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Resumen

Las estrellas en sistemas binarios o de orden mayor pueden vivir eventos de
transferencia de masa entre sus componentes. El momento angular transferido a
la estrella accretora por medio de la masa ganada puede afectar los parametros
observables de la estrella y acelerar su rotacion hasta una velocidad critica. En el
caso de accrecion a través de un disco de accrecion, se espera que una ganancia
de masa menor al 10% de la masa inicial de la accretora la lleve a su velocidad de

rotacion critica y la destruya.

En este trabajo buscamos explorar el efecto que un stream de masa tiene en la
rotacion de la accretora como un posible mecanismo que permita a la estrella
accretora ganar mas de una décima parte de su masa inicial sin ganar el momentum

necesario para llevar a a rotacion critica

Presentamos aqui un nuevo modelo analitico para caracterizar los efectos de
la accrecion directa en los parametros medibles de la accretora, en funcién del
semi-eje mayor y eccentricidad del sistema y la velocidad de rotacion de la estrella
donante. Este modelo aborda el problema como un problema de dos cuerpos,
donde un stream de masa estd compuesto por miultiples particulas discretas que
no interactiian entre ellas y que s6lamente son influenciadas por el potencial
gravitatorio de la accretora. Cada particula tiene una solucion orbital instantanea
derivada a partir de sus condiciones iniciales. La contribucién de cada particula a la
aceleracion de la velocidad rotacional de la accretore esta dada por la componente
tangencial de la velocidad de impacto a través de la conservacion de momento

angular.

Hallamos que la accrecion directa demuestra ser menos eficiente en acelerar la
estrella accretora en relacion a la accrecion por disco, y por lo tanto permite a la
estrella ganar una mayor fraccion (> 10%) de su masa inicial sin alcanzar rotacion
critica. Ademas, cuantificamos la fracciéon de masa que impacta a la accretora
directamente en contraste a aquella que es expulsada del sistema o forma un disco

al rededor de la accretora.

Keywords — Binarias, accrecion, dinamica estelar
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Abstract

Stars in binaries and higher order systems can experience mass transfer events
between their components. The angular momentum carried by the mass gained
by the accretor can change the observable parameters of the star and spin it up
to critical rotation. In the case of disk accretion, a mass gain lesser than a 10% of
the accretor’s initial mass is expected to bring it to a critical rotation rate and

break it apart.

In this work, we aim to explore the spin-up effect of direct accretion through a
stream as a possible mechanism for an accretor to gain more than a tenth of its

mass without gaining enough momentum to reach critical rotation.

Here, we present a novel analytical model to characterize the effects of direct mass
transfer in the accretor’s measurable parameters as a function of the binary’s
semi-major axis and eccentricity and the donor’s rotational velocity. This model
takes a two-body approach to the problem, where a stream is decomposed as
many discrete particles that do not interact with each other and are influenced
by only the accretor’s gravitational potential. Each parcel has an instant orbital
solution derived from its initial conditions. The contribution each accreted parcel
has to the total spin-up of the accretor is given by its tangential velocity at impact,

through conservation of angular momentum.

We find that direct mass transfer proves to be less efficient at spinning up the
accretor than an accretion disk and thus enables the star to gain a greater fraction
(>10%) of its initial mass without reaching critical rotation. In addition, we
quantify the fraction of mass that directly impact the accretor in contrast to the

mass that is either lost from the system or creates a disk around the star.

Keywords — Binaries, accretion, stellar dynamics
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Chapter 1
Introduction

Stars do not always live in isolation. About 85% of all stars have at least one
companion ( , ) and, in particular, 46% of solar type stars are

part of binaries or higher order multiple star systems ( , ).

Throughout their lives, binaries and higher order systems might experience
accretion events between their components, typically referred to as the accretor
and donor. Mass transfer can occur through different mechanisms depending on
the binary’s conditions, for example, closer systems might accrete through wind
Roche lobe overflow (WRLOF) while systems with wider orbits accrete through
Bondi-Hoyle (BH) accretion ( : ).

Mass transfer events can affect the orbital parameters of the system ( ,

: , ) as well as the composition ( : ) and observational
properties (i.e. color, brightness, rotational velocity) of the accretor. However,
the changes to an accreting star’s observational properties due to the increase in

mass are yet to be fully understood.

Blue Stragglers (BSs) are stars that, if members of a cluster, are found in the
region brighter and bluer than the main-sequence turn-off (TO) in the color-
magnitude diagram (CMD). These stars were first observed in the globular cluster
M3 by ( ) and are thought to be the product of mass transfer events
( , : , ). BSs not only can
form within binaries but pairs of BSs can also form through accretion from an

outer tertiary ( , ).



( ) estimated that only 10% of a star’s initial mass would need to be
accreted by it to spin it up to its critical rotation rate (i.e. the critical angular
velocity at which the star reaches centrifugal limit at the equator and can not
longer hold itself together) therefore breaking up the star at its outer layers. This
would make most accretion products rapid rotators. Rapidly rotating stars are
rare, but some have recently been identified in globular culsters via their blue
straggler populations. Specifically, rapid rotators seem to prefer low-density cluster
environments ( , ) where wider systems have a higher survival rate
due to the lower frequency of strong dissociative dynamical interactions between

systems.

( ) approached modelling direct accretion through three-body
integration. In their approach, the donor star looses a small discrete amount of
mass strictly at periastron passage, resulting in either self-accretion, direct impact
or possibly disk formation. Their results focuss on how the mass transfer event
affects the orbital parameters as well as the donor’s rotation rate with respect to

the system’s mean motion.

In their study, ( ) (and the continuation
( )) track the evolution of the binary orbital elements in
eccentric binary systems. Their computation treats mass transfer as a perturbation

to the donor-accretor two-body system.

In this work we present a novel analytical model for direct accretion reducing
the system to an accretor-particle two-body problem in section 2, where we also
address the impact of neglecting the influence of the donor’s potential (section
2.2). We measure the spin-up effect the accretor suffers due to mass gain after one
orbital period as well as the efficiency of mass transfer, for a range of different semi-
major axis lenghths, eccentricities and donor rotation rates (section 3). Finally,
we discuss the timescales for orbital evolution and how they compare with our

accretion timescales in section 4. We sumarize our findings in section 5.
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Chapter 2

Methods

2.1 The Model

We consider a binary star where mgy,, and mg.. are the masses of the primary and
secondary, or donor and accretor, respectively. The frame of reference is fixed to
the accretor star so that the donor star traces an elliptical orbit around it. We

denote by an "a" the binary initial semi-major axis, and the eccentricity by an

n,n

e

The distance from the origin to the L1 point is so that, at that position, the
gravitational effect of the donor, the gravitational effect of the accretor and the
centripetal force inflicted over an imaginary particle of velocity v; are in equated.

This condition is met when equation 2.1.1 is fulfilled

Gmdon Gmacc U‘2

L =0 2.1.1
(a—rpy)? r?, T ( )

The L1 point moves as the donor orbits around the accretor. At every position
along the L1 orbit, we imagine that a single parcel of mass is released from the

donor’s envelope. For this approach, the following assumptions are made:

I The in-falling parcel of mass is solely affected by the gravitational force the
accretor star inflicts on it. The gravitational potential of the donor is not

taken into account once a parcel is released.

IT The effect of a stream of mass directly impacting the accreting star is
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Mdon

Figure 2.1.1: Diagram of the system. The accreting star’s position is fixed to
the origin of the reference frame while the donor star, of mass mg,y,, orbits around
it. A parcel of mass, located at a distance rp; from the accretor’s center of mass,
is let go with an initial velocity v; = U,y + Uewtra-

approximated by the superposition of every accreted parcel over a single

orbital period of the system.

[T Only the tangential component of a parcel’s velocity at the moment of

impact will contribute to the rotational energy of the accretor.
IV The radial component will instead contribute to the star’s thermal energy.

It is important to highlight that this is a rough first-order approximation that we
make in order to be able to derive analytic solutions. We quantify the validity of
this assumptions later in Section 2.2 by comparing to existing or known solutions

for this problem.

We take 1000 values for the true anomaly, equally separated in time over a single
orbital period. The donor’s orbit is computed from its orbital elements, so both
the trajectory of the donor’s center of mass and the distance to L1 are independent
of the time-step size, therefore avoiding time-step related errors. At each position
on the L1 orbit, a parcel is let go from the donor’s envelope. Given our second

assumption (II), we can now focus our analysis on a single parcel.

At a distance rp; from the accretor’s center, the parcel starts with an initial
velocity v;, calculated as the instantaneous orbital velocity of the donor star’s
center of mass v, in addition to an extra velocity Ui perpendicular to the
radial direction, as depicted in Figure 2.1.1. The term v, acts as the donor’s
surface velocity from an angular rotational velocity waen rot- In order for Uy, to

act opposite to the orbital motion at periastron, it is assumed that wgen ot and
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the angular orbital velocity of the donor around the accretor w,,;, have the same
direction. For eccentricities greater than 0, v,,, and ¥, are only parallel at
periapsis and apoapsis, any other position in the orbit produces an initial velocity
with an angle «;, different than the orbital velocity’s angle a,. A parcel’s initial

speed v; and its corresponding angle «; are given respectively by

Uy = \/Ugrb + Ugg;tmz - 2|vorb| |Uext7“a| COs (g - aorb) (212)
and
Q; = Qopp + arcsin {M sin (g — aorb>:| (2.1.3)
(%

We defer this calculation to an Appendix.

Having a value for the initial velocity and its angle with respect to the radial
direction, a trajectory can be predicted for the parcel if we assume it will be in a
Keplerian orbit around the accretor. The semi-major axis a, of this orbit can be

obtained through the Vis-viva equation

o= four (2-2) 214

, by solving for the semi-major axis

a, = (i o )1 (2.1.5)

T Gmacc

The use of the Vis-viva equation to relate the particle’s velocity to the semi-major
axis of its orbit ensures the conservation of its mechanical energy. The eccentricity

e, can be obtained through
ep = — (2.1.6)

, where

1
@ = 5\/7%1 + (2ap —r1)* = 2r0a(2ap — 711 cos (7 — 2a;) (2.1.7)

This approach is consistent with the conservation of angular momentum. An
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I'per

I'p,per 91’

Figure 2.1.2: Inclination of a parcel’s orbit (blue) with respect to the donor’s
orbit (in the same direction of the gray dashed L1 position). Angle 6 in red
represents the true anomaly of the starting point of a parcel with respect to the
donor’s orbit while 6, in blue represents the true anomaly of the parcel’s starting
point with respect of the parcel’s orbit.

extensive demonstration can be found in Appendix A2.

Here, the true anomaly of the initial position of the parcel with respect to the

new orbit, assuming the accretor is at one of the trajectory’s foci, is given by

2a

b —
Cp

6,(t, = 0) = m — arcsin " sin (m —2q;)|. (2.1.8)
where it is important to note that the argument ¢, = 0 denotes the initial position
within the parcel’s orbit and it is not an indicator of the time transpired since the
beginning of the donor’s orbit at periapsis. Equation 2.1.8, in combination with
0, the true anomaly of the starting point of the parcel in the L1 orbit, gives us
the inclination of the parcel’s orbit with respect to the donor’s orbit, as shown in
figure 2.1.2.

In order for a parcel to be considered as accreted it must fulfill the following

conditions:

1. The donor star must be overfilling its Roche lobe for the system to undergo
Roche lobe overflow (RLOF) accretion. We define the parameter f as the
fraction of the donor’s radius that protrudes beyond the L1 point at any
point of the orbit. This assumes the donor as a rigid body. This value can be
interpreted as the opening angle of the Roche surface for a teardrop-shaped

donor in a more realistic scenario.

2. Given the initial velocity v; and its angle with respect to the radial direction
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Figure 2.1.3: Resulting velocity v; for a parcel in the first half (top) and the
second half of the donor’s orbit (bottom). Top panel: Uy always points outwards
with respect to the L1 orbit. This produces an initial angle «; that is always
greater than «,,,. Bottom panel: ¥, always points inwards with respect to the
L1 orbit. This produces an initial angle «; that is always smaller than a,,.

«;, the resulting trajectory must impact the accretor, given its radius. Impact
is defined as the first point in the trajectory at which the distance from the
particle to the center of the system is less than or equal to the accretor’s

radius. This is

Tp < Tace (2.1.9)

3. The angle of the initial velocity must be less than or equal to the angle of
the orbital velocity 4. This discards any parcel whose initial velocity’s
direction pushes it back towards the donor star. This condition prevents any
accretion from happening in the first half of the period, due to the resulting

U; always pointing outwards, as shown in Figure 2.1.3.

During a single orbital period, a flag is assigned to each timestep to indicate if the
corresponding parcel was accreted (1) or not (0), in accordance with condition 2.
In addition to the initial values, the velocity and angle at impact of each accreted

parcel are stored

This experiment is repeated for many systems with a range of values for e, a
and the velocity fraction vegera/vper. The latter describes the magnitude of the
linear rotational velocity at the surface of the donor divided by the donor’s linear
orbital velocity at periastron passage. This way, Ueytra/Uper 1S @ measurement of
the donor’s rotation: when vegtrq/vper = 0 the donor star is non-rotating, while

Veatra/Uper = 1 describes the case where the donor’s surface rotation and its
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orbital velocity at periastron are equal. When veysrq/Vper = 1, & parcel dropped at

periastron passage will fall to the accretor with an initial speed v; = 0.0.

Since the value of the overflow fraction f does not affect the trajectory of an
in-falling parcel, this value is added to the dataset after all trajectories have been
obtained. This also allows us to test the accretor’s response to different values
of f without running the experiment again. The value of this parameter can be

obtained for every position in the L1 orbit as described by equation 2.1.10

Torb(9> - 7”L1(9)

Torb,per — T'L1,per

f0) =1- (1= fper) (2.1.10)

where fp., is the value of f at periastron.

All negative values (i.e. positions where the donor star does not overflow its Roche
lobe) are replaced with 0 in the dataset so that they do not contribute to the total
gained mass. At the same time this parameter is added to the datasets, condition

3 is evaluated and the accretion flag is updated to fulfil it.

Lastly, taking M = 107%M /yr (a mass transfer rate on the lower limit of the
range ( ) worked with) as the mass loss rate of our donor, the

mass contained in each parcel of mass can be obtained as follows:

my(0)

- Zfif(e) (2.1.11)

where T is the orbital period of the binary.

The routine makes use of AMUSE ( , :
) ; ; ; , ) to introduce

physical units into the calculation.

In the following section, the spin-up suffered by the accreting star due to the mass
gain, in addition to the conservativeness of the accretion, are evaluated in terms
of our four main parameters: semi-major axis "a", eccentricity "e", synchronicity
"Veatra/Uper" and overflow fraction at periastron "f,.,". For all cases the initial
masses of both the accretor and donor were 1.00 My and 1.20 M), respectively.
Given that a circular orbit provides the longest distance from the accretor to

periastron for a fixed length of the semi-major axis, we will work with a between
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the lower limit where the surface of both stars are almost touching
min(a) = 1.01 * (74ec + max(ragg)) (2.1.12)
and the upper limit
Torp(€ = 0) < 171 + max(racp) (2.1.13)

where max(r¢p) is the largest radius for a star of mass mg,, during its asymptotic
giant branch stage, in our case, max(ragp) = 263 Ry. This way, the lower limit
represents a system where the stars’ surfaces are almost touching, while the upper
limit for the semi-major axis can be obtained through equation 2.1.1 by solving for
a, setting a = rp; + max(ragp). This limit is set so there is always mass overflow

at least at periastron.

In the case of the eccentricity, we choose values between 0.00 to 0.95 to cover the
widest range possible. Values for veytrq/Uper ranged between 0.80 and 1.00 (see
Appendix Al). Lastly, fper was set to 0.1 for all tests. We expect a change in fpe,
would only scale up or down the total effect the mass gain causes on the accretor

without changing the overall behaviour of the accretion.

2.2 Validation of Assumptions

2.2.1 3-body problem

Under the assumption that a parcel of mass is not affected by the gravitational
potential of the donor beyond L1 reduces the problem from three bodies to just
two. In this section, we compare our model to a planar restricted circular three-
body problem. We choose this specific case of the three-body problem because it
is the only one for which analytic equations of motion can be derived. Any other

case requires to be solved numerically.

We will consider a donor of mass mg,,, an accretor of mass my.. and a parcel of
negligible mass. The total mass of the stars in this system is taken as unity so

that

Mdon = K and Maee = 1 — K (2.2.1)
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where k is a constant. Additionally, the distance a between the stars is set as the

length unit and the time unit is defined so that

P

— =1 2.2.2
o (2.2.2)
An inertial frame of reference of coordinate axes z and y is positioned with its
origin at the center of mass between both stars, whith the donor and accretor at
distances 1 — k and & respectively. In addition, a rotating frame of reference of
coordinate axes x and y is positioned so that x aligns with the line conecting the

centers of mass of both stars. The frame rotates at a rate

— \/G(macc + mdon)

W =
a3

§=1g (2.2.3)

Equation 5.10 of ( ) describes the equations of motion

in such system. In our terms, these equations become

{2 0
jz:%?”+2y and ﬂ=:%§-—2¢ (2.2.4)
where
o0 (k—1)(k+ ) Kk +z—1)
or 2.9.
ox T+ ((k + x)2 4 y2)3/2 + (it z—12 2 (2.2.5)
and
oS (k—1)y Ky
oy 2.2.6
8y y+ ((n + x)2 + y2>3/2 + ((Ii +r— 1)2 + y2)3/2 ( )
The initial position of a particle dropped from the L1 point is
Tp=(rm — K)2 (2.2.7)

where 71, is the distance between the accretor and the particle, calculated through

equation 2.1.1.

In order to compare this three-body simulation to our model as an independent
check of the validity of our model assumptions, the massless particle must be given

an additional initial velocity against the motion of the donor. Given that this
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case describes circular motion between the stars, the orbital velocity of the donor
and the added velocity are always parallel to each other and can be described by

equation A1.9 where the donor’s rotation is
gdon =W x Fdan = |(I5|(1 - /{)Q (228)

Now, correcting for the frame’s rotation, we obtain

- 1 veztra — — —
Uy = — ——— | Ugon — W X T
Vorb

_ {(1 — ""_t) (1—k)— |fp|] J (2.2.9)

Vorb

Having set the initial conditions, the infall is simulated with a timestep dt = 1
minute untill one of the following three events occur: i) the particle approaches
the accretor at a distance equal or lesser than the accretor’s radius, ii) the particle
reaches a distance from the accretor greater than the L1 distance, or iii) the
particle continues to orbit around the accretor through the span of the system’s

orbital period.

Although the impact velocity for both our model and the three-body approach fall
within the same order of magnitude, there are two significant diferences between
the resulting impact angles. First, the three-body approach results are displaced
towards higher donor rotation rates in comparison to our model. This is an effect
of the donor’s gravitational potential being considered in the former. As the donor
orbits the accretor, it slightly pulls the parcel towards it, resulting in a wider orbit
when compared to the same vVextra/Uorp value in our model, therefore the donor
has to spin faster then in our model in order to produce the same results. We
see too that, in our model, iy, equals 0 when Vextra/Vorb €quals 1, while in the
three-body aproach there seems to be a small difference between systems with

different orbital separations.

To find this displacement, the Vexa/Vor, value for which the impact angle is zero
is fit to a polynomial function for a = 1.20, 1.80 & 2.20 , in terms of the system’s
mass ratio g. The best fit polynome coefficients for each curve are showcased in
table 2.2.1.

We then find a polynomial fit for the coefficients of each order, obtaining an
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Table 2.2.1: Best fit polynome coefficients

a [AU] P2 P1 PO
1.3 0.0981 0.9573 0.7566
1.8 0.0960 0.9615 0.7650
2.2 0.0866 0.9763 0.7667

approximation of the veyira/vor, value where the angle of impact is zero, in terms
of the orbital separation a and mass ratio ¢ as described in equation 2.2.10 and

portrayed in figure 2.2.1.

Veatra (o, = 0)35 =(—0.0216a2 + 0.0629a + 0.0530)¢>

Vorb

+ (0.0320a” — 0.0909a + 1.0214)q (2.2.10)
+ (—0.0142a” 4 0.0610a + 0.7013)

Any result to the left of this point produces a particle that impacts the accretor
in a prograde motion with respect to the binary’s orbital motion, while any result

to the right impacts the accretor with a retrograde velocity.

The second difference between our results and the three-body approach appears in
the range of Vextra/Vorb values where impact occurs. In the case of the three-body
approximation, we get a much wider range of values, particularly extending to
far greater Vexgra/vVorb to the right of %(%mp = 0)35. This behaviour is caused
by the last term of equation 2.1.1: since our calculation of L1 depends on the
particle’s initial velocity, a donor with a faster rotation rate produces a L1 position

that sits closer to the accretor star, thus helping direct accretion occur.

The range of Vexgra/Vorb values explored in this section (> 0.8) all require the
donor’s rotation to be supersynchronous to its orbital motion, as seen in figure
2.2.2. Furthermore, the results from the three-body approach require the donor
to fully rotate at least twice for each orbital period. The implications of this will
be discussed in section 4, however, in this section we will focuss on the lower end

Of Vextra/Vorb values where each model experiences direct accretion.

By observing the results of both the three-body approach and our model, we can

see there is a relation between the minimum veyxga/vVor, for direct accretion, and
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2751 o a=01.30
a=01.80
25097 o a=0220

o 2.25 -

Vextral Vper (Qimp
= = = N
N U ~ o
Ul o Ul o
| | | 1

1.00 A

0.25 050 0.75 1.00 1.25 150 1.75
q

Figure 2.2.1: Value of Vextra/Vorb for which the impact angle i, becomes 0, as
a function of the mass ratio ¢, for systems with a = 1.30, 1.80 & 2.20 AU (red,
yellow and green respectively). The open circles show the resulting value from a
three-body approach while the solid lines plot the best fit, described by equation
2.2.10.



14 2.2. Validation of Assumptions

3.25
® a=130AU

3.00 - a=1.80AU
A a=220AU

1.0 15 2.0 2.5 3.0

Vextral Vorb

Figure 2.2.2: Angular rotational speed of the donor, in terms of the angular
orbital velocity of the binary system, as a function of veyira/Vor,. Here, it is
assumed that the donor’s radius is equal to a — rp;.
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the semi-major axis a. We will refer to the difference between %(aimp =0)3
and this minimum value as "amplitude As,". We too can get an approximation of
this amplitude in terms of a and ¢ via polynomial fitting. The expression with
the best fit coefficients for the amplitude of the three-body data is

Asy, =(0.04¢ — 0.02)a®
+ (—0.18¢ + 0.07)a (2.2.11)
+ (0.4670q — 0.1628)

This approximation is displayed visually in figure 2.2.3.
Furthermore, the amplitude in our model’s results can be approximated as
A =(0.0210¢* — 0.0470q + 0.035)a*

+ (—0.0695¢> + 0.1565¢ + 0.152)a (2.2.12)
+(0.0493¢* — 0.1114q + 0.2508)

Then, to better approximate our results to the more realistic case of a three-body

problem, we can correct our initial Veytra/Vor, values through equation 2.2.13

exrira A exrira exrira
(U—t) N 7% (U—t - 1) + 2 (g = O) (2.2.13)

Vorb Vorb Vorb

The effects of this correcion can be seen in figure 2.2.4.

Although this correction shows that the results of our model can be approximated
to those from the planar restricted circular three-body case, having the impact
angle equal zero when veyxgra /Vorn, = 1 allows for a more straightforward explanation.
Then, for the sake of simplicity, the correction is not applied to any of the results

in the subsequent sections.
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0.35 - g = 00.75
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Figure 2.2.3: Amplitude A, as a function of the semi-major axis a, for systems
with ¢ = 0.50, 0.75, 1.00, 1.25 & 1.50 (red, yellow, green, blue and pink
respectively). The open circles show the resulting value from a three-body approach
while the solid lines plot the best fit, described by equation 2.2.11.



2.2. Validation of Assumptions 17

3.0
—— a =01.30 AU

a =01.80 AU

2.9 A
— a =02.20 AU

log (Vimp) [km s-1]

2.6 A

o N
(G2 0|
1

Qimp [T rad]
o o
w HAN

i
N
1

©
=
1

0.0 T T T
1.7 1.8 1.9 2.0 2.1 2.2

Vextral Vorb

Figure 2.2.4: Impact velocity in a logarithmic scale (top) and angle (bottom) for
systems of an orbital separation a = 1.30, 1.80 & 2.20 au (red, yellow & green) as a
function of vertra/Vory. The data corresponding to our model (solid lines) has been
corrected through equation 2.2.13 to better approximate the three-body results

(open circles). Only data where Vextra/Vorh < “;“Z“ (Qimp = 0)3p is displayed.
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Chapter 3

Results

3.1 Spin-up

The spin-up effect suffered by the accretor star after a single orbital period, and
how this is influenced by changes in the binary’s semi-major axis, eccentricity and

the donor’s rotation rate, will be analyzed in the following subsections.

3.1.1 Semi-major axis a

In the simplest case of a circular orbit (e.g. red curve on the left panel of figure
3.1.1), the spin-up provided by the accreted mass over a single period is greater
for larger values of a. A larger orbital separation means that each parcel will drop
from a greater distance, building up speed and impacting the accretor with higher
velocities. In addition, the impact point drifts away from the line connecting the
center-of-mass of the accretor to the center-of-mass of the donor, arriving closer to
the edge and maximizing the tangential component, therefore providing a greater

amount of angular momentum to spin the star up.

A system with Vexgra/Vper = 0.90, € = 0.00, My = 1My and myon = 1.2M is the
most effective at spinning up its accretor when a = 1.86 AU. For this value of
a, the parcel dropped from the orbit’s periapsis impacts the accretor completely
tangentially, thus maximizing the spin-up provided by it. In the general case, the
a value for the peak in spin-up can be obtained by following a similar analysis to
that of Appendix Al. Having a fixed value for v;, equations A1.6 and A1.9 can

be rearranged into a new expression for the semi-major axis value at which the
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Figure 3.1.1: Spin-up of the accretor star in terms of its critical rotational
velocity after one orbital period, as a function of the binary system’s semi-major
axis a. Left: All systems have Vextra/Uper = 0.90 and e takes the values 0.00, 0.05,
0.10, 0.30 & 0.60, shown by different colors (red, yellow, green, blue and pink).
Right: All systems have e = 0.1 and extra/Uper takes the values 0.80, 0.85, 0.90,
& 0.95 (red, yellow, green and blue).

peak in spin-up occurs

1+e 72 Vextra ? Mace + Mdon
Qpeak = 1_e (rLl + TLI) (1 - v ! ) ( om d ) (311)
acc per acc

By replacing this into equation 2.1.1 for r = r,e, = a(1 — €), 711 can be obtained

numerically and replaced back into equation 3.1.1. The results are shown in figure

3.1.2.

On the left panel apeqk is graphed as a function of e. The semi-major axis value at
wich the peak in spinup occurs grows with eccentricity, showing a clear asymptote
at e = 1.0.0n the right panel, apeax is shown as a function of vVextra/Vper instead.
Within our a range, apeqr seems very sensitive to small changes in the donor’s
rotational velocity, when compared to the more gradual growth portrayed in
the left panel. AS Uextra/Uper approaches 1, the initial velocity of the parcel at

periastron gets closer to v; = 0, making the centripetal force term in equation
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2.1.1 negligible, this means the parcel’s impact on the accretor’s surface will be
almost entirely radial and the spin-up provided by it will solely depend on the
impact speed which is maximized by increasing the initial distance from which

the parcel falls.

| |

i | i |

7 VextralVper =090 | 1 ] e=0.10 I

1 1

| |

| - |

| |

1 1

| |
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Figure 3.1.2: Semi-major axis value for maximum spin-up of the accreting star
as a function of the system’s eccentricity with constant vextra/vper = 0.90 (left)
and the donor’s rotation with constant e = 0.10 (right). The shaded region marks
the range of a we work with in the analysis.

For larger a than that of the critical point, condition 2 fails to be fulfilled at
periastron, producing a drop in spin-up. A parcel at periastron will miss the edge
of the accreting star and fail to directly impact its surface. This means that, for a
circular orbit, accretion will completely cease for a larger than that of the peak
while for eccentric systems the region of the orbit where direct impact occurs

shrinks away from the major axis, detaching from periapsis.
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3.1.2 Eccentricity e

As e approaches 1, the spatial resolution at periastron decreases if we choose data
points separated by a constant time step dt. This can induce resolution related
errors to the calculation of the angular momentum provided in the vicinity of
periapsis. We can solve this issue by choosing data points along the orbit that
are separated by a constant df instead of setting a constant time step between
them. This results in a distribution that does not follow Kepler’s law but provides
a better resolution for orbits where accretion occurs mostly at periastron. We
adhere to our chosen value of 1k data-points per orbit. Increasing this number

does not change the results.

In contrast to the previous section, the spin-up curves in figure 3.1.4 follow one of

two different trends. A visual depiction of both cases is displayed on figure 3.1.3.

le—7
2.5 — a= 1.30 AU | - Vextra/Vper e 0.80
a =1.80 AU VextralVper = 0.85
— a=220AU || — vegra/Vper = 0.90
2.0 1 1 | = Vextra/Vper = 0.95
ib 1.5 A .
S
3,00
1.0 A .
0.5 A .
VextralVper = 0.90 a=1.80AU
0.0 A .

0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8
e e

Figure 3.1.4: Spin-up of the accretor star in terms of its critical rotational
velocity, as a function of the binary system’s eccentricity e. Left: All systems
have Vextra/Uper = 0.90. The result is displayed for a = 1.30, 1.80 & 2.20 AU (red,
yellow and green). Right: All systems have a = 1.80 AU and Vextra/Uper takes the
values 0.80, 0.85, 0.90, & 0.95 (red, yellow, green and blue).

The first case (from now on, case 1) follows the pattern shown by the yellow curve

in the left panel of figure 3.1.4, where a = 1.80 AU. At e = 0.0, all three conditions
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are satisfied over the entire orbit. For any value greater than 0.0, condition 3
reduces the effective accretion area to the latter half of the orbit (i.e. from past
apoastron to periastron), causing the drop in spin-up seen immediately after
e = 0.0. As e increases, the orbital velocity of the donor at apoapsis decreases
and, in consequence, so does the initial velocity of a parcel dropped from there. A
smaller v; in turn causes the parcel to fall to the accretor on a more eccentric orbit,
impacting its surface in a primarily radial direction and reducing the amount of
angular momentum transferred. This, in addition to f being smaller at apoastron
than periastron, minimizes the overall spin-up provided, resulting in the small
decline observed towards e ~ 0.05. For greater e the region of the orbit where
direct accretion occurs shrinks around periapsis while at the same time the impact
angle of the parcel decreases, producing the gradual decline observed to the right

side of the curve.

The second case (from now on, case 2) is well exemplified by the curve for a = 2.20
AU (green) in the left panel of figure 3.1.4, which we will be using for this case’s
analysis. These spin-up curves do not show a single peak but instead two local
critical points. Condition 2 is not met anywhere when the orbit is circular, which
is coherent with the results shown on the left panel of figure 3.1.1, and thus no
spin-up is provided when e = 0.00. For e > 0.00, but still close to 0.00, all three
conditions for direct accretion are satisfied in a reduced region after apoastron
passage and as e increases, the effective area for direct accretion extends from
apoastron towards periastron. This expansion of the effective accretion area is
however countered by the decline in angular momentum provided from apoastron
discussed on case 1’s analysys around e ~ 0.05, producing a similar drop in
spin-up at the same eccentricity. Beyond e ~ 0.05 the region where the donor
overfills its Roche lobe shrinks, detaching from apoapsis and producing a small
drop in spin-up. The combination of this and the expansion of the effective area of
condition 2 towards periastron, result in the behaviour seen between eccentricities
0.05 and 0.4. At e ~ 0.4 the effective area for direct accretion reaches periastron,
producing the main feature of this curve. From this point to higher eccentricities,
the region where condition 1 is fulfilled continues to narrow around 6 = 0 and the
accretion at periapsis becomes more radial, providing less angular momentum to

the accretor.

It is worth mentioning that case 1 and case 2 correspond to systems with initial
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conditions to the left and to the right of the apeak of figure 3.1.1, respectively.

3.1.3 Donor’s rotation
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Figure 3.1.5: Spin-up of the accretor star in terms of its critical rotational
velocity, as a function of the donor’s rotational velocity Vextra/Uper- Left: All
systems have e = 0.10. The result is displayed for a = 1.30, 1.80 & 2.20 AU (red,
yellow and green). Right: All systems have a = 1.80 AU and e takes the values
0.00, 0.05, 0.10, 0.30, & 0.60 (red, yellow, green, blue and pink).

In the case of a circular orbit (red curve on right panel of figure 3.1.5) direct
impact occurs only for Vextra/Vper 2 0.90. This mirrors the behaviour observed in
the analysis of the circular case in section 3.1.1. Here, the lowest Vextra/VUper value

where direct accretion occurs provides the most spin-up to the accreting star.

Higher prograde rotation velocities produce more eccentric trajectories for the
parcels of mass, impacting the accretor in a mostly radial direction and therefore

minimizing the transferred angular momentum.

This behaviour is consistent for non-circular orbits, with the difference of a gradual

increase towards the peak instead of the abrupt rise in spin-up.

At the lowest value of Vextra/Vper Where spin-up is non-zero, only a small region of
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the orbit produces direct accretion. Within the region were the donor overfills its

Roche lobe, only the section that is farthest from periastron meets condition 2.

An increase in Vextra/Uper €xtends this region towards periapsis where the peak in

spin-up is reached.

3.2 Conservativeness

We compute how conservative a system is by comparing the mass the donor looses

dmgen With the mass that directly impacts the accretor dm... in one orbital period.

Within the orbit, the donor star sheds mass from its envelope where both condition
1 & condition 3 are met simultaneously, while the accretor gains mass only when
all three conditions are met. Under this premise, a fully conservative system is
such that all mass leaving the donor directly impacts the accretor’s surface. Even
if the parcels that miss the accretor might be able to continue orbiting the star
and form a disk, they will not be counted as gained mass on the accretor side for

this analysis.

Any system where |dmge./dmgon| < 1 has a region in the orbit where the mass
parcels lost by the donor are not directly accreted by the companion. If these
parcels were to continue orbiting the accretor, a disk could be formed. Depending
on the density of this disk in comparison to the parcels whose velocities produce
direct impact, its presence could prevent further direct accretion from occurring
in a subsequent passage of the donor. Further discussion on the consequences of
disk formation regarding the angular momentum transfer to the accretor will be

discussed in a later section.

3.2.1 Semi-major axis a

The conservativeness of these systems reflects the behaviour seen in the spin-up
curves in section 3.1.1. By comparing those results with figure 3.2.1, we see that
the systems with a values lower than that of the peak in spin-up are completely
conservative while those with a > apea present a decline in |[dmaee/dmaon| due to

condition 2 forcing the accretion effective area to shrink away from periapsis.

The fully conservative nature of systems with a < apeax make them the most

effective at direct accretion. The fact that all the mass lost by the donor is gained
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Figure 3.2.1: Conservativeness of the accretion event, as a function of the binary
system’s semi-major axis a. Left: All systems have vextra/Uper = 0.90. The result
is displayed for e = 0.00, 0.05, 0.10, 0.30 & 0.60 (red, yellow, green, blue and
pink). Right: All systems have e = 0.10 and Vextra/Vper takes the values 0.80, 0.85,
0.90 & 0.95 (red, yellow, green and blue).

by the accretor through direct accretion means there is no chance for a disk to
form. Systems with a > apeax, however, have a region close to periapsis where the

donor’s lost mass is not directly accreted.

3.2.2 [Eccentricity e

In section 3.1.2 the resulting spin-up curves were divided into two cases. First,
those that had Avye/veie > 0 in a circular orbit and appeared smooth (i.e. yellow
in left panel and green and blue in the right panel of figure 3.1.4). Second, those
with Avyet /Veris = 0 at e = 0 and a noticeable peak somewhere in the distribution
(i.e. green in the left panel and red and yellow in the right panel of figure 3.1.4).
We will refer to systems whose spin-up curves resemble these regimes as case 1

and case 2 respectively.

Systems within case 1 are conservative through the whole range of e values as

observed in the left panel of figure 3.2.2 by curves for a = 1.30 AU & a = 1.80
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AU, and curves for vextra/Vper = 0.90 & Vextra/Vper = 0.95 on the right panel of the

same figure.

We will use the curve for a = 2.20 AU (green) in the left panel of figure 3.2.2
to analyze case 2 systems. The shape of this system’s conservativeness curve
is consistent with the behaviour explored in the spin-up section for these same
systems. None of the shed mass is directly accreted on a circular orbit due to
condition 2 failing to be met anywhere in the orbit. Condition 2 is first fulfilled at
apoapsis for very small e and extends its domain towards periapsis as e increases,
nonetheless, at e ~ 0.05 the donor is unable to fill its Roche lobe at the orbit’s
apoastron, making the region where condition 1 recede around periastron. The
combination of these two factors is responsible for the shape of the curve at
0.00 < e £ 0.4. Around e ~ 0.4, the region of the orbit where a parcel’s orbit
would intersect the accretor reaches periapsis, intersecting the domain of condition

1 in its entirety.

1.0 A ==mmmmmmmem———— _
0.8 - i
=
S 0.6 - _ | = VextralVper = 0.80
S — a=130AU e e = 0.85
o a=1.80 AU extral Vper .
§ —_a= 220 AU — VeXtra/Vper = 090
g 41 1 Vextra/Vper = 0.95
0.2 - i
VextralVper = 0.90 a=1.80 AU
0.0 - i

T T T T T T T T T T

0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8
e e

Figure 3.2.2: Conservativeness of the accretion event, as a function of the binary
system’s eccentricity e. Left: All systems have vexgra/Vper = 0.90. The result is
displayed for a = 1.30, 1.80 & 2.20 AU (red, yellow and green). Right: All systems
have a = 1.80 AU and vextra/Uper takes the values 0.80, 0.85, 0.90, & 0.95 (red,
yellow, green and blue).
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Figure 3.2.3: Conservativeness of the accretion event, as a function of the
donor’s rotational velocity Vextra/Uper- Left: All systems have e = 0.10. The result
is displayed for a = 1.30, 1.80 & 2.20 AU (red, yellow and green). Right: All
systems have a = 1.80 AU and e takes the values 0.00, 0.05, 0.10, 0.30, & 0.60
(red, yellow, green, blue and pink).

3.2.3 Donor’s rotation

For all cases displayed in figure 3.2.3, conservativeness increases with vextra/Uper
until reaching unity at the same donor rotation value where the peak in spin-up

is achieved.

All systems with a donor rotation rate lower than the velocity of the peak cause

their donor to loose mass around periastron that fails to impact the accretor.

3.3 Mass ratio q

Figure 3.3.1 shows the spin-up dependence on a for different mass ratios ¢ =
Mdon/Mace- The accretor mass m,.. = 1M was kept constant. We can see that,
when comparing with figure 3.1.1, the overall behaviour of the curve is the same,

but the position of the peak and its maximum spin-up value change with q.
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Figure 3.3.1: Alike figure 3.1.1 but for ¢ = 0.50, 0.75, 1.00, 1.25 & 1.50 and
constant e = 0.10 and Vextra/Vper = 0.90.

The value of apeax reaches its maximum value when the donor and accretor have
the same mass and shifts towards smaller a for both ¢ < 1 and ¢ > 1. Equation
2.1.1 is dependent on the masses of both stars, therefore a change in the mass

ratio also changes the starting point of a particle rp;.

The maximum spin-up for all ¢ values is still of the order of 1077, however there
is a subtle increase related to a decrease in ¢q. For a donor mass of mqo, = 1.5Mg
the maximum spin-up is ~ 1.5 x 10~ 70y while a donor mass of mge, = 0.5M,
results in a spin-up of ~ 1.9 x 10~ "vey. Althought a ~ 4 x 10780 might seem
small, it is not negligible when compared with a spin-up effect of the order of
10~ "vgrie. In future work, a wider exploration of the parameter space in regards to
q would help us understand more extreme cases. Nevertheless, we note that our

model can propperly account for different mass ratios.

3.4 Timescale

A spin-up of the order of 10~ 7v4 per period implies that, if the orbital parameters

of the binary and the mass loss ratio of the donor stay invariant, it would take
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~ 107 periods (9.20 to 23.53 Myr for 1.23 AU < a < 2.30 AU) for the accretor
to reach critical rotation. Yet, assuming our donor has a 0.53M, core and

M = 10"%M, /yr, it would only take 0.67 Myr to completely shed its envelope.

3.5 L1

Equation 2.1.1 differs from the usual prescription of the L1 point by adding a
component to account for the centripetal force acting on the parcel, given its
initial velocity. This inclusion moves the starting point of the particle closer to

the accretor with respect to the actual L1 point.

In contrast to figure 2.2.2, figure 3.5.1 shows the relation between veyira/vor, and
the donor’s rotational angular velocity if we remove the centripetal force from
the computation of L1. Under this prescription, the required donor’s rotational
angular velocity to produce direct accretion is ~ 1.5, only slightly greater than the
~ 1.25 value found previously. However, w;q/wor, seems to be more sensitive to a
change in - when removing the centripetal term, almost doubling (w;ot/wWorh, ~ 6)

our previous result (Wyot/Worb ~ 3) fOr Vexira/Vorb = 3-

Although the choice to include a centripetal term into our initial position
calculation does not change the fact that supersynchronization is necessary for
direct accretion to occur, greater wyo/wor, values imply a greater deviation from
equillibrium (corotation). Althought an in-depth analysis of the different effects
these initial conditions have will improve this model, it is out of the scope of this

investigation and it is left to be explored in future work.
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Figure 3.5.1: Akin to figure 2.2.2 except here the L1 calculation does not include

the term for centripetal force.
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Chapter 4

Discussion

4.1 Synchronization

As briefely mentioned in section 2.2 when comparing the circular case in our
model to a planar restricted three-body approach, the minimum vexgra /vorn value
needed to get a direct accretion event corresponded to a supersynchronous regime
in both our model (wyot/Worb, ~ 1.3) and the three-body model (wyot/wWorp ~ 2.2).

Supersynchronization deviates from the expected equilibrium state of corotation

For circular orbits, equation 33 of ( ) expresses the

synchronization time

I(ﬁg)wgrb

Toyn = .

2K

where I is the moment of inertia and E the rate of energy dissipation. This
timescale is dependant on the system’s orbital separation "a" and the proportion of
a star’s rotation to the system’s angular orbital velocity "5y" (i.e. how synchronous
the rotation is to the orbit, or wyet/wep). A smaller [y results in a longer time,
meaning that systems with faster rotating donors would synchronize quicker
than those that start closer to equilibrium. From figure 7 of their work, circular
systems with a mass ratio ¢ = 1.25 (mg.. = 4My and mg,, = 5M), an orbital
separation a = 0.30 AU (log (a/Rs) = 1.8) and vexgra/Vorn, = 0.73 & 1.70 (Sy = 1.2
& 2.0 respectively) would have synchronization times of 100 Gyr and 25.12 Gyr

respectively. It is important to note that the synchronization time is proportional
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to a®, and since the minimum orbital separation value we explore (a ~ 1.25 AU)
is greater than the maximum value shown in figure 7 from ( )

we expect the synchronization times for our parameter space to be even greater.

From the work of ( ) on tidal evolution and the stability of a
two-body system upon perturbations, ( ) found that the unique state of
equilibrium (coplanar, circular, corotating) is only stable when the ratio between
orbital and rotational angular momentum is greater than 3. Figure 4.1.1 shows
the orbital to rotational angular momentum ratio « in contrast to our parameter
Vextra/ Uper- 111 ( ), systems for which the equilibrium state is stable are
divided in three cases: (i) If o —3 << 1 it takes the system a longer time to
achieve synchronization, (ii) if « is of the order of 7 synchronization and changes
in other parameters happen at similar timescales, and (iii) if a > 7 the system
tries to synchronize quickly but since the timescale for circularization of the orbit
is much greater, the system enters a state of pseudo-synchronicity. For elliptical
orbits, ( ) describes pseudo-synchronization as a state where rotation
and orbital motion are near synchronous at periastron (0.8 < wyot/wper < 1).
Pseudo-synchronization deviates from the unique equilibrium state since it forces

the rotational period of the star to remain shorter than that of the orbit.

In figure 4.1.1 we can see that for Vextra/Uper < 1, all systems fall above the
«a = 3 limit for stability at equillibrium. If we consider the three cases presented
by ( ), we could expect a system with an eccentricity of e = 0.60 to
pseudo-synchronize quicker than systems with lower eccentricities. Figure 4.1.2
shows a clearer comparison between parameter Vexya/Uper and synchronicity at
periastron. From there, bear in mind that at the minimum value of Vextra/Vper t0
achieve direct accretion (Vextra/Uper 2 0.80), the donor’s rotational angular velocity
must be greater than the instant orbital angular velocity at periastron. In spite of
that, we note that there is no need for the whole star to be spining at such rates
but rather its outermost layers only. This could be achieved by the tides affecting
the surface, nevertheless, further discussion about the mechanisms by which these
rotational velocities could be obtained and mantained by the donor star are not

part of this work, but will be included in future research.

( ) also found timescales for pseudo-synchronization in the case
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Figure 4.1.1: Ratio of orbital angular momentum to rotational angular
momentum at the equillibrium state for a range of values of parameter vVextra/Uper-
All sistems have a = 1.80 AU. Curves for e = 0.00, 0.05, 0.10, 0.30 & 0.60 (red,
yellow, green, blue & pink) are displayed. It is important to note that we only
display the e = 0.60 data for Vextra/Vper < 2 due to numerical errors related to the
computation of L1 that were affecting the results.
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Figure 4.1.2: Akin to figure 2.2.2 but for pseudo-synchronicity. The dashed line
and solid black line represent the lower and upper limits for a pseudo-synchronous
state (0.8 & 1 respectively). Like in figure 4.1.1, data for e = 0.60 is not displayed
beyond Vextra/Vper = 2 because of numerical issues related to the resolution in the
computation of L1.
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Table 4.1.1: Synchronization (e = 0.00) and pseudo-synchronization (e > 0.00)
times for systems with a = 1.23 & 2.30 and e = 0.00, 0.30, 0.70 & 0.80, extracted

from figure 8 of ( ). All systems have Sy = 1.2 (Vextra/VUper =
0.73).
e Tym(a =123 AU) Gyr 7yn(a =2.30 AU) Gyr
0.00 3.98 x 10° 3.98 x 10°
0.30 3.98 x 102 1.58 x 103
0.70 1.58 x 10? 3.16 x 102
0.80 1 x 102 2 x 102

of eccentric orbits

038 meHT(Qlon(Bg _ 1)(1 + 6)

Teym (Y1) = 3.17 x 1 (I o)

where P is the orbital period in days, Eae is the orbit averaged energy dissipation
rate and mgo, and 74,, are in solar masses and solar radii respectively. From figure
8 of their work we can get the pseudo-synchronization timescales for systems with
eccentricities e = 0.00, 0.30, 0.70 & 0.80 and a = 1.23 & 2.3 AU (minimum and
maximum a values we explore, respectively). These times can be found on table
4.1.1.

Considering it only takes our donor 0.67 Myr to strip its envelope, it is reasonable

to think of the donor’s rotational velocity as invariable for our timescale.

4.2 Evolution of orbital parameters

Our results show the spin-up effect and mass gain of the accretor after a single
orbital period, assuming the semi-major axis and eccentricity of the system remain
constant during that span of time. Here, we compare this assumption with

previously calculated timescales for changes in a and e, caused by mass transfer.

4.2.1 Semi-major axis a

In both conservative and non-conservative RLOF mass transfer, the mass change

can either increase or decrease the orbital separation of the system (
7 ).

In ( ), timescales for the evolution of a in systems undergoing
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direct accretion are found. The lower rightmost panel of their figure 5 covers
our lower eccentricity systems (0 < e < 0.10) but for a slower donor rotation
(f1: =0.90 = Vextra/Vper < 0.80 for e = 0.00, 0.05, 0.10 & 0.30). Systems with
mass ratios of the order of 1 would have a semi-major axis evolution timescale
greater than 15 Gyr. Additionally, those systems where ¢ < 1 widen, while systems

with ¢ > 1 experience a shrinkage of their orbit.

For future work, we plan to expand this model to track the evolution of the
semi-major axis along with the accretor’s spin as consequence of the mass gain so

we can get a better understanding of the evolution of eccentric orbits.

4.2.2 FEccentricity e

( ) describe the greater orbital period P’ for which
a binary with the most frequent initial eccentricity in a population circularizes
within the lifetimes of the stars, in other words, binary systems with initial periods
shorter than P’ are expected to have circularized by the age of the population.
Their method was tested on eight late-type binary populations with ages ranging
from ~ 3 Myr to ~ 10 Gyr. The value of P’ increases with the population’s age
but, for all the discussed cases, does not grow far beyond the value 10 days. The
domain of semi-major axis values we explore in this investigation (~ 1.25 —2.30
AU) result in orbital periods ranging from ~ 340 days to ~ 860 days, much greater
than the tidal circularization period of ~ 10 days for populations as old as 10 Gyr.
In consequence, we don’t expect the eccentricity of our systems to significantly

change from their initial values after mass transfer.

The three cases from ( ) we discussed in section 4.1 can also give us some
insight on the circularization times: When « is of the order of (greater than) 7,
the circularization time will be similar to (greater than) the synchronization time.
Since the synchronization times (see table 4.1.1) are many orders of magnitude
greater than the time needed for the donor to deplete its envelope, circularization
shouldn’t be a concern for these cases either. On the other hand, the case where

a — 3 < 1 results in a quicker circularization.

Figure 6 from ( ) presents timescales for the evolution of e.
The lower rightmost panel (like in section 4.2.1) covers a parameter space clsoest

to ours. There, they obtained an eccentricity evolution timescale lower than 1 Gyr,
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however they do note that systems with e < 0.05 could experience an increase in

eccentricity instead of circularization.

Overall, the circularization timescales for e < 0.10 are larger than our depletion
time by many orders of magnitudes and choosing to keep e constant should not
present any problem. However, the exact changes in eccentricity for systems with

low eccentricities (e < 0.10) and Vextra/Vper ~ 1 remain unconstrained.

4.3 Disk formation

In this work’s analysis we have solely focussed on the mass that forms a stream
and directly impacts the surface of the accretor. Any mass that did not hit the
accretor upon approaching it was count as lost mass while in reality it could still
be gravitationally bound to the accretor. If many of these parcels were to continue

orbiting the accretor, an accretion disk could form around it.

In future work, we aim to discern between these two cases to better describe
scenarios where the formation of an accretion disk can prevent direct accretion by

intercepting the stream before it can reach the accretor.



Chapter 5. Conclusion 39

Chapter 5
Conclusion

We presented a novel analytical model to approximate the spin-up effect an
accreting star suffers due to direct accretion in a binary system. Our model
neglects the effect of the donor’s gravitational potential and instead approaches
the problem as a particle-accretor two-body system. We explore a range of values
of the system’s semi-major axis a (1.23 to 2.30 AU), its eccentricity e (0.00 to
0.95) and the donor’s rotational velocity Vextra/Vper (0.80 to 1.00).

In regards to the spin-up effect suffered by the accretor star, we find:

1. The maximum spin-up effect we obtain for direct accretion is of the order
of 1077 times the accretor’s critical rotational velocity, per orbital period.
This means that, if the initial orbital parameters were to remain constant,

it would take 107 periods to spin up the accretor to its critical rotation.

2. For a fixed eccentricity and donor rotational velocity, the spin-up effect is
maximized when the semi-major axis equals apeax (see equation 3.1.1). The
smaller a is in comparison to @peak, the smaller the contribution to spin-up
is. This implies that direct accretion in closer binaries contributes more to

the thermal energy of the star than its rotational energy.

3. For a fixed semi-major axis and donor rotational velocity, the dependence on
eccentricity can follow one of two trends: If all conditions for direct accretion
are satisfied for e = 0.00 (case 1), a circular orbit is the most effective at
spinning up the accretor. If direct accretion does not occur at e = 0.00 (case

2), an orbit is the most effective at spinning up the accretor at the smallest
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e for which direct accretion takes place at periastron (epeak)-

4. For a fixed semi-major axis and eccentricity, the accretor is spun up the
most for the smallest vexra/Uper value for which direct accretion takes place
at periastron. For greater Vextra/Uper (< 1.00), direct accretion becomes
more radial and therefore the contribution to rotational (thermal) energy is

minimized (maximized).
In regards to mass transfer efficiency for direct accretion:

1. Assuming a, e, Vextra/Vper and the donor mass loss ratio M = 1075, /yr
remain constant, it takes the donor between 7.28 x 10° (a = 1.23 AU) and
2.85 x 10° (a = 2.30 AU) periods (0.67 Myr) to completely shed its envelope.
Under the same premise, it would take the accretor around 107 periods (9.20
to 23.53 Myr for 1.23 AU < a < 2.30 AU) to reach critical rotation. This
implies that, under this premise, the accretor would be able to accrete more

than just 10% of its initial mass while avoiding break-up velocity.

2. For a fixed eccentricity and donor rotational velocity, if a < apeax, all the
mass lost by the donor is directly accreted by the accretor. When the
opposite is true (@ > apeax) direct accretion only occurs at the farthest
point from periastron where the donor is still able to overfill its Roche lobe

(f > 0.00) and mass is lost around periastron.

3. For a fixed semi-major axis and donor rotational velocity, if all conditions
for direct accretion are satisfied for e = 0.00, mass transfer is completely
conservative for any e (case 1). For case 2, mass transfer is only conservative

for e > epeak-

4. For a fixed semi-major axis and eccentricity, mass transfer is totally
conservative for any vexira/vUper value greater than that of the peak in spin-up.
When Vextra/Uper 1S smaller than that critical value, the mass lost by the

donor near periastron is not directly accreted.
We also note that:

1. The maximum spin-up per orbit for systems with ¢ = 0.50 and ¢ = 1.50
differ in 4 x 10780y Although small, this difference is not negligible
when compared to a maximum spin-up of the order of 10~ vey. An wider

exploration of the parameter space for ¢ will aid us in describing the spin-up’s
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dependence on the binary’s mass ratio.

2. The minimum Vextra/Vper value for direct accretion (~ 0.80 in our model and
~ 1.8 for the three body approach in section 2.2) imply supersynchronization
as a requirement for direct accretion. Althought we don’t discuss the
mechanisms that would cause the donor star to achieve such a rotation rate,
we do note that only the outermost layers of the donor are required to be

supersynchronous to the orbit.

In adition to the more thoroughly studied a and e effects on accretion, the rotation
of the donor seems to also be an importal parameter that affects the angle of
impact of the accreted mass, influencing the angular momentum transfered to
the accretor’s rotation. The evolution of the donor’s rotation, either through its

stellar evolution or through tidal effects, can change the way a system accretes.

Our next step is to track the orbital evolution of the system as a response of
mass transfer through our model’s prescription so we can better compare with

the timescales for a and e in the literature.

In future work, we seek to refine this model by exploring the thermal effects the
mass gain can have on the accretor as well as how the depth within the star at
which the accreted mass is deposited can influence its properties. We too aim to
discern between the lost mass and the parcels that stay bound to the system so we

can better describe the whole accretion event in the case an accretion disk forms.
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Apendix

Al Limits on Ueytra/Uper

At periastron, a particle is shed from a donor star’s envelope and falls from a
distance 71, onto a central body of mass mg.., with an initial velocity v;. This
particle will move on an orbit of eccentricity e, and semi-major axis a,. If v;
is perpendicular to the direction of the initial position of the particle 77, this
starting position must be either the periapsis or apoapsis of its orbit. Taking

assumption [ into consideration, an initial velocity equal to

GmQCC

(AL1)

V; =
rr1

will result in a circular orbit. For lower velocities, the parcel’s orbit will shrink,
decreasing its semi-major axis and become more eccentric, making the initial

position at r7; the apoapsis of the orbit:
T'p,apo = T'L1 (A1.2)

We then locate the center of mass of the central body which corresponds to the
foci closest to periapsis. If the central body were to have a radius 7., the particle

would impact onto the central body’s surface when

Tp,per S T(ICC (A1,3>
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where 7, ., is the particle’s periapsis distance. In turn, given equation Al.2 and
the highest possible value for 7, ., in expression Al.3, the greatest length of the

semi-major axis of the particle’s orbit so that it still impacts the central body is

o Tace + L

ap = B

(A1.4)

Replacing this within the vis-viva equation (2.1.4), we obtain the minimum initial

velocity required for an orbit that impacts the central body

2
V; = \/—Gmacc (A15>

2
rr + rLl/racc

This configuration is exemplified by figure A1.1.

I'papo = I'L1

I'p,per = Iacc

Figure A1.1: Caption

From equation 2.1.2, we know that at periastron, where the orbital and extra
velocity are perpendicular to each other, the particle’s initial velocity will be given
by

Vi = Uper — Vextra (A16)
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where vy, is the velocity of the donor star around the accretor star at periastron.

This velocity can be obtained through the vis-viva equation (2.1.4)

Uper = \/G(macc + Mon) (i - 1) (A1.7)

Tper G

Dividing equation A1.6 by v, and replacing Al.5 and Al.6, we obtain an
expression for the lowest value the synchronicity parameter veyiyq/Uper can take to

ensure direct accretion occurs

Veztra _ 1 _ \/ 2macc (A18)

Uper (rLl + 7“%1 /racc) (macc + mdon)<2/7nper - 1/@)

V; = Uper (1 — M) (A1.9)

Uper

on acc 2 acc
Gmy _Gm n Gm _0 (A1.10)

(Tper - TL1)2 r%l T%l + T%l/racc

A2 Eccentricity and angular momentum

In section 2, equation 2.1.6 provides the eccentricity from the geometrical
components of an ellipse a and ¢. Here, we will demonstrate that this expression

agrees with the conservation of angular momentum.

In terms of angular momentum, the eccentricity of an orbit can be written as

2EL?

Myac?

e=4/1+

(A2.1)

where FE is the total orbital energy, L is the angular momentum, m.q. is the

reduced mass

mime
Myde =
ma + mo

and 7 is the coefficient of the inverse-square law central force. ( )
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rewrite this equation for the case of a central gravitational force

2¢h?
e=4/1+ e (A2.2)
where € is the specific orbital energy
—
2a
, h is the specific angular momentum
h=7xd

and p is the standard gravitational parameter

p=G(my +ms)

Replacing with the particle’s initial conditions 7= rpi7, U = v;,7 4+ v, 00, a = a,

and 1 = GMyee, equation A2.2 can be rewritten as

2 4
. \/1 _ ruv?sin (o) (A23)

Ga,Mmace

Our goal now is to equate expression 2.1.6 to expression A2.3.

If we replace expression 2.1.7 into equation 2.1.6, we get

1 1
ep = 5\/ 2+ (2a, — 111)? — 2r1(2a, — rr1) cos (T — 20@)@—
p
_ 1 i N (2a, — r11)? B 2rr1(2a, — rp1) cos (T — 2a;)
2 ag ag ag

21\/i+4—42+i— <4E—2i>cos(7r—2a‘)

2 2 2
2\ a; ay a ap a

We can rearange the Vis-viva equation (equation 2.1.4) as

2
oy _ oy Toit (A2.4)

ap GMigee
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If we replace A2.4 in the previous equation and define

2
rr1v;
pr— —Z A2.
k Gmacc ( 5)
we obtain
1
ep = §¢(2 — k)2 +4—-42—-k)+(2—k)2—[42—k) —2(2 — k)% cos (7 — 204)

1
= 5\/%2 — 4k + 4 — (—2k2 + 4k) cos (7 — 20y)

_ %\/(Qk2 — 4k) + (2K2 — 4k) cos |2 (g — )] +4

We can now rewrite the cosine as

cos [2 (g — ai>] — cos? <g — al-) — sin? (g — ai>

=1 —sin® (g — ai) — sin? <g — ai>

— 1 — 25in? (g —ai)

, then

]
- %\/(%2 — 4k) + (2K2 — 4k) [1 - 2sin? (g —ai) ] +4

1
= 5\/(%2 — 4k) + (2k2 — 4k) — 2(2k2 — 4k) sin? (2 — ai) 14

1 T
— 2 2 in2 .
5 \/4(k 2k) 4(k Qk) s < 5 ozz> +4

= \/(k;Q — 2k) — (k? — 2k) sin? <g — ozi) +1
_ \/(k: C1)2 — (k2 — 2k)sin? (g - ozi>

Replacing

in (5 - i) =sin(3) (3)¢
sin|—- —q; )] =sin|—=)cosa; —cos (=) sinaq;
2 2 2

= COoS
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o1

we get

ep =/ (k —1)2 — (k2 — 2k) cos? o

= U= 17+ (26— k(1 sin* )

— k2 =2k 142k — k2 — (2k — ) sina,

= \/1—k:(2—kz)sin2ai

We remember than from equation A2.4, rp;/a, =2 — k. Then

L
ep = \/1 — k—=—sin? o

Qp

Finally, replacing k£ with equation A2.5, we obtain

2 o ,
., — \/1 vy sin ()

Gapmace

(A2.6)
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