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Chapter

Introduction

The process of binary opinion formation has been modeled using various mathematical tools, pri-
marily non-deterministic ones (see, for example, (Grabisch & Rusinowska, 2010), (Hegselmann &
Krause, 2015), (Poindron, [2021))). In these works, the relationship between network structure and
the existence of stable states has been studied (Easley, Kleinberg, et al., 2010), (Li, Chen, Wang,
& Zhang, [2013), (Poindron, |2021)), especially consensus states (Forster, Grabisch, & Rusinowska,
2013), (Green, Leishman, & Sadedin, |2007), (Ruz & Goles, [2022), and the time it takes to reach
them (Berenbrink et al., [2024). Regarding deterministic models, in (Goles, Medina, Montealegre,
& Santivanez, 2022) and (Goles, Medina, & Santivanez, 2023)), cellular automata are used to study
consensus in majority networks. In addition to the interest in consensus stable states, polarized
states, where society does not reach a consensus, have also been studied (Barrera Lemarchand,
Semeshenko, Navajas, & Balenzuela, 2020). To our knowledge, there are no studies linking the in-
teraction structure of agents with the existence of associated networks that exhibit both consensus
and polarized stable states. Boolean networks have been used to model influence processes among
individuals (Green et al., 2007), (Hotyst, Kacperski, & Schweitzer, |2001), (Schweitzer & Hotyst,
2000), (Plewczynski, 1998). These models are non-deterministic and define a fixed interaction
function, while the network structure could change or not be relevant to the study. In this context,
the stable states of the system are represented by the fixed points of the Boolean network modeling
the system, which have been widely studied, as shown in (Aracena, Demongeot, & Goles, |2004),
(Aracena, Richard, & Salinas, |2014)), (Agur, Fraenkel, & Klein, [1988). Considering a model with
Boolean networks, we assume that the interaction graph representing the influence among agents
is fixed and that this influence can be positive or negative. In this article, we present sufficient and
necessary conditions on the architecture of the signed digraph representing the interaction network
among the agents of a system, in order to ensure the existence of local activation functions that
allow the resulting global network to have polarized, consensus, or both types of fixed points at the

same time. In the first section, we present the complexity of determining the existence of a polar-



ized fixed point, as well as the necessary conditions on the interaction graph to obtain polarized
fixed points. In the second chapter, conditions on the network for obtaining consensus fixed points
are presented, and in the last chapter, the necessary conditions on the network structure for both

types of fixed points to occur simultaneously are discussed.



Chapter

Definitions

2.1 Discrete math concepts

A directed graph or digraph D is a pair (V, A), where V' is a non empty finite set of elements called
vertices and A is a finite family of ordered pairs of elements from V, called arcs. Given a digraph
D, we will denote V(D) and A(D) as its vertex and arc set respectively, furthermore, an arc (u, v)
will be denoted simply as uv and if there is an arc of the form (u, ) for some u € V' it will be called

a loop.

V(D) = {1,2,3}
AD) =1{(1,2),(2,1),(1,3),(3,3),(3,2)}

Figure 2.1: Example of a digraph with loops.

If we do not consider direction in the arcs, we can define a simple graph G as a pair (V, E), where
V is a non-empty finite set of elements called vertices or nodes, and F is a finite set of unordered
pairs of elements from V/, called edges. Given a graph G, its set of vertices is denoted as V (&), and

its set of edges is denoted as E(G). Given an edge {u, v}, we will denote it as uv or vu.

Note that a simple graph can be considered as a loopless digraph such that if there is an arc uwv,

there is also an arc vu, i.e. symmetric.



Given a digraph D = (V, A), we will say that vertices u and v are adjacent or neighbors if there is
an arc connecting them, and in the case of a simple graph, if there is an edge connecting them. Thus,

given a vertex v € V, we define its out-neighborhood N*(v) and its in-neighborhood N~ (v) as:

Nt(w)={ueV:vuec A} N (v)={ueV:uve A}

In the case of a simple graph we define a vertex’s v neighborhood as N(v) = {u € V : wv € E}.

The cardinality of a vertex’s neighborhood is called its degree. For a digraph D and a vertexv € V,
we denote the in-degree and out-degree of v as d*(v) and d~ (v), respectively, and they are defined
as:

d"(v)=[NT(v)] and d (v)=|N"(v)].

In the case of a simple graph and a vertex v, its degree is d(v) = |N(v)|. The concept of degree
allows us to define for a digraph D = (V, A):
* Its minimum in-degree as 0~ (D) = min,eyd™ (v)
* Its minimum out-degree as 6" (D) = minycyd™ (v)
* Its maximum in-degree as A~ (D) = maz,evd™ (v)
* Its maximum out-degree as AT (D) = maz,ecyd’ (v)
Similarly, in the case of a simple graph G, we define its minimum degree as 6(G) = min,cyd(v)
and its maximum degree as A(G) = max,cyd(v).

Given a digraph D = (V, A) and a subset of vertices S C V, we denote D[S] as the induced
sub-digraph by the vertices in S. Its set of vertices is S, and its set of arcs consists of those whose

endpoints are both in S. Formally:

V(D[S)) =S and A(D[S]) = {(u,v) € A:ueSAveS}

We also define a partition of its vertices {4, V2} such that V; UV, = V and V3 NV, = (). Moreover,
we will say that a partition is balanced if ||V;| — |V2|| < 1, that is, if |V| is even, their sizes are

equal, and if |V| is odd, their sizes differ by one.

Given a digraph D = (V, A), we define:

* A directed path of length m between vertices u and v as a sequence of vertices u, u1, ..., Uy =

v such that there are no repetitions and Vi € {1,...,m — 1}, u;, u;11 € A.



* Adirected cycle of length m as a sequence of vertices uy, usg, ..., U, Um+1 = w1 such that there

are no repetitions except for the first and last vertex, and also Vi € {1,...,m — 1}, u;, u;41 € A.

In the case of a simple graph G = (V, E), the definitions are the same, except that we only need to

have edges between each vertex in the sequence.

We also define (), as a graph consisting of only one cycle of length n, and we define K, as a

complete graph, meaning it has all possible edges and n vertices.

2.2 Concepts of Boolean Networks

A Boolean network f is a discrete dynamical system with a finite number of agents that interact
with each other. Formally, we have a system of n € N agents, where each agent i € {1,...,n} is
associated with a Boolean variable z; € {0,1}, so x € {0,1}" is called a configuration or state of

the system.

Each agent i updates the value of z; at discrete time intervals according to a Boolean function
fi : {0,1}™ — {0, 1} called the local activation function.

In this way, we define the global activation function f : {0,1}" — {0,1}" such that f(z) =
(f1(zx), fa(x), ..., fn(x)). This function is called a Boolean network, the dynamics of the system it
models are completely characterized by it. We say that a local activation function f; depends on

variable z; if there exists € {0,1}" such that:

fi(l’l, Ly = 0, l‘n) 75 fi(:cl, ey Lj = 1, ﬂ?n)

The interaction between agents can be represented by a digraph, called the interaction graph.

Definition 1 Given a Boolean network f : {0,1}" — {0, 1}", its interaction graph G(f) is a digraph
over [n] := {1,...,n} such that the arc (i, j) exists if f; depends on x;.

As an example, consider the Boolean network f : {0,1}* — {0,1}3 such that f(z1,72,23) =
(x1 V a2 V x3, 23, ~x2). In terms of opinion formation, this network represents a system where the
first agent chooses the value 1 if any other agent in the system says 1, while the second and third

agents always disagree at each step. The interaction graph of the network is shown in fig.



f1(x) =x1 Vza V3

fa(z) =73

Figure 2.2: Interaction graph G(f).

Definition 2 Given f : {0,1}" — {0,1}"

* A fixed point of f is a configuration x € {0, 1}" such that f(z) = x.
* A polarized fixed point is a fixed point such that | Y"1 ; z; —n/2| <1

* A consensus fixed point is a fixed point such that x; = 1 Vi € [n] or z; = 0 Vi € [n].

In other words, a polarized fixed point is a configuration such that the number of components
equal to 0 and the number of components equal to 1 differ by at most one. A consensus fixed point
is a configuration of only ones or only zeros. It is easy to check that, in the example of fig. the

configuration 101 is a polarized fixed point.

Within the binary opinion formation process, the update rules that follow the minority or the
majority of agents naturally arise. Therefore, we will define two types of minority and majority

functions, which only differ in the case where the agent faces a tie in the opinions of its neighbors.
Definition 3 Given a digraph D with n vertices, we define

* The associated biased minority network associated with D as bminp : {0,1}" — {0, 1}" such
that

0 if Y x> [NT()|/2

JEN=(3)
bminp(z); = H(— Y w;+n/2)=
JEN=(i) 1af Y oy < |INT(i)|/2
JEN~(3)

* The associated biased majority network associated with D as bmayp, : {0,1}" — {0,1}" such
that



0 if > o <|N(i)]/2

JEN(4)
bmayp(z); = H( Z xj—nf2) =
JENTO) Lif Y @ > [NT()]/2
JEN~(4)

Where Vu € R, H(u) = 1ifu > 0and H(u) =0if u < 0.

They are said to be biased because, in the case where an agent sees a tie in the opinions of its
neighbors, it decides on 1. To avoid this, we define the unbiased networks, where only in case of a
tie does each agent consider its own opinion from the previous time step. This implies that under

certain conditions, each agent influences itself, possibly adding a loop to the interaction graph.

Definition 4 Given a digraph D with n vertices, we define:

* The associated unbiased minority network or simply minority network associated with D as
minp : {0,1}" — {0, 1}" such that

0 if > a > INT(i)]/2
JEN=()\{i}

z; if Yoo oz =INT@)l/2 Vv NT@)\{i}=0
JEN=(D)\{i}

L if Y.z <INT()|/2
JEN=()\{i}

minp(x);

* The associated unbiased majority network or simply majority network associated with D as
mayp, : {0,1}" — {0, 1}" such that

0 if Yz <|NT(i)]/2

JEN=(i)\{i}

= wi if zj=|N"@)]/2 v N~ (i)\{i} =0
oo jeN%\{z’} ’
Loaf Y > INT(i)]/2

JEN=()\{i}

We can think that in majority networks, agents influence each other positively, and in minority
networks, agents influence each other negatively. More generally, given a local activation function
fi(x), we say that:

* f; is monotone increasing in input j if
Vo € {01} 2= 0 = fila) < filz +e))

10



* f; is monotone decreasing in input j if

Vz € {0,1}",2; =0 = fi(z) > fi(z +¢)

Where ¢, is the canonical vector « € {0,1}" such that z; = 1 and all other components are 0.

In the first case, we say that agent j has a positive influence on agent ¢, and in the second case, a
negative influence. Similarly, we say that the arcs connecting the vertices are positive or negative,

respectively.

If all the local activation functions of a network f : {0,1}" — {0,1}" are either monotonically
increasing or decreasing, then we say that f is regulatory and its interaction graph G(f) = (V, A)
can be assigned a sign function oy : A — {—1,+1} such that V(i,j) € A4, 0¢(i,j) = +1 if and only

if f; is monotone increasing in input i. We call (G(f), o) a signed interaction graph.

In general, we consider a signed digraph (G, o) as a digraph that has an associated sign function
o: A — {—1,+1} assigning signs to each of its arcs. A Boolean network where all arcs of its

interaction graph are positive is called monotone. More precisely:

Definition 5 A Boolean network f : {0,1}"™ — {0, 1}" is called monotone if

Vo,y € {0,1}" 10 <y = f(z) < f(y)

Where x < y if and only if Vi € [n], z; < y;.

It can be proven that a Boolean network f is monotone if and only if each local activation function
fi can be written in its conjunctive or disjunctive normal form without using any negative variables.
(Anthony, [2001)

The dynamics of a Boolean network f are described by successive iterations on a configuration
forming the sequence:
Vit € No,V(t) € {0,1}", 2(t + 1) = f(xz(t))

The dynamic behavior of this network can be represented by a digraph called the iteration graph

Gr(f), its vertex set consists of all possible configurations of {0,1}", and its arc set is {(z, f(z)) :
xz € {0,1}"}.

Definition 6 Given a signed digraph (G, o) and subset of vertices I C [n], we define the I-switch of
(G, o) as the signed digraph (G, o) such that

11



o (u v)—{ o(w,v) if {u,0} STV {u,0} NI =10

a —o(u,v) otherwise

Also, given a configuration = € {0, 1}", we define x! such that x! = x; if i’ otherwise x! = —z;.

Definition 7 Let f : {0,1}" — {0,1}" be a regulatory Boolean network and I C [n], then we can
define the dual of f as ?I :{0,1}" — {0, 1}" such that Vx € {0,1}" and Vi € {1,..,n} :

1, ) R@EYD if i
fi(x)_{ f@) if iel

Proposition 8 Let f: {0,1}" — {0,1}" be a regulatory Boolean network and I C [n], then

i) (G(f )7 O'*I) = (G(f)7ajlc)
i) Gr(f) is isomorphic to Gp(fl)

i) f(z) =2 < f (@) =1

Proof: Let f : {0,1}" — {0,1}" be a regulatory Boolean network, I C [n]. To prove i) first
suppose that v € I, then fl (') = f(x) and therefore

wo € A(G(f)) == 3w e {0,1}": (fo(2) > folr +eu)) V (fuol@) < folz + eu))

= 3re{0,1}": (Fo(x) < oz +en) V (Fol@) > Folz +e)

Proving that uwv € A(G(?I)), also from here we can see that if u € I, T, # =z, and thus the

sign of the arc stays the same, if v ¢ I, T/ = =, the sign of the arc changes, in both cases

o1 (u,v) = ol (u,v).

Now suppose that v ¢ I, then f] (z') = f(x) and therefore

w € A(G(f)) <= Fo €{0,1}": (fo(2) > fol@ +en)) V (folz) < folz + eu))

= e {0,1)": (Fola) > Fule +en) V (Fol@) < Tolz +eu))

—I - . .
Then uv € A(G(f")), and similar to the previous case we can see that if u € I, T # z, and thus
the sign of the arc changes and if u ¢ I, T, = z,, the sign of the arc stays the same, in both cases

U?I(U,U> = ol (u,v).

12



To prove i) we define ¢ : {0, 1} — {0, 1}" such that Vx € {0,1}" p(x) = T!. © is bijective because
Vz,& € {0,1}" such that z # # there exists ¢ € [n] such that x; # #; and therefore p(z) # ¢(T),
also for every y € {0,1}" there exists x = ¢(y) such that p(z) = y.

Let x € {0,1}" and let i € [n]. If i € I, then

Tip(@) = Fi@) = fi(x) = vi( f(x))

and if i € I, then
1 —I

file(@) = fi(@") = filz) = ¢i(f(2))

From here we deduce that fop = ¢ o fl and also we can see that
-1 2T I
fl@) =2 —= [ (o) =) — f(T)=1

proving iii). O

13



Chapter

Fixed Points in Boolean Networks

This chapter aims to explain what is known about fixed points in Boolean networks. Note that a
network of size n has 2" possible configurations in its dynamics, which makes it difficult to analyze
using exhaustive search techniques. For this reason, the literature usually seeks to understand the
dynamics of a network based on the structure of its interaction graph and its activation functions.
Within this study, special attention has been given to the fixed points of the network, as they are
attractors of the dynamics invariant to the update scheme used. For example, in Biology, these

represent stable patterns in the expression of phenotypes. (Kauffman, 1969)

In the works of (Aracena et al., [2004), (Aracena), 2008|), (Aracena et al.l [2014), and (Aracena,
Richard, & Salinas, 2017), the maximum number of fixed points in different families of Boolean
networks is studied, such as those with local AND-OR and AND-OR-NOT activation functions, as
well as the families of regulatory and monotone networks. In all these works, relationships between

the structure of the interaction graph and the maximum number of fixed points are found.

Definition 9 Given a signed digraph (G, o), its positive transversal number 77 (G) is defined as the

minimum number of vertices that must be removed from the digraph so that it has no positive cycles.
Among the most relevant results, we highlight the following theorem.

Theorem 10 (Aracena) 2008) Let f : {0,1}" — {0, 1}" be a regulatory Boolean network whose signed

interaction graph is G. The maximum number of fixed points in the network is at most 27" (©).

Regarding the study of the computational complexity of the problem, in (Kosub, 2008) and (Bridoux,
Durbec, Perrot, & Richard, |2019), the complexity of the problem of fixed point existence in Boolean
networks is studied, concluding that the problem of determining whether a given Boolean network

has fixed points is NP-Complete.

14



In the study of monotone networks, it is known that as long as there are no constant activation
functions, there is at least two consensus fixed point (Aracena, 2008). Therefore, it is interesting to

ask whether there are fixed points that are not consensus. The problem is posed:

MONFIX: Given a monotone Boolean function f : {0,1}" — {0, 1}". Does there exist a fixed point
z € {0,1}"\ {0",1"} of f?

Where 1™ and 0™ are configurations with only ones and zeros in their components, respectively.

In (Yang & Zhao,|2004), it is shown that MONFIX is NP-Complete. Later, we will present a sufficient
condition on the minimum degree of the interaction graph of the monotone network that guarantees

the existence of a non-trivial fixed point.

Given any Boolean network f, to check if there are any consensus fixed points it is enough to
verify that f(I) = T or f(0) = 0. However, to determine if it has polarized fixed points is more
computationally harder since there are (n%) polarized configurations if n is even and (LnT/L2 J) if n is
odd. To study the complexity of the general problem of finding polarized fixed points in a network,

we present the following decision problem and a known variant of the SAT problem:

Definition 11 (POLFP) Given a Boolean network f : {0,1}" — {0,1}". ¢Does f have a polarized
fixed point?

Definition 12 (HALF-SAT) Given a formula ¢ : {0,1}" — {0, 1} written in conjunctive normal form
(CNF) and n is even. {Is there a satisfactory assignation of ¢ where half of its variables are true and
the other half are false?

It is known that this variant of SAT is also NP-Complete and the we provide the following proof.
Proposition 13 HALF-SAT is NP-Complete.

Proof: We can check in polynomial time if an assignation = with half of its variables is true and

the other half is false satisfies ¢ by computing ¢(z), therefore the problem is NP.

Let ¢ : {0,1}" — {0,1} be an instance of SAT with variables x = (x1, z2, ..., z,,), then we create
a instance of HALFE-SAT ¢ : {0,1}?" — {0,1} with variables 2’ = (x1,...,Zn,¥1, ..., yn) Such that
for each clause C in ¢ we include the clauses C' and C’ in ¢, where C’ obtained by replacing the
literals x; with —y;. We can see that that x = (x1, ..., x,) satisfies ¢ if and only if the assignation

' = (21, .., Tp, X1, ..., Ty, satisfies ¢. O

Proposition 14 POLFP is NP-complete.

15



Proof:

The problem is NP because we can verify that a configuration x € {0, 1}" is a polarized fixed point

in polynomial time by checking if f(z) = =.

Let ¢ be an instance of HALF-SAT, we construct the Boolean network f : {0,1}"*2 — {0, 1}"+2
such that:

s Vi€ [n], fiz) =2
* fori(z) = 0(z) V 2pio

* fare(x) = "2pq1

Let’s suppose that there exists a polarized configuration x € {0,1}" such that ¢(x) = 1. Then
& = (x,1,0) is a polarized fixed point of f. On the other hand, if z € {0,1}"*? is a polarized fixed
point of f, we can define & € {0, 1}" as the first n components of x. Since x,,11 # x,+2, we see that
7 is also polarized. If z,,, o = 1, then 2,1 = 0 and f,,,1 = 1, but this is a contradiction with x being
a fixed point, then z,, 12 = 0 and x,+1 = 1 = f12(x) = ¢(z) V 2,42, which implies that & satisfies
. O

3.1 Polarized fixed points

Since the problem of deciding whether a Boolean network has a polarized fixed point is difficult,
we study the relationship between an interaction graph and the existence of polarized fixed points
in the networks associated with it. First we note that for every digraph D, we can easily construct

a Boolean network associated to D that has a polarized fixed point:

Proposition 15 Given a digraph D, there exists a Boolean network f such that G(f) = D and that
has at least one polarized fixed point.

Proof: Let D be a digraph with n vertices and = € {0, 1}" a polarized configuration, we can define
the network f : {0,1}"™ — {0,1}" such that for each i € [n]:

A yi N A Yk if NT()#0

UeN™ (i)wj=:} {keN=(i):zp 7w}

16



Then f(x) = = and f has a polarized fixed point. O

Moreover, in (Gadouleau & Richard, [2016) they exhibit a large class of unsigned digraphs that have
an associated Boolean network with a unique fixed point and no other attractors such as the family
of strong digraphs containing a loop or a wheel, or the family of loop-less digraphs with minimal in-
degree > 2 and maximal outdegree n — 1 and the family of loopless connected symmetric digraphs
with n > 3. Also they show that the families of unsigned digraphs that are a cycle or a double cycle
Cl, r such that min(l,r) does not divide max(l,r) don’t have an associated Boolean network with a

unique fixed point and no other attractors.

From proposition [§ we can prove the following result.

Proposition 16 Given a Boolean network f : {0,1}" — {0,1}" and = € {0,1}" a fixed point of f,
there exists I C [n] such that fl has x! as a fixed point and that keeps the dynamic behavior.

From here, given an unsigned digraph that admits a Boolean network f with a unique fixed point
as its only attractor, we can use convenient I-switch to find an associated Boolean network that has

a polarized or consensus fixed point as its only attractor.

However, if we consider the type of influence each agent has over each other the problem becomes
harder. To model this we include the function o : A(D) — {—1, +1} such that the influence of agent

i over agent j is positive if o (i, j) = +1 and —1 otherwise.

First we have to consider that a signed digraph does not always have an associated Boolean net-
work that has a fixed point. For example, if n is odd there is not a Boolean network associated
to (Cy,0) where o(e) = —1 for all e € A(C),) (Aracena et al., 2017). Nevertheless, we provide
a sufficient and necessary condition for the architecture of the signed digraph to have a polarized

fixed point.
Theorem 17 Given a signed digraph (D, o), the following statements are equivalent:
() There exists a regulatory network f such that G(f) = (D, o) that has at least one polarized fixed

point.

(i) D has a balanced partition {V;,Va} such that Vi € {1,2}, Vv € V; it holds that Ju; € V; such
that o(u1,v) = +1 or Jus € Va_; such that o(uz,v) = —1.

Proof: Let (D, o) be a signed digraph, let’s suppose that f is a Boolean network associated to
D such that has z as a polarized point. We define the partition induced by z as {Vp, Vi} where
veEVy s x, =0.

17



By contradiction let’s suppose that all balanced partitions of f have a vertex that does not satisfy
any condition required in (ii), in particular there must exist a vertex v in the partition induced by x
such that all arcs coming within its partition set are negative and all arcs coming outside its partition
set are positive. Without loss of generality, if 2, = 1 this means that when computing f,(x) all the
negated literals take the value 0 and all positive literals also take the value 0, therefore f(z) = 0

which is a contradiction with x being a fixed point of f.

Now let’s suppose that there exists a balanced partition {V, V1} of V (D), we define the network
f:{0,1}" — {0,1}" such that

\/ T if 1eWy
fi ) = JENT(4)
() /\ T if 1€V
JEN—(2)

Then the configuration = € {0, 1}" such that z,, = i if v € Vj is a fixed point of the network. =~ [

Example 18 An example of a digraph that doesn’t satisfy condition (ii) is shown in figure We
can see that in any balanced partition of this digraph there is a vertex that either receives only negative
influence within its partition or positive influence from outside its partition. Therefore any Boolean

network associated to it will not have a polarized fixed point.

Figure 3.1: Digraph

3.1.1 Full-positive digraphs

If we only consider positive interactions between agents we call this partition valid. More precisely:

Definition 19 Given a digraph D = (V, A), we will say that a partition of its vertices {V1, Va} is valid
if 5~(D[VA]) > 1 and 6~ (D[V]) > L.
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Corollary 20 Given a digraph D = (V, A) such that 6~ (D) > 1. The following statements are equiva-

lent:

() There exists a monotone network f such that G(f) = D and it has at least one polarized fixed

point.

(ii) There exists a balanced and valid partition of V.

We can prove that the problem of deciding if there exists any Boolean network associated to a

digraph that has at least one polarized fixed point is also computationally hard.

Definition 21 (BVPartition) Given a digraph D = (V, E) such that 6= (D) > 1. Does there exist a

balanced and valid partition of V'?

Definition 22 (G1Partition) Given a multiset S of positive integers strictly greater than 1. Can S be
divided into two sets S1 and Sy such that }~,cq, i = > ;cg, 77

Where a multiset is a set that allows repetitions.

Proposition 23 BVPartition is NP-Complete.

Proof: Given a partition of vertices, we can check in linear time with respect the size of G if the
partition is balanced and valid, therefore BVPartition is NP. Let the multiset A = {a1,...,a,} be a
instance of G1Partition, we construct a symmetric digraph G = (V, A) as follows: For each a; we
create a star graph S; with center v;, that is, a node v; with a; — 1 hanging vertices ( see Figure (3.2
for example), note that this implies that |.S;| = a;. Then we add a two-cycle between v; and v;; for

each i € {1,...,n — 1}. The resulting graph has |V| = }_,. 4 a; vertices and 6~ (G) = 1.

Figure 3.2: Star graph with 7 vertices and bidirectional edges.
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Suppose there exists a partition {A;, A2} of A such that the sum of its components is equal. We
define {V1, Va} of V such that V; = {v € S; : a; € A;} for j € {1,2}. Therefore:

Vil= > [Sil= Y ai= >, ai= >, |Si|=]|Val

i:a; EAL a; €A1 a;€EAg 1:a;€A2

Since each star is completely contained in some set of the partition, it is clear that §~(G[V;]) > 1
and 6~ (G[V2]) > 1.

Now let’s suppose that there exists a balanced partition {V7, 2} of V' that is valid, to achieve this
each star must be completely contained in one of the partition sets. We define a partition {A, A3}
of Asuchthat A; = {a; € A:v; € S;} for j € {1,2}.

Soai= > 1S= Y 1=Vil=l=Y 1= > [S]= Y a

a; €A, v, €V veEWV] veEVL v, EVa a; €Az
O

Finding a valid and balanced partition ensures the existence of at least one associated monotone
network with polarized fixed points. However, there may also be monotone networks that do not
have such fixed points. For example, given a symmetric digraph if we consider the majority network
associated, having just a valid and balanced partition is insufficient, see for example Figure this
digraph has a balanced valid partition {1, 2, 3}, {4, 5, 6} but the associated majority network does not
have polarized fixed points. To ensure the existence of polarized fixed points in majority networks

associated to a digraph we need a slightly stronger condition.

Figure 3.3: Digraph with circular arrangement of vertices.

The following is a known problem in graph theory that let us characterize when a digraph has an

associated majority network with polarized fixed points.

Definition 24 Given a digraph G = (V, A) we say that a partition of its vertex {Vy, V1 } is satisfactory
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if each vertex has at least as many in-neighbors in its own part as in the other part:

YoeVi: [N“(0)NVi| > |N~(v) N Vi i€ {0,1}.

Proposition 25 Given a digraph G = (V, A), the non biased majority network associated to G has a
polarized fixed point if and only if G has a satisfactory partition that is balanced.

Proof: Let G = (V, A) be a digraph, each configuration z € {0,1}" corresponds to unique a
partition {Vj, V1} such that ¢ € V; if and only if z; = j for j = 0,1. We will prove that z is a fixed
polarized fixed point if and only if {V}, V1 } is a balanced satisfactory partition.

Let’s suppose that x is a polarized fixed point, then {1}, V1 } is balanced and for any j € {0, 1} each
i € Vj satisfies may(x) = j, this happens if and only if N(i) = 0 or 3jcn—(;y 2k > [N7(i)[/2, in any
case, this implies that [N~ (i) N V;| > [N~ (¢)|/2 and therefore [N~ (i) N V;| > [N~ (i) N Vi—j].

And now suppose that {V{, V;} is a balanced satisfactory partition,  must be polarized and also
for any j € {0, 1} lets consider ¢ € V}, if N~ (i) = () then may,(z) = z; by definition and if N~ () # 0
then [N (i) N V;| > [N (i) N Vi—;| which implies that may;(z) = Y renp) ¥k = J = ;. O

The problem of deciding if a symmetric digraph has a satisfactory partition is NP-Complete (Bazgan,
Tuza, & Vanderpooten, 2006), therefore deciding if the non biased majority network associated to

a graph has a polarized fixed point is also hard.
Corollary provides us with a necessary condition for the existence of a monotone Boolean

network associated with a positive signed digraph such that it that has a polarized fixed point.

Corollary 26 Given a digraph D, if D has no two vertex disjoint cycles, then there is no monotone
network associated to it that has polarized fixed points.

Example 27 A digraph that doesn’t have two vertex disjoint cycles are called intercyclic. An example
of an intercyclic digraph is presented in Figure therefore any monotone network associated to this
digraph doesn’t have a polarized fixed point.
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Figure 3.4: Digraph of class Ds.

Since there is a relation between valid balanced partitions and polarized fixed points we may think
that a graph with many valid balanced partitions could have an associated network with a large
number of polarized fixed points. Indeed, we show a network associated to the complete graph that

has an exponential number of polarized fixed points:

Proposition 28 Let K, be the complete graph with n vertices such that n mod 4 = 0, there is a

n/2

oy }) polarized fixed points.

monotone Boolean network f associated to K, that has (

Proof: Let’s consider a perfect matching M of K,. Let i, j € V, such that {i, j} € E(M), we define
for any « € {0,1}™:

filz) =5V /\ T
ke[n]\{4.5}

We define A as the set of balanced partitions such that each edge of M is completely contained in

some partition set, i.e.,

A:={{WV,Va}: |Vi| = |Va| AVe € E(M) :e C D[V4] Ve C D[Vs]}

Let {V1,Va} € A, if ¥ € {0,1}" such that 7 =1 <= ¢ € V}, then z* is a polarized fixed point of
f. Indeed, let i, 5 € V such that {i,j} € E(M).

* Ifv eV, thenzi =1and

filx™) = x;‘ Vv /\ xp=1=u;
ke[n]\{4.5}

* If v € V5, then 2§ = 1, 3k € V; such that {i,k} € E and

filz®) =aj v /\ 2 =0v0=0=x]
ke[n]\{i.5}

22



That is, for each element of A, there is a polarized fixed point and |A| = (Z?Z) O
This hints that bounding the minimum degree of the interaction graph may lead us to ensure the
existence of a balanced and valid partition and therefore an associated monotone network that has
at least one polarized fixed point. We will prove that a sufficient condition for a symmetric digraph

to have a balanced and valid partition is to have in-degree at least 2.

Given a graph D = (V, A), (Schmidt, 2013) presents a procedure called chain decomposition
intended to check the 2-vertex and 2-edge connectivity of G. This algorithm runs in polynomial
time with respect to the size of the entry and returns a set of chains C' = {C1, ..., C|g|_|y|-1} that
represent paths or cycles in GG. If the graph is 2-connected, then this set represents an open ear

decomposition of GG, otherwise then C' may not cover V' or E.

To prove that any symmetric digraph of minimum in-degree 2 has a balanced and valid partition we
want to compute something similar to an ear decomposition, so we made some slight modifications
to the algorithm of chain decomposition previously presented so the set of chains returned cover

the entire graph.
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Algorithm 1 Modified Chain Decomposition
Input: G = (V, A) symmetric and connected such that §7(G) > 2.

1: Obtain a tree 7" from G using DFS starting from a vertex that is part of a cycle.
2: Chains < | |

3: Mark all vertices as unvisited.

4: for v € V in DFS order do

5.  Mark v as visited

6: foru e N(v) do
7: if u has not been visited and is not a child of v in 7' then
8 Mark v as visited
9 C <+ [v,u]
10: w < parent of v in T
11: while w has not been visited do
12: Mark w as visited
13: Add w to the end of C
14: w < parent of w in T’
15: end while
16: Add w to the end of C'
17: if w is not the root of 7" and w is not part of any chain then
18: w < parent of w in T'
19: while w is not part of any chain do
20: Add w to the end of C
21: w < parent of w in T'
22: end while
23: Add w to the end of C
24: end if
25: Chains < Chains U {C'}
26: end if

27:  end for
28: end for

29: return Chains

The only modification made to the original algorithm is in lines 17 to 24, here we keep adding
vertices to the chain until it reaches a vertex that is part of another chain. This way every vertex is

part of one chain at least, but now a chain can be a cycled attached to a path.

The algorithm returns a set of chains C = {C!, C?,...,C™}, where each chain C* : ¢},...,¢! is a

- Cp;

list of vertices of G. C is a cycle and the remaining chains share one or two vertices with another
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chain that has a smaller index, we call these roots r; and r». Excluding the roots, the chains are

vertex-disjoint from each other. More specifically, for 7 # 1:

e (C'is apathif ¢ # c;i and there are no other repetitions among the elements. In this case,

the roots are r; = ¢} and 5 = ¢, .
* Clisacycleif ¢} = ¢, , here the only root is this vertex and r; = ry = ¢f.
* ('isacycle connected to a path if ¢! # ci” and the first vertex repeats before the last element.

In this case, 1 =12 = ¢, .

Definition 29 Let C* € C, the vertices that are not the roots we call internal and this set is denoted as
int(C?) == C*\ {r1,m2}.
The length of the chain is the number of internal vertices and we denote it as len(C?) = |int(C?)|.
Now we present the following procedure that uses the chain decomposition obtained by algorithm

[1]to find a valid and balanced partition when the input is a symmetric digraph of minimum in-degree

at least 2.
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Algorithm 2 Valid Balanced Partition

Input: G = (V, A) symmetric and connected such that §7(G) > 2.
1: Obtain chain decomposition C', ..., C™ of G.
2 Vi< [], Va< 1]
3: if len(C') > 4 then
4 for ie{1,.. |} do

5: Vi< Viu{c}
6: end for
7. for ie {[“MC) |} 41, ..., len(C")} do
8: Vo + VaU{ct}
9: end for
10: else
11:  forie {1,2,3} do
12: if ¢! is root of another chain then
13: T4
14: Break
15: end if

16:  end for

172 Vi« WViu{r}

18: Vo« Vo U (int(CH)\ {r})
19: end if

20: fori € {2,...,m} do

21:  ifri € Vi or € V; then

22: Vi« Vi Uint(Cy)
23:  else

24: Vo < Vo Uint(Cy)
25:  end if

26: end for

27: Balance {V, 5}
28: return {V7, 15}

26



Algorithm 3 Balance {V, V,}
Input: G = (V, A) symmetric and connected and {V;, V»} a valid partition of V.
1: if [Vi| — |V2| > 1 then

2. Vi« TV,

3: Vo Vp

4 Vi<V

5: end if

6: while ||V5] — [V1]| > 1 do

72 B+ {veVy:JweVi:we N(v)}
8: forve Bdo

9: flag=10

10: for w e N(v)nV, do

11: if [N(w) N V3| == 1 then

12: flag =1

13: end if

14: end for

15: if flag == 0 then

16: Vi« Vi U{w}, Vo < Vo \ {w}
17: Break

18: end if

19: end for
20: end while
21: return {V;, 15}

Theorem 30 Given a symmetric connected digraph G = (V, A) such that |V| > 4 and 6= (G) > 2,

there exists a valid balanced partition of V.

Proof: Let G = (V, A) be a symmetric digraph such that |V'| > 4 and §~(G) > 2, we will prove that

algorithm [2| returns a valid balanced partition of G in polynomial time.

First we get a chain decomposition of G, in polynomial time, using algorithm Steps 3 to 19
divide the first chain in half between the two partition sets declared in step 2. Since C! is a cycle,
if it has more than 3 vertices the partition obtained by putting the first half in V; and the rest in V;
is valid and if it has exactly 3 vertices, one of them must be the root of another chain, we place this
vertex in V7 and the rest in V5. Steps 20 to 26, place each chain by index order in any partition set
where they have a root in, this way {V1, V2} form a valid but not balanced partition. Finally step 27

uses algorithm [3|to balance it.
For any i € {1,2} we define the action of switching a vertex from V; to V5_; as redefining V; =
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Vi\ {v} and V5_; = V5_; U {v}. It is clear that switching a vertex v keeps the partition valid if and
only if v has at least one neighbor in V5_; and every neighbor of v in V; has another neighbor in this
set different than v. Algorithm [3|receives a valid partition of G and rename the partition sets such
that || — [V1] > 1, then in steps 6 — 20 we define B as the set of vertices of V, that have at least
one neighbor in V;. We will prove that we can always switch one or two vertices from B keeping
{V1, V2} valid until is balanced.

Since all internal vertices of each chain are disjoint, in every step we could choose w € B that
belongs to a chain with the smallest index number C*. If either |VaNint(CF)| > 2 or |[VaNint(CF)| =
2 and one of int(C*) is root of another chain contained in V4, it is clear that switching w keeps
{1, Vo} valid. If |V5 N int(C*)| = 2 and none of int(C¥) is root of another chain contained in V53
then we can switch both vertices from V5 N int(C*) and keep {V1, V»} valid.

The only problem that may arise is when |V, N int(C*)| = 2, none of int(C*) is root of another
chain contained in V, and we only need to switch one more vertex from V; to balance the partition.
In this case we could choose another vertex of B that belongs to the next chain with the smallest
index that has more than two internal vertices in V5. If there is not a chain like that, then every
chain remaining in V5 has only two internal vertex in this set and its roots in V; (i.e. G[V4] is a
perfect matching), in this case we could return to the previous step and switch back from V; to
V5 the last vertex we chose from B and then switch one of these chains from V5 to V; to balance

{V1,Va} (see figure|3.5)). This algorithm runs in polynomial time too. O

Vi :Eg v, Vl_‘_gé v,
R e
-3 =3

Figure 3.5: Chain switch

These algorithms were implemented and tested in Python Also, in (Maurer, [1979) there is a
coloring algorithm that returns a valid balanced partition of the vertices for n even, it starts with a
balanced partition and they make it valid by switching vertices. The difference with this algorithm

lies in the use of chain decomposition and also it doesn’t require n to be even.
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3.1.2 Full-negative digraphs

It is known that if a regulatory network has at least one fixed point then its interaction graph must
have at least one positive cycle (Aracena, 2008)), therefore if we only consider negative interactions
between agents we may not have any fixed points. Nevertheless the characterization in theorem

in the case of only negative signs is enough to ensure the existence of a positive cycle.

A particular example of a network where all agents have negative influence between each other
is a minority network, to ensure the existence of polarized fixed points we need more than the

condition presented in To do this, we present a known problem in graph theory:

Definition 31 A digraph D = (V, A) has a majority coloring if it can be colored with two colors such
that each vertex has the same color as at most half of its out neighbors. More precisely, ¢ : V. — {0,1}

is a majority coloring if

Vo eV, [{ue NT(v) : g(u) = ¢(0)} < [NT(v)]/2

Additionally, we will say that a digraph has a balanced majority coloring if the partition that this

coloring induces is balanced.

Proposition 32 Given a digraph D = (V, A), the following statements are equivalent:

1. The associated minority network has at least one polarized fixed point.

2. D" has a balanced majority coloring ¢ : V- — {0,1}.
Where D" = (V, A") is the reverse digraph of D, that is, Vu,v € V, (u,v) € A" <= (v,u) € A.
Proof: Let D = (V, A) be a digraph with n vertices. If the associated minority network min has a
polarized fixed point x, then we define ¢ : V' — {0, 1} such that ¢(i) = x;.

We will prove that ¢ is a balanced coloring of D". Let v € V, we denote N, (v) as the incoming
neighborhood of v in D and N, (v) as the outgoing neighborhood of v in D". It is clear that
N (v) = Np (v).

min, (z) =z, = {u € Np(v) : &y = 2, }| < |Np(v)]/2
= {u € N}, (v) : 2, = 2 }| < |NF-(0)]/2

= [{u € N (v) : ¢(v) = p(u)}| < [N (v)]/2
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Now, suppose that D" has a balanced majority coloring ¢ : V' — {0,1}, then we will prove that
xz € {0,1}" such that Vi € V, x; = ¢(1) is a polarized fixed point of the associated unbiased minority

network of D, minp.

Letv eV,

[{u € N (v) : 6(0) = $()}] <IN (0)]/2 = {u € Ny (0) : 2 = 2}] <INy (w)| /2
— [{u € Np(v) : 2, = 2,}] < [N (v)|/2

= min,(z) = z,

0

We can prove that given a digraph D, to decide if it has a balanced majority coloring is NP-Complete
and therefore to know if it has a polarized fixed point is also difficult. If we consider a symmetric
digraph there are some families of graphs that ensure the existence of polarized fixed points in the

associated minority networks.
Lemma 33 Let G be a k-regular bipartite graph with k > 1. If the partition is {U, W'}, then |U| = |W|.

Proof: Since G is bipartite, all the edges of the graph can be counted by summing the degrees of

a single partition as follows:

S dw) = Y d(v) = ||

veU veW
= > k=) k
vel veW
= k|U| = k|W]|
= U] =|W|

We call balanced bipartite graphs those that have a partition {U, W} such that |U| = |[W/|.

Lemma 34 Let GG be a balanced bipartite connected graph, then minority networks associated to it

have at least one polarized fixed point.
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Proof: Let G = (V, E) be a balanced bipartite graph with partition {U, U¢}. We define = € {0, 1}"
such that z; = 1 if and only if ¢ € U, since all the neighbors of each vertex are in the opposite set
each agent keeps its opinion and x is a polarized fixed point of both the minority network and the

biased minority network associated to G. O

Using both lemmas, it follows that the associated minority networks with and without bias of a

regular bipartite graph have at least one polarized fixed point.

Theorem 35 Let G be a k-regular bipartite graph, then the associated unbiased minority network and

the biased minority network have at least one polarized fixed point.

Also, we can ensure the existence of polarized fixed points by bounding the minimum and maxi-

mum degree.

Proposition 36 Given a digraph D with n vertices such that n is even and A~ (D) < 2, the associated

minority network has at least one polarized fixed point.

Proof: Let D digraph such that A= (D) < 2, then it must be composed of its connected components

that are isolated vertices, cycles and paths.

We can find a polarized fixed point in this network by enumerating the vertices from 1 to n such
that connected component has consecutive vertices, then the configuration x € {0,1}" such that
x; = 1 if and only if 7 is even is a fixed point. To prove the latter, let C' be a connected component of
D; If C is an isolated vertex, then by definition it keeps its opinion; If C is a path or an even length
cycle then each vertex sees only neighbors with the opposing opinion and keeps its opinion and
finally if C' is an odd length cycle then only the first and last enumerated vertices see a tie between
the opinion of its neighbors and keeps it opinion, the rest only see opposing opinions and therefore

keeps its opinion. O

Proposition 37 Given a digraph D with n vertices and loops in all its vertices such that n is even and

0~ (D) > n — 1, the associated unbiased minority network minp has (n%) polarized fixed points.

Proof: Let D = (V, A) be a digraph on n vertices and = € {0, 1}" be any polarized configuration
and consider the associated minority function. Let v € V, if d~(v) = n — 1, the vertex is connected
to all the vertices of the graph and therefore it sees exactly 3 < |N(”)| vertices with opposing opinion
and keeps its opinion. If d(v) = n — 2 then its connected to all vertices of the graph but one that we

IN(v)I [N (v)]
2

call k, if z, = x, thenvsees § < 5 —1 = and if x, # x, then v sees 2 — 1 = , either

way keeps its opinion. Therefore x is polanzed fixed point of the minority funct1on associated to D
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Since the maximum number of different polarized configurations with n elements is (n%), we

conclude that this is the size of the set of polarized fixed points of minp. O

We developed a Python program to study the case of minority networks, this program tests every
possible polarized configuration to see if its a fixed point. See appendix

3.2 Consensus Fixed Points

Unlike polarized fixed points, there are only two consensus configurations: 0 and I, so determining

whether a network has any of these fixed points is straightforward.

First, we observe that given a digraph D, we can always obtain a network that has at least one

polarized fixed point.

Proposition 38 Given a digraph D, there exists a Boolean network f such that G(f) = D and f has

at least one consensus fixed point.

Proof: Given a digraph D over [n], we can define the network f : {0,1}" — {0,1}" such that for

each i € [n]:
1 if N-(i)=0
filz) =
\V  x if N(i)#0
{7eN—()}
It is easy to verify that f(I) = I, so it has a consensus fixed point. O

However, if we have a digraph with signs on its edges, such a network does not always exist. In

(Aracena, |2008), the following lemma is proven.

Lemma 39 Given a Boolean regulatory network f with G(f) = (V = [n], A), if = is a fixed point,

then every vertex v € V such that N~ (v) # () receives at least one non-frustrated arc. That is:
Jw e N (v) 1 xy = 2y <= o(w,v) = +1

Using this, we can infer the following condition on the interaction graph that ensures the existence

of a network with at least one consensus fixed point:

Corollary 40 Given a signed digraph (D, o), there exists a Boolean regulatory network f associated to
it that has at least one consensus fixed point if and only if each vertex that does not have zero in-degree

receives at least one positive arc.
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Proof: Let (D, o) be a signed digraph over [n]. The first implication follows directly from Lemma
To prove the other implication, suppose that each vertex that has a neighbor receives a positive
arc. We can define the networks f, ¢ : {0,1}" — {0,1}" such that

JEI; JEl;

and f;(r) = 1 otherwise. Where I = {j € N~ (i) : 0(j,i) = +1} and I;” = N(3) \ I;\. Additionally,

gil@)= N\ oV N 75 HENT(@) A0

JEI; Jel;

and g;(x) = 0 otherwise. It is easy to verify that f(I) = T and ¢(0) = 0. O

We see that if there are vertices with zero in-degree, we cannot have more than one fixed point.
However, to ensure the existence of a network that has both consensus fixed points 0 and 1 we need

more requirements.

Proposition 41 Given a signed digraph (D, o), there exists a Boolean regulatory network f associated
to it such that it has both 0 and 1 as fixed points if and only if 5~ (D) > 1 and every vertex that receives

a negative arc also receives at least two positive ones.

Proof: Let (D, o) be a signed digraph. If there exists a network f such that G(f) = (D, o) and it

has the fixed points 0 and 1, then by Lemma every vertex must receive at least one positive arc.

Suppose, by contradiction, that there is a vertex v that receives negative influence from other
vertices, and 3w € N~ (v) such that o(w,v) = +1. Let ¢ be an irreducible disjunctive normal form
(DNF) representation of f,,. Since f, (T) = 1, there must be a clause that only contains x,,; otherwise,
fv(f) = 0. Note that any other clause C; containing z,, can be removed since C; = 1 = z,, = 1.
As ¢ is irreducible, the rest of the clauses only contain negative literals, implying that f,(0) = 1,

which contradicts the fact that 0 is a fixed point.

On the other hand, suppose that each vertex v € V(D) that receives a negative arc also receives
at least two positive arcs from v; and vy. We define f, : {0,1}" — {0,1} such that f,(z) =
Toy V NieN- (v)\{ur} Ti- We can verify that f,(0) = 0 and that f,(I) = 1. Hence, the global network
f has 0 and T as fixed points. O

This last result implies that in the particular case where all arcs of a signed digraph are positive, it
is always possible to find a network associated to it with at least one consensus fixed point, and if
the minimum in-degree is at least 1 it is always possible to find a network associated to it that has
both consensus fixed points. Moreover, if all arcs are negative, there are not associated networks

with consensus fixed points.
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Note also that both conditions can be verified in linear time with respect to the size of the given

digraph.

3.3 Polarized and Consensus Fixed Points

Given an interaction digraph, finding a network associated to it that has both types of fixed points,

consensus and polarized, at the same time is more complicated than it seems.

A sufficient condition when the digraph is symmetric is that 6~ (D) > 2, as we can construct a

monotone network that has both types of fixed points, but it is not a necessary condition.

Example 42 For example, the network f(x) = (x2,x1 A x5, 21,21 V x5, 4 V 6, x6) has (0,0,0,1,1,1)
as a fixed point, but its interaction graph has a minimum degree of 1, as shown in figure

(D—
o /il 2
O—O
Figure 3.6: Interaction Graph

A necessary condition for the existence of a network with more than one fixed point is that the
graph is not acyclic (Robert, 2012). However, this is not a sufficient condition, since if there are
vertices with in-degree 1, for a consensus fixed point to exist, the interaction can only be positive.
But in this case, polarized fixed points do not always exist. For example, if D is a directed cycle of
length n, there is no associated network that has both a polarized and consensus fixed point, see

Theorem

We can demonstrate that the general problem of finding an associated Boolean network that has
both types of polarized and consensus fixed points is NP-Complete. To do this, we define the fol-

lowing decision problems:

Definition 43 (POLCONFP) Given a digraph D, decide whether there exists a Boolean network f

associated to it such that it has at least a consensus fixed point and a polarized fixed point.

Definition 44 (PARTITION) Given a multiset S of positive integers, can S be divided into two sets S
and Sy such that 3 ;e g i = Y e, 1?7

Proposition 45 POLCONFP is NP-Complete.
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Proof: Given a digraph D = (V, A), we consider the certificate { f, 2}, which is a Boolean network
associated with D and = is its polarized fixed point. To check if it has a consensus fixed point, we
need to verify that f(0) = 0 or f(1) = T and that f(z) =

Moreover, PARTITION <p POLCONFP. Given a multiset S = {ay, ..., a, }, we define the digraph
D as the union of m vertex disjoint directed cycles. For each component «a;, we add a directed cycle

C; with 2a; vertices to D.

Suppose (51, 52) is a partition of S that satisfies >°, cg, a; = >_,.cg, @;- Then Vi := {V(C;) C V' :
a; € S1} and V, := V' \ V; is a valid partition of D because each component C; is entirely contained

in some partition set, and it is also balanced because

Vil= > IV(C)l= Y 2ai= > 2a0i= Y [V(Cy)|=]|Va

i:a; €51 a; €S, a;ESs i:a; €S9

On the other hand, suppose there exists a Boolean network f such that G(f) = D and it has both
a polarized and consensus fixed point. First, note that for all v € V, d~(v) = 1, and since the
network has a consensus fixed point, all interactions must be positive (see Corollary[40). Since all
interactions are positive, f has a polarized fixed point if there exists a valid and balanced partition
of D (V4,V3). Then each component C; must be entirely contained in one partition set, so we can
define S :={s; € S: C; € Vi} and Sy := S\ S;.

Since (V7, V3) is balanced and |V| is even, |V;| = |V2|, and

Yo=Y VG2l =Wl2=Val/2= Y [V(C)/2l= Y a

a; €S i:a; €S i:a; €S a;€Ss

3.4 Conclusion

We have shown that the existence of polarized and consensus fixed points in Boolean networks
impose specific structural properties over the interaction graph. In particular, we provided necessary
and sufficient conditions for a digraph to have an associated network with these fixed points, with

a special focus on networks where the signs of the interaction graph are predetermined.

Among the most important result we identified that a signed digraph admits a network with a
polarized fixed point if it has a balanced partition where every vertex satisfies certain conditions
formalized in theorem [17]and if all the signs are positive then a sufficient condition for a symmetric
digraph is to have minimum in-degree at least 2. In the particular case of majority (full-positive

digraph) and minority (full-negative digraph) we need additional conditions, these were associated
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to known NP-Complete problems in graph theory. In proposition we provided clear criteria
linking the presence of positive arcs and negative arcs to the existence of both consensus fixed

points in associated networks.

These theoretical advances are accompanied by algorithm contributions that allow us to find polar-
ized fixed points in Boolean networks under specific graph constrains. We developed some Python

programs to implement and validate the algorithms proposed in this work.

Concerning future work, we conjecture that a sufficient condition for a non symmetric digraph to
have an associated network with a polarized fixed point is to have minimum in-degree at least 3.
In the unsigned case we were able to create an associated network with a polarized or consensus
fixed point as its only attractor when possible, we could study under which conditions this can be
done in the signed case too. Finally we could study how conditions from [17|change for some other
families of Boolean networks that could appear in the modelling of opinion forming systems, such

as homogeneous Boolean networks.
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Appendix

Algorithms

A.1 Program that finds polarized fixed points in a non-biased minority
network

This program receives a symmetric digraph G and function exPF(G) returns a polarized fixed point
of the network in case that it exists and 0 otherwise. To do this we test every possible polarized
configuration. It was used at the beginning of the investigation to explore examples and look for

patterns for section (3.1.2]

#Non biased minority function

def minsinb(n,nv,x):

sum=0

for i in nv:
sum=sum+x[i-1]

if sum < len(nv)/2:
return (1)

elif sum > len(nv)/2:
return (0)

else:

return(x[n-1])

#Decides if x is a fixed point
def ispf(G,x):
for i in G:

if minsinb(i,G[i],x) !'= x[i-1]:
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return (-1)

return (1)

#Generates all possible polarized configurations of size n
from itertools import combinations
def genP(n):
1st=1[]
for i in range(O,n):
if i <n/2:
1st.append (0)
else:
1st.append (1)
return(lst)
def polComb(n):
lst=genP (n)
for comb in combinations(range(n), int(n/2)):
result = [0]*n
for i in comb:
result[i] = 1

yield result

#Search for the first polarized configuration that is a fixed point
def exPF(G):
n=1len(G)
for comb in polComb(n):
if ispf(G,comb) == 1:
return (comb)

return (0)

A.2 Program that finds polarized fixed points in a biased minority net-

work

#Biased minority function
def umb (nv,x):

sum=0

for i in nv:

sum=sum+x[i-1]
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if sum <= len(nv)/2:
return (1)
else:

return (0)

#Decides if x is a fixed point
def ispf(G,x):
for i in G:
if umb(G[i],x) !'= x[i-1]:
return(-1)

return (1)

def genP(n):
1st=1[]
for i in range(O,n):
if 1 <n/2:
1st.append (0)
else:
1st.append (1)

return(lst)

#Generates all possible polarized configurations of size n
from itertools import combinations
def polComb(n):
lst=genP (n)
for comb in combinations(range(n), int(n/2)):
result = [0]*n
for i in comb:
result[i] = 1

yield result

#Search for the first polarized configuration that is a fixed point
def exPF(G):
n=1len(G)
for comb in polComb(n):
if ispf(G,comb) == 1:
return (comb)

return (0)
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A.3 Program to find a biased balanced partition

#DFS

def DFSrec(G,v,visited,dfstree,dfsindex):
visited([v-1]=1
dfsindex.append (v)
for u in G[v]:
if visited[u-1]1==0:
dfstree[ul=v

DFSrec (G,u,visited ,dfstree,dfsindex)

def DFS(G,v):
dfstree={}
visited =[0]*1len(G)
dfsindex=[]
DFSrec(G,v,visited ,dfstree,dfsindex)

return (dfsindex ,dfstree)

def ChainDecomp (G):
index , dfstree = DFS(G,1)

chains=1[] #List to store chains
visited={} #Dictionaries to store the state of vertices
isinachain={}
for i in range(1l,len(G)+1):
isinachain[i]=0

visited[i]=0

#Traverse vertices in DFS order and looks for backedges
for i in range(0,len(G)):
v=index [1i]
visited[v]=1
for u in G[v]:
if u==index [0]:
continue
if visited[u]l==0 and v!= dfstreel[u]:

visited[ul=1
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C=[v,ul

n=dfstree [u]

while visited[n]==
C.append (n)
visited[n]=1

n=dfstree [n]

C.append (n)

#This part detects bare paths
if n'!=index[0] and isinachain[n] == 0:
n=dfstree [n]
while isinachain[n]==
C.append(n)
n=dfstree [n]

C.append(n)

for i in C:
isinachain[i]l=1
chains.append (C)

return (chains)

def intersection(lstl, 1st2):
1st3 = [value for value in 1lstl if value in 1lst2]

return 1lst3

def balancedpartition(G):
Vi=[]
v2=[]
ch=ChainDecomp (G)

#Partition C1
if len(ch[0]) > 4:
for i in range(0,len(ch([0])-1):
if i+1 < len(ch[0])/2:
V1i.append(ch[0][i])

else:
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76 V2.append(ch[0][i])

77 else:

78 for i in range(0,len(ch([0])-1):

79 if (ch[0][il==ch[1]1[0] or ch[O0]J[il==ch[1][-11):
80 if len(V1)==0:

81 V1.append(ch[0][i])

82 else:

83 V2.append(ch[0][i])

84

85

86 if len(ch) > 1:

87 for i in range(1l,len(ch)):

88 if ch[il[-1] in V1:

89 for j in range(1l,len(ch[i])-1):

90 V1.append(ch[il[j1)

91 else:

92 for j in range(l,len(ch[il)-1):

93 V2.append(ch[i] [j])

94

95

96 #Balance

97 while abs(len(V1)-len(V2)) > 1:

98

99 if len(V1)<len(V2):

100 NViinterVvV2=[]

101 for v in V2:

102 if len(intersection(G([v],V1)) > O:
103 NViinterV2.append(v)

104

105 for v in NVlinterV2:

106 flag=0

107 for w in intersection(G[v],V2):
108 if len(intersection(G[w],V2))==1:
109 flag=1

110 if flag==0:

111 V1.append(v)

112 V2.remove (v)

113 break
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else:
NV2interVi=[]
for v in V1:
if len(intersection(G[v],V2)) > O0:
NV2interV1l.append (v)

for v in NV2interV1:

flag=0

for w in intersection(G[v],V1):
if len(intersection(G[w],V1))==1:

flag=1

if flag==0:
V2.append (v)
Vi.remove (v)

break

return(V1,V2)
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