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Resumen

En esta tesis analizamos las simetrías asintóticas de la teoría de gravedad Chern-
Simons (CS) en tres dimensiones para una extensión de espín más alto de la
llamada álgebra de Maxwell. Proponemos un conjunto de condiciones de borde
para la teoría de gravedad antes mencionada y mostramos que la correspondiente
álgebra de carga define una extensión de espín más alto del álgebra max-bms3, la
cual, a su vez, corresponde a la simetría asintótica de la gravedad CS de Maxwell.
También mostramos que el álgebra hs3max-bms3 se puede obtener alternativamente
como un límite plano desde tres copias del álgebra W3, con tres cargas centrales
independientes.

Keywords – Teorías clásicas de gravedad, simetrías espacio-tiempo, teorías Chern-
Simons, simetría de gauge
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Abstract

In this thesis we analyze the asymptotic symmetries of the three-dimensional
Chern-Simons (CS) gravity theory for a higher spin extension of the so-called
Maxwell algebra. We propose a generalized set of asymptotic boundary conditions
for the aforementioned flat gravity theory and we show that the corresponding
charge algebra defines a higher-spin extension of the max-bms3 algebra, which in
turn corresponds the asymptotic symmetries of the Maxwell CS gravity. We
also show that the hs3max-bms3 algebra can alternatively be obtained as a
vanishing cosmological constant limit of three copies of the W3 algebra, with
three independent central charges.

Keywords – Classical theories of gravity, space-time symmetries, Chern-Simons
theories, gauge symmetry
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Introduction

There is now widespread agreement that unifying the four fundamental forces
of nature requires going beyond Einstein’s General Relativity (GR). While GR
has successfully explained all known gravitational phenomena and has profound
astrophysical implications, it ultimately proves incompatible with the quantum
mechanical description of the microscopic world. In three-dimensional settings,
Chern-Simons (CS) gravity provides a distinctive approach, presenting gravity
as a gauge theory independent of a metric [1–3], which is particularly useful
when investigating quantum gravity principles. This framework not only surpasses
traditional gauge theories but also offers a fertile ground for testing ideas like
the AdS/CFT correspondence [4], uncovering deep links between gravitational
theories and their boundary representations.

Three-dimensional gravity, with or without a cosmological constant, can be
formulated through a Chern-Simons action based on the AdS algebra and the
Poincaré algebra, respectively . At present, there is growing interest in developing
CS (super)gravity models based on extensions and deformations of the Poincaré
algebra, suggesting intriguing generalizations of GR. However, many aspects,
such as their solutions, thermodynamics, asymptotic symmetries, and higher-spin
extensions, are still not fully understood. Similarly, progress has been made in the
study of the Maxwell algebra in three dimensions.

The Maxwell symmetry, as well as its extensions with a non-vanishing cosmological
constant, have received a growing interest in the context of (super)gravity during
the last years [5–13]. The Maxwell algebra can be defined in any spacetime
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dimension and can be obtained by considering an extension and deformation
of the Poincaré symmetry. It was first introduced in the literature to describe
the presence of a constant classical electromagnetic background in Minkowski
spacetime [14–16]. In three spacetime dimensions, a gravity theory invariant under
this symmetry can be constructed using the CS formulation of gravity [17, 18].
The CS action turns out to be given by three independent sectors, one of them is
given by the usual Einstein-Hilbert (EH) term without a cosmological constant,
while the other sectors are given by the exotic Lagrangian [2] and a term which
involves the gravitational Maxwell field. The corresponding field equations are
those of Poincaré gravity, describing a torsionless and flat spacetime, plus a third
one involving the gravitational Maxwell gauge field. This theory has been deeply
studied in different contexts such as (super)gravity theories [5,6,12,19–31], higher-
spin extensions [32–36], non- and ultra-relativistic gravity theories [37–42] and
asymptotic symmetries [43–45].

Recently, significant attention has been given to the infinite-dimensional
symmetries of asymptotically flat spacetimes at null infinity, which were initially
proposed to be governed by the bms algebra, discovered over half a century ago
[46, 47]. In three dimensions, it has been demonstrated in [48, 49] that these
asymptotic symmetries are described by the bms3 algebra. One of the recent
results showed that the gravitational Maxwell field not only modifies the vacuum
of the CS theory but also its asymptotic structure [43]. The asymptotic symmetry
algebra in this case the asymptotic symmetry algebra is described by a deformed
bms3 algebra, denoted in this work as max-bms3, and which was first introduced
in [50] as an S-expansion of the Virasoro algebra. Asymptotic symmetries are
key physical symmetries in the theory, significantly influencing the system’s
state. Its relevance becomes even more important in topological theories like
three-dimensional gravity, where the dynamic is entirely captured by boundary
degrees of freedom and holonomies. Therefore, grasping the asymptotic dynamics
of extended (super)gravity theories is crucial, for instance, for developing dual
theories for three-dimensional extended supergravities. This topic is especially
compelling, as it could provide valuable insights into holography in non-AdS or
Poincaré contexts.

Within the context of higher-spin (HS) gravity in three-dimensional spacetime,
it was found in [33] the extension with spin-3 gauge fields of the Maxwell CS
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gravity. The underlying symmetry corresponds to a spin-3 extension of the Maxwell
algebra, denoted here as hs3max, allowing the inclusion of a new gauge field being
the spin-3 analogue of the gravitational Maxwell field. Interestingly, the hs3max

algebra can also be obtained as the vanishing cosmological constant limit of three
copies of the sl(3,R) algebra. Higher-spin fields have been of great interest due
to their appearance in the spectrum of string theory and simplified models of
the AdS/CFT conjecture [51–60]. In particular, in three-dimensions the coupling
of massless HS fields to anti-de-Sitter (AdS) gravity is consistently described
by a CS action whose gauge group is given, in the simplest case, by two copies
of SL(3,R) [61–63], which describes non-propagating spin-3 fields coupled to
AdS gravity. Despite the lack of local degrees of freedom, CS theories exhibit a
rich structure that merits further investigation. In fact, akin to the situation in
pure gravity, the SL(3,R) × SL(3,R) CS theory features interesting solutions,
including HS black holes [64–71] and conical singularities [72,73]. As explained
in [74], it is possible to perform the vanishing cosmological constant limit in a
straightforward way when an appropriate gauge is chosen, so that the HS black
hole solution reduces to a HS extension of locally flat cosmological spacetimes
[75,76]. Furthermore, the asymptotic symmetry of the HS AdS theory realizes two
copies of the centrally-extended W3 algebra [63,77], whose flat limit was studied
in [74,78–80].

It is the purpose of this thesis to extend the asymptotic conditions considered
for the Maxwell CS gravity in [43], to include spin-3 gauge fields non minimally
coupled to the theory. Thus, our results can be seen as a novel set of asymptotic
boundary conditions for higher spin gravity without cosmological constant in three
dimensions.

1.1. Outline

This thesis is organized as follows:

In Chapter 2 we review the theory of GR, the Einstein-Hilbert action and
introduce Cartan’s formalism for gravity.

In Chapter 3 we introduce the Chern-Simons form and the Chern-Simons
action. In particular, we briefly review the construction of the AdS and
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Maxwell CS gravity theories.

In Chapter 4 we review the CS higher-spin gravity theory in three dimensions.
Specifically, the construction of the three-dimensional Maxwell and AdS-
Lorentz gravities coupled to spin-3 fields is presented.

In Chapter 5 we review the asymptotic structure of three-dimensional gravity
and we show the main results of the previous work [43].

In Chapter 6 we provide the asymptotic symmetry algebra for the minimal
HS Maxwell CS gravity, which turns out to be given by a HS extension
of the deformed bms3 algebra, denoted as hs3maxbms3, with three central
charges. We propose suitable fall-off conditions for the gauge fields at infinity
and the gauge transformations preserving the boundary conditions. We
explicitly show that the hs3maxbms3 algebra can be found as the vanishing
cosmological constant limit (ℓ → ∞) of three copies of the W3 algebra. The
results presented in this chapter can be found in the published article [81].
Finally, in the last chapter we provide some discussion and possible future
developments.
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Capítulo 2

First order formulation for gravity

2.1. General Relativity in the Einstein Formalism

Geometry can be understood as the collection of statements that describe the
relationships among points, lines, and higher-dimensional submanifolds embedded
within a given manifold [3]. This general concept is often encapsulated in the metric
tensor gµν(x), which defines the notion of distance between two infinitesimally
close points with coordinates xµ and xµ + dxµ,

ds2 = gµνdx
µν . (2.1.1)

This is the case in Riemannian geometry, where all relevant objects defined on
the manifold (distance, area, angles, parallel transport operations, curvature, etc.)
can be constructed from the metric. The coordinate components of this tensor
correspond to the dot product between the ∂µ vectors of the coordinate basis

gµν ≡ ∂µ · ∂ν . (2.1.2)

The equation (2.1.2) introduce the dot product between arbitrary vectors A and
B, through

A ·B = (Aµ∂µ) · (Bν∂ν) ,

= AµBν(∂µ · ∂ν) ,

= gµνA
µBν .

(2.1.3)
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However, a distinction should be made between metric and affine features of
spacetime. Metricity refers to measurements of lengths, angles, volumes of objects
which are locally defined in spacetime. Affinity refers to properties which remain
invariant under translations, such as parallelism.

In differential geometry, parallelism is encoded in the affine connection Γα
βγ(x):

a vector u∥ at the point of coordinates x is said to be parallel to the vector u

at a point with coordinates x + dx, if their components are related by parallel
transport

uα
∥ (x) = uα(x+ dx) + dxµΓα

µβu
β(x) ,

= uα(x) + dxµ
[
∂µu

α + Γα
µβu

β(x)
]
.

(2.1.4)

The expression between parentheses corresponds to the covariant derivative of uα

with respect to the connection Γα
µβ, which we will denote as

Dµ ≡ ∂µu
α + Γα

µβu
β . (2.1.5)

As we have mentioned, the affine connection Γα
µβ(x) needs to be functionally related

to the metric tensor gµν(x). However, Einstein formulated GR adopting the point
of view that the spacetime metric should be the only dynamically independent
field, while the affine connection should be a function of the metric given by the
Christoffel symbol,

Γα
µβ =

1

2
gαλ(∂µgλβ + ∂βgλµ − ∂λgµβ) . (2.1.6)

Thus, in the original formulation of GR, Einstein considered that the spacetime
metric should be the only dynamically independent field, while the affine connection
should be a function of the metric, as shown by (2.1.6). However, it is important to
note that if we consider that these properties are not independent, it is necessary
to introduce a constraint: the torsion tensor is assumed to be zero on the entire
variety.

Using the definition (2.1.5) it is possible to calculate how the commutator of two
covariant derivatives acts on a vector uα

[Dµ, Dν ]u
α = Rα

βµνu
β − T λ

µνDλu
α , (2.1.7)
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where T λ
µν corresponds to the torsion tensor and Rα

βµν is known as the Riemann
curvature tensor, which is given by

Rα
βµν ≡ ∂µΓ

α
νβ − ∂νΓ

α
µβ + Γα

µλΓ
λ
νβ − Γα

νλΓ
λ
µβ . (2.1.8)

We also define

Rµν = Rα
µαν , (2.1.9)

R = gµνRµν , (2.1.10)

which are known as the Ricci tensor and the Ricci scalar curvature, respectively.

2.2. Einstein-Hilbert Action

It is a well-known fact that Einstein’s field equations (in vacuum)

Rµν −
1

2
gµνR = 0 , (2.2.1)

can be obtained from a variational principle

Ig =

∫
d4xLg =

∫
d4x

√
−gLg , (2.2.2)

where g = det(gµν) < 0 is the determinant of the metric tensor. Since the field
equations contain derivatives of the metric up to second order, the scalar Lg must
contain only the components of the metric tensor gµν and its first derivatives
through the affine connection Γα

µν . However, it is not possible to construct an
invariant scalar from only gµν and Γα

µν . In 1915, this problem was solved by the
mathematician David Hilbert. Suppose that Lg is an invariant scalar that, in
addition to containing gµν and its first derivatives, also contains second derivatives.
Of all the curvature scalars that can be formed in four dimensions, Hilbert chose
the Ricci scalar curvature R, since it is uniquely linear in the second derivative of
gµν and provides us with second-order equations for the metric. Thus we have that

I
(4)
EH =

∫
d4x

√
−gR . (2.2.3)
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The variation of the action leads us to the Einstein field equations (2.2.1).

So far, we have reviewed the formulation of GR considering that the metric and
affine properties are not independent. For this, it was necessary to introduce a
constraint: the torsion tensor was assumed to be zero on the entire manifold.
However, these properties can be considered as independent notions.

In the following sections, the formulation of the theory of GR will be briefly
reviewed, considering the independence of metricity and parallelism. This
formalism is known as Cartan gravity (when working with differential forms)
or Palatini formalism (in the tensor formulation).

2.3. Vielbein, Lorentz connection, Curvature, and

Torsion

2.3.1. Vielbein

As is shown in [82] the equivalence principle allows us to choose a coordinate
system in which the spacetime looks locally as Minkowski. This choice can be
implemented through the vielbein eaµ(x) as

gµν(x) = eaµ(x)ηabe
b
ν(x) , (2.3.1)

where ηab = diag(−,+, . . . ,+) is the Minkowski metric. From hereon, latin and
greek characters denote Lorentz and spacetime indices, respectively.

Looking at the left-hand side of Eq. (2.3.1), one observes that there are D(D+1)/2

independent components of the metric, since it represents a symmetric rank-2
tensor in D− dimension. The vielbein, on the other hand, has no symmetries on
their indices whatsoever, and it has therefore D2 independent component. This
means that, given a metric, the choice of the vielbein is not unique. Nevertheless,
the difference in their independent components exactly D2−D(D+1)/2 = D(D−
1)/2, which matches precisely the number of generators of the local Lorentz group
in D−dimensions. The vielbein, on the other hand, has no symmetries on their
indices whatsoever and it has therefore D2 independent components. this means
that, given a metric, the choice of the vielbein is unique. Nevertheless, the difference
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in their independent components is exactly D2 − D(D + 1)/2 = D(D − 1)/2,
which matches precisely the number of generators of the local Lorentz group in
D−dimensions. Therefore, all the equivalence choices of the vielbein are related
by Λa

b(x) ∈ SO(1, D − 1) as

e′aµ(x) = Λa
be

b
µ(x) . (2.3.2)

Additionally, Eq. (2.3.1) requires that the vielbein field transform as a 1-form
under general coordinate transformations, that is

e′aµ(x
′) =

∂xν

∂x′µ e
a
ν(x) . (2.3.3)

If the vielbein is a non-singular matrix, i.e, det eaµ ̸= 0, then there exist and
inverse vielbein field Eµ

a such that Eµ
ae

b
µ = δab and Eµ

ae
a
ν = δµν . The inverse

vielbein transforms according to

E ′µ
a(x) = Λb

aE
µ
b and E ′µ

a(x
′) =

∂x′µ

∂xν
Eν

a(x) , (2.3.4)

under local Lorentz transformations and general coordinate transformations,
respectively. Using the inverse vielbein, it is possible to rewrite the Eq. (2.3.1) in
terms of

Eµ
a(x)gµν(x)E

ν
b(x) = ηab . (2.3.5)

In fact, it is possible to change the coordinate basis of a type-(p, q) spacetime
tensor to a Lorentz one, and vice versa, via

T
a1...ap

b1...bq
= ea1µ1

. . . eapµp
. . . Eν1

bq
T µ1...µq

ν1...νq
, (2.3.6)

T µ1...µp
ν1...νq

= Eµ1
a1
. . . Eµp

ap . . . e
b1
µ1
T

a1...ap
b1...bq

. (2.3.7)

The components of the inverse vielbein field at some point p ∈ M with local
coordinates xµ, can be used to construct the vector basis on the tangent space as
Ea = Eµ

a∂µ. Analogously, the vielbein 1-form defined as

ea = eaµdx
µ , (2.3.8)

can be used to construct a new basis for the vector space Ωp(M) of differential
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forms. Thus, the inverse vielbein spans an orthonormal basis for vector fields, in
the same way as the vielbein 1-form spans an orthonormal basis for differential
forms. For instance, it is possible to define a differential p−form using

α =
1

p!
αµ1...µpdx

µ1 ∧ · · · ∧ dxµp =
1

p!
αa1...ape

a1 ∧ · · · ∧ eap . (2.3.9)

2.3.2. The Lorentz connection

In order to define covariant derivatives under local Lorentz transformations, we
need to introduce a gauge connection for such a group. This is called the Lorentz
connection 1-form denoted by ωa

b(x) = ωa
bµ(x)dx

µ, whose transformation law
under SO(1, D − 1) is given by

ωa
b → ω′a

b = Λa
cω

c
dΛ

d
b + Λa

bdΛ
c
d . (2.3.10)

In this way, we can define the exterior covariant derivative with respect to ωa
b

denoted by D, as a map D : Ωp(M) → Ωp+1(M) acting on Lorentz tensor
T

a1...ap
b1...bq

∈ Ωp(M) as

DT
a1...ap

b1...bq
= dT

a1...ap
b1...bq

+ ωa1
c1
∧ T

c1...ap
b1...bq

+ · · ·+ ωap
cp ∧ T

a1...cp
b1...bq

−ωc1
b1
∧ T

a1...ap
c1...bq

− · · · − ω
cq
bq
∧ T

a1...ap
b1...cq

. (2.3.11)

This object transforms covariantly under local Lorentz transformations, provided
that the Lorentz connection transform as (2.3.10).

2.3.3. Volume element

The Levi-Civita symbol ϵa1...aD is an invariant tensor under SO(1, D − 1), where

ϵa1...aD =


+1, for even permutation of a1 . . . aD ,

−1, for odd permutation of ad . . . aD ,

0, if any of the indices appears repeated at least once.

(2.3.12)
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The volume element D−form, denoted by ϵ, can be defined by means of the
Levi-Civita symbol according to

ϵ =
1

D!
ϵa1...aDe

a1 ∧ . . . eaD ,

=
1

D!
ϵa1...aDe

a1ea1µ1
. . . eaDµD

dxµ1 ∧ · · · ∧ dxµD = edDx , (2.3.13)

where e = deteaµ, dDx = 1
D!
ϵµ1...µD

dxµ1 ∧ · · · ∧ dxµD , and we have used the formula
of the determinant of a D ×D matrix Ma

b

det Mϵa1 ...aD
= ϵm1...mD

Mm1
a1
. . .MmD

aD
. (2.3.14)

Moreover, the volume element satisfies iaD...apcp+1...cDϵb1...bpcp+1...cD . Using the
identity

ϵa1...apcp+1...cDϵb1...bpcp+1...cD = −p!(D − p)!δa1[b1 . . . δ
ap
bp]

, (2.3.15)

for Lorentzian manifolds, we arrive to

ea1 ∧ · · · ∧ eaD = −ϵa1...aDedDx , (2.3.16)

which can be regarded as the covariant volume element upon the identification
√
−g = e from Eq. (2.3.1)

2.3.4. Cartan’s structure equations

The curvature and torsion 2-forms are defined through the Cartan’s structure
equations, which are given by

Ra
b = dωa

b + ωa
c ∧ ωc

b =
1

2
Rab

cde
c ∧ ed , (2.3.17)

T a = dea + ωa
b ∧ eb =

1

2
T a

bce
b ∧ ec . (2.3.18)

Moreover, they satisfy the Bianchi identities

DRa
b = 0 and DT a = Ra

b ∧ eb. (2.3.19)

The curvature and torsion 2−forms will play an essential role in gravitational
theories written in Cartan’s language. This stems from the fact these objects
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transform as tensors under SO(1, D−1) and they can be used to construct invariant
action principles. Even more, they encode the dynamics of the fundamental fields
ea and ωa

b, since they are constructed out of their derivatives.

2.4. Einstein-Hilbert action in differential forms

In the context of the Cartan formalism, the Einstein-Hilbert action in 4 dimensions
is given by

I
(4)
EH =

∫
εabcdR

abeced , (2.4.1)

where Rab = dωab + ωa
cω

cb is the 2-form curvature and ea is the vielbein.

To check that this action corresponds effectively to the Einstein-Hilbert action
written in tensor language, it is necessary to explicitly write the basis of differential
forms in the vierbein. Thus, first, expanding the 2-form curvature Rab in the basis
of 2-forms {eiej}, we obtain

εabcdR
abeced = εabcdR

ab
ije

iejeced . (2.4.2)

Now we expand the equation in the basis {dxµ}

εabcdR
abeced = εabcdR

ab
ije

i
µe

j
νe

c
ρe

d
σdx

µdxνdxρdxσ , (2.4.3)

= εabcdR
ab
ije

i
µe

j
νe

c
ρe

d
σε

µνρσd4x , (2.4.4)

where we used the fact that

dxµdxνdxρdxσ = εµνρσdx0dx1dx2dx3 = εµνρσd4x . (2.4.5)

Using the well-known result

εi1...in = ei1µ1
. . . eµ1...µn

µn
(det e)−1 , (2.4.6)

we can write
eiµe

j
νe

c
ρe

d
σε

µνρσ = εijcd(det e) . (2.4.7)
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Therefore, making use of the identities

δ =
(n− s)!

(n− r)!
δ j1...js
h1...hs

, (2.4.8)

= r!Bj1...jr . (2.4.9)

We have to

εabcdR
abeced = εabcdR

ab
ijε

ijcd(det e)d4x , (2.4.10)

= δ ijcd
abcd Rab

ij(det e)d
4x , (2.4.11)

= 2δ ij
ab Rab

ij(det e)d
4x , (2.4.12)

= 4Rij
ij(det e)d

4x . (2.4.13)

Finally, since Rij
ij = R and that det e =

√
−g,

εabcdR
abeced = 4

√
−gRd4x . (2.4.14)

Thus, ∫
εabcdR

abeced = 4

∫ √
−gRd4x . (2.4.15)

This shows us the equivalence between the Einstein-Hilbert action written in
differential forms and that written in tensor language.

2.5. Equations of motion in Cartan formalism

To obtain the equations of motion, we must perform the variation of the action
assuming that δea and δωab are infinitesimal variations, so we have that

δI =

∫
(δRabeced +Rabδeced +Rabecδed) , (2.5.1)

=

∫
εabcd(δR

abeced + 2Rabecδed) . (2.5.2)
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where we have made use of the antisymmetric property of the levi-civita. From
the definition of the 2-form curvature we can write

δRab = δωab + δωa
cω

cd + ωa
cδω

cb , (2.5.3)

= dδωab + ωb
cδω

ac + ωa
cδω

cb , (2.5.4)

= D(δωab) . (2.5.5)

Then replacing above we found,

δI =

∫
εabcd(D(δωab)eced + 2Rabecδed) , (2.5.6)

=

∫
εabcd(D(δωabeced) + δωabDeced − δωabecDed + 2Rabecδed) , (2.5.7)

=

∫
d(εabcdδω

abeced) + 2

∫
εabcdδω

abT ced + 2

∫
εabcdR

abecδed . (2.5.8)

The first term corresponds to a boundary term and can be depreciated by requiring
that the variation of the spin connection ωab vanishes at the boundary of spacetime.
The other two terms are independent and give the necessary conditions for the
vanishing of δS. That is, δS = 0 requires that the following equations of motion
be satisfied in vacuum:

εabcdR
abec = 0 , (2.5.9)

εabcdT
ced = 0 . (2.5.10)

The first equation is actually equivalent to Einstein’s field equations, while the
second expresses the cancellation of torsion.

2.6. Invariance of Einstein-Hilbert action

2.6.1. Poincaré group

One of the simplest examples of a gauge theory for gravity is obtained considering
the Poincaré group. The generators of this group are given by

TA = (Pa, Jab) , (2.6.1)
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where Pa corresponds to the translations generators and Jab = −Jba are the
Lorentz rotations. The generators of the Poincaré group satisfy the Lie algebra

[Jab, Jcd] = ηcbJad − ηcaJbd + ηdbJca − ηdaJcb , (2.6.2)

[Jab, Pc] = ηbcPa − ηacPb , (2.6.3)

[Pa, Pb] = 0 . (2.6.4)

In this case, the theory has two gauge fields, the spin connection ωab and the
vielbein ea. The fundamental observation is that

{
ea, ωab

}
, consider as, a multiplet

in the adjunt representation of the Poincaré group. This observation is the key,
since it allow us to write the 1-form connection as

A = AATA =
1

ℓ
eaPa +

1

2
ωabJab . (2.6.5)

The introduction of the length parameter ℓ is necessary in order to interpret the
vielbein as the gauge field associated to the translation generator Pa. Indeed, one
can always choose the generators of a dimensionless Lie algebra TA so that the
1-form connection A must also be dimensionless. However, the vielbein ea = eaidx

i

must have dimension of length by being related to the spacetime metric gik =

eaie
b
kηab through the equation ab. So the gauge field must be of the form ea/ℓ,

where ℓ is a length parameter.

Similarly it is possible to write the 2-form field intensity associated with the 1-form
connection A as

F ≡ dA+ A2 , (2.6.6)

F ≡ FATA =
1

ℓ
T aPa +

1

2
RabJab . (2.6.7)

It is important to note that in this context, torsion is interpreted as the field
strength related to translations and curvature is related to the field strength
of Lorentz rotations. Note further that the explicit expressions for torsion and
curvature given in terms of gauge potentials are obtained as a direct consequence
of the commutation relations of Poincaré algebra. This formalism explicitly shows
the close relationship between the geometrical structure of the manifold and the
algebraic structure of the fundamental symmetry group.
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Next, if we want to know how the 1-form connection A transforms under the
Poincaré group, it is necessary to remember that the transformation law depends
on how the group is exponentiated. Let the exponentiation

U = e−λ = e−λATA . (2.6.8)

We know that the invariance of the theory must be define through a covariant
derivative

D = d+ A , (2.6.9)

where A transform under the group as

A → A′ = UAU−a + UdU−1 . (2.6.10)

Then making use of the equation (2.6.8) it is possibly to show that

A′ = A+ dλ+ [A, λ] , (2.6.11)

transforms as
δA = Dλ .

Let us consider now the parameter of the transformation, which can be built as

λ = λATA =
1

l
λaPa +

1

2
λabJab , (2.6.12)

≡ 1

l
ρaPa +

1

2
κabJab . (2.6.13)

Then, if we introduce (2.6.13) in (2.6.1) we found

δA =
1

l
(dρa + ωa

bρ
b + ecκ

ca)Pa +
1

2
(dκab + ωacκ b

c + ωbcκa
c)Jab , (2.6.14)

≡ 1

l
(Dρa + ecκ

ca)Pa +
1

2
DκabJab . (2.6.15)

since
δA =

1

l
δeaPa +

1

2
δωabJab , (2.6.16)

we have that the components ea y ωab of the connection have the following
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transformation law

δea = Dρa + ecκ
ca , (2.6.17)

δωab = dκab + ωacκ b
c + ωbcκa

c , (2.6.18)

so that under local Poincare translations we have that

δea = Dρa , (2.6.19)

δωab = 0 , (2.6.20)

and under Lorentz transformations

δea = ecκ a
c , (2.6.21)

δωab = Dκab . (2.6.22)

The next step is to analyze the invariance of the Einstein-Hilbert action
under the transformation laws derived for the Poincaré group. Establishing the
invariance of a gravitational action under a given symmetry group is essential for
formulating gravity as a gauge theory. However, as we will demonstrate below,
the four-dimensional Einstein-Hilbert action is not invariant under local Poincaré
translations.

2.7. Invariance of the EH action under the

Poincaré group

The EH action in D = 4 dimensions

I =

∫
εabcdR

abeeed , (2.7.1)

is, by construction, invariant under general coordinate transformations and under
Lorentz rotations. However, we will show below that this action is not invariant
under local Poincaré translations. Let us consider in fact the variation of the
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action,

δtlpI = δ

∫
εabcdR

abeced , (2.7.2)

=

∫
d(εabcdδω

abeced) + 2

∫
εabcdδω

abT ced + 2

∫
εabcdR

abecδed . (2.7.3)

Then, since under local Poincaré translations, the Vierbein and the spin connection
transform as

δea = Dρa , (2.7.4)

δωab = 0 , (2.7.5)

we have that

δtlpI = 2εabcdR
abecDρd , (2.7.6)

= −2

∫
d(εabcdR

abecρd) + 2

∫
εabcdR

abT cρd , (2.7.7)

where we have made use of the Bianchi identity DRab = 0. Then, except for border
terms, we have that

δtlpI = 2

∫
εabcdR

abT cρd ̸= 0 . (2.7.8)

Thus, the Einstein-Hilbert action remains invariant under the Poincaré group
only if the torsion is constrained to vanish. However, the condition T a = 0 is not
preserved under local Poincaré translations. In fact, it can be shown that

δT a = δ(Dea) = D(δea) = DDρa , (2.7.9)

= Rabρb ̸= 0 . (2.7.10)

The lack of invariance of the four-dimensional Einstein-Hilbert action may seem
unexpected, as translations are often regarded as coordinate transformations.
However, a coordinate transformation corresponds to a Lie derivative, meaning
that gauge translations are fundamentally different from general coordinate
transformations.

Nevertheless, within the second-order formalism, imposing the condition T a = 0

allows gauge translations to be treated as general coordinate transformations. In
this case, the component ωab of the connection becomes a dependent field.
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Finally, it is worth noting that in three-dimensional spacetime (D = 3), the
situation is fundamentally different. Indeed, under local Poincaré translations, it
can be shown that

δtlpI
(3)
EH = δ

∫
εabcR

abec , (2.7.11)

=

∫
εabc(δR

ab)ec +

∫
εabcR

abδec , (2.7.12)

=

∫
εabcd(δω

abec)−
∫

εabcδω
abDec +

∫
εabcR

abδec , (2.7.13)

=

∫
εabcR

abDρc , (2.7.14)

which can be rewritten as

δtlpI
(3)
EH =

∫
εabcd(R

abρc) +

∫
εabcDRabρc . (2.7.15)

Thus, apart from a boundary term and utilizing the Bianchi identity, the invariance
of the three-dimensional action under local Poincaré translations is ultimately
established.

δtlpI
(3)
EH = 0 . (2.7.16)

Since this action is inherently invariant under Lorentz rotations, it follows that in
three dimensions, one can formulate a gravitational action that remains invariant
under the Poincaré group. Moreover, this invariance extends to all odd dimensions,
a property that will be further examined in the context of Chern-Simons gravity
theories.
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Capítulo 3

Chern-Simons gravity theory

The Standard Model of high-energy physics is an exceptionally successful theory,
providing precise and predictive descriptions of particle interactions [3]. This model
accounts for three of the four fundamental forces of nature: electromagnetism, the
weak interaction, and the strong interaction. At its core, the Standard Model is
governed by a Yang-Mills action, predicated on the principle that nature exhibits
invariance under a set of transformations that act independently at each point
in spacetime—referred to as local or gauge symmetry. Crucially, the Yang-Mills
theory relies on the presence of a non-dynamical background metric structure.
Specifically, the Minkowski metric, ηµν = diag(−1,+1,+1,+1), is indispensable
for the formulation of the gauge theory, as becomes evident in the structure of
the action

I = −1

4

∫
d4xFµνF

µν = −1

4

∫
d4xηµρηνλF

ρλF µν . (3.0.1)

This implies that, in Yang-Mills theory, the space-time metric represents a fixed,
non-dynamical background.

On the other hand, gravity described by GR is invariant under general coordinate
transformations. This invariance is a local symmetry, analogous to the gauge
invariance of the other three interactions, however, GR does not qualify as a gauge
theory, except in three dimensions. However, there is a major difference: in GR,
the metric is a dynamical object, which has independent degrees of freedom and
obeys dynamical equations of motion given by Einstein’s equations. This tells us
that in the general theory of relativity, the geometry is dynamically determinate.
Thus, the construction of a gauge theory for gravity requires an action that does
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not consider a fixed space-time background, or in other words, does not consider
a fixed background metric.

We will see that the only way to formulate an action for gravity is to construct it
in terms of a connection, without assuming a fixed space-time background.

In odd dimensions D = 2n+1, an action satisfying these conditions was proposed
by Chamseddine in refs [83–85] . In the first-order formalism, the action can be
written as

L(2n+1)
g = κεa1...a2n+1

n∑
k=0

ck
l2(n−k)+1

Ra1a2 . . . Ra2k−1e22k+1 . . . ea2n+1 , (3.0.2)

where

ck =
1

2(n− k) + 1

(
n

k

)
, (3.0.3)

the constants and ck are dimensionless and l is a length parameter.

3.1. Chern-Simons Forms

The CS forms have been studied from different points of view, see for example refs
[3, 86–89]. Let us see a brief construction of these CS forms: Let {Ta} be a basis
for the Lie algebra g of a group G. Let A be the 1-form gauge-valued connection
in the Lie algebra g

A = AATA , (3.1.1)

whose 2-form curvature is given by

F = dA+
1

2
[A,A] . (3.1.2)

We can define the following characteristic class as the product of n+ 1 curvatures

P (2n+2) =
〈
F n+1

〉
, (3.1.3)

where ⟨. . .⟩ denotes a symmetric invariant tensor of rank n+ 1 for g and P (2n+2)
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is a 2n+ 2 invariant form. Furthermore, it can be shown that

dω2n+1 =
〈
F n+1

〉
, (3.1.4)

where ω2n+1 is the CS form associated with the characteristic class , and is a local
polynomial function of the 1-form A valued in the Lie algebra g. Explicitly this is
given by

ω2n+1 = (n+ 1)

∫ 1

0

dt
〈
A(tdA+ t2A2)n

〉
. (3.1.5)

Under infinitesimal gauge transformations of the form

δλA = dλ+ [A, λ] , (3.1.6)

the CS form is gauge invariant modulo boundary terms. Now, if we perform this
gauge transformation on both sides of , we find

dδω2n+1 = 0 , (3.1.7)

and by Poincaré’s lemma, δω2n+1 is an exact form.

Under a non-infinitesimal gauge transformation

A → Ag = g−1Ag + g−1dg , (3.1.8)

the CS form transforms as

ωg
2n+1 = ω2n+1 + dβ + (−1)n

n!(n+ 1)!

(2n+ 1)!

〈
(g−1dg)2n+1

〉
, (3.1.9)

where β is a 2-form, which is a function of A and depends on g through the
combination g−1dg.

From the above, we can state the following lemma [3]

Lemma: Let P(F ) be an invariant 2n−form constructed with the
field strength F = dA+A2, where A is the connection for some gauge
group G. If there exists a 2n − 1 form, C, depending on A and dA,
such that dC = P , then under a gauge transformation, C changes by
a total derivative (exact form) δC = d(something)
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Since the CS form changes to an exact form, it can be used as a Lagrangian
for a gauge theory for the gauge connection A. It should be emphasized that
ω2n+1 denotes a non-trivial Lagrangian which is not invariant under gauge
transformations, but which changes to a function which depends only on the
fields at the boundary: that is, quasi-invariant. This is sufficient to define a
physical Lagrangian such that the principle of least action considers variations
of the fields subject to appropriate boundary conditions. In this way it is always
possible to select the boundary condition on the fields such that δω2n+1 = 0.

3.2. Chern-Simons Action

As we have already seen, CS forms can be used to construct gauge-invariant
actions. A CS action is completely characterized if the Lie algebra g and the
invariant tensor are known. In a 2n+ 1-dimensional spacetime, the CS action is
given by

I = (n+ 1)k

∫
M

∫ 1

0

dt
〈
A(tdA+ t2A2)n

〉
. (3.2.1)

By varying the action with respect to the connection we obtain the corresponding
equations of motion

⟨F nTa⟩ = 0 . (3.2.2)

However, despite the presence of powers of curvature greater than two in the action,
the equations of motion are of first order in A. In the following, three-dimensional
CS gravity will be described using the AdS group. In addition, in the following
chapters of the thesis gravity will be described using the Maxwell group and its
extension with spin-3 generators.

3.3. AdS Chern-Simons gravity theory

Let us briefly review three-dimensional AdS CS gravity theory, whose underlying
symmetry corresponds to the AdS algebra. The generators of the AdS algebra
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(Ja, Pa) satisfy the following commutation relations:

[Ja, Jb] = ϵabcJ
c , (3.3.1)

[Ja, Pb] = ϵabcP
c , (3.3.2)

[Pa, Pb] =
1

ℓ2
ϵabcJ

c , (3.3.3)

where a, b, . . . = 0, 1, 2 are Lorentz indices raised and lowered with the Minkowski
metric ηab, ϵabc is the Levi-Civita tensor in three dimensions and ℓ is the AdS
radius. The 1-form gauge connection valued in the AdS algebra takes the form1

A = eaPa + ωaJa , (3.3.4)

where ea and ωa are interpreted as the Vielbein and the spin connection,
corresponding to the gauge fields associated to Pa and Ja, respectively. The
corresponding curvature two-form is

F = T aPa +

(
Ra +

1

2ℓ2
ϵabcebec

)
Ja , (3.3.5)

where

Ra = dωa +
1

2
ϵabcωbωc , (3.3.6)

T a = Dea = dea + ϵabcωbec , (3.3.7)

correspond to the Lorentz curvature and torsion two-forms, respectively. The
Lorentz covariant derivative is defined by Dva = dva + ϵabcωbvc.

Since this algebra admits an invariant bilinear form, whose only non-vanishing
components are given by ⟨JaPb⟩ = ηab

2, the three-dimensional CS action

ICS [A] =
k

4π

∫
M

〈
AdA+

2

3
A3

〉
, (3.3.8)

1Here, ωa = 1
2ϵabcω

bc is the dual spin-connection one-form.
2For simplicity, we have omitted here the component ⟨JaJb⟩ ∼ ηab which allows for the exotic
term in the AdS CS action
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with k = 1
4G

, reduces, up to boundary terms, to

I[e, ω] =
k

4π

∫
2Raea +

1

3ℓ2
ϵabce

aebec . (3.3.9)

Note that this is precise form of the action of three-dimensional GR with negative
constant −1/ℓ2. The field equations F = 0 imply that

Ra = − 1

2ℓ2
ϵabcebec , T a = Dea = 0 , (3.3.10)

which means that the spacetime curvature is constant and it has vanishing
torsion. Here D denotes the Lorentz covariant derivative. By construction, the
action changes by a boundary term under the following infinitesimal local gauge
transformations spanned by the parameter λ = ξaPa + ΛaJa

δea = Dξa − ϵabcΛbec , δωa = DΛa − 1

ℓ2
ϵabcξbec . (3.3.11)

Note that after performing the flat space limit ℓ → ∞ the AdS CS gravity reduces
to the Poincaré CS gravity theory. Indeed, the flat limit can be applied at the
level of the AdS algebra, the invariant tensor, the field equations, and the gauge
transformations.

It is worth noting that the AdS algebra in three dimensions so(2, 2) is isomorphic
to two copies of the spacial linear algebra in two dimensions, sl(2, R). Then
g = g++g−, where g± stands for two copies of sl(2, R). The sl(2, R) algebra reads

[Li, Lj] = (i− j)Li+j , (3.3.12)

where the generators Li, with i = −1, 0, 1, are assumed to be the same for both
copies and are chosen to be

L−1 =

(
0 0

1 0

)
, L0 =

1

2

(
−1 0

0 1

)
, L1 =

(
0 −1

0 0

)
. (3.3.13)

Splitting the connection in two independent sl(2, R)− valued gauge fields,
according to A = A+ + A−, the Chern-Simons action reduces to

ICS = ICS[A
+]− ICS[A

−] . (3.3.14)
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3.4. Maxwell Chern-Simons gravity theory

It is known since 1970, see [15], that the presence of a constant classical
electromagnetic field background in Minkowski space-time leads to the modification
of Poincaré symmetries. One obtains the enlargement of Poincaré algebra, called
Maxwell algebra [14,90] which is obtained by the replacement of the commutative
momentum generators Pa, (a = 0, 1, . . . , d) by

[Pa , Pb] = ieZab , Zba = −Zab , (3.4.1)

where e is the electromagnetic coupling constant.

In this section, using the CS formalism, we review the three-dimensional gravity
theory based on the Maxwell algebra. In three-dimensions, the Maxwell algebra is
generated by translations Pa, Lorentz transformations Ja and an Abelian ideal of
generators Za satisfying the commutation relations

[Ja, Jb] = ϵabcJ
c , [Pa, Pb] = ϵabcZ

c ,

[Ja, Zb] = ϵabcZ
c , [Za, Zb] = 0 , (3.4.2)

[Ja, Pb] = ϵabcP
c , [Za, Pb] = 0 .

All generators are anti-Hermitean. Note that the generators (Pa, Ja) do not form
a Poincaré subalgebra of (3.4.2) because the translations Pa do not commute.
At first sight, it looks like Za should be interpreted as the Poincaré translations
because the set (Za, Ja) is closed, forming a Poincaré subalgebra. However, as
we shall see below, identifying Pa with the translational generator gives a good
gravitational dynamics, where GR is reproduced in a particular limit. For the
present algebra (3.4.2), the relevant tensor in three-dimensional has rank 2, and
its components are given by

⟨JaJb⟩ = α0 ηab , ⟨PaPb⟩ = α2 ηab ,

⟨JaPb⟩ = α1 ηab , ⟨ZaZb⟩ = 0 ,

⟨JaZb⟩ = α2 ηab , ⟨ZaPb⟩ = 0 ,

(3.4.3)

where ⟨. . . ⟩ stands for a non-degenerate invariant symmetric bilinear form and α0,
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α1 and α2 are dimensionless constants. The fundamental field associated to the
Maxwell algebra is the one-form potential

A = eaPa + ωaJa + σaZa , (3.4.4)

whose components are the vielbein ea(x), the spin connection ωa(x) and the
gravitational Maxwell gauge field σa(x). The dynamics of the field A in three
dimensions is described by the CS action (3.3.8). The Maxwell symmetry is
guaranteed, up to a total derivative, by the use of the Maxwell gauge field (3.4.4),
the invariant tensor (3.4.3) and the algebra (3.4.2). The CS action with Maxwell
symmetry reads

I[A] =
k

4π

∫
M

[
α0

(
ωadωa +

1

3
ϵabcωaωbωc

)
+ 2α1Rae

a

+ α2 (T
aea + 2Raσa)− d (α1ω

aea + α2ω
aσa)

]
. (3.4.5)

The first term in the action is the gravitational CS term with the coupling constant
α0. Next term is the EH one, so that its coupling can be normalized to α1 = 1 . The
last term, with the coupling constant α2, gives the dynamics to the gravitational
Maxwell field and also contributes of the other fields.

The action (3.4.5) is invariant, up to boundary terms, under the action of the
infinitesimal gauge transformations, δA = dλ + [A, λ]. In terms of components,
the local gauge parameter reads λ = ξa(x)Pa +Λa(x)Ja + χa(x)Za, and the gauge
field change as

δλe
a = Dξa − ϵabcΛbec , (3.4.6)

δλω
a = DΛa , (3.4.7)

δλσ
a = Dχa + ϵabc(eaξc − Λbσc) . (3.4.8)

Extremization of the action (3.4.5) gives rise to the following equations of motion,

δea : 0 = α1Ra + α2Ta , (3.4.9)

δωa : 0 = α0Ra + α1Ta + α2

(
Dσa +

1

2
ϵabce

bec
)

, (3.4.10)

δσa : 0 = α2Ra , (3.4.11)
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where the curvature and torsion two-forms are Ra = dωa + 1
2
ϵabcωbωc , and

T a = Dea , respectively. In the limit α2 = 0, the equations of motion of GR
are recovered without (α0 = 0) and with (α0 ̸= 0) the gravitational CS term.
When α2 ̸= 0, the above equations can be equivalently written as

T a = 0 , (3.4.12)

Ra = 0 , (3.4.13)

Dσa +
1

2
ϵabcebec = 0 . (3.4.14)

Similarly to GR, the geometries described by the equations of motion (3.4.13)
are Riemannian (torsionless) and locally flat. A difference with respect to GR is
that the gravitational Maxwell field, σa, does not vanish on-shell when α2 ≠ 0.
This can be seen by multiplying the last equation in (3.4.13) by ea, which on-shell
means that D(σaea) is proportional to the volume form and, therefore, cannot
vanish. Furthermore, σa couples to the geometry through the interaction with
other fields that backreact on it on-shell, that leads to new effects compared to
GR. For example, it modifies the asymptotic sector of the spacetime and the
asymptotic charges of the solutions (See section 5.3).
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Capítulo 4

Chern-Simons higher-spin gravity

theories in three dimensions

Higher-spin (HS) fields have received great interest due to their appearance in
the spectrum of string theory and simplified models of the AdS/CFT conjecture
[51–60]. In particular, in three dimensions the coupling of massless HS fields to AdS
gravity is consistently described by a CS action whose gauge group is given, in the
simplest case, by two copies of SL(3,R) [61–63], which describes non-propagating
spin-3 fields coupled to AdS gravity. The extension of the previously described
Maxwell CS gravity with spin-3 gauge fields was also found in [33]. The underlying
symmetry corresponds to a spin-3 extension of the Maxwell algebra, denoted here
as hs3max, allowing the inclusion of a new gauge field, which is the spin-3 analogue
of the gravitational Maxwell field. This chapter is devoted to reviewing these HS
gravity theories.

4.1. Review of SL(3,R) × SL(3,R) Chern-Simons

gravity

The spin-3 extension of three-dimensional AdS gravity can be formulated as a
CS theory for the group SL(3,R)× SL(3,R) [77]. As pure gravity corresponds to
the SL(2,R)× SL(2,R) sector of the theory, the field content of the full theory
is determined by the embedding of the sl(2,R) algebra in sl(3,R). The sl(3,R)
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algebra is defined by the commutation relations

[Li, Lj] = (i− j)Li+j ,

[Li,Wm] = (2i−m)Wi+m ,

[Wm,Wn] =
σ

3
(m− n)(2m2 + 2n2 −mn− 8)Lm+n ,

(4.1.1)

where i, j = −1, 0, 1 and m,n = −2,−1, 0, 1, 2. Here, we consider σ < 0 1and the
corresponding Killing form in the fundamental representation is normalized such
that

⟨L0L0⟩ =
1

2
, ⟨W0W0⟩ = −2

3
σ ,

⟨L1L−1⟩ = −1 , ⟨W2W−2⟩ = −4σ ,

⟨W1W−1⟩ = σ .

(4.1.2)

The algebra sl(2,R) can be non-trivially embedded in sl(3,R) in two inequivalent
ways: the principal embedding {L0, L±1}, which gives rise to an interacting theory
of massless spin−2 and spin−3 field; and the diagonal embedding

{
1
2
L0,

1
4
W±2

}
,

leading to a theory for a spin−2 field, two spin−3/2 fields and a spin−1 current
[67, 68]. As we want to describe gravity coupled to spin−3 matter fields, the
principal embedding of sl(2,R) in sl(3,R) will be considered throughout this
thesis. For our purposes it will be convenient to write sl(3,R) in the form

[Ja, Jb] = ϵabcJ
c ,

[Ja, Jbc] = ϵma(bTc)m ,

[Tab, Tcd] = σ
(
ηa(cϵd)bm + ηb(cϵd)am

)
Jm , (4.1.3)

where the generators {Ja, Tab} are related to those of (4.1.1) by

J0 =
1
2
(L−1 + L1) ,

J1 =
1
2
(L−1 − L1) ,

J2 = L0 ,

(4.1.4)

1As discussed in [77], the case sl(3,R) arises for σ < 0, whereas σ > 0 corresponds to the su(1, 2)
algebra. To ensure generality, we will consider an arbitrary σ, while emphasizing that our
primary focus is on the negative values of σ.
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T00 =
1
4
(W2 +W−2 + 2W0) ,

T11 =
1
4
(W2 +W−2 − 2W0) ,

T22 = W0 ,

T01 =
1
4
(W2 −W−2) ,

T02 =
1
2
(W1 +W−1) ,

T12 =
1
2
(W1 −W−1) .

(4.1.5)

In this case, instead of 8 generators of the fundamental representation, there are 9

generators {Ja, Tab = Tba}; a, b = 1, 2, 3, plus the constraint T a
a = 0, where indices

lowered and raised with the metric ηab = diag(−1, 1, 1).

The action of the system is given by

I = ICS[A]− ICS[Ā] , (4.1.6)

where ICS[A] corresponds to the CS action (3.3.8). The components of the invariant
tensor are given by

⟨JaJb⟩ =
1

2
ηab ,

⟨JaTbc⟩ = 0 ,

⟨TabTcd⟩ = −σ

2

(
ηa(cηd)b −

2

3
ηabηcd

)
,

(4.1.7)

and the sl(3,R) valued connection one-forms A and Ā have the form

A =

(
ωa +

1

ℓ
ea
)
Ja +

(
ωab +

1

ℓ
eab
)
Tab (4.1.8)

Ā =

(
ωa − 1

ℓ
ea
)
J̄a +

(
ωab − 1

ℓ
eab
)
T̄ab . (4.1.9)

The field equations are naturally given by the vanishing of the curvatures associated
to A and Ā

dA+ A ∧ A = 0 , dĀ+ Ā ∧ Ā = 0. (4.1.10)

As each subset of sl(3,R) generators satisfies (4.1.3) and (4.1.7), the action (4.1.6)
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takes the form

I =
k

2π

∫ [
ea
(
dωa +

1

2
ϵabcω

bωc + 2σϵaecω
cdωe

d

)
− 2σeab

(
dωab + 2ϵacdω

cωd
b +

1

6ℓ2
ϵabce

aebec +
2σ

ℓ2
ϵaece

aecdeed

)
,

(4.1.11)

The field equations coming from this action can be expanded around a vacuum
solution and, after using the torsion constraints to express ωa and ωab in terms of
ea and eab, they reduce to the Fronsdal equations [91] for the space-time metric
and a spin-3 field.

4.2. Three-dimensional Maxwell gravity coupled

to spin-3 fields

In this section, we briefly review the three-dimensional Maxwell CS gravity coupled
to spin-3 fields first presented in [33]. The CS gravity action is constructed from
the spin-3 extension of the Maxwell algebra, referred to in this work as hs3max,
whose generators satisfy the following non-vanishing commutators:

[Ja, Jb] = ϵabcJ
c, [Ja, Pb] = ϵabcP

c ,

[Pa, Pb] = ϵabcZ
c, [Ja, Zb] = ϵabcZ

c ,

[Ja, Jbc] = ϵma(bJc)m, [Ja, Pbc] = ϵma(bPc)m ,

[Pa, Jbc] = ϵma(bPc)m, [Pa, Pbc] = ϵma(bZc)m ,

[Za, Jbc] = ϵma(bZc)m, [Ja, Zbc] = ϵma(bZc)m ,

[Jab, Jcd] = −
(
ηa(cϵd)bm + ηb(cϵd)am

)
Jm ,

[Jab, Pcd] = −
(
ηa(cϵd)bm + ηb(cϵd)am

)
Pm ,

[Jab, Zcd] = −
(
ηa(cϵd)bm + ηb(cϵd)am

)
Zm ,

[Pab, Pcd] = −
(
ηa(cϵd)bm + ηb(cϵd)am

)
Zm ,

others = 0 , (4.2.1)

where a, b, · · · = 0, 1, 2 are Lorentz indices raised and lowered with the Minkowski
metric ηab and ϵabc is the Levi-Civita tensor. This algebra turns out to be
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a generalization of the Maxwell algebra and describes the coupling of spin-3
generators {Jab, Pab, Zab} to the Maxwell ones {Ja, Pa, Za}. It was first derived
as an expansion [92] of the sl(3,R) algebra with a particular semigroup, and
is naturally recovered through an Inönü-Wigner contraction of three copies of
sl(3,R). It is important to recall that the spin-3 generators are assumed to be
symmetric and traceless.

In order to write down a CS action for this algebra, we define the one-form gauge
connection

A = ωaJa + eaPa + σaZa + ωabJab + eabPab + σabZab , (4.2.2)

where eab, ωab and σab correspond to the spin-3 analogues of the vielbein, spin
connection and Maxwell field, respectively. The non-vanishing components of the
invariant tensor are given by:

⟨JaJb⟩ = α0ηab , ⟨PaPb⟩ = α2ηab ,

⟨JaPb⟩ = α1ηab , ⟨JaZb⟩ = α2ηab , (4.2.3)

⟨JabJcd⟩ = α0

(
ηa(cηd)b − 2

3
ηabηdc

)
, ⟨PabPcd⟩ = α2

(
ηa(cηd)b − 2

3
ηabηdc

)
,

⟨JabPcd⟩ = α1

(
ηa(cηd)b − 2

3
ηabηdc

)
, ⟨JabZcd⟩ = α2

(
ηa(cηd)b − 2

3
ηabηdc

)
. (4.2.4)

Then, considering the previous invariant tensor and the one-form gauge connection
(4.2.2) in the CS action

I[A] =
k

4π

∫
M

〈
AdA+

2

3
A3

〉
, (4.2.5)

defined on a three-dimensional manifold M, and where k = 1
4G

is the level of the
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theory related to the gravitational constant G, we obtain

Ihs3Max =
k

4π

∫
α0

[(
ωadωa +

1

3
ϵabcω

aωbωc

)
+ 2

(
ωa

bdω
b
a + 2ϵabcω

aωbdωc
d

)]
+2α1

[
ea
(
dωa +

1

2
ϵabcω

bωc + 2ϵabcω
bdωc

d

)
+ 2eab

(
dωab + 2ϵacdω

cωd
b

)]
+α2

[
ea
(
dea + ϵabcω

bec
)
+ 2σa

(
dωa +

1

2
ϵabcω

bωc

)
+2eab

(
deab + 2ϵacdω

cedb + 4ϵacde
cωd

b

)
+4
(
ωabdσab + ϵabcσ

aωbeωc
e + 2ϵabcω

aσbeωc
e

)]
. (4.2.6)

This CS action describes the coupling of spin-3 gauge fields to three-dimensional
Maxwell gravity and corresponds to a novel extension of higher-spin three-
dimensional gravity in flat space including topological HS matter. It has three
different independent sectors proportional to α0, α1 and α2. The term proportional
to α1 corresponds to an Euler type CS form while the term proportional to α0 and
α2 are Pontryagin type CS forms. As it was mentioned in [33], similarly to the
spin-3 extension of the Poincaré gravity, the action (4.2.6) does not contain the
cosmological constant term. Extremization of the action gives rise to the following
field equations for the spin-2 fields

T a ≡ dea + ϵabcωbec + 4ϵabcebdω d
c = 0 , (4.2.7)

Ra ≡ dωa +
1

2
ϵabcωbωc + 2ϵabcωbdω

d
c = 0 , (4.2.8)

Fa ≡ dσa + ϵabcωbσc +
1

2
ϵabcebec + 2ϵabc

(
2ωbdσ

d
c + ebde

d
c

)
= 0 , (4.2.9)

while the corresponding field equations for the spin-3 fields are

T ab ≡ deab + ϵcd(a|ωce
|b)
d + ϵcd(a|ecω

|b)
d = 0 , (4.2.10)

Rab ≡ dωab + ϵcd(a|ωcω
|b)
d = 0 , (4.2.11)

Fab ≡ dσab + ϵcd(a|ωcσ
|b)
d + ϵcd(a|σcω

|b)
d + ϵcd(a|ece

|b)
d = 0 . (4.2.12)

The CS action (4.2.6) is invariant, up to boundary terms, under the action of the
infinitesimal gauge transformations δA = Dλ = dλ+ [A, λ], where the local gauge
parameter is given by

λ = ΛaJa + ξaPa + χaZa + ΛabJab + ξabPab + χabZab . (4.2.13)
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For the spin-2 gauge fields we get

δωa = DωΛ
a + 4ϵabcωbdΛ

d
c , (4.2.14)

δea = Dωξ
a − ϵabcΛbec + 4ϵabcωbdξ

d
c + 4ϵabcebdΛ

d
c , (4.2.15)

δσa = Dωχ
a − ϵabcξbec − ϵabcΛbσc + 4ϵabcebdξ

d
c

+4ϵabcωbdχ
d
c + 4ϵabcσbdΛ

d
c , (4.2.16)

where, besides the usual gauge transformations of CS Maxwell gravity, there are
new terms involving the spin-3 gauge parameters ξab, Λab and χab. On the other
hand, the spin-3 gauge fields transform as follows

δωab = dΛab + ϵcd(a|ωcΛ
|b)
d + ϵcd(aωb)

cΛd , (4.2.17)

δeab = dξab + ϵcd(a|ωcξ
|b)
d + ϵcd(a|ecΛ

|b)
d + ϵcd(aeb)cΛd + ϵcd(aωb)

cξd , (4.2.18)

δσab = dχab + ϵcd(a|σcΛ
|b)
d + ϵcd(a|ωcχ

|b)
d + ϵcd(a|ecξ

|b)
d

+ ϵcd(aωb)
cχd + ϵcd(aσb)

cΛd + ϵcd(aeb)cξd . (4.2.19)

A consistent set of boundary conditions for the pure Maxwell gravity theory was
proposed in [43], whose asymptotic symmetry algebra was shown to be given
by a deformation of the bms3 algebra, here referred to as max-bms3, with three
independent central charges. Subsequently, in [93] it was shown that the max-bms3

can be recovered from three copies of the Virasoro algebra, which in turn were
shown to correspond to the asymptotic symmetry algebra of the AdS-Lorentz
algebra. In Chapter 5 we shall extend these results to the previously discussed
Maxwell CS gravity coupled with spin-3 gauge fields. We will include chemical
potentials without spoiling the original deformed bms3 symmetry. As we will
see, the corresponding asymptotic symmetry algebra will correspond to a spin-3
extension of max-bms3. The charge algebra has three central charges defined in
terms of the coupling constants appearing in the CS action (4.2.6). We will also
show that this asymptotic symmetry can alternatively be obtained through a well-
defined flat limit of three copies of the W3 algebra. Before considering the analysis
of the asymptotic structure of the Maxwell gravity theory and its corresponding
higher-spin extension, in the next section we will review the construction of the
AdS-Lorentz gravity coupled to spin-3 fields, which allows for the introduction of
a non-vanishing cosmological constant.
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4.3. AdS-Lorentz gravity coupled to spin-3 fields

In this section, we are review the coupling of spin-3 gauge field to three-dimensional
AdS-Lorentz gravity.

The generators of the expanded algebra satisfy

[Ja, Jb] = ϵabcJ
c , [Ja, Pb] = ϵabcP

c ,

[Pa, Pb] = ϵabcZ
c , [Ja, Zb] = ϵabcZ

c ,

[Pa, Zb] =
1

ℓ2
ϵabcP

c , [Za, Zb] =
1

ℓ2
ϵabcZ

c ,

[Ja, Jbc] = ϵma(bJc)m , [Ja, Pbc] = ϵma(bPc)m ,

[Pa, Jbc] = ϵma(bPc)m , [Pa, Pbc] = ϵma(bZc)m ,

[Za, Jbc] = ϵma(bZc)m , [Za, Pbc] =
1

ℓ2
ϵma(bPc)m ,

[Ja, Zbc] = ϵma(bZc)m , [Pa, Zbc] =
1

ℓ2
ϵma(bPc)m ,

[Za, Zbc] =
1

ℓ2
ϵma(bZc)m ,

[Jab, Jcd] = −
(
ηa(cϵd)bm + ηb(cηd)am

)
Jm ,

[Jab, Pcd] = −
(
ηa(cϵd)bm + ηb(cηd)am

)
Pm ,

[Jab, Zcd] = −
(
ηa(cϵd)bm + ηb(cηd)am

)
Zm ,

[Pab, Pcd] = −
(
ηa(cϵd)bm + ηb(cηd)am

)
Zm ,

[Pab, Zcd] = −
(
ηa(cϵd)bm + ηb(cηd)am

)
Pm ,

[Zab, Zcd] = −
(
ηa(cϵd)bm + ηb(cηd)am

)
Zm . (4.3.1)

Let us consider now the one-form gauge connection

A = ωaJa + eaPa + σaZa + ωabJab + eabPab + σabZab , (4.3.2)
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and the corresponding invariant tensor

⟨JaJb⟩ = α0ηab , ⟨JaPb⟩ = α1ηab ,

⟨PaPb⟩ = α2ηab , ⟨JaZb⟩ = α2ηab ,

⟨PaZb⟩ =
α1

ℓ2
ηab , ⟨ZaZb⟩ =

α2

ℓ2
ηab ,

⟨JabJbc⟩ = α0

(
ηa(cηd)b − 2

3
ηabηdc

)
,

⟨PabPbc⟩ = α2

(
ηa(cηd)b − 2

3
ηabηdc

)
,

⟨JabPbc⟩ = α1

(
ηa(cηd)b − 2

3
ηabηdc

)
,

⟨JabZbc⟩ = α2

(
ηa(cηd)b − 2

3
ηabηdc

)
,

⟨PabZbc⟩ =
α1

ℓ

(
ηa(cηd)b − 2

3
ηabηdc

)
,

⟨ZabZbc⟩ =
α2

ℓ2
(
ηa(cηd)b − 2

3
ηabηdc

)
. (4.3.3)

The CS action (4.2.5) in this case takes the form

I = κ

∫
α0

[(
ωadωa +

1

3
ϵabcω

aωbωc

)
+ 2

(
ωa

bdω
b
a + 2ϵabcω

aωbdωc
d

)]
+2α1

[
ea
(
dωa +

1

2
ϵabc

{
ωbωc +

1

2ℓ4
σbσc

}
+

1

ℓ2
dσa +

1

ℓ2
ϵabc

{
ωbσc +

1

ℓ4
σbσc

})
+

1

6ℓ2
ϵabc

(
eaebec + 12ϵabce

aebdecd
)
+ 2ea

(
ϵabcω

bdωc
d +

2

ℓ2
ϵabcω

bdσc
d

)
+2eab

(
dωab + 2ϵacd

{
ωcωd

b +
1

ℓ2
σcωd

b +
1

ℓ4
σcσd

b

}
+

1

ℓ2
dσab

+
2

ℓ2
ϵacd

{
σcωd

b + 2ωcσd
b +

2

ℓ2
σcσd

b

})]
+2α2

[
1

2
ea
(
dea + ϵabcω

bec +
1

ℓ2
ϵabcσ

bec
)

+σa

(
dωa +

1

2
ϵabcω

bωc +
1

ℓ2

{
dσa +

1

2
ϵabcω

bσc +
1

3ℓ2
ϵabcσ

bσc

})
+2

(
ωabdσab +

1

2ℓ2
σabdσab + ϵabcσ

aωbeωc
e +

2

ℓ2
ϵabcσ

aωbeσc
e

+
1

ℓ4
ϵabcσ

aσbeσc
e + 2ϵabcω

aσbeωc
e +

1

ℓ2
ϵabcω

aσbeσc
e

)
+eab

(
deab + 2ϵacdω

cedb +
2

ℓ2
ϵacdσ

cedb + 4ϵacde
cωd

b +
4

ℓ2
ϵacde

cσd
b

)]
. (4.3.4)

and it describes the coupling of spin-3 fields to the AdS-Lorentz gravity. Note
that the absence of abelian generators in this new HS symmetry gives terms
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proportional to α1 and α2 that are different to the ones that appear in the spin-3
Maxwell case.

The field equations in this case are given by

T a ≡ dea + ϵabc
(
ωbec +

1

ℓ2
σbec

)
+ 4ϵabc

(
ebdω d

c +
1

ℓ2
ebdσ d

c

)
= 0 , (4.3.5)

Ra ≡ dωa +
1

2
ϵabcωbωc + 2ϵabcωbdω

d
c = 0 , (4.3.6)

Fa ≡ dσa+ ϵabc
(
ωbσc +

1

ℓ2
σbσc +

1

2
ebec

)
+ 2ϵabc

(
2ωbdσ

d
c +

1

ℓ2
σbdσ

d
c + ebde

d
c

)
= 0 , (4.3.7)

T ab ≡ deab + ϵcd(a|
(
ωce

|b)
d +

1

ℓ2
σce

|b)
d + ecω

|b)
d +

1

ℓ2
ecσ

|b)
d

)
= 0 , (4.3.8)

Rab ≡ dωab + ϵcd(a|ωcω
|b)
d = 0 , (4.3.9)

Fab ≡ dσab

+ ϵcd(a|
(
ωcσ

|b)
d +

1

ℓ2
σcσ

|b)
d + σcω

|b)
d +

1

ℓ2
σcσ

|b)
d + ece

|b)
d

)
= 0 , (4.3.10)

where the presence of non-abelian generators also modifies the gauge
transformations with respect to the spin-3 Maxwell case. Specifically, the spin-2
gauge transformations take the form

δωa = DωΛ
a − 4σϵabcωbdΛ

d
c , (4.3.11)

δea = Dωξ
a +

1

ℓ2
ϵabcσbξc − ϵabcΛbec −

1

ℓ2
ϵabcχbec

−4σϵabc
(
ωbdξ

d
c +

1

ℓ2
σbdξ

d
c + ebdΛ

d
c +

1

ℓ2
ebdχ

d
c

)
, (4.3.12)

δσa = Dωχ
a +

1

ℓ2
ϵabcσbχc − ϵabcξbec − 4σϵabc

(
ebdξ

d
c + σbdχ

d
c

)
, (4.3.13)



4.3. AdS-Lorentz gravity coupled to spin-3 fields 39

while the spin-3 gauge transformations are given by

δωab = dΛab + ϵcd(a|ωcΛ
|b)
d + ϵcd(aωb)

cΛd , (4.3.14)

δeab = dξab + ϵcd(a|ωcξ
|b)
d + ϵcd(aωb)

cξd +
1

ℓ2
ϵcd(a|σcξ

|b)
d +

1

ℓ2
ϵcd(aσb)

cξd

+ϵcd(a|ecΛ
|b)
d +

1

ℓ2
ϵcd(a|ecχ

|b)
d + ϵcd(aeb)cΛd +

1

ℓ2
ϵcd(aeb)cχd , (4.3.15)

δσab = dχab + ϵcd(a|ωcχ
|b)
d + ϵcd(aωb)

cχd +
1

ℓ2
ϵcd(a|σcχ

|b)
d +

1

ℓ2
ϵcd(aσb)

cχd

+ϵcd(a|ecξ
|b)
d + ϵcd(aeb)cξd . (4.3.16)

Note that the limit ℓ → ∞ properly reproduces the spin-3 Maxwell field equations
and gauge transformations.



40 Capítulo 5. Asymptotic structure of three-dimensional gravity

Capítulo 5

Asymptotic structure of

three-dimensional gravity

5.1. Introduction and state of the art

The notion of the principle of least action of classical mechanics is the cornerstone
of modern theoretical physics. This fundamental concept states that the action
remains stationary under arbitrary variations of the dynamical variables while
keeping the initial and final conditions fixed.

The concept of asymptotic symmetries in GR, which corresponds to those
gauge transformations that map the field configurations into themselves, plays a
fundamental role. Indeed, they are essential in order to have a suitable definition
of the canonical generators that define the global charges of any physical theory. A
deep understanding of a physical theory requires having control of its asymptotic
structure. This is described by the asymptotic behaviour of the physical fields, far
away from any physical process. The case of three-dimensional gravity with negative
cosmological constant has been extensively studied due to the existence of the
Bañados-Teitelboim-Zanelli (BTZ) black hole and its extraordinarily asymptotic
structure [94]. Regarding the asymptotic structure, the groundbreaking work
by D. Brown and M. Henneaux is regarded as a precursor to the AdS/CFT
correspondence. In particular, they demonstrated that the asymptotic symmetry
algebra at spacelike infinity of anti-de Sitter spaces is represented by two copies of
the infinite-dimensional Virasoro algebra, which is associated with the conformal
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algebra in two dimensions. The Brown-Henneaux results were important precursors
of the AdS/CFT correspondence. In the case of vanishing cosmological constant,
the bms3 algebra is found as the asymptotic symmetry of Einstein gravity at null
infinity:

[Jm,Jn] = (m− n)Jm+n +
c1
12

(m3 −m)δm+n,0 ,

[Jm,Pn] = (m− n)Pm+n +
c2
12

(m3 −m)δm+n,0 ,

[Pm,Pn] = 0 .

(5.1.1)

On the other hand, the Virasoro algebra is generated by ℓn for n ∈ Z and the
central charge c. It corresponds to the central extension of the Witt algebra

[ℓn, ℓn] = (m− n)ℓm+n +
c

12
m(m2 − 1)δm+n,0 ,

[ℓm, c] = 0 .
(5.1.2)

The Virasoro symmetry appears in any physical system with conformal invariance
defined on a two-dimensional space.

This algebra is given by the semi-direct sum of the infinitesimal diffeomorphism
on the circle with an Abelian ideal of super translations. The Poincaré
algebra is a finite subalgebra of the bms3 one, formed by the generators
{J0,J1,J−1,P0,P1,P−1}. This can be made explicit in terms of generators
{Ja, Pa} obtained through the following change of basis

J−1 = −2J0 , J0 = J2 , J1 = J1 ,

P−1 = −2P0 , P0 = P2 , P1 = P1 .
(5.1.3)

As will be explained in more detail in the next section, the bms3 algebra can
be obtained from two copies of the Virasoro algebra through an Inönü-Wigner
contraction.
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5.2. Asymptotic structure of General Relativity in

3D

Three-dimensional gravity possesses an extraordinarily rich asymptotic structure.
The three-dimensional result has been very relevant and indeed it can be seen as
the precursor of the so called AdS/CFT correspondence [95] and also has served
to recover the Bekenstein-Hawking entropy for the BTZ black hole [96,97] through
a microscopical derivation [98].

The Brown-Henneaux boundary conditions for three-dimensional gravity with
a negative cosmological constant, formulated in terms of gauge fields [99], are
defined as

A±
ϕ = L±1 −

2π

k
L±L∓1 +O

(
1

r

)
, A±

r = O
(
1

r

)
, (5.2.1)

where L± depends on the time t and the angular coordinate ϕ. Notably, the radial
coordinate is fully determined by a gauge transformation of the connection.

A± = g−1
± a±g± + g−1

± dg± , (5.2.2)

where the group element is defined as g± = e±rL0 . In this context, the dynamical
fields correspond to the leading terms of the asymptotic behavior (5.2.1),
specifically:

a±ϕ = L±1 −
2π

k
L∓

±, a±r = 0 . (5.2.3)

Consequently, the relevant components of the dynamical field are confined to the
angular components of the gauge connection a. The asymptotic structure of the
dynamical fields must remain invariant under gauge transformations of the form

δa±ϕ = ∂ϕλ
± +

[
a±ϕ , λ

±] . (5.2.4)

Thus, the Lie-algebra valued parameters have to be given by

λ±[ϵ±] = ϵ±L±1 ∓ ϵ′±L0 +
1

2

(
ϵ′′± − 4π

k
ϵ±L±

)
L∓1 , (5.2.5)
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provided the functions L± transform as

δL± = ϵ±L±′ + 2ϵ′±L± − k

4π
ϵ′′′± , (5.2.6)

where ϵ± = ϵ±(t, ϕ) are arbitrary functions and primes denote derivatives with
respect to ϕ.

At spatial infinity, the time evolution of the dynamical fields of the connection
a±ϕ corresponds to a gauge transformation with gauge parameters given by the
Lagrange multipliers a±t . The most general Lagrange multipliers that preserve the
asymptotic conditions (5.2.1) are given by [100].

a±t = λ±[ξ±] . (5.2.7)

Here, ξ± are also arbitrary functions of t and ϕ, which are assumed to be fixed at
the boundary. To ensure the consistency of the Lagrange multipliers under gauge
transformations, the fields L± must satisfy the following field equations at the
asymptotic region

L̇± = ξ±L±′ + 2χ′
±L± − k

4π
ξ′′′± , (5.2.8)

while the parameters of the asymptotic symmetries fulfill

ϵ̇± = ϵ′±ξ± − ϵ±ξ
′
± . (5.2.9)

These conditions are necessary in order to ensure the conservation of the global
charges.

Replacing the gauge parameters (5.2.5) and the asymptotic conditions (5.2.1) in
the variation of the canonical generators δQ(Λ) = − k

2π

∫
Σ
⟨ΛδAϕ⟩ dϕ , we get that

δQ[λ] = δQ[λ+]− δQ[λ−] , (5.2.10)

which can be readily integrated as

Q[λ±] = −
∫

ϵ±L±dϕ . (5.2.11)
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Since the Poisson brackets fulfill

{
Q[λ±

1 ], Q[λ±
2 ]
}
= δλ±

2
Q[λ±

1 ] , (5.2.12)

The algebra of the canonical generators can be directly derived from the
transformation properties of the fields (5.2.6). By expanding in Fourier modes as
X = 1

2π

∑
n Xne

inϕ , the Poisson brackets simplify to two copies of the Virasoro
algebra, both sharing the same central charge c = 6k = 3ℓ/2G. Explicitly, the
algebras take the following form.

i
{
L±

m,L±
n

}
= (m− n)L±

m+n +
k

2
m3δm+n,0 , (5.2.13)

which coincide with the asymptotic symmetry algebra found in the metric
formulation.

Hereon we are going to review the asymptotic structure in the case of three-
dimensional asymptotically flat spacetimes. The asymptotic conditions in terms
of gauge fields were first proposed in the context of flat higher spin gravity in
[78,79], and in the context of flat supergravity in [101]. For this purpose we are
going to relabel the Poincaré generators according to

Ĵ−1 = −2J0 , Ĵ1 = J1 , Ĵ0 = J2 ,

P̂1 = −2P0 , P̂1 = P1 , P̂0 = P2 ,

such that the non-vanishing commutation relations of the Poincaré algebra can be
written as [

Ĵm, Ĵn

]
= (m− n)Ĵm+n ,[

Ĵm, P̂n

]
= (m− n)P̂m+n .

(5.2.14)

Then, with this relabel the asymptotic behavior in this case is given by

aϕ = Ĵ1 −
π

k

(
J P̂−1 + PP̂−1

)
, (5.2.15)

where the radial coordinate can be switched on by gauge transformation with
group element g = e

r
2
P̂−1 . The functions J and P depend on the null coordinate

u and the angular coordinate ϕ. The asymptotic form of the dynamical fields, in
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this case is preserved under the action of gauge transformations spanned by the
following parameter

λ[T, Y ] = T P̂1 + Y Ĵ1 − T ′P̂0 − Y ′Ĵ0

− 1

2

(
2π

k
Y P − Y ′′

)
Ĵ−1 −

π

k

(
TP + Y J − k

2π
T ′′
)
P̂−1 , (5.2.16)

provided the transformation laws of the fields are given by

δP = 2PY ′ + P ′Y − k

2π
Y ′′′ , (5.2.17)

δJ = 2J Y ′ + J ′Y + 2PT ′ + P ′T − k

2π
T ′′′ , (5.2.18)

with T (u, ϕ) and Y (u, ϕ) arbitrary functions. The Lagrange multiplier reads [100]

au = λ[µP , µJ ] , (5.2.19)

where µP , µJ also stand for arbitrary functions of u, ϕ and they are assumed to
be fixed at the boundary. Consistency of preserving the asymptotic form of the
Lagrange multiplier now leads to the following field equations

Ṗ = 2Pµ′
J + P ′µJ − k

2π
µ′′′
J , (5.2.20)

J̇ = 2J µ′
J + J ′µJ + 2Pµ′

P + P ′µP − k

2π
µ′′′
P , (5.2.21)

which have to be fulfilled in the asymptotic region. In turn, the parameters of the
transformation satisfy the following conditions

Ẏ = µJY
′ − µ′

JY , (5.2.22)

Ṫ = µJT
′ − µ′

JT + µPY
′ − µ′

PY . (5.2.23)

The canonical generator in this case is also easily integrated, which reads

Q[T, Y ] = −
∫
(TP + Y P)dϕ . (5.2.24)

Expanding in Fourier modes, the nonvanishing components of the Poisson brackets
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are given by

i{Jm,Jn} = (m− n)Jm+n , (5.2.25)

i{Jm,Pn} = (m− n)Pm+n + km3δm+n,0 , (5.2.26)

which corresponds to the infinite-dimensional bms3 algebra with a central charge
c = 3/G found in [48,49].

Let us point out that by making the following change of basis on the generators
of the Virasoro algebras [102](5.2.13)

Pn =
1

ℓ
(L+

n + L−
−n) , Jn = L+

n − L−
−n , (5.2.27)

and rescaling the AdS level according to k → kℓ, in the flat limit ℓ → ∞, the
bms3 algebra is recovered.

5.3. Asymptotic symmetries of 3D Maxwell Chern-

Simons gravity

In this section we briefly review the results of [43], where the authors found
the asymptotic symmetry algebra of the three-dimensional Maxwell CS gravity
theory. To start with, we propose the following behavior of the gauge fields at the
boundary

A =

(
−dr +

1

2
Mdu+

1

2
Ndϕ

)
P0 + duP1 + rdϕP2 +

1

2
Mdϕ J0 + dϕ J1

+
1

2

(
Ndu+ Fdϕ− r2dϕ

)
Z0 + rduZ2 . (5.3.1)

For the moment, let us assume that the functions M, and N and F depend on all
boundary coordinates xi = (u, ϕ), and we shall set them on-shell later. The radial
dependence of the gauge field A can be eliminated by gauge transformation.

A = h−1dh+ h−1ah . (5.3.2)

Using the identity h−1dh = −drP0 and the Baker-Campbell-Hausdorff formula,
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we obtain
h−1ah = a+ rduZ2 + rdϕP2 − r2dϕZ0 . (5.3.3)

The final effect is that the radial dependence from the gauge field A is dropped
out and the new gauge field a becomes the asymptotic field,

a =
1

2
(Mdu+Ndϕ) P0+duP1+

1

2
Mdϕ J0+dϕ J1+

1

2
(Ndu+ Fdϕ) Z0 . (5.3.4)

with the angular component given by

aϕ =
1

2
N P0 +

1

2
M J0 + J1 +

1

2
F Z0 . (5.3.5)

The asymptotic symmetry is a residual symmetry, that leaves the asymptotic
conditions (5.3.1) invariant. In order to find it, we consider gauge parameters of
the form

Λ = h−1λh , λ = ξa(u, ϕ)Pa + Λa(u, ϕ) Ja + χa(u, ϕ)Za . (5.3.6)

Gauge transformations of the full connection A with gauge parameters Λ lead
to r-independent gauge transformations of a with gauge parameter λ. Now, we
require that the transformed field, a+Dλ, and the original one, a, have the same
form (5.3.4). A change of the boundary field (5.3.4) is given by

δλa =
1

2

[
δλM(u, ϕ) du+

1

2
δλN (u, ϕ) dϕ

]
P0 +

1

2
δλM(u, ϕ) dϕ J0

+
1

2
(δλN (u, ϕ) du+ δλF(u, ϕ) dϕ) Z0 . (5.3.7)

On the other hand, this change must to be equal to the gauge transformation
δλa = Dλ. The angular component aϕ is left invariant for the Lie-algebra-valued
parameter λ = λ(y, f, h) of the form

λ =

(
M
2
f +

N
2
y − f ′′

)
P0 + fP1 − f ′P2 +

(
M
2
y − y′′

)
J0 + yJ1 − y′J2

+

(
1

2
Mh+

1

2
Fy +

1

2
N f − h′′

)
Z0 + hZ1 − h′Z2 ,

(5.3.8)



48 5.3. Asymptotic symmetries of 3D Maxwell Chern-Simons gravity

provided that the functions M,N and F transform as follows:

δM = M′y + 2My′ − 2y′′′ ,

δN = M′f + 2Mf ′ − 2f ′′′ +N ′y + 2N y′ , (5.3.9)

δF = M′h+ 2Mh′ − 2h′′′ +N ′f + 2N f ′ + F ′y + 2Fy′ ,

where y = y(ϕ, u), f = f(ϕ, u), and h = h(ϕ, u) are arbitrary functions defined on
∂Σ and the prime denotes the derivative with respect to the ϕ coordinate.

The asymptotic symmetries along time will be preserved whenever the Lagrange
multiplier is Au = h−1auh, with

au = λ[µ, ξ, ϑ] , (5.3.10)

where µ, ξ, and ϑ are arbitrary functions of (u, ϕ) which are assumed to be fixed
at the boundary [68,100]. The time evolution of the gauge fields in the asymptotic
region is given by the following conditions

Ṁ = M′µ+ 2Mµ′ − 2µ′′′ ,

Ṅ = M′ξ + 2Mξ′ +N ′µ+ 2Nµ′ − 2ξ′′′ , (5.3.11)

Ḟ = M′ϑ+ 2Mϑ′ +N ′ξ + 2N ξ′ + F ′µ+ 2Fµ′ − 2ϑ′′′ ,

where dot corresponds to the derivative with respect to u.

In summary, the asymptotic behavior is described by gauge fields of the form
given in (5.3.2), where the components aϕ and au of the asymptotic gauge field a

are given by (5.3.5) and (5.3.10), respectively.

Let us now compute the charge algebra of the theory. As discussed in Ref.[97], the
algebra is spanned by the conserved charges Q[Λ], which, as mentioned before, are
on-shell equivalent to diffeomorphism charges of the form Q[ξ] = k

2π

∫
∂Σ

⟨AιξA⟩
with Λ = ιξA. Furthermore, the charge algebra in representation of Poisson
brackets can be obtained using the Regge-Teitelboim method [103] directly from
the transformation law

δΛ2Q[Λ1] = {Q[Λ1], Q[Λ2]} . (5.3.12)
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On the other hand, the variation of the charge in CS theory is given by [97]

δQ[Λ] =
k

2π

∫
∂Σ

⟨ΛδA⟩ . (5.3.13)

After applying the gauge transformation (5.3.2) which introduces the asymptotic
field (5.3.5), and using (5.3.6), we get

δQ[λ] =
k

2π

∫
dϕ ⟨λδaϕ⟩ . (5.3.14)

Since the non-vanishing components of the invariant tensor for the Maxwell algebra
is known, as well as the gauge field a, after a straightforward calculation one
arrives to

δQ[y, f, h] =
k

4π

∫
dϕ [y (α2δF + α0δM+ δN ) + f (α2δN + δM) + α2hδM] .

(5.3.15)
The functions y, f and h do not depend on the fields, thus it is trivial to integrate
the variation out, finding

Q[y, f, h] =
k

4π

∫
dϕ [y (α2F + α0M+N ) + f (α2N +M) + α2hM] . (5.3.16)

Now we define the asymptotic charges which correspond to the independent terms
in (5.3.16),

j[y] =
k

4π

∫
dϕ y (α2F +N + α0M) ,

p[f ] =
k

4π

∫
dϕ f (α2N +M) , (5.3.17)

z[h] =
k

4π

∫
dϕα2hM .
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Using (5.3.12), they give rise to the centrally extended Poisson algebra

{j[y1], j[y2]} = j [[y1, y2]]−
kα0

2π

∫
dϕ y1y

′′′
2 ,

{j[y], p[f ]} = p [[y, f ]]− k

2π

∫
dϕ yf ′′′ ,

{j[y], z[h]} = z [[y, h]]− kα2

2π

∫
dϕ yh′′′ , (5.3.18)

{p[f1], p[f2]} = z [[f1, f2]]−
kα2

2π

∫
dϕ f1f

′′′
2 ,

{p[f ], z[h]} = 0 ,

{z[h1], z[h2]} = 0 ,

where here [x, y] = xy′ − yx′ , stands for the Lie bracket of the vector field
components x(ϕ) and y (ϕ) on ∂Σ. The result describes a deformed bms3 algebra,
as expected, which is an infinite-dimensional enhancement of the Maxwell algebra
[50], with three central charges. It is common to write down the algebra in Fourier
modes,

Jm = j[eimϕ] , Pm = p[eimϕ] , Zm = z[eimϕ] , m ∈ Z , (5.3.19)

with all ϕ-dependent functions expanded on the circle ∂Σ. The corresponding
deformed bms3 symmetry reads

i {Jm,Jn} = (m− n)Jm+n +
c1
12

m3δm+n,0 ,

i {Jm,Pn} = (m− n)Pm+n +
c2
12

m3δm+n,0 ,

i {Pm,Pn} = (m− n)Zm+n +
c3
12

m3δm+n,0 , (5.3.20)

i {Jm,Zn} = (m− n)Zm+n +
c3
12

m3δm+n,0 ,

i {Pm,Zn} = 0 ,

i {Zm,Zn} = 0 ,

where we have used the integral representation of the Kronecker delta δmn =
1
2π

∫
dϕ ei(m−n)ϕ. In the above classical algebra, the three central charges are

associated to three terms in the gravitational action: the standard one c2 = 12k

along the EH term, the gravitational CS one c1 = 12kα0 and, finally, a new
ingredient, a charge along the gravitational Maxwell term with torsion, c3 = 12kα2.
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Note that the Maxwell algebra is a finite subalgebra of (5.3.20) formed by the
generators {J−1,J0,J 1,P−1,P0,P1,Z−1,Z0,Z1} (see [50]).
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Capítulo 6

Asymptotic structure of gravity

coupled to spin-3 fields

In this Chapter, following the methodology used in [74] we derive the asymptotic
symmetry algebra for the spin-3 Maxwell CS gravity theory. First, inspired by
the boundary conditions we have to impose in the pure Maxwell gravity, we
provide the suitable fall-off conditions for the gauge fields at infinity and the
gauge transformations preserving our proposed boundary conditions. Then, using
the Regge-Teitelboim method [103] we find the charge algebra which, as it is
expected, will be a higher spin extension of the max-bms3 algebra [43, 50]. The
Poisson algebra structure we find is then obtained as a flat limit from a classical
centrally extended W3 ⊕W3 ⊕W3 algebra.

6.1. On the boundary conditions

In our analysis we will consider the BMS gauge where the spacetime manifold is
parametrized by the local coordinates xµ = (u, r, ϕ). Here, u corresponds to the
retarded time coordinate, while r → ∞ indicates the boundary region.

To start with, we propose the following behavior of the gauge fields at the boundary

A = h−1dh+ h−1ah , (6.1.1)

where the radial dependence is entirely captured by the group element h = e−rP0 .
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The auxiliary gauge field a has the form

a = aϕdϕ+ audu , (6.1.2)

with the angular component given by

aϕ = J1 +
1

2
NP0 +

1

2
MJ0 +

1

2
FZ0 + VP00 + XZ00 , (6.1.3)

where the functions M,N ,F ,V ,W and X are assumed to depend on all boundary
coordinates xi = (u, ϕ). Let us note that the form of the angular component
generalizes the asymptotic behavior of the gauge field considered in [74,79] to the
presence of the gravitational Maxwell field along its spin-3 counterpart.

As is well-known, the asymptotic symmetries correspond to the set of gauge
transformations δA = dλ+ [A, λ] that preserve the asymptotic conditions (6.1.1),
with

λ = Λa(u, ϕ)Ja + ξa(u, ϕ)Pa + χa(u, ϕ)Za

+ Λab(u, ϕ)Jab + ξab(u, ϕ)Pab + χab(u, ϕ)Zab .
(6.1.4)

Thus, the angular component aϕ is left invariant for the Lie-algebra-valued
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parameter λ = λ(y, f, h, v, w, g) of the form

λ =

(
M
2
f +

N
2
y + 4Vv + 4Ww − f ′′

)
P0 + fP1 − f ′P2

+

(
M
2
y + 4Wv − y′′

)
J0

+ yJ1 − y′J2

+

(
1

2
Mh+

1

2
Fy +

1

2
N f + 4Wg + 4X v + 4Vw − h′′

)
Z0 + hZ1 − h′Z2

+

[
1

6
w(4) − 2

3
Mw′′ − 7

12
M′w′ +

1

12
(3M2 − 2M′′)w

−2

3
N v′′ − 7

12
N ′v′ +

1

12
(6MN − 2N ′′)v + Vy +Wf

]
P00

+ (Mw +N v − w′′)P01 +

(
1

3
w′′′ − 5

6
Mw′ − 1

3
M′w − 5

6
N v′ − 1

3
N ′v

)
P02

+ wP11 − w′′P12

+

[
v(4)

6
− 2

3
Mv′′ − 7

12
M′v′ +

1

12

(
3M2 − 2M′′)v +Wy

]
J00

+ (Mv − v′′)J01 +

(
v′′′

3
− 5

6
Mv′ − 1

3
M′v

)
J02 + vJ11 − v′J12

+

[
1

6
g(4) − 2

3
Mg′′ − 7

12
M′g′ +

1

12

(
3M2 − 2M′′)g + Vf +Wh+ X y

− 2

3
Fv′′ − 7

12
F ′v′

+
1

12

(
6FM+ 3N 2 − 2F ′′)v − 2

3
Nw′′ − 7

12
N ′w′ +

1

12
(6MN − 2N ′′)w

]
Z00

+ (Mg + Fv +Nw − g′′)Z01

+

(
1

3
g′′′ − 5

6
Mg′ − 1

3
M′g − 5

6
Fv′ − 1

3
F ′v − 5

6
Nw′ − 1

3
N ′w

)
Z02

+ gZ11 − g′Z12 ,

(6.1.5)

provided the functions M,N ,F ,V ,W ,X transform as follows
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δM = M′y + 2My′ − 2y′′′ + 4(2W ′v + 3Wv′) ,

δN = M′f + 2Mf ′ +N ′y + 2N y′ − 2f ′′′ + 4(2W ′w + 3Ww′)

+4(2V ′v + 3Vv′) ,

δF = M′h+ 2Mh′ +N ′f + 2N f ′ + F ′y + 2Fy′ − 2h′′′

+4(2W ′g + 3Wg′) + 4(2V ′w + 3Vw′) + 4(2X ′v + 3X v′) ,

δW = W ′y + 3Wy′ +
1

12
(8MM′ − 2M′′′)v +

1

12

(
8M2 − 9M′′)v′

−5

4
M′v′′ − 5

6
Mv′′′ +

1

6
v(5) ,

δV = W ′f + 3Wf ′ + 3Vy′ + 1

12
(8NM′ + 8MN ′ − 2N ′′′)v

+
1

12
(16MN − 9N ′′)v′ − 5

4
N ′v′′ − 5

6
N v′′′

+
1

12
(8MM′ − 2M′′′)w +

1

12
(8M2 − 9M′′)w′ − 5

4
M′w′′

−5

6
Mw′′′ +

1

6
w(5)

δX = W ′h+ 3Wh′ + V ′f + 3Vf ′ + X ′y + 3X y′

+
1

12
(8MF ′ + 8FM′ + 8NN ′ − 2F ′′′)v

+
1

12

(
16FM+ 8N 2 − 9F ′′)v′ − 5

4
F ′v′′ − 5

6
Fv′′′

+
1

12
(8NM′ + 8MN ′ − 2N ′′′)w

+
1

12
(16MN − 9N ′′)w′ − 5

4
N ′w′′ − 5

6
Nw′′′

+
1

12
(8MM′ − 2M′′′)g +

1

12

(
8M2 − 9M′′)g′

−5

4
M′g′′ − 5

6
Mg′′′ +

1

6
g(5) , (6.1.6)

where prime denotes the derivative with respect to the ϕ coordinate. The most
general time component of the gauge field au which preserves the boundary
conditions above is given by

au = λ[µ, ξ, ϑ, ϱ, ε, φ] , (6.1.7)

where µ, ξ, ϑ, ϱ, ε and φ are arbitrary functions of (u, ϕ) which are assumed to
be fixed at the boundary [68,100].The time evolution of the gauge fields in the
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asymptotic region is given by the following conditions

Ṁ = M′µ+ 2Mµ′ − 2µ′′′ + 4(2W ′ϱ+ 3Wϱ′) ,

Ṅ = M′ξ + 2Mξ′ +N ′µ+ 2Nµ′ − 2ξ′′′

+4(2W ′w + 3Ww′) + 4(2V ′ϱ+ 3Vϱ′) ,

Ḟ = M′ϑ+ 2Mϑ′ +N ′ξ + 2N ξ′ + F ′µ+ 2Fµ′ − 2ϑ′′′ + 4(2W ′φ+ 3Wφ′)

+4(2V ′ε+ 3Vε′) + 4(2X ′ϱ+ 3Xϱ′) ,

Ẇ = W ′µ+ 3Wµ′ +
1

12
(8MM′ − 2M′′′)ϱ+

1

12

(
8M2 − 9M′′)ϱ′ − 5

4
M′ϱ′′

−5

6
Mϱ′′′ +

1

6
ϱ(5) ,

V̇ = W ′ξ + 3Wξ′ + 3Vµ′ +
1

12
(8NM′ + 8MN ′ − 2N ′′′)ϱ

+
1

12
(16MN − 9N ′′)ϱ′ − 5

4
N ′ϱ′′ − 5

6
Nϱ′′′

+
1

12
(8MM′ − 2M′′′)ε+

1

12
(8M2 − 9M′′)ε′

−5

4
M′ε′′ − 5

6
Mε′′′ +

1

6
ε(5)

Ẋ = W ′ϑ+ 3Wϑ′ + V ′ξ + 3Vξ′ + X ′µ+ 3Xµ′

+
1

12
(8MF ′ + 8FM′ + 8NN ′ − 2F ′′′) +

1

12

(
16FM+ 8N 2 − 9F ′′)ϱ′ϱ

−5

4
F ′ϱ′′ − 5

6
Fϱ′′′ +

1

12
(8NM′ + 8MN ′ − 2N ′′′)ε

+
1

12
(16MN − 9N ′′)ε′ − 5

4
N ′ε′′ − 5

6
N ε′′′

+
1

12
(8MM′ − 2M′′′)φ+

1

12

(
8M2 − 9M′′)φ′ − 5

4
M′φ′′ − 5

6
Mφ′′′

+
1

6
φ(5) , (6.1.8)

where dot corresponds to the derivative with respect to u.

In summary, the asymptotic behaviour is described by gauge fields of the form
given in (6.1.1), where the components aϕ and au of the asymptotic gauge field a

are given by (6.1.3) and (6.1.7), respectively.

The structure outlined above provides insights into the asymptotic symmetries
of the higher spin Maxwell Chern-Simons gravity and its associated algebra. In
fact, the charge algebra of this theory can be derived using the Regge-Teitelboim
approach [103]. In the following sections, we will explore this construction in
greater detail.
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6.2. Charge algebra: spin-3 extension of the

deformed bms3 algebra

The charge algebra of the three-dimensional HS Maxwell CS gravity theory in
representation of Poisson brackets can be obtained using the Regge-Teitelboim
method [103] directly from the transformation law

δΛ2Q[Λ1] = {Q[Λ1], Q[Λ2]} , (6.2.1)

where Q[Λ] are the conserved charges spanning the algebra [97]. On the other
hand, the variation of the charge in a CS theory is given by

δQ[Λ] =
k

2π

∫
∂Σ

⟨ΛδA⟩ . (6.2.2)

After applying the gauge transformation (6.1.1) which introduces the asymptotic
gauge field (6.1.3) we get [96]

δQ[λ] =
k

2π

∫
dϕ ⟨λδaϕ⟩ , (6.2.3)

where Λ = h−1λh. Considering the invariant tensor (4.2.3)-(4.2.4) and the gauge
field a defined in (6.1.3) in the previous expression, we get

δQ[y, f, h, v, w, g] =

∫
dϕ (yδJ+ fδP+ hδZ+ vδV + wδW + gδX) , (6.2.4)

where we have defined

J =
k

4π
(α0M+ α1N + α2F) ,

P =
k

4π
(α1M+ α2N ) ,

Z =
k

4π
α2M ,

V =
k

π
(α0W + α1V + α2X ) ,

W =
k

π
(α1W + α2V) ,

X =
k

π
α2W . (6.2.5)
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Assuming that the functions y, f , h, v, w and g do not depend on the fields we
can directly integrate the variation on the phase space, and we find

Q[y, f, h, v, w, g] =

∫
dϕ (yJ+ fP+ hZ+ vV + wW + gX) . (6.2.6)

δλ2Q[λ1] = {Q[λ1], Q[λ2]} . (6.2.7)

As it is expected, the asymptotic symmetries associated to y, f and h span the
max-bms3 algebra [43]. Indeed, expanding in Fourier modes according to

X =
1

2π

∑
Xme

imϕ , (6.2.8)

one obtain the following algebra:

i {Jm, Jn} = (m− n) Jm+n + α0km
3δm+n,0 ,

i {Jm, Pn} = (m− n)Pm+n + α1km
3δm+n,0 ,

i {Pm, Pn} = (m− n)Zm+n + α2km
3δm+n,0 ,

i {Jm, Zn} = (m− n)Zm+n + α2km
3δm+n,0 ,

i {Pm, Zn} = 0 ,

i {Zm, Zn} = 0 , (6.2.9)

which corresponds to the asymptotic symmetry algebra for the three-dimensional
Maxwell CS gravity derived in [50] and subsequently in [43]. The brackets of the
previous Fourier modes with the other charges associated to v, w and g read

i {Jm, Vn} = (2m− n)Vm+n ,

i {Jm,Wn} = (2m− n)Wm+n ,

i {Pm, Vn} = (2m− n)Wm+n ,

i {Pm,Wn} = (2m− n)Xm+n ,

i {Jm, Xn} = (2m− n)Xm+n ,

i {Zm, Vn} = (2m− n)Xm+n ,

i {Pm , Xn} = 0 ,

i {Zm ,Wn} = 0 ,

i {Zm , Xn} = 0 , (6.2.10)
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where we have defined the Fourier modes:

Vm = Q[v = eimϕ] , Wm = Q[w = eimϕ] , Xm = Q[g = eimϕ] , (6.2.11)

which correspond to spin-3 generators. Finally, these generators satisfy the
following brackets:

i {Wm,Wn} =
8

3α2k
(m− n)ΩZZ

m+n +
1

3
(m− n)(2m2 + 2n2 − nm)Zm+n

+
α2k

3
m5δm+n,0 ,

i {Wm, Vn} =
8

3α2k
(m− n)

(
2ΩPZ

m+n −
α1

α2

ΩZZ
m+n

)
+
1

3
(m− n)(2m2 + 2n2 − nm)Pm+n +

α1k

3
m5δm+n,0 ,

i {Vm, Xn} =
8

3α2k
(m− n)ΩZZ

m+n +
1

3
(m− n)(2m2 + 2n2 − nm)Zm+n

+
α2k

3
m5δm+n,0] ,

i {Vm, Vn} =
8

3α2k
(m− n)

×
[
1

α2

(
α2
1

α2

− α0

)
ΩZZ

m+n + ΩPP
m+n − 2

α1

α2

ΩPZ
m+n + 2ΩZJ

m+n

]
+
1

3
(m− n)(2m2 + 2n2 − nm)Jm+n +

α0k

3
m5δm+n,0 ,

i {Wm, Xn} = 0 ,

i {Xm, Xn} = 0 , (6.2.12)

where we have defined the following terms

ΩT T̄
m =

∞∑
j=−∞

TjT̄m−j . (6.2.13)

The previous algebra corresponds to a higher spin-extension of the max-bms3

found in [43]. Note that the nonlinearity of the algebra is not trivial and does not
simply correspond to a Maxwell generalization of the bms3 algebra. Furthermore,
in this case we have three central terms switched on, as can be seen by defining

ci = 12kαi−1 , with i = 1, 2, 3 . (6.2.14)



60 6.2. Charge algebra: spin-3 extension of the deformed bms3 algebra

With this definition of the central charges, the algebra can be written as

i {Jm, Jn} = (m− n) Jm+n +
c1
12

m3δm+n,0 ,

i {Jm, Pn} = (m− n)Pm+n +
c2
12

m3δm+n,0 ,

i {Pm, Pn} = (m− n)Zm+n +
c3
12

m3δm+n,0 ,

i {Jm, Zn} = (m− n)Zm+n +
c3
12

m3δm+n,0 , (6.2.15)

i {Jm, Vn} = (2m− n)Vm+n , i {Jm,Wn} = (2m− n)Wm+n ,

i {Pm, Vn} = (2m− n)Wm+n , i {Pm,Wn} = (2m− n)Xm+n ,

i {Jm, Xn} = (2m− n)Xm+n , i {Zm, Vn} = (2m− n)Xm+n , (6.2.16)

i {Wm,Wn} =
32

c3
(m− n)ΩZZ

m+n +
1

3
(m− n)(2m2 + 2n2 − nm)Zm+n

+
c3
36

m5δm+n,0 ,

i {Wm, Vn} =
32

c3
(m− n)

(
2ΩPZ

m+n −
c2
c3
ΩZZ

m+n

)
+
1

3
(m− n)(2m2 + 2n2 − nm)Pm+n +

c2
36

m5δm+n,0 ,

i {Vm, Xn} =
32

c3
(m− n)ΩZZ

m+n +
1

3
(m− n)(2m2 + 2n2 − nm)Zm+n

+
c3
36

m5δm+n,0 ,

i {Vm, Vn} =
32

c3
(m− n)

[
1

c3

(
c22
c3

− c1

)
ΩZZ

m+n + ΩPP
m+n − 2

c2
c3
ΩPZ

m+n + 2ΩZJ
m+n

]
+
1

3
(m− n)(2m2 + 2n2 − nm)Jm+n +

c1
36

m5δm+n,0 . (6.2.17)

In sum, the commutation relations (6.2.15)-(6.2.17) provides the asymptotic
symmetries of spin-3 fields coupled to Maxwell CS gravity. In the next section,
we show that this algebra can alternatively be recovered as the flat limit of three
copies of the W3 algebra, mimicking the relation between HS Maxwell gravity and
three copies of sl(3,R).
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6.3. Spin-3 extension of the deformed bms3 algebra

as a vanishing cosmological constant limit

It is possible to check that the asymptotic symmetries, described by three copies
of the W3 algebra, lead to the spin-3 extension of the max-bms3 algebra. Indeed,
by redefining the generators as

Jm = L+
m − L−

−m − L̂−m ,

Pm =
1

ℓ

(
L+

m + L−
−m

)
,

Zm =
1

ℓ2
(
L+

m − L−
−m

)
,

Vm = W+
m −W−

−m − Ŵ−m ,

Wm =
1

ℓ

(
W+

m +W−
−m

)
,

Xm =
1

ℓ2
(
W+

m −W−
−m

)
, (6.3.1)

along the redefinition of the central charges as follows,

c1 = c+ − c− − ĉ , c2 =
1

ℓ
(c+ + c−) , c3 =

1

ℓ2
(c+ − c−) , (6.3.2)

the three copies of the W3 algebra given by

i
{
L±

m,L±
n

}
= (m− n)L±

m+n +
c±

12
m3δm+n,0 ,

i
{
L̂m, L̂n

}
= (m− n) L̂m+n +

ĉ

12
m3δm+n,0 ,

i
{
L±

m,W±
n

}
= (2m− n)W±

m+n ,

i
{
L̂m, Ŵn

}
= (2m− n) Ŵm+n ,

i
{
W±

m,W±
n

}
=

32

c±
(m− n)Ω±

m+n +
1

3
(m− n)(2m2 − 2n2 −mn)L±

m+n

+
c±

36
m5δm+n,0 ,

i
{
Ŵm, Ŵn

}
=

32

ĉ
(m− n)Ω̂m+n +

1

3
(m− n)(2m2 − 2n2 −mn)L̂m+n

+
ĉ

36
m5δm+n,0 , (6.3.3)
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with
Ω±

m ≡
∑
j∈Z

L±
m+jL±

−j , Ω̂m ≡
∑
j∈Z

L̂m+jL̂−j , (6.3.4)

can be written as

i {Jm, Jn} = (m− n) Jm+n +
c1
12

m3δm+n,0 ,

i {Jm, Pn} = (m− n)Pm+n +
c2
12

m3δm+n,0 ,

i {Pm, Pn} = (m− n)Zm+n +
c3
12

m3δm+n,0 ,

i {Jm, Zn} = (m− n)Zm+n +
c3
12

m3δm+n,0 ,

i {Pm, Zn} =
1

ℓ2
(m− n)Pm+n +

c2
12ℓ2

m3δm+n,0 ,

i {Zm, Zn} =
1

ℓ2
(m− n)Zm+n +

c3
12ℓ2

m3δm+n,0 , (6.3.5)

i {Jm, Vn} = (2m− n)Vm+n ,

i {Jm,Wn} = (2m− n)Wm+n ,

i {Pm, Vn} = (2m− n)Wm+n ,

i {Pm,Wn} = (2m− n)Xm+n ,

i {Jm, Xn} = (2m− n)Xm+n ,

i {Zm, Vn} = (2m− n)Xm+n ,

i {Pm, Xn} =
1

ℓ2
(2m− n)Wm+n ,

i {Zm,Wn} =
1

ℓ2
(2m− n)Wm+n ,

i {Zm, Xn} =
1

ℓ2
(2m− n)Xm+n , (6.3.6)
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i {Wm,Wn} =
32

(c22/ℓ
2 − c23)

(m− n)

[
2
c2
ℓ2
ΩPZ

m+n − c3

(
ΩZZ

m+n +
ΩPP

m+n

ℓ2

)]
+
1

3
(m− n)(2m2 + 2n2 − nm)Zm+n +

c3
36

m5δm+n,0,

i {Wm, Vn} =
32

c22/ℓ
2 − c23

(m− n)

[
−2c3Ω

PZ
m+n + c2

(
ΩZZ

m+n +
ΩPP

m+n

ℓ2

)]
+
1

3
(m− n)(2m2 + 2n2 − nm)Pm+n +

c2
36

m5δm+n,0 ,

i {Vm, Xn} =
32

(c22/ℓ
2 − c23)

(m− n)

[
2
c2
ℓ2
ΩPZ

m+n − c3

(
ΩZZ

m+n +
ΩPP

m+n

ℓ2

)]
+
1

3
(m− n)(2m2 + 2n2 − nm)Zm+n +

c3
36

m5δm+n,0 ,

i {Wm, Xn} =
32

(c22/ℓ
2 − c23)ℓ

2
(m− n)

[
−2c3Ω

PZ
m+n + c2

(
ΩZZ

m+n +
ΩPP

m+n

ℓ2

)]
+

1

3ℓ2
(m− n)(2m2 + 2n2 − nm)Pm+n +

c2
36ℓ2

m5δm+n,0 ,

i {Xm, Xn} =
32

(c22/ℓ
2 − c23)ℓ

2
(m− n)

[
2
c2
ℓ2
ΩPZ

m+n − c3

(
ΩZZ

m+n +
ΩPP

m+n

ℓ2

)]
+

1

3ℓ2
(m− n)(2m2 + 2n2 − nm)Zm+n +

c3
36ℓ2

m5δm+n,0 ,

i {Vm, Vn} =
32

(−c1c22/ℓ
4 + c2c3/ℓ2 + c1c23/ℓ

2 − c33)
(m− n)

[
−2

c1c2
ℓ2

ΩPZ
m+n

+c23

(
−ΩPP

m+n +
ΩJJ

m+n

ℓ2
− 2ΩJZ

m+n

)
+ c1c3

(
ΩZZ

m+n +
ΩPP

m+n

ℓ2

)
−c22

(
ΩJJ

m+n

ℓ4
− 2

ΩJZ
m+n

ℓ2
+ ΩZZ

m+n

)]
+
1

3
(m− n)(2m2 + 2n2 − nm)Jm+n +

c1
36

m5δm+n,0 . (6.3.7)

Let us note that the ℓ parameter corresponds to the AdS radius which is related
to the cosmological constant through Λ = −1/ℓ2 in three-dimensional spacetime.
Then, taking the flat limit ℓ → ∞, the asymptotic symmetry algebra given by
three copies of the W3 algebra leads to the hs3max-bms3 obtained in the previous
section. The algebra (6.3.5)-(6.3.7) is a spin-3 extension of the enlarged bms3

algebra introduced in [93], and corresponds to the asymptotic symmetry algebra
of AdS-Lorentz CS gravity coupled to a spin−3 field.
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Capítulo 7

Conclusion

In this thesis, we have studied the asymptotic structure of the Chern-Simons
gravity theory invariant under a higher spin extension of the so-called Maxwell
symmetry. In particular, we proposed some consistent asymptotic conditions that
allow us to canonically realized a nonlinear higher-spin extension of the Maxwell
generalization of the bms3 symmetry that we call hs3max-bms3. Moreover, we have
also shown that this algebra can be obtained as a vanishing cosmological constant
limit of three copies of the W3 algebra, each with an independent central charge.

In Chapter 2, we reviewed the theory of General Relativity, the Einstein-Hilbert
action and introduced the Cartan’s formalism for gravity.

In Chapter 3, we introduced the Chern-Simons form and the Chern-Simons
action. In particular, we briefly reviewed the construction of the AdS and Maxwell
Chern-Simons gravity theories.

In Chapter 4, we reviewed the Chern-Simons higher-spin gravity theory in three
dimensions. Specifically, the construction of the three-dimensional Maxwell and
AdS-Lorentz gravities coupled to spin-3 fields was presented.

In Chapter 5, we reviewed the asymptotic structure of three-dimensional gravity
and we showed the results of the previous work [43].

In conclusion, we can say that one of the most fascinating aspects of three-
dimensional higher-spin gravities is the presence of exact solutions that carry
higher-spin charges. This thesis serves as a foundational step in exploring the
thermodynamics of such configurations through topological arguments [74, 87].
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In the present case we expect to find a novel higher-spin extension of locally
flat cosmological spacetimes. Since we have incorporated the chemical potential
conjugated to the higher spin charges, the thermodynamics properties of the
solution can be analyzed along the lines of [74]. An interesting direction now
available for exploration involves the potential application of the theoretical
description of the theory in terms of three copies of SL(3, R). This framework
may provide insights in the context of thermodynamic properties of either black
hole solutions of (higher-spin extension of) AdS-Lorentz gravity or cosmological
solutions of (higher-spin extension of) Maxwell gravity.

A possible extension of our results can be carried out by incorporating a negative
cosmological constant to the higher-spin Maxwell CS theory. This can be done
by considering the higher-spin extension of the so-called AdS-Lorentz gravity
constructed in [33]. In this case, we expect to find higher-spin black holes
generalizing the BTZ-type solution of the AdS-Lorentz gravity studied in [93]
including spin-3 charges. Then, the higher spin black hole solution should lead to
the higher spin extension of locally flat cosmological spacetimes, after performing
the vanishing cosmological constant limit. In this scenario, we could also study
the solutions and the thermodynamics of the higher-spin extension of the Maxwell
teleparallel gravity first presented in [45] and analyze how the presence of a
non-vanishing torsion modifies the solutions of the spin-3 extension of the Maxwell
gravity theory. As solutions we expect to find a spin-3 extension of a Maxwell
teleparallel black hole [work in progress]. We guess that both spin-3 black holes will
reduce to the Maxwellian generalization of the spin-3 extension of flat cosmologies
in a flat limit.

Another interesting aspect worth exploring is the study of the asymptotic symmetry
of the three-dimensional Maxwell CS gravity theory coupled to spin-5/2 gauge
field [34,104]. In such case, the HS field theory contains fields of spins 2, 4 and 5/2

whose invariance is extended to HS fermionic symmetry transformations, referred
to as hypersymmetry [105–110]. Following the results obtained here, one could
expect to find, after imposing suitable boundary conditions, a deformation of the
hyper-bms3 which should be alternatively recovered as a vanishing cosmological
constant limit of a precise combination of the W(2, 52 ,4)

and W(2,4) algebra [111,112].
The asymptotic algebra could serve to derive hypersymmetry bounds which could
imply interesting properties for solutions as in [107,109].
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