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Abstract

Quantum computation is a promising approach to solving problems in physics, op-
timization, and numerical simulation. Quantum algorithms leverage superposition
and entanglement in an exponentially large Hilbert space to encode and solve prob-
lems that are intractable for classical computers. However, these algorithms require
error-corrected quantum hardware, which is not yet available.

This thesis explores two alternative quantum-based approaches that promise to
achieve better scalability than traditional algorithms in the near-term: Hybrid varia-
tional quantum algorithms (VQAs) and fully classical, quantum-inspired algorithms.

In the first part, we review and benchmark optimization methods well suited for
VQAs, specifically the Simultaneous Perturbation Stochastic Approximation (SPSA).
We introduce complex-variable extensions and improvements to the second-order
and quantum natural implementations. Finally, we assess their performance across
quantum control, quantum tomography, and the variational quantum eigensolver,
providing practical guidelines for common VQA scenarios.

In the second part, we apply Matrix Product States (MPS) to solve time-dependent
partial differential equations (PDEs). By integrating Hermite Distributed Approxi-
mating Functionals (HDAF) into the MPS framework, we develop a novel encoding to
efficiently approximate differential operators with exponential precision. We bench-
mark this approach against traditional schemes for simulating the expansion of a
levitated nanoparticle. The quantum-inspired numerical integration schemes deliver

large memory savings and adequate runtimes even in presence of moderate chirping.
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Resumen (Spanish)

La computacion cudntica promete resolver problemas en fisica, optimizacién y simu-
lacién numérica. Los algoritmos cudnticos aprovechan la superposicion y el entrelaza-
miento en un espacio de Hilbert exponencialmente grande para codificar y resolver
problemas que serfan intratables para los computadores cldasicos. Sin embargo, estos
algoritmos requieren de dispositivos cudnticos con correccién de errores, los cuales
atin no estdan disponibles.

Esta tesis explora dos enfoques alternativos, basados en principios cudnticos, que
prometen alcanzar un mejor escalamiento que los enfoques computacionales tradi-
cionales en el corto plazo: los algoritmos hibridos variacionales cudnticos (VQAs) y
los algoritmos cldsicos de inspiraciéon cuantica.

En la primera parte, se revisan y comparan métodos de optimizaciéon adecuados
para VQASs, en particular el Simultaneous Perturbation Stochastic Approximation
(SPSA). Se introducen extensiones en variable compleja y mejoras en sus variantes de
segundo orden y de gradiente natural cudntico. Finalmente, se evalia su desempeno
en tareas como control cuantico, tomografia cudntica y el variational quantum eigen-
solver, entregando recomendaciones practicas para escenarios tipicos de optimizacién
en VQAs.

En la segunda parte, se utilizan estados producto de matrices (MPS) para resolver
ecuaciones diferenciales parciales (EDP) dependientes del tiempo. Al integrar los
Hermite Distributed Approximating Functionals (HDAF) en el marco de MPS, se

desarrolla una nueva codificacién eficiente de operadores diferenciales con precisién
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exponencial. Este enfoque se compara con métodos tradicionales para simular la
expansion de una nanoparticula levitada. Los esquemas de integracion de inspiracién
cuéantica logran un considerable ahorro de memoria y tiempos de ejecucion adecuados,

incluso en presencia de chirping moderado.
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Chapter 1

Introduction

“One never notices what has been done; one can only

see what remains to be done.”

Marie Curie

1.1 Motivation

In the last century, quantum mechanics has fundamentally changed our understand-
ing of microscopic systems. Unlike classical mechanics, which provides deterministic
equations of motion, quantum mechanics introduces probabilistic principles that gov-
ern the behavior of small-scale phenomena. Two key features of quantum mechanics,
superposition and entanglement, not only challenge our classical intuition but also
enable new approaches to information processing and computation.

Quantum computing has become a promising approach for solving problems in
physics, optimization, and numerical simulation. Unlike classical computing, which
processes information using bits with values that are either 0 or 1, quantum comput-
ing uses quantum bits (qubits) capable of existing in superposition, allowing richer
computational possibilities. Quantum entanglement further enables stronger cor-

relations than those of classical systems, making some quantum algorithms more
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efficient than their classical counterparts. However, the practical implementation
of these algorithms requires large-scale, fault-tolerant quantum computers that still
remain beyond our technological capabilities. These devices are subject to noise
and decoherence, which hinder the quality of the results, making general practical
quantum calculations unfeasible today.

Given these limitations, alternative strategies have been explored to take advan-
tage of our knowledge of quantum mechanics and translate them into computational
advantages in the near term. This thesis focuses on two approaches: Variational
quantum algorithms (VQA) and quantum-inspired numerical methods.

VQAs are hybrid quantum-classical algorithms in which a quantum circuit eval-
uates an objective function, which is then optimized by a classical algorithm. These
methods are practical for noisy intermediate-scale quantum (NISQ) devices since
they require relatively shallow circuits, reducing the impact of noise. However, the
optimization process depends on the ability of a classical optimizer to train a large
number of parameters based on the values of objective functions that are inherently
noisy due to the statistical nature of quantum measurements.

Quantum-inspired methods, on the other hand, use insights from quantum sys-
tems to develop new algorithms while running entirely on classical hardware. Among
these methods, tensor networks such as matrix product states (MPS) have proven
useful for compressing and efficiently simulating some large quantum systems. These
techniques have also been adapted to tackle classical problems, such as solving par-
tial differential equations (PDEs), where they may offer significant memory savings
compared to traditional numerical methods.

This thesis explores these two approaches, focusing on (i) stochastic optimization
for variational quantum algorithms and (ii) matrix product state methods for solving

PDEs.
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1.2 Research problem and proposed solutions

In VQAs, objective functions inherently contain noise due to hardware imperfec-
tions and the statistical nature of quantum measurements. Therefore, classical op-
timizers must be robust against noise and scale efficiently to high-dimensional pa-
rameter spaces. The Simultaneous Perturbation Stochastic Approximation (SPSA)
algorithm meets these requirements but strongly depends on hyperparameters that
are challenging to fine-tune. Second-order and quantum natural gradient variants of
SPSA mitigate this issue by adaptively scaling parameter updates using curvature
or geometry-aware information, making them easier to tune. This thesis explores
first-order, second-order, and quantum natural SPSA methods, introducing novel
improvements and complex-variable extensions, and benchmarks their performance
to provide practical guidelines for common VQA scenarios.

Similarly, accurately solving PDEs with limited computational resources is a
ubiquitous challenge in physics and engineering. Matrix Product States (MPS) are
a promising tool in this context, as they have the potential to provide exponential
compression and efficiently represent large amounts of data. However, conventional
discretization techniques for differential operators have limitations within the MPS
framework: local finite differences are computationally efficient but introduce numer-
ical dissipation, whereas global spectral methods offer higher accuracy but can be
computationally expensive. To address this gap, we integrate Hermite Distributed
Approximating Functionals (HDAF'), which are identity resolutions based on Hermite
polynomials modulated by a Gaussian envelope, into the MPS methodology. This
approach yields highly accurate, yet locally confined differential operators that effec-
tively improve the balance between computational cost and accuracy in MPS-based

numerical PDE solvers.
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1.3 Objectives and methodology

The main goal of this research is to improve classical numerical methods to help
leverage quantum-based strategies that outperform state-of-the-art computational
methods in the near term. Specifically, this work focuses on two goals: (i) to provide
guidelines for the optimization of variational quantum algorithms (VQAs) by devel-
oping and benchmarking methods based on the Simultaneous Perturbation Stochas-
tic Approximation (SPSA) and (ii) to provide new matrix product state (MPS)-
based numerical solvers for partial differential equations (PDEs), with an improved
cost-accuracy relation than current solvers, by integrating Hermite Distributed Ap-
proximating Functionals (HDAF) into their framework.

The specific objectives and their corresponding methodologies are described in

the following.

1. Optimization methods for VQAs

1.1. Review existing SPSA methods for quantum applications
Review the literature on existing SPSA-based methods and how they have
been used in the context of quantum applications, specifically VQAs. Con-

sider common limitations and the standard techniques used to mitigate them.

1.2. Introduce complex-variable extensions to the SPSA methods
Employ Wirtinger calculus to reformulate gradient and Hessian approxima-
tions in the second-order SPSA (2SPSA) and quantum natural SPSA (QN-

SPSA) to use complex-variable perturbations.

1.3. Benchmark the methods on representative VQAs problems
Use the Julia programming language [1] to develop an optimization library 2]
and implement instances of canonical VQAs. These instances will be the
variational quantum eigensolver (VQE, using Yao [3]), quantum control, and

quantum state estimation, which are relevant and well documented in the



CHAPTER 1. INTRODUCTION

1.4.

literature. Then, analyze the performance of SPSA methods based on the
behavior of statistical indicators, particularly the mean, variance, median,
and interquartile range. Explore standard selections of hyperparameters and

strategies for mitigating problems.

Provide practical guidelines for applying SPSA methods in the con-
text of VQAs

(Classify the results for each application and separate them into two groups:
(ii) vanilla methods, which include standard SPSA implementations, and (ii)
improved methods, which incorporate enhancements such as blocking, re-
sampling, alternative formulas for post-processing of Hessian matrices, and
scalar preconditioning. Identify the best methods in each group, in terms of
convergence, and characterize them in terms of quantum resources (number
of evaluations), classical computational requirements, and reliability. Sum-
marize the findings into practical recommendations for selecting and tuning

SPSA variants.

2. Quantum-inspired numerical methods for solving PDEs

2.1.

2.2.

2.3.

Review the usage of Hermite Distributed Approximating Function-
als (HDAF) to approximate differential operators
Review the literature on HDAF theory and their numerical metaheuristics

to approximate different kinds of differential operators.

Extend the MPS framework to encode operators within the HDAF
formulation
Find analytical expressions to construct different HDAF operators in terms

of efficient MPO representations.

Develop numerical integrators based on the operators provided by

the HDAF-MPS encoding
Use and extend the Python [4] library SeeMPS [5] as a framework to nu-

6
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merically implement analytical expressions for HDAF MPOs. Then, use the
operators and MPS/MPO algebra to develop adequate numerical integration

schemes based on these operators.

2.4. Benchmark the new techniques in physically relevant scenarios
Assess the efficiency and accuracy of these new methods, as well as traditional
methods, against a one-step short-time evolution of the benchmark PDE
problem: A levitated nanoparticle that expands on harmonic and anharmonic
potentials. These problems are selected because they have features that
challenge both traditional and MPS-based methods. For the harmonic case,
in particular, an analytical solution exists that allows to validate the accuracy

of the methods.

2.5. Compare the performance of the proposed methods with tradi-
tional numerical approaches
Select the methods that perform the best in the previous step, based on ac-
curacy and efficiency, and analyze their behavior when solving a long-term
evolution of the benchmark problems. Analyze the asymptotic behavior of

the integrators by identifying scaling laws in memory and run-time.

1.4 Outline of the document

This thesis is structured as follows. Part I provides an overview of the research and
defines the basic concepts used throughout the document: Chapter 2 presents a gentle
introduction to quantum mechanics and its fundamental features. Chapter 3 covers
the principles of quantum computing, introducing qubits, quantum gates, and quan-
tum circuits in near- and long-term scenarios. Chapter 4 discusses quantum-inspired
computing, focusing on matrix product states as an efficient classical representation
of quantum systems, exploring their mathematical properties and the regimes where

they can outperform current computational methods based on dense vectors.
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The core contributions of this thesis are presented in Parts II and III, where
advanced concepts are introduced as needed.

Part IT of the thesis is dedicated to the study of stochastic optimization for
variational quantum algorithms: Chapter 5 motivates the study of stochastic opti-
mization algorithms in this context, emphasizing the challenges of optimizing quan-
tum circuits. Chapter 6 formulates the optimization problems that arise in VQAs
and the role of the Simultaneous Perturbation Stochastic Approximation (SPSA)
in this context. Chapter 7 reviews existing SPSA-based methods and develops new
extensions. Chapter 8 benchmarks the performance of these methods against repre-
sentative VQAs. Finally, Chapter 9 summarizes the findings and presents practical
guidelines for applying SPSA-based techniques in VQAs.

Part IIT focuses on the solution of partial differential equations (PDEs) using
matrix product states (MPS): Chapter 10 motivates the use of quantum-inspired
tools to solve PDEs, particularly matrix product states. Chapter 11 describes the
benchmark problem of simulating a levitated nanoparticle expanding in harmonic
and anharmonic potentials. Chapter 12 reviews the HDAF representation of dif-
ferential operators, integrates them into the MPS framework, and applies them to
develop numerical methods for the time evolution of PDEs. Chapter 13 benchmarks
the performance of these new methods, comparing them with traditional approaches.
Finally, Chapter 14 summarizes the behavior of our numerical methods.

Part IV concludes the thesis by summarizing the key findings and presenting

potential directions for future research.



Chapter 2

Quantum Mechanics

“No phenomenon is a phenomenon until it is an

observed phenomenon”

John Archibald Wheeler

2.1 The History of Quantum Mechanics

With just over a century of history, quantum mechanics is a broad and very relevant
topic in modern physics. It was born in an attempt to address fundamental incon-
sistencies in classical mechanics, especially for systems at the atomic and subatomic
levels. While classical mechanics is effective for large-scale objects, it fails to describe

the behavior of very small systems.

2.1.1 The Old Quantum Theory

At the end of the 1800s, the laws of physics were thought to be almost fully under-
stood. Newton’s mechanics explained motion, Maxwell’s equations described elec-
tricity and magnetism, and thermodynamics provided rules for heat and energy.

However, there were still a few problems in which the predictions from classical me-
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chanics were inconsistent with the experimental data. One such case is the ultraviolet
catastrophe: Classical theory predicted that a perfect black body should emit more
and more energy at higher frequencies, diverging to infinity.

In 1900, Max Planck solved this problem by assuming that energy could only be
emitted or absorbed in discrete amounts, which he called quanta. He found that the

energy of light had to be proportional to its frequency v,
E = hv,

where h is Planck’s constant [6]. At first, Planck just took this assumption as a
mathematical trick to fit the experimental data.

In 1905, Albert Einstein used this idea to explain the photoelectric effect, where
light shining on a metal would induce an electrical current. Classical theory predicted
that a light of any frequency would free electrons from the metal, depending primarily
on the light intensity. However, experimental data showed that the kinetic energy of
the electrons had a lower threshold, depending on the frequency of light, and not its
intensity [7]. To explain this phenomenon, Einstein suggested that light itself is made
up of particles!, each carrying energy hv [8], and that electrons were only emitted if
this energy exceeded a material-specific threshold. This idea introduced the concept
of wave-particle duality, where light could behave both as a wave and as a particle
depending on the situation. Einstein was awarded the Nobel Prize in Physics in 1921
“for his services to Theoretical physics, and especially for his discovery of the law of
the photoelectric effect” [9].

Another major problem was the unexplained stability of atoms. Classical physics
predicted that electrons orbiting a nucleus should constantly emit radiation, lose
energy, and eventually fall to the nucleus, thus making atoms unstable. However,
this is not the case. In 1913, Niels Bohr introduced a model of the hydrogen atom in

which electrons could only occupy specific orbits with quantized energy levels [10].

Later denominated photons by Gilbert N. Lewis.

10
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This explained the spectral lines of hydrogen but did not have a justification.
In 1924, Louis de Broglie suggested a new idea: If light could behave as both
a wave and a particle, maybe matter could also have wave-like properties, with a

wavelength given by the inverse of its momentum [11],
a=n
p

This idea was later confirmed in electron diffraction experiments [12, 13|, showing
that particles could behave like waves.

One key consequence was the realization that quantum systems do not always
have well-defined states. Instead, they can exist in superpositions of multiple states
at once. For example, an electron in an atom is not simply in one specific orbit but
in a superposition of different energy levels, and its behavior is only described proba-
bilistically. This superposition principle would later become one of the cornerstones
of quantum mechanics.

Although these ideas helped solve many problems, they were just a mix of quan-
tum patches over classical mechanics with no clear underlying framework. A more

complete theory was needed.

2.1.2 The New Quantum Theory

In the mid-1920s, scientists finally developed a consistent mathematical framework
for quantum mechanics. Two different but equivalent formulations appeared: matrix
mechanics and wave mechanics.

In 1925, Werner Heisenberg introduced what later developed into matrix me-
chanics [14]. In his approach, observable quantities were organized into arrays with
an algebra that replaced the usual differential equations of classical mechanics. Max
Born and Pascual Jordan soon recognized that these arrays obeyed the rules of ma-
trix multiplication, and together with Heisenberg presented the full formalism in

1926 [15, 16]. The same year, inspired by de Broglie’s wave idea, Erwin Schrodinger

11
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introduced wave mechanics, which described quantum systems using the Schrédinger

equation [17],
0
h—i¢ =H
o = H,

where A = h/27 is the reduced Planck’s constant and H is the energy operator of
the system.

Here, the wave function 1 is the quantum state, and its squared magnitude
|1)|? gives the probability of finding a system in a particular configuration. This
probabilistic interpretation, introduced by Max Born in 1926 [18|, marked a huge
difference with deterministic classical physics. In 1927, Heisenberg also formulated
the uncertainty principle, which showed that certain pairs of properties, such as
position and momentum, cannot be precisely determined at the same time [19].

In this context, another strange feature of quantum mechanics began to raise
questions: the theory predicted that when two particles interact, their quantum
states could become entangled. Although the term entanglement was introduced later
by Schrédinger, who identified it as the characteristic trait of quantum mechanics [20],
the concept was already explored in the thought experiment by Einstein, Podolsky
and Rosen (EPR) in 1935 [21]|. They considered a pair of particles prepared in such a
state that measuring one particle would instantly influence the outcome of measuring
the other, regardless of the distance between them?. Troubled by what Einstein called
Spukhaften Fernwirkung®, they proposed the existence of hidden variables, which
would restore a deterministic and local description of reality. Here, locality refers to
the principle that an object can only be influenced by its immediate surroundings,
which means that physical effects cannot propagate arbitrarily fast. EPR argued
that quantum mechanics was incomplete and that its probabilistic nature was due

to a lack of knowledge about these hidden variables.

2Such an example is given in Section 2.2.5.
3German for “spooky action at a distance”.

12
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Three decades later, in 1964, John Bell formulated what is now known as Bell’s
theorem [22], showing that any theory based on local hidden variables should obey
certain statistical inequalities, which quantum mechanical predictions could violate.
Later experiments violated these constraints |23, 24|, consistent with the predictions
of quantum mechanics. These experiments confirmed that entanglement is a real
phenomenon incompatible with any theory based on local hidden-variable theories.
The Nobel Prize in Physics in 2022 was awarded “for experiments with entangled
photons, establishing the violation of Bell inequalities and pioneering quantum in-
formation science” [25].

What started as a series of modifications to classical mechanics turned into a
fundamental and mathematically rigorous theory. However, even today there are
ongoing efforts to further understand quantum foundations and explain quantum

mechanics from reasonable principles [26, 27].

2.2 Postulates of Quantum Mechanics

As experimental evidence accumulated and ideas were tested, some great minds of
the century contributed to build a consistent formulation of quantum mechanics.
In 1930, Paul Dirac published The Principles of Quantum Mechanics [28|. In this
book, Dirac introduced the concept of states as elements of a complex vector space,
developed the now standard bra-ket notation, and framed quantum mechanics in
terms of a set of postulates designed from intuition and pragmatism. Two years
later, John von Neumann provided the first rigorous mathematical foundation for
quantum mechanics in his book Mathematical Foundations of Quantum Mechan-
ics [29]. Building on Dirac’s insights, von Neumann formalized the theory within
the structure of Hilbert spaces and introduced a precise treatment of observables,
measurement, and state evolution.

In the following, we introduce a customized modern formulation of the postulates

13
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of quantum mechanics that evolved from the Dirac-—von Neumann axioms. For each
postulate, we provide brief explanations in order to clarify the reasoning behind
its particular formulation. We also draw parallels to highlight features unique to
quantum mechanics, in contrast to classical theory. For simplicity, we will restrict
our attention to finite-dimensional Hilbert spaces. Also, notice that the following

postulates hold for an usolated quantum system.

2.2.1 Description of the state of a system

Postulate  The state of an isolated quantum physical system is represented by a
state vector 1), belonging to a Hilbert space H called “the state space”. All physically

realizable states are normalized,

) | = v {@le) =1, (2.1)

In classical mechanics, the state of a particle is specified by its position and mo-
mentum alone, completely determining how the system evolves. However, in quan-
tum mechanics, specifying both the position and momentum simultaneously is not
possible, and experimental outcomes cannot be predicted in general. A new mathe-
matical object is introduced to encapsulate all probabilistic aspects of measurement
outcomes; vectors in a Hilbert space*. These probabilities are computed as absolute
squares of inner products (see Section 2.2.3), making them invariant under a global
phase transformation. Consequently, if [¢) is a valid quantum state, then e |¢))
represents the same physical state for any real ¢. Since H is a linear vector space,
the superposition principle holds: a linear combination of physical states is also a
valid physical state; a feature that fundamentally differs from classical mechanics.
Finally, the normalization condition is required to ensure that the probability of all

possible outcomes adds up to 1.

4Named after the Prussian mathematician David Hilbert (1862-1943).

14
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2.2.2 Observables as Hermitian operators

Postulate  Every observable quantity in quantum mechanics corresponds to a
Hermatian operator O acting on the state space. The possible results of a measure-

ment of O are given by its eigenvalues.

In classical mechanics, physical observables such as energy, position, and momen-
tum are described by continuous real-valued functions defined on the phase space,
and measuring an observable corresponds to evaluating that function at the current
state. By contrast, quantum mechanical measurements yield real outcomes that may
be discrete (e.g. a photon’s polarization or the energy levels of an atom) or contin-
uous (e.g. position or relative phase), consistent with the eigenvalues® of Hermitian
operators acting on finite- or infinite-dimensional Hilbert spaces, respectively. How-
ever, in this thesis, we restrict our attention to finite-dimensional Hilbert spaces,
where observables are represented by Hermitian matrices.

An operator O is Hermitian if and only if O = O, where the dagger sign 1 stands
for complex transposition. All Hermitian operators are normal, O'O = OO, and all
normal operators have a spectral decomposition.

The spectral decomposition of a Hermitian operator O acting on a finite-

dimensional Hilbert space H reads
0 => X\ (i,

where \; € R are the eigenvalues and |);) are the corresponding eigenvectors. The

eigenvectors form a basis of H. Thus, any state can be described as a superposition
[0) =D (Nl9) M),

where the coefficients (\;| 1) are related to the probability of measuring |¢)) in the

state |\;) as formalized in the following postulate 2.2.3.

5The word eigen stands for self or characteristic in German.
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Finally, the operator is required to be Hermitian because under this condition

the eigenvalues (i.e. the measurement results) are real.

2.2.3 Measurements and the Born rule for probability

Postulate If the system is in a state |¢), measuring an observable
O =Y, N [Ai)(\i| will project the state into one of the eigenvectors |X;), with mea-

surement result \; and a probability given by the Born rule®,

P(A) = [ (nilw) 2. (2.2)

In classical mechanics, a measurement simply reads off the value of the observable
function in the current state and does not inherently change the state of the system.
In quantum mechanics, however, a measurement fundamentally perturbs the state
of the system, which becomes one of the eigenstates |\;) of the observable after
the measurement. Then, an immediate repetition of the measurement will keep the
state fixed at |\;) with the repeating result ;. Experiments show that, unless the
state is one of the eigenstates of the observable (i. e. the property measured is well
defined), quantum measurements are inherently probabilistic and we cannot predict
their exact result. This is reflected by the Born rule (2.2); even if we have all the
information about the system (we know its quantum state), we can only predict the
probability of obtaining each of a set of outcomes.

Note that practical physical measurements may include the effects of noise, de-
tector inefficiencies, and indirect measurements. One accounts for these effects by
generalizing the notion of observable to a collection of measurement operators { M, }
satisfying the completeness relation ) . M;Mi = I. Then, the probability of mea-

suring the outcome labeled as ¢ is

P(i) = | M; [$) 1%,

SNamed after the Prussian physicist Max Born (1882-1970).
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and, after the measurement, the system is projected into the state M; |¢) /|| M; |[¥) ||

These are known as positive operator-valued measures (POVM), where each M;
acts as a generalization of the projector |\;)(\;| with the distinction that, unlike the
projector, M; is not generally idempotent, M? # M. A direct consequence is that
repeated measurements will not necessarily yield the same repeated result.

We can fully recover the projective measurements stated in the postulate as a
special case of POVMs by requiring the measurement operators to be projectors,
M; = |Ai) (-

Finally, notice that the sum of all probabilities is guaranteed to be 1 by the first

postulate, 2.2.1, since
PG = 3T IM: ) P = (vl (Z MJMi) 9= () = 1.

2.2.4 Time evolution and the Schrodinger equation

Postulate The time evolution of a quantum state [i) is governed by the

Schrédinger equation,

L d
ih [0(8) = H 19(0). 23)

where H s the quantum Hamiltonian of the system.

In the absence of measurements, the time evolution is smooth and deterministic.
This is similar to classical mechanics, where the evolution of a system is described by
Hamilton’s equations. In this sense, the Schrodinger equation is a quantum analog of
the classical equations of motion, with the Hamiltonian” operator playing the same
central role.

Many parallels can be drawn between the Schrodinger equation and the classical
motion equations and, in fact, Equation (2.3) can be obtained as a generalization of

the classical Hamilton-Jacobi equations [30].

"Named after the Irish astronomer, mathematician and physicist Sir William Rowan Hamilton.
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The time evolution of a quantum state is customarily understood through the

action of a time evolution operator U(t, ),

(1)) = Ut to) [¢(t)) ,

subject to the initial value problem

d
—U = —H 24
dtU h U 24)

Ulto, to) = 1. (2.5)

If the Hamiltonian is time-independent, the solution to the previous problem is

analytical and given by

Ut to) = exp {—%(t _ tO)H} |

However, if the Hamiltonian depends on time, the expression for U is more compli-

cated. A formal solution is the Dyson® series,

0 -\ N t t1 tn—1
Ultit) =1+ (—%) /t dtlft dtz---/t dtn H(t))H(ts) - - H(ty),
n=1 0 0 0

under the assumption that the infinite series converges.
In practice, the sum can be truncated to yield approximate expressions for
Ul(t, to), although other approaches are preferred for typical numerical computations.

For instance, a first-order Taylor series expansion in At shows that
Ulto + At tg) = exp(—iH (to)At/h) + O((At)?).

This leads to a piecewise constant approximation of the time evolution operator

with NV steps,

vt to) = ﬁ exp {_Z t;vt())H (t0+k(t ;VtO))} ,

k=N-1

8Named after the British-American physicist Freeman Dyson (1923-2020).
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such that U(t,ty) = Un(t,to) + O((t — to)?/N). This yields
U(t, to) = lim UN(t, to),
N—o00

if the infinite operator composition converges.

Notice that each exponential in Uy is a unitary operator since it is the compo-
sition of complex exponentials with Hermitian argument. Therefore, U is unitary
itself UTU = I. This means that the norm of the initial state is preserved along the

time evolution,

(WOl (t) = (W) U'U [1(0)) = ((0)| (0)) = 1.

2.2.5 Composite systems

Postulate  For a composite system made of subsystems with Hilbert spaces

H1, Hs, ..., the Hilbert space of the whole system is the tensor product
H=HQHs®.... (2.6)

In classical mechanics, the state space of a composite system is given by the
Cartesian® product of the state spaces of its parts. Two independent systems with
u and v degrees of freedom combine into a system with u + v degrees of freedom.
In quantum mechanics, states are represented by vectors in a Hilbert space, and
the superposition principle must hold: any linear combination of products of states
from the subsystems must be a valid state of the composite system. Therefore, the
product of individual Hilbert spaces must yield a Hilbert space whose dimension is
the product of the dimensions of the subsystems. The tensor product satisfies this
requirement.

Moreover, the use of the tensor product to compose individual Hilbert spaces is

not an arbitrary choice. It is the only product ensuring that independent systems

9Named after the French philosopher, scientist, and mathematician René Descartes (1596-1650).
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have independent probability distributions [31]. From postulate 2.2.3, if a system
is in state |¢), then the probability of obtaining the outcome a when measuring an

observable with associated eigenstate |a) is

P(a) = [{aly)[*

Assume that a system is composed by two independent subsystems. Then, the
composite system is in a product state, which we write as [¢)1) ® |1¢) for the first
system in state |11) and the second system in state |1)5). The probability of obtaining

outcomes a; and ay from measurements on each respective subsystem is,

P(ay,a) = [({a1] @ (az])([tn) @ [¥2)) [ = [{aa]vn) [*| {aalba) [* = Pr(ar) Pa(az),

where Pj(a;) and Py(ag) are the probabilities for outcomes a; and ay measured
independently on each subsystem. The tensor product is the only product ensuring
that probabilities factorize for all product states and measurements, preserving the
statistical independence of independent subsystems.

Consider the following example: two spin-1/2 particles, each with two possible
states that we will denote “up” (|1)) and “down” (|[{)). In the classical case, the
composite system could be in one of the following states: The two particles in the
state up, the first up and the second down, the first down and the second up, or

both particles in the state down. Respectively,

e, mel). e, hel).

In quantum mechanics, however, the superposition principle states that any linear
combination of valid states is also a valid state, and this principle must hold for
composite systems. The state space of the combined system must contain any linear

combination

)y =@M +EM e+t +dl)el),
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with normalization |a|? 4 |8]? + |y|> + [0]* = 1. The tensor product H = H; @ Hs is
precisely the space that contains all such states.

One can notice that many states in this space cannot be written as simple prod-
ucts like [1)1) ® [1)5). Such states are said to be entangled. An example is the Bell
state

1
V2

In this state, measuring any of the two particles would yield an outcome up or down

Bty =— (e m+hel)

with the same probability. However, after measuring the spin of one particle, the
spin of the other is immediately known: both particles have the same spin. These
quantum correlations have been confirmed experimentally and cannot be explained
by local theories based on hidden variables.

A final important implication of the tensor product structure of composite spaces
is that the dimensionality of the state space grows exponentially with the number
of subsystems. For example, a system composed of N spin-1/2 particles will have
a Hilbert space of dimension 2V. This greatly complicates the classical simulation
of composite quantum mechanical systems and, at the same time, gives extraordi-
nary theoretical power to computers with quantum mechanical parts, as discussed

in Chapter 3.

2.3 Mixed states

Until this point, we have discussed pure states, which are described by state vectors
in a Hilbert space. However, pure states assume perfect knowledge of the quantum
system. In real-world applications, our knowledge is often incomplete due to statis-
tical uncertainty or environmental interactions, requiring a more general description
of states known as mixed states.

To describe both pure and mixed states, we introduce the density matrix formal-

ism. Instead of working with vectors pertaining to the Hilbert space H, we promote
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the pure quantum states to projector operators acting on H,

V) — p=[v) (¥I,

which have the advantage of naturally ignoring global phases,
e ) — () (e (¥l) = [v) (¥

For a statistical mixture of different quantum states {|;)} with associated prob-

abilities p;, the system is in a mixed state,
P = Zpi |vhi) (Wil -

Unlike a pure state, a mixed state cannot be expressed as a single state vector.
Instead, it represents an ensemble of quantum states with classical uncertainty.

In the following, we restate the postulates of quantum mechanics for mixed states.

2.3.1 Description of the state of a system

Postulate  The state of a quantum system is represented by a density operator
p acting on a Hilbert space H. This operator is positive semidefinite and has trace

Tr(p) = 1.

The trace of an operator A belonging to a Hilbert space H is defined such that,
for any given orthonormal basis {|¢;)} of H,

Tr(A) = Z (il Algi) -

One can verify that the value of the trace of A is independent on the choice of basis.
An important particular case is the choice of basis given by the eigenvectors of A.
Then, it follows that the trace of A is equal to the sum of its eigenvalues.

Given the definition of the trace operation, all physically valid density matrices

p must satisfy the following properties,
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Hermiticity, p' = p. This ensures that the eigenvalues (probabilities) are real.

Positive semidefiniteness, (¢| p|¢) > 0,V |¢). This condition includes the pre-

vious one, and further constrains the eigenvalues of p to be nonnegative.

Unit trace, Tr(p) = 1. Ensure that the total probability adds up to 1.

Purity condition, 1/d < Tr(p?) < 1 for a state in a d-dimensional Hilbert space.
The purity of a density matrix is defined as Tr(p?). A state is pure if and only
if Tr(p?) = 1.

2.3.2 Observables as Hermitian operators (unchanged)

Postulate  FEvery observable quantity in quantum mechanics corresponds to a
Hermatian operator O acting on the state space. The possible results of a measure-

ment of O are given by its eigenvalues.

2.3.3 Measurement and the Born rule for probability

Postulate A measurement on a system in a mized state p, described by an ob-

servable O =Y. |\i)X\;| yields the outcome \; with probability
P(A) =Tr(|x) (Nl p) = (Nl p[N) - (2.7)

The state after the measurement becomes

o Pl p Ly
= g A

This formulation also generalizes to positive operator-valued measures (POVMs),

where the measurement is described by a set of operators {M;} satisfying

> MIM; =1. The probability of obtaining the result labeled i is P(i) =
M;pM]

i ; —
Tr(M/M;p), and the post-measurement state is p’ = Tr M M)
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2.3.4 Time evolution and the von Neumann equation

Postulate For an isolated quantum system, the time evolution of the density ma-
triz 1s governed by the von Neumann equation,
ih% = [H, ],
where H is the Hamiltonian of the system, and [H,p]| = Hp — pH is the commuta-
tor.
The von Neumann equation!’ is the generalization of the Schrédinger equa-

tion (2.3) for density matrices, and has a formal solution

p(t) = U(t)p(t = 0)U'(2), (2.8)

where U(t) is the unitary time evolution operator defined by Equations (2.4)
and (2.5). This implies that, for a closed system, the purity of the state is pre-
served during time evolution.

Considering that a density matrix must remain positive semidefinite and trace-
normalized, the most general physically admissible evolution is not necessarily uni-
tary. For example, if the system is not isolated but is allowed to interact with
an environment, the evolution is no longer unitary. Instead, assuming Markovian
dynamics®!, it follows a Lindblad'? master equation 32, 33],

% g+ X (ntl - 5 [l pri] ).
dt h - 2

where L, are the Lindblad operators that describe dissipative interactions.

10Named after the Austro-Hungarian mathematician John von Neumann (1903-1957).
HNamed after the Russian mathematician Andrey Markov (1856-1922). A Markovian process is

one such that the probability of transitioning to a new state depends only on the current state and

not on the past history of the system.
12Named after the Swiss physicist Géran Lindblad (1940-2022).
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2.3.5 Composite systems

Postulate  For a system composed of multiple subsystems with multiple Hilbert
spaces Ha and Hpg, the total system lives in the tensor product space H = Ha Q@ Hp.
The density matriz of the composite system is pap € H, and the state of each sub-

system can be obtained via the partial trace,

pa = Trg(pan),
pB = Tra(pan).

The partial trace over one of the subsystems, say Hp, is the unique linear map

satisfying, for all operators A € Ha, B € Hp,
Trp(A® B) = ATr(B).

Operationally, if {|¢;) 5z} is an orthonormal basis of Hp, then for any state pap

the partial trace over subsystem B is given by
Trp(pas) = Y (1a @ (¢ilp) pas (14 @ |¢1) )
i

The partial trace of a pure composite state can be mixed, which occurs when the
subsystems are entangled. Moreover, any mixed state of a system A can be obtained
as the partial trace of a pure state in a larger Hilbert space.

To characterize correlations between subsystems, we introduce the notion of sep-
arability. A bipartite state pap is said to be separable if it can be written as a convex

combination of product states [34],

N
PAB = Zpkﬂ[j] ® P%h (2.9)
k=1

where p; > 0 are probabilities such that Z]kv pr = 1, and pgf} and pg_g} are density

operators acting on ‘H4 and Hp, respectively.
More specifically, if N = 1 the state is a product state, with uncorrelated sub-
systems. For N > 1, the state is separable, with classical correlations. If decompo-

sition (2.9) does not exist, the state is said to be entangled.
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Chapter 3

Quantum Computing

“Nature isn’t classical, dammit, and if you want to
make a simulation of nature, you’d better make it
quantum mechanical, and by golly it’s a wonderful

problem, because it doesn’t look so easy”

Richard Feynman

Quantum computing concerns the processing of information using systems that
obey the laws of quantum mechanics. These systems can exhibit phenomena such
as superposition and entanglement, enabling new modes of computation with no
classical analogs, which could be leveraged to perform calculations more efficiently
than classical computers. Although quantum mechanics originated in the early 1900s,
the idea of applying its principles to computing only took strength in the 1980s.

One of the earliest motivations for quantum computing came from Richard Feyn-
man, who observed that simulating quantum systems on classical computers becomes
inefficient as system size grows, due to the exponential scaling of the Hilbert space; a
consequence from postulate 2.2.5. Feynman suggested that quantum systems might
be better simulated using quantum mechanical devices, thus laying the foundation

for quantum computation [35].
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All physical systems are constrained by the laws of physics, which dictate the
fundamental limits of computation. An important result in this context is Landauer’s
principle [36], which states that erasing a single bit of information in a system at
temperature T incurs a minimum energy cost of kg7 In 2, where kg is the Boltzmann
constant.

In classical devices, information is typically represented using electrical signals
that switch transistors on and off, encoding binary states. These signals are pro-
cessed through logic operations implemented in electronic circuits. While many
classical logic gates are irreversible and therefore subject to Landauer’s limit, this
is not an inherent requirement of classical computation. Reversible computation,
where no information is discarded and thus avoids this thermodynamic cost, has
been theoretically explored since the 1970s. For example, Charles Bennett showed
that any computation could, in principle, be performed reversibly [37|. However,
in practice, implementing fully reversible computation in classical hardware is very
challenging [38]. Quantum computing, in contrast, can be naturally posed reversibly
since quantum mechanics dictates that the evolution of closed systems must be uni-
tary (see Section 2.2.4).

The foundations of quantum computation were developed in the 1980s with con-
tributions from people like Paul Benioff, who showed in 1980 that a Turing machine
could be reproduced by following evolution dictated by the Schrédinger equation [39],
and David Deutsch, who introduced in 1985 the concept of the quantum Turing ma-
chine [40], formalizing the notion of quantum algorithms. Later, in 1989, Deutsch
developed the quantum circuit model [41], which remains the dominant framework
for quantum computation today. This model represents quantum computations as
sequences of unitary transformations applied to quantum bits (qubits), enabling op-
erations that have no classical counterpart.

Building on these theoretical foundations, the development of quantum algo-

rithms provided a major motivation to further explore quantum computing. In
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1992, David Deutsch and Richard Jozsa proposed a class of problems that quantum
computation could solve in exponentially less time than any classical deterministic
computation [42|. However, the solution to their problem had no practical use. Sim-
ilarly, in 1993, Daniel Simon conceived a problem that a quantum computer would
solve exponentially faster than a classical computer [43|. Inspired by the quantum
algorithm that Simon proposed to solve that problem, Peter Shor demonstrated in
1994 that a quantum computer could solve integer factoring and discrete logarithm
problems with an algorithm almost exponentially faster than the best-known classi-
cal methods [44]. This posed a significant threat to cryptographic systems, such as
RSA encryption, which relies on the difficulty of prime factorization for security [45].
Later, in 1996, Lov Grover developed a quantum search algorithm that could speed
up database search quadratically, compared to classical approaches [46]. These dis-
coveries demonstrated the potential of quantum computers to outperform classical
systems in specific tasks, a concept now known as “quantum advantage” or “quantum
supremacy”’’.

Realizing these theoretical ideas in practice requires a series of conditions. In
1996, David DiVincenzo provided a list of minimal requirements for creating a quan-
tum computer, which he later summarized as follows [47, 48]: (1) a scalable physical
system with well-characterized qubits, (2) the ability to initialize the state of the
qubits to a simple fiducial state, (3) long relevant decoherence times, much longer
than the gate operation time, (4) a universal set of quantum gates, and (5) a qubit-
specific measurement capability.

Researchers have explored various physical platforms to implement and ma-
nipulate qubits that meet DiVincenzo’s criteria. These platforms include trapped
ions [49], photonic systems [50], nuclear magnetic resonance (NMR) machines [51]

and superconducting circuits [52]. Many experimental milestones demonstrate the

LAlthough the term “quantum supremacy” has been largely abandoned in the community due

to its unintended connotations.
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fast-paced development of quantum hardware. To name a few: in 1995, researchers
from NIST Boulder implemented the first entangling 2-qubit logic gate: a CNOT gate
on a single trapped ion [53|, following the scheme by Cirac and Zoller [54]. Soon,
the first execution of a quantum algorithm followed: in 1998, Oxford researchers
used a 2-qubit NMR processor to solve Deutsch’s problem [51]. Three years later,
in 2001, IBM implemented Shor’s factoring algorithm on a 7-qubit NMR device and
successfully factored 15 = 3 x 5 [55]. In 2003, the first implementation of a CNOT
quantum gate entangling two distinct trapped ions was reported at the University
of Innsbruck [56].

In the following decade, there was already commercial interest and public access
to quantum computers: in 2010, D-Wave Systems released the first commercially
available quantum computer, based on quantum annealing, and the University of
Bristol provided free access to a photonic quantum processor over the internet in
2013 [57]. Later in 2016, IBM launched the IBM Q Experience: a cloud accessi-
ble, gate-based superconducting quantum computer, offering public access to design
circuits and run them on real superconducting hardware [58].

In 2018, John Preskill introduced the concept of Noisy Intermediate-Scale Quan-
tum (NISQ) era [59], characterizing devices with 50-100 qubits, limited coherence
times, and no error correction. He emphasized that these devices could still offer
practical value until the development of fault-tolerant quantum computers. Since
then, quantum hardware has continued to improve. For instance, in 2024, Google
presented a 105-qubit superconducting quantum chip that achieved a significant
milestone in quantum error correction: the system implemented quantum opera-
tions with error rates low enough that grouping physical qubits into logical qubits
would allow the reduction of overall errors [60]. Nevertheless, the available number
of qubits is still far from enough to implement quantum error correction schemes and
run practical quantum algorithms reliably.

Although large-scale, fault-tolerant quantum computers still remain theoretical,
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their successful realization could revolutionize computational science. They could
solve certain problems exponentially faster than classical computers, or with expo-
nentially smaller storage requirements. However, scaling up quantum hardware while
bounding error rates remains a difficult challenge, which motivates the design of al-
gorithms and numerical schemes that can extract value from the quantum devices
available today.

To provide a foundation for these techniques, this chapter introduces the funda-
mental principles of quantum computing. We begin with a basic review of classical
computing and transition to quantum systems by analogy. We present the concept
of qubits, quantum logic gates and quantum circuits, and introduce the paradigms
of fault-tolerant quantum computing, noisy intermediate-scale quantum devices, and

variational quantum algorithms (VQAs).

3.1 Gate-based classical computing

At its core, computation is about processing and transmitting information. A fun-
damental result proved by Claude Shannon is that logical operations can be sys-
tematically represented using binary switches [61]. He established that information
processing could be physically implemented with electrical circuits, providing the
basis for digital computers.

The fundamental unit of classical information is the bit (binary digit), which
represents a choice between two alternatives. A bit takes values from the set {0,1}
to encode information, and collections of bits can encode variables containing larger
amounts of information. For instance, computers store integers in binary represen-
tation, using a fixed amount of bits. The modern standard for integer representation
in most architectures is 64-bit signed integers. In this format, the first bit is the sign
bit (0 for positive, 1 for negative), leaving 63 bits for the number itself in binary

representation. This allows for the representation of values from —2% to 263 — 1.
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Letters are encoded as integers in the ASCII standard, and real numbers are stored
in the more convoluted IEEE 754 Floating Point standard, which allows to operate
with a number of significant digits and exponent, but the essence is the same: we

encode the information as strings of Os and 1s.

3.1.1 Logic operations and classical circuits

To manipulate bits, we use Boolean? algebra, where logic operations act on binary

values. Typical Boolean operations are

e NOT (negation)

A single bit operation, that flips a 0 into 1 and vice-versa,

NOT(0) =1, NOT(1) =0,

e AND

A two-bit operation, which only results in a 1 if both inputs are 1,

AND(A,B) = A- B,

e OR

A two-bit operation, resulting in 1 if at least one input is 1,

OR(A,B)=A+B—A-B,

e XOR (Exclusive OR)

A two-bit operation, resulting in 1 if the inputs differ, and 0 otherwise

XOR(A,B)=A+ B mod 2
= OR(AND(A,NOT(B)), AND(NOT(A), B))

2Named after the British mathematician George Boole (1815-1864), considered as an early

founder of computer science.
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o SWAP

A two bit operation which also returns two bits, with their values swapped,

SWAP(A, B) = (B, A).

Notice how all these two-bit gates, with the exception of the SWAP, take 2 bits as
inputs and return only 1 bit. This loss of a bit incurs in the theoretical inefficiency
lower bound set by Landauer [36].

In practice, most classical computational devices encode bits as cables in a circuit,
and the value of the bit is whether the cable has current (1) or not (0). Logic gates
are implemented with a number of interconnected transistors, and more complex
operations such as the addition of two integers are performed as a fixed composition
of logic operations over the bits that make up the inputs. This composition is called
a logic circuit.

Thus, any physical system that can exist in two distinguishable states can rep-
resent a bit. A collection of such systems (a register) can encode more complex
information, and logic circuits process the information in these registers by applying
sequences of logic operations. That is the basis for classical information processing,
allowing us to perform computations in our cellphones, supercomputers, an abacus,

to name a few classical computing devices.

3.2 Quantum bits

When working with quantum information, the fundamental unit is the quantum bit
(qubit). Consider, for instance, a two-state quantum system, such as an electron in a
two-level atom. When measured, the electron can be found in either the first energy
level (state |0)) or the second energy level (state |1)). However, the superposition

principle states that any linear combination of these states is also a valid quantum
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state. Therefore, the qubit can be in an arbitrary state:

[¥) = al0) +B1), (3.1)

where the normalization condition for quantum states requires |a|> + |3]? = 1.

2 = |0)

Figure 3.1: Representation of a pure state [¢/) on the Bloch sphere [62].

A useful way to visualize the state of a single qubit is through the Bloch sphere?,
as depicted on Figure 3.1. In this model, each possible state [i) corresponds to
a point on the surface of a sphere of unit radius. The standard basis states |0)
and |1) correspond to the north and south pole of the sphere, respectively, and any
other point on the sphere is in a superposition of these basis states, with the equator
representing states with equal probability of being measured in |0) or |1). The angles

0 and ¢ in the image allow to rewrite |¢)) from (3.1) as
) = cos(8/2) [0) + ¢ sin(8/2) 1)

where § = 2cos™'(|a|) € [0,7], ¢ = arg(B/a) € [0,2n[, and the global phase «/|a]

was ignored.

3Named after the Swiss physicist Felix Bloch (1905-1983).
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We represent the Hilbert space of a single qubit as Hy = C?, where quantum
states are 2-dimensional complex vectors, and we associate |0) and |1) to the canon-

ical basis of C2,

1 0
=11, m=_1 (3.2)
0 1

To describe systems composed of multiple qubits, we rely on principle 2.2.5 and
construct larger Hilbert spaces as tensor products of the spaces of individual qubits.
In particular, to encode a vector from a Hilbert space of dimension m, we require at

least k qubits, spanning a space Hqr 2 H,,, with

k = [logy(m)].

For example, the state |0) ® |1) represents a two-qubit system where the first

qubit is in |0) and the second qubit in |1), written explicitly as

1l o
Del=| || |=
o |1

o O = O

In the literature, there are multiple equivalent ways to denote a multi-qubit state.
For instance, consider a system with 5 qubits, each in the states |0), [1), |1), |0), and

|1), respectively. This state can be equivalently expressed as
0) @ (1) @ 1) ©0) @ [1) = [0); [1)3[1)510), [1)5
= 0) [1) [1)[0) [1)
= 101101).
Another notation typically found in the literature would represent the state as |13),
following from the fact that 01101 is the binary representation of the decimal number

13. However, this notation is informal and should only be used when the number of

qubits is clear from the context.
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3.3 Quantum gates

There are multiple models for quantum computation, including adiabatic quantum
computing, measurement-based quantum computing and topological quantum com-
puting, each with a different way to describe transformations of quantum informa-
tion. In this thesis, we will focus on the gate-based model, which is the most common
model and is analogous to classical digital circuits.

In the gate-based model, a quantum computation is performed by applying se-
quences of transformations to qubits, where these transformations are realized as
quantum gates. Quantum gates are typically unitary operations, which preserve the
norm of the quantum state and thus are reversible operations. The basic building
blocks in this model are the quantum logic gates, which are elementary unitary oper-
ations. By composing these gates, one can approximate arbitrary unitaries, similar
to how classical logic gates (such as AND, OR, and NOT) are combined to perform
complex classical computations.

A fundamental result supporting the gate-based model for quantum computing

is the Solovay-Kitaev theorem [63, 64], stated as follows.

Solovay-Kitaev theorem Let G be a finite set of elements in SU(d) containing
its own inverses, and such that the group generated by G is dense in SU(d). There is
a constant ¢ such that, for any unitary U € SU(d) and any desired accuracy € > 0,
there exists a finite sequence S = g1gs . .. g; of elements g; € G, with | = O(log®(1/¢)),
satisfying

IU =5 <e,

where || - || denotes the operator norm.
Here, SU(d) denotes the special unitary group of degree d, consisting of d x d com-
plex unitary matrices with determinant 1. For d = 2, the Solovay-Kitaev theorem

provides that any single-qubit unitary operation can be efficiently approximated, to
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arbitrary precision, by a finite sequence of gates from a universal gate set?. Further-
more, the Solovay-Kitaev algorithm outputs the approximating sequence of gates in
time O(log"(1/¢)), where the constants ¢ and k have values typically ranging from 1
to 4 [64].

To approximate general multi-qubit unitaries, one requires entangling gates.
More specifically, any unitary operation acting on an arbitrary number of qubits
can be approximated using a combination of single-qubit gates with a two-qubit en-
tangling gate, such as the CNOT gate |65, 66]. A gate set that allows to perform such
approximation is called universal for quantum computing. An example of a univer-
sal set in this context is given by the gates {H, T, CNOTY}, defined in Sections 3.3.1
and 3.3.2.

In practice, quantum logic gates are implemented by engineering quantum evo-
lution under specific Hamiltonians and time intervals, as discussed in Section 2.2.4.
Naturally, some given quantum hardware will support a limited set of physical oper-
ations, which translates into a set of native gates. To execute quantum algorithms,
quantum compilers translate arbitrary gates into sequences of native gates that can
be physically implemented on the target device.

In the following, we will introduce some relevant single-qubit and two-qubit logic

gates.

3.3.1 Single qubit gates
3.3.1.1 Pauli gates

The most basic single-qubit gates are the Pauli gates®, which represent half-full
rotations around each of the three Cartesian axes of the Bloch sphere 3.1. These

gates serve as conceptual building blocks for more general quantum operations.

4In this context, universal refers to the ability to approximate any single-qubit gate. Do not

confuse with universal for quantum computing, which we introduce in the next paragraph.
SNamed after the Austro-Hungarian physicist Wolfgang Pauli (1900-1958).
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The Pauli gates are defined as
0 1 0 —i 1 0
) Y )
10 i 0 0 —1
e The X gate is the quantum analog of the NOT gate. It flips the elements of
the computational basis,

X10) = [1),
X[1) =0).

e The Y gate is similar to the X gate, but also introduces a phase factor,

Y [0) =i[1),
Y1) = —i|0).

e The Z gate leaves |0) unchanged, while applying a 7w phase to |1),
Z10) =10},
Z1) =—|1).

Note that X? = Y? = Z2 = I, since each represents a half-full rotation.

3.3.1.2 Rotation gates

Rotation gates are a more general class of single-qubit transformations, which are
parameterized by an angle, and allow for arbitrary rotations about the Bloch sphere

axes. The rotation gates around axes z, y and z, respectively, are

) | cos(8/2)  —isin(6/2)
|—i sin(0/2)  cos(0/2)

cos(0/2) —sin(60/2)

_sin(6/2) cos(0/2)

9 e—i9/2 O
pu —_ ‘—Z p—
R.(0) = exp ( i ) o o
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Note that, since Pauli gates are 180-degree rotations, they are special cases of

the rotation gates, up to a global phase,
X = —iR,(m), Y =—iRy(m), Z = —iR,(m).

From Euler’s rotation theorem®, it follows that any single-qubit unitary opera-
tion, which corresponds to a rotation in the Bloch sphere, can be expressed as a
composition of at most three rotations around two different fixed axes. This also
implies that the three rotation gates are not independent: A rotation around any of

the three principal axes can be achieved from rotations around the other two.

3.3.1.3 Hadamard gate

The Hadamard gate” is particularly important to create uniform superpositions of

computational basis states. Its matrix representation is given by

111 1
H= — :
V2 1 -1

and it maps a computational basis state |0) or |1) to an equally probable superposi-

tion of both,

1
H[0) = —=(10) + [1).
H|1) = — (|0) — |1).

V2

3.3.1.4 Phase shift and special cases

The phase shift gate is a general operation that leaves the state |0) unchanged while
adding a phase factor to the state |1). It is equivalent to a R, rotation, up to a global
phase,

pio) = |- V] = eorrg)
0 e¢

6Named after the Swiss mathematician and physicist Leonhard Euler (1707-1783).
"Named after the French mathematician Jacques Hadamard (1865-1963).
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Its action on the basis states is given by

P()[0) = 10),
P(9)[1) = €e?|1),

and relevant special cases of this gate are:
e The S gate, S = VZ = P(7/2).

e The T gate, T = /S = P(n/4).

3.3.2 Two-qubit gates

Two-qubit gates are essential to represent interactions between qubits. Moreover,
when combined with a set of single-qubit gates that is universal for SU(2), entangling
two-qubit gates allow the formation of a universal gate set [65, 66]. This makes it
possible to approximate any multi-qubit unitary operation, asymptotically covering

the entire Hilbert space Han for n qubits.

3.3.2.1 Controlled gates

Controlled gates are a class of operations that require a control and a target qubit.
They apply a conditional transformation whenever the control qubit is on the state
|1), and leave the target unchanged when the control qubit is on the state |0).

Any single-qubit operation can be controlled by another qubit, but in this sec-
tion we will only show the controlled-X operation, as an example and due to its
importance. Other controlled operations work in an analog way.

The CNOT, CX, or controlled-X gate flips a target qubit if and only if the control
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qubit is in the state |1). Its matrix representation is

1000
0100

CXap = |00} @ I + 1)1 @ X = :
0001
0010

and its effect on the computational basis states is

CX15 |00) = |00),
CXy5 [01) = |01),
CXy9 [10) = |11),
CXpq|11) = [10).

Another relevant example is the controlled-Z or CZ gate, which applies a Z gate
to the target qubit when the control is in state |1), and does nothing otherwise. The
CZ gate is specially relevant in practice, since it is the native entangling gate in many

superconducting quantum processors.

3.3.2.2 SWAP gate

The SWAP gate interchanges the state of two qubits. Its matrix representation is

0 0
10
SWAP,, =
0
1

= o O

o o o

0
0

and its action on the computational basis states is

SWAP, |00

) =
SWAP 5 [01) = |10),
SWAP5 |10) =

) =

SWAP, |11

40



CHAPTER 3. QUANTUM COMPUTING

Note that a SWAP gate can be constructed from 3 controlled-X gates as follows,

SWAP12 - CX12CX21CX12.

It is important to recall that the SWAP gate only exchanges the states of two
qubits. Therefore it does not change the degree of entanglement of a bipartite quan-
tum state.

Since the SWAP gate is not entangling, it cannot be used to create a universal set
of gates. However, it is still useful in quantum hardware with limited connectivity,
where not all pairs of qubits can interact directly. In these architectures, SWAP

operations can bring the states of distant qubits into proximity for interaction.

3.3.2.3 iSWAP gate

The iISWAP gate is an interesting example that is closely related to the SWAP
gate but is able to generate entanglement. Therefore, it can be used to form a
universal gate set. Moreover, the iSWAP is a maximally entangling gate native to
some quantum processors based on superconducting circuits or trapped ions.

Its matrix representation is,

iSWAP;, =

o o o =
s O
o .

_ o o o

0 0

and its action on the computational basis states is

iISWAP;5 [00) = |00),

i[10)

) =

iISWAP;, [01)

iISWAP;, [10) = i [01),
)

ISWAPy, |11

1)
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3.4 Quantum circuits

Figure 3.2: Example of a 5-qubit quantum circuit. The circuit was generated using

Qiskit [67].

Just as in the classical case, we arrange a series of logic operations on qubits to
construct quantum circuits, which implement algorithms. An example of a quantum

circuit is shown in Figure 3.2. In this representation,

e Each qubit is represented by a horizontal line, with time progressing from left

to right. It is usually assumed that each qubit starts in the state |0).

e Quantum gates are depicted as labeled boxes placed along these lines, indicat-

ing the operations applied to the qubits in a specific order.
e Single qubit gates (e.g. R,, H, Z) apply individual transformations to qubits.

e Controlled operations (e.g. CR,) involve interactions between two qubits.
These are typically represented with a circle marker on the control qubit and

a corresponding gate on the target qubit.
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e Measurements, shown at the end with a gauge symbol, project the qubit state
onto the computational basis (|0) or |1)). The measurement outcomes are

stored in classical registers, denoted at the bottom of the figure as c.

For example, in the first qubit, gy, the circuit first applies a R, rotation, followed
by a CR, gate controlled by qubit ¢, and so forth.

The complexity of a quantum circuit is typically characterized by three quantities:
depth, width, and gate count.

Visual inspection from Figure 3.2 reveals that some gates can be executed in
parallel. The depth of a quantum circuit quantifies the minimum number of sequen-
tial layers of operations required to run the entire computation. The depth of the
circuit is particularly important because it correlates with the execution time of the
algorithm. For instance, the Grover search algorithm performs a search on an un-
structured database with a circuit depth proportional to v/ N, where N is the number
of elements in the database. In contrast, a classical brute-force search requires the
order of N sequential operations. This means that the time classical methods take
grows quadratically with the size of the database, compared to the Grover algorithm.

The width of a circuit, also referred to as its memory size, is simply the number
of qubits it requires.

Finally, the gate count is the number of quantum gates applied. However, not
all gates contribute equally to the overall error of a computation. For instance,
two-qubit gates introduce noise levels that are approximately two to three orders
of magnitude higher than those of single-qubit gates. For this reason, while the
gate count usually includes both single-qubit and two-qubit gates, they are reported
separately.

The ability of quantum hardware to successfully execute an algorithm depends on
how well it can tolerate noise and errors, which are directly influenced by the circuit
depth and gate count. Different algorithms have varying levels of noise tolerance,

which makes these complexity measures crucial in assessing the feasibility of quantum
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computations.

3.5 Fault-tolerant quantum computing

Fault-tolerant quantum computing (FTQC) is a paradigm in which quantum oper-
ations can be performed reliably even in the presence of gate errors and decoher-
ence [68]. The collection of techniques used to protect quantum information and
achieve this reliability in the presence of noise is called quantum error correction
(QEC).

In QEC, a single logical qubit is encoded on multiple physical qubits. This redun-
dancy allows errors to be detected and corrected without destroying the coherence
of the quantum states encoded [69, 70]. However, for a quantum system to be
fault-tolerant, errors must remain below a specific threshold. Once this threshold is
reached, increasing the number of physical qubits per logical qubit allows arbitrarily
reducing the effective error rate [71-73].

One of the most promising approaches to QEC are surface codes [74], due to
their high error threshold and relatively simple implementation. However, resource
requirements blow up, possibly requiring thousands of physical qubits for each logical
qubit, depending on the application and physical error rates [75].

Recent developments have shown encouraging progress towards FTQC. In 2024,
Google presented the 105-qubit Willow processor, with error rates low enough such
that increasing the size of surface codes can extend the lifespan of a logical qubit
rather than diminishing it [60]. This is the first experimental verification that the
error threshold for fault-tolerance can be surpassed in a real quantum processor.
In spite of that, the number of available qubits remains insufficient to implement
error-corrected quantum algorithms.

The transition from current devices to FTQC requires:

1. Improved qubit coherence times to reduce the rate of environmental decoher-
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ence
2. Enhanced gate fidelities to minimize operational errors
3. More efficient error correction codes to reduce the physical-to-logical qubit ratio

4. Scalable qubit architectures that maintain error rates as system size increases

Achieving FTQC would enable the implementation of large-scale quantum algo-
rithms, such as Shor’s factoring algorithm [44], potentially demonstrating quantum

advantage for problems of practical significance.

3.6 NISQ computing

While fault-tolerant quantum computers remain a long-term goal, current quantum
devices operate in what John Preskill termed the Noisy Intermediate-Scale Quantum
(NISQ) era [76]. NISQ devices typically feature 50-100 qubits that suffer from noise
and lack error correction. Despite these limitations, NISQ devices may still offer
computational advantages for specific problems.

The boundary between NISQ and FTQC computing is not clearly defined. We are
entering a transitional stage, sometimes called early fault-tolerant quantum comput-
ing (EFTQC) or intermediate-scale quantum computing (ISQ). This stage is charac-
terized by moderate error rates and small logical encodings that allow partial error
correction but with limited resources to perform useful calculations [77].

Currently, the utility of quantum processors depends on the execution of relatively
shallow quantum circuits with sufficient fidelity to produce meaningful results. To
this end, researchers have developed various approaches to extract value from these
imperfect devices [78], including: (i) Quantum error mitigation techniques that re-
duce noise effects without implementing full error correction [79, 80|, (ii) custom

circuit designs that minimize depth and complexity for specific tasks [81], and (iii)
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hybrid quantum-classical approaches that divide computational tasks between quan-
tum and classical processors [82]. In this thesis, we are especially interested in the

third approach, customarily named variational quantum algorithms (VQAs).

3.6.1 Variational quantum algorithms

One promising approach to overcoming the limitations of quantum hardware in the
short term is variational quantum algorithms (VQAs). These are hybrid computa-
tional schemes that combine the capabilities of classical and quantum computers.
These algorithms encode the solution to computational problems as optimization
tasks, where a parameterized quantum circuit evaluates an objective function, and
a classical optimizer iteratively adjusts the parameters to find optimal solutions. To
remain compatible with NISQ hardware, the quantum circuit is typically shallow,
since deeper circuits accumulate more errors and become harder to train. Never-
theless, the quantum stage of the algorithm operates within an exponentially large
Hilbert space, which is generally intractable for classical computers. This opens a
window for potential computational advantage whenever the objective function can

be more efficiently evaluated on a quantum processor than on a classical machine.
Quantum ‘ Classical

)
0 U 5) ~ argmin f()
i

\ J Update
[ Or — Okt

=Y

Figure 3.3: Schematization of a generic variational quantum algorithm.
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A schematization of a generic VQA is shown on Figure 3.3. The workflow of

these algorithms consists of three main components:

(i)

(iii)

A parameterized quantum circuit (PQC):

The quantum part of the algorithm is a shallow quantum circuit represented by
a unitary U(@) with tunable parameters, 8. Depending on the problem to be
solved, the circuit has a fixed structure known as Ansatz®, usually composed
of a number of layers of parameterized rotations interspersed with entangling
gates. The measurements in this circuit produce classical data that can be
post-processed to obtain a cost function f(@). The quantum circuit thus acts
as a black box that evaluates the parameters @ and outputs a value of the

corresponding cost function f(8).

A Classical optimization loop:
A classical computer processes the measurement data from the PQC, treating

the computed cost function f(0) as an objective function to be minimized.

An iterative parameter update:

Running on the classical computer, the optimization algorithm ajdusts the
parameters based on previous evaluations of f(8). The optimization strategy
may consist on gradient-based (e.g. stochastic gradient descent) or gradient-
free (e.g. Nelder-Mead, SPSA) methods, with the goal of optimizing the cost

function over multiple iterations.

By iterating this procedure, the algorithm progressively improves the quantum

circuit parameters until reaching a near-optimal solution. The process terminates

after a predefined number of iterations or when the solution fulfills some criteria, such

as reaching a threshold value, achieving a small gradient magnitude, or satifying a

desired level of approximation quality.

8This word is German for “an educated guess”.
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Applications where VQAs could provide computational advantage against clas-
sical methods include quantum chemistry [83-85|, quantum control [86-88|, quan-
tum simulation [89, 90|, entanglement detection [91-93], state estimation [94-98],
quantum machine learning [99-103|, error correction [104], graph theory [105-107],
differential equations [108-110], and finances [111].

Despite their promising features, VQAs are not exempt from difficulties. The
number of parameters to optimize is typically large, and the estimation of quantities
is noisy due to both hardware imperfections and the finite number of measurements.
Moreover, the optimization landscape typically presents local minima that further
complicate gradient-based optimizers. Among these problems, a particularly prob-
lematic phenomenon that limits the scalability of VQAs is the occurrence of barren
plateaus: Regions in the parameter space where the objective function gradient be-
comes exponentially small, in variance and mean, with respect to the number of
qubits [112, 113].

Barren plateaus may originate from different sources, and mitigation tech-
niques have focused on several corresponding strategies: Careful initialization [114],
problem-specific ansatz design [115], layer-wise training [116], and the use of local
cost functions [113]. The development of robust optimization methods for VQAs,
particularly those resilient to noise and barren plateaus, is an active area of research.

Although it remains unclear whether VQAs will provide demonstrable quantum
advantages in the near term [117|, they still represent one of the most practical ap-
proaches to extract computational utility from NISQ-era quantum processors. The
optimization challenges faced by VQAs, particularly in the presence of noise and
high-dimensional parameter spaces, motivate the exploration of stochastic optimiza-

tion algorithms in Part II of this thesis.
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Chapter 4

Quantum-Inspired Computing

“Simplicity is the ultimate sophistication.”

Leonardo da Vinci

Although quantum computing is expected to enhance our computational capa-
bilities significantly, we cannot yet build practical quantum computers. As quantum
hardware continues to develop, an alternative approach is to design algorithms that
take advantage of concepts from quantum mechanics while running on classical com-
puters. This approach, known as quantum-inspired computing, is a class of com-
putational techniques that adopt ideas, mathematical structures, and optimization
strategies from quantum theory but operate entirely on classical hardware. These
methods are valuable because they can provide exponential or polynomial speed-ups
in certain problems or enable more compact data representations [118-122].

This chapter introduces tensor networks, particularly matrix product states
(MPS), as tools for efficiently representing high-dimensional data with specific corre-
lation patterns. We explain how tensor decompositions can help overcome exponen-
tial scaling in certain problems, develop a physical intuition about the structure and
properties of MPS, and introduce an algebraic framework that allows the transla-

tion of conventional vector-based numerical methods to the language of MPS. These
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methodologies are the foundation of the numerical methods presented in Chapter 12.

4.1 Tensor Networks

4.1.1 Motivation

A core concept in quantum-inspired computing is tensor networks (TN), which are
structured arrangements of contracted tensors that enable the efficient representation
of high-dimensional data.

Tensor networks originated from the need to simulate quantum many-body sys-
tems, where the exponential growth of Hilbert spaces renders the calculations in-
tractable even for moderate system sizes.

Early research on tensor networks began in 1971 with Roger Penrose’s work on
graphical notation for tensor contractions [123|. In the context of quantum many-
body physics, a significant milestone was the development of the Density Matrix
Renormalization Group (DMRG) algorithm by Steven White in 1992 [124]. The
DMRG approach consisted of systematically truncating the Hilbert space while re-
taining the most relevant states, according to the eigenvalues of their reduced density
matrix. While initially formulated in a language different from that of tensor net-
works, DMRG was later recognized to be equivalent to a variational optimization in
the class of matrix product states (MPS) [125, 126].

The formal connection between DMRG and MPS generated interest in tensor
network representations. The MPS formalism provided both a clear mathematical
structure and an intuitive graphical representation that facilitated the development
of new algorithms.

The theoretical foundations of tensor networks were significantly strengthened by
insights from quantum information theory, when Vidal [127] and Verstraete and Cirac
[128] explored the relationship between entanglement structure and the efficiency of

tensor network representations. This work established a deep connection between the
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physical properties of quantum systems and the computational resources required to
simulate them effectively. As a result, new algorithms were developed for quantum
applications, including the estimation of ground states [129], the time evolution of
open and closed quantum systems [130, 131], and quantum computing [132]

Although tensor networks originated in quantum many-body physics, they have
since been applied to a wide range of fields, bringing quantum-inspired computational
advantages to classical problems. Successful applications include machine learn-
ing [133, 134], signal processing [135-137|, and solving differential equations [120,
138].

4.1.2 Intuition

Before going into formal definitions, we can develop an intuition on how tensor
networks achieve their computational advantages. Consider the simple example of
storing a large matrix. A general M x N matrix requires storing M N elements,
which could become prohibitive for large dimensions. However, if the matrix has
some underlying structure, we can factorize it into a product of smaller matrices.

For example, some given matrix W could be written as UV, where U is M x
x and V is x x N. Instead of storing M N elements, we now store only (M +
N)x elements. When the matrix is large, M, N > 1, and y remains bounded,
the factorized representation is significantly more memory efficient than storing the
entire matrix.

This concept extends naturally to higher-dimensional data. Consider a 3-
dimensional tensor T of size M x N x P, representing, for example, a time-evolving
2D image or a three-particle quantum state. Storing this tensor directly requires
MNP elements. However, if we can factorize it into a network of smaller tensors,

we could achieve some compression.
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For example, a simple factorization can be written as

Xa  XB

Tije = > Y AiaBajsCon,
B

«

where A, B and C are smaller tensors connected through shared indices o and 3.

The values of x, xa, and xgs, known as bond dimensions, determine the effi-
ciency of the factorized representations and depend on the correlations present in 7.
When the bond dimensions are much smaller than the original tensor dimensions,
we achieve a large compression. In particular, the bond dimensions depend on the
amount of entanglement between different partitions of the data. This is formalized
in Section 4.2.

These examples illustrate how tensor contractions enable more efficient data stor-
age than direct representations, and also how quantum mechanical concepts, such as
entanglement, emerge in the study of tensor networks.

This is the core insight of tensor networks: Complex, high-dimensional data
can be efficiently represented through networks of interconnected lower-dimensional

tensors, when correlations allow it.

4.1.3 Penrose diagrams and tensor network algebra

Working with tensor networks algebraically quickly becomes cumbersome as multiple
indices are involved. In this context, Penrose’s graphical notation [123] provides a
powerful visual language that makes tensor operations intuitive. In this notation,
each tensor is represented with a node or closed shape, with lines (legs) representing
its indices. Tensors with different ranks are depicted as in Figure 4.1: (a) A scalar
(rank-0 tensor) has no free legs, (b) a vector (rank-1 tensor) has one free leg, (c) a
matrix (rank-2 tensor) has two free legs, (d) a rank-3 tensor has 3 free legs, and (e)

the identity matrix (Kronecker! delta) has two free legs without a node.

Named after the Prussian mathematician Leopold Kronecker (1823-1891).
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O O O é

(a) scalar  (b) vector (c) matrix  (d) 3-tensor (e) identity matrix

Figure 4.1: Diagrams for tensors with different dimensionality.

4.1.3.1 Basic operations

Contractions This notation is particularly helpful for representing operations.
The operational basis is that connecting two lines corresponds to a contraction; the
summation over a shared index. Then, two tensors with a contracted leg can be
combined into a single tensor. Since indices may have different lengths, legs are
sometimes given names, which also serves as a disambiguation in some contexts. An

example is shown in Figure 4.2.

o o

Figure 4.2: Example of the contraction of a 4—tensor with a vector, resulting in a

3—tensor.

Trace of a matrix An important operation is the trace of a matrix, consisting in

the sum of the elements in its diagonal,
Tr(M) = > M.

The computation of the trace corresponds to contracting both matrix indices to-
gether, which is represented in Figure 4.3. This can also be interpreted as contracting

both legs of M with both legs of the identity matrix, Tr(M) = >_,; M;;d;;.
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o

Figure 4.3: Trace of a matrix.

Index permutation and transposition The permutation of two indices corre-
sponds to rearranging the position of these legs. For a rank-2 tensor, swapping the

two legs equals taking the transpose. This is illustrated in Figure 4.4.

1o -0

Figure 4.4: Permutation of the two indices of a matrix.

This transposition can also be visualized as a 180° rotation of the diagram that
flips the position of the legs. However, this rotation does not include complex con-
jugation, which must be indicated explicitly.

For example, the squared L2-norm of a complex vector v involves both transposi-
tion and complex conjugation, [[v]|3 = v'v. In diagrammatic form, this corresponds

to the connection of v with its Hermitian conjugate v', as shown in Figure 4.5.

o] - oo

Figure 4.5: Squared L?-norm of a vector v.

Reshaping Reshaping is an operation that groups or splits indices. Therefore,
it changes the rank of a tensor. The reshaping operation is feasible whenever the
joint axis has a size that is the product of the split indices. The operation can be
understood as a reorganization of the tensor elements, such as stacking the columns
of a matrix into a single vector. The reshaping of a vector into a matrix is depicted

on Figure 4.6
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O—--0ok--0

Figure 4.7: Contraction of a tensor network into a scalar.

Derivatives An important advantage of the Penrose notation is that it simplifies
computing derivatives and other complex operations. For example, consider the
tensor network depicted in Figure 4.7, which is equivalent to a scalar. Computing its
derivative with respect to the elements of the rank-3 tensor B2, in typical notation

would be

§ : 4 2 3 4
AZ711 i1igi2 12191314 B B; B;

13110 717744 1418157 151916 16110
abc {1

_ E 1 2 3 4 1 4
- A'L’?ZlAlleQ Alglglg Aigilo BwaBszg Bi6i107

inigizigiigito
which is cumbersome even for a small tensor network. In contrast, in diagramatic
notation, the derivative with respect to a tensor element is much easier. Since all
contractions are linear, the derivative is achieved simply by removing that tensor
and reversing the direction of its connecting legs?. The result is shown in Figure 4.8,
which is consistent with the algebraic expression, where B? does not appear and the

free indices are a, b and c.

4.1.4 Common tensor network families

Tensor networks are available in various configurations, each designed to capture

specific entanglement patterns. This makes different architectures suitable for par-

2We invert the direction since we want the legs to point in the same direction as the tensor in

the derivative.
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pu— b
() —O—

Figure 4.8: Derivative of the diagram in Figure 4.7 with respect to B2, . The result

abc*

Figure 4.9: Matrix Product State (MPS) structure.

1S a 3-tensor.

ticular computational tasks. A critical parameter in all tensor network designs is the
bond dimension x, which represents the size of the virtual indices connecting differ-
ent tensors. This parameter controls both the expressiveness of the network and its
computational complexity. In the following, we give a short review of some relevant
tensor network families, the purpose of their design, and their typical computational
complexity in terms of the bond dimension.

Matrix product states (MPS), formalized in 1992 as finitely correlated states[139],
are one of the simplest and most widely studied families of tensor networks, favored
by their linear geometry and computational simplicity. An MPS consists of tensors
arranged in a one-dimensional chain, sequentially connected through bonds, as shown
in Figure 4.9. This linear geometry makes MPS particularly effective for simulating
linearly arranged quantum systems dominated by short-range entanglement, such as
spin chains and one-dimensional lattice models with nearest-neighbor interactions.
The computational complexity of common MPS operations typically scales as O(x?),
making it one of the most efficient families of tensor networks.

Projected entangled pair states (PEPS) generalize MPS to a two-dimensional
geometry. A graphical representation of PEPS is provided in Figure 4.10. PEPS
form a regular lattice structure that naturally captures two-dimensional entangle-

ment patterns, making them suitable for quantum lattice models. Although PEPS
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Figure 4.10: Projected Entangled Pair State (PEPS) structure.

Figure 4.11: Tree tensor network (TTN) structure.

can represent two-dimensional quantum systems more efficiently than MPS, their
computational cost is exponential in the number of tensors [140]. Exact contractions
of PEPS networks are generally intractable, and approximate contraction schemes
must be used with operational complexities around O(x'?) [141].

Tree tensor networks (TTN) organize tensors in a hierarchical tree structure,
depicted in Figure 4.11. This architecture efficiently represents states with multiscale
entanglement, where correlations exist at different distance scales. TTN offer a
middle ground between the efficiency of MPS and the expressive power of more
complicated networks. In the field of numerical analysis, they have been found
useful for compressing multivariate functions [142|. The computational complexity
for typical TTN operations scales as O(x?), making them more expensive than MPS
but still tractable for moderate bond dimensions [143].

Multi-scale entanglement renormalization ansatz (MERA) combines a tree struc-

ture with additional “disentangler” tensors, designed to handle critical systems where
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Figure 4.12: MERA structure

correlations decay as power laws. This is represented in Figure 4.12. Disentangler
tensors are unitary transformations chosen to minimize entanglement across adjacent
blocks, making hierarchical contraction more efficient. This hierarchical structure
naturally encodes the logarithmic scaling of entanglement entropy characteristic of
critical systems, allowing MERA to efficiently represent states that would require
exponentially large bond dimensions in simpler tensor networks. While computa-
tionally expensive, with operations typically scaling as O(x®) or higher, MERA has
proven particularly valuable for scale-invariant systems [144].

The computational complexity of operations on these networks varies signifi-
cantly with their geometry. MPS operations typically scale polynomially with the
system size, whereas operations on more complex networks like PEPS can be pro-
hibitive. The selection of an appropriate tensor network architecture ultimately
depends on the structure of the target problem and the available computational re-
sources. For many practical applications, including the quantum-inspired numerical
methods developed in this thesis, MPS provide sufficient expressivity and computa-

tional tractability.
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4.2 Singular Value Decomposition

4.2.1 Definition

A fundamental numerical tool for linear algebra is the Singular Value Decomposition
(SVD). It is very relevant in the construction and computation of tensor networks,

as it provides a systematic way to factorize an arbitrary matrix M € C"™*™ as
M =UZVT, (4.1)

where U € C™™ and V € C™™ are unitary matrices satisfying UTU = I,,, and
V1V = I,,. The diagonal matrix ¥ € R™*" contains the singular values of M, which
are nonnegative and non-increasingly ordered such that ¥;; > 3»;; > 0 for j > 1.

Note that the SVD is not unique. While the diagonal matrix > is uniquely
determined up to the ordering of its singular values, the unitary matrices are not.
For each singular value, the corresponding columns of U and V' may incorporate a
common phase e?, leaving the product ULV T unchanged. When the singular values
are degenerate, the corresponding columns of U and V' are only determined up to
a unitary transformation within the degenerate subspace. Moreover, in the case of
vanishing singular values, the associated columns of U and V' can be chosen freely,
as long as the overall matrices are unitary.

Unlike eigenvalues, which are defined only for squared matrices, any matrix M
has singular values. They are given by the square roots of the eigenvalues of the
positive semidefinite Hermitian matrix MTM (or MM?'). The number of non-zero
singular values gives the number of linearly independent columns of M.

The computational complexity of a full SVD is O(mnmin(m,n)). For large
matrices, M, N > 1, a truncated SVD is commonly used, which retains only the
first k singular values and vectors. This yields the best rank-£ approximation to
M in the spectral and Frobenius norms [145]. The complexity of computing an

exact truncated SVD on a dense matrix is O(mnk), while approximate randomized
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algorithms can further reduce it to O(mnlogk) [146].

4.2.2 Connection to the Schmidt decomposition
The Schmidt decomposition, which is very relevant in quantum information theory,

is stated as follows.

Schmidt decomposition Let H4 and Hp be finite-dimensional Hilbert spaces.

Given any bipartite pure state 1) .5 € Ha ® Hp, there exist orthonormal bases
{lui)a} for Ha and {|v;)g} for Hp, and nonnegative numbers {\/A;}, called Schmidt

coefficients, such that

[W)an = Vi) alvi) g (4.2)

The number of Schmidt coefficients, r < min(dim H 4, dim Hp), is the Schmidt
rank, which detects entanglement across the bipartition: for » = 1, the state is
separable, and > 1 implies that the state is entangled. Assuming the state [¢) ,5
is normalized, the Schmidt coefficients satisfy Y ., A = || [¢) 45 I = 1.

The Schmidt decomposition can be found using the SVD. A bipartite quantum

state [¢) ,5 can always be reshaped into a matrix M,

Mi' - <Z’A <]’B |¢>AB’

such that
|¢>AB = E Mij |i>A |j>B~
J

Performing an SVD (4.1), M,;; = >, SerUix V)., the state can be rewritten in the

form of a Schmidt decomposition (4.2),

) ap = ZSkkU k)4 @V [k)p .
k
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That is, the Schmidt decomposition is obtained by performing an SVD on the re-
shaped coefficient matrix of 1)) 4. Its singular values are the Schmidt coefficients of
1) A3, @ basis of the subsystem A is given by the columns of U and the corresponding
basis for the subsystem B is given by the rows of V7.

The SVD can also be used to factorize a tensor with more than two indices by
reshaping it into a matrix, performing the SVD in the usual manner, and reshaping
again to split the indices back. Consider, for instance, a tensor M;;,; that we want
to split into two tensors with indices 75m and mkl. To accomplish this goal, one

could join the indices in two groups, [ij] and [kl], and perform an SVD to obtain
M) =D UligimSmm Vi

where the indices can be reshaped back and S can be absorbed into V. This is
illustrated in Figure 4.13.

In this manner, the SVD can be adapted to factorize any tensor with more than
one index. This decomposition allows for the construction of tensor networks and

forms a basis to study matrix product states.

Figure 4.13: Factorization of a tensor with 4 indices via SVD.

4.2.3 Entanglement quantification

Given a bipartite pure state |¢),5 € Ha ® Hp, the von Neumann entanglement

entropy measures the amount of quantum correlations between subsystems A and
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B. The von Neumann entanglement entropy is defined as

Sap([¥)) = —Tr[palog, pa] (4.3)

- Z i logy (), (4.4)

where ps = Trp(|¥) 45 (¥] 45) is the reduced density matrix for subsystem A, \; are
its eigenvalues in descending order, and /)\; are the Schmidt coefficients obtained
from the decomposition (4.2).

Some notable properties of the entanglement entropy are: (i) It vanishes if and
only if the state is separable, » = 1 and A, = 1, (ii) it reaches a maximum value
log,(d) for maximally entangled states, where all the Schmidt coefficients are equal
Vi = /1/d and d = r = min(dim H 4, dim Hp), and (iii) it is invariant under local
unitary operations.

In tensor network methods, the entanglement entropy provides insight into the
compressibility of the states. For instance, the number of significant Schmidt co-
efficients across any bipartition sets the minimum bond dimension required for an

accurate tensor network representation.

4.3 Matrix Product States

Matrix product states (MPS) provide a compact representation of quantum states by
decomposing high-dimensional tensors into a chain of lower-rank tensors. In applied
mathematics, they are also known as quantized tensor trains (QTTs) [147], which
are a subclass of the broader class of tensor trains (TTs) [148].

In the following, we will introduce how MPS are constructed from the SVD and
how an efficient algebra system can be defined to operate with them. We will present
our deductions for MPS with physical dimensions of 2 to emulate the encoding

quantum bits, but they are easily generalized to encodings with a larger dimension.
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4.3.1 Construction from the SVD

Consider an arbitrary quantum state |¢)) belonging to an m-dimensional Hilbert
space H,,. We can always embed H,, into a larger Hilbert space Hon = HS" with
dimension 2", for some value of n, and write

271

) =) tala), (4.5)

where [0), [1),...,]2" — 1) form the computational basis for Han. The index « can
be split using its binary decomposition, o = [, ... aq]s = >, 2" 'y, allowing us to
express the state in a basis of n qubits,

1

) = Z Varas..an)|02) -+ o). (4.6)

1,09,...,0n =0
All information about the state is contained in the tensor ¥4, ay,. a,, Which may be
reorganized in different ways. One particularly useful factorization may be obtained
by applying the SVD to all consecutive bipartitions of the system. This procedure
systematically factorizes the tensor 1, a,.. 0, i1to a product of smaller tensors, each
inheriting a single index from the original tensor. This is the Matrixz Product State
(MPS) representation,

x1—1, xn—1

_ 1 2 L. AN
¢a1a2-~~an o z : A71a1’72A’Y204273 A’Ynanm’ (47)

Y1y V=0
where we imposed open boundary conditions by setting 7,1 = 1 with x; = 1. Here,
the tensor A* is referred to as the k-th site of the MPS, where {;} are the physical
indices, {7;} are the virtual or internal indices, and {x;} are the bond dimensions.
Both sides of Eq. (4.7) are depicted in Figure 4.14.

Analyzing the storage complexity of the tensor ¢ provides insight into the effi-
ciency of the MPS representation. In its naive form (L.H.S. of Eq. (4.7)), v is a single
tensor with n indices, each of size 2, leading to 2" total elements. However, in MPS

form (R.H.S. of Eq. (4.7)), ¢ is factorized into n smaller tensors, where the k-th site
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Figure 4.14: (a) Tensor ¢4, ay..a, at the L.H.S. of Eq. (4.7) and (b) the MPS fac-

n

torization at the R.H.S. Red lines represent contracted virtual indices. The dashed

line is a false sum with y = 1, from the open boundary conditions.

has three indices (vk, @k, Vi+1). The total number of elements in this representation
is 22;1 2XkXk+1, but since each bond dimension satisfies X1 < Xmax, the number of
elements is upper bounded by 2nx?2 .

It may seem paradoxical that the storage complexity of 1) is exponential in n in its
original form but only linear in its MPS representation, but the explanation is that
the bond dimension Y. could, in principle, grow exponentially with n. However,
the MPS factorization is derived from successive Schmidt decompositions, and y;
can be as small the Schmidt rank of the corresponding bipartition. This implies
that the efficiency of the MPS representation depends directly on the amount of
entanglement among partitions of the state. If the entanglement entropy (4.4) is
limited for all contiguous bipartitions A : B, with A consisting of qubits {1,...,k}
and B qubits {k + 1,...,n}, then the MPS form is exponentially more efficient than

the full tensor representation.

4.3.2 Area and volume entanglement laws

For many physical systems, such as ground states of gapped one-dimensional Hamil-
tonians, the entanglement entropy obeys an area law [149-151]. This means that
the entanglement entropy (4.4) scales as the boundary separating the subsystems.

In one dimension, this boundary is just a point, implying that the entanglement
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entropy does not scale with the size of the subsystems but remains bounded,
S~ O(1).

The physical intuition behind this scaling is that correlations are short-ranged, and
that most of the entanglement between the subsystems is localized near the interface.

In contrast, some states such as highly excited, thermal or random states, follow
a volume law scaling of entanglement. This means that the entanglement entropy

scales linearly with the number of degrees of freedom in the system,
S ~ O(n),

implying that correlations extend thoughout the entire system.

The bond dimension y of an MPS dictates the number of Schmidt coefficients
retained at each bipartition and, consequently, the amount of entanglement entropy
that can be represented. Given the Schmidt decomposition (4.2), the entanglement

entropy is given by,

X
S=- Z Ailogy(N;) < log, x-
i=1

This inequality directly implies that the bond dimension x must grow exponentially

with the entanglement entropy,
x > 25

For area-law states, where S remains bounded, or critical systems where S ~ log,(n),
the required bond dimension scales at most linearly with the system size. This en-
sures that MPS can efficiently approximate those systems with moderate compu-
tational resources. However, for volume-law states, where S ~ O(n), the required

bond dimension grows exponentially,
X~ O(2").
This makes MPS representations impractical for volume-law states.
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4.3.2.1 Examples

Area law Consider the Greenberger-Horne-Zeilinger (GHZ) state [152] in n qubits,
1
V2

and let us examine the entanglement across a bipartition defining subsystems A

|GHZ) = (J0y*" + 1)),

and B for the groups of qubits {1,...,k} and {k + 1,...,n}, respectively. In this
decomposition, the state can be written

1
V2

leading to a reduced density matrix for subsystem A

GHZ) 5 = —= (1005105 + 105 )5 ) |

PA = TrB(|GHZ>AB <GHZ‘AB)

1
= 5 (103 03" + W3+ 115

This matrix has two nonzero eigenvalues, each equal to 1/2. Then, the entropy of

entanglement (4.3) yields a constant value

Sap(|GHZ)) = —%log2 % — %loggé =1.
Notice that this result is independent of the bipartition chosen. Furthermore, since
the S4p does not grow with the system size, the GHZ state admits an exact MPS
representation with constant bond dimension y = 2, independent of the number of

qubits.
Volume law Consider a Haar-random pure state in n qubits,

1

where the coefficients ¢; follow a complex normal distribution, and the state is nor-

malized such that >~ |¢;[* = 1.
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Let us define a bipartition by separating the qubits in two subsystems,
A={1,...,k} and B={k+1,...,n}. Averaging over Haar-random states, for
large subsystem dimensions, 1 < 2¥ and 1 < 2"7*, the entanglement entropy across
the bipartition satisfies [153|

22]6771
2In2°

E[Sap] ~ k — (4.8)

Let’s consider two regimes. First, if the subsystem A is much smaller than B,

k < n, the entropy scales linearly with the number of qubits in A,
E[SAB] ~ k.

Second, for an equal bipartition, & = n/2, the entanglement entropy yields

1
2In2’

E[SAB] =

|3

which is close to the maximal entanglement entropy Spmayx = l0g,(2"/2) = n/2. Then,
on average, Haar-random states exhibit a near-maximal entanglement across a bal-
anced bipartition, and require a bond dimension that grows exponentially with the

size of the smaller subsystem,

Xk ~ 2k7
Xmax "™~ 2n/2’
consistent with a volume law scaling. Consequently, they are not amenable to an

efficient MPS representation.

4.3.3 Canonical form

An important property of MPS representations is that they have a gauge freedom:
Different sets of tensors can represent the same quantum state. In principle, local

tensors can be re-parameterized in infinte ways while keeping the overall wavefunction
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fixed. For instance, inserting a matrix U and its inverse U ~! between two neighboring

tensors on the MPS,

AF — AR, (4.9)

AML 5 Tt AR (4.10)

leaves the global contraction unchanged,

k—1 k _ k—1 k
z :A'kalak'YkA'VkakJﬁl'}’kJrl - z : |:A'Yk71ak'7ki| |:A’Y]/cak+1’7k+1j| 57%71;

Ve YV
_ k—1 -1 7k
- Z |:A'Yk7104k’YkU'Yk£:| [Uﬁv;A%,akH’mH}
Vi Vje L
_ k—1 —1 Ak
- z : z :A'Vk—lakﬂ/kU’Yke § :UEV,’CA’Y;Q%H’W@H )
L Tk Y

as demonstrated in Figure 4.15.

—d)—d)—z !UU—l!

Ak Ak'H A/k A/k+1
Figure 4.15: Gauge freedom demonstration for the contraction of two sites in an

MPS.

Since U and U~! cancel out, the global state remains unchanged, which means
that different choices of U between consecutive sites lead to different MPS represen-
tations of the same tensor. Canonical forms [154] can be established by imposing
specific constraints on the tensors. Specifically, the MPS is in canonical form with
respect to a site if its left and right tensors define partial isometries.

Canonical forms, to be formalized in the following, provide several practical ad-
vantages that make tensor network methods numerically stable and efficient. For
instance, when an MPS needs to be compressed to lower its bond dimension, the

SVD-based truncation in canonical form leads to an optimal approximation in the
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/4k*

Ak

Figure 4.16: Right-canonical condition in diagramatic notation, required for k > 1.

Frobenius norm. They also simplify the calculation of norms, expectation values,
and the implementation of variational optimization procedures such as DMRG, en-
suring that each optimization step focuses on a small subset of tensors, instead of

the whole chain.

4.3.3.1 Right-canonical form

For an MPS to be right-canonical, all sites A¥ but the first on the left, k = 1, are

required to satisfy the following orthogonality condition,
> A A = O (4.11)

Ykt

This condition, depicted in Figure 4.16, is helpful because it improves the stability
of numerical algorithms and simplifies operations. One such operation is to compute
the norm of an MPS with open boundary conditions. In this case, every contraction
becomes an identity with the exception of the contraction of the leftmost sites, which

is the only one that has to be explicitly computed. This is depicted on Figure 4.17.

4.3.3.2 Left- and mixed-canonical form

The left-canonical form imposes an analogous condition to the right-canonical case,
but in the opposite direction. An MPS is said to be left-canonical if the tensors at

sites k < n satisfy the orthogonality condition,

kx k _
Z A'Ykak'Yk+1A’Ykak’Y//€+1 - 57k+1%2+1' (4'12)

kYK
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Al* An—1x  gnx Al* An—1x Alx
- . - ..
- §38-§ %
LI . e -t P
Al An—1  Am Al An—1 Al

Figure 4.17: Calculation of the norm of a right-canonical MPS. Dashed lines represent
false summation indices, possible due to the open boundary conditions, with xy; = 1.

Contractions in red return an identity, due to the condition in Figure 4.16.

The diagrammatic representation of the left-canonical condition is similar to the

right-canonical case but with the direction flipped, as shown in Figure 4.18.

Ak*

Ak

Figure 4.18: Left-canonical condition in diagrammatic notation, required for k < n.

In practice, it is often useful to combine both left- and right-canonical forms into
a mized-canonical form. A mixed-canonical MPS has a designated orthogonality
center at a specific site I, meaning that the tensors to the left, k& < I' are left-
canonical, and the sites to the right, £ > I" are right-canonical. This form is widely
used in variational approaches like the Density Matrix Renormalization Algorithm
(DMRG), where local updates on a few sites are performed while keeping the rest of

the MPS in canonical form.

4.3.3.3 Canonicalization by SVD

One of the most common methods for transforming an arbitrary MPS into a canonical
form is through the Singular Value Decomposition (SVD). The process relies on the

fundamental property of the SVD that any tensor can be decomposed into a partial
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isometry, a diagonal matrix of singular values, and another partial isometry.

Right-canonicalization Starting from the rightmost site, each tensor A* of size

(Xk; 2, Xx+1) is reshaped into a matrix (2x, xx+1) and decomposed using SVD,
Ak, reshaped __ UZVT

Here U is a unitary matrix, 3 contains the singular values and V7 is another unitary
matrix. Then, the matrix VT of size (xsvp,2Xk+1) is reshaped to (xsvp,2, Xkt1)
and replaces the tensor site A* while UY of size (xx, xsvp) is absorbed from the

right into A1,

k , reshaped
AF VT reshape ’

AR o ALY,

The process is repeated for K = n — 1,...,1 until the last site accumulates the

nonunitary factor UX.

! | Uu % Vi
%/—/

Ak—l Akz A/k—l A/k

Figure 4.19: Right-canonicalization iteration repeated for each k > 1.

Left- and mixed-canonicalization To transform an MPS into the left-canonical
form, the analogous procedure to right-canonicalization is performed. Starting from
the leftmost site, A* is decomposed by SVD and replaced with U, while the factor
Y VT is absorbed by AF+!.

In the case of mixed-canonicalization, a left-canonicalization is performed from
k=1,...,'=1 and a right canonicalization from k =n,n—1,..., '+ 1. Then, the
orthogonality center A" absorbs the non-unitary factors from both sides. This form

is especially useful for computing the expectation values of local operators.
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4.3.4 Advantages and limitations of MPS

Matrix product states can emulate the quantum bit encoding of quantum comput-
ers, achieving exponential compression for states with limited entanglement [127,
128], particularly for one-dimensional systems that follow an area law scaling of
entanglement. This compression transforms what would be an exponentially large
representation into one that grows only linearly with the system size.

The memory efficiency of MPS is evident when comparing storage requirements.
An arbitrary quantum state of n qubits requires 2" complex numbers for exact stor-
age. In contrast, an MPS representation with bond dimension  requires only O(nx?)
parameters, offering exponential compression when y remains bounded. However,
this compression is not guaranteed.

The MPS storage efficiency depends on the entanglement structure of the target
state. For states obeying an area law of entanglement, where the entanglement be-
tween two subsystems scales with the boundary rather than its volume, the required
bond dimension y remains bounded or grows polynomially with the system size
n. This includes ground states of gapped local Hamiltonians and many physically
relevant states in one dimension.

Conversely, for states with a volume law scaling of entanglement, such as random
states, the bond dimension must grow exponentially with the system size to maintain
accuracy, negating the advantage of the MPS representation. This establishes a
clear domain of applicability: MPS methods are efficient for states with limited
entanglement but lose their advantage for highly entangled systems.

Similarly, MPS enable the efficient computation of observables and other physical
quantities with operations that scale polynomially rather than exponentially with
the system size. The computational complexity of common MPS operations scales
polynomially in x, meaning that computations can become expensive, even if they
remain tractable. However, MPS representations allow adaptive bond dimensions

that can be dynamically adjusted to balance accuracy and computational complexity,
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providing an estimate of the error incurred.

Regarding geometry, MPS adapt naturally and efficiently to one-dimensional sys-
tems, but are challenged when applied to higher-dimensional problems where entan-
glement structures become more complex. Higher dimensional problems can be ad-
dressed by flattening the structure into 1D via a snake pattern, but this often leads
to artificially high entanglement across the resulting 1D path, requiring larger bond
dimensions. Also, choosing different paths lead to different bond dimensions [120].
While extensions like PEPS address some of these issues, they introduce computa-
tional difficulties of their own.

It is important to note that MPS provide approximate representations for all
quantum states, with accuracy and efficiency determined by truncation parameters.
This approximation introduces systematic errors that must be carefully handled.
The balance between compression and approximation accuracy is the central trade-
off when employing MPS techniques, with a feasibility window provided by the prop-

erties of the system that is represented.

4.4 Matrix Product Operators

Matrix Product Operators (MPO) [131, 155] extend the concept of MPS to operators
rather than states. Analogously to Equation (4.7), we use the SVD to partition an

operator,
0= Ouslo) (8 (4.13)
a,B
1 1
= Z Z Oa1---ozn,31--ﬂn a1> ce |O‘n><51| e <ﬁn|v (4'14>
a1 yeesan=0 B1,....8n =0
to find the MPO form
x1—1,...,xn—1
Oal"'a”ﬁl”'ﬁ” - Z A’lylalﬁlva’QthQﬁz’Yl Tt Aznanﬁn’h' (4'15)
'Yla”w")/n:O
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(a) (b)

Figure 4.20: (a) Tensor O,,. a8 .5, at the LHS of Equation (4.15) and (b) its MPO
factorization at the RHS.

Figure 4.20 illustrates this factorization.
MPOs provide an efficient representation of many physically relevant operators,
including Hamiltonians with local interactions, allowing for the efficient computation

of ground states, expectation values, and time evolution.

4.5 MPS/MPO and algebra

One way of building MPS/MPO is to begin with the states or operators in their full
form and perform sequential SVDs to construct their matrix product form. This
procedure is useful and typically used in some contexts, but having to form the
full tensors may defeat the usefulness of tensor networks. Instead, we would like to
construct the basic pieces of our problems directly in their MPS/MPO form and use
some algebra to solve our problems and extract information without ever forming
large tensors. Here, we describe the fundamental operations of this algebra and their

computational costs.
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4.5.1 Scalar product

The scalar product between two MPS |¢) and |¢) is one of the most fundamental

operations. Let,

— 1 2 n
= E E AL oo ASans - AL s 1, -5 )

{a} {7}

n
§ : E :Bmawz p202p3 Bunanuz ‘041, ce ,Ozn> :

{a} {n}

Their scalar product is

_ 1 2 n
<¢W}> o Z Eu1"/1u2"/2Eu272u373 T Eun’Ynul’Yl’
{7:1}

where we have defined

Hk’Ykﬂk+1'Yk+1 HrQkhk+1 ’Ykak’Ykﬂ

At first glance, the product would seem to have computational complexity
O(nx?), but following the contraction order depicted in Figure 4.21 it is reduced
to O(nx?).

5

- O

Figure 4.21: Efficient contraction scheme for the inner product of two MPS. Red

lines indicate the contraction to be performed at each step.

75



CHAPTER 4. QUANTUM-INSPIRED COMPUTING

4.5.2 MPS-MPS addition

k k
The sum of two MPS with tensors A7 , .~ and B, ., can be performed ana-

lytically. The result is an MPS with sites

Ak 0
C(’;:k - A];ék @ sz - o Y
0 BE

where the matrix representation stands for the two virtual indices, and the physical
index is fixed. Therefore, the bond indices on C are vp_; = 0,...,x0 , +x2 , —1
and vy = 0,..., x4 + x2 — 1, and the maximum bond dimension grows, at worst, to
Xmax = Xnax T Xinax-

Usually, the bond dimension required to express the resulting MPS is much lower,
and additional compression can be applied. Alternative variational approaches are

described in Section 4.5.5

4.5.3 MPO-MPS application

The application of an MPO to an MPS is another fundamental operation. Given an
MPS with sites A* and an MPO with sites W*, the result is an MPS |¢) = O |))

with tensors

k k
B[#mk]akuk+17k+1] Z B Q) Qo i1 'Ykak"/k+1' <4'16)

The resulting MPS has a bond dimension that is a product of the bond dimensions
of the original MPS and the MPO, x = x*x©. This leads to a polynomial scaling of
the bond dimensions in repeated applications.

Similarly to the case of the sum of MPS, this can be implemented using an

alternative approach detailed in Section 4.5.5.
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4.5.4 Simplification or compression

Since every operation on an MPS tends to increase its bond dimensions, an efficient
compression algorithm is essential to maintain computational feasibility. The objec-
tive is to approximate a given MPS |¢) by another MPS with the smallest possible

bond dimension, which is generally accomplished by two main approaches.

Singular value truncation One widely used approach is sequential singular value
truncation [127, 130], which iteratively reduces bond dimensions while maintaining a
controlled approximation error. The method proceeds by selecting two neighboring
site tensors, say A! and A2, and contracting them into a single tensor. A singular
value decomposition (SVD) is then performed on the resulting tensor, and small
singular values are truncated based on a predefined numerical tolerance. The tensor
is subsequently factorized back into two site tensors, and the same procedure is then
applied to the next pair of neighboring tensors, moving sequentially along the chain
until reaching the last site. Once the end is reached, the process is reversed, sweeping
back in the opposite direction. Each complete forward or backward pass is referred
to as a chain sweep, and multiple sweeps are typically performed until the bond
dimensions converge.

For each truncation, if the last r singular values s; are removed, one incurs in an
absolute error € = 4/ ?(:x—r s? in the L2-norm for the resulting state. Thus, one can

keep track of the numerical errors accumulated.

Variational approach The second approach consists of iteratively solving an op-
timization problem, site by site [126]. The goal is to find an MPS |¢) with a smaller

bond dimension x that closely approximates the original MPS,

6) = arg min [[l¢) — )]
= arg min (V]0) + (0]6) — 2Re (1]o) (4.17)
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1% Bk 1x Bk—l—l*
kfl Ak Ak+1

Figure 4.22: Solution to the optimization problem (4.17) for a single site B*.

where M, is the manifold of the MPS with prescribed bond dimension Y.
Assuming |¢) to be in canonical form with orthogonality center at site k, the

solution to Equation (4.17) when optimizing with respect to the site B* is found as

(9l9) = (V1) - (4.18)

8Bk 8Bk

This solution, depicted in Figure 4.22, is equivalent to

B']:kak’wﬁtl = U<¢7 ¢)7kak%+17 (419)

where U is the contraction of the whole network for (¢|t)) with the exception of B**.

The last relation can be used iteratively, sweeping across sites, until convergence
is achieved or until some tolerance criteria are met. If the method converges to an
MPS that is not close enough to the target MPS, then the algorithm must be run
again with a larger bond dimension.

A problem with this method is that it requires one to know the target bond
dimension beforehand, but it can be improved by combining two sites and then
performing the optimization. Then, the resulting tensor is split via SVD and trun-
cated accordingly, replacing the old tensors. In this manner, the bond dimension is

dynamically adapted.
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4.5.5 MPS sum and MPO application as optimization prob-

lems

In practice, the linear combination of MPS as well as the application of an MPO
to an MPS can be solved as extensions to the method for variational compression
explained above.

Consider the sum of many MPS {|¢;)} with coefficients {¢;}. The resulting MPS

can be approximated as

2
_ : _ b, 4.2
[6) = arg min |[9) Z )| (4.20)
leading to the iterative, site by site solution

B'];kak’yk_H = Z CiU(¢7 wi)'}/kak')/kJrl' (421)

Similarly, for the application of an MPO to an MPS, one may solve

. 2

= — 4.22
6) = arg min [I¢) - OV, (422

4.5.6 Other operations

Other operations, such as MPO-MPO addition or composition, can be generalized
from the cases shown previously. Moreover, more complex operations can also be
defined using these basic operations as building blocks, recasting an MPS as an MPO
or vice versa when needed. In the following, we demonstrate this procedure for two

particularly useful operations: MPO simplification and elemenwise MPS product.

MPO simplification The simplification of an MPO may be accomplished by re-
casting it as an MPS with squared physical dimension. This transformation is per-

formed by reshaping each site tensor,

O’Yka;amkﬂ - O“/k[a;akhkﬂ‘
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Then, we can apply standard MPS simplification methods. Once simplified, the
tensors can be reshaped back to their original MPO form, resulting in an equivalent

but more compact representation of the original operator.

Element-wise MPS product The element-wise product of two MPS can be ef-
ficiently computed by recasting one MPS as a diagonal MPO and then applying it
to the second MPS. To implement this approach, we define the diagonal MPO with
sites B that are related to the sites A* of the original MPS as

k k

g ’ .
Vi O, Ok Vh A1 'Ykak7k+1(5akak

4.5.7 Summary of computational costs

The efficiency of quantum-inspired algorithms depends on the computational cost of
fundamental operations in this tensor network algebra. Table 4.1 summarizes the
time complexity of these operations. In these estimates, the cubic scaling with x

arises from tensor contractions and SVD truncation steps.

Operation Complexity | Result bond dim.
MPS norm / inner product O(nx?) -
MPO-MPS contraction (exact) O(nx%x?) XoX

Sum of m MPS (exact) O(nmx?) my
Compression via SVD (per sweep) O(nx?) <x
Variational sum of m MPS (per sweep) O(nmx?) < my
Variational MPO application (per sweep) | O(nxdx?) < xoX

Table 4.1: Summary of computational complexities for key MPO-MPS algebra op-
erations. n is the number of sites, yo the maximum bond dimension of an MPO,

and y the maximum bond dimension of MPS.
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Chapter 5

Motivation

“The sea does not reward those who are too anxious,

too greedy, or too impatient.”

Anne Morrow Lindbergh

As mentioned in Section 3.6.1, the choice of optimization algorithm heavily af-
fects the performance of variational quantum algorithms (VQA). Several studies
have contributed to the establishment of general guidelines for choosing the opti-
mization algorithm with the best behavior, according to some predefined metric,
for certain classes of problems. These consider methods such as Stochastic Gradi-
ent Descent [157], Adaptive Gradient Algorithm [158], Root Mean Square Propaga-
tion [159], Adam and variations [160-162|, Nelder-Mead [163], Powell method [164],
and Newton Conjugate Gradient [165], among many others [166-172].

In the growing list of optimization methods used in hybrid optimization, stochas-
tic optimization algorithms [173-177| play an essential role. State initialization,
quantum gates, and measurements are noisy processes that lead to a noisy evalua-
tion of the objective function. This intrinsically stochastic behavior of the objective
function negates the mathematical convergence guarantees of commonly used clas-

sical optimization methods [178|. However, certain stochastic optimization methods
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have convergence proofs that admit the presence of noise. In this scenario, a method
that achieves good performance in various applications of hybrid optimization is
the simultaneous perturbation stochastic approximation (SPSA) method [179]. The
main advantages of SPSA are its robustness to unbiased noise, which is ubiquitous
in quantum mechanics, and the fact that it can approximate the gradient of an ob-
jective function with only two measurements. In particular, this approximation does
not require knowledge of the operational form of the objective function. SPSA has
been successfully implemented on several experimental platforms and is one of the
standard methods for optimizing variational quantum eigensolvers (VQEs) [180-184],
quantum neural networks (QNNs) [185-187], and quantum tomography settings [94,
95, 188|.

Given the success of stochastic optimization algorithms within quantum comput-
ing, efforts have been made to improve their performance in solving certain tasks.
One proposal is the second-order SPSA (2SPSA), which improves the convergence
rate of SPSA by preconditioning the gradient with the inverse of a simultaneous per-
turbation estimate of the Hessian of the objective function [189, 190]. This method
is inspired by the deterministic Newton-Raphson algorithm and requires four evalu-
ations of the objective function per iteration to estimate both gradient and Hessian.
It has been shown that this method achieves a nearly optimal asymptotic error for
well-conditioned problems. However, the error is several orders of magnitude larger
for a poorly conditioned Hessian [191].

Another proposal focused on quantum computing is quantum natural gradient
optimization [192]. The SPSA algorithm explores the parameter space within a flat
geometry, which can lead to an unfavorable update of the parameters. In contrast,
quantum natural gradient uses information about the geometry of the parametric
quantum state to update the parameters appropriately. The Fubini-Study metric ten-
sor represents this information. Natural gradient optimization provides several ad-

vantages over vanilla methods (that is, methods in their standard, unmodified form).
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This is because the natural gradient is invariant under re-parametrization [193| and
approximately invariant under over-parametrization [194]. SPSA has been adapted
to approximate the quantum natural gradient (QN-SPSA) using a simultaneous per-
turbation estimate of the Fubiny-Study metric tensor [195|. This estimation requires
four fidelity evaluations per iteration and the usual two function evaluations required
to estimate the gradient. The fidelity evaluations can be performed efficiently using
the swap-test [196], among other alternatives [197]. This method is appropriate in
contexts where the evaluation of the objective function is too expensive in contrast
to the evaluation of the fidelity. An example is to estimate the fundamental energy of
molecules [182, 183, 198, 199]. However, similarly to 25PSA, ill-conditioned metrics
can reduce the performance of QN-SPSA [200-202].

Optimization methods can be extended to work in the field of complex numbers
using the Wirtinger calculus [203]. Some examples are the complex Newton-Raphson
algorithm [204] and the complex quantum natural gradient [205]. These methods op-
timize the objective function without resorting to the separation of complex variables
into real and imaginary parts. In the literature, it has been argued that optimiza-
tion methods formulated within complex numbers could achieve better performance,
which has been observed in a small set of examples [206-208]. This seems to be a more
natural approach to optimization in quantum mechanics, where most functions have
complex arguments. For example, continuous variable quantum computing employs
displacement and squeezing operators, which depend on complex parameters [209,
210].

Recently, the complex simultaneous perturbation stochastic approximation
(CSPSA) method [96] has been introduced. This is a generalization of SPSA that
optimizes within the field of complex numbers. It has been shown that CSPSA
can deliver better results in the estimation of pure states [96] and is robust against
noise [98]. It has been applied to entanglement estimation [93], quantum state dis-

crimination [103], and violation of the Claus-Horne-Shimony-Holt inequality [211].
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Here, we present a comparative analysis of several stochastic optimization meth-
ods applied to real-valued functions of complex variables. We first review the basic
principles of the SPSA algorithm. Subsequently, we review the 2SPSA and QN-SPSA
algorithms using SPSA as a guideline. We also review the CSPSA algorithm and
develop two new optimization algorithms based on the CSPSA algorithm: 2CSPSA
and QN-CSPSA. These are the complex field formulations of their real counterparts
2SPSA and QN-SPSA, respectively.

We study the performance of the introduced methods by comparing their conver-
gence rate as a function of the number of iterations with respect to SPSA, 2SPSA|
and QN-SPSA. This comparison is carried out in three contemporary applications:
variational quantum eigensolver, quantum control, and quantum state estimation.

We use a variational quantum eigensolver to obtain the ground state energy of
the Heisenberg Hamiltonian for a 10-qubit ring configuration, which is an ubiqui-
tous and relatively simple model that describes the interactions within a chain of
spins [180]. For quantum control, we implement the GRadient Ascent Pulse En-
gineering (GRAPE) method [212], which is used to engineer quantum gates and
states. This method approximates a control pulse by a sequence of pulses of con-
stant intensity. The control parameters of these pulses are optimized to find the best
implementation of a given gate or state, even in the presence of noise [86]. In partic-
ular, we apply GRAPE to the generation of 5-qubit pure states. Finally, in quantum
state estimation, we implement Self-Guided Quantum Tomography (SGQT) [94],
which is based on the minimization of the infidelity between an unknown state and
a known parametrized state, to characterize 6-qubit pure states. Since the optimiza-
tion methods studied are stochastic, we use numerical simulations and sampling to
estimate the mean, variance (or standard deviation), median, and interquartile range
of the relevant figures of merit. Measurements are simulated using a finite sample of

various sizes.
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The optimization problem

“A good mathematical problem should be simple to

state but difficult to solve.”

David Hilbert

Consider the problem of optimizing a real function f of p complex variables,
f : C» — R. That is, finding an argument 2~ € CP such that f(z%) is a local
minimum of the function f. This problem can be solved by mapping the complex
variables to the field of real numbers through the relation z = x +iy, in which case f
becomes f(0) with 8 = (z,y)” € R?. Then, one can use real variable optimization
algorithms to find 82 = (z,y*)T such that f(6*) is a minimum of f, and retrieve

A = g” +iy”. However,

the solution for the original complex variable problem as z
it is possible to solve the optimization problem using the Wirtinger calculus [203,
213], which does not resort to mapping complex variables to real ones.

Although both approaches are mathematically equivalent, their practical implica-
tions differ when solved. It has been conjectured that a complex variable reformula-
tion of real variable optimization algorithms may lead to increased performance [206—

208|, which has been observed when working on pure-state quantum tomography [96].

Furthermore, for applications in quantum theory, which are natively stated in terms
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of complex variables, the transformation to real variables adds an extra step in the
optimization process. For this reason, here we review some real variable optimiza-
tion methods relevant to quantum applications and present their complex variable
analogs.

A particularly suitable class of methods for optimizing multivariate functions in
the presence of noisy measurements are the stochastic approximation methods [173—
177]. This family of methods originates from the Robbins-Monro algorithm [214]
designed to find a root # of a function M (x) given by the expectation of a random
variable Y (z). Here, M is unknown, just like the probability function of Y, and the
Robbins-Monro algorithm gives an estimate of # by making successive observations
on Y. From the Robbins-Monro algorithm, it is possible to consider M as a regression
function [215] and propose a scheme to estimate the maximum of M. Then, the use of
stochastic approximations arises to deliver an algorithm that converges to an optimal
value of a function f using the Kiefer and Wolfowitz procedure when M = V f.

A widely used family of stochastic approximation (SA) methods is based on the

iterative rule

01 = 0 — argr(6y), (6.1)

where the descent step series ar, = a/(k+ A)® is fixed by the externally selected gain
parameters a, A, and s. The quantity gy is a stochastic approximation of the gradient
of the objective function at 6y, which depends on the gain coefficient b, = b/k', with
b and t externally fixed gain parameters.

In the following subsections, we review the SPSA algorithm and its extension to
the second-order and quantum natural gradient algorithms, 2SPSA and QN-SPSA,
respectively. Subsequently, we review the CSPSA algorithm for complex variables
and develop two extensions to it; the second-order algorithm 2CSPSA and the quan-
tum natural gradient algorithm QN-CSPSA. This work is conducted in a similar way
to the SPSA algorithm, by considering an iterative rule as Eq. (6.1), but general-

ized to the case of complex variables. Finally, at the end of this section, we present
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typical modifications to improve the performance of the optimization algorithms,
namely blocking and resampling, and introduce two further variations: an alterna-
tive Hessian post-processing procedure and a scalar approximation to second-order
and quantum natural algorithms that reduce their classical computational cost from

cubic to linear in the number of variables.
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Chapter 7

Numerical Methods

“Not all those who wander are lost”

J. R. R. Tolkien

7.1 Real-variable methods

7.1.1 SPSA

The simultaneous perturbation stochastic approximation (SPSA) is a multivariate
optimization method for real functions of real variables. Although the SPSA denom-
ination came later, the method was first presented by Spall [179] and corresponded
to an improvement over the finite difference stochastic approximation (FDSA) of
Kiefer and Wolfowitz [215]. Both the FDSA and SPSA algorithms optimize the
function f(0) with 8 € RP by following the recursive stochastic approximation rule
Eq. (6.1). However, the main feature of SPSA is that, instead of estimating each of

the p components of the gradient as a stochastic finite difference approximation, it

90



CHAPTER 7. NUMERICAL METHODS

defines the estimator g, as

1/Ak71
() = J(0 +bpAy) — f(O — bpAy) : | (71)

2b;,
1/Ak7p

where Ay is a random perturbation vector with p components typically drawn uni-
formly from the set {41}, and the finite-difference approximation step b, = b/k" is
controlled by the externally selected gain parameters b and ¢. It should be noted
that, while gy(6y) does not necessarily have the direction of the gradient at each
iteration, it is an asymptotically unbiased estimator of the gradient; it converges to
the gradient when averaged in the statistical limit. Furthermore, Eq. (7.1) makes
the SPSA algorithm especially suitable for high-dimensional problems, since it al-
ways requires 2 function evaluations per iteration, regardless of the number p of
variables, in contrast to the FDSA algorithm, which requires 2p function evaluations
per iteration.

An iteration of the SPSA algorithm is given by Equations (6.1) and (7.1) and

requires a total of 2 objective function evaluations.

7.1.2 2SPSA

The iterative rule used in the SPSA algorithm is derived from a first-order gradient
descent approximation. Then, the rate of convergence of the algorithm could be
accelerated using a second-order iterative rule coming from the Newton-Raphson

method, given by

S (OF o))

011 = 0, — 1 [H(04)] a_e(ek) ’ (7.2)
where 7 € R* is the learning rate and # is the Hessian of f. A stochastic approx-
imation based on Equation (7.2) is proposed by Spall [189], deriving the so-called

adaptive or second-order SPSA (2SPSA) algorithm. The iterative rule now yields

0k+1 = Ok — dkﬂglgk(ek), (73)
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where @, = 1/(k+A)® no longer depends on a. The gradient estimator gy, is defined by
Eq. (7.1), as in the first-order case, and H;, is a modified version of the simultaneous
perturbations stochastic approximation of the Hessian matrix. In particular, we

compute Hj, by [189)]

T
wy = Pt (7.42)
k 1
Hy = Tl 1 T Tl . (7.4b)
Hy =/ HIP? +el, (7.4c¢)

where, in execution order, Eq. (7.4a) ensures that the Hessian approximation is sym-
metric as the analytical Hessian, then Eq. (7.4b) stabilizes the estimator by introduc-
ing inertia from previous iterations, starting from an identity at the zeroth iteration,
Hy = I, and finally, Eq. (7.4c) with 0 < € < 1 guarantees positive-definiteness.

A one-sided simultaneous perturbation stochastic approximation to the Hessian

matrix is taken as
T

o 1/A,
H4(0) gx(0 + bkék) —9:(0) : ’ (7.5)

by |
1/Ak,p

which allows reusing the function evaluations from the centered gradient estimator.
By inserting the definition of the gradient approximation Eq. (7.1), then Eq. (7.5)

can be rewritten by components as

R C)
where
02 f1(0) = f(0 + bpAy + bpAy) — (0 + bpAy)
— [(0 — ey, + bpAy) + £(8 — brAy), (7.7)

br = b/k' is a gain series similar in nature to by, and Ay is a random vector formed

by p components uniformly generated from the set {£1} analogous to Ay.
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Thereby, an iteration of this method is given by Equations (7.7), (7.6), (7.4), (7.1),

and (7.3) and requires a total of 4 objective function evaluations.

7.1.3 QN-SPSA

The Gradient Descent method reaches a local minimum by moving, at each iteration,
along the direction of the steepest descent of the objective function in the Euclidian
parameter space, —(0f/00)%, limiting the magnitude of the update step, A@. The

steepest descent rule can be obtained by choosing the increment as

A6 = arg min ¢ ( ory' Ae>+i||Ae||2 (7.8)

AGER2P 20) 27 2 .
where n € RT is the learning rate, (0,0’) = 670’ is the inner product for two
vectors @ and @', respectively, and || - |2 = \/(-,-) is the [? norm. Differentiating the

argument at the right-hand side of Eq. (7.8) with respect to A@ and setting it to 0,

provides the well-known gradient descent step

so- (%) n9

This result is based on the [? geometry, where a shift in any direction in the param-
eter space is equally weighted. However, the objective function may not be equally
sensitive to changes in different parameters and, therefore, a more adequate notion
of distance would measure the step length A@ by weighting the changes on each
parameter. This is addressed by a method called natural gradient descent [216],

which endows the parameter space with a suitable metric G that induces the norm

|- llg = /(-G -). Then, the increment is stated as
A6 = arg min ¢ ( AN A0>+iHA9H2 (7.10)
AQcR2P 08 )’ 2n g’
which leads to the natural gradient descent rule
(0 g
011 =01~ g0 (G500 (7.1
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The quantum natural method, which takes G as the Fubini-Study metric tensor,
is particularly useful for improving convergence rates for optimization problems in
quantum applications [192|. The Fubini-Study metric tensor is proportional to the
Quantum Fisher information matrix, so its calculation can be very expensive when
many variables are involved. This problem was addressed by Gacon et al. [195] by
taking advantage of the similarity between the Equations (7.2) and (7.11), along
with the possibility of writing the Fubini-Study metric tensor as

=i (")’

where F(0’,0) is the fidelity between two quantum states parameterized with the

, (7.12)
0'=6

variables @’ and 0, respectively. In particular, the Fubini-Study metric tensor was
approximated according to Eq. (7.12) using the stochastic approximation of the Hes-
sian employed by the 2SPSA algorithm. In this manner, they proposed the quantum
natural SPSA (QN-SPSA) algorithm, which avoids the curse of dimensionality.

In order to reuse the equations already presented for the 2SPSA method, we
will abuse notation and denote H the Hessian estimate of the Fubini-Study metric,
yielding

62F,(0y)

H 4-:—~—~,
Hily b A A

(7.13)
where

§2Fy(0) = F (0,0 + b Ay, + buAy)
— F(0,0 + b Ay)
— F(0,0 — byAy + DAy
+ F(0,0 — biAy), (7.14)

and A and A are two vectors of p components randomly sampled from the set {41}.
Following the same logic as in the 2SPSA algorithm, the simultaneous perturba-

tion stochastic approximation of the Hessian Eq. (7.13) must be conditioned by the
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procedure on the system of Equations (7.4). Let us note that while we are using the
2SPSA discretization scheme and update rule, this is a first-order method, as the
conditioner Hj comes not from a second-order expansion on the target function but
only from a different metric in the parameter space.

Requiring only two measurements of the objective function makes this algorithm
especially suitable for problems where the metric tensor can be efficiently approxi-
mated. That is when evaluating the fidelity ' between two known pure quantum
states requires marginal resources compared to the potentially expensive target func-
tion f.

An iteration of the QN-SPSA method is given by Equations (7.14), (7.13), (7.4),
(7.1), and (7.3) and requires a total of 2 objective function evaluations and 4 fidelity

evaluations.

7.2 Complex-variable methods

Now we formulate the problem of optimizing real-valued functions of complex vari-
ables. In the case of quantum mechanics, most of the functions that interest us
depend on complex variables and their complex conjugates. Consequently, these
functions do not satisfy the Cauchy-Riemann conditions and lack a Taylor series
expansion. This can be solved by resorting to the real and imaginary parts of the
complex variables. Wirtinger calculus [203], however, allows us to define a deriva-
tive, the Wirtinger derivative, that exists even for non-holomorphic functions. We
consider a function f : p € C* — R with p = (2, 2*)T, which can be expressed in

a power series for a complex increment Ap = (Az, Az*)T,

0
fp+Ap) = f(p)+ %Au + %AMT’HAM +..., (7.15)
where
9 (ar\!
=5 (3n) (716

95



CHAPTER 7. NUMERICAL METHODS

is the complex Hessian of the function f [204], the symbol (f) denotes the conjugate

transpose, and differentiation with respect to p is defined by

0 0 0
9F _ (oF o5y (7.17)
ou 0z = 0z*
where the complex variables z and z* are considered to be independent. Let us
note that the inner product between any column two vectors p = (z 2*)T and
pw = (2 27T, with z,2' € CP, is a real number,
Z/
.. * _ T
p'p' =(z" 2) = 2Re{z'2}. (7.18)
z/*
7.2.1 CSPSA
Performing a first-order approximation on |Ap| from Eq. (7.15), that is,
of
flw+Ap) = f(p) = %Au, (7.19)

we obtain that the largest decrease of the function f is achieved by a perturbation
Ap in the direction of —(df/0u)t. This provides the complex equivalent to the
gradient descent update rule, which is given by the expression
af\!
=pp—n| = 7.20
Hi+1 = Kk n(au) ) ( )
where n € R* is the learning rate. The above equation yields a stochastic approxi-

mation [96] used to introduce the CSPSA algorithm given by the iterative rule

Zi+1 = 2 — argr(zk), (7.21)

where a; = a/(k + A)*. The gradient estimator is now given by

1/A%,
() = f(z +bpAy) — f(z — bAy) : 7 (7.22)

20y,
1AL,
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where b, = b/k' and Ay, is a random vector with p components uniformly generated
from the set {£1, +i}, with ¢ the imaginary unit. To keep the notation simple, we
have omitted the dependency of g on z*. Consequently, we write gi(z, 2*) as gi(2)
and similarly for other functions.

An iteration of the CSPSA method is given by Equations (7.22) and (7.21) and

requires a total of 2 objective function evaluations.

7.2.2 2CSPSA

To obtain a second-order iterative rule, we add up to second-order terms on |Ap
from expansion Eq. (7.15) and consider the problem of finding the perturbation Ap
that minimizes f(p + Ap). This is done by taking df(u + Ap)/0Ap = 0, which

9 (of'
op ((9#)

This can be rewritten in terms of z and z* as

reduces to the equation

Ap=- (%{)T (7.23)

H,, H,.» A Of 10zt
=\ _ (oo} 7o
7_[z"z Hz*z* AZ* [af/ﬁz*]T
where the elements of the block matrix are
a0 (0f\!
2 (2L 2
mo= - () (7.29
o (of\!
.= — .2
o= (55) (7.20
Hoo.=H! ., and (7.27)
Hoee = H.. (7.28)

The system of Equations (7.24) has the solution
Az = (H — H o H_l H *)_1 H H_l af T - g T (7 29)
74 zZTz i zZ zTZ ¥ z* az* az 9 .
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which is the update step corresponding to a Newton algorithm [204]. While this
solution requires a large number of operations, it is customary to use a block-diagonal

approximation, M.+ ~ 0, yielding a pseudo-Newton method [217] with

(o
Az =-H_ (&) : (7.30)

which also has the advantage of being operationally independent of z* in practice.
Analog to the 2SPSA method, in the stochastic approximation, we take the
descent direction given by Eq. (7.30). Thereby, we define the 2CSPSA algorithm by

means of the update rule
Zp+1 = 2k — Ak [ﬁk<zk)}_l gr(zr), (7.31)

where @, = 1/(k + A)*, gr(z) is given by Eq. (7.22), and H;, is a modified version
of the simultaneous perturbation stochastic approximation for the partial complex
Hessian H,. at the k—th iteration. Similar to the system of Equations (7.4) for the

real-variable case, H;, is computed through the sequence

Hy, + [Hy]"
k 1
" __ " /
Hy = \/HP? + el (7.32¢)

where, in execution order, Eq. (7.32a) makes the Hessian approximation hermitian
as the exact Hessian, then Eq. (7.32b) stabilizes the estimator by introducing inertia
from previous iterations, starting from an identity at the zeroth iteration, that is,
Hy = I, and finally Eq. (7.32¢) with 0 < e < 1 ensures positive-definiteness. Note
that the regularization Eq. (7.32¢) is still valid in the complex-variable case since its
input, H}, has real eigenvalues due to the previous hermitization Eq. (7.32a).

In this case, the components of the simultaneous perturbation stochastic approx-

imation of the partial complex Hessian H., are given by

[Hk’(z)]ij = o filz)

= _9JE) (7.33)
QbkbkA;iAkJ
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where

(52fk(Z) = f(z + b Ay + [;kAk) — f(z -+ bkAk)
— f(Z — b Ay + BkAk) + f(z — bkAk), (734)

and A and A are two random vectors, each composed by p elements uniformly
generated from the set {£1, +i}.

The 2CSPSA method requires the inversion and regularization of a p x p hermi-
tian complex matrix. In contrast, the analog 2SPSA optimization of an equivalent
problem would require the inversion and regularization of a 2p x 2p symmetric real
matrix.

An iteration of this method is given by Equations (7.34), (7.33), (7.32), (7.22),

and (7.31) and requires a total of 4 objective function evaluations.

7.2.3 QN-CSPSA

The natural gradient method has been adapted for a complex parameter space [205]
by posing the usual natural gradient update rule Eq. (7.11) with the relevant metric
G and using an invertible linear transformation W to move back and forth between

the real and complex parametrizations such that

w T = (") =7, (7.35)

Y T — iy z

where x,y € RP. However, continuously moving between parameterizations is un-

desirable, and therefore here we present a natively complex implementation of the

natural gradient method for quantum applications, which proceeds analogously to
the QN-SPSA method.

The complex gradient descent rule Eq. (7.20) can be obtained as a solution to

the optimization problem
: of )T 1 ,
Ap=arg ming (|50 | Ap)+ o l|An], 7.36
a A%GCQP {< <8N ”> 2,7H “Hz ( )
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where € R* is the learning rate, (u, ') = p'p’ is the inner product for two
complex vectors p and g, respectively, and || - [|l2 = /{-,-) is the [ norm. As in
the real case, to require the parameter update to remain small in the space endowed
with metric G, the [? norm is replaced in Eq. (7.36) by || - ||g = \/m This leads

to the optimization problem

: af\! 1 2
Ap = L) Ay + —||A .
K éﬁ%ﬁiy{<(8u) ’ ”>%_%A“4b}’ (737

which has the solution

T
Ap= -G (%) , (7.38)

where G is an hermitian matrix.
In the case that the optimization space is the set of pure quantum states, the
metric G can be chosen proportional to the Quantum Fisher complex information

matrix [218], that is,

1

=73

fl(@ﬁEJQ)T , (7.39)

o op

p=p

where F'(p/,p) is the fidelity between two states parameterized with variables p/
and p, respectively.

Considering, as in the 2CSPSA case, a block-diagonal approximation of G, the
first row of Eq. (7.38) yields

o (ory
Az =—-nG_, (3z) , (7.40)

where G, is the top left block of G.

Given the Hessian form of G,, and considering the similarity of Equations (7.40)
and (7.30), we can borrow the discretization scheme from 2CSPSA to approximate
G... Denoting H; as the simultaneous perturbation stochastic approximation of G,

at iteration k, allows us to reuse the equations already presented for 2CSPSA giving

52Fk(zk)

[Hkl;; b Ay (7.41)
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with
52Fk(Z) = F(Z, z + bkAk + BkAk) — F(Z, zZ + bkAk)
- F(Z, z — bkAk + BkAk) + F(Z, z — bkAk), (742)

and conditioning as in the system of Equations (7.32). As before, A and A are
two random vectors, each composed by p elements uniformly generated from the set
{£1, +i}.

An iteration of this method, which we call quantum natural CSPSA (QN-
CSPSA), is given by Equations (7.42), (7.41), (7.32), (7.22), and (7.31) and requires

a total of 2 objective function evaluations and 4 fidelity evaluations.

7.3 Method Improvements

The previous sections presented the optimization methods in their vanilla form.
However, it is possible to introduce further modifications that can improve their
convergence properties. In particular, we will address two typical modifications,
blocking and resampling, and two extra variations we propose: an alternative Hes-
sian postprocessing procedure and a scalar approximation for the preconditioned

methods.

7.3.1 Blocking

This technique consists in blocking the progression of the method if the updated
parameters z;.1 do not meet a given criterion. Conventionally, the updated variable
is required to improve the value of the objective function with respect to the previous

iteration plus some fixed non-negative tolerance,

f(zre1) < f(z0) +6. (7.43)

The tolerance ¢§ is usually set as twice the approximate standard deviation of the

noise in the evaluation of the objective function, which can be estimated by collecting
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several evaluations at the initial value of the parameters. Regardless of whether the
step is accepted, the Hessian estimate H} from Equations (7.4b) and (7.32b) is typ-
ically updated at every iteration, to allow the estimator to incorporate information

from all collected data [189].

7.3.2 Resampling

This technique is also known as gradient or Hessian averaging. It consists in com-
puting the random estimators for the gradient and Hessian Np times per iteration
to perform the update of the corresponding variable using the average of these esti-
mators. This practice is recommended in noisy environments [189).

Note that the authors of QN-SPSA [195] implement resampling only for the Hes-
sian estimator with the premise that evaluating the metric is cheaper than evaluating
the objective function, which could lead to a better convergence rate with little in-
crement on the experimental resources. However, here we stick to the convention

stated by [189], which is also implemented on Qiskit [67].

7.3.3 Post-processing

Several post-processing procedures have been proposed to improve the stability of
the 2SPSA algorithm [176]. We consider two alternatives; the original proposal given
by Equations (7.4), and the procedure given by

T
oy = Tt Pl +2[H’“] , (7.44a)
W = \JH? + eI, (7.44D)
_ I 1
— "+ 44
M= Tt g (7.44c)

The main differences are that our proposal applies regularization before incorpo-

rating inertia, and the regularization process is more aggressive for the same value
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of the regularization parameter €. We expect it to perform better in the worst-case

scenario of highly noisy or poorly conditioned problems.

7.3.4 Scalar Preconditioning Approximation

Preconditioned methods, such as 2SPSA, 2CSPSA, QN-SPSA, and QN-CSPSA,
adaptively adjust the descent direction and magnitude by adding a preconditioner to
the stochastic approximation. However, these methods can exhibit numerical insta-
bilities due to the inversion of a possibly ill-conditioned Hessian estimation. Postpro-
cessing procedures can partially mitigate these issues, but these methods still lack
consistency in numerical simulations compared to first-order methods. Most likely,
these problems are caused by an inadequate adjustment of the descent direction.
We consider these problems most likely induced by an inadequate adjustment of the
descent direction.

It has been suggested [191] to replace the Hessian estimation with a scalar func-
tion of its eigenvalues. Thereby, the descent direction is chosen according to the
first-order gradient estimator while retaining the descent magnitude adaptivity from
the preconditioner. Following these considerations, we propose a scalar approxima-
tion to the Hessian estimates (7.6), (7.13), (7.33), and (7.41). Specifically, we omit
the stochastic perturbations Ay and A presented in the Hessian estimates to only
adjust the descent magnitude and preserve the first-order descent direction. Namely,

we approximate the Hessian estimate of the second-order methods by

52
r O Jklz) (7.45)
2by. by,
and the Hessian estimates for quantum natural optimizers by
5 F
Ho=——F (7.46)
4by. by

From this procedure, we consider a new set of second-order and quantum natural

methods where the computational complexity is reduced. Namely, the number of
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classical operations on each iteration is reduced from O(p?) to O(p) where p is the

number of variables.
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Chapter 8

Applications and results

“An algorithm must be seen to be believed.”

Donald Knuth

We study the performance of the above optimization methods by comparing the
rate of convergence of the objective function towards the minimum as a function
of the number of iterations. We consider three important applications: variational
quantum eigensolver, quantum control, and quantum state estimation. We use the
variational quantum eigensolver to obtain the ground state energy of the Heisen-
berg Hamiltonian, which is an ubiquitous and relatively simple model that describes
the interactions within a chain of spins. For quantum control, we implement the
GRadient Ascent Pulse Engineering (GRAPE) method [212], which approximates
a control pulse by a sequence of constant-intensity pulses. The control parameters
of this pulse are optimized to find the best implementation of a given state, even
in the presence of noise [86]. Finally, for quantum state estimation, we implement
Self-Guided Quantum Tomography (SGQT) [94], based on minimizing the infidelity
between an unknown state and a known parameterized state.

The studied optimization methods are stochastic. We use ensembles of numeri-

cal simulations to estimate the mean, standard deviation, median, and interquartile
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range of the objective function. Measurements are simulated by sampling a multi-
nomial distribution with various numbers of trials. In the figures below, only the
upper half of the standard deviation is shown.

We test the optimization methods considering different configurations and look
for the ones that offer the best performance. The configurations we tested are all
possible combinations of the following alternatives: with or without blocking, resam-
pling with Ngp = 1,2,5, the two basic post-processing procedures, Equations (7.32)
or Equations (7.44), and standard, asymptotic or static set of gain coefficients. The
standard set is given by a =3, b = 0.1, A =0, s = 0.602 and ¢ = 0.101, the asymp-
totic set by a =3,b=0.1, A=0,s=1and ¢t = 1/6, and the static set by a = 0.01,
b=0.01,A=0,s=0and t=0.

For clarity, we consider simulations with two groups of methods: (i) vanilla meth-
ods and (ii) improved methods, that is, the vanilla methods implemented with the
improvements proposed in Section 7.3. The reason behind this separation lies in
the drastic increase in resources required to perform blocking and resampling, and it
could be useful to be able to discriminate when it is really worth swapping resources
for better results.

We have created a freely available library [2| that contains the codes in the Julia

programming language [1]| that implements all the optimization methods.

8.1 Variational Quantum Eigensolver

The search for the ground state and its energy E, of a Hamiltonian is a problem
of great interest in areas such as computational chemistry and condensed matter
physics. This is because much of the phenomenology and properties of quantum
systems can be studied from the ground state and its energy. However, finding this
eigenstate in large systems is not a trivial task. It is often infeasible due to the

exponential growth of the dimension of the Hilbert space with respect to the number
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of subsystems. For large systems, the Rayleigh-Ritz method [219, 220] is a useful tool
since it is limited to searching a parameterized subset of the original Hilbert space to
reduce the computational cost of optimization. A further reduction in computational
cost is achieved using the variational quantum eigensolver (VQE) method [221]. This
consists of performing the Rayleigh-Ritz method with the help of a classical and a
quantum computer, which makes it a promising tool for the current generation of
quantum technologies.

The goal is to find the eigenstate |1¢y) associated with the lowest eigenvalue Ej
of a Hamiltonian. This ground state can be characterized as the solution to the
optimization problem

Ey = minM (8.1)

W) (YlY)
The Rayleigh-Ritz method provides an estimate of Fy by parameterizing the trial

states as [1(0)) and optimizing over the vector @ of parameters. The underlying idea
is that the subset defined by the parameterization must have a smaller dimension
than the total Hilbert space to reduce the computational cost.

The VQE method considers the generic hermitian Hamiltonian operator

H =3%"" | hjo; and the trial states parameterization

19(0)) = Un(0n) --- U1 (61)|0), (8.2)

where U;(6;) are quantum gates parameterized by 6; and applied one after the other
to the initial state |0). This parameterization corresponds to a variational quan-
tum circuit. The average energy (¥(0)|H|(0)) can then be computed by indi-
vidually measuring each term (¢ (80)|0;]1(0)) on a quantum computer and adding
the results weighted with their respective coefficients h;. Thereafter, the values of
(1(0)|H|1(0)) are used by a suitable optimization method running on a classic com-
puter.

In general, the VQE method uses SPSA as the optimization algorithm due to its

robustness against noise, which suggests that the optimization methods presented
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here can also be used. In order to evaluate the performance of these various methods,
we use as a testing ground the problem of finding the ground state energy of the
Heisenberg Hamiltonian, which models the magnetic interaction of a ferromagnetic
lattice. This is given by the expression

HH—jZ Y okok+nd ok, (8.3)

(myn) k=,y,2 m

where 7 and h are dimensionless coupling constants between neighboring sites and
with an external magnetic field, respectively, o7, 0¥ o7 are the single-qubit Pauli
operators acting on the m-th lattice site, and (m,n) indicates that the sum is per-
formed on the nearest neighbors in the lattice. To parameterize the trial states we

use the complex parametric single-qubit gate
W(Z) — e—i(za++z*a,)’ (84)

where z is a complex parameter and o, = ¢” £ i0¥. This gate can be implemented
experimentally by a sequence of three real parameter gates.

The parameterization used for the trial states is given by

HWd YUsnr - - Hqu(z;)UENTHWf(Zgﬂm, (8.5)

q=1
where qu corresponds to applying W on the ¢-th qubit, [ indicates the layer of
the circuit, and Ugnt is the three-qubit entangling gate depicted in Figure 8.1b.
Similarly for zé.

To evaluate the performance of the different algorithms we consider the Heisen-
berg Hamiltonian Eq. (8.3) with h = 0.3 and j = 1 for a ring of 10 qubits with peri-
odic boundary conditions ¢; 110 = ¢;. The trial states are parametrized by Eq. (8.5)
with d = 1 entangling layers, as depicted by the circuit in Figure 8.1a. Each al-
gorithm is simulated considering 10? randomly selected initial states according to
a Haar distribution, which allows estimating statistical indicators such as mean,

median, standard deviation, and interquartile range. The measurements required
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AW (a1) 1 AW () |-
1 Wi(z2) { Uent q W(23) |- _
- Ugnt - =
W (z3) 1 AW (23) |- - -
(a) Parametric circuit (b) Entangling gate

Figure 8.1: Implementation of the VQE circuit for the Heisenberg Hamiltonian with
three qubits.

by each optimization method are simulated with an ensemble size of 2 x 10*. The
standard gain coefficients used in first-order algorithms are b = 0.1, and «a follows a
calibration based on [180].

Figure 8.2 displays the best performance of the vanilla algorithms as a func-
tion of the number of iterations. All methods delivered the best results using the
post-processing Eq. (7.44). This figure shows that the best performers are the real
and complex first-order and the quantum natural complex algorithms, which exhibit
an almost indistinguishable behavior in mean, median, standard deviation, and in-
terquartile range. These algorithms converge to a minimum at approximately 2 x 10?
iterations, after which become approximately constant. The second-order algorithms
exhibit a slower convergence, reaching a similar value only after 7 x 10? iterations.

Figure 8.3 displays the best performance of the improved methods. In this case,
the best performers are the first-order methods, the scalar version of second-order
methods, and the scalar version of quantum natural methods. These exhibit an
almost indistinguishable convergence in mean and median as well as similar disper-
sion. In particular, a minimum is achieved at approximately 10? iterations after
which the energy becomes nearly constant. 2CSPSA and 2SPSA scalar methods
use post-processing of Equations (7.32) and (7.44), respectively, and standard gains.
QN-CSPSA and QN-SPSA scalar methods use post-processing of Equations (7.32)
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First order Second order Quantum Natural
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Figure 8.2: The mean (top row) and median (bottom row) of the energy (in arbitrary
units) as a function of the number of iterations obtained through the VQE for the
Heisenberg Hamiltonian in a 10-qubit ring configuration using vanilla optimization
algorithms. The shaded areas represent the variance (top row) and the interquartile
range (bottom row). The dashed line indicates the exact minimum. The statistics are
obtained from a sample of 10? randomly generated states to estimate the minimum
energy. The measurements in each circuit were estimated with 2 x 10* shots. The

values of the gain coefficients and post-processing class can be found in Table A.1 of

Appendix A.
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First order Second order Quantum Natural

Energy (a.u) (mean)

=

©

2

(4]

E

S

&

>

o

(]

c

w 1 1 1 1 1 1 1 1 1

0 200 400 600 0 200 400 600 0 200 400 600

Iterations Iterations Iterations
== SPSA =— CSPSA =— SPSA scalar =— CSPSA scalar

Figure 8.3: The mean (top row) and median (bottom row) of the energy as a function
of the number of iterations obtained through the VQE for the Heisenberg Hamilto-
nian in a 10-qubit ring configuration using improved optimization algorithms. The
shaded areas represent the variance (top row) and the interquartile range (bottom
row). The dashed line indicates the exact minimum. The statistics are obtained from
a sample of 10? randomly generated states to estimate the minimum energy. The
measurements in each circuit were estimated with 2 x 10* shots. The values of the

gain coefficients, post-processing class, and the setting of resampling and blocking

can be found in Table A.2 of Appendix A.
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and (7.44), respectively, and asymptotic gains. All best performers use resampling
with Nz = 5.

From Figures 8.2 and 8.3 we conclude that the best performance in the variational
quantum eigensolver is achieved using SPSA, CSPSA, QN-CSPSA, and QN-CSPSA
scalar methods, which does not significantly differ in their vanilla or improved ver-
sions. Blocking and resampling lead to a clear improvement of the second-order
methods, delivering results similar to the best performers.

First-order algorithms provide the best performance for this particular problem.
Nonetheless, it’s crucial to note that this level of performance was attained through
a resource-intensive search for gain coefficients. In the absence of such a search, the
first-order algorithms performed poorly. To bypass the calibration of the gain coef-
ficients, quantum natural algorithms can be applied while achieving a performance
close to the calibrated CSPSA. In particular, the scalar quantum natural CSPSA

algorithm also reduces the classical computational cost.

8.2 Quantum Control

Quantum control theory lays a firm theoretical foundation for developing a series of
systematic methods that allow the manipulation and control of quantum systems.
In particular, the search for an optimized time evolution that allows guiding the
system from an initial state to a desired final state is of great interest. Quantum
control theory has already achieved significant successes in physical chemistry [222],
atomic and molecular physics [223], quantum optics [224], and has also contributed
to understanding fundamental aspects of quantum mechanics [225]. In recent years,
the development of the general principles of quantum control theory has been recog-
nized as an essential requirement for the current and future applications of quantum
technologies.

A particular problem in quantum control is the precise engineering of quantum
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states, that is, whether a quantum system can be driven into a given state. This
problem has practical importance since it is closely related to the universality of
quantum computing and the possibility of achieving transformations at the atomic
or molecular scale. An important research problem is that of finite-dimensional
quantum systems, for which the controllability criteria can be expressed in terms of
parameters included in the Hamiltonian of the system.

The quantum state control problem [226] consists in identifying an appropriate set
of time-dependent control parameters uy(t) in such a way that its controlled change in
time guides the evolution of the system from an initial state [iy) to a predetermined
objective state [1¢). The control parameters enter in the Hamiltonian as coefficients

in a linear combination of operators, that is,
1
H(t) = Ho+3 Y (uk(t)C'k n u;@)qj;) : (8.6)
k

where the set {C}} are a basis of operators, and we allow the possibility of com-
plex control parameters. In order to obtain this set of parameters, it is necessary
to solve the time-dependent Schrodinger equation. Unfortunately, solutions of the
Schrédinger equation for a time-dependent Hamiltonian cannot generally be obtained
analytically. However, it is possible in certain cases to use techniques developed in
the area of adiabatic control [227-230].

To overcome this problem, we use the GRadient Ascent Pulse Engineering
(GRAPE) method [212], originally introduced in nuclear magnetic resonance spec-
troscopy and proposed to design a pulse sequence that drives the evolution toward
the optimum of a predefined objective function. This method allows us to compute
the evolution of a time-dependent Hamiltonian through a sequence H,, of time-
independent Hamiltonians. The total evolution time T is divided into a number
M of time intervals At,, = t,41 — t,, (m = 0,..., M — 1), which are normally of

equal length so that in each interval the control parameters uy(t) are approximately
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constant. In each time interval, the evolution is given by
Uy = e~ Btmtlm. (8.7)

where H,, = H(t) with t! € [t,,,tmi1]. A classical optimization algorithm is
used to obtain the values of the control parameters that lead to the optimum of the
objective function. The evolution of the system at time 7' is thus approximated by

the sequence

M-1
UgrarE = H Un (8.8)
m=0
and the state of the system at time 7' is
|0¢) = Ucrape [th) - (8.9)

Once a propagator has been computed for a set of control parameters, all that
remains is to choose an objective function to compare the target state with the state
given by the evolution for a given set of control parameter values. In our case, we

use the infidelity that is given by

I([tg). [5) = 1= | (sl 2, (8.10)

which is minimized with an optimization algorithm. The original GRAPE proposal
uses the descending gradient algorithm. The dimension of the search space is given
by N,M, where N, is the number of parameters, and therefore can be very large.
To test the optimization methods introduced here, we turn to the quantum control
of a five-qubit system, where we aim at preparing the target state |if) = \O)®5 by
controlling the evolution generated by the Heisenberg Hamiltonian given by
Hilt) = — k_zy Ji(t) mzm ot ot (8.11)
which depends on the three complex coupling constants J,(¢), J,(t) and J,(t). These
play the role of control parameters whose values are driven by the quantum control

method to approach the desired target state.
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After applying the GRAPE method for the evolution of the system, the final
state is
M—1

[y = [T eamntad o), (8.12)

1=

—

where [1) is an initial five-qubit state and Hy contains the control parameters.

Our performance study is based on numerical simulations where we implement
GRAPE with each of the methods reviewed or proposed here. For a given opti-
mization method, we start by choosing an initial state [¢)y) from a Haar-uniform
distribution on which we apply the GRAPE method with M = 25 and 10% itera-
tions. Therefore, the dimension of the complex search space is 75, with the real
search space being twice as large. The measurements required by the optimization
method are simulated with an ensemble of size 2'3. This procedure is repeated 10*
times to obtain estimates of relevant statistical indicators such as mean, median,
standard deviation, and interquartile range, as functions of the number of iterations.
The gain parameters used in the numerical simulations are shown in Tables A.3
and A.4 of Appendix A.

The results of the numerical simulations of the GRAPE method with the different
optimization algorithms in the five-qubit case are depicted in Figures 8.4 and 8.5,
which show the best results among the vanilla methods and the improved methods,
respectively. Each figure shows the value of the mean (upper row) and median (lower
row) infidelity as a function of the number of iterations together with the variance
(upper row) and the interquartile range (lower row) as shaded areas.

Figure 8.4 shows the comparison between methods without using blocking and
resampling (see Section 7.3), that is, the vanilla methods. Second-order methods ex-
hibit the best mean performance, particularly 2CSPSA and scalar 2CSPSA. These
are closely followed by their quantum natural counterparts. First-order methods
initially offer a better convergence rate, but stagnate after a certain number of itera-
tions. Note that this is the only case among all applications where first-order SPSA

and CSPSA achieve their best performance using the static gain coefficients. In the
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median, second-order methods exhibit a higher convergence rate, closely followed by
the quantum natural methods. Although first-order methods require a larger num-
ber of iterations, a similar value of infidelity is reached in all cases. However, they
behave differently in mean and median, in contrast to the complex second-order and
quantum natural methods exhibiting consistent statistical indicators.

Figure 8.5 shows the comparison between methods when we allow the usage of
blocking and resampling, that is, the improved methods. The best performance
in the mean and the median is attained by the first-order methods seconded by
the quantum natural methods, which exhibit a slightly slower rate of convergence
with similar standard deviation and interquartile range. Second-order methods are
the worst performers. These are characterized by a lower precision in mean, large
standard deviation, and a slower rate of convergence, with the exception of scalar
methods. Figure 8.5 also indicates that complex methods perform better than their
real counterparts.

Generally, the first-order CSPSA method with resampling and blocking obtains
the best result, using Equations (7.44) for post-processing, closely followed by the
QN-CSPSA method.

8.3 Quantum state estimation

Born’s rule endows quantum mechanics with predictive power. According to this rule,
the probability py of obtaining a result k£ in an experiment described by a POVM
{Ex} when the quantum system is described by a quantum state p is given by the
Hilbert-Schmidt inner product py, = Tr(pEy). Therefore, a comparison between the-
oretical predictions and experimental results requires an accurate characterization
of the quantum state p and of the experiment through POVM {E;}. This leads
to the problem of estimating quantum states and processes. To do this, several

quantum state estimation methods have been designed, most of them based on the

116



CHAPTER 8. APPLICATIONS AND RESULTS

First order Second order Quantum Natural

10°

1072

Cost (mean)

1074

10°

1072

10~

Cost (median)

200 400 600 800 1000 200 400 600 800 1000 200 400 600 800 1000

Iterations Iterations Iterations
== SPSA =— CSPSA =— SPSA scalar =— CSPSA scalar

Figure 8.4: The mean (top row) and median (bottom row) of the infidelity as a
function of the number of iterations obtained through the GRAPE method applied to
the quantum control of a 5-qubit pure state and vanilla optimization algorithms. The
shaded areas represent the variance (top row) and the interquartile range (bottom
row). The values of the infidelity are obtained by simulating a measurement process
with a sample size of 22 and 25 iterations of GRAPE, 10* shots per measurement,
and 10? iterations, which are generated through uniformly distributed initial states

|thg). The values of the gain coefficients and post-processing class can be found in

Table A.3 of Appendix A.

117



CHAPTER 8. APPLICATIONS AND RESULTS

First order Second order Quantum Natural

-
o
L

Cost (mean)
=
<

=

o
&
T

Cost (median)
=
i

107> | e

200 400 600 800 1000 200 400 600 800 1000 200 400 600 800 1000

Iterations Iterations Iterations
== SPSA =— CSPSA =— SPSA scalar =— CSPSA scalar

Figure 8.5: The mean (top row) and median (bottom row) of the infidelity as a func-
tion of the number of iterations obtained through the GRAPE method applied to the
quantum control of a 5-qubit pure state and improved optimization algorithms. The
shaded areas represent the variance (top row) and the interquartile range (bottom
row). The values of the infidelity are obtained by simulating a measurement process
with a sample size of 22 and 25 iterations of GRAPE, 10* shots per measurement,
and 10? iterations, which are generated through uniformly distributed initial states
|thg). The values of the gain coefficients, post-processing class, and the setting of

resampling and blocking can be found in Table A.4 of Appendix A.
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post-processing of experimental data acquired through the measurement of a fixed
informationally complete POVM. Adaptive measurements have also been used to
design quantum state estimation methods. Today, methods for estimating quantum
states are an important tool for both quantum communications and quantum com-
puting and have been used for the characterization of single-photon and continuous
variable states |231-235|, cavity fields [236], atomic ensembles |237-239], trapped
ions 240, 241], optical detectors [242-244|, and for quantum key distribution [245].
Recently, the estimation of finite-dimensional pure unknown states has been for-
mulated as an optimization problem [94]. According to this, the unknown state is
characterized as the minimizer of infidelity I(|¢),|¢)) =1 — \(w|¢>|2, that is,

) = arg (min 1), r¢>>). (8.13)

lp)eH

This suggests using optimization algorithms to minimize fidelity and estimate the
unknown state |¢), which has been called self-guided quantum tomography (SGQT).
Gradient-based optimization is ruled out since it is not known how to measure the
gradient of the infidelity with respect to the parameters entering the |¢) state. How-
ever, infidelity can be measured by projecting the unknown state onto any basis
containing the state |¢). In this scenario, the optimization methods presented previ-
ously can be used to experimentally implement the infidelity minimization according
to SGQT. Initially, SGQT was based on the SPSA algorithm. Subsequently, CSPSA
was introduced in SGQT, obtaining an improvement in the rate of convergence and
a lower dispersion in the sample of estimates. More recently, CSPSA was combined
with maximum likelihood estimation to achieve precision close to the lower limit of
Gill-Massar, which is the best achievable estimation accuracy for pure states [246].
Estimating pure states through SPSA and CSPSA has already been experimentally
demonstrated [95].

We use pure state estimation through SGQT to test the performance of the

optimization methods proposed. After selecting a particular optimization method,
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we generate an unknown 6-qubit pure state and an initial guess state from a Haar-
uniform distribution. The optimization method is iterated 5 x 10? times and the
fidelity values are obtained by simulating a measurement with binomial distribution
on an ensemble size N = 2 x 10*. This procedure is repeated 10? times to generate
estimates of relevant statistic indicators. The gain parameters used in the numerical
simulations of each method are shown in Appendix A.

The results of the numerical simulations of SGQT with the different optimization
algorithms are depicted in Figures 8.6 and 8.7 that show the best results among the
vanilla and improved methods, respectively. Each figure shows the value of the
mean (upper row) and median (lower row) infidelity as a function of the number of
iterations together with the variance (upper row) and the interquartile range (lower
row) as shaded areas. In every figure, the first column contains the results of SPSA
and CSPSA. The second column contains the results obtained by the second-order
algorithms, that is, 2SPSA, 2CSPSA, scalar 2SPSA, and scalar 2CSPSA. The third
column contains the results obtained by the algorithms based on the quantum natural
method, that is, QN-SPSA, QN-CSPSA, scalar QN-SPSA, and scalar QN-CSPSA.

In Figures 8.6 and 8.7 mean and median values for each algorithm are very close.
Furthermore, the variance and interquartile range are very narrow, which shows the
absence of outliers in the generated samples. Typically, all optimization algorithms
are characterized by a sharp decrease in infidelity followed by an approximately linear
asymptotic regime.

Figure 8.6 shows the comparison between each method without using the blocking
and resampling improvements in Equations 7.44, as these methods largely increase
the number of resources. The first-order methods offer the best performance, with
an improvement of about an order of magnitude over the other methods. In contrast,
the second-order methods perform slightly better than their QN counterpart. The
scalar approximation shows no improvements for the second-order and quantum

natural methods. The complex methods show better convergence than their real
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Figure 8.6: The mean (top row) and median (bottom row) of the infidelity as a
function of the number of iterations obtained by using SGQT to estimate six-qubit
states and vanilla optimization algorithms. Shaded areas represent variance (top
row) and interquartile range (bottom row). Statistical indicators are calculated from
a sample of 10?> Haar-uniform distributed pairs of unknown and initial guess states.
Measurements of the infidelity are simulated with a binomial distribution with N =
2 x 10* shots. The values of the gain coefficients and post-processing class can be

found in Table A.5 of Appendix A.

counterparts by about an order of magnitude.

Figure 8.7 shows the comparison between methods when we allow the use of
blocking and resampling. For first-order algorithms, gradient blocking and resam-
pling show no improvement, while second-order and QN methods improve when the
Hessian approximation is averaged 5 times per iteration. This improvement decreases
the performance difference between the first-order and the other methods. Second-
order methods still perform slightly better than QN methods. We also note that the

improvement obtained by resampling is smaller for the scalar approximation.
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Figure 8.7: The mean (top row) and median (bottom row) of the infidelity as a
function of the number of iterations obtained by using SGQT to estimate six-qubit
states and improved optimization algorithms. Shaded areas represent variance (top
row) and interquartile range (bottom row). Statistical indicators are calculated from
a sample of 10?> Haar-uniform distributed pairs of unknown and initial guess states.
Measurements of the infidelity are simulated with a binomial distribution with N =
2 x 10* shots. The values of the gain coefficients, post-processing class, and the

setting of resampling and blocking can be found in Table A.6 of Appendix A.

In our simulations, blocking does not improve our results when considering the
Hessian post-processing Equations (7.44). On the other hand, when considering
the post-processing Equations (7.4), the blocking show great improvement which
matches our median results, but with worse mean performance and with wider data
variability (See Appendix A).

From Figures 8.6 and 8.7 we conclude that the first-order methods show better
mean and median performance in the estimation of pure 6-qubit states via SGQT,

even without considering gradient resampling. In this scenario, second-order methods
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are not expected to work properly since the fidelity Hessian vanishes for pure states.
This issue could lower both precision and convergence speed. However, the Hessian
post-processing allows us to mitigate this problem by perturbing the Hessian matrix
with a weighted identity matrix. In this way, the best result achieved by the second-
order methods uses the post-processing Equations (7.44). Quantum natural-based
methods show similar behavior, albeit with slightly slower convergence.

First-order methods perform the best even without considering gradient resam-
pling. In contrast, second-order and quantum natural methods need resampling

improvement to stay competitive but require a much higher number of resources.
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Conclusions

We have exhaustively compared different stochastic optimization methods applied
to real-valued functions of complex variables. We started by reviewing the theory
of the SPSA algorithm and two of its variants: 2SPSA and QN-SPSA. These three
methods use a simultaneous perturbation stochastic approximation of the gradient of
the objective function to optimize it. SPSA is a first-order algorithm, while 2SPSA
is a second-order algorithm. QN-SPSA is a quantum natural algorithm: a first-
order algorithm that uses the Fubini-Study metric as a preconditioner. We also
reviewed the CSPSA algorithm, which optimizes real functions of complex variables
without resorting to the real and imaginary parts of complex variables. This is a
more natural approach in quantum mechanics, where most functions have complex
arguments. Using CSPSA as starting point, we proposed two new optimization
methods: 2CSPSA and QN-CSPSA, which are the complex field formulations of
their real counterparts.

All the optimization methods presented here share the property that the number
of evaluations (or measurements) of the objective function does not depend on the
dimension of the optimization problem. This is an important advantage when the
number of parameters on which the objective function depends is large. The number

of objective function evaluations is constant at each iteration but different for each
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method. SPSA and CSPSA use 2 evaluations of the objective function per iteration.
2SPSA and 2CSPSA use 4 evaluations of the objective function since they are second-
order methods. Finally, QN-SPSA and QN-CSPSA use 2 evaluations of the objective
function plus the calculation of an approximation of a metric. If the metric is the
Fubiny-Study metric tensor, then the approximation is calculated by evaluating the
fidelity with respect to 4 different pure states.

To assess the performance of the optimization methods, we have compared them
in three important applications in quantum computing: variational quantum eigen-
solver applied to the Heisenberg Hamiltonian of a 10-qubit ring, quantum control ap-
plied to a 5-qubit pure quantum state, and quantum state estimation to reconstruct
a 6-qubit pure quantum state. These three applications have different objective
functions that need to be measured in a quantum device and iteratively optimized
to obtain a solution. In particular, we have compared the convergence rate as a
function of the number of iterations. To do this, we have considered vanilla and
improved algorithms versions.

Our simulations show several interesting results. The best performance is system-
atically achieved by the first-order CSPSA algorithm. In the case of the variational
quantum eigensolver, improved first-order CSPSA and SPSA algorithms provide the
best performance, exhibiting identical mean and median and similar standard devi-
ation and interquartile range. In quantum control, improved CSPSA achieves better
convergence in mean and median than all other algorithms, exhibiting a narrow
standard deviation and interquartile range. This is also the case for state estima-
tion, although in this case, the vanilla version of the CSPSA algorithm is almost
indistinguishable from its improved version.

The second-best overall performance has mixed results. In the variational quan-
tum eigensolver, the improved second-order and improved quantum natural algo-
rithms lead to an almost indistinguishable performance, while in quantum control

the improved quantum natural algorithms, particularly improved QN-CSPSA, are
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clearly second best. In this case, scalar second-order algorithms perform, in mean
and median, similarly to quantum natural algorithms. In contrast, their non-scalar
counterparts show much lower mean performance, indicating the presence of a large
number of outliers. In the case of quantum state estimation, improved second-order
algorithms provide better performance than their quantum natural counterparts. In
particular, second-order CSPSA achieves the second-best performance.

Generally, vanilla second-order algorithms lead to lower performance than vanilla
quantum natural algorithms. This is mitigated by blocking and resampling in the
improved versions of second-order algorithms, which offer performance close to that
of improved quantum natural algorithms. Furthermore, complex algorithms per-
form better than their real counterparts, although the difference may be statistically
insignificant in certain cases.

During optimization of a function, it may be possible that no information about
the Hessian matrix is available a priori, either because of its high complexity or
because it cannot be easily obtained analytically or numerically. For such cases,
it would be desirable that second-order methods, which are based on the Hessian
matrix approximation, would still be useful in the event that the Hessian matrix ex-
hibits singularities. This is the case of quantum state estimation, where the Hessian
vanishes identically. Nevertheless, second-order methods display a performance sim-
ilar to that of first-order methods. Hessian post-processing Equations (7.44) ensures
that the preconditioning matrix is proportional to the identity for a vanishing Hes-
sian matrix. This leads to second-order methods working like first-order methods,
albeit possibly with suboptimal gain coefficients.

The stochastic optimization methods studied here are defined through a set of
gain parameters whose values specify the gain coefficients. These in turn control
the step size and magnitude of the approximation of the gradient. In this way,
the gain parameters are hyperparameters that allow us to control the algorithms’

convergence rate. In principle, it is conceivable to find gain parameters that lead to
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the best convergence rate. However, this is an expensive optimization problem whose
solution might even depend on the optimizer of the objective function. Therefore,
it is usual to resort to gain parameters that have proven to be good enough in
practice. We have resorted to the standard gain parameters, which lead to a fast
convergence in the regime of a small number of iterations, and to the asymptotic
gain parameters, which lead to a fast convergence in the regime of a large number
of iterations. Note that a change in the gain parameters affects not only the mean
and median convergence but also the variance and interquartile range. We have also
performed our simulations considering static gain coefficients, which only led to a
significant improvement in the case of vanilla first-order methods applied to quantum
control.

From numerical simulations with fewer qubits, we observed that the performance
difference between quantum natural and first-order algorithms tends to narrow as
the number of qubits increases. For the simulations reported here, the performance
difference among these algorithms is small. This may indicate that quantum natural
methods may outperform first-order methods for a larger number of qubits. However,
this advantage of quantum natural methods is obtained by increasing the number of
measurements and the classical computational cost. In this scene, the scalar quantum
natural methods proposed here might be a good alternative since, according to our
results, they offer comparable performance at a reduced classical cost.

According to the applications considered here, vanilla first-order algorithms are
efficient and reliable options for the most general case. If higher accuracy is needed,
improved first-order algorithms are the straight choice. First-order methods may
require careful calibration of the gain parameters, in which case the quantum natural
algorithms are a suitable alternative. In addition, quantum natural algorithms show
promising results for many qubits, while second-order algorithms do not exhibit a
comparative advantage.

In our study of first- and second-order algorithms, we have considered a single
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source of noise, namely the statistical character of quantum measurements. It is
possible to consider other error sources, such as those affecting NISQ processors.
However, first-order algorithms, real or complex, have convergence proofs that allow
certain types of errors that affect the evaluation of the target function. Thereby,
it is expected that these algorithms will converge even in the presence of moderate
noise, albeit with an increased number of iterations. The scenario in the case of the
preconditioned algorithms is less clear because of the inversion of the approximated
Hessian matrix. Therefore, a natural extension of this work would be to consider
realistic noise sources and their impact on the convergence rate. Also, we have
considered the performance as a function of the number of iterations. It is possible,
however, to consider other valuable resources such as the number of measurements,
evaluations, and circuits. These should also be considered in further studies of the

real performance of optimization algorithms.
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Best settings

In this Chapter, we provide the value of the statistical indicators; median, interquar-
tile range (IQR), mean, and standard deviation (STD), obtained through numerical
simulations for the best configuration of each optimization method in each applica-
tion. These values were used to determine the algorithm with the best performance
after 700, 1000, and 5000 iterations for the variational quantum eigensolver, quantum
control of quantum states, and self-guided quantum tomography, respectively. We
indicate the gain coefficients and equations used for post-processing for each vanilla
method. In the case of improved methods, we also indicate the amount of resampling

and the use of blocking.
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Method Gains Post-processing | Median | IQR | Mean | STD
SPSA Standard - —6.48 | 1.11 | —6.46 | 0.56
CSPSA Standard - —-5.93 | 1.12 | —6.44 | 0.57
2SPSA Standard Egs. (7.44) —5.76 | 1.17 | —5.61 | 0.85

2CSPSA Standard Egs. (7.44) —4.64 | 1.96 | —4.82 | 1.19

scalar 2SPSA Standard Eqgs. (7.44) —5.84 | 1.08 | —5.84 | 0.80
scalar 2CSPSA Standard Eqgs. (7.44) —5.17 | 1.49 | —5.01 | 1.08
QN-SPSA Asymptotic Eqgs. (7.44) —5.86 0.85 | —6.13 | 0.48
QN-CSPSA Standard Eqgs. (7.44) -592 | 1.10 | —6.33 | 0.53
scalar QN-SPSA | Asymptotic Egs. (7.44) —5.90 1.07 | —6.34 | 0.53
scalar QN-CSPSA | Standard Egs. (7.44) —-5.93 | 1.10 | —6.39 | 0.55

Table A.1: Best configuration and statistical indicators for each

applied to variational quantum eigensolver.

vanilla method

Method Gains Post-processing | Resampling | Blocking | Median | IQR | Mean | STD
SPSA Standard - 5 No —7.00 1.12 | —6.58 | 0.56
CSPSA Standard - 5 No —7.00 1.12 | —6.51 | 0.57
2SPSA Standard Egs. (7.4) 2 Yes —6.94 | 1.11 | —6.51 | 0.56

2CSPSA Standard Eqgs. (7.32) 5 Yes —6.98 | 1.13 | —6.52 | 0.56

scalar 2SPSA Standard Eqs. (7.44) 5 Yes —6.97 | 1.09 | —6.55 | 0.30
scalar 2CSPSA Standard Egs. (7.32) 5 Yes —6.78 | 1.15 | —6.47 | 0.58
QN-SPSA Asymptotic Eqs. (7.44) 2 Yes —7.00 | 1.12 | —6.50 | 0.56
QN-CSPSA Asymptotic Egs. (7.32) 5 Yes —6.98 1.11 | —6.57 | 0.54
scalar QN-SPSA | Asymptotic Egs. (7.44) 5 Yes —7.00 1.25 | —6.50 | 0.57
scalar QN-CSPSA | Asymptotic Egs. (7.32) 5 Yes —6.88 | 1.13 | —6.51 | 0.57

Table A.2: Best configuration and statistical indicators for

provements applied to variational quantum eigensolver.

130

each method with im-




APPENDIX A.

BEST SETTINGS

Method Gains Post-processing | Median IQR Mean STD
SPSA Static - 1.35 x107% | 1.21 x 1075 | 1.60 x 107% | 1.11 x 107°
CSPSA Static - 6.84 x 1079 | 6.01 x 1076 | 1.31 x 107° | 8.23 x 107°
2SPSA Standard Eqgs. (7.44) 2.31 x 107° | 2.34 x 107 | 4.90 x 107° | 6.02 x 1074
2CSPSA Standard Eqgs. (7.44) 8.79 x 107% | 8.12 x 107¢ | 1.07 x 107® | 9.76 x 10~°
scalar 25PSA Standard Egs. (7.44) 1.89x 1075 | 1.71 x 107° | 4.03 x 107 | 4.75 x 1074
scalar 2CSPSA Standard Eqgs. (7.44) 9.73x 1076|893 x 1079 | 1.18 x 1075 | 8.32 x 1075
QN-SPSA Asymptotic | Egs. (7.44) 1.93 x 1075 | 1.88 x 1075 | 2.36 x 10~° | 1.82 x 10~
QN-CSPSA Asymptotic Eqgs. (7.44) 9.44 x 1079 | 849 x 1076 | 1.12 x 107° | 7.50 x 1076
scalar QN-SPSA | Asymptotic Eqgs. (7.44) 3.44 x 107° | 3.73 x 10™° | 5.68 x 107 | 1.22 x 10~*
scalar QN-CSPSA | Asymptotic Eqgs. (7.44) 124 x107° | 1.11 x 107° | 1.47 x 107° | 1.04 x 107

Table A.3: Best configuration and statistical indicators for

applied to quantum control of quantum states.

each vanilla method

Method Gains Post-processing | Resampling | Blocking | Median IQR Mean STD
SPSA Asymptotic - 5 No 2.02x107% | 1.75 x 1075 | 2.35 x 1076 | 1.49 x 107°
CSPSA Asymptotic - 5 No 9.24 x 1077 | 8.16 x 1077 | 1.07 x 1079 | 6.95 x 1077
2SPSA Standard Eqgs. (7.44) 2 No 2.64 x 107° [ 2.64 x 1075 | 3.19 x 107° | 2.24 x 107°

2CSPSA Standard Egs. (7.44) 2 No | 9.15x 1076 | 8.45 x 1075 | 1.36 x 10~ | 5.57 x 10~

scalar 2SPSA Standard Egs. (7.44) 5 No 143 x 107 | 1.28 x 107° | 1.58 x 107° | 9.12 x 1076
scalar 2CSPSA Standard Egs. (7.44) 5 No 8.84 x 107% | 7.68 x 107¢ | 9.85 x 107¢ | 5.84 x 107°

QN-SPSA Asymptotic Eqgs. (7.44) 5 Yes 3.46 x 1076 | 2.61 x 1070 | 3.85 x 1076 | 2.22 x 1076

QN-CSPSA | Asymptotic | Egs. (7.44) 5 No | 1.69x 1076 | 1.43 x 1075 | 1.92 x 106 | 1.15 x 10~
scalar QN-SPSA | Asymptotic Egs. (7.44) 5 Yes 5.92 x 1076 | 5.01 x 1070 | 6.85 x 1076 | 4.44 x 1076
scalar QN-CSPSA | Asymptotic Egs. (7.44) 5 Yes 2.80 x 1076 | 2.24 x 1070 | 3.20 x 1076 | 1.95 x 1076

Table A.4: Best configuration and statistical indicators for each method with im-

provements applied to quantum control of quantum states.
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Method Gains Post-processing | Median IQR Mean STD
SPSA Asymptotic - 4.76 x 107* | 6.48 x 107 | 4.79 x 107* | 5.50 x 107
CSPSA Asymptotic - 1.01 x 107 | 2.00 x 107® | 1.03 x 107* | 1.40 x 107°
2SPSA Standard Eqgs. (7.44) 6.17 x 107 | 3.52 x 107 | 3.55 x 1073 | 4.75 x 1074
2CSPSA Standard Eqgs. (7.44) 143 x 107 | 815 x 107* | 8.15 x 107 | 1.02 x 1074
scalar 2SPSA Standard Eqs. (7.44) 5.22x 1074 | 3.26 x 1073 | 3.29 x 1073 | 3.70 x 1074
scalar 2CSPSA Standard Eqgs. (7.44) 1.38 x 1074 | 7.60 x 107* | 7.58 x 107* | 9.87 x 107°
QN-SPSA Standard Eqgs. (7.44) 6.68 x 1072 | 4.04 x 107% | 6.72 x 1072 | 8.42 x 10~*
QN-CSPSA Standard Eqgs. (7.44) 1.52x 1073 | 943 x 107 | 1.53 x 1073 | 1.93 x 1074
scalar QN-SPSA | Standard Eqs. (7.44) 6.58 x 1072 | 4.00 x 1073 | 6.55 x 1073 | 8.29 x 10~*
scalar QN-CSPSA | Standard Eqs. (7.44) 1.49x 1073 | 9.69 x 107* | 1.51 x 1072 | 1.94 x 1074

Table A.5: Best configuration and statistical indicators for each vanilla method

applied to self-guided quantum tomography.

Method Gains Post-processing | Resampling | Blocking | Median IQR Mean STD
SPSA Asymptotic - 1 No 4.76 x 107 | 6.48 x 107° | 4.79 x 107 | 5.50 x 10~°
CSPSA Asymptotic - 1 No 1.01 x 107* | 2.00 x 107 | 1.03 x 10™* | 1.40 x 10~°
2SPSA Standard Eqgs. (7.44) 5 No 6.45x 107 | 1.01 x 107* | 6.39 x 107 | 7.26 x 107

2CSPSA Standard Egs. (7.44) 5 No | 152x 1074 |3.12x107° | 1.54 x 1074 | 1.90 x 10~

scalar 2SPSA Standard Egs. (7.44) 5 No 1.27 x 1073 | 2.21 x 1074 | 1.27 x 1073 | 1.67 x 107
scalar 2CSPSA Standard Egs. (7.44) 5 No 3.05x 107 | 5.05 x 107° | 3.06 x 10~* | 4.04 x 107°

QN-SPSA Standard Eqgs. (7.44) 5 No 1.17 x 1073 | 2.06 x 107* | 1.19 x 1073 | 1.45 x 10~*

QN-CSPSA Standard Eqgs. (7.44) 5 No 2.74 x 1074 [ 453 x 1075 | 2.76 x 107* | 3.33 x 10~°
scalar QN-SPSA | Standard Egs. (7.44) 5 No 257 x 1073 | 4.68 x 1074 | 2.55 x 1072 | 3.45 x 10~*
scalar QN-CSPSA | Standard Egs. (7.44) 5 No 6.06 x 1074 | 1.15 x 107* | 6.09 x 10~* | 7.60 x 10>

Table A.6: Best configuration and statistical indicators for each method with im-

provements applied to self-guided quantum tomography.
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Solving PDEs with Matrix Product
States
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This part of the thesis corresponds to the work developed during my doctoral
stay at the Institute of Fundamental Physics (IFF-CSIC) in Madrid, Spain. The
work was done in collaboration, where we worked equally with Paula Garcia-Molina,
under the guidance of Luca Tagliacozzo and Juan José Garcia-Ripoll. The research
is available on arXiv [247|, and is currently under review in the Journal of Compu-

tational Physics.
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Chapter 10

Motivation

“The aim of science is not to open the door to infinite

wisdom, but to set a limit to infinite error.”

Bertolt Brecht

Solving time-dependent partial differential equations (PDEs) is fundamental in
many areas of science and engineering. In quantum physics, this task is particu-
larly challenging due to exponential computational costs [35], which stem from both
the high dimensionality of quantum systems and the unbounded nature of certain
domains, such as the expansion of a particle in a potential well [248, 249)].

Traditional numerical methods struggle with large quantum systems because of
this exponential scaling. Quantum computing has been proposed as a potential
solution [250], taking advantage of exponential compression from amplitude encod-
ing [120, 251, 252| and tools such as the quantum Fourier transform (QFT) [253].
However, its practical implementation remains limited by the current lack of scalable
and fault-tolerant quantum hardware [254].

As a more accessible alternative, variational quantum algorithms (VQAs) have
also been explored to solve PDEs. These include the variational quantum eigensolver

(VQE) for static problems and algorithms for linear [255, 256| and nonlinear equa-
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tions [257, 258|. However, VQAs face challenges such as noise, barren plateaus, and
scalability, which limit their practical utility and raise doubts about their potential
usefulness in the near term. It is still uncertain whether they can solve problems
that cannot be simulated efficiently by classical computers [117].

Although quantum algorithms avoid some limitations of classical solvers, they are
currently constrained by hardware limitations and optimization difficulties. More-
over, it is not clear whether quantum computers are even necessary for problems
involving bandwidth-limited functions with limited entanglement [120, 121].

A current challenge is to develop quantum-inspired algorithms that mimic quan-
tum data compression while remaining entirely classical. Quantum-inspired methods
have been applied to quantum dynamics [259, 260| and time-dependent PDEs [261],
even reaching specific domains such as kinetic plasma simulations [262].

The development of such algorithms for tackling PDE evolution requires three
components: (i) an efficient representation of the solution, (ii) a compatible encoding
of the differential operator, and (iii) a time evolution method.

We adopt matrix product states (MPS), known as quantized tensor trains (QTT)
in applied mathematics [263], to represent bandwidth-limited functions [121].

A persistent difficulty is the discretization of differential operators, which often
relies on accurate but costly spectral methods like Fourier techniques with Trotter
expansions [264, 265] or Chebyshev propagators [266], Finite difference schemes offer
lower computational cost but are typically less flexible and less accurate.

We propose a novel differential operator encoding by incorporating Hermite Dis-
tributed Approximating Functionals (HDAF) [267-272] into the MPS framework.
This approach yields accurate matrix product operators (MPOs) with low bond
dimension. Based on these operators, we introduce three families of time evolution
algorithms: explicit and implicit Runge-Kutta methods, Arnoldi iteration, and split-
step schemes. These methods are compared to each other, against quantum-inspired

finite difference methods [120, 260|, and against spectral FFT split-step methods
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using standard vector representations [273].

To evaluate these techniques, we consider the expansion of a particle in a po-
tential well, a computationally intensive scenario relevant to optomechanics [248,
249, 274]. Traditional methods are constrained by the rapidly expanding spatial do-
main, but the MPS/QTT representation may overcome this limitation by enabling
exponential compression. However, wavefunction chirping due to acceleration can
increase entanglement in the MPS representation, requiring larger bond dimensions,
and potentially negating these advantages. In cases where analytical solutions are
available [275], this setting offers a valuable testbed to assess numerical methods.

Part III of the thesis is structured as follows. Chapter 11 defines the bench-
mark problems, Chapter 12 presents the numerical methods, and Chapter 13 the
corresponding results. In particular, Sections 12.1 and 12.2 detail the MPS finite-
precision algebra framework and introduce HDAFs for constructing MPOs, including
the metaheuristics to fine-tune the approximations. Section 12.3 reviews quantum
time evolution and presents the proposed numerical schemes. Section 13.1 compares
the performance of these methods in a one-step evolution test, and Section 13.2
applies the best techniques to simulate full harmonic and anharmonic expansion

problems. Finally, Chapter 14 summarizes the key findings of the study.
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Benchmark problem: Particle

expansion

“The river is everywhere at once.”

Hermann Hesse

A quantum quench refers to the sudden change in the Hamiltonian of a system
that drives it out of equilibrium [276, 277]. In this section, we introduce the particle
expansion problem which arises from the abrupt relaxation of a confining harmonic
potential.

This process exhibits several features relevant to our study. First, it is of broad
interest in fields such as many-body physics [278-281| and quantum optomechan-
ics [249]. Second, it is computationally demanding for both traditional and MPS-
based solvers. Standard vector-based methods become inefficient because of the
need to represent large spatial domains during expansion. This makes the problem
a suitable test case for MPS simulations. However, wavefunction acceleration leads
to chirping, increasing the bond dimension required by MPS methods. Third, when
the system quenches from one harmonic potential to another, there is an analytical

solution [275], providing a benchmark to assess both speed and accuracy.
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The particle’s time evolution is governed by the Schrédinger equation,

100 (z,t) = (-%@5 + V(a:,t)) Y(z,t). (11.1)

The choice of potential V' (z, t) determines the dynamics. Our benchmark problem
consists of a sudden quench of a harmonic potential from frequency wg to wy at t = 0,
%wSxQ, t <0,
Vx,t) = (11.2)
twha?, t>0.
For the rest of the thesis, we will adopt the natural units of the pre-quench Harmonic
oscillator. That is, we express mass, time and length in units of m, w; Land \/W,
respectively. This effectively sets h = m = wg = 1. However, we will retain wq in the
equations for clarity.
Assuming the wavefunction is initially in the ground state of the pre-quench

Hamiltonian,

Wy 1

D(a,t =0) = (—)1/4 exp <_§°"°x2) , (11.3)

™

its evolution is given by the exact solution:

U(xz,t) = (@)M exp (— {# + zﬂ(t)} x2> : (11.4)

w(t) = wy (Z—Zf cos?(wyt) + 5—2 sin2(wHt)) B , (11.5)
B(t) = @ (2—2’ - j—i) sin(2wpt). (11.6)

This solution is a time-dependent complex Gaussian. Its width, o(t) = 1/\/w(t),
oscillates with period 7/wy. For wy < wp, the system expands during the first
half-period. The minimum and maximum widths are oy, = 1/ Vwo at t = 0 and
Omax = /Wo/ww at t = 0.5 /wy.

The expansion factor iS Opax/Omin = wo/wy, which means that the frequency
ratio controls the spatial amplification. Higher expansion ratios increase the compu-

tational cost of accurate simulations.
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—100 0 100 —100 0 100
x [\/h/muw] x [v/h/mwy
— n=20 n=1 — n=2 — n=3

Figure 11.1: First 4 eigenstates of the Hamiltonian, for ¢ > 0, using (a) the harmonic
potential (11.2) and (b) the double-well potential (11.7) with wgy/wy = 0.01 and
u = o = 1. For visualization, the wavefunctions have been displaced and scaled to
E, + ai, (), where 1, (z) is the n-th eigenstate, £, its corresponding energy, and
a = 0.02.

A related and more complex scenario involves a transition to a wider trap with
an anharmonic term, of interest in experimental optomechanics [274, 282-284]. An-
alytical solutions are generally unavailable in such cases, while numerical challenges
remain. One example is the double-well potential,

%wng, t <0,
V(z,t) = (11.7)
swha? + wexp(—a?/20%), t>0.

Figure 11.1 shows the harmonic and double-well potentials, and the first 4 eigen-
states of the corresponding Hamiltonians. In the harmonic case (a), the energy
spectrum is uniform and the eigenstates are either symmetric (n even) or antisym-
metric (n odd). In the double-well (b), the parity of the eigenstates is preserved, but
the energies have been displaced, becoming anharmonic. The antisymmetric eigen-

functions differ slightly from the harmonic case, only around x = 0, while the first
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symmetric eigenfunctions are notably suppressed in the center due to the repulsive
Gaussian barrier.

The eigenstates in the double-well potential form near-degenerate symmet-
ric/antisymmetric pairs for n = 2m and n = 2m + 1, respectively, with the pair
labeled by m. The interference of the paired wavefunctions produce distributions
that are localized in either the left or right well, while the near-degeneracy of their
energies indicates a slow tunneling effect.

In our case, the initial state (11.3) is symmetric. Therefore, the evolution must
also remain symmetric, without tunneling. The wavefunction will be composed of
symmetric eigenfunctions of the double-well Hamilonian at all times. Moreover, the
anharmonicity in the energy levels leads to dephasing over time. In contrast to the
harmonic case, no exact revival of the initial wavefunction is expected.

For small values of the barrier amplitude u, the dynamics are dominated by har-
monic expansion, with the central Gaussian bump acting only as a perturbation.
In this regime, the analytic solution (11.4) serves as a reference for the expansion.
However, the Gaussian perturbation introduces a symmetric separation in the parti-
cle’s probability density, deviating from a single Gaussian to a two-peaked structure.
We include this case as a benchmark to evaluate the performance of our proposed

methods under realistic and experimentally relevant conditions.
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Numerical Methods

“The bamboo that bends is stronger than the oak that

resists.”

Japanese proverb

12.1 Quantum-Inspired Numerical Analysis

The MPS/QTT format may provide exponential memory compression and mitigate
the curse of dimensionality [120, 259]. In particular, functions with rapidly decaying
Fourier coefficients have an efficient representation with limited entanglement [121].

MPS and tensor train methods have been successfully applied across various nu-
merical analysis tasks, including high-dimensional nonlinear PDEs [285|, Hamilton-
Jacobi-Bellman equations [286-290], the Schrédinger equation [291], and stochastic
equations [292-294|. Simulations of quantum dynamics usually rely on spectral meth-
ods such as Fourier transforms with Trotter decompositions [264, 265] or Chebyshev
time propagators [266]. Other strategies include implicit time integration via alter-
nating least squares (ALS) solvers and global space-time formulations for parabolic
PDEs [147|. Quantum-inspired methods have been successfully applied to a range
of problems, including the Schrodinger equation [259], fluid turbulence [138, 295],
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Hamiltonian PDEs [251], and the Vlasov-Poisson system [262].

The MPS/MPO-based representations, along with the operations described in
this chapter, define a finite-precision algebra [260] that mirrors conventional matrix-
vector arithmetic. This algebra forms the foundation of the quantum-inspired algo-

rithms developed in this chapter.

12.1.1 Function and Operator Encoding

The amplitude encoding of functions [120, 251, 252] discretizes a function f(z) over
the interval [a, b[ to an n-qubit quantum register, resulting in a normalized quantum
state: | 2

=5 ; flaa)la), zo=a+alz, (12.1)
where C' is a normalization constant. This encoding corresponds to a many-body

wavefunction that, for bandwidth-limited functions, can be efficiently represented as

an MPS [120].

12.1.1.1 Analytic examples

Some functions, such as ax, bx? and exp(cx), and some operators admit an exact rep-
resentation as MPS/MPO. In this Chapter, we make use of several MPS/MPO with
analytical construction. For instance, we require an MPS to represent our numerical
grid: the position MPS. To construct Hamiltonians and functions thereof, we also
used the corresponding position MPO, together with differential operators built on
the basis of shift operators. In this section, we will show how these exact MPS/MPO
are defined in terms of their site tensors. More details on these constructions can be

found in Garcia-Ripoll [120].

Position MPS The goal is to represent a vector x with entries

r; = a+iAx,
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where 7 is an integer index. By expressing ¢ in its binary form,

n

i = [iria. . in)y = Z 2k,

k=1
each binary digit i; is associated with a site tensor of the MPS. The overall MPS

factorization is written as
x; = LAY(i1)A%(iy) ... A™(in) R,

where the matrices A*(i;) are the site tensors evaluated at the corresponding binary
digits, and the boundaries L and R are a row and a column vector, respectively.

To motivate the structure of the site tensors, note that

1 xf |1 gy 1 z+vy

0 1] 10 1 0 1

which inspires the choice

such that the product of all sites yields

1 Az ZZ:I 2n_klk
0 1

Al (i) A%(iy) ... A™(iy) =

Then, choosing the boundary vectors as

=i d

0
R = ,
1

the MPS factorization reduces to the vector element desired,

LA (i) A%(iy) ... A™(in)R = a+ Az Y 2" iy = .

k=1
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We can absorb the boundaries on the adjacent sites,

LA = [1 a+ Az2 1|,
Axi,
A"R = ,
1

finally prescribing the MPS sites, which are nonzero only at positions

Ajio =1, (12.2a)
Ay = a+ Ax2" iy, (12.2b)
Abio =1, (12.2¢)
Af =1, (12.2d)
AGia = A2y, (12.2¢)
A0 = Az, (12.2f)
A} o= 1. (12.2g)

Notice that the position MPS has a fixed bond dimension y = 2.

Position operator The position operator can be formed by recasting the position
MPS discussed above as a diagonal MPO, with the sites B* of the MPO defined in

terms of the sites A* of the MPS as
B! = Al

o
TEQY QYo+ 1 Vkak’}'k+16%7ak

Shift operators Given the encoding Equation (12.1), a shift operator acts on the

basis according to
S*a) =+ 1 mod 2").
We will introduce the analytical deduction for Sm = (f]*)m Notice that
. !
n= 2]
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and that the procedures below are also valid for negative m, with £ = £2"~m.

A shift operator S+ works in a similar way to classical ripple adder circuits.
See Figure 12.1 for reference. Each MPO site has four indices which we will consider
as two inputs and two outputs: the right bond index ;.1 is a carry coming from
less significant digits, the left bond index 4 is the carry passed on to the next site,
the physical input index «y is the original digit on the MPS and the physical output

index «, is the new digit after the contribution of the carry.

carry propagation

SYISIP JURDYIUSIS SR

More significant digits

Figure 12.1: Diagram of the carry propagation on shift MPO.

The outputs depend on the value of the inputs. At site i, the combined value
from the physical digit and the incoming carry is ag + v,1. This sum must be split
into the new physical digit ) that remains at the site and a carry -, that propagates
to the next site on the left. Since we are working in base 2 (emulating qubits), we

decompose the sum as
Ok + Y1 = 2% + A,
leading to the update rules
/
oy = (Oék + fka) mod 2,

Y = {—ak +2%+1J .
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Using these relations, we define the tensor elements at each site of Stm by

Oék+7k+1J
)

1, if af = (ag + Yk+1) mod 2 and v, =
I _ L = %5 (12.3)

VRO Ok Vh41
0, otherwise,
where each tensor depends on the carry propagated from the adjacent, less significant
site, and the sequence is initialized with the carry at the original shift m.

However, following the last definition, the bond dimension increases with the
magnitude of m, while most of the tensor entries remain zero. To optimize this
representation, we consider the set of all possible carry values arising from the com-
binations of a4 and 4,

« _I— in
r— {%:%z {’“T%“J cap € {0,1}, 741 €T }

Since I' may have repeated, and non-contiguous values, we compress it into a

sorted, contiguous collection of unique values

sorted
r = {007617"'76571}7

with ¢; < ¢;y1. Then, we introduce the mapping
f:T—={0,1,...,¢0—1}, with f(ex) =k,

which reindexes the carry values into a compact sequential set. This mapping ensures
that the MPO tensors use the smallest bond dimension necessary to propagate the
carry.

With this compression, the tensor elements are more efficiently defined as

: I _ g+
s _ b ok = (o) mod 2and g = f([R)),

VRO O Yh41
0, otherwise.

In this formulation, the set of carry values contains only one or two distinct, adjacent

values. Then, the bond dimension is at most 2, regardless of the shift magnitude.
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After propagating through all sites, the final tensor still carries a free bond index
corresponding to the remaining carry. To impose periodic boundary conditions and

recover a left-most bond dimension of 1, this index is contracted

Abtaim = Z Al (12.5)

and reshaped accordingly.

MPO for circulant matrices Circulant matrices can be formed as a linear com-

bination of shift operators,

Wo wr W2 Wnr
Wpn Wy W Wpr—1
C = _ ,iﬂ'
= |wpy—1 Wy W o Wy—2| T Wiz .
w1 wey W3z - Wo

Although one can construct the corresponding MPO by explicitly summing the
weighted MPO representations of each shift operator, there is a more efficient strat-
egy that reduces the intermediate bond dimensions. The analysis presented for a
single shift can be extended to the case of multiple simultaneous shifts. In this
framework, the chain of carry indices is initialized from an array representing mul-
tiple shifts. Since each index encodes a distinct shift, the rightmost MPO will have
a bond dimension greater than 1 at the end of the chain, which can be contracted

with the array of weights to obtain the MPO of the circulant matrix,

Vna’ an § : O'yna an'yn+1w’7n+1a (126)

Yn+1
where this last site must be reshaped to have a right bond dimension of size 1.
The bond dimension of the MPO can be analyzed as follows. Consider using a
contiguous block of shifts, namely {s,s+1,...,s+ M — 1} with M different shifts.

After one propagation, the carry rule produces a new set whose size is L%J + 1.
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Iterating this process, and ignoring the floor operation, we obtain an approximate

rule for the (n — k)-th site with a right bond dimension

_ M—2

This result can be generalized to a set of discontiguous shifts by separation into p
different contiguous sets of size M; each. Then, the bond dimension of the k-th site

fulfills

p
M; —2
k %
v ()
i=1
with the maximum right bond dimension present on the second to last site, (n — 1).

Note that this is the bond dimension for the analytical construction, but the

resulting MPO can be further compressed by the methods presented earlier.

12.1.1.2 Loading MPS/MPO via Interpolation

Loading functions It is often required to encode a complicated function, or even
a function without known functional form as an MPS. One possible approach is
to encode the function in a standard vector and to find an approximate MPS by
repeated application of SVDs. However, in general, this approach is limited by the
size of the vector. A more appropriate approach is to use interpolation techniques
to approximate the MPS [296-298].

For completeness, we will briefly review the Chebyshev approximation of func-
tions via MPS from Rodriguez-Aldavero et al. [298]. This method is based on Cheby-
shev interpolation, which achieves exponential convergence rates for analytical func-
tions, and algebraic convergence rates for functions with limited differentiability.
Moreover, the method is suitable in the MPS context: Although the bond dimension
for an MPS that encodes a polynomial of degree d is bounded by ymax < d + 1, this

method shows an improved linear scaling, xmax = O(0.28d).

149



CHAPTER 12. NUMERICAL METHODS

The first step is to compute the Chebyshev-Gauss nodes, mapped to the domain
Ja, b,

. _a—l—b_b—acos (2k — 1)
D) 2 2d ’

for £ € {1,..,d}. Then, the function of interest is evaluated at these nodes.

The Chebyshev expansion of f(z) is, up to degree d,

f(x) =~ ZCka({L‘),

where T (z) is the k-th Chebyshev polynomial of the first kind. The Chebyshev

coefficients ¢, are calculated using the discrete cosine transform (DCT),

Then, one can reconstruct f(z): Based on the recurrence relation of the Chebyshev

polynomials,
Tk+1(l') = 2$Tk(l‘) — Tk_l(ﬁ),

the Clenshaw evaluation provides an efficient and numerically stable algorithm. In-

termediate MPS are calculated according to the relation

lyk) = ckll) = [Yr+1) + 2|7) © [ynsa),

for k =d,...,0, where |ys41) = |ya) are vectors of only zeros, |I) is a vector of only
ones, and |z) encodes the spatial grid. Here, (®) denotes a point-wise multiplication.

Finally, the MPS encoding |f(z)) is obtained as |f(z)) = |yo) — |x).

Loading diagonal operators In Section 12.3.3, we require to load diagonal op-

erators as MPO, which act as functions of the coordinate basis,
G|f(x)) = lg(x) f(z)).
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Although interpolative techniques can be used to construct a diagonal MPO from the
two-dimensional function h(z,y) = d,,9(x), a more accurate and efficient approach
is to first encode the function g(z) as an MPS ¢, and then convert it into a diagonal
MPO G. The procedure for recasting an MPS as a diagonal MPO was explained on
Section 4.5.6.

12.2 MPO Encoding for Differential Operators

Given the efficient MPS representations for functions, a relevant challenge is find-
ing suitable representations for operators that act on these functions. This includes
potentials, derivative operators, and evolution operators that govern the system dy-
namics. Since potentials are diagonal and can often be derived directly in the MPS
representation—either exactly or through interpolation techniques such as Cheby-
shev approximation [298] or TT-cross interpolation [296, 297|—the more significant
challenge lies in constructing efficient representations for derivatives and related evo-
lution operators.

Finite difference methods are widely used to approximate derivatives. These are
based on Taylor expansions of order p, with errors of O(Axz™), where m depends on
the specific combination of terms. Hence, the accuracy of the method is fundamen-
tally limited by the grid resolution.

The most common schemes are the centered finite difference formulas,

of(x)  f(z+Ax) — f(r — Ax)

5 = AL + O(Ax?), (12.7)
Pf(x)  fla+Az) —2f(z) + f(z — Az) 2
s = v +O(Az?), (12.8)

with truncation errors scaling quadratically with the grid spacing. Noise amplifica-
tion in these schemes can be mitigated to construct smoother differentiators [299].

In the MPS formalism, finite difference operators can be implemented using a
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linear combination of displacement operators $* [120],

|0, f) =~ ﬁ (i* — i*) |f) +O(Ax?), (12.9)

02f) ~ A%@ (iﬁ — 21+ i‘) |f) + O(Az?), (12.10)

with a constant bond dimension y = 3, independent of the system size.

Besides truncation error, finite difference schemes also suffer from round-off error.
This error becomes significant when the function differences |f(z) — f(z & Ax)| ap-
proach machine precision d. For second derivatives, round-off errors scale as §/Az?,
potentially becoming large for small Axz. A practical way to reduce this error is to
increase Ax while keeping the number of grid points fixed.

This work seeks to overcome the precision and flexibility limitations of finite-
difference formulas. Spectral methods, particularly Fourier-based techniques, are
known to offer exponential convergence and high accuracy for sufficiently smooth
functions. These methods have been adapted to the MPS/QTT framework [120,
121, 136, 137], often using ad-hoc heuristics for operator construction. We present
an alternative spectral approach involving Hermite Distributed Approximating Func-
tionals (HDAFs), a powerful yet lesser-known tool in numerical analysis.

In the following sections, we describe how HDAFs can be adapted to construct
MPOs for arbitrary differential operators, offering high accuracy with relatively low
computational cost. Our method differs from earlier works where HDAFs were ap-
plied in matrix form to each site in tensor trains [300]. In contrast, we build global

MPOs compatible with the MPS algebra.

12.2.1 Hermite Distributed Approximating Functionals

This section presents an extension of the Hermite Distributed Approximating Func-
tionals (HDAF) to reconstruct functions of differential operators within a finite-
precision MPS-MPO framework. The HDAF performs this reconstruction as a linear

combination of Hermite polynomials weighted by a Gaussian filter, approximating
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these operators with tunable pseudospectral precision at a limited cost. This section
also covers a general review of the HDAF and the metaheuristics behind the use of
this technique.

The Distributed Approximating Functionals (DAF) are well-tempered approxi-
mations to the Dirac delta distribution. The first DAF, developed before the name

was coined, were the Hermite Distributed Approximating Functionals (HDAF) [267],

on(z;0) =

e () 82 1y o ()
_ - — 12.11

2ro TnZ:O ( 4) m! 7 ( )
where H,(z) is the n-th Hermite polynomial. It has two free parameters: The even
integer M and the positive real o are the order of the highest polynomial and the
width of the approximation to the delta distribution, respectively.

The kernel defined in Equation (12.11) is a nascent delta function that operates

as the identity for polynomial functions of degree M or lower,

f(x) ~ /dw’ o (z —2's0) f(a), (12.12)

approaching the Dirac distribution in the limit o/M — 0. However, unlike the
exact delta distribution, d,/(z; o) is generally a bandwidth-limited, infinitely smooth
function that is compatible with quadrature methods and differentiation.

The well-tempered property of the method arises from the absence of special
points in the reconstruction. Exact reproduction at grid points is not required;
therefore, it does not constitute an interpolation scheme. Moreover, a fundamental
property of Eq. (12.12) is that the approximation converges uniformly to f(z) [301],
and the approximation error usually resembles the function f(z), although it is
several orders of magnitude smaller [270]. This implies that the error is smaller
when the function approaches zero, which is relevant and desirable when representing
wavefunctions.

Equation (12.12) is customarily discretized on a uniform grid with spacing

Az, using midpoint integration to render it as a matrix-vector product, f(x;) =
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> Kijf(x;), where K is a symmetric Toeplitz matrix with components
Kij = Axdy (Azli — jl; o). (12.13)

Since dys(x;0) has an exponentially decaying envelope, two essential properties
arise: (i) the reconstruction matrix K can be highly sparse and concentrated around
its main diagonal, with the number of diagonals controlled by ¢/Az, and (ii) a
minimal number of diagonals (that is, quadrature nodes) is required to accurately
discretize the integral in Eq. (12.12). The composite midpoint rule converges es-
pecially fast for periodic or peaked functions with vanishing derivatives at integra-
tion limits [302]. Moreover, in this context, the midpoint rule surpasses the accu-
racy of higher-order Newton-Cotes quadrature rules using the same number of grid
points [303, 304].

The MPO corresponding to the K matrix can be constructed as a weighted
combination of the displacement operators X% as

2" —1

K = Azby(0;0)1+ Z Axdy (iAx; o) <§]+Z + i]") : (12.14)
i=1

where the symmetry of d;; has been used. While in principle the sum ranges over
the entire grid, in practice, one only needs to sum until some integer W such that

0y has vanished according to a prescribed tolerance, as detailed in Section 12.2.4.4.

12.2.2 HDAYF differentiation

The HDAF formalism opens the way to estimate the derivative of a function of any
order, as well as functions D[0/0z| of such derivatives. From Eq. (12.12) it follows
that

D [a%] F@) ~ / da' D [%} Sui(x — ) F (). (12.15)
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An analytical expression for D[0/0z]|0y(x — 2') is usually easy to find. The typical

procedure involves using the Rodrigues formula for the Hermite polynomials,

H,(z) = (—1)"exp(z*) 21:” exp(—2?), (12.16)
to rewrite Eq. (12.11) as
M2 2\ 92 2
1 1 o o x
Cq) — = (== —— . 12.1
oulwo) = mz_o ml ( 4 ) gg2m P ( 202) (12.17)

Then, the differential operator is applied to dy;(z — 2’; o) acting on the exponential,
and the Rodrigues’ formula (12.16) is used to recover an expression in terms of
Hermite polynomials, without explicit derivatives. For instance, the [-th derivative

leads to

50 (rs) = ( ~1 )l exp (ETIQ) Mz/z (_l)mw_ (12.18)

V20 2ro = 4 m!
Analog to the reconstruction (12.14), the differentiating MPO for the I-th deriva-

tive in the HDAF formalism is
on_q

KO = Aas (0001 + 3 Awdl)(idz;0) (54 + (-1)'S7), (12.19)
=1

where the symmetry or antisymmetry of 5](\9 has been used for [ even or odd, respec-
tively.

Attention must be paid to the fact that the [—th derivative has a prefactor
o=+ with ¢ = O(Az). Since these operators will be used within a finite-precision
numerical framework, round-off errors can significantly impact the accuracy of the
differentiation. These errors arise from the limited significant digits that computers
may represent, inducing small approximation errors amplified by large weighting
prefactors. In particular, these deviations dominate when Az is too small, which
limits how dense the numerical grid can be.

The round-off error amplification problem is expected in numerical differentiation
techniques, but can be mitigated. In the particular MPS-MPO framework, differen-

tiating operators can be discretized to accommodate a certain number of qubits and
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then be adapted to a denser grid, where identities are added as new sites to account
for each additional qubit. This approach is equivalent to nearest-neighbor inter-
polation. It keeps the round-off errors constant and does not introduce additional
complexity to the MPO.

Figure 12.2 accounts for the differentiation accuracy of HDAF and finite differ-
ences in approximating the second derivative of a Gaussian function. In the case of
the HDAF, the convergence is faster in the number of qubits for larger values of M,
as expected. However, HDAF and finite differences suffer from relevant round-off
errors for many qubits. Once optimal accuracy is achieved for a certain number of
qubits, the accuracy of the operators can be retained while acting on a finer grid.

Round-off errors are effectively kept constant by following the procedure above.

Finite difference HDAF
N S
\\\\ (a) \\ (b)
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~\\~\ “ \\ X
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Figure 12.2: Errors in the second derivative approximation of a Gaussian function
for a varying number of qubits. Dotted lines correspond to the direct implementation
of the differentiating operators. Dashed lines implement the procedure specified at

the end of Section 12.2.2 to limit round-off errors. (a) Finite differences, (b) HDAF.
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12.2.3 HDAF free propagator

The HDAF scheme is very powerful, as it cannot only approximate derivatives but
also functions of those derivatives. The first and one of the most relevant applications
of this idea, posed in [267], is the banded approximation of the free propagator.

From Eq. (12.15), taking the differential operator D[0/0z] to be the free propa-
gator,

it 02
T(7) = exp (—%w) , (12.20)

the kernel for the approximation is T(7)dy(z — 2’;0). This quantity is readily
computed from Eq. (12.17) since 7'(7) commutes with the derivatives and it spreads
a Gaussian function to another,
—(z —a)? o —(z —2')?
T(T) exXp (T = U—T exXp T"z s (1221)
mapping the original variance o2 to 62 = 02 + 7. Then, using Eq. (12.16) yields the

free propagator kernel

om(z —20,7) = T(7)ou(x — 25 0)

—(z—m/)2> M/2 s

_ 7P (5" 3 (—02)m Hon (5) ' (12.22)

V2ro, — 40?2 m!

The MPO for the free propagator in the HDAF formalism is

2n—1
K, = Az (0;0, 7)1 + Z Axdy (iAx;0,7) (ZA?J” + i]_Z) . (12.23)

i=1
The kernel (12.22) becomes complex and highly oscillating as time increases. In
addition, its width increases as a fundamental consequence of the free propagator.
However, the spreading in the HDAF formalism is the minimum possible, since it is
inherited from the Gaussian generator of the Hermite polynomials [268].
The HDAF approximation for the propagator has been used in many applications

of split-step integration methods within the traditional vector framework. In that
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framework, K, is represented as a matrix acting on a discretized function. A central
contribution in this work is to realize that the same matrix can be more efficiently
represented as an MPO using the displacement operators >#* and additional simpli-
fication steps that significantly reduce the effective bond dimension of the operator.
In this scenario, the MPO HDAF propagator is a competitive alternative to using
MPO Fourier-based techniques [120], directly representing the evolution operator in

the coordinate representation.

12.2.4 HDAF metaheuristics

12.2.4.1 Free parameter election

Identical reconstruction. The formulation of the HDAF operator (12.12) as a
discrete matrix has 2 sources of error: (i) the assumption that the function f(x) can
be expressed as a polynomial of degree M within the extent of the Gaussian envelope
of the HDAF, and (ii) the discretization of the convolution integral to a finite sum
employing the midpoint rule. While the error (i) vanishes in the limit M /o — oo,
it is clear from (ii) that it is not possible to increase M or decrease o indefinitely.
A more oscillatory integrand will require a larger value of o/Az for the Gaussian
envelope to cover enough nodes and achieve satisfactory integration accuracy.

In general, for a fixed M, there is a value of o /Ax that makes the reconstruction
optimal, and the larger is M, the better the maximum accuracy that can be achieved.
The rationale behind this optimal relationship between M and o/Az is that a perfect
reconstruction occurs when the M zeros of the HDAF match the zeros on the grid,
and only the term in the origin contributes [269]. One possible approach, therefore,

is to set the discrete HDAF to be 1 at the origin [305],

K = Axdpy(0;0) =1,
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yielding,

M/2

onr = m2< ) HZ’"!(O), (12.24)

which makes the HDAF approximately vanish at integer multiples of Az [306].

In practice, a lower bound to o/Ax is prescribed to ensure convergence of the
midpoint rule when M is small. For the context of double floating-point precision,

we heuristically set
o/Ax > 3 = omin = 3Ax, (12.25)
and choose the value of ¢ according to

o =max(o s, Opmin)- (12.26)

Differentiation. Assuming that the [—th derivative of the function f(z) is accu-
rately described with an HDAF of order M, i.e., also pertains to the DAF-class [270],
then the approximation to the derivative can be thought as a reconstruction of f®(z)

instead of f(x),
fO(z) ~ /d:v' 5](\? (x —a'50)f(a)
= /dx' op(x — 25 0) fO ().

In this spirit, the optimal value of o is computed again using Eq. (12.26), which

does not depend on the function to reconstruct, provided that M is fixed.

Free evolution. Since the action of the free propagator is to spread the original
wavefunction, the width of the HDAF will not be a problem for midpoint integration.
For efficiency purposes, the election of ¢ is made so that the new width of the
freely propagated HDAF is the smallest possible [267|. This value follows from
equation (12.22). The leading Gaussian,

. —z? . —z? . x> T
Xp| =—>——— ) =exp| =— |exp |i=——
P 2(02 +1i7) P\ 22 P\'2u2 2
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has an effective variance w? = (02 + 72/0?) with an optimal value ¢ = /7 that

minimizes its spatial extent. Then, the value of ¢ is chosen

o = max(0u, Omin, VT), (12.27)

where o), and o, and are the same values (12.24) and (12.25) used for identical

HDAF reconstruction.

12.2.4.2 Self-consistent error estimation

The HDAF filter (12.12) can be analyzed in Fourier space. From equation (12.17),

the kernel spectrum has the analytical form

-~ —k20? M2 1 [(Kk202\™
(5M(k5;a):exp< 5 )WLZ:O%( 5 > . (12.28)

The summation is a truncated series expansion of exp(k*0?/2) to the order M/2.
This expression is the basis to prove that the HDAF filter approaches a true Dirac
delta distribution in the limits of an infinitely broad filter or an infinitely large

polynomial basis,
lim 0y (k:o) = lim Oy (ko) =1 Vk € R,
o—0 M—o0

thus identically preserving the function to reconstruct.
From equation (12.28), one can also note that the Fourier expression of the HDAF

is symmetric, bounded, and monotonically decreasing in &k € R™, with

1= gM(O; o) > S\M(k:; o) > lim S\M(k:;a) =0,

k—o00

therefore acting as a low-pass filter. Moreover, it has been shown that B\M(k, o) is an

almost-ideal low-pass filter with transition frequency
k*=+vM+1/o, (12.29)
and a transition region width that scales as O(M /2071 [272].
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Figure 12.3: Fourier spectrum of d,/(z;0). Frequencies and widths are normalized
to the grid spacing Az. The width ¢ is computed for each M according to equa-
tion (12.24).

This behavior is depicted in Figure 12.3 for varying M. There is a region of
frequencies below k*, the so-called DAF plateau, such that SM(k‘;a) ~ 1. There
follows a transition region centered around k* where the value of the filter smoothly
vanishes, and then it indefinitely approximates to zero. As M increases, the DAF
plateau extends closer to k*. Note that choosing ¢ from equation (12.24) fixes
the transition frequency k* ~ 7w/Az, which is the maximum frequency that can be
represented on a discrete uniform grid.

The HDAF reconstruction will be accurate for bandwidth-limited functions whose
spectra lie within the DAF plateau, and any function with higher frequency contri-
butions will be smoothed. This suggests that this formalism is a good fit to use
together with matrix product states, since both techniques are especially suitable to

represent bandwidth-limited functions [121].
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12.2.4.3 Evaluation of the HDAF coeflicients

All the HDAF operators presented here are generated as a combination of displace-

ments and coefficients

2n—1
KW = Z A:Eé](\l}(k;Ax;a, T) (E+)k. (12.30)

k=—2741
Moreover, the coefficients fulfill the general form

M/2

Axéj(é[)(x; o,7) =d, Z hona(x/A/2(0% +i1)), (12.31)

with the definitions
(1) Az

V200 +ir) T

c
hp(2) = Hoppi () eXp(_xQ) !
1 o?

4 (0% +1iT)

dy

From the properties of Hermite polynomials, it follows that h,;(z) obeys the

double recurrence relation

2c
+1

hos1141(2) = 2xhy110(2) —2¢(2+1/(n+ 1)) i1 (),

Pns10(7) = 0 [Zhpi1(z) — 20+ 14+ Dhy(2)],

that makes the calculation of (12.31) efficient and accurate, starting from the initial

values hg,(x) = Hy(z) exp(—2?) and hg 1 (x) = Hiy1(z) exp(—2?).

12.2.4.4 Effective summation bounds

It was previously mentioned that equations (12.14), (12.19), (12.23) and (12.30)
formally sum over all grid points of x. However, in practice, the exponential decay of
the HDAF narrows the sum to a small subset of points around the origin. This subset

can be further restricted since the filters are either symmetric or antisymmetric.
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Only the highest power in the argument of (5](\? (x; 0, 7) will contribute significantly
to the value of the HDAF for x > 0. Let W be the smallest positive integer such

that the coefficients contribute at most a predefined error tolerance ¢,
Ax5](\l/[)(WAx;a, )| <e.

This integer can be estimated tightly by replacing the sum in (12.31) with the
highest power term in WAz from the polynomial in hys/e;(WAz/+/2(0% + 7)), but
it leads to a transcendental equation for W. Instead, we approximate the sum by its
last term as a whole and use the following upper bound for the Hermite polynomials

with complex argument [307],
|H,(2)] < ﬁ@exp<\/2n|z|>, zeCneN.

This bound tends to overestimate the polynomial, but the Gaussian envelope
quickly dominates, preventing this from becoming a significant problem. Then, we
find W by setting

M/2

A M +1)! 2
Aas) s — 2D

Vary /o +ar]  (j2)! 12007 i)

| M+1 W?2Ax?
WA —
X exp ( v o2 +ir|  2(0%+ 72/02)>

:67

which reduces to the quadratic equation,

Ax? M +1 €
2 WAz ———4+In=-=0 12.32
2(0% 4 12/0?) . |02 + a7 + nn ’ ( )
with
B Az\/(M +1)! o2 M2
V214 /|o? + iT|l+1(M/2)! 2(0® +iT)
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HDAF MPOs (12.30) are obtained by summing over indices —W to W, where
W is the closest integer from above to the solution of (12.32). This sum contains
2W + 1 weighted displacement operators f]ik, where only W + 1 coefficients must
be explicitly computed due to the symmetry 5](\14)(—@ = (—1)’61(\? (x). Despite the
number of summands, in practice the resulting MPO will be relatively simple, with

a small bond dimension, for a reasonable choice of the HDAF parameters.

12.3 Time evolution algorithms

Our goal is to solve the time-dependent Schrédinger equation (11.1). The formal
solution can be written as the repeated action of a time-dependent unitary operator

U(t) on an initial state ¢ (x,t = 0):

W(x,t) = U (z,0) = e Hap(z,0), (12.33)

where H = D(—82) + V(z), with D a linear function and V (z) a potential.

In our applications, the state 1(z,t) is encoded using MPS/QTT, and the time
evolution is approximated using MPOs and finite-precision MPS algebra. Specif-
ically, we either encode the Hamiltonian H as an MPO and construct the time
evolution operator U(t) numerically, or approximate U(t) directly as an MPO. In
both cases, the QTT/MPS representation allows us to operate on exponentially large
grids with 2" spatial points for n qubits, offering a potential advantage over standard
vector-based methods.

To solve the time evolution problem, the PDE operators from Section 12.2 re-
quire global evolution schemes that are not limited to local interactions. Several MPS
algorithms are available for this purpose, including the time-dependent variational
principle (TDVP) [261, 308, 309], as well as Taylor, Padé, and Arnoldi approxima-
tions of the evolution operator [310].

This section presents a selection of time evolution methods implemented us-

ing MPO-MPS. These include explicit Runge-Kutta schemes (Euler, Improved Eu-
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ler, and standard fourth-order Runge-Kutta), implicit methods (Crank-Nicolson),
restarted Arnoldi iteration, and the split-step method. The use of HDAF-based op-
erator approximations enables the application of the split-step method directly in
the coordinate representation. All other schemes are compatible with both finite

difference and HDAF representations of the differential operator.

12.3.1 Runge-Kutta Methods

Runge-Kutta methods approximate time evolution using a Taylor expansion of the
state. The local (i.e. one-step) error scales algebraically with the expansion order

m as O(At™T1). Below, we summarize some representative variants.

12.3.1.1 Euler method

The Euler method is the simplest first-order scheme,

o = P(x, 1),
Y1 = Y — IATH Yy

(12.34)

12.3.1.2 Improved Euler or Heun method

The Improved Euler method, also known as Heun’s method, is a second-order scheme

that refines the Euler step using a predictor-corrector scheme, resulting in

At
Vi1 = Up — i [v1 + v2], (12.35)

where v; = Hiy, and vy = H (¢y, — iAtvy).
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12.3.1.3 Fourth-order Runge-Kutta method

The well-known fourth-order Runge-Kutta method is widely used for solving PDEs

due to its balance between accuracy, stability and simplicity. It is given by
At .
U1 = Uy — ZF(Ul + 209 + 2u3 + v4), With (12.36)

U1 = Hwka

At
vy = (wk — @71)1) ,

JAN?
U3 = (i/fk - 2702) )

Vg4 = H ('Lﬂk — iAtUg) .

12.3.1.4 Crank—Nicolson Method

Implicit methods can offer enhanced numerical stability, particularly for stiff sys-
tems. The Crank—Nicolson scheme is a second-order implicit integrator based on the
trapezoidal rule. It combines the forward (explicit) and backward (implicit) Euler

steps. The update rule for the state at time step k + 1 is given by

(]1 + @H) Vr1 = (]1 - @H) Uy (12.37)

This equation defines a linear system that must be solved at each step. In stan-
dard matrix-vector implementations, it can be handled via direct solvers or iterative
methods. In the MPS/MPO framework, iterative solvers such as conjugate gradient

descent can be adapted to perform the inversion.

12.3.2 Restarted Arnoldi Iteration

The restarted Arnoldi iteration is particularly well suited for large-scale problems.
The idea is to project the evolution operator onto a Krylov subspace spanned by the

basis

{vi) = H* 1|¢> i=1>
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constructed from repeated applications of the Hamiltonian.

With this basis, the method builds the matrices

Aij = (vi|Hlvy),
Nij = (vilv;),
‘/ij = <j|Uj>,
and approximates the time evolution as
(1) & Ve SN AY ],

The accuracy of the method improves with the number of Krylov vectors, scaling
as O(At™). In practice, even a small number of vectors (n, = 5-10) may yield
accurate results. A key advantage of this approach is that the projected matrices A
and N are of fixed size, independent of the system dimension. This makes the method
computationally efficient and well suited for quantum-inspired representations where

explicit use of the full Hamiltonian is impractical.

12.3.3 Split-Step Method

Split-step methods approximate the exponential of the Hamiltonian by decomposing
it into a product of exponentials that can be applied more efficiently. These methods
exploit the separability of the Hamiltonian into kinetic and potential components.

The first-order approximation is based on the Lie-Trotter product formula,
U(At) r e HAPEI) oiAVE) 4 O(AL?), (12.38)

where D(—0?) represents the kinetic term and V(z) the potential.

Higher-order approximations, such as the second-order symmetric decomposition,

e—iAt(D(—ag)+V(;c)) s e—iAtV(x)/2e—iAtD(—ag)e—iAtv(a;)/2 + O(At3), (12'39)

167



CHAPTER 12. NUMERICAL METHODS

reduce the error scaling and improve accuracy. This specific form corresponds to
the Stormer—Verlet method, a widely used second-order symplectic integrator [311],
known for its ability to conserve energy in long-time simulations of conservative
systems. Higher-order generalizations can be derived using Suzuki—Trotter expan-
sions [312, 313], although they require additional exponential evaluations [314].

Traditionally, the application of the free propagator exp(—iAtD(—d?)) requires
two Fourier transforms to diagonalize the operator in momentum space. In the MPS
formalism, this is implemented using the quantum Fourier transform (QFT) or some
approximation thereof [137, 253]. While these transforms are more efficient than the
classical FF'T, they still add computational overhead. In contrast, the Hermite Dis-
tributed Approximating Functional (HDAF) framework avoids that problem entirely.
We apply this operator directly in the coordinate space using the free-propagator ap-
proximation (12.22), thereby replacing the aplication of three MPOs with a single
MPO.

The potential propagator exp(—i%\/(x)), being diagonal in the coordinate basis,
is efficiently approximated using interpolation as implemented in Rodriguez-Aldavero
et al. [298]. While simple potentials, such as the harmonic oscillator, admit exact
MPO representations, more complex cases, like the double-well potential in Equa-

tion (11.7) require the numerical construction of the MPO.
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Chapter 13

Application and results

“A journey of a thousand miles begins with a single

step”

Lao Tzu

13.1 One-step study

All methods described in Section 12.3 must be applied iteratively in small time steps
At to simulate the full evolution of a quantum state ¢ (z, t). Studying and comparing
their performance over a single integration step provides a useful starting point to
understand their long-term accuracy and efficiency.

As a benchmark, we consider the evolution of a quenched state under the Hamil-
tonian (11.2), which admits an analytical solution. This allows us to estimate the
error in the wavefunction across different algorithms, grid sizes, and time steps.
Specifically, we simulate the expansion of a quantum state following a sudden reduc-
tion in the trapping frequency of a harmonic potential, with wy/wy = 0.01. This
corresponds to a 100-fold increase in the width of the wavefunction, from an initial
standard deviation o( to a final value 0., = 1000y.

The spatial simulation domain is chosen to accommodate the full expansion of

169



CHAPTER 13. APPLICATION AND RESULTS

the wavepacket, covering the interval x € [—L/2, L/2) with L = 160.x. Since the
initial state is highly localized around x = 0, an accurate representation of both the
initial and final states imposes a lower bound on the grid resolution and the number
of qubits required.

Representing such a sharply peaked initial function poses a challenge for MPS-
based methods. In particular, loading a function that is nearly zero over most of
the domain requires careful padding with zeros to mitigate potential sampling or
approximation errors introduced by TT-cross or Chebyshev interpolation methods
in the exponentially decaying tails.

The accuracy and performance of the algorithms are gauged using three figures

of merit: (i) the function norm-2 difference

€= \/Ax Z ‘1/1(@, At) — zz(xz, At) 2, (13.1)

measures the accuracy of the methods, where ¥ (z;, At) is the analytic solution for
t = At, and ¥ (x;, At) is the one-step approximation. The other figures of merit, (ii)
the run time, and (iii) the maximum bond dimension X., determine their cost.

The one-step benchmark study must separately assess the effects of time and
spatial discretizations to isolate the error contributions that come from numerical in-
tegration and PDE operator representation. As discussed in Section 12.2, the HDAF
approach offers an exponential improvement over finite differences in the approxi-
mation of derivatives. Based on this observation, the first set of simulations employs
a fixed spatial discretization with n = 18 qubits (262,144 grid points) to compare
different time integration schemes. The finite difference method uses filter nine from
Reference [299] to enhance noise robustness, while the HDAF approximation is fixed
with M = 40. Both methods assume periodic boundary conditions.

Figure 13.1 compares the function error € (13.1) and the run time as functions of
the time step At for the finite difference and HDAF approximations in all integration
methods. In Figure 13.1(b), the HDAF-based simulations exhibit the expected error
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Figure 13.1: One-step evolution for a range of At and a fixed number of qubits
n = 18. (a) Error € (finite difference), (b) Error ¢ (HDAF), (c¢) run time (finite

difference), (d) run time (HDAF). The run time is averaged over ten runs.

scaling for each integration method, reaching a numerical precision limited only by
MPS truncation. In contrast, the finite difference results in Figure 13.1(a) show a
plateau in accuracy due to the truncation error, which dominates for small At and
prevents further error reduction. Appendix B provides linear fits that account for
the scaling of ¢ with At.

As shown in Figures 13.1(c)-(d), the computational cost of HDAF and finite

difference methods is comparable. This is because the dominant cost arises from the
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bond dimension of the MPS states, which remains similar between both approaches.
Given the higher accuracy of HDAF-based operators and their similar computational
overhead, we will from now on adopt HDAF spectral methods exclusively and discard
finite difference approximations from the remainder of this study.

All evolution algorithms involve a trade-off between accuracy (i.e., the approxi-
mation order) and computational cost, as illustrated in Figures 13.1(b)—(d). In the
HDAF-based implementation, all the methods converge in terms of the function er-
ror € with respect to the number of qubits. For intermediate and large time steps,
the error exhibits an algebraic dependence on At, in agreement with theoretical pre-
dictions. However, for very small At, the convergence is limited by the numerical
accuracy of the MPS representation.

Among the schemes tested, the Arnoldi method with n, = 10 Krylov vectors
achieves the best accuracy, allowing for larger time steps due to its higher-order
convergence. The fourth-order Runge-Kutta, Arnoldi with n, = 5, and split-step
methods yield comparable accuracy over a wide range of At values. In contrast,
the lower-order Euler method and the Crank—Nicolson implementation (using conju-
gate gradient inversion) are limited by their lower order and convergence behavior,
preventing them from reaching beyond the intrinsic truncation error of the MPS
representation.

To determine the best balance in cost and accuracy, the error € must be evaluated
along with the run time, which is shown in Figure 13.1(d). Although the Arnoldi
method with n, = 10 provides the best accuracy, its run time is approximately two
orders of magnitude higher than that of the split-step method. As a result, even when
using smaller time steps, the split-step method offers a more favorable cost-accuracy
trade-off. Furthermore, in many practical applications, extremely high accuracy is
not required, and larger values of At are acceptable. For these reasons, the split-step
method using the HDAF-based approximation of the free propagator is selected as

the optimal approach to simulate the expansion problem.
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Figure 13.2: Number of qubits n scaling of the split-step one-step evolution, com-
paring vector-based (HDAF and FFT) and different tolerance MPS-based (HDAF)
methods. The time step is fixed, At = 107*. (a) Error . (b) Run time. (c) Maxi-

mum bond dimension Yny.x - The run time is averaged over ten runs.

To assess the efficiency of MPS methods, we compare the performance of the
HDAF split-step method against state-of-the-art vector-based implementations of
the split-step method using the fast Fourier transform (FFT). Figure 13.2 analyzes
the computational scaling of our three figures of merit for MPS and vector represen-
tations with increasing spatial resolution. The MPS implementation is evaluated for
various truncation tolerances in the SVD and simplifications introduced by the finite-
precision algebra. The simplification accuracy is measured by the 2-norm difference

|4 — ¢|3, where [¢)) is the original MPS with bond dimension y,, and |¢) € MPS,,
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is its projection onto a reduced subspace with bond dimension x4 < xy.

Figure 13.2(a) shows that the SVD truncation tolerance in the MPS algorithm is
the dominant factor in the total error of the split-step method. To achieve a numer-
ical precision comparable to that of the vector-based implementation, tolerances on
the order of O(1072%) or lower are required.

In terms of computational performance, Figure 13.2(b) shows that FFT-based
methods are faster than our vector HDAF implementation. However, the MPS im-
plementations demonstrate asymptotically better scaling than both, as it avoids the
exponential memory requirements inherent to vector representations. Although the
number of spatial points increases exponentially with the number of qubits, the MPS
approach maintains a manageable computational cost. Additionally, the MPS run
time is largely insensitive to the chosen SVD tolerance because the resulting bond
dimensions remain similar across truncations. For tolerances below 10728, the bond
dimension is typically overestimated, which leads us to adopt this value as a reason-
able balance in our simulations. For internal MPS simplifications, we continue to
use a tolerance near machine precision.

Figure 13.3 further supports this choice by illustrating how the error ¢ scales
with the time step At. When using SVD tolerances below 10728, the MPS-based
method exhibits similar behavior to the vector implementation. As the SVD tol-
erance increases, however, the MPS truncation error begins to dominate for small
At, limiting the achievable accuracy regardless of the integration method. For larger
time steps, the split-step error dominates, which permits the use of more relaxed

tolerances without significant loss of precision.

13.2 Quantum Quench Evolution

Having introduced the MPS-based algorithms for solving time-dependent PDEs, we
now illustrate their applicability to a physically motivated problem. As presented
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Figure 13.3: Error e scaling with time step At for the split-step one-step evolu-
tion, comparing vector-based (HDAF and FFT) and different tolerance MPS-based
(HDAF) methods. Spatial discretization n = 20.

in Chapter 11, the scenario involves the expansion of a quantum particle initially
confined in a harmonic trap. Two versions of the potential are considered: a purely
harmonic potential, as in Section 13.1, and a double-well configuration discussed
in Section 13.2.2. This section focuses on the numerical methods that exhibit the best
trade-off between performance and accuracy, namely the HDAF split-step method
implemented in the MPS/QTT framework and the FFT split-step in the vector-based

case.

13.2.1 Harmonic Expansion

The first set of simulations revisits the harmonic quench scenario from Section 13.1,
in which a particle expands under a harmonic potential (11.2) whose frequency is
suddenly reduced by a factor of 100. This results in a 100-fold expansion of the
particle’s wavefunction. To capture this evolution accurately, we use a spatial dis-

cretization with 22° = 1,048,576 points, corresponding to n = 20 qubits, over the
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interval x € [—L/2, L/2) with L = 160 -

The simulation begins with the ground state of a harmonic oscillator with fre-
quency wy = 1; a real-valued Gaussian wavefunction. At time ¢ = 0, the potential is
suddenly quenched into a much weaker trap with frequency wy = 0.01. This induces
a rapid expansion of the wavepacket, which continues until 0.57 /wg, at which point
the solution (11.4) reaches its maximum width.

To study the methods in a range of temporal resolutions, we consider three dif-
ferent time step values: At = 0.01, 0.1, and 1. The simulation is run up to a final
time ¢y = 158, which is slightly above the expansion period and aligns with multiples
of all time step values. The spatial domain remains fixed at © € [-L/2, L/2) with
L = 16044y, as in Section 13.1.

Figures 13.4(a)—(b) show the evolution of the function error ¢ (13.1) over time
for the split-step method, comparing the MPS-HDAF and vector-FFT implemen-
tations, respectively. In both cases, the error exhibits algebraic growth with time,
with nearly identical coefficients (see Appendix C). This behavior is attributed to
the Stormer—Verlet integration scheme employed by the split-step method. The ob-
served error scaling is consistent with the linear accumulation typical of symplectic
integrators applied to periodic Hamiltonian systems [315]. This contrasts with the
quadratic error growth often seen in non-symplectic methods, such as Runge-Kutta
schemes [316].

The saturation of the global error may be explained by the energy-conserving
properties of symplectic integrators. These methods are known to bound energy
errors over arbitrarily long simulation times [311], which in turn suggests bounded
phase-space errors for conservative systems exhibiting periodic motion. Such prop-
erties make the split-step method particularly well suited for long-time simulations
of isolated quantum systems.

Figures 13.4(c)—(d) present the run time as a function of the simulated time. In

the case of the vector-based FFT implementation, the cost per time step remains
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Figure 13.4: Particle expansion in a harmonic potential (11.2) with wg/wy = 1072,
ty = 158 and n = 20 for the MPS split-step methods with HDAF differentiation
and a state-of-the-art FFT split-step. Figures (a)-(c) show the error scaling with
the evolution time, and figures (d)-(f) show the run time scaling with the evolution

time.

constant, leading to a linear run time growth. For the MPS simulation, the run time
scales slightly superlinearly. This is primarily due to the gradual increase in bond
dimension as the wavefunction expands, which increases the memory requirements
and the computational cost of MPS and MPO-MPS operations over time.

The run time of MPS-based algorithms is closely related to the bond dimension
x of the quantum state at each time step. Figure 13.5(b) shows the maximum bond

dimension Y., throughout evolution. The three simulations exhibit a similar trend:
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Figure 13.5: Particle expansion in a harmonic potential (11.2) with wg/wy = 1072,
ty = 158 and n = 20 for the split-step methods with HDAF differentiation and a
state-of-the-art FF'T split-step. (a) Pointwise error |¢)(z,t)—1(z, t)| of the maximum
width solution approximated by the methods @/;(x,t) with respect to the analytic

solution ¥ (x,t) (11.4). (b) Maximum bond dimension Y.y for each time step.

the bond dimension increases during the simulation and reaches its peak when the
absolute value of the phase f(t) in the analytic solution (11.4) is largest. Lower
bond dimensions are observed at the beginning and end of the simulation, where the
wavefunction corresponds to a real-valued Gaussian.

This growth in y can be attributed to the chirping of the wavefunction, a result
of the wavepacket’s acceleration during expansion, which introduces complex phases
and effectively increases the entanglement encoded in the MPS. This behavior is
inherent to the physical setting and does not depend on the numerical scheme used,
besides truncation tolerance.

Interestingly, we observe that the bond dimension of the exact solution serves
as an approximate upper bound for the bond dimensions obtained in the numerical
simulations. This suggests that the errors introduced by the numerical methods

tend to deviate the solution not in a random direction but towards a more efficient

178



CHAPTER 13. APPLICATION AND RESULTS

MPS representation. This observation is consistent with the nature of HDAF-based
approximations which act as low-pass filters, attenuating the high-frequency response
of differential operators. In this sense, HDAF operators appear to be well suited to
the MPS/QTT framework, relying on approximations that are a good fit for their
formalism.

Figure 13.5(a) displays the pointwise error of the numerically computed wave-
function at its maximum width, defined as |1)(z,t) — ¢(z,t)|, where ¢ (x,t) is the
analytic solution (11.4) and ) (x,t) is the result of the numerical method. Both
the MPS-HDAF and vector-FFT implementations of the split-step method exhibit
similar error profiles. The most significant discrepancies appear at the edges of the
spatial domain and for the larger time step, possibly due to errors associated with
the MPS representation.

To examine the evolution of the particle, let us focus on one simulation. Fig-
ure 13.6 illustrates the time evolution of the wavefunction computed with the MPS-
HDAF split-step method for a time step At = 0.1. As predicted by the analytic
solution (11.4), the weaker harmonic potential (Figure 13.6(a)) induces an expan-
sion of the particle, as observed in Figure 13.6(b). This expansion continues until

the final time ¢;, where the wavefunction is close to its maximum spatial width.

13.2.2 Double well potential

The calibration of the simulation parameters in Section 13.2.1 provides a reference
to select the appropriate time steps, spatial discretization, and truncation tolerances
for the split-step algorithm. We now consider a more complex and physically relevant
scenario: the expansion of a nanoparticle in an anharmonic double-well potential.
This problem serves as an analogue to a “double-slit” experiment, where the particle
evolves into a coherent superposition at both halves of the trapping potential. Such

configurations are commonly studied in levitodynamics [274, 282-284].
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Figure 13.6: Particle expansion in a harmonic oscillator potential (11.2) with
wp Jwo = 1072, with t; = 158, At = 0.1 and n = 20 for the MPS split-step method
with HDAF differentiation. (a) Potential V(x) (11.2). (b) Wavefunction density
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In this simulation, the double-well potential is modeled as an open harmonic
trap perturbed by a repulsive Gaussian term, as defined in (11.7), with parameters
u =1, 0 =1, and a harmonic frequency wg that is 100 times smaller than the initial
confinement frequency wy, as in the previous simulations. The resulting potential is
illustrated in Figure 13.7(a). The harmonic component weakens the overall confine-
ment, promoting expansion, while the Gaussian barrier at © = 0 splits the trap into
two wells.

The simulation runs until the final time ¢y = 1000, exceeding the characteristic
period T' = m/wy of the unperturbed harmonic expansion. This extended timescale
enables the observation of multiple cycles of expansion and contraction, revealing
wavefunction collapse and revival. Figure 13.7 presents the simulation results.

The evolution of the probability density | (z,t)|?, shown in Figure 13.7(b), re-
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Figure 13.7: Particle expansion in a double well potential (11.7) with wg/wy = 1072,
u = 1and o = 1, with ¢ty = 1000, At = 0.1 and n = 20 for the MPS split-step
method with HDAF differentiation. (a) Potential V'(x) 11.7. (b) Wavefunction den-
sity [ (x, 1) (c) Wavefunction density [ (z,t)|? for the harmonic potential (11.2).

(d) Run time and maximum bond dimension Xyax-

flects the interplay between the harmonic and Gaussian components in the poten-
tial. The harmonic potential drives the periodic spreading and refocusing of the
wavepacket, with maximal expansion occurring around 0.57/wy ~ 157.1. Mean-
while, the repulsive Gaussian barrier induces spatial separation in the density, effec-
tively dividing the wavefunction into two peaks propagating in opposite directions.

This anharmonicity also impacts the complexity of the MPS representation. Un-
like the purely harmonic case, where the bond dimension exhibits cyclic growth and

reduction, the presence of the Gaussian term causes the bond dimension to saturate
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over time, as shown in Figure 13.7(d). This saturation leads to a decrease in the

scaling of the run time as the system evolves.
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Chapter 14

Conclusions

This work has introduced a novel encoding of differential operators using Hermite
Distributed Approximating Functionals (HDAFs) within the MPS/QTT framework.
This representation achieves exponential accuracy while maintaining favorable scal-
ing in computational resources.

The proposed HDAF-based encoding enables the development of quantum-
inspired time evolution algorithms to solve time-dependent PDEs. We implemented
and evaluated explicit and implicit Runge-Kutta methods, a restarted Arnoldi it-
eration scheme, and a split-step integrator. Notably, the split-step method benefits
from the efficient approximation of the free propagator in the coordinate space, which
standard finite differences cannot approximate.

The implementation of these time evolution operators with HDAF discretization
outperforms their finite-difference counterparts in accuracy, while maintaining com-
parable computational cost. Among the methods considered, the split-step scheme
provides the best trade-off in accuracy and efficiency. Furthermore, HDAF-based
time evolution algorithms are competitive with state-of-the-art vector implementa-
tions, offering exponential compression of function representations with moderate
computational overhead.

The particle expansion scenario serves as a demanding benchmark for the meth-
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ods. It presents challenges for MPS-based solvers because of the emergence of chirp-
ing and rapid phase oscillations. However, MPO-MPS algorithms yield accurate
results with manageable bond dimensions and adequate run times.

Note that while the performance of MPS and FFT-based implementations is
similar for one-dimensional problems, MPS methods offer an advantage in higher-
dimensional settings because of their efficient scaling with grid size. Future work will
focus on extending these algorithms to multidimensional domains and improving
their performance through C/C-++ backends and low-level optimizations, thereby
reducing the runtime overheads of the current Python implementations.

The present implementation is based on the SElf-Explaining Matrix Product
State (SeeMPS) library for Python [5].
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Appendix B

One-step scaling

Figures 13.1(a)-(b) show a fit for the error € with At for the methods in Section 12.3,
for the finite difference and HDAF derivative approximation of the derivative, respec-
tively. Tables B.1 and B.2 contain the concrete numerical data of the fit ¢ = CA¢™.
We use a piecewise linear fit and show the data for larger At¢, which are not limited

by the MPS accuracy.

Method C m

Euler 2.29 x 1072 | 1.99
Improved Euler | 3.37 x 1072 | 3.14
Runge-Kutta 2.20 x 1072 | 4.18
Crank-Nicolson | 8.87 x 10~ | 3.44
Arnoldi n, =5 | 2.04 x 1073 | 3.79
Arnoldi n, = 10 | 7.88 x 107* | 4.45

Table B.1: Function error ¢ (13.1) fit, ¢ = CAt™, for each method for a n = 18

discretization and finite difference approximation of the derivative.
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Method C m
Euler 2.13 x 1072 | 2.00

Improved Euler | 2.88 x 1072 | 3.00

Runge-Kutta 2.21 x 1072 | 4.97

Crank-Nicolson | 2.52 x 107! | 3.73

Amoldi n, =5 | 1.02 x 1073 | 4.92

Arnoldi n, =10 | 1.16 x 107 | 9.11

Split-step 4.94 x 1077 | 2.96

Table B.2: Function error ¢ (13.1) fit, ¢ = C'At™, for each method for a n = 18

discretization and HDAF approximation of the derivative.
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Harmonic quantum quench evolution

scaling

Figure 13.4 shows the error € scaling and run time of the harmonic quantum quench
evolution with time. Tables C.1-C.4 contain the concrete numerical data of the fits

e =Ct" and T = Ct™, where T is the run time.

At C m
0.01 | 2.65 x 10~ | 0.99

0.1 | 2.56 x 1072 | 1.01

1.0 | 272 x 1077 | 0.99

Table C.1: Function error ¢ (13.1) fit, ¢ = Ct™, for the split-step HDAF MPS

method, using different step-sizes At.
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At C m
0.01 | 2.65 x 10~ | 0.99

0.1 | 2.56 x 1072 | 1.01
1.0 | 272 x 1077 | 0.99

Table C.2: Function error € (13.1) fit, e = Ct™, for the split-step FFT method, using

different step-sizes At.

At | C m

0.01 | 5.10 | 1.22
0.1 |0.62|1.19
1.0 | 0.03 | 1.42

Table C.3: Run time fit, T = Ct™, for the split-step HDAF MPS method, using

different step-sizes At.

At | C m

0.01 | 7.99 | 0.97
0.1 [ 0.881]0.95
1.0 | 0.11 | 0.91

Table C.4: Run time fit, T" = Ct™, for the split-step FFT method, using different

step-sizes At.
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Chapter 15

Conclusions

“We shall not cease from exploration, and the end of
all our exploring will be to arrive where we started

and know the place for the first time.”

T. S. Eliot

This thesis has explored two main research directions: stochastic optimization for
variational quantum algorithms (Part 1) and solving partial differential equations
(PDEs) using matrix product states (MPS) (Part III). In this chapter, we summa-
rize the key findings, reflecting on the specific objectives outlined in Section 1.3:

Objectives and methodology .

1. Optimization methods for VQAs
The first part of this work focused on optimizing variational quantum algorithms
(VQAs), which are among the most promising candidates for quantum advantage
in the current noisy intermediate-scale quantum (NISQ) era. These algorithms
rely on a combination of classical optimization and shallow quantum circuits,
making them robust against certain types of noise. The effectiveness of VQAs
is significantly impacted by the election of the classical optimizer, which must

perform in complex, high-dimensional landscapes with a high probability of bar-
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ren plateaus. For this reason, we benchmark the family of Simultaneous Per-

turbation Stochastic Approximation optimizers, which are especially suitable for

high-dimensional problems and have convergence proofs even in the presence of

noise.

1.1.

1.2.

1.3.

Review existing SPSA methods for quantum applications

In Chapter 7, we present a review on the theory of the first-order SPSA,
second-order 2SPSA, and quantum natural QN-SPSA methods, as well as
the first-order complex-variable CSPSA, and improvements typically used in

the context of VQAs.

Introduce complex-variable extensions to SPSA methods

In Chapter 7 we also proposed complex-variable variants of the second-order
2CSPSA, and quantum natural QN-CSPSA methods. Additionally, we pro-
pose new improvements, including (i) a new post-processing formula for the
Hessian and (ii) scalar versions of the second-order and quantum natural
methods that avoid matrix inversion, effectively reducing the classical com-

plexity from O(p?) to O(p), for problems with p parameters.

In all of these methods, the number of evaluations is constant, varying for

each method, and is independent of the objective function.

Benchmark the methods on representative VQAs problems

In Chapter 8 we benchmarked the methods against 3 representative VQAs:
(i) Variational quantum eigensolver for a 10-qubit Heisenberg Hamiltonian,
(ii) quantum control for 5-qubit pure states and (iii) quantum state estima-
tion for 6-qubit pure states.

Although the election of gain coefficients is central to achieving good behavior
of the optimizers, it involves a complicated optimization problem that is
generally unfeasible to solve. Therefore, one usually resorts to coefficient sets

that have proven useful in various applications. We have tested 3 standard
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sets here: the standard, asymptotic, and static sets described in Chapter 8.

We compared the optimization algorithms in two groups: (a) vanilla and
(b) improved versions, where the improvements consist of blocking, resam-
pling, post-processing, and scalar preconditioning. Blocking and resampling

increase the number of quantum evaluations required per iteration.

The best-performing algorithm across all tasks was the first-order CSPSA.
In general, SPSA and CSPSA benefited from improvements (b), except for
quantum state estimation, where the performance was indistinguishable from

the vanilla methods.

Generally, vanilla second-order algorithms lead to lower performance than
vanilla quantum natural algorithms. This is mitigated by blocking and re-
sampling, making improved second-order algorithms perform similarly to
improved quantum natural algorithms. Furthermore, complex-variable al-
gorithms perform better than their real counterparts, although the difference

may be statistically insignificant in some cases.

For some applications, it may be possible that the inversion of the Hessian
matrix exhibits singularities. This is the case of quantum state estimation,
where the analytical Hessian vanishes exactly. In this case, Hessian postpro-
cessing (7.44) ensures that the preconditioning matrix is proportional to the
identity. This leads to second-order methods falling back to the behavior of

first-order methods, albeit with possibly suboptimal gain coefficients.

We observed that the performance difference between quantum natural and
first-order algorithms narrows as the number of qubits increases. This may
indicate that quantum natural methods could outperform first-order methods
for problems in a larger number of qubits. Moreover, quantum natural meth-
ods require a less exhaustive search for adequate gain parameters. However,
this advantage is obtained at the cost of increasing the number of measure-

ments and the classical computational complexity. In this context, our scalar
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1.4.

formulation for quantum natural methods might be a good alternative since,
according to our results, they offer comparable performance at a reduced

classical cost.

Provide practical guidelines for applying SPSA methods in the con-
text of VQAs

We give these practical guidelines in Chapter 9. In summary, first-order
vanilla algorithms are efficient and reliable options for the most general case.
If higher accuracy is needed, improved first-order algorithms are the straight
choice. However, first-order methods may require careful calibration of the
gain parameters, in which case quantum natural algorithms are a suitable
alternative at the cost of extra fidelity measurements. In addition, scalar
quantum natural algorithms show promising results for many qubits, while

second-order algorithms do not exhibit a comparative advantage.

2. Solving PDEs with matrix product states

The second part of this thesis concerns the development of quantum-inspired nu-

merical methods to efficiently solve time-dependent partial differential equations.

The objectives and associated results are as follows.

2.1.

2.2.

Review the usage of Hermite Distributed Approximating Function-
als (HDAF) to approximate differential operators

In Chapter 12, we provided a review on Hermite Distributed Approximat-
ing Functionals, covering the theoretical foundations and metaheuristics to

construct the identity, the n-th derivative, and the free propagator HDAFs.

Extend the MPS framework to encode operators within the HDAF
formulation

By integrating Hermite Distributed Approximating Functionals (HDAF)
within the MPS framework as a weighted combination of shift operators, we

developed an efficient encoding to approximate differential operators with
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2.3.

2.4.

exponential accuracy, where the maximum bond dimension saturates with
the number of qubits in the discretization. The resulting operators exhibit a
Gaussian envelope, ensuring their spatial localization up to numerical reso-
lution. In practice, these operators act as bandwidth-limited approximations
to their global counterparts, making them a natural fit for MPS techniques,

which efficiently represent bandwidth-limited functions.

Develop numerical integrators based on the operators provided by
the HDAF-MPS encoding

The HDAF encoding of differential operators enabled the design of quantum-
inspired time evolution algorithms, including explicit and implicit Runge-
Kutta methods, restarted Arnoldi iteration, and split-step methods. These
HDAF-based methods consistently outperformed finite-difference implemen-
tations in accuracy while maintaining comparable or better computational

costs.

Benchmark the new techniques in physically relevant scenarios

The methods were validated against the simulation of particle expansion
in two quantum quench scenarios: (i) a harmonic potential, where an an-
alytic solution allowed measuring the accuracy of the methods, and (ii) a
double-well potential, which induced wave function separation, a relevant

phenomenon in experimental optomechanics.

MPS-HDAF methods provided accurate results, even in the presence of wave-

function chirping, which is a known challenge for MPS-based methods.

Among all the quantum-inspired approaches tested, the HDAF-based split-
step method displayed the best balance in cost and accuracy. A key ad-
vantage of this method is the direct space HDAF representation of the free-
propagator, which eliminates the need for Fourier transforms that traditional

implementations require.
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2.5. Compare the performance of the proposed methods with tradi-
tional numerical approaches
The MPS-HDAF algorithms achieved accuracy levels comparable to tradi-
tional FFT-based implementations. In particular, the MPS-HDAF split-step
also achieved runtimes comparable to those of FFT split-step implementa-
tions while offering an advantage in scalability, especially with respect to

storage resources.

15.1 Future directions

The work presented in this thesis can be extended in several directions. In the context
of stochastic optimization for VQAs, we only considered the effects of statistical noise
from quantum measurements. However, real devices introduce additional errors due
to decoherence, gate imperfections, and readout noise. A natural next step would be
to test the performance of stochastic optimization in practical scenarios, either by
using realistic noise models or by running the algorithms on real quantum hardware.

Further improvements to the SPSA algorithm are also worth exploring. One
possibility is to use adaptive learning rate techniques, where hyperparameters are
adjusted during the optimization based on the observed behavior of the cost func-
tion. Another direction is to include momentum in the update rules, following the
successful example of optimizers like Adam in machine learning. These ideas could
help reduce the need for manual tuning and improve convergence in flat or noisy
regions.

We are currently working on variational algorithms for (i) synchronizing two
quantum computers, and (ii) self-guided quantum tomography of sparse states. In
the first case, we are minimizing cross-correlations between measurement outcomes
transmitted over a classical network. In the second case, we minimize the direct

fidelity estimation to reconstruct pure or mixed sparse quantum states. Both algo-
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rithms are driven by the CSPSA optimization method.

With regard to the second part of this thesis, MPS-HDAF methods could be
extended to more general problems. For example, we have observed good stability
when solving the nonlinear Burgers’ equation, which develops shocks and requires
high spatial resolution with good control of the Gibbs phenomenon. These techniques
should also adapt efficiently to high-dimensional problems, or to quantum systems
with dissipation. We are particularly interested in the latter case, where the MPS-
HDAF split-step method can be adapted to solve the Lindblad equation. We are also
interested in using the MPS-HDAF framework to study quantum chemistry problems
in first quantization.

Finally, in the intersection of VQA and MPS methods, we are developing a self-
guided quantum tomography method for MPS. The goal is to improve convergence
and avoid barren plateaus in quantum state tomography, while enabling scalable
methods that remain efficient for systems with a large number of qubits. Preliminary
results suggest that adaptive learning rates for CSPSA can be especially helpful in
this setting.
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List of activities

This last chapter is a binnacle of academic activities performed during the Ph.D.
program, including publications, presentations, outreach, and other relevant activi-

ties.

Accepted publications

2023

e J. Gidi et al. “Stochastic optimization algorithms for quantum applications”.
In: Phys. Rev. A 108 (3 Sept. 2023), p. 032409. DOIL: 10.1103/PhysRevA.108.
032409. URL: https://link.aps.org/doi/10.1103/PhysRevA.108.032409

e Hugo A. Carril et al. “Formation of multiple BGK-like structures in the time-
asymptotic state of collisionless Vlasov-Poisson plasmas”. In: Phys. Rev. E
107 (6 June 2023), p. 065203. DOI: 10.1103/PhysRevE. 107 .065203. URL:
https://link.aps.org/doi/10.1103/PhysRevE. 107.065203
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Submitted publications

2024

e Jorge Gidi et al. Pseudospectral method for solving PDFEs using Matriz Product
States. 2024. DOI: 10.48550/ARXIV.2409.02916. URL: https://arxiv.
org/abs/2409.02916

Presentations

2020

e Talk presented online at te XXII Simposio Chileno de Fisica, from novem-
ber 24 to 26. Title: “Inestabilidad transversal de modos tipo BGK formados

por distribuciones tipo bump-on-tail”.

2021

e Poster presented online at the XII Conferencia Latinoamericana de
Geofisica Espacial, COLAGE 2021, from November 22 to 26. Title:
“Transverse Instability of Self-consistently Formed BGK modes”.

2022

e Talk presented to the “Information Coding Group” on 23 May in Linkoping,
Sweden. Title: “Stochastic Optimization Algorithms for Quantum Applica-

tions”.

e Talk presented at the Workshop MIRO 2022, from october 5 to 7 in San-
tiago, Chile. Title: “Algoritmos de optimizacion estocédstica para aplicaciones

cudnticas”.
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e Poster presented at the XXIII Simposio Chileno de Fisica, from november
22 to 24 in Valparaiso, Chile. Title: “Stochastic Optimization Methods for

Quantum Applications”.

2023

e Member of the organizing team of the Primera Escuela de Com-
putacion Cuantica MIRO-UdeC, during January 9 to 13 in Concepcidn,
Chile.

e Introductory class to programming in the Python language, at the Primera

Escuela de Computacion Cuantica MIRO-UdeC.

e Poster presented at the Superconducting Qubits and Algorithms Con-
ference, held from August 29 to September 1 in Munich, Germany. Title:
“Stochastic Optimization on Complex Variables for Variational Quantum Al-

gorithms”.

e Talk presented at the Workshop MIRO 2023, held from October 10 to 13 in
Santiago, Chile. Title: “Estimation of Mixed Quantum States using Relative

Entropy Measurements”.

2024

e Staff member in the Primer Congreso Chileno de Fisica de Plasmas,

held from November 20 to 23 in Concepcién, Chile.

e Member of the organizing team of the Escuela de Computacién
Cuantica MIRO-PUC 2024, held from January 8 to 12 in Santiago, Chile.

My participation was online.

e Talk presented online at the London Research Seminars, October 17th. Title:
“Pseudospectral method for solving PDE’s with Matrix Product States”.
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e Talk presented at the Workshop MIRO 2024, held from November 11 to
15 in Santiago, Chile. Title: “Pseudospectral method for solving PDEs with

Matrix Product states”.

e Talk presented at the XXIV Simposio Chileno de Fisica, held from
November 20 to 22 in Temuco, Chile. Title: “Operadores diferenciales con

precision pseudoespectral para MPS”.

e Poster presented at the Quantum Optics X, held from December 9 to 13
in Puerto Varas, Chile. Title: “Pseudospectral method for solving Partial

Differential Equations using Matrix Product States”.

2025

e Member of the organizing team of the Tercera Escuela de Com-

putacién Cudntica 2025, held from January 6 to 10 in Santiago, Chile.

e Talk presented at the Tercera Escuela de Computacién Cuantica 2025,
held from January 6 to 10 in Santiago, Chile. Title: “RSA and Shor’s algo-

rithm”.

e Talk presented to the Quantum Development Information and Technology
(QuDIT) group of the Pontificia Universidad Catdlica de Chile. January 13 in
Santiago, Chile. Title: “Matrix Product States”.

Other relevant Activities and Outreach

2021

e Part of the first-place winning team at the Quantum Hackathon CIC-IPN
Mexico, held online from October 24 to 27. Project: “Threerra” https:

//github.com/jgidi/threerra.
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2022

e Part of the second-place winning team at the Open Hackathon - QHACK
2022, held online from February 14 to 25. As a consequence, the team was
invited to Helsinki to meet at the facilities of the VI'T Technical Research
Centre of Finland, and IQM. Project: “VarQuS: Time Evolution of Quan-
tum Systems using Variational Quantum Algorithms” https://github.com/

lezav/variational _quantum_simulation.

2023

e Part of the fifth-place winning team in the Coding Challenges - QHACK
2023, held online from February 16 to 21.

e Programmer in the QuantumBuilder project for the Millenium Institute
for Research in Optics (MIRO). Project consisting in an extension of the Qiskit

Blocks game to teach quantum computing in a minecraft-like world.

e Instructor in the Taller de Fenémenos Opticos, on August 2 and 4, to

teach basic optics phenomema to children in Concepcién,Chile.

e Instructor at the Festival de las Ciencias 2023, on October 3 in Los

Angeles, Chile.

e Talk presented at the Olimpiadas de Fisica 2023, on October 14 in Con-

cepcién, Chile. Title: “Computaciéon Cuédntica en la era actual”.

e Doctoral stay in Madrid, from December 3 2023 to August 24 2024, at the
Fundamental Physics Institute (IFF-CSIC) under the guidance of Juan José

Garcia Ripoll.

e Instructor in the activity Aprendiendo computacién cuantica jugando

con QiskitBlocks, on December 20 in Madrid, Spain.
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2024

e Part of the first-place winning team in the Open Hackathon - QHACK
2024, category “The sound of Silence”, held online from February 16 to 22.
Project: “Variational Quantum Algorithms in First Quantization” https://

github.com/jgidi/VFA-Schrodinger-like-equations.

e Part of the fifth-place winning team in the Coding Challenges - QHACK
2023, held online from February 12 to 16.

e Monitor at the Puertas Abiertas UdeC, October 9 and 10 in Concepcion,
Chile.

e Instructor in the activity QuantumBuilder, October 16 in Coronel, Chile.

e Instructor in the activity QuantumBuilder, November 6 and 8 in Santiago,

Chile.

2025

e Instructor in the activity Dia de la Astronomia UdeC, March 20 in Con-

cepcién, Chile.
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