
Universidad de Concepción
Facultad de Ciencias F́ısicas y Matemáticas
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Abstract

We develop and analyze a numerical method to approximate the solution of a partial differential

equation arising from a phenomenological model of water desalination through reverse osmosis

within a channel module. The problem involves a coupled nonlinear system that accounts

for the steady state of mass transport phenomena via a convection-diffusion equation and

linear momentum balance through the Navier-Stokes equation. To address this problem, we

introduce a mixed variational formulation based on Banach spaces for both phenomena, utilizing

appropriate Lebesgue spaces to define the nonlinear terms and introducing a Lagrange multiplier

that couples both phenomena at the boundary. We establish the existence and uniqueness of

the solution under smallness assumptions on the physical parameters. We consider conforming

subspaces, demonstrate the well-posedness of the discrete formulation, and derive the respective

a priori error estimates. Finally, the model is verified against analytical solutions and compared

with a related literature study under realistic conditions.
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Chapter 1

Introduction

The process of water purification involves the removal of undesirable chemicals, biological con-

taminants and solid particles from water, with the aim of producing water suitable for spe-

cific purposes. While the primary focus is often on purifying water for human consumption,

this purification process serves various other applications, including medical, pharmacological,

chemical, and industrial uses. Some methodologies cover physical processes such as filtration,

sedimentation and distillation; and chemical process such as flocculation and chlorination,

among others [21].

In recent decades, water filtration through reverse osmosis has become increasingly popular

[11]. This method uses a partially permeable membrane to remove larger molecules and particles

from water. Pressure is applied to the water on one side of the membrane, forcing it to

pass through while leaving contaminants behind. The result is clean water suitable for both

industrial applications and human consumption [18].

The fundamental theory associated with these processes lies in the field of transport phe-

nomena. This field delves into the study of mass, energy, momentum and angular momentum

exchanges between physical systems. These studies often present challenges related to solving

boundary value problems involving partial differential equations, which, in most cases, lack

exact solutions. However, numerical methods can be used to approximate these solutions.

A common approach to solving such problems is the finite element method (FEM), widely

used to solve partial differential equations in continuum mechanics [12, 13, 17]. This method

11



CHAPTER 1. INTRODUCTION 12

involves discretizing the domain into a mesh of elements and approximating the variables within

each element, allowing for the resolution of complex problems, particularly those involving

irregular geometries or coupled interactions between multiple variables.

In the context of the reverse osmosis process, research in computational fluid mechanics has

focused on developing numerical methods to solve the Navier-Stokes equations coupled with

mass transport equations [20]. This work is motivated by the need to understand fluid flow and

dissolved substance transport during the membrane filtration process. For example, measuring

contaminant boundary layers and examining how system geometry affects process efficiency are

key areas of interest [23].

In this work, we develop and analyze a numerical method to approximate the partial differ-

ential equations governing a phenomenological model of reverse osmosis using the mixed finite

element method.

The structure of this thesis is organized as follows. In the remainder of this chapter, we

present the governing equations of a phenomenological model of the reverse osmosis process.

Next, we introduce the usual nomenclature to describe the mathematical treatment and asso-

ciated theoretical results. In Chapter 2, we derive a continuous formulation of the governing

equations, which will constitute the main problem to be solved. Subsequently, in Chapter 3,

we introduce a fixed-point scheme for the continuous formulation to address the well-posedness

of the main problem. Chapter 4 presents the discrete formulation associated with the approx-

imation of the main problem and demonstrates its respective well-posedness. In Chapter 5,

we establish the order of convergence of the approximation. Finally, in Chapter 6, we present

numerical experiments to verify the proper functioning of the numerical model developed in

the previous chapters.

1.1 Problem statement.

Osmosis, also referred to as forward osmosis (FO) in industrial contexts, is a natural process

where water molecules move from a solution with low solute concentration to one with high

solute concentration through a semipermeable membrane (Figure 1.1a). The process is driven

by the difference in solute concentration between the two solutions, which generates a pressure
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difference π across the membrane known as osmotic pressure.

Osmosis continues until equilibrium is reached. At equilibrium, the osmotic pressure π

becomes equal to the hydrostatic pressure resulting from the height difference between the

two solutions (Figure 1.1b). Conversely, by applying external pressure P to the solution with

a higher solute concentration, the flow of water can be retarded or even reversed. If the

applied pressure P is less than the osmotic pressure π, the process is known as pressure-retarded

osmosis (PRO). Conversely, if the applied pressure P exceeds the osmotic pressure π, water

flows in the opposite direction (Figure 1.1c). This reverse process is known as reverse osmosis

(RO) [18, Section 2.2].

Forward Osmosis

(a)

High
concentration

solution

Low
concentration

solution

Equilibrium State

(b)

Osmotic

pressure π

Reverse Osmosis

(c)

Applied

pressure P

Figure 1.1: Schematic representation of the osmosis process. (a) Water molecules move from a
low concentration solution to a high concentration solution (blue arrow). (b) Water flow stops
when the osmotic pressure π equals the hydrostatic pressure. (c) Water molecules move in the
opposite direction (blue arrow) when an external pressure P is applied and exceeds π.

For industrial purposes, a common device used in the reverse osmosis process is the spiral

wound membrane module [20, Section 3.1.4]. This module consists of a sandwich of flat sheets of

membrane and spacer mesh wrapped around a central tube that collects the water filtrate (see

Figure 1.2). As the feed water flows longitudinally, the membrane allows water to pass through

it while retaining dissolved salts and impurities. Additionally, spacer meshes within the module

(see spacer mesh in the Figure 1.2) play a crucial role by inducing “eddy effects” in the flow,

which help mitigate concentration polarization [20, Section 2.5]. The suitable combination of

membrane and spacers mesh ensures optimal desalination performance [23, Section 2].
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Bottom membrane

Bulk flow direction

Channel fragment

Spacers mesh

Top membrane

Sheet wrapper

Figure 1.2: Schematic representation of an unrolled wound spiral membrane module.

A typical approach to modeling the filtration process on a spiral wound module is to consider

a small channel fragment of the module, of the order of centimeters long. The objective of this

exercise is to locally evaluate the filtration phenomenon and then draw conclusions regarding

the entire global process within a module (e.g. [6, 19]).

In our analysis, the channel fragment of the module (see Figure 1.2) will be represented by a

flat rectangular domain Ω =]0, l1[×]0, l2[ (Figure 1.3), where l1 is the length and l2 is the height.

The membranes are located along the lower boundary Σ− and the upper boundary Σ+ of the

domain Ω, while the spacers will be represented as finite circular elements Γw that obstruct the

flow. In this context, water flow and dissolved substance transport are typically represented

using the Navier-Stokes equations and the advection-diffusion equation, respectively. We as-

sume that the flow is incompressible, Newtonian, in a steady state, without gravitational effects

(horizontal configuration). The feed water enters the module through the inlet boundary Γin

and exits through the outlet boundary Γout, resulting in a bulk flow direction as shown in Figure

1.3.
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Γin

Σ+Top membrane

Γout

Σ−Bottom membrane

n

Channel fragment

Bulk flow direction

Γw Γw Γw

Figure 1.3: The domain Ω =]0, l1[×]0, l2[, representing the channel fragment of the module. The
boundaries Γin and Γout correspond to the inlet and outlet flow, respectively, while the permeable
membranes are located along the boundary Σ. Three spacers, represented as circular elements
Γw, obstruct the bulk flow. A dashed line is used to depict the spacer mesh for visualization
purposes only. The outward unit normal vector n is also indicated.

Under these conditions, we seek a velocity field u, a pressure field p, and a concentration

field ϕ that satisfy the following equations in the domain Ω:

(∇u)u = −∇p+ ν△u in Ω, ∇ · u = 0 in Ω, u · ∇ϕ = κ△ϕ in Ω, (1.1)

where ν and κ are known as kinematic viscosity and mass diffusivity, respectively.

In addition, the following boundary conditions are considered in the previous system:

1. Inherent conditions to the osmosis process on the permeable boundary Σ := Σ+ ∪ Σ−:

u = A(P − π)n and κ∇ϕ · n = ϕu · n on Σ. (1.2)

The first equation represents the permeate flux, indicating that the fluid has only a normal

component across the membrane, with its magnitude depending on the difference between

the transmembrane applied pressure P and the osmotic pressure π. The coefficient A

denotes the membrane permeability, expressed in units of velocity per unit pressure. The

second equation establishes that the membrane is impermeable to solute, meaning that

the solute concentration flux cannot penetrate the membrane [18, Secction 2.4.3].
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In this context, the transmembrane applied pressure P can be assumed to remain constant

at an operational value due to the small size of the domain (e.g. [6, 19]). On the other

hand, the osmotic pressure π, can be calculated using the Van’t Hoff equation [20, Secction

2.1]:

π = iRTϕ, (1.3)

where i is the Van’t Hoff coefficient, R is the ideal gas constant, T is the temperature,

and ϕ is the solute concentration.

Γin

Σ+

Σ−

Γout

Figure 1.4: Typical profile in the reverse osmosis process on the permeable boundary Σ. The
magnitude of the velocity u (blue) decreases due to the increase in concentration ϕ in the
bulk flow direction. These phenomena produce a concentration boundary layer around the
membrane (red), which induces polarization effects.

2. Dirichlet condition over the inlet boundary Γin: The mass concentration is assumed to

follow a homogeneous feeding profile with constant value ϕin.

For the velocity, a feed profile uin = uin i+vin j is considered. In the literature, a parabolic

profile is commonly used for the velocity field uin in the longitudinal direction (see the

top panel of Figure 1.5).

However, the velocity u must be continuous at Γin ∩ Σ. Consequently, the profile uin,

according to (1.2) and (1.3), must satisfy the following compatibility condition:

uin = 0 and vin = ± A(P − iRTϕin) on Γin ∩ Σ±.
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Γin

Σ+

Γout

Σ−

uin i

Γin

Σ+

Γout

Σ−

A(P − iRTϕin) mΣ

Figure 1.5: Decomposition of the velocity profile on the inlet boundary Γin. The upper figure
shows a typical parabolic profile of the longitudinal component of u, while the lower figure
illustrates the auxiliary profile of the transversal component

Based on the above considerations, we adopt the following profile for uin:

uin = uin i+ A(P − iRTϕin)mΣ on Γin, (1.4)

where mΣ = (0,mΣ) is a smooth vector field defined in Ω. The function mΣ is chosen

such that mΣ coincides with the unit vector n on Σ (see the bottom panel of Figure 1.5).

Particularly, a Berman flow [3] can be used to define the complete profile uin.

3. Neumann’s type over the outlet boundary Γout, to characterize an out-flow:

(ν∇u− pI)n = 0 and ∇ϕ · n = 0 on Γout. (1.5)

These equations, known as do-nothing conditions, are commonly used as artificial cut far

enough from the regions of interest [16].

4. Wall conditions over the circular obstacles Γw: A no-slip condition is imposed on the
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Γin

Σ+

Γout

Σ−

u = uin i+ A(P − iRTϕin) mΣ

Figure 1.6: Complete velocity profile over the inlet boundary Γin. The profile is based on a
Berman flow.

obstacles, meaning that the velocity field u is zero at these boundaries. Additionally, we

assume that the obstacles are impermeable to the solute, resulting in a zero gradient of

the concentration field ϕ on Γw. Therefore, we have:

u = 0 and ∇ϕ · n = 0 on Γw. (1.6)

1.2 Preliminary notations.

In the subsequent sections, we will use the following notation and terminology to describe the

mathematical model and the numerical methods.

We adopt the standard notation for norms in vector spaces: | · | denotes the Euclidean

norm in R2, while ∥ · ∥ represents norms in distribution spaces, with subscripts indicating the

corresponding space. Additionally, for two vector spaces U and V , the norm in the product

space U × V is defined as ∥(u, v)∥U×V := (∥u∥2U + ∥v∥2V )1/2. Moreover, for any vector field

v = (v1, v2)
t, we define the gradient and divergence operators as follows:

∇v =

(
∂vi
∂xj

)
i,j=1,2

div v =
2∑

i=1

∂vi
∂xi

.

In turn, for any tensor field τ = (τij)i,j=1,2 and ζ = (ζi,j)i,j=1,2, we let div τ be the divergence

operator acting along the rows of τ , and define the transpose, the trace, the tensors inner
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product, and the desviatoric tensor, respectively, as

τ t := (τji)i,j=1,2, tr(τ ) :=
2∑

i=1

τii, τ : ζ :=
2∑

i,j=1

τij ζi,j, τ d := τ − 1

2
tr(τ )I.

On the other hand, we recall the standard terminology for Sobolev spaces. Specifically,

given a bounded domain O ⊆ R2 with Lipschitz continuous boundary Γ := ∂O, we will employ

Lebesgue space Lp(O) and Sobolev space Wr,p(O), where p ∈ [1,∞) and r ≥ 0 [12, Appendix

B]. The respective norms will be denoted by ∥ · ∥0,p,O and ∥ · ∥r,p,O. Also, for Hilbert spaces

case, we will use the notation Hr(O) instated Wr,2(O), and the norm ∥ · ∥r,2,O will be denoted

by ∥ · ∥r,O. In addition, we also recall other spaces that we will use. Firstly, as is usual in the

context of mixed finite element methods, we consider spaces that have regular divergence:

H(div,O) := {v ∈ [L2(O)]2 : div v ∈ L2(O)}.

Also, given an index p > 1, we proceed as in [5] and introduce the non-standard Banach space

H(divp,O) defined by

H(divp,O) := {v ∈ [L2(O)]2 : div v ∈ Lp(O)},

endowed with the norm

∥v∥divp,O :=
(
∥v∥20,2,Ω + ∥div v∥20,p,Ω

)1/2 ∀v ∈ H(divp,O).

In turn, we consider the tensor version of H(divp,O) given by

H(divp,O) := {τ ∈ [L2(O)]n×n : div τ ∈ [Lp(O)]n},

endowed with the norm

∥τ∥divp,O :=
(
∥τ∥20,2,Ω + ∥div τ∥20,p,Ω

)1/2 ∀τ ∈ H(divp,O).
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Secondly, we consider the Hilbert space H1/2(Γ) consisting of traces of functions in H1(O) (cf.

[13], section 2.4.2), which is endowed with the norm.

∥ξ∥1/2,Γ := inf
{
∥v∥1,O : v ∈ H1(O) such that v = ξ on Γ

}
∀ξ ∈ H1/2(Γ).

Additionally, if ΓD and ΓN are disjoint parts of Γ, we let EN,0 : H1/2(ΓN) → L2(Γ) be the

extension operator

EN,0(ξ) :=

 0 on ΓD

ξ on ΓN

∀ξ ∈ H1/2(ΓN),

and define

H1/2

00 (ΓN) := {η ∈ H1/2(ΓN) : EN,0(η) ∈ H1/2(Γ)},

endowed with the norm

∥ξ∥1/2,00,ΓN
:= ∥EN,0(ξ)∥1/2,Γ ∀ξ ∈ H1/2

00 (ΓN).

Equivalently, we observe that H1/2

00 (ΓN) can be characterized as follows

H1/2

00 (ΓN) = {v|ΓN
: v ∈ H1(O), v = 0 on ΓD}.

The dual space of H1/2

00 (ΓN) will be denoted by H-1/2(ΓN) and endowed with the norm

∥µ∥−1/2,ΓN
:= sup

ξ∈H1/2
00 (ΓN )

⟨µ, ξ⟩ΓN

∥ξ∥1/2,00,ΓN

∀µ ∈ H-1/2(ΓN), (1.7)

where ⟨·, ·⟩ΓN
denotes the corresponding duality pairing.

Finally, to simplify the notation, for spaces of vector- and tensor-valued functions, we will

use the notation:

Lp(O) = [L2(O)]n, Lp(O) = [L2(O)]n×n, Hr(O) = [Hr(O)]n, Hr(O) = [Hr(O)]n×n.
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1.3 Auxiliary results.

We also recall the following results, which will be useful in the analysis of the subsequent

sections.

Firstly, the Sobolev embedding inclusion for the two-dimensional case [12, Appendix B]:

Let v ∈ H1(O) and ξ ∈ H1/2(Γ). There exist positive constants C1 and C2, depending only on

the domain O and Γ, respectively, such that:

∥v∥0,p,O ≤ C1 ∥v∥1,O and ∥ξ∥0,p,Γ ≤ C2 ∥ξ∥1/2,Γ ∀p ∈ [1,∞). (1.8)

These properties are usually referred to as inclusion properties and are denoted by H1(O) ↪→

Lp(O) and H1/2(Γ) ↪→ Lp(Γ), respectively. Additionally, for all p ∈ [1,∞) we define the constant

∥i∥1,p,O := inf
{
C > 0 : ∥v∥0,p,O ≤ C∥v∥1,O ∀v ∈ H1(O)

}
∥i∥1/2,p,Γ := inf

{
C > 0 : ∥ξ∥0,p,Γ ≤ C∥ξ∥1/2,Γ ∀ξ ∈ H1/2(Γ)

}
Secondly, the integration by parts formula and the concept of normal traces: Specifically,

if we consider a vector-valued function v ∈ H(div,O), the normal trace v · n is defined as

a functional in H-1/2(Γ), can be expressed by the following integration by parts formula [13,

Secction 1.3.3]:

⟨v · n, ξ⟩Γ =

∫
O
v ∇w +

∫
O
w div v ∀ξ ∈ H1/2(Γ), (1.9)

where w ∈ H1(O) is a function that equals ξ on Γ. Moreover, considering the Sobolev embedding

inclusion H1(O) ↪→ L4(O), the previous formula is also well-defined for v ∈ H(div4/3,O). In

particular, the following estimate holds (see [5, Section 4.1]):

|⟨v · n, ξ⟩Γ| ≤ Ctr ∥v∥div4/3,O ∥ξ∥1/2,Γ ∀ξ ∈ H1/2(Γ), (1.10)

with Ctr := max{1, ∥i∥1,4,O}.

Additionally, we recall know results that we will employ to analyze the existence and unique-

ness of the variational problems. In particular, we will use the classical Banach-Necas-Babuška
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theorem and the Babuška-Brezzi theorem to analyze the well-posedness of the saddle point

type problems. Precisely, we will consider the following results:

Theorem 1. [12, Theorem 2.6] Let W be reflexive Banach space, A : W × W → R be a

bounded bilinear form, and f ∈ W ′. Then, the problem:

Find u ∈ W such that A(u, v) = f(v) ∀v ∈ W ; (1.11)

has a unique solution if and only if a satisfies the following properties:

1. There exists γ > 0, such that

sup
v∈W
v ̸=0

A(w, v)

∥v∥W
≥ γ∥w∥W ∀w ∈ W.

2. There holds

sup
w∈W

A(w, v) > 0 ∀v ∈ W\{0}.

Moreover, if u ∈ W is the solution to (1.11), the following estimate holds:

∥u∥W ≤ 1

γ
∥f∥W ′ .

Theorem 2. [12, Theorem 2.34] Let H and Q be reflexive Banach spaces. Let a : H×H → R,

b : H × Q → R, f ∈ H ′ and g ∈ Q′. In addition, let V ⊆ H be the kernel of b. Then, the

problem:

Find (σ, u) ∈ H ×Q such that a(σ, τ) + b(τ, u) = f(τ) ∀τ ∈ H,

b(σ, v) = g(v) ∀v ∈ Q;
(1.12)

has a unique solution if the following two conditions are satisfied:

• There holds

sup
τ∈V
τ ̸=0

a(σ, τ)

∥τ∥H
≥ α∥σ∥H ∀σ ∈ V and sup

σ∈V
a(σ, τ) > 0 ∀τ ∈ V \{0},
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with α > 0.

• There exists a constant β > 0 such that

sup
τ∈H
τ ̸=0

b(τ, v)

∥τ∥H
≥ β∥v∥Q ∀σ ∈ Q.

Moreover, there exists a constant C > 0 such that, if (σ, u) is a solution to (1.12), the following

estimate holds:

∥(σ, u)∥H×Q ≤ C
(
∥f∥H′ + ∥g∥Q′

)
,

where

C := max

{
1

α
,
1

β

(
1 +

∥a∥
α

)
,
∥a∥
β2

(
1 +

∥a∥
α

)}
. (1.13)

Remark 1. If A : H ×Q→ R is the bilinear form defined by

A((σ, u), (τ, v)) := a(σ, τ) + b(τ, u) + b(σ, v), ∀(σ, u), (τ, v) ∈ H ×Q,

it can be proved (see [12, Proposition 2.36]), that under the assumptions of Theorem 2, the

following inf-sup condition holds true

sup
(τ,v)∈H×Q
(τ,v) ̸=0

A((ζ, w), (τ, v))

∥(τ, v)∥H×Q

≥ γ∥(ζ, w)∥H×Q ∀(ζ, w) ∈ H ×Q,

with γ = (2C)−1, or explicitly

γ =
1

2
min

{
α, β

(
1 +

∥a∥
α

)−1

,
β2

∥a∥

(
1 +

∥a∥
α

)−1
}
. (1.14)

In addition, we will use the following result that is a generalization of the Babuška-Brezzi

theorem for the case of saddle point problems with a linear perturbation term.
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Theorem 3. [9, Theorem 3.4] Let H and Q be reflexive Banach spaces. Let a : H ×H → R,

b : H × Q → R and c : Q × Q → R be bounded bilinear, f ∈ H ′ and g ∈ Q′. In addition, let

V ⊆ H be the kernel of b. Then, the problem:

Find (σ, u) ∈ H ×Q such that a(σ, τ) + b(τ, u) = f(τ) ∀τ ∈ H,

b(σ, v)− c(u, v) = g(v) ∀v ∈ Q;
(1.15)

has a unique solution if the following three conditions are satisfied:

• a and c are symmetric and positive semi-definite, that is

a(τ, τ) ≥ 0 ∀τ ∈ H y c(v, v) ≥ 0 ∀v ∈ Q.

• There exist a constant α > 0 such that

sup
τ∈V
τ ̸=0

a(σ, τ)

∥τ∥H
≥ α∥σ∥H ∀σ ∈ V.

• There exist a constant β > 0 such that

sup
τ∈H
τ ̸=0

b(τ, v)

∥τ∥H
≥ β∥v∥Q ∀v ∈ Q.

Moreover, there exists a constant C̃ > 0 such that, if (σ, u) is a solution to (1.12), the following

estimate holds:

∥(σ, u)∥H×Q ≤ C̃
(
∥f∥H′ + ∥g∥Q′

)
.

Remark 2. From the proof in [9, Theorem 3.4], we can conclude that a suitable constant C̃ to

the problem (1.15) is given by:

C̃ := 2max

{
1

α
,
1

β

(
1 +

∥a∥
α

)
,
∥a∥
β2

(
1 +

∥a∥
α

)
,
∥c∥
β2

(
1 +

∥a∥
α

)2(
1 +

∥a∥
β

)2
}
. (1.16)
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Moreover, similarly to Remark 1, it is possible to obtain the following inf-sup condition

sup
(τ,v)∈H×Q
(τ,v)̸=0

a(σ, τ) + b(τ, u) + b(σ, u)− c(u, v)

∥(τ, v)∥H×Q

≥ γ̃ ∥(σ, u)∥H×Q ∀(σ, u) ∈ H ×Q, (1.17)

where

γ̃ =
1

4
min

{
α, β

(
1 +

∥a∥
α

)−1

,
β2

∥a∥

(
1 +

∥a∥
α

)−1

,
β2

∥c∥

(
1 +

∥a∥
α

)−2(
1 +

∥a∥
β

)−2
}
.

(1.18)

The above result depends on the positive semidefinite property of the bilinear form c. If

this condition does not hold, we can use the following result, which requires the norm of the

bilinear form c to be sufficiently small.

Theorem 4. Let H and Q be reflexive Banach spaces. Let a : H ×H → R, b : H × Q → R,

c : Q × Q → R be bounded bilinear forms, f ∈ H ′ and g ∈ Q′. In addition, let V ⊆ H be the

kernel of b. Then, the problem: Find (σ, u) ∈ H ×Q such that:

a(σ, τ) + b(τ, u) = f(τ) ∀τ ∈ H,

b(σ, v) + c(u, v) = g(v) ∀v ∈ Q;
(1.19)

has a unique solution if the following four conditions are satisfied:

• a and c are symmetric.

• There exist a constant α > 0 such that

sup
τ∈V
τ ̸=0

a(σ, τ)

∥τ∥H
≥ α∥σ∥H ∀σ ∈ V.

• There exists a constant β > 0 such that

sup
τ∈H
τ ̸=0

b(τ, v)

∥τ∥H
≥ β∥v∥Q ∀v ∈ Q.
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• c satisfies

∥c∥ ≤ 1

4
min

{
α, β

(
1 +

∥a∥
α

)−1

,
β2

∥a∥

(
1 +

∥a∥
α

)−1
}
. (1.20)

Moreover, there exists a constant C > 0 such that, if (σ, u) is a solution to (1.12), the following

estimate holds:

∥(σ, u)∥H×Q ≤ C
(
∥f∥H′ + ∥g∥Q′

)
,

Proof. The bilinear form a satisfies the hypotheses of Theorem 2 since it is symemtric. Then,

considering the same arguments as in Remark 1, we obtain the following inf-sup condition:

sup
(τ,v)∈H×Q
(τ,v) ̸=0

a(σ, τ) + b(τ, u) + b(σ, u)

∥(τ, v)∥H×Q

≥ γ∥(σ, u)∥H×Q ∀(σ, u) ∈ H ×Q,

where γ given by (1.14). Thus, considering the hypothesis (1.20) to ∥c∥ and the value of γ, we

have that

sup
(τ,v)∈H×Q
(τ,v)̸=0

a(σ, τ) + b(τ, u) + b(σ, u) + c(u, v)

∥(τ, v)∥H×Q

≥ γ ∥(σ, u)∥H×Q ∀(σ, u) ∈ H ×Q, (1.21)

γ = γ/2. Therefore, the well-posedness of problem (1.19) and the continuous dependence follow

from Theorem 1 and the fact that a and c are symmetric.

Remark 3. Explicitly the global inf-sup constant γ in (1.21) is given by:

γ =
1

4
min

{
α, β

(
1 +

∥a∥
α

)−1

,
β2

∥a∥

(
1 +

∥a∥
α

)−1
}
. (1.22)
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Continuous formulation

In this chapter we derive a weak formulation for the coupled governing system given by (1.1)-

(1.5). That is: find a velocity field u, a pressure field p, and a concentration field ϕ such that:

−ν△u+ (∇u) u+∇p = 0 in Ω, (2.1)

∇ · u = 0 in Ω, (2.2)

−κ△ϕ+ u · ∇ϕ = 0 in Ω, (2.3)

u = uin i+ (a0 − a1ϕin) mΣ on Γin, (2.4)

ϕ = ϕin on Γin, (2.5)

u− (a0 − a1ϕ)n = 0 on Σ, (2.6)

κ∇ϕ · n− ϕu · n = 0 on Σ, (2.7)

(ν∇u− pI)n = 0 on Γout, (2.8)

∇ϕ · n = 0 on Γout, (2.9)

where, to simplify the notation, we define the constants a0 := AP and a1 := AiRT . We note

that in the above system we have not included equations (1.6). Having them or not does not

produce any difficulty in the analysis and the proofs for both scenarios are basically the same.

Therefore, for the sake simplicity in the subsequent exposition, we prefer to omit (1.6) and

consider the domain Ω with boundaries Γin, Σ, and Γout, as shown in Figure 2.1. Nevertheless,

27
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in the numerical simulations presented in Chapter 6, equations (1.6) will be incorporated to

model the behavior of the system in the presence of spacers.

Γin

Σ

Γout

Σ

n

Figure 2.1: Domain Ω and its boundary considered in the analysis.

For this system, firstly we present the spaces where the weak solution lives. Then, we

introduce the respective variational formulation through a mixed scheme.

2.1 Framework in Banach spaces.

In the variational formulation, the convective terms of the governing equations will require

analyzing expressions such as:
∫
Ω
f g h. To address this, we will consider that f ∈ Lρ(Ω),

h ∈ Lϱ(Ω) and g ∈ L2(Ω). Thus, via the Hölder inequality, the integral
∫
Ω
f g h is finite if the

Lebesgue indices satisfy

1

ρ
+

1

2
+

1

ϱ
= 1, ρ, ϱ ∈ (1,∞).

We set the respective conjugate indices

ρ′ = ρ′(ϱ) =
2ϱ

ϱ+ 2
, ϱ′ = ϱ′(ρ) =

2ρ

ρ+ 2
.

In particular, it is appropriate to consider ρ = ϱ = 4 and ρ′ = ϱ′ = 4/3, in order to establish a

suitable product between the spaces L4(Ω) and H(div4/3,Ω). This choice has been commonly

used in the literature to analyze the convective terms in the context of mixed formulations in

Banach spaces [2, 4, 7, 8, 14], and will be adopted in what follows.
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2.2 Mixed scheme.

To derive the mixed variational formulation, we introduce additional unknowns: the diffusive

flux t := κ∇ϕ and the pseudo-stress variable σ := ν∇u− pI. In particular, from the definition

of σ and the incompressibility condition (2.2), it directly follows that:

p = − 1

n
tr(σ), (2.10)

and hence,

σ = ν∇u+
1

n
tr(σ) I ⇒ σd := σ − 1

n
tr(σ) I = ν∇u ⇒ 1

ν
σd = ∇u.

This allows us to eliminate the pressure p from the system, as it can be recovered through the

postprocessing formula (2.10).

Based on the above, it is not difficult to see that the system of equations (2.1)–(2.9) can be

reformulated into the following two sets of coupled equations:

Transport Equations

1

κ
t−∇ϕ = 0 in Ω, (2.11a)

∇ · t− 1

κ
u · t = 0 in Ω, (2.11b)

ϕ = ϕin on Γin, (2.11c)

t · n = ϕ (a0 − a1 ϕ) on Σ. (2.11d)

t · n = 0 on Γout, (2.11e)

Momentum Equations

1

ν
σd −∇u = 0 in Ω, (2.12a)

∇ · σ − 1

ν
σd u = 0 in Ω, (2.12b)

u = uin i+ (a0 − a1ϕin) mΣ on Γin, (2.12c)

u = (a0 − a1ϕ) mΣ on Σ, (2.12d)

σn = 0 on Γout. (2.12e)

In what follows, we make use of equations (2.11) and (2.12) to derive the variational for-

mulation. We begin by considering the set of Transport Equations (2.11). Indeed, multiplying

equation (2.11a) by s ∈ H(div4/3,Ω) and using the formula of integration by parts (1.9), we
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have

1

κ

∫
Ω

t · s+
∫
Ω

ϕ div(s)− ⟨s · n, ϕ⟩∂Ω = 0.

Then, adding and subtracting ϕin in the boundary term, and recalling that ϕin − ϕ vanishes on

Γin due to (2.11c), we introduce the auxiliary unknown

λ := (ϕin − ϕ)|Σ∪Γout ∈ H1/2

00 (Γ
c
in),

to obtain

1

κ

∫
Ω

t · s+
∫
Ω

ϕ div(s) + ⟨s · n, λ⟩Γc
in
= ⟨s · n, ϕin⟩∂Ω, ∀s ∈ H(div4/3,Ω), (2.13)

where Γc
in := Σ ∪ Γout. In turn, equation (2.11b) is imposed weakly as follows

∫
Ω

div(t)φ− 1

κ

∫
Ω

(u · t)φ = 0, ∀φ ∈ L4(Ω). (2.14)

Further, in order to impose the remaining boundary conditions for the set of Transport Equa-

tions, we define

g(λ) :=

 0 on Γout

(ϕin − λ) (a0 − a1 (ϕin − λ)) on Σ.

Then, since g ∈ L2(Γc
in), we impose weakly (2.11d) and (2.11e) as follows

⟨t · n, ξ⟩Γc
in
= ⟨g(λ), ξ⟩L2(Γc

in)
=

∫
Σ

(ϕin − λ) (a0 − a1 (ϕin − λ)) ξ, ∀ξ ∈ H1/2

00 (Γ
c
in),

which after algebraic manipulations, can be rewritten as

⟨t · n, ξ⟩Γc
in
− (2 a1 ϕin − a0)

∫
Σ

λ ξ + a1

∫
Σ

λ2 ξ = ϕin (a0 − a1 ϕin)

∫
Σ

ξ, ∀ ξ ∈ H1/2

00 (Γ
c
in).

(2.15)
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Now we turn to derive the variational equations associated to the Momentum Equations

(2.12). To that end, and motivated by the condition (2.12e), for the sequel we consider the

following subspace of H(div4/3,Ω):

HΓout
(div4/3,Ω) := {τ ∈ H(div4/3,Ω) : (τn)|Γout = 0}.

Then, multiplying equation (2.12a) by τ ∈ HΓout
(div4/3,Ω) and integrating by part, we arrive

at

1

2ν

∫
Ω

σd : τ +

∫
Ω

u · divτ − ⟨τn,u⟩∂Ω = 0, ∀τ ∈ HΓout
(div4/3,Ω). (2.16)

On the other hand, in order to incorporate the boundary conditions (2.12c) and (2.12d), we

introduce the operator g : H1/2

00 (Γ
c
in) → H1/2(∂Ω), given by:

g(ξ) := EΓin,0(uin) i+ (a0 − a1ϕin) mΣ + a1 EΓc
in,0

(ξ) mΣ ∀ξ ∈ H1/2

00 (Γ
c
in).

Then, noticing that u− g(λ) vanishes on Γin ∪ Σ, from (2.12c), (2.12d), and the fact that the

normal component of any τ ∈ HΓout
(div4/3,Ω) vanishes on Γout, we deduce that

⟨τn,u⟩∂Ω = ⟨τn,u− g(λ)⟩∂Ω + ⟨τn, g(λ)⟩∂Ω = ⟨τn, g(λ)⟩∂Ω, ∀τ ∈ HΓout
(div4/3,Ω),

thus (2.16) can be rewritten in terms of g as follows

1

ν

∫
Ω

σd : τ +

∫
Ω

divτ · u = ⟨τn, g(λ)⟩∂Ω ∀τ ∈ HΓout
(div4/3,Ω). (2.17)

Finally, we impose equation (2.12a) weakly as follows

∫
Ω

divσ · v − 1

ν

∫
Ω

(
σdu

)
· v = 0 ∀v ∈ L4(Ω). (2.18)

Consequently, we define the spaces HT := H(div4/3,Ω), Q
T := L4(Ω) × H1/2

00 (Γ
c
in), HM :=

HΓout
(div4/3,Ω) and QM := L4(Ω), and deduce from (2.13), (2.14) (2.15), (2.17) and (2.18), the
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following global variational problem: Find (t, (ϕ, λ)) ∈ HT ×QT and (σ,u) ∈ HM ×QM such

that

aT (t, s) + bT (s, (φ, λ)) = fT1(s)

bT (t, (φ, ξ)) − cT ((ϕ, λ), (φ, ξ)) −OT1(u; t, φ) +OT2(λ;λ, ξ) = fT2(φ, ξ)

aM(σ, τ ) + bM(τ ,u) −OM2(λ; τ ) = fM(τ )

bM(σ,v) −OM1(u;σ,v) = 0

(2.19)

∀s ∈ HT , ∀(φ, ξ) ∈ QT , ∀τ ∈ HM and ∀v ∈ QM ; where

aT (s1, s2) :=
1

κ

∫
Ω

s1 · s2 ∀sj ∈ HT ,

aM(τ 1, τ 2) :=
1

ν

∫
Ω

τ d
1 : τ

d
2 ∀τ j ∈ HM ,

bT (s, (φ, ξ)) :=

∫
Ω

div(s)φ+ ⟨s · n, ξ⟩Γc
in

∀(s, (φ, ξ)) ∈ HT ×QT ,

bM(τ ,v) :=

∫
Ω

divτ · v ∀(τ ,v) ∈ HM ×QM ,

cT ((φ1, ξ1), (φ2, ξ2)) := (2 a1 ϕin − a0)

∫
Σ

ξ1 ξ2 ∀(φj, ξj) ∈ QT ,

fT1(s) := ⟨s · n, ϕin⟩∂Ω ∀s ∈ HT ,

fT2(φ, ξ) := ϕin (a0 − a1 ϕin)

∫
Σ

ξ ∀(φ, ξ) ∈ QT ,

fM(τ ) := ⟨τn, EΓin,0(uin) i+ (a0 − a1ϕin) mΣ⟩∂Ω ∀τ ∈ HM ,

whereas for any χ ∈ H1/2

00 (Γ
c
in) and w ∈ L4(Ω)

OT1(w; s, φ) :=
1

κ

∫
Ω

(w · s)φ ∀(s, φ) ∈ HT × L4(Ω), (2.20)

OT2(χ; ξ1, ξ2) := a1

∫
Σ

χ ξ1 ξ2 ∀ξj ∈ H1/2

00 (Γ
c
in), (2.21)

OM1(w; τ ,v) :=
1

ν

∫
Ω

(
τ dw

)
· v ∀(τ ,v) ∈ HM × L4(Ω), (2.22)

OM2(χ; τ ) := a1⟨τn, EΓc
in,0

(χ) mΣ⟩∂Ω ∀τ ∈ HM , (2.23)
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Remark 4. In the following chapter we address the solvability analysis of problem (2.19).

To that end, we observe in advance that, due to the presence of the bilinear form cT in the

system, depending on whether the constant 2a1ϕin − a0 is positive or negative, we apply either

Theorem 3 or Theorem 4 in Section 3.3.1 to conclude the well-posedness of the respective system.

Specifically, for a given value of a0, the sign of 2a1ϕin − a0 depends on whether the constant

a1ϕin belongs to the interval I1 := [0, a0/2) or I2 := [a0/2,∞) (see Figure 2.2). In particular,

if a1ϕin ∈ I1, then 2a1ϕin − a0 is negative and, as a consequence, we must assume |2a1ϕin − a0|

small enough to use Theorem 4. In contrast, this assumption is not required if a1ϕin belongs to

I2 because we can apply Theorem 3 since 2a1ϕin − a0 is positive in this case. Additionally, we

can observe that in the case of FO or PRO process, the constant 2a1ϕin − a0 is always positive,

and our subsequent analysis is also valid in this context.

0 a0
2

a0

Interval I1 Interval I2

Reverse Osmosis FO or PRO

· · ·

· · ·

Figure 2.2: Ranges for osmotic permeate a1ϕin. The intervals I1 and I2 indicate the sign of the
constant 2a1ϕin − a0. Additionally, the curly braces illustrate the relationship between Reverse
Osmosis and FO or PRO processes.



Chapter 3

Analysis of the continuous formulation

In this chapter we establish the well-posedness of the global problem (2.19). In what follows,

according to the above discussion, we will refer to the first two variational equations in (2.19)

as the Transport Equations and the remaining two variational equations as the Momentum

Equations. Also, we denote by ∥ · ∥T and ∥ · ∥M the product norms associated with the spaces

HT ×QT and HM ×QM , respectively. Additionally, we use the notation ∥ · ∥T×M for the norm

in the product space HT ×QT ×HM ×QM .

3.1 Stability properties.

We begin by establishing the stability proprieties for the forms involved. To do that, we let

s, s1, s2 ∈ H(div4/3,Ω), τ , τ 1, τ 2 ∈ H(div4/3,Ω), ξ, ξ1, ξ2 ∈ H1/2

00 (Γ
c
in), φ, φ1, φ2 ∈ L4(Ω) and

v ∈ L4(Ω).

First, we observe that after straightforward computations, the bilinear forms aT and aM are

bounded:

|aT (s1, s2)| ≤
1

κ
∥s1∥div4/3,Ω ∥s2∥div4/3,Ω, |aM(τ 1, τ 2)| ≤

1

ν
∥τ 1∥div4/3,Ω ∥τ 2∥div4/3,Ω.

In turn, from (1.10) and the Hölder inequality, we obtain the following estimate for bT

|bT (s, φ, ξ)| ≤ Ctr ∥s∥div4/3,Ω
(
∥φ∥0,4,Ω + ∥ξ∥1/2,00,Γc

in

)
.

34



CHAPTER 3. ANALYSIS OF THE CONTINUOUS FORMULATION 35

Similarly, we have that the form bM is bounded:

|bM(τ ,v)| ≤ ∥τ∥div4/3,Ω ∥v∥0,4,Ω.

Now, for the bilinear form cT , we apply the Sobolev embedding H1/2(∂Ω) ↪→ L2(∂Ω), to obtain

the estimate

|cT ((φ1, ξ1), (φ2, ξ2))| ≤ ∥i∥21/2,2,∂Ω |2 a1 ϕin − a0| ∥ξ1∥1/2,00,Γc
in
∥ξ2∥1/2,00,Γc

in
.

Similarly, given χ ∈ H1/2

00 (Γ
c
in) and w ∈ L4(Ω) we have the following estimates for the trilinear

forms OT1 and OM1:

|OT1(w; s, φ)| ≤ κ−1∥w∥0,4,Ω∥s∥div4/3,Ω∥φ∥0,4,Ω, |OM1(w; τ ,v)| ≤ ν−1∥w∥0,4,Ω∥τ∥div4/3,Ω∥v∥0,4,Ω,

and applying the Sobolev embedding H1/2(∂Ω) ↪→ L3(∂Ω), the following estimate for the trilinear

form OT2 holds:

|OT2(χ; ξ1, ξ2)| ≤ ∥i∥31/2,3,∂Ω a1 ∥χ∥1/2,00,Γc
in
∥ξ1∥1/2,00,Γc

in
∥ξ2∥1/2,00,Γc

in
,

For the bilinear form OM2, from (1.10) we obtain

|OM2(χ; τ )| ≤ Ctr a1 ∥χ∥1/2,00,Γc
in
∥τ∥div4/3,Ω.

Similarly, for the linear forms fT1 and fM we find the following estimates:

|fT1(s)| ≤ Ctr |∂Ω| ϕin ∥s∥div4/3,Ω, |fM(τ )| ≤ Ctr

(
∥uin∥1/2,00,∂Ω + |∂Ω| |a0 − a1ϕin|

)
∥τ∥div4/3,Ω,

where, in the last estimate, ∥mΣ∥∞ ≤ 1 was used. Finally, for fT2 we use the Sobolev embedding

H1/2(∂Ω) ↪→ L1(∂Ω), to obtain:

|fT2(φ, ξ)| ≤ ∥i∥1/2,1,∂Ω ϕin |a0 − a1 ϕin| ∥ξ∥1/2,00,Γc
in
,
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In what follows, according to previous estimates, the following constants are defined to bound

the perturbation terms:

C(OT1) := κ−1, C(OT2) := ∥i∥31/2,3,∂Ω a1, C(OM1) := ν−1, C(OM2) := Ctr a1.

3.2 Fixed-point strategy.

In order to analyze problem (2.19), we consider a fixed-point strategy over the variables λ ∈

H1/2

00 (Γ
c
in) and u ∈ L4(Ω). To that end, we define the respective linear operators for each

uncoupled scheme as follows:

Transport Operator. We define the operator T : H1/2

00 (Γ
c
in)× L4(Ω) → HT ×QT given by:

T(χ,w) :=
(
T1(χ,w),T2(χ,w),T3(χ,w)

)
= (t, ϕ, λ) ∀(χ,w) ∈ H1/2

00 (Γ
c
in)× L4(Ω),

where (t, ϕ, λ) ∈ HT ×QT is the unique solution (to be proved in Section 3.3.1) to the problem:

Find (t, ϕ, λ) ∈ HT ×QT such that

aT (t, s) + bT (s, (ϕ, λ)) = fT1(s) ∀s ∈ HT ,

bT (t, (φ, ξ)) − cT ((ϕ, λ), (φ, ξ)) −OT1(w; t, φ) +OT2(χ;λ, ξ) = fT2(φ, ξ) ∀(φ, ξ) ∈ QT .

(3.1)

Momentum Operator. Let M : H1/2

00 (Γ
c
in)× L4(Ω) → HM ×QM be the operator given by:

M(χ,w) :=
(
M1(χ,w),M2(χ,w)

)
= (σ,u) ∀(χ,w) ∈ H1/2

00 (Γ
c
in)× L4(Ω),

where (σ,u) ∈ HM ×QM is the unique solution (to be proved in Section 3.3.2) to the problem:

Find (σ,u) ∈ HM ×QM such that

aM(σ, τ ) + bM(τ ,u) = fM(τ ) +OM2(χ; τ ) ∀τ ∈ HM ,

bM(σ,v) −OM1(w;σ,v) = 0 ∀v ∈ QM .
(3.2)
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Fixed-point Operator. Using the previously defined operators T and M, we now introduce

the fixed-point operator J : H1/2

00 (Γ
c
in)× L4(Ω) → H1/2

00 (Γ
c
in)× L4(Ω), defined as follows:

J (χ,w) :=
(
T3(χ,w), M2

(
T3(χ,w),w

))
∀(χ,w) ∈ H1/2

00 (Γ
c
in)× L4(Ω). (3.3)

Then, we observe that analyzing the unique solvability of problem (2.19) is equivalent to study-

ing the unique solvability of the associated fixed-point problem: Find
(
λ,u

)
∈ H1/2

00 (Γ
c
in)×L4(Ω)

such that

J
(
λ,u

)
=
(
λ,u

)
. (3.4)

Based on the above, we now focus on analyzing problem (3.4). Before proceeding, it is necessary

to establish the well-definiteness of the operator J . By its definition, this reduces to examining

the well-definiteness of the operators T and M separately. This analysis is carried out in the

following section.

3.3 Well-definiteness of the fixed-point operator.

In this section, we derive suitable hypotheses under which operators T and M are well-defined.

However, since T andM are defined in terms of the linear problems (3.1) and (3.2), respectively,

to analyze the well-definiteness of T and M it suffices to study the well-posedness of (3.1) and

(3.2), respectively. We begin with the analysis for the operator T.

3.3.1 Well-definiteness of the transport operator.

Given χ ∈ H1/2

00 (Γ
c
in) and w ∈ L4(Ω), let us define the global bilinear form:

AT
χ,w((t, ϕ, λ), (s, φ, ξ)) := AT ((t, ϕ, λ), (s, φ, ξ))−OT1(w; t, φ) +OT2(χ;λ, ξ),
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for all (t, ϕ, λ), (s, φ, ξ) ∈ HT ×QT , where AT is the symmetric bilinear form defined by:

AT ((t, ϕ, λ), (s, φ, ξ)) := aT (t, s) + bT (s, (ϕ, λ)) + bT (t, (φ, ξ))− cT ((ϕ, λ), (φ, ξ)),

for all (t, ϕ, λ), (s, φ, ξ) ∈ HT ×QT . Then, it is clear that problem (3.1) can be rewritten as:

Find (t, ϕ, λ) ∈ HT ×QT , such that

AT
χ,w((t, ϕ, λ), (s, φ, ξ)) = FT (s, φ, ξ) ∀(s, φ, ξ) ∈ HT ×QT , (3.5)

where

FT (s, φ, ξ) := fT1(s) + fT2(φ, ξ) ∀(s, φ, ξ) ∈ HT ×QT .

In this way, to prove the well-posedness of problem (3.1), in what follows we proceed similarly

to the proof of [7, Lemma 3.2] to prove that for suitable χ ∈ H1/2

00 (Γ
c
in) and w ∈ L4(Ω), AT

χ,w

satisfies the hypotheses of Theorem 1. To that end, as we shall see next, we will require the

following inf-sup condition

sup
(s,φ,ξ)∈HT×QT

(s,φ,ξ)̸=0

AT ((t, ϕ, λ), (s, φ, ξ))

∥(s, φ, ξ)∥T
≥ γT∥(t, ϕ, λ)|∥T ∀(t, ϕ, λ) ∈ HT ×QT , (3.6)

with γT > 0. However, according to Remarks 2 and 3 to prove (3.6), it suffices to verify that

the bilinear forms aT , bT and cT satisfy the hypotheses of Theorems 3 or 4, depending on the

sign of 2a1ϕin − a0. We begin with the inf-sup condition of b. For this, we consider the natural

decomposition given by bT (s, (φ, ξ)) = bT1(s, φ) + bT2(s, ξ), for all (s, (φ, ξ)) ∈ HT ×QT , where

bT1(s, φ) :=

∫
Ω

div s φ, ∀s ∈ HT , ∀φ ∈ L4(Ω), (3.7a)

bT2(s, ξ) := ⟨s · n, ξ⟩Γc
in
, ∀s ∈ HT , ∀ξ ∈ H1/2

00 (Γ
c
in). (3.7b)
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Proposition 1. There exists a constant βT > 0 such that

sup
s∈HT

s̸=0

bT (s, (φ, ξ))

∥s∥HT

≥ βT ∥(φ, ξ)∥QT , ∀(φ, ξ) ∈ QT . (3.8)

Proof. The proof is divided into two steps, where we establish the inf-sup condition for the

forms bT1 and bT2 through two auxiliary problems, respectively. First, as in [7, Lemma 3.1],

without loss of generality, we consider that φ ∈ L4(Ω) is a non-zero function, and we introduce

the following auxiliary problem:

−△z = |φ|2 φ in Ω, z = 0 on Γin, ∇z · n = 0 on Γc
in.

We notice that the expression |φ|2 φ belongs to L4/3(Ω) since
∥∥|φ|2 φ∥∥

0,4/3,Ω
= ∥φ∥30,4,Ω. In turn,

the respective variational formulation to the previous problem is: Find z ∈ H1
Γin

(Ω) such that

∫
Ω

∇z · ∇v =

∫
Ω

|φ|2 φ v ∀v ∈ H1
Γin

(Ω).

Thus, by the Lax-Milgram theorem, the preceding problem admits a unique solution. We then

define s′ := ∇z, such that div s′ = |φ|2φ and using the continuous dependence on the data, we

observe that ∥s′∥div4/3,Ω ≤ C ′∥φ∥30,4,Ω, where C ′ is a positive constant depending on the Poincaré

inequality constant and the Sobolev embedding constant from H1(Ω) to L4(Ω). Therefore, we

have

sup
s∈HT

s̸=0

bT (s, (φ, ξ))

∥s∥HT

≥ sup
s∈H(div4/3,Ω)

s̸=0

bT1(s, φ)

∥s∥div4/3,Ω
≥

∫
Ω

div s′ φ

∥s′∥div4/3,Ω
=

1

C ′ ∥φ∥0,4,Ω. (3.9)

Second, for the bilinear form bT2, as in [1, Theorem 2.1] we consider µ ∈ H-1/2(Γc
in) and the

following auxiliary problem:

△z = 0 in Ω, z = 0 on Γin, ∇z · n = µ on Γc
in,
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whose variational formulation is: Find z ∈ H1
Γin

(Ω) such that

∫
Ω

∇z · ∇v = ⟨µ, v⟩Γc
in

∀v ∈ H1
Γin

(Ω).

Analogously, now with s∗ = ∇z we have that

div s∗ = 0, s∗ · n = µ on Γc
in and ∥s∗∥div4/3,Ω ≤ C∗∥µ∥−1/2,00,Γc

in
,

with C∗ a positive constant depending on the Poincaré inequality constant. Then, we obtain

that

sup
s∈HT

s ̸=0

bT (s, (φ, ξ))

∥s∥HT

≥ sup
s∈H(div4/3,Ω)

s̸=0

bT2(s, ξ)

∥s∥div4/3,Ω
≥

⟨s∗ · n, ξ⟩Γc
in

∥s∗∥div4/3,Ω
≥

⟨µ, ξ⟩Γc
in

C∗ ∥µ∥−1/2,00,Γc
in

which implies

sup
s∈HT

s̸=0

bT (s, (φ, ξ))

∥s∥HT

≥ 1

C∗ ∥ξ∥1/2,00,Γc
in
. (3.10)

Finally, by simple addition of (3.9) and (3.10), we deduce the inf-sup condition (3.8) with

constant βT = min{1/2C ′, 1/2C∗}.

Now, regarding the properties of the bilinear forms aT and cT , we first observe that both

are clearly symmetric and aT is positive semi-definite on H(div4/3,Ω). Now, we let VT be the

kernel of bT , that is

VT = {s ∈ H(div4/3,Ω) : div s = 0, (s · n)|Γout = 0}.

It readily follows that aT satisfies

aT (s, s) ≥
1

κ
∥s∥2, ∀s ∈ VT ,

which together with the fact that aT is symmetric, implies that aT satisfies the hypotheses
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required in Theorems 3 and 4 for the bilinear form a. Finally, regarding the bilinear form cT ,

we observe the following:

• If 2a1ϕin − a0 > 0, then cT satisfies the hypothesis required for c in Theorem 3.

Moreover, the inf-sup constant γT is equal to γ̃ defined in (1.18).

• If 2a1ϕin − a0 < 0, cT satisfies the hypothesis required for c in Theorem 4, provided that

∥cT∥ ≤ C(κ, βT ), where

C(x, y) :=
1

4
min

{
1

x
,
y

2
,
xy2

2

}
. (3.11)

Moreover, according to Remark 3, we can deduce that, in this case, the inf-sup constant

γT is equal to γ̄ defined in (1.22).

Now we are in position of establishing the well-definteness of operator T.

Proposition 2. Let be w ∈ L4(Ω) and χ ∈ H1/2

00 (Γ
c
in) satisfying the restriction

2

γT
C(OT1) ∥w∥0,4,Ω +

2

γT
C(OT2) ∥χ∥1/2,00,Γc

in
≤ 1. (3.12)

Additionally, if 2a1ϕin − a0 < 0, we further assume that ∥cT∥ ≤ C(κ, βT ). Then, there exists a

unique (t, ϕ, λ) ∈ HT ×QT such that

T(w, χ) = (t, ϕ, λ).

In addition, the following estimate holds true

∥T(χ,w)∥T ≤ 2

γT
C(FT ), (3.13)

where

C(FT ) :=
(
Ctr |∂Ω|+ ∥i∥1/2,1,∂Ω |a0 − a1 ϕin|

)
ϕin.
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Proof. Given (χ,w) ∈ H1/2

00 (Γ
c
in) × L4(Ω), we let (t, ϕ, λ) ∈ HT × QT , and employ the inf-sup

condition (3.6) and the boundedness of OT1 and OT2 (cf. Section 3.1), to deduce that

sup
(s,φ,ξ)∈HT×QT

(s,φ,ξ) ̸=0

AT
χ,w((t, ϕ, λ), (s, φ, ξ))

∥(s, φ, ξ)∥T
≥ γT∥(t, ϕ, λ)∥T

−
(
C(OT1) ∥w∥0,4,Ω + C(OT2) ∥χ∥1/2,00,Γc

in

)
∥(t, ϕ, λ)∥T .

Then, using (3.12) and the fact that (t, ϕ, λ) ∈ HT ×QT is arbitrary, we easily deduce that

sup
(s,φ,ξ)∈HT×QT

(s,φ,ξ)̸=0

AT
χ,w((t, ϕ, λ), (s, φ, ξ))

∥(s, φ, ξ)∥T
≥ γT

2
∥(t, ϕ, λ)|∥T ∀(t, ϕ, λ) ∈ HT ×QT . (3.14)

On the other hand, given (t, ϕ, λ) ∈ HT ×QT , such that (t, ϕ, λ) ̸= 0, from (3.6) and the fact

that AT is symmetric, we have that

sup
(s,φ,ξ)∈HT×QT

AT
χ,w((s, φ, ξ), (t, ϕ, λ)) ≥ sup

(s,φ,ξ)∈HT×QT

(s,φ,ξ)̸=0

AT
χ,w((t, ϕ, λ), (s, φ, ξ))

∥(s, φ, ξ)∥T

= sup
(s,φ,ξ)∈HT×QT

(s,φ,ξ)̸=0

AT ((t, ϕ, λ), (s, φ, ξ))−OT1(w; t, φ) +OT2(χ;λ, ξ)

∥(s, φ, ξ)∥T

≥ γT∥(t, ϕ, λ)|∥T −
(
C(OT1) ∥w∥0,4,Ω + C(OT2) ∥χ∥1/2,00,Γc

in

)
∥(t, ϕ, λ)∥T ,

which together with (3.12), implies that

sup
(s,φ,ξ)∈HT×QT

AT
χ,w((s, φ, ξ), (t, ϕ, λ)) ≥

γT
2
∥(t, ϕ, λ)|∥T > 0 ∀(t, ϕ, λ) ∈ (HT ×QT )\{0}.

(3.15)

According to the above, AT
χ,w verifies the hypotheses of the Banach–Nečas–Babuška Theorem

1, which implies that problem (3.1) is well-posed, or equivalently, operator T is well-defined.

Finally, from (3.14) and the estimates for fT1 and fT2 in Section 3.1 we easily deduce (3.13).
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3.3.2 Well-definiteness of the momentum operator.

Here we proceed analogously to the previous section. In fact, given w ∈ L4(Ω), we define the

bilinear form

AM
w ((σ,u), (τ ,v)) := AM((σ,u), (τ ,v))−OM(w;σ,v)

for each (σ,u), (τ ,v) ∈ HM ×QM , where AM is given by

AM((σ,u), (τ ,v)) := aM(σ, τ ) + bM(τ ,u) + bM(σ,v),

and observe that problem (3.2) can be rewritten as: Given w ∈ L4(Ω) and χ ∈ H1/2

00 (Γout), find

(σ,u) ∈ HM ×QM , such that

AM
w ((σ,u), (τ ,v)) = FM(χ; τ ,v) ∀(τ ,v) ∈ HM ×QM , (3.16)

with

FM(χ; τ ,v) := fM(τ ) +OM2(χ; τ ) ∀(τ ,v) ∈ HM ×QM .

Then, to prove the well-definiteness of operator M in what follows we prove equivalently

the well-posedness of problem (3.16) by means of Theorem 1. To that end, we first prove that

AM satisfies the inf-sup condition

sup
(τ ,v)∈HM×QM

(τ ,v) ̸=0

AM((σ,u), (τ ,v))

∥(τ ,v)∥M
≥ γM∥(σ,u)|∥M ∀(σ,u) ∈ HM ×QM , (3.17)

which, according to [12, Proposition 2.36] (see Remark 1), is equivalent to verifying that aM

and bM satisfy the hypotheses of Theorem 2. We begin with the inf-sup condition of bM .

Proposition 3. There exists βM > 0 such that

sup
τ∈HM

τ ̸=0

bM(τ ,v)

∥τ∥div4/3,Ω

≥ βM ∥v∥0,4,Ω ∀v ∈ QM .
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Proof. The proof is a straightforward extension of [7, Lemma 3.1] to the case of tensor-valued

functions. In fact, given v ∈ L4(Ω) not zero, we introduce the auxiliary problem:

△z = −|v|2 v in Ω, z = 0 on Γin (∇z) n = 0 on Γc
in,

whose variational formulation is: Find z ∈ H1
Γin

(Ω) such that

∫
Ω

∇z · ∇w =

∫
Ω

|v|2 v ·w ∀w ∈ H1
Γin

(Ω).

Then, it suffices to define τ̃ = −∇z in Ω, to deduce that

sup
τ∈HM

τ ̸=0

bM(τ ,v)

∥τ∥div4/3,Ω

≥ bM(τ̃ ,v)

∥τ̃∥div4/3,Ω

≥ βM ∥v∥0,4,Ω.

We omit further details and refer the reader to [7, Lemma 3.1] (see also [4, Lemma 3.3]).

Now, we let VM be the kernel of bM , that is

VM := {τ ∈ HM : bM(τ ,v) = 0, ∀v ∈ QM}.

In what follows we prove that aM is elliptic on VM . To that end, we first notice that according

to the definition of bM , VM can be characterized as follows

VM = {τ ∈ H(div4/3,Ω) : (τ · n)|Γout = 0 and div τ = 0 ∈ Ω}. (3.18)

Now we recall that H(div4/3,Ω) can be decomposed as follows

H(div4/3,Ω) = H0(div4/3,Ω)⊕ P0(Ω)I,

that is, P0(Ω)I is a topological supplement for H0(div4/3,Ω), where P0(Ω) denotes the space of

constant polynomials on Ω and

H0(div4/3,Ω) :=

{
τ ∈ H(div4/3,Ω) :

∫
Ω

tr τ = 0

}
.
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Moreover, each τ ∈ H(div4/3,Ω) can be decomposed uniquely as

τ = τ 0 + d I, with τ 0 ∈ H0(div4/3,Ω) and d =

(
1

n|Ω|

∫
Ω

tr τ

)
. (3.19)

The following Lemma, whose proof can be found in [4, Lemma 3.1], and is an extension of [13,

Lemma 2.3], will be needed in the sequel.

Lemma 1. There exist a constant c1 > 0, depending only on Ω, such that

c1 ∥τ 0∥20,2,Ω ≤ ∥τ d
0∥20,2,Ω + ∥divτ 0∥20,4/3,Ω ∀τ 0 ∈ H0(div4/3,Ω).

The following lemma establishes a useful estimate for tensors in HΓout
(div4/3,Ω).

Lemma 2. There exist c2 > 0, only depending on Γout and Ω, such that

c2 ∥τ∥div4/3,Ω ≤ ∥τ 0∥div4/3,Ω ∀τ ∈ HΓout
(div4/3,Ω),

where τ 0 is the H0(div4/3,Ω)–component of τ as described in (3.19).

Proof. We proceed analogously to [13, Section 2.4.3] but in the context of the Banach space

HΓout
(div4/3,Ω). Indeed, given τ ∈ HΓout

(div4/3,Ω), we first notice that according to the decom-

position (3.19), there holds

∥τ∥2div4/3,Ω
= ∥τ 0∥2div4/3,Ω

+ 2 |Ω| d2. (3.20)

Furthermore, the following identity holds true

⟨τ n, ξ⟩Γout = 0 ⇔ ⟨τ 0 n, ξ⟩Γout = −d ⟨I n, ξ⟩Γout ∀ξ ∈ H1/2

00 (Γout).

Then, from definition (1.7) and applying the estimate (1.10), we obtain

|d| ∥In∥−1/2,00,Γout = ∥τ 0n∥−1/2,00,Γout ≤ ∥τ 0n∥−1/2,∂Ω ≤ Ctr∥τ 0∥div4/3,Ω,
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which together with (3.20), implies

∥τ∥2div4/3,Ω
≤

(
1 +

2 |Ω|C2
tr

∥In∥2
H-1/2(Γout)

)
∥τ 0∥2div4/3,Ω.

Now we are in position of establishing the ellipticity of aM on VM .

Proposition 4. There exists αM > 0 such that

aM(τ , τ ) ≥ αM∥τ∥2div4/3,Ω, ∀τ ∈ VM .

Proof. Given τ ∈ VM , we recall from (3.18) that div τ = 0 in Ω and τ ∈ HΓout
(div4/3,Ω) and

apply Propositions 1 and 2, to deduce that

aM(τ , τ ) =
1

ν
∥τ d∥20,Ω =

1

ν
∥τ d

0∥20,Ω ≥ c1
ν

∥τ 0∥20,Ω

=
c1
ν

∥τ 0∥2div4/3 ≥ αM ∥τ∥2div4/3 ,

with αM =
c1c2
ν

.

Having verified the hypotheses of Theorem 2, we can conclude that the inf-sup condition

(3.17) holds with the inf-sup constant γM equals to γ defined (1.14). This estimate will allow

us to prove the well-definiteness of operator M. This is established in the following result.

Proposition 5. Let w ∈ L4(Ω) and χ ∈ H1/2

00 (Γ
c
in), with w satisfying

2

γM
C(OM1) ∥w∥0,4,Ω ≤ 1. (3.21)

Then, there exists a unique (σ,u) ∈ HM ×QM , such that

M(χ,w) = (σ,u).
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In addition, the following estimate holds true

∥M(χ,w)∥M ≤ 2

γM

(
Ctr

(
∥uin∥1/2,00,∂Ω + |∂Ω| |a0 − a1ϕin|

)
+ C(OM2) ∥χ∥1/2,00,Γc

in

)
. (3.22)

Proof. Analogously to the proof of Proposition 2, employing (3.17) and the boundedness of the

form OM1 (cf. Section 3.1) we easily deduce the following estimate for AM
w :

sup
(τ ,v)∈HM×QM

(τ ,v)̸=0

AM
w ((σ,u), (τ ,v))

∥(τ ,v)∥M
≥ γM∥(σ,u)∥M − C(OM1) ∥w∥0,4,Ω ∥(σ,u)∥M .

Then, using the previous estimate and assumption (3.21), we deduce that:

sup
(τ ,v)∈HM×QM

(τ ,v)̸=0

AM
w ((σ,u), (τ ,v))

∥(τ ,v)∥M
≥ γM

2
∥(σ,u)|∥M ∀(σ,u) ∈ HM ×QM . (3.23)

In turn using the fact AM is symmetric, we proceed analogously to the proof of Proposition 2

and employ assumption (3.21) to deduce that

sup
(τ ,v)∈HM×QM

AM
w ((τ ,v), (σ,u)) > 0 ∀ (σ,u) ∈ (HM ×QM)\{0}. (3.24)

In this way, from (3.23), (3.24) and Theorem 1 we deduce that problem (3.16) is well-posed,

which according to the definition of operator M implies the existence of a unique (σ,u) ∈

HM ×QM , satisfying M(χ,w) = (σ,u). Furthermore, from (3.16), (3.23) and the boundedness

of fM and OM2 (see Section 3.1), we readily deduce (3.22), which concludes the proof.

Remark 5. We observe that if (χ,w) ∈ H1/2

00 (Γ
c
in)×L4(Ω) satisfies (3.12) and (3.21), then from

(3.22) we have

∥M(T3(χ),w)∥M ≤ 2

γM
C(FM), (3.25)

with

C(FM) := Ctr

(
∥uin∥1/2,00,∂Ω + |∂Ω| |a0 − a1ϕin|

)
+ C(OM2)

2

γT
C(FT ).
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This estimate will be utilized in the following section to address the contraction property of the

fixed-point operator J defined in (3.3).

3.4 Well-posedness of the continuous problem.

In this section, we address the unique solvability of problem (2.19) using the fixed-point strat-

egy introduced in Section 3.2. Specifically, we equivalently establish the unique solvability of

the fixed-point problem (3.4) by applying the classical Banach fixed-point theorem, stated as

follows:

Let X be a Banach space, and let B ⊆ X be a closed set. Suppose that J : B → B

is a contraction operator, i.e.,

∃c ∈ (0, 1) such that ∥J(x)− J(y)∥X ≤ c∥x− y∥X , ∀x, y ∈ B.

Then, there exists a unique element x ∈ B such that J(x) = x.

We begin by introducing the following bounded and closed set:

B :=

{
(ξ,v) ∈ H1/2

00 (Γ
c
in)× L4(Ω) :

2

γT
C(OT1) ∥v∥0,4,Ω +

2

γT
C(OT2) ∥ξ∥1/2,00,Γc

in
≤ 1

2

γM
C(OM1) ∥v∥0,4,Ω ≤ 1

}
.

Based on Propositions 2 and 5, it is easy to see that J (cf. (3.3)) is well-defined in B.

Additionally, the following lemma establishes that J maps B into itself, provided a suitable

smallness assumption on the data.

Lemma 3. Assume that

4

γT γM
C(OT1) C(FM) +

4

γ2T
C(OT2) C(FT ) ≤ 1 (3.26a)

and
4

γ2M
C(OM1) C(FM) ≤ 1. (3.26b)

Additionally, if 2a1ϕin − a0 < 0, we further assume that ∥cT∥ ≤ C(κ, βT ). Then, J (B) ⊆ B.
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Proof. Given (χ,w) ∈ B, from Proposition 2 there exists a unique (t, ϕ, λ) ∈ HT×QT satisfying

T(χ,w) = (t, ϕ, λ) and ∥λ∥1/2,00,Γc
in
≤ ∥(t, ϕ, λ)∥T ≤ 2

γT
C(FT );

and from Proposition 5 and Remark 5, there exists a unique (σ,u) ∈ HM ×QM satisfying

M(λ,w) = (σ,u) and ∥u∥0,4,Ω ≤ ∥(σ,u)∥M ≤ 2

γM
C(FM).

The latter and the definition of J implies that J
(
χ,w

)
=
(
λ,u

)
. Therefore, we have that

2

γT
C(OT1) ∥u∥0,4,Ω +

2

γT
C(OT2) ∥λ∥1/2,00,Γc

in
≤ 4

γM γT
C(OT1) C(FM) +

4

γ2T
C(OT2) C(FT ) ≤ 1

and

2

γM
C(OM1) ∥u∥0,4,Ω ≤ 4

γ2M
C(OM1) C(FM) ≤ 1,

which imply that (λ,u) ∈ B and that J (B) ⊆ B.

Now we provide the following lemma establishing preliminary estimates for operators T and

M. To that end, and for the sake of simplicity, for any pair of elements x1, x2, in what follows

we use the notation δx = x1 − x2.

Lemma 4. Assume that the hypotheses of Lemma 3 hold and let (χ1,w1), (χ2,w2) ∈ B. The

following estimates hold:

∥T(χ1,w1)−T(χ2,w2)∥T ≤ 4

γ2T

(
C(OT1) + C(OT2)

)
C(FT ) ∥(δχ, δw)∥

H
1/2
00 (Γc

in)×L4(Ω)
(3.27)

and

∥M(T3(χ1),w1)−M(T3(χ2),w2)∥M ≤ 4

γ2M
C(OM1) C(FM) ∥δw∥0,4,Ω

+
2

γM
C(OM2) ∥T3(χ1)−T3(χ2)∥1/2,00,Γc

in
.

(3.28)

Proof. We begin with the estimate for T. To that end, given (χ1,w1), (χ2,w2) ∈ B, we recall
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that under the hypotheses of Lemma there exist (t1, ϕ1, λ1), (t2, ϕ2, λ2) ∈ HT ×QT , such that

T(χi,wi) = (ti, ϕi, λi), for i = 1, 2, which according to the definition of T implies that the

following identities hold (see (3.1) and (3.5)):

AT
χi,wi

((ti, ϕi, λi), (s, φ, ξ)) = FT (s, φ, ξ) ∀(s, (φ, ξ)) ∈ HT ×QT , ∀i = 1, 2.

Then, for each (s, (φ, ξ)) ∈ HT ×QT we subtract both equations above and add and subtract

OT1(w1, t2, φ) and OT2(χ1, λ2, ξ), to deduce that

AT
χ1,w1

((δt, δϕ, δλ), (s, φ, ξ)) = OT1(δw, t2, φ)−OT2(δχ, λ2, ξ),

for all (s, (φ, ξ)) ∈ HT ×QT , which together with (3.23), estimate (3.13) and the boundedness

of OT1 and OT2 (see Section 3.1), implies

γT
2
∥(t1, ϕ1, λ1)− (t2, ϕ2, λ2)∥T ≤ sup

(s,φ,ξ)∈HT×QT

(s,φ,ξ)̸=0

AT
χ1,w1

((δt, δϕ, δλ), (s, φ, ξ))

∥(s, φ, ξ)∥T

= sup
(s,φ,ξ)∈HT×QT

(s,φ,ξ)̸=0

OT1(δw; t2, φ)−OT2(δχ;λ2, ξ)

∥(s, φ, ξ)∥T

≤ C(OT1)∥δw∥0,4,Ω∥t2∥div4/3,Ω + C(OT2)∥δχ∥1/2,00,Γc
in
∥λ2∥1/2,00,Γc

in

≤ 2

γT
C(OT1) C(FT ) ∥δw∥0,4,Ω +

2

γT
C(OT2) C(FT ) ∥δχ∥1/2,00,Γc

in
,

from which we deduce (3.27). Now for (3.28) we proceed similarly as above and apply Propo-

sition 5 and (3.16) to let (σ1,u1), (σ2,u2) ∈ HM ×QM , be such that

AM
wi
((σi,ui), (τ ,v)) = FM(λi; τ ) ∀(τ ,v) ∈ HM ×QM , ∀i = 1, 2.

Then, subtracting both equations above, adding and subtracting OM1(w1,σ2,v) and recalling

the definition of OM2

AM
w1
((δσ, δu), (τ ,v)) = OM1(δw;σ2,v) +OM2(δλ; τ ),
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for all (τ ,v) ∈ HM × QM . In this way, from the latter, estimate (1.10), the boundedness of

OM1 and OM2 in Section 3.1 and the inf-sup estimate (3.14), we deduce that

γM
2
∥(σ1,u1)− (σ2,u2)∥M ≤ sup

(τ ,v)∈HM×QM

(τ ,v)̸=0

AM
w1
((δσ, δu), (τ ,v))

∥(τ ,v)∥M

= sup
(τ ,v)∈HM×QM

(τ ,v)̸=0

OM1(δw,σ2,v) +OM2(δλ; τ )

∥(τ ,v)∥M

≤ C(OM1) ∥σ2∥div4/3,Ω ∥δw∥0,4,Ω + C(OM2) ∥δλ∥1/2,00,Γc
in

≤ 2

γM
C(OM1) C(FM) ∥δw∥0,4,Ω + C(OM2) ∥δλ∥1/2,00,Γc

in
.

Therefore, given that T3(χi) = λi for each i ∈ {1, 2}, it follows that inequality (3.28) holds.

Now we are in position of establishing the main result of this section, namely existence and

uniqueness of solution of problem (2.19).

Theorem 5. Assume that the following conditions are satisfied:

4

γT γM
C(OT1) C(FM) +

4

γ2T
C(OT2) C(FT ) ≤ 1 (3.29)

and
4

γ2T

(
1 +

2

γM
C(OM2)

)
(C(OT1) + C(OT2)) C(FT ) +

4

γ2M
C(OM1) C(FM) < 1. (3.30)

Additionally, if 2a1ϕin − a0 < 0, we further assume that ∥cT∥ ≤ C(κ, βT ). Then there exist

unique (t, (ϕ, λ)) ∈ HT ×QT and (σ,u) ∈ HM ×QM solution to (2.19), satisfying

∥(t, ϕ, λ)∥T ≤ 2

γT
C(FT ) and ∥(σ,u)∥M ≤ 2

γM
C(FM). (3.31)

Proof. First, we notice that condition (3.30) implies (3.26b). This, together with condition

(3.29), allows us to conclude that the operator J mapsB to itself, according to Lemma 3. Then,

as previously announced in Section 3.2, to prove the well-posedness of (2.19), it suffices to study

the unique solvability of the fixed-point problem (3.4). To that end, given (χ1,w1), (χ2,w2) ∈
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B, we let (t1, ϕ1, λ1), (t2, ϕ2, λ2) ∈ HT ×QT and (σ1,u1), (σ2,u2) ∈ HM ×QM , be such that

(ti, ϕi, λi) = T(χi,wi) and (σi,ui) = M(λi,wi), i = 1, 2,

which according to the definition of J (cf. (3.3)), implies

J (χi,wi) := (λi,ui), ∀i = 1, 2.

It follows that

∥J (χ1,w1)− J (χ2,w2)∥H1/2
00 (Γc

in)×L4(Ω)
= ∥(δλ, δu)∥

H
1/2
00 (Γc

in)×L4(Ω)

≤ ∥δλ∥1/2,00,Γc
in
+ ∥M(λ1,w1)−M(λ2,w2)∥M ,

which combined with (3.28), implies

∥J (χ1,w1)− J (χ2,w2)∥H1/2
00 (Γc

in)×L4(Ω)
≤ 4

γ2M
C(OM1) C(FM)∥δw∥0,4,Ω

+
(
1 +

2

γM
C(OM2)

)
∥δλ∥1/2,00,Γc

in
,

(3.32)

In turn, from (3.27) we readily obtain

∥δλ∥1/2,00,Γc
in
≤ ∥T(χ1,w1)−T(χ2,w2)∥T ≤ 4

γ2T
(C(OT1)+C(OT2)) C(FT )∥δχ, δw∥

H
1/2
00 (Γc

in)×L4(Ω)

(3.33)

Then, from (3.32) and (3.33) we deduce that

∥J (χ1,w1)− J (χ2,w2)∥H1/2
00 (Γc

in)×L4(Ω)
≤ R ∥(δχ, δw)∥

H
1/2
00 (Γc

in)×L4(Ω)

where

R =
4

γ2T

(
1 +

2

γM
C(OM2)

)
(C(OT1) + C(OT2)) C(FT ) +

4

γ2M
C(OM1) C(FM)

Therefore, since by hypothesis R < 1, from the latter and the Banach fixed-point theorem we
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deduce the unique solvability of the fixed-point problem (3.4), or equivalently, the existence

of unique (t, (ϕ, λ)) ∈ HT × QT and (σ,u) ∈ HM × QM solution to the problem (2.19). In

addition, since (t, (ϕ, λ)) and (σ,u) satisfy

(t, ϕ, λ) = T(u, λ) and (σ,u) = M(λ,u),

from (3.13) and (3.22) we obtain

∥(t, ϕ, λ)∥T ≤ 2

γT
C(FT ) and ∥(σ,u)∥M ≤ 2

γM
C(FM).

Remark 6. The restrictions (3.29) and (3.30) in the hypothesis of Theorem 5 depends on the

Sobolev embedding and the inf-sup constants, which, in general, cannot be explicitly computed.

However, sufficiently small data ensure the verification of this condition. In particular, based on

the constants C(FT ) and C(FM), (3.30) is satisfied by considering small values of ϕin, |a0−a1ϕin|

and ∥uin∥1/2,00,Γin
.



Chapter 4

Analysis of the discrete formulation

In this chapter, we introduce a discretization of (2.19) that involves suitable finite element

spaces to preserve the structure and properties of the mixed formulation. In this context, we

describe a specific approach to proving the respective inf-sup conditions, ensuring the proper

formulation of the corresponding discrete decoupled problems. Then, analogous to the contin-

uous case, we establish the well-posedness of the discrete coupled problem.

4.1 Galerkin scheme.

We consider a quasi-uniform family {Th}h>0 of triangulation of the domain Ω, consisting of

triangles T of diameter hT and set h := maxT∈Th hT . Given an integer l ≥ 0 and a subset

S of R2, we denote by Pl(S) the space of polynomials of degree equal or less than l defined

on S. Then, for each T ∈ Th, we define the local Raviart–Thomas space of the lowest order

(see [13, Chapter 3]) given by:

RT0(T ) := [P0(T )]
2 ⊕ P0(T )x,

54
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where x is a generic vector of R2. Hence, we consider the following finite element spaces:

HT
h := {sh ∈ H(div4/3,Ω) : sh|T ∈ RT0(T ), ∀T ∈ Th}

ΨT
h := {φh ∈ L4(Ω) : φh|T ∈ P0(T ), ∀T ∈ Th}

HM
h := {τ h ∈ HΓout

(div4/3,Ω) : c
t τ h|T ∈ RT0(T ), ∀c ∈ R2, ∀T ∈ Th}

QM
h := {uh ∈ L4(Ω) : uh|T ∈ [P0(T )]

2, ∀T ∈ Th}.

(4.1)

It remains to introduce the finite element subspace for H1/2

00 (Γ
c
in). To do that, let us denote by Eh

the partition of Γc
in inherited from Th, formed by edges e of diameter he, define hE := max{he :

e ∈ Eh} and consider the following subspace of L2(Γc
in):

Φh :=
{
µh : Γc

in → R : µh|e ∈ P0(e) , ∀ e ∈ Eh
}
. (4.2)

Now, let us assume, without loss of generality, that the number of edges of Eh is even.

Then, we let E2h be the partition of Γc
in arising by joining pairs of adjacent edges of Eh. If the

number of edges of Eh is odd, we simply reduce it to the even case by adding one node to the

discretization of the interface and locally modify the triangulation to keep the mesh conformity

and regularity. According to the above, we define the following finite element subspace for

H1/2

00 (Γ
c
in)

ΛT
h := {ξh ∈ C0(Γc

in) : ξh|e ∈ P1(e) ∀ e ∈ E2h, ξh(x0) = ξh(xN) = 0},

where x0 and xN the extreme points of E2h. As we shall in the next section, the discrete

counterpart of (3.8) relies on the following inf-sup condition for the pair of subspaces (Φh,Λ
T
h ):

sup
µh ∈Φh
µh ̸=0

⟨µh, ξh⟩Γc
in

∥µh∥−1/2,Γc
in

≥ βΓc
in
∥ξh∥1/2,00,Γc

in
∀ ξh ∈ ΛT

h . (4.3)

The proof of (4.3) can be found in [15, Lemma 5.2].

Having defined the respective discrete spaces, we let QT
h := (ΨT

h × ΛT
h ) and introduce the
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following Galerkin scheme associated to (2.19): Find (th, (ϕh, λh)) ∈ HT
h ×QT

h and (σh,uh) ∈

HM
h ×QM

h such that

aT (th, sh) + bT (sh, (φh, λh)) = fT1(sh)

bT (th, (ψh, ξH)) − cT ((ϕh, λh), (φh, ξh)) −OT1(uh; th, φh) +OT2(λh;λh, ξh) = fT2(φh, ξh)

aM(σh, τ h) + bM(τ h,uh) −OM2(λh; τ h) = fM(τ h)

bM(σh,vh) −OM1(uh;σh,vh) = 0

(4.4)

for all (sh, (φh, ξh)) ∈ HT
h ×QT

h and (τ h,vh) ∈ HM
h ×QM

h .

Now, in what follows, to analyze problem (4.4), we introduce the respective linear operators

for the uncoupled discrete Transport and Momentum equations:

Discrete Transport Operator. Let Th : ΛT
h ×QM

h → ΛT
h ×QM

h be the operator given by:

Th(χh,wh) :=
(
T1

h(χh,wh),T
2
h(χh,wh),T

3
h(χh,wh)

)
= (th, ϕh, λh)

for all (χh,wh) ∈ ΛT
h ×QM

h ; and where (th, ϕh, λh) is the unique solution (to be proved in the

next section) to the problem: Find (th, ϕh, λh) ∈ HT
h ×QT

h such that

aT (th, sh) + bT (sh, (φh, λh)) = fT1(sh)

bT (th, (φh, ξh)) − cT ((ϕh, λh), (φh, ξh)) −OT1(wh; th, φh) +OT2(χh;λh, ξh) = fT2(φh, ξh)

(4.5)

for all (sh, (φh, ξh)) ∈ HT
h ×QT

h .

Discrete Momentum Operator. Let Mh : ΛT
h × QM

h → ΛT
h × QM

h be the operator such

that:

Mh(χh,wh) :=
(
M1

h(χh,wh),M
2
h(χh,wh)

)
= (σh,uh)
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for all (χh,wh) ∈ ΛT
h × QM

h ; and where (σh,uh) ∈ HM
h × QM

h is the unique solution (to be

proved in the next section) to the problem: Find (σh,uh) ∈ HM
h ×QM

h such that

aM(σh, τ h) + bM(τ h,uh) = fM(τ h) +OM2(χh; τ h)

bM(σh,vh) −OM1(wh;σh,vh) = 0
(4.6)

for all (τ h,vh) ∈ HM
h ×QM

h .

4.2 Discrete inf-sup properties.

In this context, certain properties and results are necessary to guarantee the respective inf-sup

properties of the bilinear forms involved. In this way, we can use the same arguments used in

the continuous part to establish the well-posedness of the discrete problem (4.4).

To this end, we consider the corresponding discrete kernel spaces for the bilinear forms bT

and bM , respectively given by:

VT
h :=

{
sh ∈ HT

h :

∫
Ω

div(sh) φh = 0 ∀φh ∈ ΨT
h , and ⟨sh · n, ξh⟩Γc

in
= 0 ∀ξh ∈ ΛT

h

}
,

VM
h :=

{
τ h ∈ HM

h :

∫
Ω

div(τ h) · uh = 0 ∀uh ∈ QM
h

}
.

To ensure that the bilinear forms aT and aM at the discrete level inherit the ellipticity

properties of the continuous problem, we note that the following properties are satisfied by the

discrete finite element spaces (4.1):

• Property 1. The space HM
h includes multiples of the identity tensor I.

• Property 2. The divergence operators over HT
h and HM

h are subspaces of ΨT
h and QM

h ,

respectively.

Based on the choice of polynomial degree, Property 2 ensures that the null divergence

condition is satisfied by the respective discrete kernel spaces induced by the forms bT and

bM . Additionally, Property 1 guarantees that the decomposition (3.19) can be applied over
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HM
h . This yields that the respective forms aT and aM are elliptic in the spaces VT

h and VM
h .

Specifically, we have

aT (sh, sh) ≥
1

κ
∥sh∥2div4/3,Ω ∀sh ∈ VT

h (4.7)

and from the Proposition 4

aM(τ h, τ h) ≥ αM ∥τ h∥2div4/3,Ω
∀τ h ∈ VM

h . (4.8)

The next step is to verify the inf-sup condition for the bilinear forms bT and bM at the

discrete level. These inf-sup conditions have been well established in the literature for the

lowest order finite element spaces in a Hilbertian context. However, the arguments can be

adapted to our non Hilbertian context.

Indeed, analogous to the continuous case, we establish the discrete inf-sup condition for the

form bT by means of the corresponding inf-sup conditions for bT1 and bT2. Firstly, we present

the following result for bT1, which is based on an elliptic regularity result for convex domains

and the use of the Raviart-Thomas interpolator.

Lemma 5. There exists a constant β̂1 > 0 such that:

sup
sh∈VT

h,2

sh ̸=0

bT,1(sh, φh)

∥sh∥div4/3,Ω
≥ β̂1 ∥φh∥0,4,Ω, ∀φh ∈ QT

h ,

where

VT
h,2 :=

{
sh ∈ HT

h : (sh · n)|Γc
in
= 0
}
.

Proof. It follows from [7, Lemma 4.1], considering that the domain Ω is convex.

We now prove the discrete inf-sup condition for the form bT2. For this purpose, an interme-

diate result is presented, which is often referred to in the literature as discrete stable lifting.
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Lemma 6. There exists a constant β̂2,1 > 0, independent of h, such that:

sup
sh∈VT

h,1

sh ̸=0

⟨sh · n, ξh⟩Γc
in

∥sh∥div,Ω
≥ β̂2,1 sup

µh∈Φh
µh ̸=0

⟨µh, ξh⟩Γc
in

∥µh∥−1/2,Γc
in

, ∀ξh ∈ ΛT
h ,

where

VT
h,1 :=

{
sh ∈ HT

h : div(sh) = 0
}
.

Proof. We proceed analogously to [1, Lemma 3.2].

It is also worth noting that Lemma 6 was proved for the space H(div,Ω). However, since

H(div,Ω) ⊆ H(div4/3,Ω) and ∥ · ∥div,Ω = ∥ · ∥div4/3,Ω in VT
h,1, the result is also applicable in our

context. Therefore, we obtain the following corollary.

Corollary 1. There exists a constant β̂2,1 > 0, independent of h, such that:

sup
sh∈VT

h,1

sh ̸=0

⟨sh · n, ξh⟩Γc
in

∥sh∥div4/3,Ω
≥ β̂2,1 sup

µh∈Φh
sh ̸=0

⟨µh, ξh⟩Γc
in

∥µh∥−1/2,Γc
in

, ∀ξh ∈ ΛT
h , (4.9)

Now, we are in position to establish the discrete inf-sup condition for the form bT,2.

Lemma 7. There exists a constant β̂2 > 0 such that:

sup
sh∈VT

h,1

sh ̸=0

bT,2(sh, ξh)

∥sh∥div4/3,Ω
≥ β̂2 ∥ξh∥1/2,00,Γc

in
, ∀ξh ∈ ΛT

h ,

Proof. It follows by (4.9) considering the inf-sup condition (4.3).

Finally, as a consequence of the above, the following result can be proved.

Proposition 6. There exist constants β̂T , β̂M > 0, independent of h, such that

sup
sh∈HT

h
sh ̸=0

bT (sh, (φh, ξh))

∥sh∥div4/3,Ω
≥ β̂T ∥(φh, ξh)∥T , ∀(φh, ξh) ∈ QT

h , (4.10)
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and

sup
τh∈HM

h
τh ̸=0

bM(σh,vh)

∥σh∥div4/3,Ω

≥ β̂M ∥vh∥M , ∀vh ∈ QM
h . (4.11)

Proof. The inf-sup condition for the form bT in (4.10) is established through a straightforward

procedure that combines the results for bT1 from Lemma 5 and bT2 from Lemma 7. Similarly,

the corresponding inf-sup condition for the form bM can be obtained in an analogous way to

Lemma 5, taking into account the tensorial context.

4.3 Well-posedness of the discrete problem.

Analogously to the continuous case, owing to (4.7), (4.8), (4.10), and (4.11), it can be deduced

that the bilinear forms AT and AM satisfy the following discrete inf-sup conditions:

sup
(sh,φh,ξh)∈HT

h×QT
h

(sh,φh,ξh )̸=0

AT ((th, ϕh, λh), (sh, φh, ξh))

∥(sh, φh, ξh)∥T
≥ γ̂T∥(th, ϕh, λh)|∥T ∀(th, ϕh, λh) ∈ HT

h ×QT
h ,

(4.12)

where γ̂T is a positive constant independent of h, which can be obtained using the formulas

(1.18) or (1.22), depending on the sign of 2a1ϕin − a0. Similarly,

sup
(τh,vh)∈HM

h ×QM
h

(τh,vh) ̸=0

AM((σh,uh), (τ h,vh))

∥(τ h,vh)∥M
≥ γ̂M∥(σh,uh)|∥M ∀(σh,uh) ∈ HM

h ×QM
h . (4.13)

where γ̂M is a positive constant independent of h, which can be obtained using the formula

(1.14).

Now, to analyze the well definition of the discrete fixed-point operator Th and Mh, we
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introduce the corresponding bounded and close set

Bh :=

{
(ξh,vh) ∈ ΛT

h ×QM
h : C(OT1) ∥vh∥0,4,Ω + C(OT2)∥ξh∥1/2,00,Γc

in
≤ γ̂T

2
,

C(OM) ∥vh∥0,4,Ω ≤ γ̂M
2

}
.

Then, we prove that the operators Th and Mh are well-defined in Bh in the following result.

Proposition 7. Assume that ∥cT∥ ≤ C(κ, β̂T ) if 2a1ϕin−a0 < 0. Then, for each (χh,wh) ∈ Bh,

the operators Th and Mh are well-defined. Moreover, the following estimates hold:

∥Th(χh,wh)∥T ≤ 2

γ̂T
C(FT ) and ∥Mh(T

3
h(χh,wh),wh)∥M ≤ 2

γ̂M
C(FM). (4.14)

Proof. We follow the same reasoning as in the Proposition 2 and Proposition 5. Indeed, from

(4.19) and (4.20), and considering the definition of Bh, it is easy to deduce that the operatos

AT
χ,w and AM

w satisfy the following inf-sup conditions:

sup
(sh,φh,ξh)∈HT

h×QT
h

(sh,φh,ξh )̸=0

AT
χh,wh

((th, ϕh, λh), (sh, φh, ξh))

∥(sh, φh, ξh)∥T
≥ γ̂T

2
∥(th, ϕh, λh)|∥T ∀(th, ϕh, λh) ∈ HT

h ×QT
h ,

(4.15)

and

sup
(τh,vh)∈HM

h ×QM
h

(τh,vh )̸=0

AM
wh

((σh,uh), (τ h,vh))

∥(τ h,vh)∥M
≥ γ̂M

2
∥(σh,uh)|∥M ∀(σh,uh) ∈ HM

h ×QM
h . (4.16)

In turn, a similar procedure yields:

sup
(sh,φh,ξh)∈HT

h×QT
h

AT
χh,wh

((sh, φh, ξh), (th, ϕh, λh)) > 0 ∀ (th, ϕh, λh) ∈ (HT
h ×QT

h )\{0}.

(4.17)



CHAPTER 4. ANALYSIS OF THE DISCRETE FORMULATION 62

and

sup
(τh,vh)∈HM×QM

AM
wh

((τ h,vh), (σh,uh)) > 0 ∀ (σh,uh) ∈ (HM
h ×QM

h )\{0}. (4.18)

In this way, the previous conditions allow us to use Theorem 1 to conclude that the problems

(4.5) and (4.6) are well-posed, or equivalently, that the operators Th and Mh are well-defined

in Bh. Additionally, Theorem 1 also allows us to deduce the estimates in (4.14).

Now, we introduce the respective discrete fixed-point operator Jh : Bh → Bh given by:

Jh(χh,wh) :=
(
Th(χh,wh),Mh(T

3
h(χh,wh),wh)

)
∀(χh,wh) ∈ Bh.

Thus, solve the problem (4.4) is equivalent to the unique solvability of the fixed-point problem,

this is: Find
(
λh,uh

)
∈ ΛT

h ×QM
h such that

Jh

(
λh,uh

)
=
(
λh,uh

)
.

Finally, we can establish that Jh is a contraction mapping on Bh under the small data assump-

tion. Moreover, we obtain the following main result.

Theorem 6. Assume that the following conditions are satisfied:

4

γ̂T γ̂M
C(OT1) C(FM) +

4

γ̂2T
C(OT2) C(FT ) ≤ 1. (4.19)

and

4

γ̂2T

(
1 +

2

γ̂M
C(OM2)

)
(C(OT1) + C(OT2)) C(FT ) +

4

γ̂2M
C(OM1) C(FM) < 1, (4.20)

Additionally, if 2a1ϕin − a0 < 0, we further assume that ∥cT∥ ≤ C(κ, β̂T ). Then there exist

unique (th, (ϕh, λh)) ∈ HT
h ×QT

h and (σh,uh) ∈ HM
h ×QM

h solution to problem (4.4), satisfying

∥(th, ϕh, λh)∥T ≤ 2

γ̂T
C(FT ) and ∥(σh,uh)∥M ≤ 2

γ̂M
C(FM). (4.21)
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Proof. Provided that conditions (4.19) and (4.20) are satisfied, we use the result of Proposition 7

and follow the same ideas presented in Section (3.4) to prove the contraction property of the

fixed-point operator Jh. In this way, we conclude that problem (4.4) is well-posed and that the

estimates in (4.21) hold.



Chapter 5

A priori error analysis

In this chapter, we establish the convergence rate of the errors associated with the numerical

scheme (4.4). To achieve this, we derive Céa’s estimate, which quantifies how the error depends

on the approximation properties of the chosen finite element spaces. Finally, we establish the

convergence rate of the Galerkin scheme under suitable regularity assumptions for the exact

solution.

5.1 Cea’s estimate.

For this propose, let (t, (ϕ, λ)) ∈ HT×QT and (σ,u) ∈ HM×QM ; and (th, (ϕh, λh)) ∈ HT
h×QT

h ,

(σh,uh) ∈ HM
h ×QM

h be the solutions to (2.19) and (4.4) respectively.

In order to simplify notation, we define the errors et = t− th, eϕ = ϕ−ϕh, eλ = λ−λh, and

eσ = σ − σh, eu = u− uh. In turn, for a given (ŝ, (φ̂, ξ̂)) ∈ HT
h ×QT

h and (τ̂ , v̂) ∈ HM
h ×QM

h ,

we decompose these errors as follows:

et = ϵt + δt, eϕ = ϵϕ + δϕ, eλ = ϵλ + δλ, eσ = ϵσ + δσ, eu = ϵu + δu,

64
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where

ϵt = t− ŝ, ϵϕ = ϕ− φ̂, ϵλ = λ− ξ̂, ϵσ = σ − τ̂ , ϵu = u− v̂,

δt = ŝ− th, δϕ = φ̂− ϕh, δλ = ξ̂ − λh, δσ = τ̂ − σh, δu = v̂ − uh.

Consequently, subtracting the continuous formulation (2.19) and discrete scheme (4.4), we

obtain that

AT ((et, eϕ, eλ), (sh, φh, ξh)) = OT1(u, t, φh)−OT1(uh, th, φh)−OT2(λ, λ, ξh) +OT2(λh, λh, ξh),

(5.1)

for all (sh, φh, ξh) ∈ HT
h × ΛT

h × ΛT
h , and

AM((eσ, eu), (τ h,vh)) = OM1(u,σ,vh)−OM1(uh,σh,vh) +OM2(eλ; τ ), (5.2)

for all (τ h,vh) ∈ HM
h ×QM

h .

Proposition 8. There exist constants C1, C2 > 0, independent of h, such that

∥(δt, δϕ, δλ)∥T ≤ C1 ∥(ϵt, ϵϕ, ϵλ)∥T + C2 ∥ϵu∥0,4,Ω

+
4

γ̂T γT
C(OT2) C(FT ) ∥δλ∥1/2,00,Γc

in
+

4

γ̂T γT
C(OT1) C(FT ) ∥δu∥0,4,Ω.

(5.3)

Proof. Using the discrete inf-sup condition (4.15), with (δt, (δϕ, δλ)) ∈ HT
h ×QT

h , we have that

γ̂T
2
∥(δt, δϕ, δλ)∥T ≤ sup

(sh,φh,ξh)∈HT
h×QT

h
(sh,(φh,ξh))̸=0

AT
λh,uh

((δt, δϕ, δλ), (sh, φh, ξh))

∥(sh, φh, ξh)∥T
. (5.4)

By adding and subtracting AT ((t, ϕ, λ), (sh, φh, ξh)), the expression AT ((δt, δϕ, δλ), (sh, φh, ξh))

becomes

AT ((et, eϕ, eλ), (sh, φh, ξh))−AT ((ϵt, ϵϕ, ϵλ), (sh, φh, ξh))−OT1(uh, δt, φh) +OT2(λh, δλ, ξh).
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In turn, using (5.1), the previous expression can be written as

−AT ((ϵt, ϵϕ, ϵλ), (sh, φh, ξh)) +OT1(u, t, φh)−OT2(λ, λ, ξh)−OT1(uh, ŝ, φh) +OT2(λh, ξ̂, ξh),

which, by adding and subtracting OT1(uh, t, φh) and OT2(λh, λ, ξh), is the same as

−AT ((ϵt, ϵϕ, ϵλ), (sh, φh, ξh)) +OT1(eu, t, φh)−OT2(eλ, λ, ξh) +OT1(uh, ϵt, φh)−OT2(λh, ϵλ, ξh).

Thus,

AT
λh,uh

((δt, δϕ, δλ), (sh, φh, ξh)) =−AT ((ϵt, ϵϕ, ϵλ), (sh, φh, ξh))

+OT1(ϵu, t, φh) +OT1(δu, t, φh) +OT1(uh, ϵt, φh)

−OT2(ϵλ, λ, ξh) −OT2(δλ, λ, ξh) −OT2(λh, ϵλ, ξh).

Then, from (5.4), we arrive at

γ̂T
2
∥(δt, δϕ, δλ)∥T ≤ ∥ϵt∥div4/3,Ω

(
||aT ||+ ||bT ||+ C(OT1) ∥uh∥0,4,Ω

)
+ ∥ϵϕ∥0,4,Ω

+ ∥ϵλ∥1/2,00,Γc
in

(
||bT ||+ ||cT ||+ C(OT2) ∥λ∥1/2,00,Γc

in
+ C(OT2) ∥λh∥1/2,00,Γc

in

)
+ C(OT1)∥ϵu∥0,4,Ω ∥t∥div4/3,Ω

+ C(OT1)∥δu∥0,4,Ω ∥t∥div4/3,Ω

+ C(OT2)∥δλ∥1/2,00,Γc
in
∥λ∥1/2,00,Γc

in
.

Therefore, we obtain the desired result by bounding ∥t∥div4/3,Ω and ∥λ∥1/2,00,Γc
in
using the con-

tinuous dependence given by Theorem 5, and ∥uh∥0,4,Ω and ∥λh∥1/2,00,Γc
in
using Theorem 6.

Proposition 9. There exist constants C3, C4 > 0, independent of h, such that

∥(δσ, δu)∥M ≤ C3 ∥(ϵσ, ϵu)∥M + C4 ∥ϵλ∥1/2,00,Γc
in

+
4

γ̂M γM
C(OM1) C(FM) ∥δu∥0,4,Ω +

2

γ̂M
C(OM2) ∥δλ∥1/2,00,Γc

in

(5.5)
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Proof. From the discrete inf-sup condition (4.16), we have that

γ̂M
2
∥(δσ, δu)∥M ≤ sup

(τh,vh)∈HM
h ×QM

h
(τh,vh) ̸=0

AM
uh
((δσ, δu), (τ h,vh))

∥(τ h,vh)∥M
. (5.6)

Proceeding analogously to the previous result, but using (5.2), the expressionAM
uh
((δσ, δu), (τ h,vh))

is equal to

−AM((ϵσ, ϵu), (τ h,vh)) +OM1(ϵu,σ,vh) +OM1(δu,σ,vh) +OM1(uh, ϵσ,vh) +OM2(eλ; τ ).

Then, we arrive at

γ̂M
2
∥(δσ, δu)∥M ≤ ∥ϵσ∥div4/3,Ω

(
1 + ∥aM∥+ C(OM1) ∥uh∥0,4,Ω

)
+ ∥ϵu∥0,4,Ω

(
1 + C(OM1) ∥σ∥div4/3,Ω

)
+ ∥ϵλ∥1/2,00,Γc

in
C(OM2)

+ ∥δu∥0,4,Ω C(OM1) ∥σ∥div4/3,Ω

+ ∥δλ∥1/2,00,Γc
in
C(OM2).

Therefore, we obtain the desired result using the continuous dependence given by Theorem 5

and Theorem 6 to bound the value of ∥σ∥div4/3,Ω and ∥uh∥0,4,Ω, respectively.

Now we establish Cea’s estimate using the previous results under the small data hypothesis.

Proposition 10. If

4

γ̂T γT

(
1 +

2

γ̂M
C(OM2)

)
(C(OT1) + C(OT2)) C(FT ) +

4

γ̂M γM
C(OM1) C(FM) < 1, (5.7)

then there exists C > 0, independent of h, such that

∥(et, eϕ, eλ), (eσ, eu)∥T×M ≤ C
{
dist

(
(t, ϕ, λ), HT

h ×QT
h

)
+ dist

(
(σ,u), HM

h ×QM
h

)}
.

(5.8)
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Proof. It is obtained by adding (5.3) and (5.5), and then using (5.7) to appropriately bound

the norms ∥δλ∥1/2,00,Γc
in
and ∥δu∥0,4,Ω.

Remark 7. An alternative way to state the well-posedness of both the continuous and discrete

problems, while simultaneously establishing Cea’s estimate, is to simply assume that

4

γ2

(
1 +

2

γ
C(OM2)

)
(C(OT1) + C(OT1) + C(OM1)) (C(FT ) + C(FM)) < 1, (5.9)

where γ := min{γT , γ̂T , γM , γ̂M}. Moreover, we observe that condition (5.9) is satisfied either if

the terms C(FT ) and C(FM) associated with the data are sufficiently small or if the perturbation

constants C(OT1), C(OT2), and C(OM) are sufficiently small. In particular, based on the

values of C(FT ) and C(FM1), the latter can be ensured solely by considering the values of ϕin,

|a0 − a1ϕin|, and ∥uin∥1/2,00,Γin
.

5.2 Rate of convergence.

In order to establish the theoretical rate of convergence of the Galerkin scheme, we recall the

approximation properties of the discrete subspaces involved in their respective norm [15]: Let

C be a generic positive constant independent of the meshsize, that may take different values in

different places. The following approximation properties hold.

• (APt
h) If s ∈ H1(Ω) and div s ∈ H1(Ω), then dist(s,HT

h ) ≤ C h
(
∥s∥1,Ω + ∥div s∥1,Ω

)
.

• (APϕ
h) If φ ∈ H1(Ω), then dist(φ,ΨT

h ) ≤ C h ∥φ∥1,Ω.

• (APλ
h) If ξ ∈ H3/2(Γc

in) ∩ H1/2

00 (Γ
c
in), then dist(ξ,ΛT

h ) ≤ C h ∥ξ∥3/2,Γc
in
.

• (APσ
h ) If τ ∈ H1(Ω) and div τ ∈ H1(Ω), then dist(τ ,HM

h ) ≤ C h
(
∥τ∥1,Ω+∥div τ∥1,Ω

)
.

• (APu
h ) If v ∈ H1(Ω), then dist(v,QM

h ) ≤ C h ∥v∥1,Ω.

Finally, we are now in a position to establish the convergence rate of the Galerkin scheme

(4.4) under appropriate regularity assumptions for the exact solution.
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Theorem 7. Assume that (5.9) is satisfied and let (t, (ϕ, λ)) ∈ HT ×QT ; (σ,u) ∈ HM ×QM

and (th, (ϕh, λh)) ∈ HT
h ×QT

h , (σh,uh) ∈ HM
h ×QM

h be the unique solution of (4.4) and (2.19),

respectively. Assume further that t ∈ H1(Ω), div t ∈ H1(Ω), ϕ ∈ H1(Ω), λ ∈ H3/2(Γc
in),

σ ∈ H1(Ω), div σ ∈ H1(Ω) and u ∈ H1(Ω). Then there exist a constant C > 0, independent

of h, such that

∥(et, eϕ, eλ), (eσ, eu)∥T×S ≤ C h
(
∥t∥1,Ω + ∥div s∥1,Ω + ∥ϕ∥1,Ω + ∥λ∥3/2,Γc

in

+ ∥σ∥1,Ω + ∥div τ∥1,Ω + ∥u∥1,Ω
)
.

Proof. The result is a straightforward application of Cea’s estimate and the respective approx-

imation properties APh.



Chapter 6

Numerical experiments

In this section, we present numerical examples to illustrate the performance of the proposed

mixed finite element method for solving the system (4.4). First, we consider two simple cases

with known analytical solutions to assess the proper functioning of the numerical method in

terms of the behavior of the errors and convergence rates. Then, we use the numerical method

to solve a typical scenario of a reverse osmosis process.

6.1 Details of the numerical implementation.

In what follows, in abuse of notation, we denote by th, ϕh, λh, σh and uh the vector of degrees

of freedom associated to the unknowns of (4.4). In addition, we denote by χh and wh a pair

of arbitrary vector of degrees of freedom that are updated in each iteration and belong to the

spaces ΛT
h and QM

h , respectively. In turn, the respective finite element matrices associated to

the forms in (4.5) will be denoted by AT , BT1, BT2, CT , OT1(wh), OT2(χh), FT1 and FT2; while

those associated to the forms in (4.6) will be denoted by AM , BM , OM1(wh), OM2(χh) and FM .

Figure 6.1 presents the block structure associated with the linear systems to be solved.

To solve the global problem (4.4), we derive an algorithm based on the fixed point scheme

analyzed in the previous chapters. First, we define the physical parameters ϕin, uin, κ, ν,

a0, and a1, along with the initial guess for the iteration variables, setting initially χh = 0 and

wh = uin. In each fixed-point iteration, we define the perturbed matrices OT1(wh) and OT2(χh)
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Transport linear system (T)

AT [BT1]
t [BT2]

t th FT1

BT1 - OT1(wh) 0 0 ϕh 0

BT2 0 -CT + OT2(χh) λh FT2

Momentum linear system (M)

AM [BM ]t σh FM +OM2(χh)

BM - OM1(wh) 0 uh 0

Figure 6.1: Block structure of the Transport and Momentum linear systems to be solved. Each
symbol represents an array of matrices or vectors associated with the forms defined in the
previous chapters.

for system (T) and solve it. The resulting output λh, together with wh, is then used to define

the vector OM2(λh) and the perturbed matrix OM1(wh), respectively, after which system (M) is

solved. The outputs λh from system (T) and uh from system (M) are then used to update the

relative error and the iteration variables. The fixed-point iteration continues until the relative

error falls below a given tolerance, set as 10−6 in our simulations.

To implement the algorithm, we use the Freefem++ package [17] and the UMFPACK library

[10] to solve the linear systems.

In addition, to evaluate the performance of the test problems, we introduce the following

notation: For an arbitrary variable x, we denote by e(x) the error associated to x. We define

the experimental rate of convergence as:

r(x) :=
log(e(x)/e′(x))

log(h/h′)
.

where h and h′ denote two consecutive meshsizes with their respective errors e(x) and e′(x).
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6.2 Test 1: Manufactured problem.

In our first numerical test, we consider the computational domain Ω in Figure 1.3 as the unit

square ]0, 1[2, and the following exact solution:

u(x, y) := [− cos(πx) sin(πy), sin(πx) cos(πy)]t, p(x, y) := (x− 1)exp(y)

ϕ(x, y) := sin(x) sin(y) + 1.

In addition, we consider the following parameters: uin := u|Γin
, ϕin := ϕ|Γin

, ν := 1, κ := 1,

a0 := 1, and a1 := 2. These specific functions and parameters do not have a physical meaning,

but it is a first step in verifying our computational implementation. Since in this example

we are considering arbitrary manufactured solutions, the right-hand sides in eqs. (2.1), (2.3)

and (2.6) to (2.9) are not zero. Therefore, we add artificial source terms so that these equations

are satisfied.

The respective results are shown in Table 6.1, corroborating the expected convergence rates

and the adequate behavior of the numerical method in this simple scenario. That is, the error

associated to each variable converges to zero with order one, as predicted by the theory. In

Figure 6.2 we depict the approximate and exact concentration and magnitude of the velocity.

6.3 Test 2: Hagen–Poiseuille flow.

A Hagen–Poiseuille flow is a well-known analytic solution for an incompressible and Newtonian

flow flowing through a channel with rigid and non-permeable walls. The explicit solution in

our case is given by:

u(x, y) :=

[
6 uin

(
y

l2

)(
1− y

l2

)
, 0

]t
, p(x, y) := 24 uin ν (l1 − x) l−2

2 ,

ϕ(x, y) := 0,

with the use of realistic physical parameters given in Table 6.3, taken from [6]. We emphasize

that, unlike the manufactured problem, the analytical functions presented in this test are an
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exact solution to the problem (2.19). In this case, the concentration and its approximation are

zero. Therefore, we only display in Table 6.2 the results associated to the approximation of the

momentum equation. The results are consistent with the expected behavior.

Table 6.1: Manufactured problem

Mesh sizes, degrees of freedom, error, convergence rates and iterations

h DOF e(t) r(t) e(ϕ) r(ϕ) e(λ) r(λ) Iter

0.190 412 5.51e-02 - 1.69e-02 - 3.22e-02 - 13

0.095 1,609 2.68e-02 1.039 8.29e-03 1.027 1.58e-02 1.029 13

0.048 6,238 1.33e-02 1.010 4.21e-03 0.979 7.76e-03 1.021 13

0.027 24,631 6.67e-03 1.199 2.10e-03 1.202 3.88e-03 1.204 13

0.014 98,072 3.33e-03 1.065 1.05e-03 1.063 1.92e-03 1.076 13

h DOF e(σ) r(σ) e(u) r(u) - - Iter

0.190 824 1.79e+00 - 8.70e-02 - - - 13

0.095 3,218 8.79e-01 1.030 4.23e-02 1.038 - - 13

0.048 12,476 4.38e-01 1.005 2.11e-02 1.008 - - 13

0.027 49,262 2.21e-01 1.188 1.06e-02 1.182 - - 13

0.014 196,144 1.10e-01 1.069 5.31e-03 1.065 - - 13

Table 6.2: Hagen–Poiseuille flow

Mesh sizes, degrees of freedom, error, convergence rates and iterations

h (l2) DOF e(σ) r(σ) e(u) r(u) Iter

0.197 13,922 7.21e-03 - 2.29e-05 - 10

0.107 51,634 3.91e-03 0.995 1.16e-05 1.112 8

0.051 229,478 2.10e-03 0.850 5.48e-06 1.025 7

0.027 827,906 1.02e-03 1.149 2.79e-06 1.070 5

0.014 3,245,432 5.14e-04 1.022 1.40e-06 1.036 4
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Figure 6.2: Test 1: Comparison between the approximate solution (h = 0.095, left) and the
exact solution (right) for the manufactured problem. The top figures display the concentration
field, while the bottom figures show the velocity field. The color scale represents the magnitude
of the respective variable, and the white lines indicate the corresponding streamlines for the
velocity.
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6.4 Complete model.

6.4.1 Challenges with high-velocity flow.

It is well known that solving flow problems with high velocity presents significant challenges.

Based on our numerical experiments, the main difficulty arises from the convective term OT1

due to the low value of the parameter κ that limits the stability of the numerical method

for high velocities. Up to mean velocities close to 0.01 m/s, the numerical method provides

adequate results with a moderate mesh refinement. In this case, results can be obtained using

elements of diameter approximately 1% of the height l2, where we recall that l2 is the height

of the channel in Figure 1.3 . However, for higher velocities, the numerical method encounters

difficulties in achieving convergence. To address this issue, the literature reports the use of

fine meshes near the membrane, with elements of diameter of the order of 0.1% of the height

l2 [22]. In particular, by empirical experimentation, we found that a mesh with elements of

diameter of 0.5% of l2 along the middle of the channel and diameter of 0.1% of the height l2

near the membrane, allows for obtaining adequate results up to a mean velocity of 0.06 m/s.

Furthermore, to reduce computational cost, the finest refinement zone was selected in such a

way that it follows the shape of the concentration boundary layer, as shown in Figure 6.3.

Figure 6.3: Mesh refinement strategy for high-velocity flow. The mesh is more refined inside
the dashed line. This region encloses the concentration boundary layer (in red) to reduce
computational cost.
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6.4.2 Application.

We present the results of the numerical method applied to a typical reverse osmosis scenario,

considering the setup presented in the study [6] and the physical parameters given in Table 6.3.

The model allows us to evaluate the phenomenon of concentration polarization and the

formation of a boundary layer on the membrane under typical operating conditions. In addition,

equations (1.6) can be incorporated into the model to simulate the presence of spacers in the

channel by adding a boundary contribution on Γw. The results are presented in Figures 6.5 and

6.6, where we compare the concentration and velocity fields between an empty channel and a

channel with three spacers.

We observe that the process is largely governed by the operating bulk flow, exhibiting

characteristics similar to a typical parabolic Hagen-Poiseuille flow (Figure 6.5). On the other

hand, the process of greatest interest occurs only in the concentration boundary layer, which is

of the order of 20% of the channel width (Figure 6.6). The results show a significant increase in

concentration around the membrane, leading to a decrease in permeate velocity. Additionally,

the inclusion of spacers enhances the mixing of the solution and reduces the concentration at

the membrane. These results are in line with the expected behavior described in [6].

Figure 6.4 provides a more detailed comparison between the cases presented through variable

profiles along the upper membrane. The presence of spacers (see peaks at 3.75 mm, 7.50 mm,

and 11.25 mm in the figures) locally reduces the solute concentration near the membrane, which

is beneficial for the filtration process by increasing the permeate velocity (Figure b). However,

spacers also increase flow resistance, resulting in a higher pressure drop in the system (Figure c).

Finally, in Figure d, we observe a difference in the volumetric flow rate between both scenarios

within the small channel fragment considered. A specialist can balance these two effects to

optimize the process in the entire module of the RO system.
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(a) (b)

(c) (d)

Figure 6.4: Variable profiles on the top membrane: Comparison between an empty channel and
a channel with three spacers.
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Figure 6.5: Part 1: Comparison between an empty channel (top) and a channel with three
spacers (bottom). Each section displays the concentration and the velocity fields, respectively.
The color scale represents the magnitude of the respective variable, and the white lines represent
the corresponding streamlines for the velocity.
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Figure 6.6: Part 2: Zoom into the top membrane from the previous figures.
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Parameter Meaning Value Unit

l1 Channel length 0.015 m

l2 Channel height 0.00072 m

uin Inlet mean velocity 0.0645 m/s

ϕin Inlet concentration 600 mol/m3

ν Kinematic viscosity 8.7e−7 m2/s

κ Salt diffusivity in water 1.5e−9 m2/s

A Membrane permeability 2.5e−4 m/(s Pa)

P Transmembrane pressure 5.5e+6 Pa

i Number of ions from salt solution 2 -

R Ideal gas constant 8.314 J/(mol K)

T Temperature 298 K

Table 6.3: Physical parameters associated with the RO process in usual operating conditions.
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Conclusions

We have proposed and analyzed a numerical method for solving the filtration process of a

reverse osmosis process in a two-dimensional framework. The method is based on a finite

element approach in a mixed formulation, together with a fixed-point strategy to handle the

nonlinear term and the variable coupling of equations.

For this numerical model, the existence and uniqueness of the solution were demonstrated,

and a discretization scheme that guarantees convergence under small-data assumptions was

proposed. Furthermore, convergence rates were analyzed for low-order polynomial approxima-

tions.

From a practical perspective, this numerical method was implemented in a code developed

using the FreeFem++ package [17]. The model was verified against analytical solutions and

compared with related studies in the literature under realistic conditions, demonstrating good

performance.

The simulation results provide valuable insights into the representation of concentration

polarization and flow behavior in the reverse osmosis process, which can guide the design and

operation of systems such as a spiral wound module. Additionally, due to the model’s generality,

it can be adapted to similar water filtration scenarios, such as forward osmosis and pressure-

retarded osmosis, given the similarity of these phenomena.

However, for practical applications, it is important to note that the numerical method can

be computationally expensive when high velocities are considered. To address this issue, the

81
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model can be optimized by properly adjusting the mesh and following an approach similar to

the one presented in this work. Along the same lines, the use of anisotropic triangular elements

could be a viable alternative to improve computational efficiency.

Some aspects of future work emerge from this study. One potential extension is to generalize

the model to three-dimensional configurations, which would allow for a more comprehensive

representation of the phenomenon. Another relevant extension would be to incorporate the

transmembrane pressure P as a variable in the boundary conditions, which would result in a

more general representation of the filtration process for larger reverse osmosis modules. Further-

more, performing a corresponding a posteriori error analysis would enhance the computational

efficiency of the model by enabling adaptive refinement, which could be particularly benefi-

cial for practical implementations. Finally, investigating the use of hybridizable discontinuous

Galerkin (HDG) methods may offer advantages in terms of computational efficiency, especially

in high-resolution models like the one presented.

By exploring these directions, future research could develop more accurate, flexible, and

efficient models for reverse osmosis, contributing to both theoretical advances and practical

applications in fluid dynamics and water filtration technologies.
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