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Resumen

En esta tesis analizamos las simetrias asintoticas de la teoria de gravedad Chern-
Simons (CS) en tres dimensiones para una extension de espin mas alto de la
llamada algebra de Maxwell. Proponemos un conjunto de condiciones de borde
para la teoria de gravedad antes mencionada y mostramos que la correspondiente
algebra de carga define una extension de espin mas alto del algebra mag-bmss, la
cual, a su vez, corresponde a la simetria asintotica de la gravedad CS de Maxwell.
También mostramos que el algebra hs,mar-bmss se puede obtener alternativamente
como un limite plano desde tres copias del algebra Wj, con tres cargas centrales

independientes.

Keywords — Teorias clasicas de gravedad, simetrias espacio-tiempo, teorfas Chern-

Simons, simetria de gauge
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Abstract

In this thesis we analyze the asymptotic symmetries of the three-dimensional
Chern-Simons (CS) gravity theory for a higher spin extension of the so-called
Maxwell algebra. We propose a generalized set of asymptotic boundary conditions
for the aforementioned flat gravity theory and we show that the corresponding
charge algebra defines a higher-spin extension of the mag-bmss algebra, which in
turn corresponds the asymptotic symmetries of the Maxwell CS gravity. We
also show that the hs;mar-bmss algebra can alternatively be obtained as a
vanishing cosmological constant limit of three copies of the Wjs algebra, with

three independent central charges.

Keywords — Classical theories of gravity, space-time symmetries, Chern-Simons

theories, gauge symmetry
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Capitulo 1

Introduction

There is now widespread agreement that unifying the four fundamental forces
of nature requires going beyond Einstein’s General Relativity (GR). While GR
has successfully explained all known gravitational phenomena and has profound
astrophysical implications, it ultimately proves incompatible with the quantum
mechanical description of the microscopic world. In three-dimensional settings,
Chern-Simons (CS) gravity provides a distinctive approach, presenting gravity
as a gauge theory independent of a metric [1—3|, which is particularly useful
when investigating quantum gravity principles. This framework not only surpasses
traditional gauge theories but also offers a fertile ground for testing ideas like
the AdS/CFT correspondence [!]|, uncovering deep links between gravitational

theories and their boundary representations.

Three-dimensional gravity, with or without a cosmological constant, can be
formulated through a Chern-Simons action based on the AdS algebra and the
Poincaré algebra, respectively . At present, there is growing interest in developing
CS (super)gravity models based on extensions and deformations of the Poincaré
algebra, suggesting intriguing generalizations of GR. However, many aspects,
such as their solutions, thermodynamics, asymptotic symmetries, and higher-spin
extensions, are still not fully understood. Similarly, progress has been made in the

study of the Maxwell algebra in three dimensions.

The Maxwell symmetry, as well as its extensions with a non-vanishing cosmological
constant, have received a growing interest in the context of (super)gravity during

the last years [7—13]. The Maxwell algebra can be defined in any spacetime



dimension and can be obtained by considering an extension and deformation
of the Poincaré symmetry. It was first introduced in the literature to describe
the presence of a constant classical electromagnetic background in Minkowski
spacetime [1/—10]. In three spacetime dimensions, a gravity theory invariant under
this symmetry can be constructed using the CS formulation of gravity |17, 18].
The CS action turns out to be given by three independent sectors, one of them is
given by the usual Einstein-Hilbert (EH) term without a cosmological constant,
while the other sectors are given by the exotic Lagrangian [2| and a term which
involves the gravitational Maxwell field. The corresponding field equations are
those of Poincaré gravity, describing a torsionless and flat spacetime, plus a third

one involving the gravitational Maxwell gauge field. This theory has been deeply

studied in different contexts such as (super)gravity theories [,0, 12, 19-31], higher-
spin extensions [32-30], non- and ultra-relativistic gravity theories [37-12] and
asymptotic symmetries [13—15].

Recently, significant attention has been given to the infinite-dimensional
symmetries of asymptotically flat spacetimes at null infinity, which were initially
proposed to be governed by the bms algebra, discovered over half a century ago
[16,47]. In three dimensions, it has been demonstrated in [15,19] that these
asymptotic symmetries are described by the bmss algebra. One of the recent
results showed that the gravitational Maxwell field not only modifies the vacuum
of the CS theory but also its asymptotic structure [13]. The asymptotic symmetry
algebra in this case the asymptotic symmetry algebra is described by a deformed
bmss algebra, denoted in this work as mar-bmssz, and which was first introduced
in [50] as an S-expansion of the Virasoro algebra. Asymptotic symmetries are
key physical symmetries in the theory, significantly influencing the system’s
state. Its relevance becomes even more important in topological theories like
three-dimensional gravity, where the dynamic is entirely captured by boundary
degrees of freedom and holonomies. Therefore, grasping the asymptotic dynamics
of extended (super)gravity theories is crucial, for instance, for developing dual
theories for three-dimensional extended supergravities. This topic is especially
compelling, as it could provide valuable insights into holography in non-AdS or

Poincaré contexts.

Within the context of higher-spin (HS) gravity in three-dimensional spacetime,

it was found in [33] the extension with spin-3 gauge fields of the Maxwell CS
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gravity. The underlying symmetry corresponds to a spin-3 extension of the Maxwell
algebra, denoted here as hs;mar, allowing the inclusion of a new gauge field being
the spin-3 analogue of the gravitational Maxwell field. Interestingly, the hs,mag
algebra can also be obtained as the vanishing cosmological constant limit of three
copies of the s[(3,R) algebra. Higher-spin fields have been of great interest due
to their appearance in the spectrum of string theory and simplified models of
the AdS/CFT conjecture [51-60]. In particular, in three-dimensions the coupling
of massless HS fields to anti-de-Sitter (AdS) gravity is consistently described
by a CS action whose gauge group is given, in the simplest case, by two copies
of SL(3,R) [61-63], which describes non-propagating spin-3 fields coupled to
AdS gravity. Despite the lack of local degrees of freedom, CS theories exhibit a
rich structure that merits further investigation. In fact, akin to the situation in
pure gravity, the SL(3,R) x SL(3,R) CS theory features interesting solutions,
including HS black holes [6/~71] and conical singularities [72,73]. As explained
in [74], it is possible to perform the vanishing cosmological constant limit in a
straightforward way when an appropriate gauge is chosen, so that the HS black
hole solution reduces to a HS extension of locally flat cosmological spacetimes
[75,76]. Furthermore, the asymptotic symmetry of the HS AdS theory realizes two
copies of the centrally-extended Wjs algebra |63, 77|, whose flat limit was studied
in |74, 75=80].

It is the purpose of this thesis to extend the asymptotic conditions considered
for the Maxwell CS gravity in [13], to include spin-3 gauge fields non minimally
coupled to the theory. Thus, our results can be seen as a novel set of asymptotic
boundary conditions for higher spin gravity without cosmological constant in three

dimensions.

1.1. Outline

This thesis is organized as follows:

= In Chapter 2 we review the theory of GR, the Einstein-Hilbert action and

introduce Cartan’s formalism for gravity.

= In Chapter 3 we introduce the Chern-Simons form and the Chern-Simons

action. In particular, we briefly review the construction of the AdS and
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Maxwell CS gravity theories.

In Chapter 4 we review the CS higher-spin gravity theory in three dimensions.
Specifically, the construction of the three-dimensional Maxwell and AdS-

Lorentz gravities coupled to spin-3 fields is presented.

In Chapter 5 we review the asymptotic structure of three-dimensional gravity

and we show the main results of the previous work [13].

In Chapter 6 we provide the asymptotic symmetry algebra for the minimal
HS Maxwell CS gravity, which turns out to be given by a HS extension
of the deformed bmss algebra, denoted as hs;marbmss, with three central
charges. We propose suitable fall-off conditions for the gauge fields at infinity
and the gauge transformations preserving the boundary conditions. We
explicitly show that the hs;marbmss algebra can be found as the vanishing
cosmological constant limit (¢ — oo) of three copies of the W3 algebra. The
results presented in this chapter can be found in the published article [31].
Finally, in the last chapter we provide some discussion and possible future

developments.
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Capitulo 2

First order formulation for gravity

2.1. General Relativity in the Einstein Formalism

Geometry can be understood as the collection of statements that describe the
relationships among points, lines, and higher-dimensional submanifolds embedded
within a given manifold [3]. This general concept is often encapsulated in the metric
tensor g, (x), which defines the notion of distance between two infinitesimally

close points with coordinates z* and z* + dx*,
ds® = g, dzt" . (2.1.1)

This is the case in Riemannian geometry, where all relevant objects defined on
the manifold (distance, area, angles, parallel transport operations, curvature, etc.)
can be constructed from the metric. The coordinate components of this tensor

correspond to the dot product between the d, vectors of the coordinate basis
G =0 0y (2.1.2)

The equation (2.1.2) introduce the dot product between arbitrary vectors A and
B, through

A-B=(A*3,)-(B"),),
— A*BY(9,-9,) (2.1.3)
= g A'BY.
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However, a distinction should be made between metric and affine features of
spacetime. Metricity refers to measurements of lengths, angles, volumes of objects
which are locally defined in spacetime. Affinity refers to properties which remain

invariant under translations, such as parallelism.

In differential geometry, parallelism is encoded in the affine connection I'g (z):
a vector u at the point of coordinates z is said to be parallel to the vector u
at a point with coordinates x + dz, if their components are related by parallel

transport

ujf(z) = u*(x +dz) + dx“Fauﬁuﬁ(a:) ,

(2.1.4)
= u®(x) + da* [0, u” + Fauﬁuﬁ(:v)] :

The expression between parentheses corresponds to the covariant derivative of u®

with respect to the connection I' 5, which we will denote as

Dy = 0u® +Togu’ . (2.1.5)

As we have mentioned, the affine connection I'f5(z) needs to be functionally related
to the metric tensor g, (x). However, Einstein formulated GR adopting the point
of view that the spacetime metric should be the only dynamically independent
field, while the affine connection should be a function of the metric given by the

Christoffel symbol,

1
s = 59 (0ugs + Fsgru — Orgup) - (2.1.6)

Thus, in the original formulation of GR, Einstein considered that the spacetime
metric should be the only dynamically independent field, while the affine connection
should be a function of the metric, as shown by (2.1.6). However, it is important to
note that if we consider that these properties are not independent, it is necessary
to introduce a constraint: the torsion tensor is assumed to be zero on the entire

variety.
Using the definition (2.1.5) it is possible to calculate how the commutator of two

covariant derivatives acts on a vector u®

[D,., D,Ju® = R%, uf — T, Dyu®, (2.1.7)
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where T' ;;\,, corresponds to the torsion tensor and R3,, is known as the Riemann

curvature tensor, which is given by

o _ a a o A a A
R = a,I' g — o, 5T r W\F vs — Lo E (2.1.8)
We also define
R, = RC“WV, (2.1.9)
R=g¢g"R,,, (2.1.10)

which are known as the Ricci tensor and the Ricci scalar curvature, respectively.

2.2. Einstein-Hilbert Action

It is a well-known fact that Einstein’s field equations (in vacuum)

1
Ry = 59 R =0, (2.2.1)

can be obtained from a variational principle
I, = /d“xﬁg = /d4x\/—ng, (2.2.2)

where g = det(g,,) < 0 is the determinant of the metric tensor. Since the field
equations contain derivatives of the metric up to second order, the scalar L, must

contain only the components of the metric tensor g,, and its first derivatives

a
pve

through the affine connection I'?,. However, it is not possible to construct an
invariant scalar from only g, and I'},. In 1915, this problem was solved by the
mathematician David Hilbert. Suppose that L, is an invariant scalar that, in
addition to containing g,, and its first derivatives, also contains second derivatives.
Of all the curvature scalars that can be formed in four dimensions, Hilbert chose
the Ricci scalar curvature R, since it is uniquely linear in the second derivative of

g, and provides us with second-order equations for the metric. Thus we have that

19 = /d4x\/—gR. (2.2.3)
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The variation of the action leads us to the Einstein field equations (2.2.1).

So far, we have reviewed the formulation of GR considering that the metric and
affine properties are not independent. For this, it was necessary to introduce a
constraint: the torsion tensor was assumed to be zero on the entire manifold.

However, these properties can be considered as independent notions.

In the following sections, the formulation of the theory of GR will be briefly
reviewed, considering the independence of metricity and parallelism. This
formalism is known as Cartan gravity (when working with differential forms)

or Palatini formalism (in the tensor formulation).

2.3. Vielbein, Lorentz connection, Curvature, and

Torsion

2.3.1. Vielbein

As is shown in [32] the equivalence principle allows us to choose a coordinate
system in which the spacetime looks locally as Minkowski. This choice can be

implemented through the vielbein e? () as

g () = €, ()nape’, () , (2.3.1)

where 7,, = diag(—, +, ..., +) is the Minkowski metric. From hereon, latin and

greek characters denote Lorentz and spacetime indices, respectively.

Looking at the left-hand side of Eq. (2.3.1), one observes that there are D(D+1)/2
independent components of the metric, since it represents a symmetric rank-2
tensor in D— dimension. The vielbein, on the other hand, has no symmetries on
their indices whatsoever, and it has therefore D? independent component. This
means that, given a metric, the choice of the vielbein is not unique. Nevertheless,
the difference in their independent components exactly D*— D(D+1)/2 = D(D —
1)/2, which matches precisely the number of generators of the local Lorentz group
in D—dimensions. The vielbein, on the other hand, has no symmetries on their
indices whatsoever and it has therefore D? independent components. this means

that, given a metric, the choice of the vielbein is unique. Nevertheless, the difference
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in their independent components is exactly D? — D(D +1)/2 = D(D —1)/2,
which matches precisely the number of generators of the local Lorentz group in

D—dimensions. Therefore, all the equivalence choices of the vielbein are related
by A% (z) € SO(1,D — 1) as

e () = A%e", (z). (2.3.2)

o

Additionally, Eq. (2.3.1) requires that the vielbein field transform as a 1-form

under general coordinate transformations, that is

la / axl/ a
e, (') = T (). (2.3.3)

If the vielbein is a non-singular matrix, i.e, det e, # 0, then there exist and
inverse vielbein field E# such that E“aebu = 0y and E*e?, = ¢4. The inverse

vielbein transforms according to

_ 0 ey, (2.3.4)

Ei(a) = N By and Bi() = S E,

under local Lorentz transformations and general coordinate transformations,
respectively. Using the inverse vielbein, it is possible to rewrite the Eq. (2.3.1) in

terms of
By () gy () B (%) = Nap - (2.3.5)

In fact, it is possible to change the coordinate basis of a type-(p, q) spacetime

tensor to a Lorentz one, and vice versa, via

ai...ap _ al ap V1 H1-.-Hq

T =t et B T (2.3.6)
1 fp — 1 Hp by rpai..-ap

Tt = BB e T (2.3.7)

The components of the inverse vielbein field at some point p € M with local
coordinates x*, can be used to construct the vector basis on the tangent space as

E, = E*,0,. Analogously, the vielbein 1-form defined as
e* = e, dx", (2.3.8)

can be used to construct a new basis for the vector space (M) of differential
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forms. Thus, the inverse vielbein spans an orthonormal basis for vector fields, in
the same way as the vielbein 1-form spans an orthonormal basis for differential

forms. For instance, it is possible to define a differential p—form using

1 1
Q& = Haul-..updl’“l A Ndat = Ham...apeal N Netr (239)

2.3.2. The Lorentz connection

In order to define covariant derivatives under local Lorentz transformations, we
need to introduce a gauge connection for such a group. This is called the Lorentz

connection 1-form denoted by w%(r) = w9, (z)d2", whose transformation law
under SO(1,D — 1) is given by

In this way, we can define the exterior covariant derivative with respect to w%
denoted by D, as a map D : QP(M) — QPT1(M) acting on Lorentz tensor
Talmapbl...bq c Qp(M) as

ay...ap . ai...ap a1 c1...ap a ai...cp
DT e, = AT WG AT broby T FWE NI
1 ai...ap Cq ai...ap
—wG AT by~ Wy AT by - (2.3.11)

This object transforms covariantly under local Lorentz transformations, provided

that the Lorentz connection transform as (2.3.10).

2.3.3. Volume element

The Levi-Civita symbol €,, ., is an invariant tensor under SO(1, D — 1), where

+1, for even permutation of a;...ap,
€ar..ap = § —1, for odd permutation of ay...ap, (2.3.12)

0, if any of the indices appears repeated at least once.
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The volume element D—form, denoted by €, can be defined by means of the

Levi-Civita symbol according to

1

€= ﬁ%l...ap@al A...e*P
%
= ﬁealmaDeale“Ll €MD drtt N NdatP = edz, (2.3.13)
where e = dete“u, dPx = ﬁemmmdaﬂ‘l A+ Adx*P, and we have used the formula

of the determinant of a D x D matrix M9

det M, _ap = €my.mpM 'y ... M0 (2.3.14)
Moreover, the volume element satisfies 7, .apcpi1..cn€bi..bpepri..cp- USIng the
identity
€MD ey eiten = —pl(D — p)!éﬁ)ll . 53;’] , (2.3.15)
for Lorentzian manifolds, we arrive to
N NP = —"DedPy (2.3.16)

which can be regarded as the covariant volume element upon the identification
v/—g = e from Eq. (2.3.1)
2.3.4. Cartan’s structure equations

The curvature and torsion 2-forms are defined through the Cartan’s structure

equations, which are given by

1
R = dw + w, A w% = §R“bcdec Aet, (2.3.17)

1
T = de" +w N e’ = 5T‘gce" Ael. (2.3.18)
Moreover, they satisfy the Bianchi identities

DR% =0 and  DT®=R%Ae. (2.3.19)

The curvature and torsion 2—forms will play an essential role in gravitational

theories written in Cartan’s language. This stems from the fact these objects



12 2.4. FEinstein-Hilbert action in differential forms

transform as tensors under SO(1, D—1) and they can be used to construct invariant
action principles. Even more, they encode the dynamics of the fundamental fields

e and w?, since they are constructed out of their derivatives.

2.4. FEinstein-Hilbert action in differential forms

In the context of the Cartan formalism, the Einstein-Hilbert action in 4 dimensions
is given by
EH — /SabcdRabeced ) (241)

where RY = dw® + w?w® is the 2-form curvature and e® is the vielbein.

To check that this action corresponds effectively to the Einstein-Hilbert action
written in tensor language, it is necessary to explicitly write the basis of differential
forms in the vierbein. Thus, first, expanding the 2-form curvature R® in the basis

of 2-forms {e’e’}, we obtain
EapeaReCed = <€abcdR“bije’eJ eed. (2.4.2)

Now we expand the equation in the basis {dz*}

EapeaReCed = EabcdRabijeiuejyecpedadaz“da:”da:pd.r" , (2.4.3)
= EabcdR“bijeiHejyecpedgs“”p"d% : (2.4.4)

where we used the fact that
datdz” de’dz’ = "’ da’dxt dr’da® = "7 d'x . (2.4.5)

Using the well-known result
ghin — eilm . e”ﬁ;;'“"(det e)_l , (2.4.6)

we can write

eiuejyecpedae‘“’p” = c(dete) . (2.4.7)
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Therefore, making use of the identities

(n—s)!

D 2.4.8
(TL _ 7“)' hi...hs ) ( )
= rlBi-Ir (2.4.9)
We have to
Eapea R = sabcdR“bijside(det e)d'z, (2.4.10)
= O ped "R, (det e)d' | (2.4.11)
=26, R (det e)d*x, (2.4.12)
= 4R5(det e)d's. (2.4.13)

Finally, since RZ = R and that dete = \/—g,
EapeaRee? = 4\/—gRd*z . (2.4.14)

Thus,
/eabcdR“beced = 4/«/—ng4x. (2.4.15)

This shows us the equivalence between the Einstein-Hilbert action written in

differential forms and that written in tensor language.

2.5. Equations of motion in Cartan formalism

To obtain the equations of motion, we must perform the variation of the action

assuming that de® and dw® are infinitesimal variations, so we have that
ol = /(5R“beced + R%5ee? + R%ecSe?) (2.5.1)

- / Eaved(ORVece? 4+ 2R e5e?) . (2.5.2)
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where we have made use of the antisymmetric property of the levi-civita. From

the definition of the 2-form curvature we can write

SR™ = 6w 4 dw w + w* Jw? (2.5.3)
= dow™ + Wb 6w + w® Jw? (2.5.4)
= D(0w™). (2.5.5)

Then replacing above we found,

ol = /5abcd(D(5w“b)eced + 2R%ec5e) (2.5.6)
= /5abcd(D((5w“beced) + 6w Dece? — sw™eDe + 2R eFe?),  (2.5.7)

= /d(aabcdéwabeced) +2/cEabcd(Su)ached—i-Z/6abcdRab€C(5€d. (258)

The first term corresponds to a boundary term and can be depreciated by requiring

b

that the variation of the spin connection w® vanishes at the boundary of spacetime.

The other two terms are independent and give the necessary conditions for the
vanishing of §S. That is, .5 = 0 requires that the following equations of motion

be satisfied in vacuum:

éfabcdRabec = 0, (259)
EaveaT e = 0. (2.5.10)

The first equation is actually equivalent to Einstein’s field equations, while the

second expresses the cancellation of torsion.

2.6. Invariance of Einstein-Hilbert action

2.6.1. Poincaré group

One of the simplest examples of a gauge theory for gravity is obtained considering

the Poincaré group. The generators of this group are given by

TA == (Pa7 Jab) 5 (261)
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where P, corresponds to the translations generators and J,, = —.J,, are the

Lorentz rotations. The generators of the Poincaré group satisfy the Lie algebra

[Jaba ch] = ncb']ad - ncand + ndeca - ndajcb 5 (262)
[Jab> Pc] = nbcPa - nacha (263)
[P, Py =0. (2.6.4)

In this case, the theory has two gauge fields, the spin connection w® and the
vielbein e®. The fundamental observation is that {e“, wab}, consider as, a multiplet
in the adjunt representation of the Poincaré group. This observation is the key,

since it allow us to write the 1-form connection as

1 1
A= AT, = ZeaP“ + §w“bJab. (2.6.5)

The introduction of the length parameter ¢ is necessary in order to interpret the
vielbein as the gauge field associated to the translation generator P,. Indeed, one
can always choose the generators of a dimensionless Lie algebra T4 so that the
1-form connection A must also be dimensionless. However, the vielbein e* = e%dx’
must have dimension of length by being related to the spacetime metric g; =
e®e® nap through the equation ab. So the gauge field must be of the form e®/¢,

where / is a length parameter.

Similarly it is possible to write the 2-form field intensity associated with the 1-form

connection A as

F=dA+ A%, (2.6.6)
1 1
F=FAT, = 7T P+ 5R“’Uab. (2.6.7)
It is important to note that in this context, torsion is interpreted as the field
strength related to translations and curvature is related to the field strength
of Lorentz rotations. Note further that the explicit expressions for torsion and
curvature given in terms of gauge potentials are obtained as a direct consequence
of the commutation relations of Poincaré algebra. This formalism explicitly shows

the close relationship between the geometrical structure of the manifold and the

algebraic structure of the fundamental symmetry group.
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Next, if we want to know how the 1-form connection A transforms under the
Poincaré group, it is necessary to remember that the transformation law depends

on how the group is exponentiated. Let the exponentiation

U=e¢? =T, (2.6.8)

We know that the invariance of the theory must be define through a covariant
derivative

D=d+ A, (2.6.9)

where A transform under the group as

A— A =UAU*+UdU". (2.6.10)

Then making use of the equation (2.6.8) it is possibly to show that
A'=A+d\+A N, (2.6.11)

transforms as

0A =DA\.

Let us consider now the parameter of the transformation, which can be built as

1 1

A:Aﬁgzjvﬂ+§vum (2.6.12)
1 1

Eiwa+ﬁwuw (2.6.13)

Then, if we introduce (2.6.13) in (2.6.1) we found

1 1
dA = 7(dp“ + w0 4 k™) P, + §(d/<a“b + Wk % 4 whK®) T, (2.6.14)
1 1
zﬂpw+gﬁw&+§Dﬁuw (2.6.15)
since
1 1
6A:7&W%+§&W@h (2.6.16)

we have that the components e* v w® of the connection have the following
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transformation law

56(1 — Dpa + ec/‘ica, (2617)
Sw™® — kb + waclicb + wbcﬁac ’ (2.6.18)

so that under local Poincare translations we have that

de = Dp*, (2.6.19)
sw® =0, (2.6.20)

and under Lorentz transformations

Je = ek, (2.6.21)

C

Sw® = DK™ (2.6.22)

The next step is to analyze the invariance of the FEinstein-Hilbert action
under the transformation laws derived for the Poincaré group. Establishing the
invariance of a gravitational action under a given symmetry group is essential for
formulating gravity as a gauge theory. However, as we will demonstrate below,
the four-dimensional Einstein-Hilbert action is not invariant under local Poincaré

translations.

2.7. Invariance of the EH action under the

Poincaré group

The EH action in D = 4 dimensions

I= / EavcaRee? (2.7.1)

is, by construction, invariant under general coordinate transformations and under
Lorentz rotations. However, we will show below that this action is not invariant

under local Poincaré translations. Let us consider in fact the variation of the
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action,
(StlpI = 6/5adeR“beced, (272)
= /d(aabcd(Sw“beced) +2/€abcd5wached+2/€abcdRab665€d. (273)

Then, since under local Poincaré translations, the Vierbein and the spin connection

transform as

de = Dp*, (2.7.4)
Sw® =0, (2.7.5)
we have that
Supl = 2eapea R Dp? (2.7.6)
= -2 / d(gabcdRabecpd) + 2/€abcdRach d7 (277>

where we have made use of the Bianchi identity DR = 0. Then, except for border

terms, we have that
Supl =2 / Eabea R Tp? # 0. (2.7.8)

Thus, the Einstein-Hilbert action remains invariant under the Poincaré group
only if the torsion is constrained to vanish. However, the condition 7% = 0 is not

preserved under local Poincaré translations. In fact, it can be shown that

6T = 6(De”) = D(6e”) = DDp", (2.7.9)
= R"p, #0. (2.7.10)

The lack of invariance of the four-dimensional Einstein-Hilbert action may seem
unexpected, as translations are often regarded as coordinate transformations.
However, a coordinate transformation corresponds to a Lie derivative, meaning
that gauge translations are fundamentally different from general coordinate

transformations.

Nevertheless, within the second-order formalism, imposing the condition 7% =
allows gauge translations to be treated as general coordinate transformations. In

this case, the component w® of the connection becomes a dependent field.
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Finally, it is worth noting that in three-dimensional spacetime (D = 3), the
situation is fundamentally different. Indeed, under local Poincaré translations, it

can be shown that

Supd ) =6 / aveReC (2.7.11)
= / Eave(OR™)eC + / Eape RPe° (2.7.12)
= /5abcd(5w“bec) — /5ab05wabDec+/6abcRa’b5eC, (2.7.13)
= / Eave R Dp° (2.7.14)

which can be rewritten as

Supl ), = / Eabed(R™ ) + / cae DR™p° . (2.7.15)

Thus, apart from a boundary term and utilizing the Bianchi identity, the invariance
of the three-dimensional action under local Poincaré translations is ultimately
established.

Supl &l = 0. (2.7.16)

Since this action is inherently invariant under Lorentz rotations, it follows that in
three dimensions, one can formulate a gravitational action that remains invariant
under the Poincaré group. Moreover, this invariance extends to all odd dimensions,
a property that will be further examined in the context of Chern-Simons gravity

theories.
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Capitulo 3
Chern-Simons gravity theory

The Standard Model of high-energy physics is an exceptionally successful theory,
providing precise and predictive descriptions of particle interactions [3]. This model
accounts for three of the four fundamental forces of nature: electromagnetism, the
weak interaction, and the strong interaction. At its core, the Standard Model is
governed by a Yang-Mills action, predicated on the principle that nature exhibits
invariance under a set of transformations that act independently at each point
in spacetime—referred to as local or gauge symmetry. Crucially, the Yang-Mills
theory relies on the presence of a non-dynamical background metric structure.
Specifically, the Minkowski metric, 7, = diag(—1,+1,+1,+1), is indispensable
for the formulation of the gauge theory, as becomes evident in the structure of

the action
1 1
1= [aterup == [ aton areee (301)

This implies that, in Yang-Mills theory, the space-time metric represents a fixed,

non-dynamical background.

On the other hand, gravity described by GR is invariant under general coordinate
transformations. This invariance is a local symmetry, analogous to the gauge
invariance of the other three interactions, however, GR does not qualify as a gauge
theory, except in three dimensions. However, there is a major difference: in GR,
the metric is a dynamical object, which has independent degrees of freedom and
obeys dynamical equations of motion given by Einstein’s equations. This tells us
that in the general theory of relativity, the geometry is dynamically determinate.

Thus, the construction of a gauge theory for gravity requires an action that does
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not consider a fixed space-time background, or in other words, does not consider

a fixed background metric.

We will see that the only way to formulate an action for gravity is to construct it

in terms of a connection, without assuming a fixed space-time background.

In odd dimensions D = 2n + 1, an action satisfying these conditions was proposed

by Chamseddine in refs [33-85] . In the first-order formalism, the action can be
written as
n
IO = ey g pmiﬁmm LRl gt (3.0.2)
k=0
where

1 n
Crp = m (k) , (3.0.3)

the constants and ¢, are dimensionless and [ is a length parameter.

3.1. Chern-Simons Forms

The CS forms have been studied from different points of view, see for example refs
[3,80-89]. Let us see a brief construction of these CS forms: Let {7, } be a basis
for the Lie algebra g of a group G. Let A be the 1-form gauge-valued connection
in the Lie algebra g

A= ATy, (3.1.1)

whose 2-form curvature is given by

FodA+ %[A, Al (3.1.2)

We can define the following characteristic class as the product of n + 1 curvatures

pent2) — (prtly | (3.1.3)

where (...) denotes a symmetric invariant tensor of rank n + 1 for g and P?"+2)
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is a 2n 4 2 invariant form. Furthermore, it can be shown that
dwani1 = (F™) (3.1.4)

where ws, 11 is the CS form associated with the characteristic class , and is a local
polynomial function of the 1-form A valued in the Lie algebra g. Explicitly this is
given by

Wont1 = (n+1) /1 dt (A(tdA+ 2 A*)") . (3.1.5)

0

Under infinitesimal gauge transformations of the form
WA =d\N+[A, )], (3.1.6)

the CS form is gauge invariant modulo boundary terms. Now, if we perform this

gauge transformation on both sides of , we find
d(5w2n+1 = 0, (317>

and by Poincaré’s lemma, dws, 1 is an exact form.

Under a non-infinitesimal gauge transformation
A= A =g tAg+ g dg, (3.1.8)

the CS form transforms as

Lnl(n+1)!

wgn—l-l = Wan41 + dﬁ + (_1) (27’L + 1)|

((g7"dg)*™ ") (3.1.9)
where [ is a 2-form, which is a function of A and depends on ¢ through the

combination ¢~tdg.
From the above, we can state the following lemma [

Lemma: Let P(F') be an invariant 2n—form constructed with the
field strength F' = dA + A%, where A is the connection for some gauge
group G. If there exists a 2n — 1 form, C, depending on A and dA,
such that dC' = P, then under a gauge transformation, C changes by

a total derivative (exact form) 6C = d(something)
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Since the CS form changes to an exact form, it can be used as a Lagrangian
for a gauge theory for the gauge connection A. It should be emphasized that
wony1 denotes a non-trivial Lagrangian which is not invariant under gauge
transformations, but which changes to a function which depends only on the
fields at the boundary: that is, quasi-invariant. This is sufficient to define a
physical Lagrangian such that the principle of least action considers variations
of the fields subject to appropriate boundary conditions. In this way it is always

possible to select the boundary condition on the fields such that dws, 1 = 0.

3.2. Chern-Simons Action

As we have already seen, CS forms can be used to construct gauge-invariant
actions. A CS action is completely characterized if the Lie algebra g and the
invariant tensor are known. In a 2n 4+ 1-dimensional spacetime, the CS action is

given by
1
I= (n+1)k/ / dt (A(tdA + 2 A*)") . (3.2.1)
M JO

By varying the action with respect to the connection we obtain the corresponding
equations of motion

(F"T,) = 0. (3.2.2)

However, despite the presence of powers of curvature greater than two in the action,
the equations of motion are of first order in A. In the following, three-dimensional
CS gravity will be described using the AdS group. In addition, in the following
chapters of the thesis gravity will be described using the Maxwell group and its

extension with spin-3 generators.

3.3. AdS Chern-Simons gravity theory

Let us briefly review three-dimensional AdS CS gravity theory, whose underlying
symmetry corresponds to the AdS algebra. The generators of the AdS algebra
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(Ja, P,) satisty the following commutation relations:

[Ja, Jb] = éabcjc 3 (331)
[Jaa Pb] = €apel” > (332)
1 C
[Pm Pb] - E_geabc(] ) (333)
where a,b,... =0,1,2 are Lorentz indices raised and lowered with the Minkowski

metric 75, €ape is the Levi-Civita tensor in three dimensions and ¢ is the AdS

radius. The 1-form gauge connection valued in the AdS algebra takes the form'
A=¢e"P,+wJ,, (3.3.4)

where e* and w® are interpreted as the Vielbein and the spin connection,
corresponding to the gauge fields associated to P, and J,, respectively. The

corresponding curvature two-form is

1
F=TP, + (Ra + o eabcebec> Jo, (3.3.5)
where
a a 1 abc
R = dw® + 5 € whwe, (3.3.6)
T% = De® = de® + € wpe, (3.3.7)

correspond to the Lorentz curvature and torsion two-forms, respectively. The

Lorentz covariant derivative is defined by Dv® = dv® + €™“wy,.

Since this algebra admits an invariant bilinear form, whose only non-vanishing

components are given by (J,P) = 14", the three-dimensional CS action

Ies [A] = ﬁ /M <AdA+ §A3> , (3.3.8)

Here, w® = %eabcwbc is the dual spin-connection one-form.
2For simplicity, we have omitted here the component (J,.J,) ~ 14, which allows for the exotic
term in the AdS CS action
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with k = %, reduces, up to boundary terms, to

k 1
Ile,w] = po /2Raea + @eabce“ebec. (3.3.9)

Note that this is precise form of the action of three-dimensional GR with negative
constant —1/¢2. The field equations F' = 0 imply that

1
R® = —2—£2€abcebec’ T = De® =0, (3310)

which means that the spacetime curvature is constant and it has vanishing
torsion. Here D denotes the Lorentz covariant derivative. By construction, the
action changes by a boundary term under the following infinitesimal local gauge

transformations spanned by the parameter A = P, + A%J,

1
de® = DE* — e Aye, ow® = DA® — E—Qeabcfbec. (3.3.11)

Note that after performing the flat space limit £ — oo the AdS CS gravity reduces
to the Poincaré CS gravity theory. Indeed, the flat limit can be applied at the
level of the AdS algebra, the invariant tensor, the field equations, and the gauge

transformations.

It is worth noting that the AdS algebra in three dimensions so(2,2) is isomorphic
to two copies of the spacial linear algebra in two dimensions, sl(2, R). Then

g = g+ +9g_, where g4 stands for two copies of sl(2, R). The si(2, R) algebra reads
Lo L)) = (i = )iy (3:3.12)

where the generators L;, with ¢ = —1,0, 1, are assumed to be the same for both

copies and are chosen to be

0 0 1{-1 0 0 —1
L= . Lop=~= . Ly = . (3.3.13)
10 2\ 0 1 0 0

Splitting the connection in two independent si(2, R)— valued gauge fields,

according to A = AT + A~ the Chern-Simons action reduces to

Tos = Ios|AY] — Iog|AT] . (3.3.14)
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3.4. Maxwell Chern-Simons gravity theory

It is known since 1970, see [I5], that the presence of a constant classical
electromagnetic field background in Minkowski space-time leads to the modification

of Poincaré symmetries. One obtains the enlargement of Poincaré algebra, called

Maxwell algebra [1,90] which is obtained by the replacement of the commutative
momentum generators P,, (a =0,1,...,d) by
[Pa s Pb] = Z‘€Zab> Zba = —4ab, (341)

where e is the electromagnetic coupling constant.

In this section, using the CS formalism, we review the three-dimensional gravity
theory based on the Maxwell algebra. In three-dimensions, the Maxwell algebra is
generated by translations P,, Lorentz transformations J, and an Abelian ideal of

generators Z, satisfying the commutation relations

[Jaa Jb] - 6achca [Pm Pb] - 6achca
[Ja, Zb] = EabCZC 5 [Za, Zb] = O, (342)
[Ja) Pb] = Eabcpca [Zaa Pb] =0.

All generators are anti-Hermitean. Note that the generators (FP,, J,) do not form
a Poincaré subalgebra of (3.4.2) because the translations P, do not commute.
At first sight, it looks like Z, should be interpreted as the Poincaré translations
because the set (Z,,J,) is closed, forming a Poincaré subalgebra. However, as
we shall see below, identifying P, with the translational generator gives a good
gravitational dynamics, where GR is reproduced in a particular limit. For the
present algebra (3.4.2), the relevant tensor in three-dimensional has rank 2, and

its components are given by

<Jan> = Q0 Nab » <Pan> = Q2 Mgp »
<Jan> = Q1 Nab » <ZaZb> = 07 (343)
<JaZb> = Q2 Mab <Zapb> = 07

where (...) stands for a non-degenerate invariant symmetric bilinear form and ay,
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«ap and as are dimensionless constants. The fundamental field associated to the

Maxwell algebra is the one-form potential
A = e'P,+w'J,+0%Z,, (3.4.4)

whose components are the vielbein e?(z), the spin connection w®(x) and the
gravitational Maxwell gauge field o*(z). The dynamics of the field A in three
dimensions is described by the CS action (3.3.8). The Maxwell symmetry is
guaranteed, up to a total derivative, by the use of the Maxwell gauge field (3.4.4),
the invariant tensor (3.4.3) and the algebra (3.4.2). The CS action with Maxwell

symmetry reads
k a 1 abc a
I[A] = — oo | wdw, + = € wawpw, | + 2001 Rye
4 3
M
+ g (T, + 2R%0,) — d (aqwe, + Ckgwaa'a):| . (3.4.5)

The first term in the action is the gravitational CS term with the coupling constant
ap. Next term is the EH one, so that its coupling can be normalized to oy = 1 . The
last term, with the coupling constant as, gives the dynamics to the gravitational
Maxwell field and also contributes of the other fields.

The action (3.4.5) is invariant, up to boundary terms, under the action of the
infinitesimal gauge transformations, dA = d\ + [A, A]. In terms of components,
the local gauge parameter reads A = £%(z) P, + A%(x)J, + x*(x)Z,, and the gauge
field change as

ore® = DE" — e Age, (3.4.6)
Sw® = DA®, (3.4.7)
6x0% = DX+ €™ (eé — Nyo) . (3.4.8)

Extremization of the action (3.4.5) gives rise to the following equations of motion,

et 0= R, + T, (3.4.9)
1
ow® 0=ayR,+ 1T, + as (Daa + 3 eabcebec> , (3.4.10)

do® 0=mR,, (3.4.11)
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where the curvature and torsion two-forms are R* = dw?® + %eabcwbwc, and

T* = De®, respectively. In the limit ap, = 0, the equations of motion of GR
are recovered without (ap = 0) and with (ap # 0) the gravitational CS term.

When as # 0, the above equations can be equivalently written as

T =0, (3.4.12)
R*=0, (3.4.13)
1
Do + 3 eepe. = 0. (3.4.14)

Similarly to GR, the geometries described by the equations of motion (3.4.13)
are Riemannian (torsionless) and locally flat. A difference with respect to GR is
that the gravitational Maxwell field, 0%, does not vanish on-shell when ay # 0.
This can be seen by multiplying the last equation in (3.4.13) by e,, which on-shell
means that D(o%,) is proportional to the volume form and, therefore, cannot
vanish. Furthermore, ¢ couples to the geometry through the interaction with
other fields that backreact on it on-shell, that leads to new effects compared to
GR. For example, it modifies the asymptotic sector of the spacetime and the

asymptotic charges of the solutions (See section 5.3).
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Capitulo 4

Chern-Simons higher-spin gravity

theories 1n three dimensions

Higher-spin (HS) fields have received great interest due to their appearance in
the spectrum of string theory and simplified models of the AdS/CFT conjecture
[71=60]. In particular, in three dimensions the coupling of massless HS fields to AdS
gravity is consistently described by a CS action whose gauge group is given, in the
simplest case, by two copies of SL(3,R) [01-63], which describes non-propagating
spin-3 fields coupled to AdS gravity. The extension of the previously described
Maxwell CS gravity with spin-3 gauge fields was also found in [33]. The underlying
symmetry corresponds to a spin-3 extension of the Maxwell algebra, denoted here
as hs;mar, allowing the inclusion of a new gauge field, which is the spin-3 analogue
of the gravitational Maxwell field. This chapter is devoted to reviewing these HS

gravity theories.

4.1. Review of SL(3,R) x SL(3,R) Chern-Simons
gravity

The spin-3 extension of three-dimensional AdS gravity can be formulated as a
CS theory for the group SL(3,R) x SL(3,R) [77]. As pure gravity corresponds to
the SL(2,R) x SL(2,R) sector of the theory, the field content of the full theory
is determined by the embedding of the sl(2,R) algebra in sl(3,R). The sl(3,R)



30 4.1. Review of SL(3,R) x SL(3,R) Chern-Simons gravity

algebra is defined by the commutation relations

[Li, Lj] = (i — j) Liyj,
[Li, W] = (20 = m)Wiipm, (4.1.1)
(Wi, Wo| = %(m —n)(2m?* 4+ 2n* —mn — 8) Ly i,
where 7,7 = —1,0,1 and m,n = —2, —1,0, 1, 2. Here, we consider o < 0 ‘and the

corresponding Killing form in the fundamental representation is normalized such
that

2

(LoLo) = % (WoWo) = —20.
(L) =—1, (WoW_,) = —do, (4.1.2)
<W1W_1> = 0.

The algebra sl(2,R) can be non-trivially embedded in sl(3,R) in two inequivalent
ways: the principal embedding { Lo, L+ }, which gives rise to an interacting theory
of massless spin—2 and spin—3 field; and the diagonal embedding {%Lo, }lWiQ},
leading to a theory for a spin—2 field, two spin—3/2 fields and a spin—1 current
[67,08]. As we want to describe gravity coupled to spin—3 matter fields, the
principal embedding of s[(2,R) in s[(3,R) will be considered throughout this

thesis. For our purposes it will be convenient to write sl(3,R) in the form

[Ja’ Jb] = EachC 5
[Jm ch] - GZl(ch)m )
[Tap, Tea] = U(Ua(c€d)bm + 77b(c€d)am) Jm, (4.1.3)

where the generators {J,, Ty} are related to those of (4.1.1) by

Jo = %(Lfl + L1> 5
1

Jl = 2([;,1 - Ll) 5 (414)
JQ = LO )
'As discussed in [77], the case s[(3,R) arises for o < 0, whereas o > 0 corresponds to the su(1,2)

algebra. To ensure generality, we will consider an arbitrary o, while emphasizing that our
primary focus is on the negative values of o.
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Too = (W + W_y + 2Wp)
T11 - %(WQ + W72 — 2W0) 5

T22 = W07 415
1 (4.1.5)

T = Z(WQ —W_y),

Too = (W1 + W_y),

T12 = %(Wl - Wfl) .

In this case, instead of 8 generators of the fundamental representation, there are 9
generators {J,, Top = Tha}; 0,0 = 1,2,3, plus the constraint 7% = 0, where indices

lowered and raised with the metric n,, = diag(—1,1,1).

The action of the system is given by

I = Ics[A] = Ios[A], (4.1.6)

where Iog[A] corresponds to the CS action (3.3.8). The components of the invariant

tensor are given by

1
<<]an> = §nab 5

(JThe) =0, (4.1.7)

o 2
(T Teq) = 3 <na(c77d)b - g%bﬁcal) :

and the s[(3,R) valued connection one-forms A and A have the form

1 1
A = (wa + Z€a> Ja + (w“b + Zeab) Tab (418)
1 a 1 alT ab 1 ab \
A = W — Ze Ja +lw" — Ze Tab . (419)

The field equations are naturally given by the vanishing of the curvatures associated
to Aand A
dA+ANA=0, dA+ANA=0. (4.1.10)

As each subset of s[(3,R) generators satisfies (4.1.3) and (4.1.7), the action (4.1.6)
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takes the form

k

1
I = Py {e“ (dwa + ieabcwbwc + 2aeaecw6dw€d>
i (4.1.11)

20
— 20¢e" (dwab + 26&decwdb 6€2 =5 Cabc€ “eve’ + 02 6aeceaemeed) )
The field equations coming from this action can be expanded around a vacuum
solution and, after using the torsion constraints to express w® and w® in terms of
e? and e they reduce to the Fronsdal equations |01] for the space-time metric

and a spin-3 field.

4.2. Three-dimensional Maxwell gravity coupled

to spin-3 fields

In this section, we briefly review the three-dimensional Maxwell CS gravity coupled
to spin-3 fields first presented in [33]. The CS gravity action is constructed from
the spin-3 extension of the Maxwell algebra, referred to in this work as hs;mag,

whose generators satisfy the following non-vanishing commutators:

[Jas o] = €ape ", [Ja, o] = €apcP°
[Pa; Po] = €ancZ°, [Jas Zb) = €ape 2,
[Jas Joc) = €a(ch)vm [Jas Poe] = 6171”(bPC)m )
[Pay Joe) = €00 Poy, (Pay Pol = 24y Zoym -
Zas Joc) = € Zeym s Zoe) = €0 Zym
[Jabs Jed] = — (Nac€dyom + Mo(cEdyam) ™
[Javs Pea) = — (Na(c€aypm + Mo(c€ayam ) P
[Jabs Zed] = = (Na(c€ayom + Mo(cEdyam) 2™
[Pav, Pea) = — (Na(c€aypm + Mo(c€dyam ) Z
others =0, (4.2.1)
where a,b,--- = 0,1,2 are Lorentz indices raised and lowered with the Minkowski

metric 7y, and €4 is the Levi-Civita tensor. This algebra turns out to be
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a generalization of the Maxwell algebra and describes the coupling of spin-3
generators {Jup, Puy, Zap} to the Maxwell ones {J,, P,, Z,}. It was first derived
as an expansion [J2]| of the s[(3,R) algebra with a particular semigroup, and
is naturally recovered through an Inoni-Wigner contraction of three copies of
s[(3,R). It is important to recall that the spin-3 generators are assumed to be

symmetric and traceless.

In order to write down a CS action for this algebra, we define the one-form gauge

connection

A=wJ, + e P+ 0°Z, + w® Ty + PPy + 0P Z (4.2.2)

b

where e, w® and 0% correspond to the spin-3 analogues of the vielbein, spin

connection and Maxwell field, respectively. The non-vanishing components of the

invariant tensor are given by:

(Jadp) = QoNap
<<]an> = a1Mab » <JaZb> = Q27 (423)

—~

Pan> = Q2Map »

<Jachd> = Qg (na(cnd)b - %nabndc) ) <Pachd> = Q2 (na(cnd)b - %nabndc) )
<Jachd> =01 (na(cnd)b - %nabndc) ; <Jachd> = Qo (na(cnd)b - %nabndc) . (424>

Then, considering the previous invariant tensor and the one-form gauge connection
(4.2.2) in the CS action

114] = % /M <AdA + §A3> | (4.2.5)

defined on a three-dimensional manifold M, and where k = i is the level of the
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theory related to the gravitational constant G, we obtain

k 1
Ibsji)ﬁazc = E/Oéo Kw“dwa + geabcw“wbwc) +2 (wabdwba + 2€abcwawbdwcd):|

1
+2a; {e“ <dwa + §eabcwbwc + 26abcwbdwcd) + 2¢0 (dwab + 26acdwcwdb)]

1
+ary {e“ (dea + eabcwbec) + 20 (dwa + ieabcwbwc>
+2e% (deab + 26acdwcedb + 4eacdecwdb)

+4 (w“bdaab + €apeo W W’ + 2eabcw“abewce)} ) (4.2.6)

This CS action describes the coupling of spin-3 gauge fields to three-dimensional
Maxwell gravity and corresponds to a novel extension of higher-spin three-
dimensional gravity in flat space including topological HS matter. It has three
different independent sectors proportional to ag, a1 and asy. The term proportional
to a; corresponds to an Euler type CS form while the term proportional to g and
ay are Pontryagin type CS forms. As it was mentioned in [33], similarly to the
spin-3 extension of the Poincaré gravity, the action (4.2.6) does not contain the
cosmological constant term. Extremization of the action gives rise to the following

field equations for the spin-2 fields

T = de® + e™uwye, + 4w =0, (4.2.7)

1
R = dw*+ §e“bcwbwc + 2w, = 0, (4.2.8)

1
F¢ = do® + w0, + 56“1’661)60 + 2¢abe (2wbdacd + ebdecd) =0, (4.2.9)
while the corresponding field equations for the spin-3 fields are

T = de® + eCd(“|wced|b) + eCd(“‘ecwdlb) =0, (4.2.10)
R® = dw® + eCd(“‘wcwd'b) =0, (4.2.11)
F? = do + eCd(“|wcad|b) + eCd(alacwdlb) + eCd(a‘ecedlb) =0. (4.2.12)

The CS action (4.2.6) is invariant, up to boundary terms, under the action of the
infinitesimal gauge transformations d A = DX = d\ + [A, \], where the local gauge

parameter is given by

A=A, +EP, + X Zy + ATy + EPPyy 4+ % Zy, . (4.2.13)



4.2. Three-dimensional Maxwell gravity coupled to spin-3 fields 35

For the spin-2 gauge fields we get

Sw® = DyA® + de™wgA 2, (4.2.14)
Se® = Dy&* — e Aye, + 46wy, ? + 4 epgA (4.2.15)
50 = Dyx" — e™&e, — € Nyo. + 46yl

46 wpax L 4 4 oA 2 (4.2.16)

where, besides the usual gauge transformations of CS Maxwell gravity, there are
new terms involving the spin-3 gauge parameters £, A% and x®. On the other

hand, the spin-3 gauge fields transform as follows

Sw® = dA® 4+ eCd(“|wCAd|b) + el A, (4.2.17)
Je® = de 4 Ecd(a\wcgd\b) + 6cd(a|€CAd\b) + ecd(“ebgAd + eCd(“wbgfd,(4.2.18)
o™ = dy® 4+ edlaly A d|b) - eedlalyy d|b) 4 ecdlalg_ dlb)

F ey + edagh A, 4 edlaghe, (4.2.19)

A consistent set of boundary conditions for the pure Maxwell gravity theory was
proposed in [13], whose asymptotic symmetry algebra was shown to be given
by a deformation of the bmss algebra, here referred to as mag-bmss, with three
independent central charges. Subsequently, in [93] it was shown that the mag-bmss
can be recovered from three copies of the Virasoro algebra, which in turn were
shown to correspond to the asymptotic symmetry algebra of the AdS-Lorentz
algebra. In Chapter 5 we shall extend these results to the previously discussed
Maxwell CS gravity coupled with spin-3 gauge fields. We will include chemical
potentials without spoiling the original deformed bmss symmetry. As we will
see, the corresponding asymptotic symmetry algebra will correspond to a spin-3
extension of mag-bmss. The charge algebra has three central charges defined in
terms of the coupling constants appearing in the CS action (4.2.6). We will also
show that this asymptotic symmetry can alternatively be obtained through a well-
defined flat limit of three copies of the Wjs algebra. Before considering the analysis
of the asymptotic structure of the Maxwell gravity theory and its corresponding
higher-spin extension, in the next section we will review the construction of the
AdS-Lorentz gravity coupled to spin-3 fields, which allows for the introduction of

a non-vanishing cosmological constant.
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4.3. AdS-Lorentz gravity coupled to spin-3 fields

In this section, we are review the coupling of spin-3 gauge field to three-dimensional

AdS-Lorentz gravity.

The generators of the expanded algebra satisfy

[Jas o] = €aped [Jas Py] = €aneP°

[Pa, Pb] = €apeZ”, [Ja; Zb] = €ape L,

(Pas 23] = eanc” 200 2] = e’
[Jay Joe] = €qpTeym [Ja, Poc] = €0 Peym
[P, Jpe] = (bP) [P, Pye] = (bZ)

Zar o] = €™ 4 Zeym Ze: Pud = 5P
[os i) = i Zom Pas 21 = € Pom
(Z, 2] = E%e"z(bzcm,

[Jabs Jea) = = (Na(cEaypm + Mo(cNayam) J™
[Jabs Pea) = = (Na(c€ayom + Mb(cNayam ) P
[Javs Zea) = — (Ma(c€ayom + Mo(cNdyam) Z
[Pav, Pea) = = (Na(c€aypm + Mo(eNayam) 2™
[Pav, Zea) = — (Na(c€aypm + Mo(cldyam ) P
(Zav, Zea) = — (Na(c€ayom + Mo(cdyam) Z (4.3.1)

Let us consider now the one-form gauge connection

A=w'd, +e" P, + 0°Zy + Wy + Py + 0" Zy, (4.3.2)
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and the corresponding invariant tensor

(Jady) = Q0Nap (JaPo) = 1 Map

(Paby) = a277ab7 (JaZb) = M ,

(PaZip) = 62 77ab> (ZaZh) = %%b,
(JavTve) = @0 (Na(eTap — FNabTde)
b Poc) = a2 (Na(eNap — 3Mabdc)
JavProc) = 1 (Na(ecNay — SMavMdc)
JavZve) = 2 (Ta(eNayp — FNabTde)

abec

Blg-l2 8

(P
( )
(JabZbe)
( ) = — (Ma(ehayy — nasmac)
(ZapZive) = =5 (Na(eMayp — 2MabTde) - (4.3.3)

The CS action (4.2.5) in this case takes the form

1
I = /g/oco Kw“dwa 3eabcw whw ) + 2 (w bdw + 2eabcw“wbdwcd)}

1 1 1 1 1
+20y {e“ (dwa + §eabc {wbwc + Q—%Jbac} + ﬁdaa + é_zeabc {wbac + 8—40605})

1
@ €abe

2
+ (eaebec + 126 p.6%e"e” ) + 2e® (eabcwbdwcd + Zepetio d)

62

1 1
2¢70 (dwab + 2€4cd {wcwdb + — Iz acwdb + 640 o b} + 7 daab

2 2
+€—26a0d {acwdb + 2wl + 72° a%})}

1 1
+209 [56(1 <dea + egpe’e’ + = 7 —€ape0le” )

. 1 1 1 1 ,
+o? | dw, + Qeabcw R — 72 do, + 2€abcw o+ @eabca o°

2
o®do,, + eabcaawbewc + eabca“wbeac

1
ab
+2 ( dog + — 2£2 1B
1
54 — €ape0a?

€2

1
‘o, + 26abcwaabewc + —eabcwaabeac

+e (deab + 2€qeqwiel » + eacda e b T d€qcae’ wdb Iz eacde adb)} . (4.3.4)

62

and it describes the coupling of spin-3 fields to the AdS-Lorentz gravity. Note

that the absence of abelian generators in this new HS symmetry gives terms
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proportional to a; and ap that are different to the ones that appear in the spin-3

Maxwell case.

The field equations in this case are given by

1 1

T = de® 4 €% (wbec 7 abec) + 4ete <ebdw + E—erda d) =0, (4.3.5)

1

R = dw® + §e“bcwbwc + 26“bcwbdwcd =0, (4.3.6)
1 1

Fo =doa + e® <wbac 62 — 00, + iebec)

abe d .
—+ 2¢ (wada + 62 —50bd0 . —|— €vd€. ) == 0, (437)
1 1
T = de® 4 ecdlel (wcedb) + Iz aced“’) + ecwd‘b) + K—Qecadb)) =0, (4.3.8)
R¥® = dw® + ECd(“lwcwd‘b) =0, (4.3.9)

fab = do_ab

cd(a |b)
+e€ (al (wcad

1 1
Iz acad| b chd|b) 7 acad“)) + ece |b)) =0, (4.3.10)

where the presence of non-abelian generators also modifies the gauge
transformations with respect to the spin-3 Maxwell case. Specifically, the spin-2

gauge transformations take the form
Sw® = D,A" — doe™wyah (4.3.11)
1 1
o’ = Dy + ﬁe“bcabfc — € Nye, — ﬁe“bcxbec
—4gete iy 1 + epah St + 4.3.12
oe™™ | wpal, ” 0l + b Iz ebch ; (4.3.12)

1
00" = D"+ —=

£2 CTch - e“bcgbec 4oete (def + ObaX, ) , (4.3.13)
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while the spin-3 gauge transformations are given by

1
g_gecd(ao_bc) gd
1 1
e Cleh ) 4 Getleny” + eI+ e, (43.15)

1
6€ab _ dé:ab+€cd(a|wcgd|b) +€cd(awbc)£d+ E_Qecd(a|o_cgd‘b) 4

1 1
a cala b cala cala b cala
0o = dx by e |wcxdl ) + el wbc)Xd + €—2€ « lUch‘ ) + 6_26 A Ung(z

+€cd(a|ec£d|b) + ECd(aebgfd ) (4316)

Note that the limit ¢ — oo properly reproduces the spin-3 Maxwell field equations

and gauge transformations.
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Capitulo 5

Asymptotic structure of

three-dimensional gravity

5.1. Introduction and state of the art

The notion of the principle of least action of classical mechanics is the cornerstone
of modern theoretical physics. This fundamental concept states that the action
remains stationary under arbitrary variations of the dynamical variables while

keeping the initial and final conditions fixed.

The concept of asymptotic symmetries in GR, which corresponds to those
gauge transformations that map the field configurations into themselves, plays a
fundamental role. Indeed, they are essential in order to have a suitable definition
of the canonical generators that define the global charges of any physical theory. A
deep understanding of a physical theory requires having control of its asymptotic
structure. This is described by the asymptotic behaviour of the physical fields, far
away from any physical process. The case of three-dimensional gravity with negative
cosmological constant has been extensively studied due to the existence of the
Banados-Teitelboim-Zanelli (BTZ) black hole and its extraordinarily asymptotic
structure [91|. Regarding the asymptotic structure, the groundbreaking work
by D. Brown and M. Henneaux is regarded as a precursor to the AdS/CFT
correspondence. In particular, they demonstrated that the asymptotic symmetry
algebra at spacelike infinity of anti-de Sitter spaces is represented by two copies of

the infinite-dimensional Virasoro algebra, which is associated with the conformal
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algebra in two dimensions. The Brown-Henneaux results were important precursors
of the AdS/CFT correspondence. In the case of vanishing cosmological constant,
the bmss algebra is found as the asymptotic symmetry of Einstein gravity at null
infinity:
1
[jm7 jn] ( - n)jm—f—n 12 (m3 - m)6m+n,0 9

Co
[jm; Pn] ( ) m—+n + — (m3 - m)6m+n,0 ) (511)

12
[P, Pn] =0.

On the other hand, the Virasoro algebra is generated by /,, for n € Z and the

central charge c. It corresponds to the central extension of the Witt algebra

s £a] = (M = 1)lnin + S5 m(m* = Drino
(5.1.2)
[, c] =0.

The Virasoro symmetry appears in any physical system with conformal invariance

defined on a two-dimensional space.

This algebra is given by the semi-direct sum of the infinitesimal diffeomorphism
on the circle with an Abelian ideal of super translations. The Poincaré
algebra is a finite subalgebra of the bmss one, formed by the generators
{Jo, J1, T-1,Po, P1,P_1}. This can be made explicit in terms of generators
{Ja, P,} obtained through the following change of basis

j71:_2‘]07 \-70 J27 jl J17
73—1:_2P07 PO:P2> PIZP

(5.1.3)

As will be explained in more detail in the next section, the bmss algebra can
be obtained from two copies of the Virasoro algebra through an Inéni-Wigner

contraction.
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5.2. Asymptotic structure of General Relativity in
3D

Three-dimensional gravity possesses an extraordinarily rich asymptotic structure.
The three-dimensional result has been very relevant and indeed it can be seen as
the precursor of the so called AdS/CFT correspondence [95] and also has served
to recover the Bekenstein-Hawking entropy for the BTZ black hole [96,97] through

a microscopical derivation [95].

The Brown-Henneaux boundary conditions for three-dimensional gravity with

a negative cosmological constant, formulated in terms of gauge fields [99], are
defined as
2 1 1
Ay = Lu — %,cﬂELjFl + o(;> . AF= (9(;> : (5.2.1)

where £* depends on the time ¢ and the angular coordinate ¢. Notably, the radial

coordinate is fully determined by a gauge transformation of the connection.
A* = gitat g + gt dgy (5.2.2)

where the group element is defined as g4+ = e*" 0. In this context, the dynamical
fields correspond to the leading terms of the asymptotic behavior (5.2.1),
specifically:

aj = Ly — %Ei, af =0. (5.2.3)
Consequently, the relevant components of the dynamical field are confined to the
angular components of the gauge connection a. The asymptotic structure of the

dynamical fields must remain invariant under gauge transformations of the form
-
day = OpAE + [afg,)\i] . (5.2.4)

Thus, the Lie-algebra valued parameters have to be given by

1 4
/\i[ei] = E:I:L:I:I + GI:ELO + 5 (6/::: — %Eiﬁi) L:Fl s (525)
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provided the functions £* transform as
+/ ! pE k "
(Sﬁi = Eiﬁ + 26i£ - Eﬁi y (526)

where €1 = ey (¢, ¢) are arbitrary functions and primes denote derivatives with
respect to ¢.

At spatial infinity, the time evolution of the dynamical fields of the connection

aj corresponds to a gauge transformation with gauge parameters given by the

Lagrange multipliers a;°. The most general Lagrange multipliers that preserve the

asymptotic conditions (5.2.1) are given by [100].
af = N\ [Es]. (5.2.7)

Here, &4 are also arbitrary functions of ¢ and ¢, which are assumed to be fixed at
the boundary. To ensure the consistency of the Lagrange multipliers under gauge
transformations, the fields £+ must satisfy the following field equations at the
asymptotic region

. k
Ly = fiﬁi/ + Qxitﬁi T i ;/:,, (528)

while the parameters of the asymptotic symmetries fulfill
ér = by — el (5.2.9)

These conditions are necessary in order to ensure the conservation of the global

charges.

Replacing the gauge parameters (5.2.5) and the asymptotic conditions (5.2.1) in
the variation of the canonical generators 6Q(A) = —£ [1. (AdA4) d¢, we get that

SQIN = Q] — JQIA T, (5.2.10)
which can be readily integrated as

Q] = —/eiﬁidgb. (5.2.11)
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Since the Poisson brackets fulfill

{QINT], QGT} = 6,2 QAT (5.2.12)

The algebra of the canonical generators can be directly derived from the
transformation properties of the fields (5.2.6). By expanding in Fourier modes as
X = % Yo X,e™  the Poisson brackets simplify to two copies of the Virasoro
algebra, both sharing the same central charge ¢ = 6k = 3¢/2G. Explicitly, the

algebras take the following form.
St ot + ko g
i{Lh, Lot =(m—n)C ., + 5m Smtn0 s (5.2.13)

which coincide with the asymptotic symmetry algebra found in the metric

formulation.

Hereon we are going to review the asymptotic structure in the case of three-
dimensional asymptotically flat spacetimes. The asymptotic conditions in terms
of gauge fields were first proposed in the context of flat higher spin gravity in
[7%,79], and in the context of flat supergravity in [101]. For this purpose we are

going to relabel the Poincaré generators according to

J,1:—2J0, j1:J1, j(]:JQ,
P =-2P, Pi=P, P=h,
such that the non-vanishing commutation relations of the Poincaré algebra can be

written as

>

A

[ m,jn] =(m—n)dmin,

o . (5.2.14)
[Jm, Pn] = (m — 1) By
Then, with this relabel the asymptotic behavior in this case is given by
ag = Ji — % <j]5_1 + PP_1> , (5.2.15)

where the radial coordinate can be switched on by gauge transformation with
group element g = e3P-1. The functions J and P depend on the null coordinate

u and the angular coordinate ¢. The asymptotic form of the dynamical fields, in
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this case is preserved under the action of gauge transformations spanned by the

following parameter

>\[T, Y] == Tpl + le - T/PO - Y/jo

1 /27w n\ 3 ™ k i\ r

provided the transformation laws of the fields are given by

k
6P = 2PY 4+ PY — Y, (5.2.17)
m

k
6J = 27Y'+JY +2PT +P'T— 1", (5.2.18)
T
with T'(u, ¢) and Y (u, ¢) arbitrary functions. The Lagrange multiplier reads [1(0]

Ay = A[/L'Pa :uj] ) (5219)

where pp, 17 also stand for arbitrary functions of u, ¢ and they are assumed to
be fixed at the boundary. Consistency of preserving the asymptotic form of the

Lagrange multiplier now leads to the following field equations
- / / k "
P = 2Puly+ Py — oot (5.2.20)
: k
J = 2Jps+ T ng +2Pup +Pup = o-ilp (5.2.21)

which have to be fulfilled in the asymptotic region. In turn, the parameters of the

transformation satisfy the following conditions

Y = ugY — Y, (5.2.22)
T = pgT — ;T + ppY' — pY . (5.2.23)

The canonical generator in this case is also easily integrated, which reads
QT Y] =— /(TP +YP)do. (5.2.24)

Expanding in Fourier modes, the nonvanishing components of the Poisson brackets
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are given by

{Tn, Tn} = (m=1)Tmsn s (5.2.25)
{ T, Pu} = (m—=1)Poyn + km’6ping, (5.2.26)

which corresponds to the infinite-dimensional bmss algebra with a central charge

¢ =3/G found in |18, 19].

Let us point out that by making the following change of basis on the generators
of the Virasoro algebras [102](5.2.13)

Po=—(LE+L),  Tu=LI—-LD,, (5.2.27)

~|

and rescaling the AdS level according to k — k¢, in the flat limit ¢ — oo, the

bmss algebra is recovered.

5.3. Asymptotic symmetries of 3D Maxwell Chern-
Simons gravity

In this section we briefly review the results of [13], where the authors found

the asymptotic symmetry algebra of the three-dimensional Maxwell CS gravity

theory. To start with, we propose the following behavior of the gauge fields at the

boundary

1 1 1

+= (Ndu + Fdo — r°de) Zo+ rdu Zs . (5.3.1)

N | —

For the moment, let us assume that the functions M, and N and F depend on all
boundary coordinates ' = (u, ¢), and we shall set them on-shell later. The radial

dependence of the gauge field A can be eliminated by gauge transformation.

A=h"'dh+h"tah. (5.3.2)

Using the identity h='dh = —drP, and the Baker-Campbell-Hausdorff formula,
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we obtain

h™tah = a+ rdu Zy + rdé Py — r*do Zy . (5.3.3)

The final effect is that the radial dependence from the gauge field A is dropped

out and the new gauge field a becomes the asymptotic field,

1 1
(Mdu + Ndp) Py+du P1+§ Mdo Jy+do J1+§ (Ndu + Fdo) Zy. (5.3.4)

N | —

a =
with the angular component given by
1 1 1

The asymptotic symmetry is a residual symmetry, that leaves the asymptotic
conditions (5.3.1) invariant. In order to find it, we consider gauge parameters of

the form

A=h"Dh,  A=E%u,¢) P+ A u, ¢) Jo + X (1, ¢) Z, . (5.3.6)

Gauge transformations of the full connection A with gauge parameters A lead
to r-independent gauge transformations of a with gauge parameter A\. Now, we
require that the transformed field, a + DA, and the original one, a, have the same
form (5.3.4). A change of the boundary field (5.3.4) is given by

oa = % (5,\M(u,¢)du+%5>\1\/’(u,¢)d¢ PO—F%(SAM(u’Cb)dQSJO

b5 (BN (0, 6) du+ 65F (w,6) do) Zo. (5.3.7)

On the other hand, this change must to be equal to the gauge transformation
0xa = DA. The angular component ag is left invariant for the Lie-algebra-valued

parameter A = A(y, f, h) of the form

M N " , M y ,
A= (—2 f+5y—f )P0+fP1—fP2+<—2 y—y )J0+yJ1—yJ2
(5.3.8)

1 1 1
+ (§Mh+5]—"y—l—§./\/'f—h”)Zg—|—hZ1—h'Z2,
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provided that the functions M, N and F transform as follows:

M = Muy+2My —2y",
ON = M f+2Mf —2f”’+N’y+2/\/y’, (5.3.9)
O0F = Mh+2MN =20 + N'f + 2N f' + F'y + 2Fy,

where y = y(o,u), f = f(¢,u), and h = h(¢,u) are arbitrary functions defined on

0% and the prime denotes the derivative with respect to the ¢ coordinate.

The asymptotic symmetries along time will be preserved whenever the Lagrange

multiplier is A, = h~'a,h, with

= A, £,9], (5.3.10)

where 1, &, and ¢ are arbitrary functions of (u, ¢) which are assumed to be fixed
at the boundary 05, 100]. The time evolution of the gauge fields in the asymptotic

region is given by the following conditions

M= Mp+2My — 21",
N = M€+ 2M¢' +N’u+2/\/u 26" | (5.3.11)
F = MO+ 2M + N'€+2NE + Flu+2Fu — 29",

where dot corresponds to the derivative with respect to w.

In summary, the asymptotic behavior is described by gauge fields of the form
given in (5.3.2), where the components a,4 and a,, of the asymptotic gauge field a

are given by (5.3.5) and (5.3.10), respectively.

Let us now compute the charge algebra of the theory. As discussed in Ref.[97], the
algebra is spanned by the conserved charges Q[A], which, as mentioned before, are
on-shell equivalent to diffeomorphism charges of the form Q[¢] = f o (A A)
with A = ¢ A. Furthermore, the charge algebra in representatlon of Poisson
brackets can be obtained using the Regge-Teitelboim method [103] directly from

the transformation law

5A2Q[A1] = {Q[A1]7 Q[AQ]}' (5'3-12)
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On the other hand, the variation of the charge in CS theory is given by [97]

SQIA] = & / (ASA) . (5.3.13)

T or
0%
After applying the gauge transformation (5.3.2) which introduces the asymptotic
field (5.3.5), and using (5.3.6), we get

k

SQIN = o / dé (\oay) . (5.3.14)

Since the non-vanishing components of the invariant tensor for the Maxwell algebra
is known, as well as the gauge field a, after a straightforward calculation one

arrives to

k

5Qly. f1] = - / 06 [y (020F + aod M + GN) + f (00N + 5M) + ashd M)
(5.3.15)
The functions y, f and h do not depend on the fields, thus it is trivial to integrate

the variation out, finding

k

Qly, f,h] = po /dgb [y (o F + agM +N) + f (aeN + M) + ashM] . (5.3.16)

Now we define the asymptotic charges which correspond to the independent terms
in (5.3.16),

ilyl = %/d¢y(a2}—+/\/+ao/\/‘)a
plf] = ﬁ/dqbf(aQNJrM) : (5.3.17)

z[h] = ﬁ/c@azh/\/l.
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Using (5.3.12), they give rise to the centrally extended Poisson algebra

Gl gty =l = 52 [ domt
ol = plw sl -5 [dous”,

Ul <ty ==l bl = sz/dgb w (5.3.18)
{p[fl]vp[fZ]} = HflafZH kaz /d(bfl "

{zlh], z[ha]} = 0,

where here [z,y] = xy’ — ya’, stands for the Lie bracket of the vector field
components z(¢) and y (¢) on 0. The result describes a deformed bms; algebra,
as expected, which is an infinite-dimensional enhancement of the Maxwell algebra
[0], with three central charges. It is common to write down the algebra in Fourier

modes,
Tm =3[e™],  Pm=pl™], Z,=z["", meZ, (53.19)

with all ¢-dependent functions expanded on the circle 9¥. The corresponding

deformed bmss symmetry reads

Z{tjm?jn} - (m n) Tmin + 35m+nOa
i{Tm,Pn} = (m—n

i{Pm, P} = (m—n

+ M6 n0
m-+n 12 m-n,U

mtn + 12 M Cin0 s (5.3.20)

m+n 12 m+n,0 »

)

)P

V2, 48

i{TIm, Za} = (m—n)Z

i{Pm,Z,} = 0,
0

i{Zn, 2.} =

where we have used the integral representation of the Kronecker delta 9,,, =
% [ do e!m=m9% In the above classical algebra, the three central charges are
associated to three terms in the gravitational action: the standard one ¢y = 12k
along the EH term, the gravitational CS one ¢; = 12kay and, finally, a new

ingredient, a charge along the gravitational Maxwell term with torsion, c3 = 12kas.
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Note that the Maxwell algebra is a finite subalgebra of (5.3.20) formed by the
generators {J_1,J0, J 1, P-1,Po, P1, 2-1,20,2, } (see [50]).
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Capitulo 6

Asymptotic structure of gravity

coupled to spin-3 fields

In this Chapter, following the methodology used in [7] we derive the asymptotic
symmetry algebra for the spin-3 Maxwell CS gravity theory. First, inspired by
the boundary conditions we have to impose in the pure Maxwell gravity, we
provide the suitable fall-off conditions for the gauge fields at infinity and the
gauge transformations preserving our proposed boundary conditions. Then, using
the Regge-Teitelboim method [103] we find the charge algebra which, as it is
expected, will be a higher spin extension of the mag-bmss algebra [13,50]. The
Poisson algebra structure we find is then obtained as a flat limit from a classical

centrally extended W5 @& Ws @ W5 algebra.

6.1. On the boundary conditions

In our analysis we will consider the BMS gauge where the spacetime manifold is
parametrized by the local coordinates x* = (u,r, ¢). Here, u corresponds to the

retarded time coordinate, while » — oo indicates the boundary region.

To start with, we propose the following behavior of the gauge fields at the boundary

A=h"'dh+h"'ah, (6.1.1)

where the radial dependence is entirely captured by the group element h = e~ %0 .
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The auxiliary gauge field a has the form
a = agdo + a,du, (6.1.2)
with the angular component given by
1 1 1
ag = Ji+ §NP0 + 5/\/1,]0 + 5?20 + VP + X Zyo, (6.1.3)

where the functions M, N, F,V, W and X are assumed to depend on all boundary
coordinates 7' = (u, ). Let us note that the form of the angular component
generalizes the asymptotic behavior of the gauge field considered in [71,79] to the

presence of the gravitational Maxwell field along its spin-3 counterpart.

As is well-known, the asymptotic symmetries correspond to the set of gauge
transformations 0 A = d\ + [A, A] that preserve the asymptotic conditions (6.1.1),
with

A= AN"(u, ) Jo + & (u, ¢) P + X" (u, $) Zs

" " o (6.1.4)
+ A (U, ¢)Jab + 5 (U, ¢)Pab + X (U, ¢)Zab .

Thus, the angular component a, is left invariant for the Lie-algebra-valued
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parameter A = A(y, f, h,v,w, g) of the form

A= (%f+%[y+4Vv+4Ww—f”)P0+fP1 — f'Py

M
+ <7y + 4Wu — y”) Jo

+yJi —y'J
1 1 1

1 2 7 1
+ [éw(4) — ng" - M+ E(3/\/12 —2M"w
1

2 " 7 ()
3./\/"U 12N'U —1—12

(6MN — 2N/I)7} + Vy + Wf:| POO

1 1 1
+ (Mw + Nv —w")Py + <§w”’ — ng/ — g./\/l’w — gj\/'v’ — g./\f’v) P

+ ’LUP11 — ’LU”P12

+ v 2/\/lv” — 1/\/1’1/ + i(3/\/12 —2M")v + Wy | J
6 3 12 12 o0
,U/// 5 1
+ (M’U — U”)Jm + (g - EM’UI — g./\/l,v) JOQ + ’UJ11 — U,J12
1 (4) 2 " 7 1t 1 2 "
+ =W = Mg — Mg + = (BM* = 2M")g+ V[ +Wh+ Xy
6 3 12 12
2 " 7 /]
3}"1) 12]—'11

Lz 2 T Yoo 4
+ Mg+ Fo+Nw—g")Zy
T T
+ 921 —9' 71,
(6.1.5)

provided the functions M, N, F,V, W, X transform as follows
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M = My+2My —2y" +402W'v + 3WV')
N = M f+2Mf +Ny+ 2Ny —2f" +42Ww + 3Wuw')
+4(2V'v + 3W'),
OF = Mh+2MN +N'f+2Nf' + Fy+2Fy —2n"
+4(2W'g + 3Wg’) +4(2V'w + 3Vuw') + 4(2)(’1} +3X"),

W = Wy+3Wy' + 5 (SMM’ 2M") + = (8/\/12 IM" )
——M/U” o _MU/// + év( )

oV = W f+3Wf +3vy +35 (8NM’+8MN’ 2N
—(16MN — 9N — —J\/’v” — —J\/'v”’
12 (8MM/ M///)w + (8M2 9M”) M/ i
1
Y " )
6/\/lw + 6w
X = Wh+3WHK+Vf+3Vf + X'y +3Xy
1
+—(8MJ-"’ + 8FM' + 8NN —2F"w
5 5

16FM 4 8N? — 9F" )" — —Fv" — —Fv"

12( 4 6

—(8/\//\/1' +SMN — 2N

1
A
—(SMM’— 2M")g + (8/\/12 IM") g
5 1
P Y " - (5
/\/l 6/\/lg +6g , (6.1.6)

where prime denotes the derivative with respect to the ¢ coordinate. The most
general time component of the gauge field a, which preserves the boundary

conditions above is given by

= A, &7, 0,6, 4], (6.1.7)

where 1, &, 1, 0,6 and ¢ are arbitrary functions of (u, ) which are assumed to

be fixed at the boundary [0, 100].The time evolution of the gauge fields in the
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asymptotic region is given by the following conditions

M = Mpu+2Mp —2u" +4(2W' 0+ 3W()
N = ME+2ME +N'p+ 2Ny — 28"
+H42W'w + 3Ww') + 4(2V'0 + 3V¢') ,
F = MO+ 2MY + N'E+INE + Fu+2Fu — 20" + 4(2W' o + 3Wy')
+4(2V'e + 3Ve") + 42X 0+ 3X¢"),

. 1 5
W = Wu+3wy/ + 75 (8/\/1/\/1’ 2M") o + E(8M2 —9M") o — ZM’Q”
. MQ/// + 1@(5)
6
V o= WE+3WE +3vu + (8NM’+8MN’ 2N o

+E(16M./\/ —IN")d — —N’ " _N

1
g BMM —2M")e 4 - (8/\/12 IM")e
5 5 1
v Y " — (5
| 41\/1 € 6/\/16 + 65
X = WO+3IWY +VE+3VE + X u+3xy

1 1

+12<8MF’ + 8FM' + 8NN —2F") + 1—(16]—"/\/1 +8N? —9F")do
5

—5 70" - f "t (8NM + 8MN' —2N")e

12(16/\/U\/' 9/\/”)5 — —/\/”5” — —/\/5”’

) )
+E(8MM/ QMN/)@ + (8M2 QM”)@/ o ZM/QOH o éMQO/”

1
EON (6.1.8)

where dot corresponds to the derivative with respect to w.

In summary, the asymptotic behaviour is described by gauge fields of the form
given in (6.1.1), where the components a4 and a,, of the asymptotic gauge field a

are given by (6.1.3) and (6.1.7), respectively.

The structure outlined above provides insights into the asymptotic symmetries
of the higher spin Maxwell Chern-Simons gravity and its associated algebra. In
fact, the charge algebra of this theory can be derived using the Regge-Teitelboim
approach [103]. In the following sections, we will explore this construction in

greater detail.
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6.2. Charge algebra: spin-3 extension of the

deformed bms; algebra

The charge algebra of the three-dimensional HS Maxwell CS gravity theory in

representation of Poisson brackets can be obtained using the Regge-Teitelboim

method [103] directly from the transformation law
or, Q1] = {Q[M], Q[Ao]} (6.2.1)
where Q[A] are the conserved charges spanning the algebra [97]. On the other

hand, the variation of the charge in a CS theory is given by

SQIA] = 23 / (ASA) . (6.2.2)

™
ox

After applying the gauge transformation (6.1.1) which introduces the asymptotic
gauge field (6.1.3) we get [90]

k

SQIN = 5 / do (Nay) (6.2.3)

where A = h='\h. Considering the invariant tensor (4.2.3)-(4.2.4) and the gauge

field a defined in (6.1.3) in the previous expression, we get

Qly, f,h,v,w,g] = /dgb (yoJ + fOP + hdZ + voV + woW + g6X) , (6.2.4)

where we have defined

J = ﬁ(aoj\/l—l—al/\/'-kaﬂ'—) ;

P = ﬁ (M + auN) |

7 = %OQM ,

V = %(Q’OW“‘CHV‘I‘OQX) ,
W = - (W + V),

X = %aQW. (6.2.5)
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Assuming that the functions y, f, h, v, w and g do not depend on the fields we

can directly integrate the variation on the phase space, and we find

Qly, f.h,v,w, g] = /d¢ I+ fP+hZ+ oV +wW +gX) . (6.26)

0, QM = {Q[M], Q[ro]} (6.2.7)

As it is expected, the asymptotic symmetries associated to y, f and h span the

mag-bmss algebra [13]. Indeed, expanding in Fourier modes according to

1 )
_ ime
X = > Xpe™? (6.2.8)
one obtain the following algebra:

i{Jm,Jn} = (m
i{Jm, P} = (m
i{Pn, P} = (m
i{Jm, Zn} = (m
i{Pn, 2y} =
i{Zm, Zn} =

3
n) Jmin + a()km (5m+n,0 )

3
n Pm+n + alkm 6m+n,0 )

J,
n Zm+n + anm35m+n,0 )

)
)
)
N) Zysn + 2km®6ping

, (6.2.9)

which corresponds to the asymptotic symmetry algebra for the three-dimensional
Maxwell CS gravity derived in [50] and subsequently in [13]. The brackets of the

previous Fourier modes with the other charges associated to v, w and g read

i{Jm,Vo} = (2m —n)
i{Jm, Wo}t = (2m —n)
i{Pn,Vi} = (2m —n)
i{Pn, W, = (2m —n)Xyin,
i{Jm, Xn}t = (2m —n)
i{Zn,Vi} = (2m—n)
i{Pn,X,} =0
i{Zn , W, = 0,
i{Zm,Xn} = 0, (6.2.10)



6.2. Charge algebra: spin-3 extension of the deformed bmss algebra

29

where we have defined the Fourier modes:

Vin = Qu=1¢"], W,=Qw=¢e"], X,=Q[g=e"],

(6.2.11)

which correspond to spin-3 generators. Finally, these generators satisfy the

following brackets:

8 1
iAW, Wy} = (m —n)QZZ, + = (m —n)(2m* + 2n* — nm) Zyin
3062]6 3
k
+aim55m+n,0 )
3
. 8 Qy
Wi, Vi} = — P O ———— ]
Wi} = ol = (2002, - S0Z2,
1
—|—§(m —n)(2m? 4+ 2n% — nm) Pyn + —m6mino
8 1
i{Vi, X0} = (m —n)Q%7, + =(m —n)(2m* + 2n* — nm) Zypin
3&2]{3 3
k
+Oéim55m+n,0] )
3
8
. VmaVn = -
iV i} = gl —n)
X {i (O‘—%—a)QZZ +QPE —2—=aPZ 4202
0 m+n m+n m+n
Qg \ 02
1
+§(m —n)(2m? 4+ 2n% — nm)Jomin + —— M 6mino0
iAW, Xn} = 0,
i{Xm, Xn} = 0, (6.2.12)
where we have defined the following terms
arf =" 1T, (6.2.13)

j=—00

The previous algebra corresponds to a higher spin-extension of the mar-bmss

found in [13]. Note that the nonlinearity of the algebra is not trivial and does not

simply correspond to a Maxwell generalization of the bmss algebra. Furthermore,

in this case we have three central terms switched on, as can be seen by defining

C;, = 12k0¢i,1 s with 1= 1, 2, 3.

(6.2.14)
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With this definition of the central charges, the algebra can be written as

&

i{Jm, In}t = (m—n) Jpin + T3 m3(5m+n70 ,

i {Jns P} = (m =) P+ T3 m 00,

i {Pu P} = (m = 1) Zuns + T3 M.

i{ T, Zo} = (1 — 1) Zypan + f—;’ M3 pino (6.2.15)
i{Jm, Vi} = (2m —n) Viin, i{Im, Wat = (2m —n) Whin,
i{Pn, Vo =2m —n)Wyn,  i{Pn,Wn}=02m—n) Xy,
i{Jm, Xn} = (2m —n) Xpmin, i{Zm,V} = 2m —n) Xpin,  (6.2.16)

iAW, Wi }

i { Wi, Vi }

i {Vin, X0}

i{Vin, Vi}

32 1
C—g(m — QA7+ g(m —n)(2m* 4 2n* — nm) Zyin

C3 5
+—=m 5m+n,0 )

36
32
2 (2002, - 2022,)
3 e3
1
—|—§(m —n)(2m? + 2n* — nm) Py + ;—ém‘r’&mmo ,
32 1
C—S(m — QA7+ g(m —n)(2m? +2n* — nm) Zpin
c
+%m55m+n,0 )
2 1 [c3
Rl | = (2 - ) 022, + 0L, - 22007, 1 20,
3 C3 \C3 C3
1
—I—g(m —n)(2m?* + 2n% — nm)Jppn + %m%mw,o . (6.2.17)

In sum, the commutation relations (6.2.15)-(6.2.17) provides the asymptotic

symmetries of spin-3 fields coupled to Maxwell CS gravity. In the next section,

we show that this algebra can alternatively be recovered as the flat limit of three

copies of the Wj algebra, mimicking the relation between HS Maxwell gravity and
three copies of sl(3,R).
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6.3. Spin-3 extension of the deformed bms; algebra
as a vanishing cosmological constant limit
It is possible to check that the asymptotic symmetries, described by three copies

of the Wj algebra, lead to the spin-3 extension of the mag-bmss algebra. Indeed,

by redefining the generators as

I = LY —L7 —L_ .,
1
Pn = 5 (ch+2L2,,),
1 _
In = 5 (ch—-rc2,),
Vi = WH-Wo, - W_,,,
1
W, = 7 Wt +w-,) ,
1 _
along the redefinition of the central charges as follows,
+_ - Lo - Lov -
cqg=c" —c —¢, C2:Z(C +c), 6326_2(0 —c), (6.3.2)
the three copies of the W3 algebra given by
ot
1 {ﬁi, Ei} = ( — n) ﬁfwrn + Emgéern,O )
A ¢
Z{E } ( ) m+n+ 12m 6m+n07
i {'C Wi} ( ) W’nf-&-n )
{£m7 W } ( ) A m+n
- - 32 + 1 2 2 +
W5 W }——i —n) ., + 3(m—n)(2m — 2" —mn)L
ot
+ %m 5m+n ()
32 A 1 9 9 4
{W,m W, } 2 —(m —n)Qpgn + §(m —n)(2m* = 2n* — mn)Ly1n
im0 (6.3.3)

36
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with
= Ch.Lf m = Z Lol (6.3.4)
JEZ €7
can be written as
Z{Jma Pn} - (m 7’L) m—+n + 12m35m+n 05
Z{Pmapn} = (m n) m+n+ 12m35m+n07
Z{Jma Zn} = (m n) m+n T 12m36m+n 0>
: 1
i{Ppn, Zn} = g_g(m_n)Pern 12627” 5m+n07
) 1 c
i{Zm 2} = (M=) Znin + F;m%mﬂp, (6.3.5)
i{Jm, Vi} (2m —n) Viin,
i{Jm, Wi} (2m —n) Wiin
i{Pn, V,} (2m —n) Wign
i{ P, Wy} (2m —n) Xpin ,
i{Jm, Xn} (2m —n) Xpin,
i{Zm, Va} (2m —n) Xpmin,
1
i{Pn, Xn} 7 (2m —n) Wiin,
1
i{Zm, Wi} 7 (2m —n) Wiin,
1
i{Zm, X0} —(2m —n) Xpgn (6.3.6)

[N
)
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_ 32 C2 ~\pz zZ Qril-lj-n
Z{Wm;Wn} = M(m—n> 2ﬁQm+n — C3 Qm+n + 62

1
+§(m —n)(2m? 4+ 2n% — nm) Zpyn + %m%mm,o,
PP
iAW, Vb = L(m—n) —2c3007 4y [ QZZ + i
ms Vn 03/62 — C% 3% “m4n 2 m-+n (2
1
+§(m —n)(2m? + 2n* — nm) Py + %m55m+m0 :
. 32 C Ol
1
+§(m —n)(2m? 4 2n% — nm) Zy 0 + %m‘r’émw,o :
. 32 PZ 77 Qﬁin
1 {Wm, Xn} = m(m — n) _20397714—71 ‘l‘ Co Qm+n + 62
2 3
1
+@(m —n)(2m? + 2n* — nm) Py + szm%mwp )
. 32 e Ol
1 c
—1—@(771 —n)(2m? + 2n* — ) Zpan + W%m‘f’émmo ,
i 32 C1C2 ~pz
Vi Vb = —(m — [—2—9
i } (—c163 /0% + cacs [ 02 + 12 /02 — &3) (m —n) g2 mAn
2 PP Qg{in JZ z7 Qf:zin
+C3 _Qm—l—n + 6—2 - 2Qm+n +cics Qm—i—n + 02
QJJ QJZ
2 m—+n m+n Z7
—Cy ( £4 —2 EQ + Qm+n):|
1
—l—g(m —n)(2m? + 2n* — nm) Jpyn + ?C)—gmf’émmo . (6.3.7)

Let us note that the ¢ parameter corresponds to the AdS radius which is related
to the cosmological constant through A = —1/¢? in three-dimensional spacetime.
Then, taking the flat limit ¢ — oo, the asymptotic symmetry algebra given by
three copies of the Wj algebra leads to the hssmar-bmss obtained in the previous
section. The algebra (6.3.5)-(6.3.7) is a spin-3 extension of the enlarged bmss
algebra introduced in [93], and corresponds to the asymptotic symmetry algebra

of AdS-Lorentz CS gravity coupled to a spin—3 field.
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Capitulo 7
Conclusion

In this thesis, we have studied the asymptotic structure of the Chern-Simons
gravity theory invariant under a higher spin extension of the so-called Maxwell
symmetry. In particular, we proposed some consistent asymptotic conditions that
allow us to canonically realized a nonlinear higher-spin extension of the Maxwell
generalization of the bmsz symmetry that we call hssmar-bmss. Moreover, we have
also shown that this algebra can be obtained as a vanishing cosmological constant

limit of three copies of the Wj algebra, each with an independent central charge.

In Chapter 2, we reviewed the theory of General Relativity, the Einstein-Hilbert

action and introduced the Cartan’s formalism for gravity.

In Chapter 3, we introduced the Chern-Simons form and the Chern-Simons
action. In particular, we briefly reviewed the construction of the AdS and Maxwell

Chern-Simons gravity theories.

In Chapter 4, we reviewed the Chern-Simons higher-spin gravity theory in three
dimensions. Specifically, the construction of the three-dimensional Maxwell and

AdS-Lorentz gravities coupled to spin-3 fields was presented.

In Chapter 5, we reviewed the asymptotic structure of three-dimensional gravity

and we showed the results of the previous work [13].

In conclusion, we can say that one of the most fascinating aspects of three-
dimensional higher-spin gravities is the presence of exact solutions that carry
higher-spin charges. This thesis serves as a foundational step in exploring the

thermodynamics of such configurations through topological arguments |71, 87].
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In the present case we expect to find a novel higher-spin extension of locally
flat cosmological spacetimes. Since we have incorporated the chemical potential
conjugated to the higher spin charges, the thermodynamics properties of the
solution can be analyzed along the lines of [71]. An interesting direction now
available for exploration involves the potential application of the theoretical
description of the theory in terms of three copies of SL(3, R). This framework
may provide insights in the context of thermodynamic properties of either black
hole solutions of (higher-spin extension of) AdS-Lorentz gravity or cosmological

solutions of (higher-spin extension of) Maxwell gravity.

A possible extension of our results can be carried out by incorporating a negative
cosmological constant to the higher-spin Maxwell CS theory. This can be done
by considering the higher-spin extension of the so-called AdS-Lorentz gravity
constructed in [33]. In this case, we expect to find higher-spin black holes
generalizing the BTZ-type solution of the AdS-Lorentz gravity studied in [93]
including spin-3 charges. Then, the higher spin black hole solution should lead to
the higher spin extension of locally flat cosmological spacetimes, after performing
the vanishing cosmological constant limit. In this scenario, we could also study
the solutions and the thermodynamics of the higher-spin extension of the Maxwell
teleparallel gravity first presented in [15] and analyze how the presence of a
non-vanishing torsion modifies the solutions of the spin-3 extension of the Maxwell
gravity theory. As solutions we expect to find a spin-3 extension of a Maxwell
teleparallel black hole [work in progress|. We guess that both spin-3 black holes will
reduce to the Maxwellian generalization of the spin-3 extension of flat cosmologies

in a flat limit.

Another interesting aspect worth exploring is the study of the asymptotic symmetry
of the three-dimensional Maxwell CS gravity theory coupled to spin-5/2 gauge
field [31, 10]. In such case, the HS field theory contains fields of spins 2, 4 and 5/2
whose invariance is extended to HS fermionic symmetry transformations, referred
to as hypersymmetry [105—110]. Following the results obtained here, one could
expect to find, after imposing suitable boundary conditions, a deformation of the
hyper-bms; which should be alternatively recovered as a vanishing cosmological

constant limit of a precise combination of the W( ) and Ws,4) algebra [111,112].

2,24
The asymptotic algebra could serve to derive hypersymmetry bounds which could

imply interesting properties for solutions as in [107, 109].
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