‘nd <p7 We1>H,2Y = _Sg(a3p)b7

Since by # 0, W,,,W,, € I3, 93 = 0y — 0, and p € V)5 we deduce that Sj(p) = 0 and
SJ(Vp) = 0. Now, let ¢ € TI2_,. By definition of V75" we have (p, ¢)uz = 0, which implies
that B7(p,q) = 0. Therefore, the left-to-right inclusion is established. The other inclusion is

immediate. O]

We observe that V)5 is a subspace of

VY (B) :={pell’| (VgeI:_))B(p,q) = 0}.

n

This motivates us to investigate the relationship between these spaces in the results that follow.
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3.3. Sobolev orthogonal polynomials on the triangle

Definition 3.3.2. Let v € (—1,00)® and n € N. We define the operator R7 : 112 — II? as

follows:
_Sg(alp>T* JJ1(’}/) i Sg(a2p)

R‘Y(p) = |7|+3 02Y1,0

Proposition 3.3.3. Let v € (—1,00)%, n € Ny and p € II2. Then, S§(V(I — R")p) = 0 and
S (I = RY)p) = 0.

Proof. By (iii) in Proposition 2.2.6, we have that T7 Jf,%m T Jibm e V]. Thus,

Y (o)

So(IT=RY)p) = 57 (p) — S§(RY(p)) = S5 (p) — S4(p) = 0.
On the other hand, from (2.4.6) and (2.4.7) we deduce that
Tr I = 0T J7) =0 and 9T 7Y = 0T TN = (] + 3).

Thus,
SYO(I—RMp) =0 and S3(da(I—R7)p) = 0.

Therefore, SJ((I — R)p) = 0 and S7(V(I — R)p) = 0. [

Remark 3.3.4. Let p € II3. From Proposition 3.3.3 we deduce that ||(I — R7)pl|gz = 0. Thus,
Y
R7(p) = p. Therefore, it is straightforward to check that ker(I — RY) = II}.

The next theorem connects the orthogonal polynomial spaces V75°" with the spaces V.Y (B).
The latter are earlier to analyze because the bilinear form 87 does not involve lower-order
terms. A similar phenomenon was observed in [8] and [5] regarding the construction of bases

of Sobolev orthogonal polynomials on product domains.

Theorem 3.3.5. Let v € (—1,00)% and n € Nxy. Then,

VISt = (I-RM)V(B).
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3.3. Sobolev orthogonal polynomials on the triangle

Proof. Let p € V¥®°P. From Lemma 3.3.1, we deduce that p € V.7(8), with Sj(Vp) = 0 and
Sq(p) = 0. This implies that R”(p) = 0. Consequently, we can write p = p — R7(p), which
shows that p € (I — RY)V,Y(*8). Thus, the first inclusion holds.

Conversely, let ¢ € (I — R")VY(2B). Then, there exists h € V.7(8) such that

g =h—R(h).
Since h € 112, we deduce from Proposition 3.3.3 that SJ(Vh) = 0 and Sy (h) = 0. Thus,
q € V5°> Therefore, the second inclusion holds. O

Proposition 3.3.6. Let v € (—1,00)® and o € Sy. Then, for all f,g € C*(T), we have
(T2 Tigm = (F.ghus.

Proof. We will prove the result for oy; the case for oy is analogous. Let f,g,h € C*(T). From

Proposition 2.2.9 we have the following identities:

NWTr h =~ T dh = —Tr D30, h,
6183T;1h - —alT;(lagh == —T;16382h,
03(92T0*1h - —(93T;181h - T;&Qalh,

which allows us to prove that

BN f,T5 ) = (0105T% f,0105T5, Qs (yyter + (020515, f, 02052 9o () s

.9)
+ (D105 f,105T% 9o
T* 3233f7T;182339>01(7 )te1 <T* 020, f, 0132819>01 )+e2

=
+ < ala3f’ glala3g>0'1 +65

o1()+es

Now, from (ii) of Proposition 2.2.6, we deduce the following:

BT £, T8 9) = B7(f, 9).
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3.3. Sobolev orthogonal polynomials on the triangle

On the other hand, from (i) of Proposition 2.2.9 and (ii) of Proposition 2.2.6 we have

o1 * <Tc: a3h7 1>01
SN T5 ) = 2 = SY(0sh),
Iz, ¢v)
o1 * <T¢: alhv 1>01
8§ 0Ty, ) = == = 57 (@),
11115, ¢y
o1 * <T; doh, 1>a
Sy (’Y)(aSTalh) _ 1”1”2 () _ —Sg (02h).
o1(7)

Similarly, using again (ii) of Proposition 2.2.6

. (T* h,1),, h,1
sz = Tl leon _ el gy
M I

Combining these results, the desired result follows. m

Sob are covariant

The following lemma shows that the Sobolev orthogonal polynomials V)
under permutations of (71, 72,73) and their corresponding vertices in V,. While this property is
standard for L?Y—orthogonal polynomials, it does not hold for the Sobolev orthogonal polynomials
introduced in [21], owing to the asymmetric structure of the inner product. In contrast, in [17]
certain Sobolev orthogonal polynomials on the triangle that preserve covariance are studied,

and, similarly to our approach, this property is exploited in order to construct explicit bases.

This property is crucial for the construction of 7 in Theorem 3.1.1.
Lemma 3.3.7. Let v € (—1,00)3, n € Ny and 0 € Xy. Then, TxV75°b = }a(7)iSob,

Proof. Let p € VY5> and ¢ € TI2_,. Tt follows from Proposition 3.3.6 that

<T;p7 Q>Hi <p7 T;—1Q>H?Y = 07

(7 o

since T*_,q € 2_,. Consequently, Tp € V5P This establishes the inclusion TV
VYe)iSob - Finally, since T is injective, we deduce that dim(7VY5°P) = dim(V7(")S°P)  The

desired equality then follows. O

In the next two theorems, we construct explicit bases for V5" for n < 3.
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3.3. Sobolev orthogonal polynomials on the triangle

Theorem 3.3.8. Let v € (—1,00)® and n € {0,1}. Then, V5P = V7.

Proof. The case n = 0 is straightforward. If n =1, let p; € V] and ¢y € TI2. Tt is easy to check
that SJ(p1) = 0 and B (p1, qo) = 0. Since qo € 112, we deduce that 9;qo = 0 for all ¢ € {1,2, 3},
so (p1,qo0)mz = 0. Thus, we have V] C V/’ 590 “and since dim (V) = dim (V7 SOb) the desired

equality for the case n =1 follows. O

Definition 3.3.9. Let v € (—1,00)?, we define the polynomials
Po=—=RNIo, pli=Thess", pde="Tse50",
Plo=(0=R") (Jo—alJdo), pla=T5r5s", pla=T Qpéf 0

and Pg,g = (I-R") (ng — CL;JQ — a3T* J a]T* JUl(’Y))

where,

v SNGGTG) L STNG%SE)

a = : = , = —
T GEERDEERD)T T G DA+
S5 (020593,)

G+ D@+ )

53+61(8153J:;Y,1)
5+ D4+ [~])

and a) :=

Theorem 3.3.10. Let v € (—1,0)% and n € {2,3}. Then, V5P = span ({PZ,Oa . ,pz)n}).

Proof. If n = 2, since p3, € 113, we deduce that J5, € V5'(B). Thus, by Theorem 3.3.5, we have

that p3, € V" S Tnvoking Lemma 3.3.7, and since P30 1) g pPgrSe and p‘”(7 € V2Seb iy

follows that p;, € V5" Sob ond P, € VySeb,

Now, we need to prove that dim(Vy5) = dim(span({p3 9, p31.P32}))- Let, p1, pa, i3 € R

be scalars such that

f1p30 + f2pa + fi3p3s = 0. (3.3.1)

Combining (2.4.5) and (2.4.6) with the inclusion R”(IT3) C II}, we conclude that dsp3, € ITj,

Ovpyy € I and dopg 5 € IT5. Consequently, applying mixed partial derivatives to (3.3.1) yields
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3.3. Sobolev orthogonal polynomials on the triangle

the following system:

81 82 p;o 0 0 121 0
0 82 83 p;l 0 Vo | — 0
0 0 o) 8303,2 V3 0

Using (2.4.7), it is easy to check that 9102039 = (5+ |7])(4 + |7|). Furthermore, from Proposi-
tion 2.2.9 we have that 0105p3 1 = 0205p3, = (54 |7|)(4+ |7]). Hence, the system has a unique
solution given by p1 = 0, 2 = 0 and 3 = 0. Therefore, dim(span({p3,, 031, 032})) = 3. Since
dim(V5°°") = 3, we conclude with the desired result.

If n = 3, let ¢; € II3. From (2.4.5), we have that d5(J5, — ajJj,) = 0. Noticing that

0105qo € TI3, we obtain

B7((J5o — alJp), 2) = (0102(J30 — a1 J30), 0102G2) e

S"/-‘re3(6 O JY ) .
ST o) - 022

= 8182QZb'y+63 (5'3%3(8182&]?7,0) -

Using (2.4.7), we deduce that 00,5y = (5+|7v])(4+|v|). Then, the expression above vanishes.

Consequently, (J3y — a]Jj,) € V5'(B). Therefore, this result and Theorem 3.3.5 imply that

;Sob 7) c ng (7);Sob

P30 € VI, From Lemma 3.3.7, and since pgfom e V78 and pgfo( , we deduce

that p3, € Vi 5P and pis €V iBob

On the other hand, since 9,022, 0105q2, 203q2 € T3, letting
X7 = I3y — a3 Jgo — Ty, 5" — ai Ty, J5y”,
we have that

B (X‘y7 qZ) = S(’)YJFQS (8182X7)8182Q2b7+e3
+ 57T (0105X7) 010342y e,

+ S772(0205X7) 0203G2br 15 -

Using (2.4.7), we deduce that 9,055 = 819517, Je2 " = 8,057 Joh™ = (54 |v))(4 + |v)).
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3.3. Sobolev orthogonal polynomials on the triangle

Then, we have the following identities:

SYT (0T = ST (02 ) = ad (5 4+ YDA+ ) T,
ST (0105xY) = S3TN (019531) + aF (5 + [y]) (4 + |]) PR, (3.3.3)

ST (0a05X7) = 3T (020531) — al (5 + [y (A + [y]) PET 0,

Consequently, x7 € V3'(B). Therefore, from Theorem 3.3.5 we have that p3 3 € V3 5P Now, we

V'y;Sob

need to prove that dim(V3">*") = dim(span({p3o, ..., p33})). Let i1, fio, fis, jia € R be scalars

such that

fi1p3o + fizp3y + fizp3s + flapis = 0. (3.3.4)

Using (2.4.5), (2.4.6) and RY(II3) C IIf, we have that 9s3p3g,01p3,,02p3, € II3. Then,
010,05p3,; = 0 for all i € {0,1,2}. Furthermore, using (2.4.1) and (2.3.3) we deduce that

7+ )6 +
9105057, () = |7|)2( D)

x 010505 (1 + )23 — (2 + D)2 + (31 — 272 — Dafea + (291 — 72 + D)arad)

=T+ D6+ [v))(n + 72 +2),

and since 010203p3 3 = 010205.J3,, we deduce that 010,05p3 3 # 0. Thus, applying the operator
010205 to (3.3.4), we find that iy, = 0. Now, applying the operators 010105, 020203 and 00105
to (3.3.4), we obtain the following system:

81 81 82 Pg,o 0 0 /11 0
0 82(92 83[)2)11 0 /:LQ = 0] -
0 0 83 (9381 pg,g ﬂg 0

Using (2.4.7), we observe that 010102039 = —(7 + [¥[)(6 + [v])(5 + |¥]). Furthermore, from
Proposition 2.2.9 we have that 0,0,0503 1 = —(7+ [v])(6 + |7|)(5 + |¥]) = 030501p3 5. Hence,

the system has a unique solution given by fi; = 0, jis = 0 and fi3 = 0. Therefore,

dim (span ({p}io, . ,pgvg})) = 4.
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3.4. Sobolev orthogonal polynomial in the range of M?

Since dim(Vy%°") = 4, we conclude with the desired result. O

3.4 Sobolev orthogonal polynomial in the range of M”

In this section, we focus on studying the properties of the differential operators m?” and MY
defined in (3.1.4). Our main results in this section aim to prove that the restriction M| is

Yrratetes into

injective for any non-zero 7 in (—1,00)? (see Lemma 3.4.2), and that MY maps
VYiSob for all 4 € (—1,00)% (see Lemma 3.4.20). The proofs of these results follow the same

spirit as those in Section 3.2 (see Proposition 3.2.9 and Lemma 3.2.10).

We begin by rewriting the operators m?” and M? in alternative forms. From (2.2.5), we can

express m? as:

m(u) = W1 0102 (Waqte,u) , (3.4.1)

Y—€ei1—ez2—e3

and can also be expressed as:
mY(u) =d] T8 Pu = dy T d]T (3.4.2)

where the first form comes straight from (3.1.4), and the other can be deduced from (3.4.1).
Similarly, using (3.4.1) and (2.2.6), the operator M7 is given by:

MY(w) = ~W5 o,y 010205(Wosepsntentl), (3.4.3)

Y—€1—e2—€3

and can also be expressed as:
M‘/(u) — d’17—61—62—63d;—62dg+83u — d’27—61—62—€3d§/—61 d’17+€2u — d‘?;/—61—62—63d’17—63d’27+e1u’

where the first form comes straight from (3.1.4), and the other two can be deduced from (3.4.3).

Let o € ¥5. From the expressions above, together with (i) in Proposition 2.2.6 and Propo-

sition 2.2.10, we deduce the following symmetry property:

M (u) = T2 M2 (Tiru). (3.4.4)
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3.4. Sobolev orthogonal polynomial in the range of M?

On the other hand, expanding (3.4.1) using the product rule yields the following expression for

mY:

m™(u) = [172Wae, = 71(13 + 1) Weyrey — (3 + 1)72Wey ey + (73 + 1)73Wey 1, u
+ [72W61+263 — (3 + 1)We1+62+e3] Oru + [’71W62+263 — (3 + 1)We1+ez+e3] Dau

+ Wel+62+2638182u. (345)
This expansion allows us to evaluate m?(u) at the vertices of the triangle T directly:
(Vu € C*(T)) m"(u)(1,0) =0, m”(u)(0,1) =0 and m?(u)(0,0) = v172u(0,0). (3.4.6)

In particular, since MY = m?d3** and (cf. (2.2.6)) d3"*u(0,0) = 0, we deduce that M7u
vanishes on Vy. This property shall play a crucial role in the proof of Theorem 3.1.1, as it will
allow us to show that:

dim (777 0 M7(VE5 o)) = 0.

We now aim to prove that M|z is injective. To do so, we begin by proving the injectivity of
m7|pz under the assumption that v, # 0 or 3 # 0. Then, we use this result, together with the
symmetry property of MY given in (3.4.4), to attain this aim.

Proposition 3.4.1. Let v € (—1,00) be such that v; # 0 or v3 # 0, and n € N. Then the

operator m™ : 112 — 112, described in (3.1.4), is injective.
Proof. Let p; € 112, such that

(2.2.5)

(Ve e T) d] " “py(x) [v3x1 — 71(1 — 21 — 2)] pr(x) — 21(1 — 21 — x9)O1p1 () = 0.
Fixing x5 € (0,1), we observe that p; := pi(-, z2) € I}, and satisfies

(Vay € (0,1 —x2)) [y321 — (1 — 21 — 22)] Pr(21) — 21(1 — 21 — 29)P (21) = 0. (3.4.7)
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3.4. Sobolev orthogonal polynomial in the range of M”

This is a first-order linear ordinary differential equation, whose general solution is given by
(Vo € (0,1 —29)) pr(x1) = c(wo)zy (1 — 2y — o)™

for some constant ¢(z5) € R. However, since p; € II} ; and v # 0 or 3 # 0, we deduce that
c(xg) = 0. Therefore, p; = 0. Since x5 is arbitrary, we conclude that p; = 0 on T. Now, let

p2 € I12 such that

(Vo € T) di “pa(x) (2.25) (73 + 1)azg — 72(1 — 21 — x9)] pa(2) — xo(1 — 21 — 23)Oapa(x) = 0.

Fixing x; € (0,1), we observe that py := pa(x1,-) € [T} and satisfies
(Vog € (0,1 — 1)) [(y3+ D)za — y2(1 — 21 — 22)] Pa(w2) — wa(1 — 21 — T)P(22) = 0. (3.4.8)
This is a first-order linear ordinary differential equation, whose general solution is given by
(Vo € (0,1 — 1)) Po(ws) = &(z1)2y (1 — 1y — 29) 717

for some constant ¢(z;) € R. However, since py € II} and 3 > —1, we deduce that é(z;) = 0.
Therefore, po = 0. Since x; is arbitrary, we conclude that po = 0 on T. Finally, since the

composition of injective operators is an injective operator, we conclude that m? is injective. [

Lemma 3.4.2. Let v € (—1,00)3, be such that v # (0,0,0), and n € N. Then the operator

M7 112 — 112, 5 described in (3.1.4), is injective.

Proof. First we observe that dj " is injective. Indeed, let p € II2 be such that
es  (2.2.6) _
d'37’+ 3p = _W'yiega:s (W7+61+62+63p) =0 onT.

Since W2 1., > 0 on T, we have that W ¢, 1e,4e,D, Satisfies the boundary value problem
~Y+es Yt+eitez+es

b-Vw=0 onT,

66



3.4. Sobolev orthogonal polynomial in the range of M”

w=0 ondT,

where b = (—1,1)". This problem has the unique solution w = 0. Then, Wo ¢, 4eyte,p = 0 0n

T. Since Wy e, +eotes > 0 on T, we deduce that p = 0.

If v, # 0 or 3 # 0, the injectivity of m?” follows from Proposition 3.4.1, since MY = mYd3 "
and the composition of injective operators is an injective operator.

If v7 = 0 and 3 = 0, we observe first that from the above case, M7 is injective. From

(3.4.4), we have that MY = T M*™ T3 . Since T, and T7, are injective, we conclude that M7

is injective. O

Remark 3.4.3. In the proof of Lemma 3.4.2, we showed that the operator
A3 I — I,

is injective. In contrast to m?, this result holds for all v € (—1,00)%. Moreover, by applying

the same argument, we can prove that the operators

ytex . 12 2 +er | 72 2
di" I, — I, and d3"" I — II7

are also injective.

V‘Y+e1+ez+es

In the remainder of this section, we will focus on proving that MY maps V, "5 into

VSeb . To this end, we first define some auxiliary differential operators that will enable us to

establish commutation relations between m” and its derivatives.

Definition 3.4.4. Given v € R? and j € {1,2}, we define the first-order differential operators
D;-’ = (3 + 1)l - W,0;.

9 W,
The mapping sequence IT2 — II>_; —3 II2 implies the inclusion D] (II2) C II2, for all

n € No. Furthermore, if v € (—1,00)3, we have the following result

Proposition 3.4.5. Let v € (—1,00)%, n € Ny and j € {1,2}. Then, D] (V7**) C V1.
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3.4. Sobolev orthogonal polynomial in the range of M?

Proof. Let p € V)% and ¢ € TI2_,. From Definition 3.4.4 and (ii) in Proposition 2.2.2 we have

(DD, Dyre; = (93 + 1D, Q)yre; — (5D, @)yt tes
= (93 + 1D, @)yre; — (0, d] @)

= (7]' + 1><p> q>‘r+es + <p? Wejajq>‘>’+€3'

The last term on the right-hand side is zero since ¢ € II2_;, W,,9;¢ € II2_; and p € V).
Therefore, D;-yp e Ve, n

Definition 3.4.6. Given v € R3, i € {1,2,3} and j € {1,2}, we introduce the second-order

differential operators A] := dj0; and V) := d]0s.

) dY
The mapping sequence 112 Onm2 12 implies the inclusions A](IT2) C II2 and

n—1

UY(I12) C T2 for all n € Ny. Furthermore, provided that v € (—1,00)?, the following result
holds:

Proposition 3.4.7. Letv € (—1,00)3, n € Ny and i € {1,2,3}. Then, the following inclusions
hold:

(i) AT (V7) V).
(ir) Wi (Vytes) cyyte.
(iii) WY (Vytes) c yyter,

Proof. For (i), it suffices to note that, by virtue of Proposition 2.2.2 and Proposition 2.2.3,

. 9 ; d} o .
we have the mapping sequence V7 2 V1Tt 1y vy Similarly, for (ii) and (i), we
. . P dy*e o
apply the same reasoning, observing that Vy*tes 2y prrrtetes T pafer qpg Prtes Zy
Y+el
V;Lrj161+62+63 dy \ Vg—l—el ]

Definition 3.4.8. Given v € R?, i € {1,2,3} and j € {1,2}, we introduce the third-order

; ; T . ATDY
differential operators ©/,; := A/ D].

By combining Definition 3.4.4 and Definition 3.4.6, we deduce the identity:

O7;(p) = (y3 + DA/ (p) + (1 = 6i3)d] 0jp — d (We, 0:0;p) , (3.4.9)
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3.4. Sobolev orthogonal polynomial in the range of M?

where 9; 3 denotes the Kronecker delta.
DY A7
Based on the mapping sequence IIZ — II2 —= II7,, we infer the inclusions ©7;(II7) C II2,
for all n € Ny. Furthermore, if v € (=1, 00)? we have the following result

Proposition 3.4.9. Let v € (—=1,0)3, n € Ny, ¢ € {1,2,3} and j € {1,2}. Then, the

inclusion ©] (Vy+es) C VI holds.
Proof. Tt is direct consequence of Proposition 3.4.5 and Proposition 3.4.7. O]

Definition 3.4.10. Given v € R3, i € {1,2,3} and j € {1,2}, we introduce the fourth-order

differential operators @7 ; .= AJ V7.

vy A7
Based on the mapping sequence II; — II2 — II2, we infer the inclusions ®;(II?) C II2,
for all n € Ny. Furthermore, if 4 € (—1, 00)® we have the following result

Proposition 3.4.11. Let v € (—1,00)%, n € Ny, i € {1,2,3} and j € {1,2}. Then, the

following inclusions hold:
(i) T (V) € vyhe,
(ii) @Y (V) © vyre,
Proof. This follows directly from Definition 3.4.10 and Proposition 3.4.7. ]
Proposition 3.4.12. Let v € R3. Then, the following commutation relations hold:
(i) Od]™ "% = d]Or + (m + )L
(i1) Ood3d ™% = dJ 0y + (72 + 73)L.
(iii) O3dl '™ =d305+ (71 +72) L
where 1 is the identity operator.

Proof. (i), (ii) and (iii) are direct consequences of the definition of the operators (2.2.5) and

(2.2.6), and the rules of calculus. O
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Proposition 3.4.13. Let v € R3. Then, the following commutation relations hold:
(i) Opd] 77 =d]" "0y — W, 05 + 111
(i1) O1d3 ™77 = d3 0, + W, 05 + 1ol
(iii) Osd] ™ = dJT T 2TE 05 + W, 05 — (73 + 2)L
(iv) O3d3 ™ = d3 T B0, — W, 01 + (v + 2)L.

Proof. (i), (ii), (iii) and (iv) are direct consequences of the definition of the operators (2.2.5)

O

and (2.2.6), and the rules of calculus.

From (2.2.5) and (2.2.6), we observe that the operators d7, dj, and dj are independent of

the parameters 7o, 71, and 3, respectively. We will use this observation in the following results.

Proposition 3.4.14. Let v € R3. Then, the following commutation relation holds:
omY = mYratersg 4 df [We, 01 + We, 05 + 7I] + (1 + v3)d3 .
Proof. Let p € C3(T). From (3.1.4) and part (i) of Proposition 3.4.12 we have
Omp = [d]0 + (m + W) d3"p = d{ovd;"“p + (11 + 13)d3 " “p. (3.4.10)
Now, from (2.2.5), it is straightforward to verify that
O dy p = dyTTE0p + We,01p + W, 0sp + Yap. (3.4.11)

So, putting together (3.4.10) and (3.4.11), we conclude the desired equality. O

In what follows, the proofs of Proposition 3.4.15 and Proposition 3.4.16 are lengthy but
elementary in terms of previous results and the rules of calculus. For this reason they have

been thoroughly verified with the help of a computer algebra system.
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3.4. Sobolev orthogonal polynomial in the range of M?

Proposition 3.4.15. Let v € (—1,00)3. Then, the following commutation relation holds:

3
@132m7 = m7+61+e2+263 8162 + Z CZ‘/\;H—G3 + C4I,
=1

where c; = (2v2 + 73+ 1), co= 21 + 3+ 1), cs = —(13+1) and cs = [y1c1 — c3(72 + 73]

Proof. Let p € C*(T). Combining (3.1.4), Proposition 3.4.12, and Proposition 3.4.13, we obtain
alazm"/p — m’7+e1+62+2638182p + A'Y(p),

where A7 denotes a third-order differential operator defined by

A'(p) = (273 + DATp + (11 + 13)A"p + (1 +75) (2 + 75 + Dp + (72 + 1)d} T dop
+ (71 + 1)Ond3™p + Wy d] T 0305p — W, 0105d3 .

It remains to show that A” can be written in the form:
A7(p) = alAT™p + AT p + s AT p + cap.
By adding and subtracting appropriate terms, we can rearrange A” as follows:

A(p) = el AT p + AT p
+(m+73) (2 + 73+ 1)p — AT p — (1 + AT p
+ (2 + 1)d] ™ 0p + (11 + 1)00d3 ™ p + We,d] " 0305p — W, 0105d3~p
= AT p 4+ AT p + cap
=l +7)p = ATy — (1 + DATp
+ (v2+ DA 0ap + (71 + 1)O1dYp + We,d] 03050 — W, 0105d3“p.

Expanding the differential terms in the expression above yields

AV (p) = el ATTp + o AT p
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3.4. Sobolev orthogonal polynomial in the range of M?

- [((1 + 71)W62 - (1 + 72)W61) 82]) - We1+628§p + (Wel - Wez) alp

- ’71W6281p + P)/ZWelalp + 2W61+628182p - W€1+628%p} + cup.

Finally, observing that the term in brackets corresponds precisely to (3 + 1)Ag+63, we conclude

the desired equality. O

Proposition 3.4.16. Let v € (—1,00)%. Then, the following commutation relation holds:

3
2 f + +
0103m™ = myt2atertes 9, + E O] + e U3 + 5D,
i—1

where c; =1, co = =1, c3=—1, c4, =2(1 +71 +73), and ¢5 = (71 — Y2 +73)-

Proof. Let p € C4(T). Combining (3.1.4), Proposition 3.4.12 and Proposition 3.4.13 we have
0105m” (p) = m T2F20,05(p) + B (p),

where BY denotes a third-order differential operator defined by

B(p) = —di ™ (We,07p) + (73 + 2)AT™ (p) + d] 705 (W, 05p) + 72} T Osp

+ We,0102d3 ™ p — (3 4 1)0vdy Zp + (71 + 73)0sd3 “p.

Invoking property (iv) of Proposition 3.4.12, together with (3.4.9), Definition 3.4.4, and Defi-

nition 3.4.6, we can rewrite B as follows:

BY(p) = O17(p) + (i + 1) 3T () + (11 +73)DY (p) + d 7105 (We,05p) + 72d] ™ sp

+ We,010xd3~p — (v3 + 1)01d3™p.
Next, utilizing (ii) from Proposition 3.4.12 and Proposition 3.4.13, we obtain

B(p) = 717 (p) + (11 + )93 (p) + (3 + 73)DT (p) + ] 705 (W, Dap) + y2d} " Oap

+ W, d3F1230,0p + Wey40,0300p + (2 + D)W, 0op + (2 + 73 + 1) W, 01p
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3.4. Sobolev orthogonal polynomial in the range of M?

— (3 + DT T0p — (13 + YW, 03p — (73 + 1)72p
- @¥,J1rel (p) + (1 +7) W3 () + (11 = 72+ 73) DT (p) + &7 ™ D5 (We, D3p) + 7] ™ Dap

+ W, d3 T 230,05p + Weyi0,0300p + (2 + 1) W, op + (73 + 1) W, 01p

— (3 + 1)d3 =TS9 p — (45 + 1)W,,Osp.

Expanding the terms using (2.2.5) yields

BY(p) = 0717 (p) + (v +73)¥3 (p) + (11 — 72 +73)D7 (p)

+ (13 + 1)We, 05 (We,03p) — (11 + 2)Wey 05 (W, 03p) — We, 4¢,0105 (W, 03p)
+72(73 + 1)We, 03p — Yo (71 + 2)WeyO3p — 12 We, 4,01 03p

+ (13 + 3)Wey 10301050 — (v2 + 1) Wae, 0105p — Wey 26, 0501p

+ Weytes0302p + (72 + 1)Wey Oop + (73 + 1) W, O1p

— (13 + D3+ 2)We,0ip + 12(73 + DWe,01p + (73 + 1) Wy, 201D

— (13 + 1)We,03p

=717 (p) + (71 +73) 93" () + (11 — 72 + 73) D1 ()

+ (13 + DWey 4,50 + (33 + 1)We, 03p — (11 + 2)Wey 10,050 — (11 + 2)WeyOsp
— We,4e,0103p — W61+62+6381832)p

+ 7273 + 1D)We, 03p — 72(11 + 2)Wey O3p — 12 Wey 46,0103p

+ (13 4 3)Wey4,0105p — (Y2 + 1) Waey9102p — We, 426, 0501p

+ Weytes0302p + (72 + 1)Wey Oop + (73 + 1) W, O1p

— (13 + D)1+ 2)We,0ip + 7273 + )We,Oip + (13 + 1) Wy, 0201p

- (73 + 1>W€263p'

Finally, by regrouping the terms, we identify the resulting expression as

3
BY(p) =3 ¢;017% (p) + a3 (p) + D] (p),
=1

which completes the proof. O
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Let v € (—1,00)® and n € Nsy. From Lemma 3.3.1 and Theorem 3.3.5, we observe that
€ V15 if and only if p, € V,Y(B) and R?(p,) = 0. The following results enable us to show

V7+§1 +e2 +63)
n—

that polynomials in M7( satisfy both conditions.

Proposition 3.4.17. Let v € (—1,00) and n € N. Then, the following inclusions hold:
(1) 010emY (V11e3) C Vytes,
(it) 010smY (V1+es) C Vyter,

(i) O05mY (VI1e3) C Vytes,

Proof. Let p € VI, According to Proposition 3.4.15, we have

3
81 82m" (p) = m7+el+62+263 81 82]? + Z CiA;H_e?’ (p) + Cyp.
i=1

Using parts (iii) and (iv) of Proposition 2.2.2; we deduce the following mapping sequence:

Do +ea+2e +e14ea+3e d7+81+263 +e1+2e 7+
V"H-es V’Y 2 3 V’Y 1+e2 3 V’Y 1 3 V'H—eg

Consequently, we have that mYterte22¢9, 9, (p) € VYT while it follows from Proposition 3.4.7

that A7"*(p) € Vs, Thus, we conclude that 9,0,m”(p) € V¢, which completes the proof
of (i).

Similarly, applying Proposition 3.4.16 yields
81837717(]9) m‘/+2e1+ez+esa (93 + Z CZ@’H—Q + ¢y \I,;/—i—q <p) + C5D¥(p)-

Invoking part (iii) of Proposition 2.2.2 and part (iv) of Proposition 2.2.3, we observe the se-

quence:

V‘Y+63 O3 V"/+61+62+63 2! V’Y+261+€2+263 d’YHel;eg V7+2€1+€3 d’ly-:l V‘Y+e1
n—1 n .

Therefore, mYt2¢1te2te39, 95(p) € VI, Moreover, it follows from Proposition 3.4.7 and Propo-

sition 3.4.9 that ¥3**'(p) € VI*e and ©]7(p) € V7, and from Proposition 3.4.5 that
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DY (p) € Vyter. Hence, 0;0sm7(p) € V141 concluding the proof of (ii).

Finally, let 7 € S5 be the permutation defined by 7(1) = 2, 7(2) = 1 and 7(3) = 3. From
Proposition 2.2.7 we have that 70, = 0,1, T0y = 0T} and T}03 = —0sT}. Combining
Proposition 2.2.6 with the identities above and the fact that 77! = 7, we obtain the following

symmetry relation:

00y = ~TrOn DT "= X0 TIWLL,, 010y (Woseq) = —T70105m™ VT,
(3.4.12)
Moreover, the previous case implies that
105m™ ) (Vretes) c yrinter (3.4.13)

Using the identity V7*es = T*Vr+es (cf. (iii) of Proposition 2.2.6), we apply T* to (3.4.13).
Recalling (3.4.12), we find:

0203m” (ngLeg) _ _T:ala3mr(‘¥)T: (V;Z+63) C T:V;(7)+el.

Since T*V7M+er = Yr+e: from (iii) of Proposition 2.2.6, the proof of (iii) is complete. O

Proposition 3.4.18. Let v € (—1,00)® and n € N. Then, the following inclusion holds:
m? (Vgiies) CVI oV ® VoV,
Proof. Let p, € V71 and ¢ € 12_,. Using (3.4.1) and integrating by parts twice, we obtain

<m7 (p>7 q)’)’ = <8182 (W’Y+63p) ) qWe1+62+63>0
= <p7 a281 (qW61+62+63>>7+83 - ng al (qW€1+62+e3) W7+e3p7/2 dg

+ ]g O (W) Wepsepsegaia b (3:4.14)

The first term vanishes because p € VI{1* and 0501(We, ey 1e,q) € 112. Since 9;W,, = 0, the
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second term can be written as follows:

ng O (qWeytestes) Waypespra dl = f?T N (qWeytes) Woyseyrespa dL.

In this expression, the Integral is zero because Woieyie, =0 on {zg =0} U {1l — 21 — 29 = 0},
and v, = 0 on {z; = 0}.

The third term can be expanded as follows:

%BT a2 (W‘Y+63p) W61+62+63qyl dé =72 f;T qu‘erelJrZeg 151 dﬁ - (73 + 1) f&r qu'y+el+ez+eg 51 dé

+ ng ﬁgqu7+el+e2+ge3 %1 d/. (3415)

In this expression, the first integral is zero because W4, ye, = 0 on {z7 = 0}U{l—z; —x9 = 0}
and vy = 0 on {z, = 0}. Finally, the second and third integrals vanish because Wi, yeytes =0

on JT. ]

Proposition 3.4.19. Let v € (—1,00)*, n € N and i € {1,2,3}. Then, the following inclusion
holds:

o™ (VIIF) € Vil @ Vi,
Proof. In the case i =1, let p € V{{i? and ¢q € II2. Invoking Proposition 3.4.14 yields
(Ovmp, q) = (MYTT2TE01p, )y + (d] [Wey Ot + Wey 03 + 91l p, @) + (11 +13){d3 ", 0

Using part (ii) of Proposition 2.2.2 and the identity mY*terteztes = @7d) 1% we obtain

(81m7p, Q>'y = <alp> W628281q>’7+61+2€3 + <81p7 81q>’7+61+2€3 + <83p7 alq>’7+61+62+63

+ 72 <p7 W6161q>’}’+63 + (71 + 73) <d’27_52p’ Q>"/ (3416)

From part (iv) of Proposition 2.2.2 and part (iv) of Proposition 2.2.3, we deduce that 0ip €
yytates and dsp € Vyteatete  Since W, d1q € 112 and W,,0,01q,01q € TI2_,, equation

n—1
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(3.4.16) simplifies to:

(O1mp, @)y = (71 +73)(d3 D, Q).

Next, using (2.2.5) and applying integration by parts, we find that

<dg_82pv Q>~/ = <p7 5} (qWez)>7+ea B ng pqu+62+esy2cw‘ (3'4'17)

The first term of the right-hand side of (3.4.17) vanishes because p € V){1* and 9, (W,,q) € 12
The second term also vanishes, because Wy eype, =0o0n {22 =0V1—2; -2, =0} and 1, =0

on {x; = 0}. Thus, we conclude that (0;mp,q)y =0 and so dym™’p € V)., & V) .

For the case i = 2, let 7 € Sy be the permutation defined by 7(1) = 2, 7(2) = 1 and
7(3) = 3. From Proposition 2.2.7 we have that 770, = 0,1, TX0y = O\ T and T03 = —05T7.
Combining Proposition 2.2.6, with the identities above and the fact that 77! = 7, we obtain

the following symmetry relation:

(34

Oom” =TX0,Trm” T*81T*W !

Y—eir—ezx—ey

0100 (W yey) = TEOm™ T, (3.4.18)
Moreover, the previous case implies that
om™ (Vi) c il e vily. (3.4.19)

Thus, using the identity Vnil)%?’ = TV (cf.(iii) of Proposition 2.2.6), applying T to
(3.4.19) and recalling (3.4.18), we find that

Qo (Vi) = Troum™ 0T (Vife) € Vi) @ TV

Furthermore, from (iii) of Proposition 2.2.6 we deduce the desired inclusion for the case i = 2.

The case ¢ = 3 follows directly from the identity 03 = 05 — 97 and the results established

above. O]
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Lemma 3.4.20. Let v € (—1,00)% and n € Ns4. Then, the following inclusion holds:
Mfy(VT’Lyj-§1+62+63) C V,Z;SOb.

Proof. Let p € V75147 From (3.1.4), part (iii) of Proposition 2.2.3, and Proposition 3.4.17,
it follows that M7(p) € V,Y(987). Furthermore, as n is high enough, invoking Proposition 3.4.18
and Proposition 3.4.19, we find that M7 (p) € ker (R).

Finally, combining these facts with Theorem 3.3.5, we conclude that M?(p) € V25°P thereby

establishing the inclusion. O]

We finish this section with a digression on tools which facilitated the discovery and ver-
ification of inclusions such as Proposition 3.4.7, Proposition 3.4.9, Proposition 3.4.11, and

Proposition 3.4.17. With the help of a computer algebra system (Mathematica).

Proposition 3.4.21. Let d,n € N, v € (—1,00)! and O : 1Y — 11 be a linear operator

which does not raise the degree of its arguments. Then O commutes with LY in V] if and only

if (¥n € No) O (V7) C V7.
Proof. Let p € V. Suppose that O commutes with £7. Then, using (2.2.8), we have
(L700)(p) = (0o L) (p) = O(L7(p)) = \70(p).

Therefore, O(V)) C V).

On the other hand, suppose that (Yn € Ny) O(VY) C V). Then, using (2.2.8), we have
(Vpe Vi) (£700)(p) = A0([) =0 \p) =0 (L7(p)) = (O L) (p).

Therefore, O commutes with £7 in V. O

Proposition 3.4.22. Let d,n € N, 7,4 € (—1,00)™! with |vy| = |4| and O : 1* — 11 be a
linear operator which does not raise the degree of its arguments. Then OLY = LYO in VY if

and only if O(VY) C V7.
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3.5. Complementary Sobolev orthogonal polynomials

Proof. 1t follows from repeating the arguments used in the proof of Proposition 3.4.21 and

using the fact that A7 = \). O

3.5 Complementary Sobolev orthogonal polynomials

In view of Lemma 3.4.2 and Lemma 3.4.20, for n high enough and v # (0,0,0) we have a
characterization of a subspace of V5P of dimension n — 2. Since dim (Vn"’ ;S°b> =n+1, we
need to find three linearly independent polynomials to complete the space. These polynomials
shall for a basis of the space J) described in Theorem 3.1.1. The aim of this section is to
explicitly construct such polynomials; to this end, we define three families of polynomials that

will enable us to prove our decomposition for different - profiles.

We begin by defining a first family of polynomials.

Definition 3.5.1. Let v € (—1,00)® and n > 3. We define the polynomials

hz,l = m7 (J’Yj‘25730) ) hz,g = T* hUI(’)’) and hZ,S = T* hgz(’”'

n o2''n,l o1''n,1

We denote by H] the space spanned by the polynomials h,) ;, k) 5 and h,) 3.

In what follows, we present some results concerning the subspace H, some of which require

additional comments on the parameter ~.

Proposition 3.5.2. Let v € (—1,00)% be such that v; # 0 for all i € {1,2,3} and n > 3.
Then, dim (H)) = 3.

Proof. From Definition 3.5.1, (3.4.6), (2.4.1) and (2.3.2), it follows that

Nyl + 72 +n)

RY (1,0)=0, hY,(0,1)= d h} = :
n,l( 7O> O? n,l(ov ) 0 an n,1(070) F(n—l)F(71+72+2)

From the above, the fact that ), = T} h, ™ and Remark 2.2.11,

o2''n,1

Y230 (2 + 73 + 1)

hz 1,02 ’
20 = T D, 4 4 9)

hY5(0,1) =0 and A} ,(0,0) = 0.
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3.5. Complementary Sobolev orthogonal polynomials

Similarly, we obtain

Yyl + 793 +n)
L(n— 1T (v + 95+ 2)

h)5(1,0) =0, and h)3(0,1) = and R} 3(0,0) = 0.

Now, let n > 3 and let {;}3_; C R be such that

3
(VzeT) > ah)(x1,22) =0. (3.5.1)

=1

Evaluating (3.5.1) at the vertices of T, we obtain the system

1Y 1(0,0) 0 0 a 0
0 hY (1,0) 0 as| = |0 (3.5.2)
0 0 WY 50,1 [as| {0

Since 1, 72, 73 and all the involved evaluations of I' are non-zero, it follows that the diag-
onal matrix in (3.5.2) is invertible; hence the system admits only the trivial solution. Thus,

dim (H)) = 3. O
Proposition 3.5.3. Let v € (—1,00)% and n € N>3. Then,
VIt = span ({J7%50}) @, dite (Vo).
Proof. First, we observe that from Section 2.4 and (iii) in Proposition 2.2.3, we have that
span ({77755 }) +d3*e (Vytstete) cvrtse,

Now, let p € VI 51" From (i) in Proposition 2.2.2, (iii) in Proposition 2.2.3 and since

D3 E5% = 0, we get

< J"/+63 d’g+63

_ Y+es _
n—2,0» p>’7+€3 - <83Jn—2,07p>'7+61+e2+63 = 0.

Thus, span ({J7f§f’0}) Loy A3 (V;@g 1+62+e3). Furthermore, using Remark 3.4.3 and (2.2.2),

n
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we have

dim (Span ({Jgj;?o}) D dg+€3 (ng§1+62+63)) = dim (span ({J;Zj;%})) + dim (Vgir§1+ez+eg)

=1+ (n—3)+1=dim (V]’5*).

Therefore, the desired result follows. m

Proposition 3.5.4. Let v € (—1,00)3, be such that v; # 0 for alli € {1,2,3}, and n € N>3.
Then,

n

dim (A7 @ MY(VIF ) = dim (H]) + dim (M7 (V75 Fee))

Proof. Let p € HY N MY(V)7572%) " Then, there exist ¢ € V)57 and constants
K1, k2, k3 € R such that
3
p=>Y khy; and p=M(q). (3.5.3)
i=1

Evaluating the second equality in (3.5.3) at the vertices (1,0) and (0, 1) with the help of (3.4.6),
we deduce that p(1,0) = p(0,1) = 0. Since k) 1(1,0) = 0, k) 5(1,0) # 0 and h;) 3(1,0) = 0, it
follows that sy, = 0. Likewise, since h) ;(0,1) = 0, h; 5(0,1) = 0 and h; 3(0,1) # 0, we obtain
k3 = 0. Consequently,

MPY(Q) = /f1hz,1-

This is equivalent to writing
m7d3 " (q) = kam™ (J7153) (3.5.4)
Since 7; # 0 for all i« € {1,2,3}, from Proposition 3.4.1 it follows that
d;,HeS(Q) = fﬁjgj;,so-

However, by Proposition 3.5.3, we know that J; 5% ¢ d3 ™ (V;ﬁgfﬁe”e‘"’). This implies, x; = 0.
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Thus, p = 0 and hence
dim (H N MY(VE5HeTe)) = 0.
Therefore, the desired result follows. O
Proposition 3.5.5. Let v € (—1,00)% and let n € N>3. Then,
(Z) 8162hZ71 S V;LH_;B, alaghll € V7+el and 6283hz71 S V7+e2.
(ZZ) 0182hz V’H_EB alaghz V7+el and 6283@ V’H_ez.
(iii) D10:h) 5 € VII5?, 01057 5 € VIS and 9,03k, 5 € V152,

Proof. Part (i) is a direct consequence of Proposition 3.4.17. For part (ii), we have

OOy P 9,0, T hi () PP LR e g g pTi) (e (e (eny PO 22660 )y
The rest of part (ii) and all of part (iii), is analogous. O

Proposition 3.5.6. Let v € (—1,00)% and n € Nsy. Then, HY C V] s @&V .oV & V).

Proof. Thanks to Proposition 3.4.18, we obtain
Wy =m (5 eVige Vi, evi eV (3.5.5)
Now,

o ( ) o loa [o}
W, =T.h 1) g T, (an_(g) o an—(;) o an_(l‘/) ® Vgl(’Y)

Prop 2 2.6(iii)
o2'n,1 )

Vi@V, .0V 0V,

A completely analogous argument shows that h) ; € V) 3 ® V) ,® V), ® V). O

Proposition 3.5.7. Let v € (—1,00), i € {1,2,3} and n € Ns4. Then, O;H) C V] &V, ;.

Proof. First, we observe that proving the result is equivalent to verifying the corresponding

property for each h);, for i € {1,2,3}. We begin with the case of h), which is a direct

'I’L’L?
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consequence of Proposition 3.4.19. Now,

Prop.2.2.9(ii) Above

—T, 00k TET T (VY e Vi)

Prop 2.2.6(iii)

nnY = T ho Y Vi, @V

The rest of the cases follow analogously. O

Lemma 3.5.8. Let v € (—1,00)% and n € N>y. Then, H) C V5P,

Proof. Let h € H) and ¢ € II2_,. From Proposition 3.5.5, we deduce that B7(h,q) = 0.
Furthermore, Proposition 3.5.6 implies Sj(h) = 0 and Proposition 3.5.7 implies SJ(Vh) = 0.

Therefore, by the characterization provided in Lemma 3.3.1, h € V5P, m

A second family of auxiliary polynomials, inspired by Section 3.2, is defined in a fashion
involving a Jacobi polynomial, an instance of the M®” operator of Definition 3.2.4 and the

operator n* of Definition 3.2.11 as follows.

Definition 3.5.9. Let v € (—1,00)% and n € N>4. We define the polynomials

2 *MV1+72y73P£L’Yi;FW2+1773+1)

o1y =1 72(7) (.

) Qn2 _T*in and Qn3 _T*Qzl1
Proposition 3.5.10. Let v € (—1,00)% and n € N>4. Then,
hdsony €VIIS, O10son, € VYISt and  9,0307, € V15

Proof. First we note that by (iv) of Proposition 3.2.12 50, = 0, then 0,050}, € VJ15" and
(928319;{71 S V7+62.

Now, let k € [n—3|p and [ € [k]o. By applying (ii) and (iii) of Proposition 3.2.12, performing
the change of variables x = ¥((,n) and noting that

1—mn !
JIZ,Z<\IJ<C 77)) _ ( ) Pl('Yl,’Yz)(<>P§€27l;r71+')/2+1,”73)(

2[ T])?

it follows that:
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3.5. Complementary Sobolev orthogonal polynomials

(010207 1, TL )y tes = A0y (MR PI= bty oy

_ g B 1y

y1+72,73 P +r2+ 13 +1) Vi 2l+71+72+1m)
X <(M Pn72 ) J(l O)P >J(’Y1+72+1,’Ys+1)'

(l O)P 2l+71+72+1,73) eIl

Since J ., there exists a polynomial h of degree at most k + 2 such that

n" = J(1,0)P, ZHMHQH’%). Thus, combining the fact that k + 2 < n — 1 with Lemma 3.2.10

and Proposition 3.2.1, we deduce that

1,93+1 (2t 1,
((M71+"’2’73P£],1;72+ tEns ))” J(, O)P +71+W2+ V3)>J('y1+'y2+1,*y3+1)

<M“/1+’72N3P(71+72+1 3+1) h> —0.

Y1+72,73

Therefore, 81050, € V157, O

Remark 3.5.11. From Proposition 3.5.10, Proposition 2.2.9 and (iii) in Proposition 2.2.6, it

follows that the same result holds for o, , and o) 5.

Proposition 3.5.12. Let v € (—1,00)® and n € N>4. Then, span ({92,1, On 2 QZ’?,}) C VyiSeb,

Proof. From Lemma 3.2.10 and Lemma 3.2.13 we deduce that o} € VriSeb - Furthermore,

0y 5 € V5P and onz €V S0b follow from Definition 3.5.9 and Lemma 3.3.7. O

Remark 3.5.13. There is some overlap between Lemma 3.2.13, which leads to Proposition 3.5.10,

and Proposition 3.5.12, but this arrangement befits arguments that appear in the sequel.

Finally, we introduce a third family of auxiliary polynomials as follows.

Definition 3.5.14. Let v € (—1,00)® and n € N>3. We define the polynomials
¢71 - dg—€1—62J’Y i . T* ¢U2(’7) and gb’YQ — T gball(’Y)
n,l * n—1,n—1> n,2 ° oo¥n, :

Proposition 3.5.15. Let v € (—1,00)* and n € N>4. Then, Sj(¢, ;) = 0.

Proof. From (2.2.6) and by integration by parts, we deduce that

( Z,la 1>7 = /T Jgfl,nfla3(we1+e2)w7 - /aT J;Lyfl,nflw’y+el+e2(y2 — 1), (3.5.6)
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3.5. Complementary Sobolev orthogonal polynomials

The first term on the right-hand side of (3.5.6) is vanishes because n —1>1, J) ;, ; € V],
and 03(We,1e,) € Hf. Furthermore, the second term is vanishes because Wy ¢ 4e, = 0 on

{r1 =0V 2y =0} and v, —v; =0 on {1 — 27 — x5 = 0}. This completes the proof. O
Proposition 3.5.16. Let v € (—1,00)® and n € Nx4. Then, S§(V¢y,) =0
Proof. From part (iii) of Proposition 3.4.12, we obtain

O3y 1 = N3 T 1y + (1 +72) 01

Since J; 4,1 € Vg and AJJ) € V) (cf. part (i) of Proposition 3.4.7), we deduce that
S (03¢ 1) = 0. As 03 = 0, — O, this implies that SJ (01, 1) = Sg(02¢, 1). Therefore, it now
suffices to prove that Sy (014, ;) = 0. By the rules of calculus it is straightforward to check
that

aldg*afm = _'721 — ’}/QWel 81 — W61+628182 - WGQ(?Q —|— (’}/1 —|— 1)W6281 —|— We1+62812-

Then, we have

53(01¢Z,1) = _7250 (Jn 1n— 1) ’72581<W6181J271,n71)
— S0 (Wey16,010207_1 1) — Sg (WeyOa il 1)
+ (71 + 1)83(W€281JZ—1,n—1) + SE)Y(W61+628%JJ—1,71—1)‘ (357)

The first term on the right-hand side of (3.5.7) vanishes because J ;, ; € V) ;andn—1> 1.
Furthermore, from (2.4.10), we deduce that

NI) g =—(n—14+3)J7550% and 0] 1,1 = (n—14+7)J755255%.  (3.5.8)
From (2.4.1), we observe that J;/; (x) does not depend on 3. Thus, from (3.5.8), we obtain

NI) gy EVIISY 0ad) 1 €VITSE and 010y, € VITST (3.5.9)
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3.5. Complementary Sobolev orthogonal polynomials

Consequently, (3.5.9) implies that the second, third, and fourth terms on the right-hand side
of (3.5.7) vanish. For the fifth term, we note that, with the help of the changue of variables
= U(¢,n) and the fact that J(0,1)(¢t) =2 — J(1,0)(¢),

<W6281J;Z,1,n,1, 1>’7 = _(n -1+ 72)<J7’Z+281n 2 1>"/+82
—3—2~] —279—3—n 2 +1,
—(TL -1+ 72)2 ST ||1||J(71+72+n ~3) <P(771 72)7 J(O’ 1>>J(’Yl,72)

n +1,
- 2 2 J(y14+y24+n,73) ' ’ J(v1,72)-
—(n =1+ 7p)2" 22 22mmon 72 (P 1)

On the other hand, we can write the sixth term as follows:
(Wertea 08I0 1015 1)y = (0= 1 +79) (0 = 24+ 1) (75505 Dyrer tea

By performing the change of variables © = W((,n) and using the fact that J(0,1)(t) = 2 —
J(1,0)(¢), we have

2 — 2
<J;Z’+321 3 >’Y+€1+€2 =2 B H1HJ (v14+v2+n,73) <P£L’YI
(

= 273 n||1||J(71+72+nv3 Pv

n—
PI“Op:.2.3.4 2727271,272,73,77‘ < 71 -+ 1 >

. 72)7 J(07 1)>J(’Yl+1,’72)

+

3

1+2,72)

3 1> J(v1+1,7v2)

+17
” HJ (71 +v2+n,73) <P’EL’Y—12 72)7 1>J(’71772)'

— 2+

Thus, we obtain
(Werre 0111, 1)y = —(71 + D(Wey 1 J) 11, 1) (3.5.10)

Finally, the projection Sg(01¢,, ;) simplifies to

1 (3.5.10)
Sg<al¢z,l) ||1|| ((/yl + )<W5281JT"LY*1,TL717 1>7 + <Wel+626%<],2/71’n71, 1>'Y) = O
Therefore, the proof is complete. O]

Let us recall the map ¥: (—1,1)> — T and introduce its inverse ®: T — (—1,1)? through
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3.5. Complementary Sobolev orthogonal polynomials

the formulae

U(¢,n) = <(1 _77)4(1 _C), (1 _77)4(1+O> and ®(x,y) = (‘Ziz,l —2$—2y> )

Given a differential operator A defined on T, the operator ®, A defined for all regular enough
functions g: (—1,1)> - R as

O, Alg] :=Algo P o ¥ (3.5.11)

is the corresponding differential operator defined on (—1,1)%. In particular, for i € {1, 2},

D,0i[g] = 0;[go@]oW = ((O1g © ®)0;P1 + (029 © P2)0;P2) oW = (019)(9;P10W)+(D29)(0; P20 W).

As
31®10‘I’(C:77):—211—f7, (92@10‘11(@77):21:57,
61(132 ©) \I/(C,T]) = —2, 62(132 @) \I/(C,T]) = —2,
it follows that
1+ ¢dy dg
1 —=C0g dg
4 0
2.0609](C.m) = BDelg] (G ) — RAg)(G ) = 7, 5HC ).

Given two differential operators A and B defined on T, for all regular enough functions

g: (—1,1)> = R, there holds the composition rule

®,(AB)[g] = ®,A ®,B]g). (3.5.13)

Proposition 3.5.17. Let v € (—1,00)3 and i € {1,2}, we introduce the second-order differen-
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3.5. Complementary Sobolev orthogonal polynomials

tial operators 2] := W,,0? + (vi + 1)0;. Then, the following identity holds:
O10od] ™" = dJ0,0 + =] — Z7.
Proof. This follows directly from (2.2.6) and by application of the calculus rules of differentia-

tion. O

Proposition 3.5.18. Let v € (—1,00)% and n € N>4. Then,
1) o €V and E3J)_ ., € VIS
Proof. Based on (2.4.10), we deduce that
81J3—1,n—1 =—(n—-1+) gfzelntef and a%‘];:—l,n—l =n—1+%)n—-2+m) azf362n+—€§

Let k € [n — 3]p and [ € [k]o. Then,

E1 n—1,n—1> Yk, =n 2 2 n—??,en—?ﬂ k,l/v+ei+es
Vs T, = (7 = D+ 5 = 250, )

+es3

— (M + D)+ 72 = D5 T ) ytes. (3.5.14)

Performing the change of variables z = ¥((,n) to the first integral on the right-hand side of
(3.5.14) yields

<J'r+2e1

Y — 9=3—2m—272—y3—l-n
n—3,n—3» Jk,l>’Y+81+€3 =2

(M+2,72) plr2)
X <Pn—3 ) Pl >J('y1+1,72)

2 1,
% <PIE:7T71+72+ 73) 1> .
J(r1ty2tn+i—193+1)

From Proposition 2.3.4, we can rewrite the expression above as follows:

H2e Y — 9=2-2m-272—y3—l-n
<Jn73,n737 Jk,l>’7+61+63 =2
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3.5. Complementary Sobolev orthogonal polynomials

1
% ( T+ ><P$31;1772)’P1(7m2)>

n—+ vy —2 J(r1,72)

% <P(2_l+’71+’72+17’73) 1

. ’ >J('Yl+’}/2+n+l_17,yg+1)' (3515)

Similarly, performing the change of variables x = W((,n) to the second term on the right-hand
side of (3.5.14), we find

v+e1 v _ 9—2-2y1—2y2—y3—l-n /pm+lr2) pOnre)
<Jn—2,n—27 ']k,l>’7+€3 =2 Pn—2 7Pl

J(v1,72)

% <P(21+’71+V2+1773) 1

k-l ’ >J(71+W2+n+l_1773+1)- (3516)

Substituting (3.5.15) and (3.5.16) into (3.5.14), we conclude that (Z7J, 1, 1, )ytes = 0.
Consequently, we deduce that
=1 J) a1 EVITS (3.5.17)

Now, let 7 € S3 be the permutation defined by 7(1) = 2 and 7(2) = 1. Using part (ii) of

Proposition 2.2.7 and part (i) of Proposition 2.2.6, we can express =] as:

=] = =0T (3.5.18)
Furthermore, from (2.4.1) and (2.3.6), it follows that
TET) g = (1)), (3.5.19)

Finally, combining (3.5.17) with (3.5.18), (3.5.19) and (iii) of Proposition 2.2.6, we conclude

that Z3J7_,,_, € VI's2. O

Proposition 3.5.19. Let v € (—1,00)% and n € Nyy. Then, AJJ), = n(n+y +v2 4+ 1)J7,.

Proof. From Definition 3.4.6 and (2.2.6), we obtain
ALTY = =W 05 (Wyey 1,057, )

The transformed function J, o ¥ has a simpler formula than J7 , itself (cf. (3.5.20)). Thus,
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3.5. Complementary Sobolev orthogonal polynomials

it suits us to transform AJ into an operator on the square (—1,1)* according to (3.5.11). By
(3.5.13),
®,A3[g] = =P W' B, 050, Wy pe, 4, Pus[g],

where W, and W, ., must be understood as multiplication operators. We compute

J(v1 +72,73) (1) (11,72) (€)

,W,[9](¢,n) = T m—— 9(¢.m)
and
(o B)(Cm) = L D pnan (3.5.20)

and recall that 03P, was computed in (3.5.12) to obtain

Iy 4 72, 73) " ()T (71, 72) Q)
2—271—272—"73

A [T7,, 0 V() = — 43(1,0)"(n)

J(y1 +92+2,9) () I + 1,7 + 1)(() 1 J(1,0) 71 0
X a@ 2271+272+v3+4 4‘](170) (77)84 on ng K )(C)
J(n,0 _
= 0O 35, 210 [30 + 132+ DO ()]
J(n,0
“2 1 4724+ DI R0(0) =t 3+ 5 + 12T, 0 WG
Then,
vy (3.5.11) vy - (3.5.11) - ‘
A3 [‘]n,n]o\lj - (I)*AB [‘]n,no\Ij] - n(n—i_’yl_'—fy?—i_l)q)*[‘]n,no\lq = n(n—i_’yl_{—fy?—i_l)(‘]n,noqj)a
as VU is invertible we obtain the desired result. O

Proposition 3.5.20. Let v € (—1,00)% and n € Ns4. Then,
NhOs¢n, € VIS, 0u050) 1 € VYIS and  910a0) 1 € VISP
Proof. From Proposition 3.5.17 we get

01026871 = 3ONDT 1+ EL T vt — ET (3.5.21)
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Thanks to (3.5.8) we have that 919 J;_1,,_; € V77577 Then, since dj V)5t ¢

VY15t we deduce that d30105J) 1, € VJ'5* (for df = d3"**). On the other hand, from

n

Proposition 3.5.18, the second and third terms on the right-hand side of (3.5.21) lies in V5%
Therefore, 910»¢; ; also lie in V5%

Now, using (iii) on Proposition 3.4.12 and Proposition 3.5.19, we get
010301 = d30sJ)_1 5y + (71 +72) 0101y = 00— L4710+ 72) 01y iy

Since,

aIJ;ZI—l,n—l (328) _(n - 1 + 72)J2+261n+e3 (2 il) _(n —1 + 72)(]74-261” ) c V’H—el

we deduce that 01056}, € VJ'5'. Similarly, using (iii) on Proposition 3.4.12 and Proposi-
tion 3.5.19

6283¢Z,1 = 82d5/83j¢11,n71 + (1 + 72)82‘]1?71,7171 =nn—-1+m+ ’72)82J7771,n71'

Since Do J;_y 1 € V1752, we deduce that 0,057, € V)52 O

Remark 3.5.21. From Proposition 3.5.20, Proposition 2.2.9 and (iii) in Proposition 2.2.6, it
follows that the same result holds for ¢, , and ¢} ;.

Proposition 3.5.22. Let v € (—1,00)% and n € N>4. Then, span ({qﬁll, o) o, qbzﬁ}) C VyiSeb,

Proof. From Proposition 3.5.15, Proposition 3.5.16, Proposition 3.5.20 and Lemma 3.3.1, we
deduce that ¢, ; € VI #S°b - Furthermore, using this result and Lemma 3.3.7, we conclude that

Phosns € VYSob as well. 0

3.6 Proof of the main results

In this section, we exploit results from earlier sections, together with some new results, to prove

the main results of this chapter, Theorem 3.1.1 and Theorem 3.1.2.
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Lemma 3.6.1. Let v € (—1,00)® be such that ~; # 0 for all i € [3], and n € N>4. Then,
ny;Sob _ H7 D M7(ng§1+62+63).

Proof. Let p, € HY © MY(V) 517" Then there exist 7,_5 € V157" and constants

{9;}-_, C R such that
3
=Y U;h3; + M (rp3).

i=1

+ +
dg €3 V’Y €3

Since, by part (iii) of Proposition 2.2.3, rn_3z € V. 5°, using the factorized form of M?

given in (3.1.4), Proposition 3.4.18 and Proposition 3.4.19 we deduce that
S3(M(r-3)) = S5 (m7(df ™ 7,—3)) =0 and  S7(OM(r,—3)) = 57 (9sm” (d3 "1, —3)) = 0

for all i € {1,2,3}. Similarly by Proposition 3.5.6 and Proposition 3.5.7 we deduce that
Sg (hy ;) = 0 and S§(d:h) ;) = 0 with i,j € {1,2,3}. Then for all ¢ € I, we have

(Pn, q 219 BY(hy) ;. q) + 9487 (m (d] P r_3), q). (3.6.1)
Now from Proposition 3.4.17, we deduce that
8182m7(dg+e3rn_3) S V7+e3, 3183m7(dg+63rn_3) c V7+el and 8283m7(d},’+e37"n_3) € V‘H_e?’.

As 0105q, 0103q, D203q € T12_,, we deduce that the second term of (3.6.1) vanishes. Similarly,
using Proposition 3.5.5 we deduce that the first term of (3.6.1) vanishes. Thus, p, € V5P,

Finally, from Proposition 3.5.4, Lemma 3.4.2, Proposition 3.5.2 and (2.2.2) we deduce that
dim (’]_[Z a MY (V;ﬁj‘?ﬁ-ez-ﬁ-e:a)) = dim (’;L[Z) + dim (M’Y (ng§1+62+63)) =n+1=dim (V;/;Sob)

which proves the desired equality. [
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Definition 3.6.2. Let v € (—1,00)% and n € N>4. We define the polynomial space

7 .= span ({92,1, Qz,% hZJ}) :

Proposition 3.6.3. Let v € (—1,00)% be such that y; # 0 and v, = v3 = 0, and let n € Nxy.
Then, dim (N))) = 3.

Proof. Let py, o, u3 € R be such that

P10y + f20p 2 + psh) | = (3.6.2)

Given that v, = 0, it follows from (3.4.6) that k) ;(v) = 0 for all v € V,. By evaluating (3.6.2)
at the vertices (0,0) and (0, 1), and applying Definition 3.5.9 of g, ; and (3.2.7), we obtain the

following system:

4y (s + DPYY (1) 0 fi1 0
0 4’}/1(’}/1 + 1)P(7

7
g
=
=
—~
—_
N—
=
[N}
o

Since y; # 0 and P(A”Jrl 2 (1) # 0, we must have p; = us = 0. Consequently, (3.6.2) reduces to
pshy 1 = 0. Since h, ; # 0, we conclude that yi3 = 0. Therefore, the desired result holds. O

Lemma 3.6.4. Let v € (—1,00)® and n € N>y. Then, if v; # 0 for exactly one i € {1,2,3},

there exists a permutation o € Sz be such that
V;]y;Sob _ T;:l./\/’s(ﬂ oy M'y(vgj-gel-i-ez-i-es)'

Proof. Let us suppose first that 7 # 0 and v, = 3 = 0. From Proposition 3.5.12, Lemma 3.5.8
and Lemma 3.4.20 we get that N7 @ MY (V)T5179273) € YriSob Let g € NY NMY(VIE5TeeTes),
Then, there exist p € V75177 and puy, s, s € R be such that

q=M"(p) and q= o)+ p20ns + pshy ;. (3.6.3)

As 75 = 73 = 0, it follows from (3.4.6) that M”(p)(v) and h; ,(v) = 0 for all v € V5. Then,
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q(v) = 0 for all v € V,. By evaluating (3.6.3) at the vertices (0,0) and (0,1), from the
Definition 3.5.9 of g, ; and (3.2.7), we obtain the following system:

dy(y + )P (1) 0 p| |0
0 Ay (v + DPIS W) e 0

Since 7, # 0 and P’Y1+1 1)( 1) # 0, we must have u; = s = 0. From (3.6.3) we have

pshyy = M?(p). This is equivalent to m”psJ) 5% = m?d3"*p. Furthermore, since v; # 0,

Proposition 3.4.1 implies that ,ungJrQe?b — d7"%p. However, by Proposition 3.5.3, we know that

’7+63 +es3 7+61+62+63
n 2,0 §é d7

this result with Proposition 3.6.3, Lemma 3.4.2 and (2.2.2), we conclude that

Consequently, we must have u3 = 0. Therefore, ¢ = 0. Combining

dim (A7 @ MY (V5 ) ) = dim (V) + dim (M7 (V)577)) = n 4 1 = dim (V7).

Hence, the result follows with ¢ = id.

If v # 0 and 73 = v3 = 0. From Lemma 3.3.7 we have that

V"/;Sob T* V0'1('7 Sob
n

o2 ¥n
We, observe that o1(Y) = (Yo, (1) Yor(2): You(3)) = (72,0,0). Then, from the previous case,

Vgl('y);Sob _ N;Ln ) D Mal('y)(vm(’y)+el+ez+63)

n—3
Thus, since T7, is injective and using (3.4.4), we deduce that

V;{;sob _ T;2 Ngl('y) @ T;(QMO'l(’y)(V:L'l_(;’)+€1+€2+€3) T* Nal @ MY <V7+61+62+63>
Similarly, if 753 # 0 and 7, = v = 0, then

VS = Tx N2 @ MY (Vg teates),

94



3.6. Proof of the main results

Finally, the desired result holds. O

Definition 3.6.5. Let v € (—1,00)% and n € Ns4. We define the polynomial space

R} := span <{¢Z,17 ¢Z,2a hZ,l}) .

Proposition 3.6.6. Let v € (—1,00)3 be such that v # 0, y2 = 0 and 3 # 0, and let n € N>,.
Then, dim(R)) = 3.

Proof. Let ki, ko, k3 € R be such that
K1Qp 1 + Ko o + Ksh) 1 = 0. (3.6.4)

Given that v, = 0, it follows from Definition 3.5.1 and (3.4.6) that h,);(v) = 0 for all v € V.
By evaluating (3.6.4) at the vertices (0, 1) and (0, 0), and applying Definition 3.5.14 of ¢ ; and
o, (2.2.6), (2.3.6) and (2.4.1), we obtain the following system:

NP (1) 0 k1| |0

0 (—1)" PO (D) [ke| 0|

Since v1 # 0, P02 (1) % 0 and PO (1) # 0, we must have x; = ry = 0. Consequently,
(3.6.4) reduces to rsh) ; = 0. Since h) | # 0, we conclude that x3 = 0. Therefore, the desired
result holds. O

Lemma 3.6.7. Let v € (—1,00)® and n € N>4. Then, if v; = 0 for exactly one i € {1,2,3},

there exists a permutation o € Sz be such that
V,Z;SOb _ T;_IRZ('y) D M‘Y(nggl+e2+€3>-

Proof. First, we suppose that 79 = 0. From Proposition 3.5.22, Lemma 3.5.8 and Lemma 3.4.20
we get that RY @ MY (V) T51+27e) ¢ priSob Let g € RY N MY(VIF5177). Then, there exist
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€ VYTt and ky, kg, kg € R be such that
q=M"(p) and q=kip); + Koo+ K3h) ;. (3.6.5)

Given that v, = 0, it follows from Definition 3.5.1 and (3.4.6) that M7 (p)(v) = 0 and A} ;(v) = 0
for all v € V5. Then, g(v) = 0 for all v € V5. By evaluating (3.6.5) at the vertices (0,1) and
(0,0), and applying Definition 3.5.14 of ¢, ; and ¢, 5, (2.2.6), (2.3.6) and (2.4.1), we obtain the

following system:
NP (1) 0 ki |0

0 (=1 PO ()| (ke 0]

Since 1 # 0, P77 (1) # 0 and PO (1) # 0, we must have r; = ky = 0. From (3.6.5) we

have k3hy 3 = M”(p). This is equivalent to m7k3J;*5% = m?d3 " p. Furthermore, since v; # 0,

J"/+63 d’H—ea
3

2.0 = p. However, by Proposition 3.5.3, we know that

Proposition 3.4.1 implies that k3

YIS ¢ dITVIESTeT - Consequently, we must have k3 = 0. Therefore, ¢ = 0. Combining

this result with Proposition 3.6.6, Lemma 3.4.2 and (2.2.2), we obtain
dim (737 ® MY (V'Heﬁeﬁes)) = dim (R}) + dim (1\/[7 (V;’_*;l*”*e?’)) n+1=dim (V" SOb) .

Hence, the result follows with ¢ = id.

Let us now consider the case in which 7, = 0. We observe that o2(7) = (73,0,72). Then,

using the previous case, Lemma 3.3.7, the injectivity of T and (3.4.4) we have
YySeb T;IRZZ(W) @ MY (VY Hatertes)

Similarly, if y3 = 0, then
YySeb T;QRZI(V) @ MY (VY Hatertes)

Then, the desired result holds. O

Proof of Theorem 5.1.1. The proof is divided into three cases. First, assume that for all i €
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{1,2,3}, v; # 0. In this case, the result follows from Proposition 3.5.5 and Lemma 3.6.1. Thus,
in this case, we can take J7Y = H). Second, suppose there exists a unique i € {1, 2, 3} such that
~v; = 0. Here, the result follows from Proposition 3.5.5, Proposition 3.5.10, Remark 3.5.11, and
Lemma 3.6.4. Thus, there exists a permutation o € Sy such that we can take JY = T, N7,
Finally, assume there exists a unique 7 € {1,2,3} such that 7; # 0. The result follows from
Proposition 3.5.5, Proposition 3.5.20, Remark 3.5.21, and Lemma 3.6.7. Thus, there exists a

permutation o € Sy such that we can take J) = T*_,RZ. [

Corollary 3.6.8. Let v € (—1,00)% be such that v # (0,0,0) and n € Ny. Then,

015 VIS C YYTeL 9,0,k Itz and 9,9,V ¢ VI,

n n—2

Proof. If 0 < n < 1, the properties hold trivially. If n = 2, let py € V;;SOb. Then,
0103pa, DaD3pa, D105py € TI3. Since Yyter = ygte = ygtes = 1%, the desired result holds.

If n =3, let p3 € V§*°. By Theorem 3.3.10, there exist constants vy, ..., vy € R such that

Y y y y
P3 = U1P30 T U2P31 + U3P32 + Vaps 3.

From the definition of p3, in Definition 3.3.9 and the fact that R” maps II* to II3, we learn
that
247
0o = 0a(Ho — a1 30) U= 0102035 — a1 (4 + )5 + ). (3.6.6)

Taking the S7** projection of the above equation and using the particular form of a] given in
Definition 3.3.9 we find that SJ"**(0192p3¢) = 0. Using again the fact that RY maps I1* to I3,
but now combined with (2.4.5), it readily follows that

Olagpgo =0 and 82(93p5’70 = 0. (367)
Thus,

So T (0103p3 ) = 0, S3T?(Ba0sp3g) =0 and  S§TP(0102p3) = 0. (3.6.8)
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Now, from definition of p3; in Definition 3.3.9 and the fact that R maps II* to II3, we deduce
that

) (36.6)

e Pro 2 2.9(i * o
0203p3 1 = 0205T P320(7) v T 8132P32(7 T 3182J3f)(7) - a12(7)(4 +[¥)(5 + [v])-

Taking the Sy projection of the above equation and using the particular form of a$> @) given

in Definition 3.3.9 we find that

ST (0a05p31) = SgT (T, 0102 J527) — a7 (4 + |4 (5 + )
=1 (T2 3132J§2 V) per — a7+ A5+ )
Prop22611 b 1

e (0102557 1) gy s — a7 (A + ) (5 + |])
= SeE (3,0, J557)) — al V(4 + ) (5 + |]) =

Using again the fact that R” maps 1% to I3, but now combined with (3.6.7), it readily follows

that
o Prop.2.2.9(i o
8182[)3 1= 6182 *1[)320 v) op-2- @) —T;16183P3,20(7) —=0.

o Prop.2.2.9(i) o
0103p31 = 103 ;19320 - _T;13233P3,20(7) =0.

Thus,

Sqr(0105p31) =0, STT(0203p1) =0 and  S7T(910:p31) = 0. (3.6.9)
Using the same arguments, we also find that

SqT(0105035) =0, S3T2(0203p3) =0 and  S7T(0100p3,) = 0. (3.6.10)

Furthermore, from the definition of p3 3 in Definition 3.3.9, the fact that RY maps II* to II} and
(3.3.3), we deduce that

SO (0h03p35) = 0, STT(0a05pY5) = 0 and  S7T(9102p3 5) = 0. (3.6.11)
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Then, by comibining (3.6.8), (3.6.9), (3.6.10) and (3.6.11) we deduce that
Sg+el (8183]?3) = O, Sg+€2 (8283}93) =0 and SE)H—GB (8182}93) = 0.
This, combined with the fact that for all ¢ € TI3,

<8183p3, Q>’y+61 = b7+el Sngel (8133273)% <8283p3, Q>7+e2 = b—y+e2 53“2(8283193)(1

and  (010qps, Q>7+e3 = b"/-‘r@g,Sg e (0102p3)q,

establishes the result for n = 3. Finally, suppose n > 4. Let p, € VP, According to

Theorem 3.1.1, there exist v,_3 € V)757%* and w, € J7 such that

Pn = Wy + M7 (v,,_3).

From the same theorem, it follows that 0;95w, € VI75', 005w, € V1752 and 9,0,w, € VI 5.

Furthermore, Proposition 3.4.17 and (3.1.4) imply that

81831\/["(11”_3) € ng_gel, (92831\/17(@”_3) S V;Zi—gw and 81821\/17(@”_3) S V‘ngeg’.

n

Consequently, the desired result holds for n > 4. [

Definition 3.6.9. Let v € (—1,00)3. We define the bilinear form BYS°? : C3(T)x C3(T) — R
in terms of the bilinear form BY of (2.2.10) as follows:

BY5P(p, q) == BY 1 (9105p, 0105q) + BY1(0503p, 0203q) + BT (010ap, 01059).

Theorem 3.6.10. Let v € (—1,00)% be such that v # (0,0,0), n € Ny and p, € VY. Then,
for all g € C3(T),

;Sob ;Sob ;Sob it n<1,
BT (pn,q) = A3 (Pns @)z,  where AT =

(n—=2)(n+|v|+1) if n>2.
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Proof. By Corollary 3.6.8, it follows that 0;95p, € VIT5', 0,05p, € VI15? and 0,05p, € V17152
Consequently, using (2.2.11), we obtain

BT (0,03pn, 01039) = N7 5 (0103Pn, 01030) 41
Bt 2(0505py,, 0205q) = AY5(0205pn, 0205G) y+ess
Brtes (alaﬂ?n, 8182@ = )‘7+63<3182Pm 8132Q> +es-

From (2.2.9), we observe that A\Y5P = \1761 = A2 = \773 Therefore,
BY5(py, q) = AV5PB (pa, q). (3.6.12)

In the case n < 1, we note that BY5°°(p,,q) = 0. Hence, by setting \%°® = 0, the desired
result holds. Finally, for n > 2, Lemma 3.3.1 implies that Sg(Vp,) = 0 and SJ(p,) = 0. This,
combined with (3.1.2) and (3.6.12), establishes the desired result. O

Definition 3.6.11. Let vy € (—1,00)%. We define the differential operator L7 : C?(T) — C(T)

as follows:

[1(p) = £r-a-eres(p) 4 RO ELP) g Eﬂﬂﬁ@ﬁ* 7207)

— 0-V
|7|_|_3 2¢1,0 ‘7|+3 pI'OJo( p)

where 7,3 : C}(T) — C(T) and § : R? — R? are given by

e1(p) := || O1p + We,0100p + W, 0103p, €3 (p) := || Oop + We,0105p — W, 0205p
and &(x) = (1 —3z1,1 — 3zo)".

Proposition 3.6.12. Let v € R®. Then, LY = L7~¢17¢~% _ §. V.

Proof. Let j € {1,2}. From (2.2.5), we can express d; as

B = [+ DWe, = (o + DWo | T We 00 = 7077 L W I - WL (3.6.13)
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Likewise, using (2.2.6), we find that

dl =[(m+1)We, — (2 + D)W, ] T — We, 4,05 = d37 7279 4+ W, 1 — W, L. (3.6.14)

Substituting (3.6.13) and (3.6.14) into (2.2.7) and simplifying, we arrive at the desired result.

]
Proposition 3.6.13. Let v € R®. Then, VLY™17%27% = LIV + 7, where €7 = (¢],¢3)".
Proof. From (2.2.7), we have
alﬁ'y—el—eg—eg _ ald'i/—el—w—esal _|_ ald;—e1—62—6382 + 81@—61—62—6383 (3615)

Applying (i) of Proposition 3.4.12, the first term on the right-hand side of (3.6.15) can be
written as:

Ord]™ 72720y = d] O} + (1 + 73)0h- (3.6.16)

Next, using (2.2.5) and standard differentiation rules, the second term on the right-hand side

of (3.6.15) becomes:

Ovdy 70y = d30105 + We, 0305 + W, 0105 + 7205. (3.6.17)
Similarly, for the last term on the right-hand side of (3.6.15), we obtain:

Ody™ "7 0y = dJ0105 — W, 0505 + W, 01035 — 7205. (3.6.18)

Substituting (3.6.16), (3.6.17) and (3.6.18) into (3.6.15) and simplifying, we obtain:

O L7727 = LY0 4 (71 + 73) 01 + Wey 0302 + W, 0102 + Y202 — W, 0205 + W, 0105 — 7205

= L70; + (’71 + v+ ’73)81 + W638162 + Welal(?g. (3.6.19)
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Similarly, from (2.2.7), we have
82,67_61_62_63 = 82d¥_61_62_6381 + 82d'27_61_62_e362 + 82@_61_62_6383 (3620)

Using (2.2.5) and differentiation rules, the first term on the right-hand side of (3.6.20) can be
expressed as:

Oad] ™70 = d] 0,01 — W, 0501 + W, 0201 + 71101 (3.6:21)

Now, by applying (ii) of Proposition 3.4.12; the second term on the right-hand side of (3.6.20)
becomes:

Dydy ™70y = 305 + (72 + 73)0a- (3.6.22)

Likewise, for the last term on the right-hand side of (3.6.20), we obtain:

agdg_el_e2_63(93 = d},’(%@g + Welalag - W628283 + ’}/183. (3623)

Substituting (3.6.21), (3.6.22) and (3.6.23) into (3.6.20) and simplifying, we obtain:

Op L7273 = L7054 (2 + 73)02 — We, 0301 + W, 0201 + 7101 + W, 0105 — W, 0505 + 7105
= £782 + (’71 + Y2 + ’73)62 + W€38162 — W528283. (3624)

Combining (3.6.19) and (3.6.24), the desired result follows. O
Proposition 3.6.14. Let v € R®. Then, the following hold:
(1) L70) = LY 7% — (14 |v|)0:.
(it) LY0y = 0LY27% — (1 4 |7])0s.
(tit) L7035 = O5L7~17% — (1 4 |v])0s.
Proof. From (2.2.7), we have

LY ™A7B = O1d]™ 0 + O d] POy + 01d] 0, (3.6.25)
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Using (i) of Proposition 3.4.12; the first term on the right-hand side of (3.6.25) can be written
as follows:

Od]™ %0, = d}0F + (1 + )01 (3.6.26)

Next, by applying (2.2.5) and standard calculus rules, the second term on the right-hand side
of (3.6.25) becomes:

Ordy 70y = d30103 + We, 0205 + (72 + 1)a. (3.6.27)
Similarly, for the last term on the right-hand side of (3.6.25), we obtain
O1dy = "0y = dj 0105 — We, 0,05 — (72 + 1)05. (3.6.28)

Substituting (3.6.26), (3.6.27) and (3.6.28) into (3.6.25) and performing some algebraic manip-

ulations, we obtain part (i). Finally, using similar arguments, we can prove (ii) and (iii). [J

Proposition 3.6.15. Let v € R3. Then, the following hold:

(’L) 576182 = 8162577617627263 -2 |’)/| 8182.
(ZZ) 576183 = 81(93,677261762763 -2 |’7| 8183.
(’LZZ) £78283 = 828357_61_262_63 -2 h/| 6283.

Proof. Applying parts (i) and (ii) of Proposition 3.6.14 we obtain

L7010y = 1LY 70y — (14 |y])010y = 0,0,L7 72725 — (|| — 1)0105 — (1 + |y])0102
= (9162[,7_61_62_263 -2 |")’| 8182.

Similarly, by invoking (i) and (iii) of Proposition 3.6.14, it follows that

£78183 - 81;6776176383 - (1 + ‘7’)8183 - 8183;677261762763 - (|’7‘ - 1)8183 — (1 ‘|— ]’7|)8183
= 8183£7_261_62_63 -2 ”)’| 8183.
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3.6. Proof of the main results

Finally, using (ii) and (iii) of Proposition 3.6.14 we have

,C‘y@zag = 825776276383 — (1 + |’Y’)8283 = 8283,677617262763 — (|’7‘ — 1)8283 — (1 + ”Y|)82(93

= 0h05 L7122 _ 9 || 0,05,

]

In what follows, we will employ the previous results to study some properties of the operator

L7, which in turn will allow us to prove Theorem 3.1.2.

Proposition 3.6.16. Let v € (—1,00)® be such that v # (0,0,0). Then, the operator L7
is self-adjoint in HZ with respect to the (:, ")z -inner product; indeed, for all p € CHT) and
q € C¥(T),

(LD, )mz = BT (p, q) + 2(|7] + 1)B (p, 9).
Proof. From Proposition 3.6.15, we obtain
B (LI, ) = BY(p, q) + 2(|y| + 1B (p, ).

Next, combining Definition 3.6.11, Proposition 3.6.13, (2.4.6), Proposition 2.2.9 and (2.4.7), we
find that

VLp = VLI "%p — proji(e7(p)) = L7Vp + €7 (p) — proj] (€7 (p)).

Consequently, using the relation above and the self-adjointness of L7, we deduce that

4 YO . ~
1L 112

for all i € {1,2}. Moreover, since 05 = 0, — 01, it follows that Sy (VLp) = 0.

On the other hand, part (iii) of Proposition 2.2.6 implies that 77 .J7 2(7) = J7 ) ey,

Y [op)
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Therefore, applying Definition 3.6.11 and Proposition 3.6.12, we compute:

. L7(p), 1 £(1
SUE) = SC ) - 5306 - V) = 572 ) = P - i
2! 2!
and the desired result follows from the structure (3.1.2) of the (-, -)gz-inner product. O

Proof of Theorem 5.1.2. From Theorem 3.6.10 and Proposition 3.6.16, for any polynomial g

(L7 (pn); Yz = B (pn, q) + 27| + 1B (pn, @) = A7 (0, @)mz + 2(17] + 1)B (pn, 9)-

If n <1, it is straightforward to see that S\z = 0, while if n > 2, from Lemma 3.3.1 we have

(L7 (pn), @)z = (AT + 2(17] + 1)) Py @iz = n(n 4 7] = 1) (Do, @iz

As, £7(py) itself a polynomial (cf. Definition 3.6.11), the desired result follows. O

We conclude this section by providing some comparisons between the results obtained in

this chapter and those presented in [11].

Regarding Theorem 3.1.1, we observe that a direct sum decomposition is obtained in the
triangle, in contrast to the case in the ball [11, Lem. 4.2], where an orthogonal decomposition
is achieved. Furthermore, it is worth noting that MY (cf. (3.4.18)) is a third-order differential

operator, whereas its counterpart M* (cf. [11, Eq. (38)]) is a second-order differential operator.

On the other hand, concerning the space ) in Theorem 3.1.1, we obtained a characteriza-
tion that depends on whether the parameter v has any vanishing component. In contrast, this
distinction does not occur in the space HZ (cf. [11, Sec. 2]) from [11, Lem. 4.2].

When comparing Theorem 3.6.10 with its counterpart in the ball [11, Thm. 3.11], it is
observed that the eigenvalues associated with the weak problem in the triangle are non-zero for
n > 3, while in the ball they are non-zero for n > 2. This discrepancy mainly stems from the
fact that a second-order Sobolev inner product is employed in the triangle (cf. (3.1.2)), whereas

a first-order Sobolev inner product was used in the ball (cf. [11, Eq. (30)]).

Finally, regarding Theorem 3.1.2 and its counterpart in the ball [11, Thm. 3.14], we observe
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that both Sturm-Liouville operators arise from a classical operator with shifted parameters,
minus a finite-rank perturbation. Specifically, in the triangle, (2.2.7) is used with the shift
¥ — v —e; — e5 — ez, while in the ball [11, Eq. (11)] is employed with the shift & — a — 1.
Nevertheless, the perturbation in the triangle is of rank 2 (cf. Definition 3.6.11), unlike in the
ball, where it is of rank 1 (cf. [11, Eq. (45)]). This difference is due to the fact that in the inner
product (-, gz (cf. (3.1.2)), the low-order terms involve first-order derivatives, whereas in the

inner product in the ball (-, )51 (cf. [L1, Eq. (30)]), these terms do not involve derivatives.
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Chapter

Conclusions and future work

4.1 Conclusions

In Chapter 2, we define the affine maps 7T,, which allow us to exploit the covariance of the
polynomial spaces V] and use this property to prove Lemma 2.5.19. This leads to a family of
integral inequalities on the simplex, which in turn enables us to derive an upper bound for the
approximation error of the orthogonal projector S in Sobolev norms. Unlike its analogue in the
unit ball, our bound exhibits a slower approximation rate with respect to the power on n. The
reason is that our Schur-type inequality in part (iii) of Lemma 2.5.3 depends cubically on the

total polynomial degree, whereas in the case of the ball the dependence is linear [9, Prop. 3.4(i)].

In Chapter 3, we introduce the operators m” and M7, study their properties, and use them
to characterize the space VP in terms of the images of these operators restricted to the
orthogonal polynomial spaces defined in (2.2.1). Finally, we define a second-order differential

operator £7 and prove that the polynomials in VY5b are eigenfunctions of this operator.
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4.2 Future work

Possible future research directions derived from this thesis include:

« Provide an intrinsic characterization of the weighted Sobolev space HX of Definition 2.6.1.
o Establishing the Markov inequality for a broader class of weights.
o Improving the decay rate established in Theorem 2.1.1.

« Estimating the approximation error, in the [|-[|,.; norm, of the orthogonal projector asso-

ciated with (-, -)pz.
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