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RESUMEN

En esta tesis estudiamos aspectos matemáticos y numéricos de métodos de elementos finitos

adaptativos con aplicaciones a la geociencia.

Primero desarrollamos un estimador a posteriori del tipo jerárquico para un esquema

de elementos finitos LPS (Local Projection Stabilized) aplicado a las ecuaciones de Navier–

Stokes incompresibles. La técnica utiliza la solución de problemas locales puestos en espacios

de dimensión finita del tipo funciones burbujas para aproximar el error.

A continuación proponemos y analizamos un estimador a posteriori del tipo residual

para el método de elementos finitos Mixtos Hibridizados Multiescala (MHM por sus nombre

en inglés) para las ecuaciones de Stokes y Brinkman. El estimador de error se basa en la

estructura multiescala del método MHM y considera la aproximación del segundo nivel

del método. Como resultado, el estimador del error está compuesto por un estimador

para primer nivel global sobre el esqueleto de la partición y un estimador que considera

las contribuciones del segundo nivel. Además, esta nueva estrategia adaptativa sobre el

esqueleto de la malla evita cambiar la topoloǵıa de la malla global. Especialmente diseñado

para funcionar en problemas multiescala, el estimador puede ser calculado en forma paralela

debido a que los estimadores locales son independientes uno del otro.

Por último, consideramos un problema de Stokes no lineal que modela el comportamiento

de un glaciar. La no linealidad del problema es debido a la relación entre la viscocidad del

fluido y su velocidad, y que en este contexto viene dada por la ley de Glen. Proponemos

un método numérico MHM para resolver el problema que está inspirado en el caso lineal

previamente estudiado.

Para todas las situaciones descritas, se reportan múltiples resultados numéricos que

ilustran y confirman los resultados teóricos obtenidos.
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ABSTRACT

In this thesis we study mathematical and numerical aspects of adaptive finite element meth-

ods with applications to geosciences.

First we develop an a posteriori error estimator of hierarchical type for the Local Pro-

jection Stabilized (LPS) finite element method, applied to the incompressible Navier–Stokes

equations. To approach the error, the technique uses the solution of local problems posed

on appropriate finite dimensional spaces of bubble-like functions.

Next we propose and analyze a residual a posteriori error estimator for the Multiscale

Hybrid-Mixed (MHM) method for the Stokes and Brinkman equations. The error estimator

relies on the multi-level structure of the MHM method and considers the two levels of

approximation of the method. As a result, the error estimator accounts for a first-level

global estimator defined on the skeleton of the partition and second-level contributions from

element-wise approximations. The analysis establishes local efficiency and reliability of the

complete multiscale estimator. Also, it yields a new face-adaptive strategy on the mesh’s

skeleton which avoids changing the topology of the global mesh. Specially designed to work

on multiscale problems, the present estimator can leverage parallel computers since local

error estimators are independent of each other.

Finally, we consider a non-linear Stokes problem that models the behavior of a glacier.

The nonlinearity of the problem is due to the relationship between the viscosity of the fluid

and its velocity, which in this context is given by Glen’s law. We propose a MHM scheme

to solve the non-linear problem inspired on the MHM scheme for the linear Stokes problem

previously studied.

For the situations described above, we report several numerical results which assess the

performance of the method and confirm theoretical results.
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Introducción

Las ecuaciones diferenciales parciales tienen un rol importante en muchas disciplinas, desde

la aeronáutica (flujo de aire alrededor de las alas), ingenieŕıa civil (estabilidad de puentes),

geociencia (deformación de placas y procesos de subducción, flujo en hielo y casquetes glacia-

res), ingenieŕıa biomédica (flujo de sangre en vasos sangúıneos, flujo de aire en cuerdas vo-

cales), sólo por nombrar algunos. Los métodos anaĺıticos permiten calcular soluciones sólo

de problemas que no son muy complicados. Para obtener soluciones a problemas realistas es

necesario disponer de métodos numéricos que permitan hallar soluciones aproximadas de los

modelos. El desarrollo numérico y matemático es también motivado por la creciente necesi-

dad de que los procedimientos para resolver los problemas sean más simples, más precisos y

más eficientes. En particular, el Método de Elementos Finitos es útil cuando la geometŕıa

de los problemas es compleja, pero las soluciones que entrega se ven deterioradas por la

presencia de singularidades provenientes de, por ejemplo, esquinas reentrantes, capas ĺımite,

ondas de choque o fenómenos de turbulencia. Otra familia de problemas que es dif́ıcil de

simular es donde los datos del problema contienen muchas escalas espaciales, los denomina-

dos problemas multiescala. Una alternativa obvia para obtener buenas soluciones es refinar

la malla completa lo suficiente pero con esto, en problemas realistas, pueden obtenerse prob-

lemas imposibles de resolver incluso en supercomputadores debido a la tremenda cantidad

de memoria CPU y tiempo de procesamiento requeridos, que puede fácilmente exceder las

capacidades de cómputo actuales.

El análisis de error a posteriori permite detectar las regiones donde la solución es menos

regular lo que permite generar mallas con un buen balance entre las regiones refinadas y

no refinadas tales que la precisión global es óptima. En general, para una ecuación difer-

encial definida en un dominio Ω con incógnitas (u, p), las estimaciones de error a posteriori

consisten en construir para cada elemento K de la malla un término calculable ηK llamado

estimador de error local dependiente sólo de del tamaño de la malla H, la solución discreta

calculada por el método de elementos finitos (uH , pH) y los datos y parámetros f́ısicos del

problema, con el objetivo de poder predecir el comportamiento del error en el elemento K,

1
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para aśı construir una malla nueva la cual esté más de acuerdo con el problema f́ısico y por

ende permita obtener una mejor solución aproximada asociada a esta nueva malla. A partir

de ηK se define un estimador de error global

η =

{∑
K

η2
K

}1/2

.

El objetivo es probar que este estimador es eficiente y confiable, esto es, se busca probar

que existen constantes C1, C2 > 0, independientes de H, tales que

‖(u− uH , p− pH)‖ ≤ C1 η (†)

y

C2 ηK ≤ ‖(u− uH , p− pH)|K‖ ,

con lo que se prueba que el estimador de error es equivalente al error del método de elementos

finitos. Además, la última desigualdad nos permite detectar en qué elementos se están

comentiendo los errores más grandes, lo cual es fundamental para proponer una estrategia

adaptativa. El procedimiento adaptativo estándar es el siguiente: Dado θ ∈ (0, 1):

1. Resolver el esquema de elementos finitos y calcular los ηK correspondientes a cada

elemento K de la malla TH .

2. Marcar los elementos K tales que ηK ≥ θ max
K∈TH

ηK .

3. Calcular una nueva malla TH que refina los K marcados y repetir el proceso hasta

alcanzar una tolerancia preestablecida.

En ciertos problemas, como los estudiados en esta tesis, se obtienen estimaciones para

la eficiencia (†) de la forma

‖(u− uH , p− pH)‖ ≤ C1 η + E(uH , pH) ,

donde el término extra E(uH , pH) tiene mayor orden que η, por lo que a partir de cierto

H será despreciable al compararlo con η por lo que puede omitirse en la práctica. Una

bibliograf́ıa parcial sobre análisis de error a posteriori puede hallarse en [6, 22, 62, 95].

Una medida de calidad del estimador η está dada por el ı́ndice de efectividad global

definido por

Ei =
η

‖(u− uH , p− pH)‖
.
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El caso optimal es cuando el ı́ndice de efectividad es cercano a 1, es decir, cuando

lim
H→0

η

‖(u− uH , p− pH)‖
= 1 ,

pero en la práctica, un ı́ndice global acotado es aceptable.

El primer problema que consideramos en esta tesis es el de Navier–Stokes. Estas ecua-

ciones, nombradas en honor a Claude–Louis Navier (1785-1836) y George Gabriel Stokes

(1819-1903), describen el movimiento de fluidos viscosos y surgen de la aplicación de la se-

gunda ley de Newton aplicada a movimientos de fluidos junto con suponer que la tensión del

fluido es la suma de términos difusivos viscosos (proporcionales al gradiente de velocidad) y

un término dependiente de la presión. Este problema es uno de los más desafiantes en difer-

entes áreas de las matemáticas y, particularmente, la comunidad de análisis numérico ha

trabajado por décadas ideando métodos numéricos más eficientes y precisos para aproximar

su solución. Pros y contras de estos métodos se encuentran en [49, 90, 91].

Debido a la complejidad de las ecuaciones de Navier–Stokes, es usual y necesario estudiar

modelos simplificados dependiendo del fenómeno que interesa modelar. En particular, en

el Caṕıtulo 1 estudiamos la versión estacionaria de las ecuaciones de Navier–Stokes con

viscocidad constante, más precisamente, el problema: Hallar una velocidad u : Ω→ Rd y

una presión p : Ω→ R tales que:
−ν∆u+ (∇u)u+∇p = f en Ω,

∇·u = 0 en Ω,

(más condiciones de borde),

(0.1)

donde la viscocidad del fluido, el término fuente f ∈ L2(Ω)d y las condiciones de borde

son dados. De ahora en adelante Ω representa un subconjunto (dominio) de Rd, con d =

2, 3. Nuestro primer objetivo es desarrollar un análisis a posteriori al esquema LPS (Local

Projection Stabilized) introducido en [15] para las ecuaciones de Navier–Stokes (0.1) tanto

para 2D como para 3D. Los esquemas estabilizados para ecuaciones de fluidos tiene una

larga historia desde que fueron introducidos por primera vez en el trabajo de Hughes y

Brooks [33, 47, 60]. La idea principal detrás de estos métodos es anãdir “estabilidad” a la

solución numérica del problema. Por otra parte, los métodos estabilizados también ayudan

a disminuir inestabilidades no f́ısicas provenientes de la presencia de capas ĺımites, por

ejemplo, cuando la advección es dominante con respecto a la viscocidad.

Desafortunadamente, el método LPS no es fuertemente consistente para espacios finitos

de bajo orden, lo que no permite usar técnicas estándar como las descritas en [93] para
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desarrollar un estimador de error a posteriori basado en el cálculo de normas de términos

residuales, debido a la dificultad de obtener términos volumétricos y superficiales al de-

mostrar la confiabilidad del estimador. Por esta razón, en el Caṕıtulo 1 consideramos otro

tipo de estimación del error, llamado estimación jerárquica, el cual en la práctica es más

cara de calcular que la residual, pero con la ventaja de que normalmente produce una mejor

aproximación del error real, y presenta un mejor ı́ndice de efectividad. Esta estrategia

de análisis a posteriori fue introducida por primera vez por Bank y otros colaboradores

en [23, 24]. La idea es enriquecer los espacios de elementos finitos con funciones de tipo

“burbuja” para mejorar la calidad del estimador de error. Esta estimación jerárquica fue

extendida en [13] para las ecuación de advección-difusión-reacción, en [9] al problema de

Stokes generalizado y en [14] para ecuaciones de Navier–Stokes estacionarias en 2D usando

un esquema SUPG. Nuestro enfoque jerárquico permite superar la falta de consistencia del

método LPS, con el precio de añadir un término de alto orden al estimador de confiabilidad.

Los contenidos del Caṕıtulo 1 dieron origen a la siguiente publicación:

[16] Rodolfo Araya and Ramiro Rebolledo. An a posteriori error estimator for

a LPS method for Navier-Stokes equations. Appl. Numer. Math., 127:179–195,

2018.

En el Caṕıtulo 2 consideramos las ecuaciones de Stokes y Brinkman, que consisten en:

Hallar una velocidad u : Ω→ Rd y una presión p : Ω→ R tales que

−ν∆u+ γ u+∇p = f en Ω,

∇ · u = 0 en Ω,

(más condiciones de borde).

(0.2)

Aqúı ν ∈ R+ es el término difusivo, γ ∈ L∞(Ω)d×d es un tensor que puede contener carac-

teŕısticas multiescala del medio, y f ∈ L2(Ω)d es un término fuente.

En muchos problemas cient́ıficos y de ingenieŕıa es fundamental considerar las distintas

escalas presentes, como por ejemplo, en ingenieŕıa de materiales [87, 88, 98], ingenieŕıa

biomética [97], f́ısica aplicada [3], geof́ısica espacial [99], geociencia [66, 69], meteoroloǵıa

[34], neurociencia [72], procesamiento de señales [2] y qúımica aplicada [20], sólo por nombrar

algunos. Espećıficamente, las ecuaciones de Stokes y Brinkman son ampliamente aceptadas

como modelo matemático de fluidos en ambientes heterogéneos, por ejemplo, reservorios y

filtración en medios porosos [52, 67]. La figura 0.1 ilustra la naturaleza multiescala de la

conductividad en un modelo de subsuelo t́ıpico. Aqúı se ilustra que la información en la

escala a nivel poro es fundamental para comprender la conductividad en el modelo. Sin
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embargo, para obtener un modelo que describa la filtración de un fluido en un medio poroso

es igualmente importante entender las caracteŕısticas en escalas más grandes.

Figure 0.1: Descripción esquemática de varias escalas en un medio poroso (Figura tomada
desde [44]).

Cuando se trabaja con procesos multiescala, es frecuente el caso cuando los datos de

entrada de las propiedades de los materiales no está disponible en todos los puntos de

la malla. Por ejemplo, cuando se necesita estudiar el flujo de fluidos en el subsuelo, las

propiedades del subsuelo en la escala de los poros no está disponible en todos los puntos del

reservorio. En este caso, una alternativa es usar un elemento de volumen representativo que

contenga la información escencial sobre la heterogeneidad. La figura 0.2, correspondiente

al Ejemplo 2.5.5, representa un prototipo de reservorio realista. Este dato es parte de

el proyecto SPE10 [38]. Este modelo tiene una geometŕıa sencilla, sin estructuras en la

superficie ni fracturas. La escala más fina es descrita por una malla cartesiana regular.

El modelo tiene dimensiones 1200x2200x170 (ft). El tamaño de las escalas más pequeñas

corresponden a celdas de dimensión is 20x10x2 (ft). Para resolver el problema mediante

métodos numéricos clásicos, se requiere disponder de mallas lo suficientemente finas como

para capturar las escalas pequeñas.

En problemas multiescala, la presión y velocidad exactas puede presentar variaciones

altas tanto debido a altas heterogeneidades o singularidades de los coneficientes f́ısicos, o

cuando el medio presenta cavidades o fracturas, las cuales pueden provocar granden al-

teraciones en el campo de flujo. Técnicas estándar de elementos finitos deben utilizar mal-

las muy finas para poder capturar el comportamiento multiescala de la velocidad y presión,

significa trabajar con grandes sistemas lineales. Este hecho hace simulaciones realistas tridi-
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Figure 0.2: Permeabilidad de un problema 3D sobre una malla regular. El gráfico de la
izquierda representa la permeabilidad 3D con un corte 2D a través del dominio, donde se
realiza la simulación. El gráfico de la derecha muestra el corte 2D de la permeabilidad
graficado en escala logaŕıtmica.

mensionales puedan ser prohibitivas incluso en computadores paralelos modernos.

Los métodos de elementos finitos multiescala se han convertido en una alternativa atrac-

tiva para simular fenómenos complejos en mallas gruesas. Detrás de estos métodos está la

idea fundamental de usar funciones base que capturan el comportamiento multiescala de las

estructuras. Tales bases son solución de problemas locales que son similares a la original, y

de este modo incorpora los coeficientes reales y elementos de la geometŕıa en su diseño. Esta

estrategia fue primero propuesta y analizada en [19] para el problema de Poisson unidimen-

sional y luego extendida a mayores dimensiones en [58]. A partir de ah́ı se han propuesto

otras variantes para problemas de flujos de fluidos como el Método Multiescala Heterogéneo

(HMM, por su nombre en inglés) [96], Método Multiescala Variacional (VMS, por su nombre

en inglés) [59], el Método de Elementos Finitos Generalizado Multiescala [43], y el Método

de Descomposición Ortogonal Localizada (LOD, por sus nombre en inglés) [73], por men-

cionar algunos. Para algunos de estos métodos se ha desarrollado un análisis a posteriori,

ver, por ejemplo, [1, 21, 36, 57, 61, 78, 80, 89] y sus referencias.

El Método Hı́brido-Mixto Multiescala (MHM, por su nombre en inglés) pertenece a la

familia de métodos multiescala. Inicialmente propuesto para el modelo de Darcy en [55], el

método MHM produce soluciones superconvergentes y provee estimaciones de error a pos-

teriori basado en lo que ocurre en el esqueleto de la malla (c.f. [11]). El método MHM

parte aplicando una hibridización [81] a la formulación débil original. La estrategia consiste

en caracterizar la solución exacta de la formulación h́ıbrida como solución de un problema



LIST OF FIGURES 7

equivalente que consiste en problemas locales y un problema global definido sobre el es-

queleto de una malla gruesa. Luego, la discretización desacopla los problemas locales y el

global utilizando los problemas locales, que son independientes unos de otros, para construir

las funciones base con la información multiescala. Además, el método MHM ha sido uti-

lizado para aproximar la solución del problema reacción-advección-difusión singularmente

perturbado [56], elasticidad lineal [54] y ecuaciones de Maxwell [68]. Es importante men-

cionar que la estrategia de hibridización es utilizada también en el problema discreto para

desarrollar el método de descomposición de dominios [5, 31, 32].

Proponemos un nuevo estimador a posteriori del tipo residual para el método MHM

aplicado al problema de Stokes/Brinkman, considerando el esquema introducido en [12]. El

estimador de error considera ambos niveles del método: η1 relativo al salto sobre las caras

del esqueleto de la velocidad discreta, similar al que aparece en trabajos previos [11, 54],

y η2 proveniente del error cometido al aproximar la solución de los problemas locales. Las

demostraciones de eficiencia y confiabilidad de η1 son muy similares a las desarrolladas

en [11, 54] para las ecuaciones de transporte y elasticidad, respectivamente. En esta tesis

extendemos el análisis para los problemas Stokes/Brinkman. La demostración de la eficiencia

de η2 depende de la elección del método en el segundo nivel. Aqúı elegimos el método de

elementos finitos estabilizado USFEM [25], el cual permite igual orden de interpolación para

la velocidad y presión, por lo cual podemos seguir las demostraciones clásicas en el contexto

de a posteriori para métodos estabilizados, por ejemplo el trabajo [94]. Esto nos permite

demostrar que el estimador que proponemos es localmente eficiente y confiable. Además,

usamos la información del segundo nivel del estimador para dirigir el refinamiento sobre

el esqueleto de la malla y para seleccionar las mallas del segundo nivel en cada paso del

algoritmo adaptativo. Lo anterior es fundamental para asegurar la superconvergencia. El

estimador a posteriori propuesto es, hasta donde sabemos, el primero para el método MHM

que considera la influencia del error de aproximación proveniente de las soluciones de los

problemas locales.

Los convenidos del Caṕıtulo 2 dieron origen a la siguiente publicación (enviada):

[17] R. Araya, R. Rebolledo, and F. Valentin. A posteriori analysis of the Mul-

tiscale Hybrid-Mixed method for Brinkman problem. IMA J. Numer. Anal.,

(submitted).

Finalmente, en el Caṕıtulo 3 estudiamos un modelo que describe el flujo de glaciares. El

término glaciar se refiere a todos los cuerpos de hielo creados por la acumulación de nieve,

por ejemplo, glaciares de montaña, casquetes glaciares, hielo continental y plataformas de

hielo.



LIST OF FIGURES 8

Figure 0.3: Glaciar Balmaceda, parque nacional Bernardo O’Higgins, Magallanes, Chile,

septiembre 2018.

El hielo en los glaciares es un fluido en movimiento por lo que su movimiento es descrito

mediante un campo de velocidades u (m/s). Luego, podemos modelarlo utilizando las

ecuaciones de the Navier–Stokes
ρice(ut + (∇u)u) = −∇p+∇· (ν∇u) + f , (balance de tensiones)

∇·u = 0 , (incompresibilidad)

(más condiciones de borde) ,

donde ν > 0 es la viscocidad del fluido (Pa s), p es la presión del fluido (Pa), y la función f

es un dato dato que en este contexto usualmente es f = ρice g k̂, donde ρice es la densidad del

hielo (kg/m3), g es la constante gravitacional (m/s2) y k̂ es un vector unitario que apunta

al centro de la tierra.

Note que ut+(∇u)u, el término en el lado derecho de la ecuación de balance de tensiones,

es una aceleración y el término del lado derecho es la tensión total, por lo que esta ecuación

corresponde a la segunda ley de Newton. Dado que el hielo es un fluido “lento”, se tiene que

ut + (∇u)u ≈ 0, lo que implica que las fuerzas (tensiones) de incercia son despreciables,

obteniéndose las ecuaciones de Stokes clásicas
−∇· (ν∇u) +∇p = f ,

∇·u = 0 ,

(más condiciones de borde) .

Sin embargo, el hielo también presenta un adelgazamiento por cizalladura donde tensiones
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grandes implican viscocidades pequeñas. Luego, la viscocidad ν no es constante. La ecuación

más utilizada para representar la viscocidad en el contexto de glacioloǵıa es la denominada

ley de Glen [70, 77]

ν(|∇u|) =
α

2
|∇u|β−2 , (0.3)

donde β ∈ (1, 2] y la función α(x) ∈ L∞(Ω) son dadas, con 0 < α0 ≤ α(x) para algún

α0. Note que la ley de Glen es una función lineal cuando β = 2, el cual es precisamente el

problema de de Stokes lineal estudiado en el Caṕıtulo 2.

Desde el punto de vista f́ısico, el problema de Stokes considerando el tensor de defor-

mación ε(v) := 1
2

(
∇v +∇vT

)
en vez de ∇u es también importante. Luego, el problema

modelo que consideramos en el Caṕıtulo 3 es el siguiente: Hallar una velocidad u : Ω −→ Rd

y una presión p : Ω −→ R tales que
∇·
(
− ν(|D(u)|) D(u) + p I

)
= f en Ω ,

∇ · u = 0 en Ω ,

(más condiciones de borde) ,

(0.4)

donde I denota la matriz identidad de dimensión d y el operador D representa el gradiente

D(v) := ∇v

o el tensor de deformación

D(v) := ε(v) .

Los datos del problema son la viscocidad ν : R+ −→ R dada por la ley de Glen (0.3) y la

fuerza de cuerpo f = ρice g k̂.

El problema (0.4) es el t́ıpico modelo de un glaciar, habiendo muchos resultados teóricos

y análisis numéricos disponibles en la literatura (vea, por ejemplo, [37, 65, 76]) motivados

por la creciente necesidad de procedimientos más simples, más precisos y más eficientes.

Los problemas geológicos, como los modelos de glaciares, usualmente presentan dominios

con fracturas y zonas de permeabilidad, en las cuales se puede presentar un comportamiento

multiescala tanto de los datos como de la solución, por lo que el método MHM es una técnica

prometedora en este contexto. Para una discusión más profunda sobre el modelamiento de

glaciares y distintas variantes puede revisar [41, 74].

Hasta donde sabemos, éste es el primer trabajo donde se presenta un algoritmo basado

en el método MHM aplicado a problemas no lineales. La implementación numérica de los

métodos presentados en esta tesis fueron completamente desarrollados en Fortran 90/95,
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y para resolver los sistemas lineales utilizamos los solvers MKL PARDISO [84] y MUMPS

[7, 8]. Las mallas adaptadas 2D y 3D fueron generadas con Triangle [85] y Tetgen [86],

respectivamente. Los gráficos de las soluciones fueron generados con Paraview [18].



Introduction

Partial differential equations have an important role in many fields, from airplane industry

(air flows around a wing), civil engineering (stability of bridges), geoscience (plate deforma-

tion and subduction processes, flow of ice in glaciers and ice sheets, petroleum reservoir),

biomedical engineering (blood flow in vessels, air flow in vocal cords), just to name a few.

Analytical methods are able to compute solutions only for simple problems. In order to

obtain solutions to realistic problems, it is mandatory to provide of numerical methods that

allow obtaining approximate solutions of the models. Developing theoretical and numerical

analyses are also motivated by the increasing need for simpler, more accurate, and more

efficient procedures to solve problems. In particular, the Finite Elements Method is useful

when the geometry of the problem is complex, but the numerical solution is deteriorated by

the presence of singularities arising from, for example, re-entrant corners, interior or bound-

ary layers, sharp shock-like fronts or turbulence phenomena. Another family of problems

that is difficult to simulate is when the solution or data of the problem contains many spa-

tial scales, called multiscale problems. An obvious alternative to obtain good solutions is to

refine the mesh, however, in realistic problems, it may be impossible to solve such problems

even in supercomputers due to the tremendous amount of computer memory and CPU time

required, that can easily exceed the limit of today’s computing resource.

The a posteriori error analysis allows detecting the regions where the solution is less

regular, and then to generate meshes with good balance between the refined and unrefined

regions such that the global precision is optimal. In general, for a differential equation

defined in a domain Ω with unknown (u, p), the a posteriori error analysis consists of com-

puting, for each element K of the mesh TH , a calculable term ηK called local error estimator

it depends only on the mesh size H, the discrete solution calculated by the finite element

method (uH , pH) and the data and physical parameters of the problem. The aim is to

predict the behavior of the error in each element K, and to calculate a better approximate

solution by adapting the mesh.

11
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From ηK we define the global error estimator as follow

η =

{∑
K

η2
K

}1/2

.

The goal is to prove that this estimator is reliable and efficient, that is, there exist

constants C1, C2 > 0, independent of H, such that

‖(u− uH , p− pH)‖ ≤ C1 η (‡)

y

C2 ηK ≤ ‖(u− uH , p− pH)|K‖ .

Note that this proves that the error estimator is equivalent to the error of the finite element

method. Furthermore, last inequality allows us to detect the elements where the error is

important, which is fundamental to propose an adaptive strategy. The standard adaptive

procedure is the following: Given θ ∈ (0, 1):

1. Solve the finite element scheme and calculate, for each element K of the mesh TH , the

term ηK .

2. Mark the elements K such that ηK ≥ θ max
K∈TH

ηK .

3. Calculate a new mesh TH that refines the marked K and repeat the procedure until

reaching a pre-established tolerance.

In some problems, like the ones considered in this thesis, the efficiency estimation (‡)
has the form

‖(u− uH , p− pH)‖ ≤ C1 η + E(uH , pH)

where the extra term E(uH , pH) is of higher order than η. As such from some H the term

E(uH , pH) is negligible compared with η, so it can be omitted in practice. Bibliography on

the posterior error analysis can be found, for instance, in: [6, 22, 62, 95].

A measure of the quality of the estimator η is given by the global effectivity index, defined

as follows

Ei =
η

‖(u− uH , p− pH)‖
,

which is searched such that it is as close to as possible to one, e.g.

lim
H→0

η

‖(u− uH , p− pH)‖
= 1 .
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Nevertheless, in the practice, a bounded index, constant and not equal to one, is acceptable.

The first problem that we consider in this thesis is the Navier–Stokes problem. These

equations, named after Claude–Louis Navier (1785-1836) and George Gabriel Stokes (1819-

1903), describe the motion of viscous fluid substances and arise from applying Newton’s

second law to fluid motion together with the assumption that the stress in the fluid is

the sum of a diffusing viscous term (proportional to the gradient of velocity) and a pressure

term-hence describing viscous flows. This problem is one of the most challenging problems in

different areas of mathematics and, particularly, the numerical analysis community has been

working for decades in developing accurate and efficient numerical methods to approximate

its solution. See pros and cons in ([49, 90, 91].

The importance of studying these equations are its several applications, for example,

models of weather, ocean currents, water flow in a pipe and how air flows around a wing,

and this way, help with the design of aircraft and cars, the study of blood flow, the design

of power stations, the analysis of pollution, and many other things.

Due to the complexity of the Navier–Stokes equations, it is usual and necessary to study

simplified models depending on the phenomenon modeled. In particular, in Chapter 1 we

study the stationary version of Navier–Stokes equations with constant viscosity, namely, the

problem: Find a velocity u : Ω→ Rd and a pressure p : Ω→ R such as
−ν∆u+ (∇u)u+∇p = f in Ω,

∇·u = 0 in Ω,

(plus boundary conditions),

(0.5)

where the fluid viscosity ν > 0, the force field f ∈ L2(Ω)d and the boundary conditions are

given. Hereafter, Ω represents a subset (domain) of Rd, with d = 2, 3. Our first goal is to

develop an a posteriori analysis for a Local Projection Stabilized (LPS) scheme introduced

in [15] for the Navier–Stokes equations (0.5) both in 2D as in 3D. Stabilized schemes for

fluid equations have a long history since the first works of Hughes and Brooks [33, 47, 60].

The main idea behind these methods is to add “stability” to the numerical solution of the

problems preserving consistency allowing the use of equal order of polynomials both for

velocity and pressure, which is a very appreciated property at the moment of the numerical

implementation. On the other hand, stabilized methods also help to diminish non-physical

instabilities coming from inner or boundary layers present, for example, when the advection

is dominant with respect to viscosity.

Unfortunately, the LPS method is not strongly consistent for low-order finite spaces,

not allowing us to use the standard techniques, as those described in [93], to develop an
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a posteriori error estimate based in the computations of the norm of the residual terms,

due to the difficulty to obtain volumetric and edge residuals in the reliability proof. For

this reason in Chapter 1 we consider another type of error estimator, called hierarchical

estimator, which in practice is more expensive to compute than the residual, but with

the advantage that usually yields an approximation of the true approximation error, with

a better effectivity index. This kind of a posteriori error estimator was first introduced

by Bank and collaborators in [23, 24]. The idea is to enrich the standard finite element

subspace with some “bubble” like functions to improve the quality of the error estimator.

This hierarchical approach was extended in [13] to the advection-diffusion-reaction equation,

in [9] to the generalized Stokes equations and later to the 2D steady incompressible Navier–

Stokes equations, using a SUPG scheme, in [14]. With our hierarchical approach, we were

able to overcome the lack of consistency of the LPS method, at the price of adding a higher

order term to the reliability estimate.

The contents of Chapter 1 gave rise to the following paper:

[16] Rodolfo Araya and Ramiro Rebolledo. An a posteriori error estimator for

a LPS method for Navier-Stokes equations. Appl. Numer. Math., 127:179?195,

2018.

In Chapter 2 we consider the Stokes and Brinkman equations, that consists of: Finding

a velocity u : Ω→ Rd and a pressure p : Ω→ R such that

−ν∆u+ γ u+∇p = f in Ω,

∇ · u = 0 in Ω,

(plus boundary conditions).

(0.6)

Here ν ∈ R+ is the diffusion coefficient, γ ∈ L∞(Ω)d×d is a tensor which may contains

multiscale features of the media, and f ∈ L2(Ω)d is a body force and the function.

A broad range of scientific and engineering problems involve multiple scales like, for

example, material science [87, 88, 98], computational hemodynamics [97], applied physics

[3], spatial geophysics [99], geoscience [66, 69], meteorology [34], neuroscience [72], signal

processing [2], and applied chemistry [20], just to name a few. Specifically, the Stokes

and Brinkman equations are widely accepted in the mathematical modeling of flows in

heterogeneous fields, e.g., vuggy carbonate reservoirs and low porosity filtration devices [52,

67]. The figure 0.4 illustrates the multiscale nature of the conductivity in typical subsurface

problems. Here, we illustrate that pore scale information is needed for understanding the

conductivity of the core sample, however, it is also essential to understand the large-scale
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features of the media in order to build a comprehensive model of porous media. More

complicated situations in geomodeling can occur. When dealing with multiscale processes,

Figure 0.4: Schematic description of various scales in porous media (figure from [44]).

it is often the case that input information about processes or material properties is not

available everywhere. For example, if one would like to study the fluid flows in a subsurface,

then the subsurface properties at the pore scale are not available everywhere in the reservoir.

In this case, one can use representative volume element which contains essential information

about the heterogeneities. Figure 0.5, corresponding to the Example 2.5.5, represents a

quite realistic prototype of a reservoir. This data is part of the Comparative Solution

Project SPE10 [38].

The model has a simple geometry, with no top structure or faults. At the fine geological

model scale, the model is described on a regular cartesian grid. The model dimensions are

1200x2200x170 (ft). The fine-scale cell size is 20x10x2 (ft). To solve this problem through

classical numerical methods, we require to refine the mesh enough to capture the small

scales.

In multiscale problems, exact pressure and velocity may show highly changing behaviors

either due to highly heterogeneous or singularly perturbed physical coefficients, or when the

media presents cavities and fractures as those structures can dramatically change the flow

field. Standard finite element methods must rely on very fine meshes to capture such mul-

tiscale features of the velocity and pressure solutions, which yields to costly linear systems.

This fact makes realistic three-dimensional simulations prohibitive even on modern parallel

computers.

Multiscale finite element methods became an attractive alternative to simulate complex
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Figure 0.5: Permeability for a 3D model given on a regular grid. The left plot shows the
3D permeability with a 2D cut through the domain, where we do the simulation. Here,
red color denotes the void spaces (vugs). The right plot shows a 2D cut with permeability
plotted on a logarithmic scale.

phenomena on coarse meshes. Behind the multiscale methods is the fundamental idea

that base functions can upscale unresolved multiscale structures. Such a basis satisfies

local problems that resemble the original one, and then, they incorporate real coefficients

and element’s geometry in their design. This strategy was first proposed and analyzed

in [19] for a one-dimensional Poisson problem and further extended to higher dimensions

in [58]. Since, several variants of it have been proposed for fluid flow problems as the

Heterogeneous Multiscale method (HMM) [96], the Variational Multiscale method (VMS)

[59], the Generalized Multiscale finite element method [43], and the Localized Orthogonal

Decomposition method (LOD) [73], to mention a few. For some of those methods a posteriori

error analysis is provided, see for instance [1, 21, 36, 57, 61, 78, 80, 89] and the references

therein.

The Multiscale Hybrid-Mixed (MHM) method is a member of the family of multiscale

methods. Initially proposed for the Darcy model in [55], the MHM method yields super-

convergent solutions and provides a face-based a posteriori error estimates which drive the

adaptivity process (c.f. [11]). The MHM method is a byproduct of the primal hybridization

of the original weak formulation analyzed in [81]. The strategy consists of characterizing,

first, the exact solution of the hybrid formulation as the solution of an equivalent local-global

problem. Then, discretization uncouples local and global problems making the (indepen-

dent) local problems responsible for the computation of the multiscale base functions. The

global problem, defined on the skeleton of the coarse partition, responds for the computa-
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tions of degrees of freedom. Also, the MHM method can be used to approximate the solution

of singularly perturbed reactive-advective-diffusive problems [56], linear elasticity [54] and

Maxwell equations [68]. It is important to mention that the hybridization strategy has also

been used at the discrete level to develop domain decomposition methods (c.f. [5, 31, 32]).

We propose a new residual a posteriori error estimator for the MHM method applied to

the Stokes/Brinkman problem. It accounts for the multi-level numerical approximation of

the method presented in [12]. Indeed, the error indicator has two-levels of contributions: η1

related to the jump of the discrete velocity on the skeleton of the first-level mesh, similar

to those that appear in previous works (see [11, 54], for instance), and η2 coming from the

approximation error of the solutions at the local problems. The proofs of efficiency and reli-

ability of η1 follow closely the strategy presented in [11, 54] for the transport and elasticity

equations, respectively. Here, we extend it to cope with mixed Stokes/Brinkman problems.

The proof of the efficiency of η2 depends on the choice of the second-level solver. Here, we

chose the stabilized finite element method USFEM [25], which allow equal-order interpola-

tions for the pressure and velocity, and then, we revisit the proof of efficiency proposed in

the classic work [94] in the context of the MHM methodology. As a result, we prove that the

new multiscale a posteriori error estimator is locally efficient and reliable. Also, we use the

two-level information of the error estimator to drive skeleton mesh refinement and to select

appropriate independent second-level meshes. The latter is fundamental to secure MHM’s

super-convergence. The proposed a posteriori error estimator is, up to our knowledge, the

first for the MHM method to leverage the approximation error coming from the second-level

solutions.

The contents of Chapter 2 gave rise to the following (submitted) paper:

[17] R. Araya, R. Rebolledo, and F. Valentin. A posteriori analysis of the Mul-

tiscale Hybrid-Mixed method for Brinkman problem. IMA J. Numer. Anal.,

(submitted).

Finally, in Chapter 3 we apply the MHM to a model describing the flow of ice in glaciers

and ice sheets.

The term glacier refers to all bodies of ice created by the accumulation of snowfall, e.g.,

mountain glaciers, ice caps, continental ice sheets, and ice shelves.
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Figure 0.6: Balmaceda glacier, Bernardo O’Higgins national park, Magallanes, Chile,

September 2018.

Ice in glaciers is a moving fluid, so we describe its motion by a velocity field u (m/s).

We adopt the Navier–Stokes equations as the model:
ρice(ut + (∇u)u) = −∇p+∇· (ν∇u) + f , (stress balance)

∇·u = 0 , (incompressibility)

(plus boundary conditions) ,

where ν > 0 is the viscocity of the fluid (Pa s), p is the pressure of the fluid (Pa), and the

function f is a given data that in this context usually is f = ρice g k̂, where ρice is the density

of the ice (kg/m3), g is the gravity constant (m/s2) and k̂ the unit vector pointing to the

center of the earth.

Note that ut + (∇u)u, the left-hand term in the stress balance equation, is an accelera-

tion and the right-hand term is the total stress, and so this equation represents the Newton’s

second law. Since ice is a “slow” fluid, which means that ut + (∇u)u ≈ 0, then it implies

that the forces (stresses) of inertia are negligible, obtaining the classical Stokes equations
−∇· (ν∇u) +∇p = f ,

∇·u = 0 ,

(plus boundary conditions) .

However, ice is also a shear-thinning fluid with a specific kind of nonlinearly-viscous (“non-

Newtonian”) behavior in which larger strain rates imply smaller viscosity. The viscosity ν

is therefore not constant. The most widely used flow relation for glacier ice is given by the
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Glen’s law [70, 77]

ν(|∇u|) =
α

2
|∇u|β−2 (0.7)

where β ∈ (1, 2] and the function α(x) ∈ L∞(Ω) are given, with 0 < α0 ≤ α(x) for some

α0. Note that Glen’s law becomes linear when β = 2, which is precisely the linear Stokes

problem studied in Chapter 2.

From a physical point of view, the Stokes model considering the strain tensor ε(v) :=
1
2

(
∇v +∇vT

)
instead of ∇u is also important. Then, the model problem that we consider

in this chapter is the following: Find a velocity u : Ω −→ Rd and a pressure p : Ω −→ R
such that 

∇·
(
− ν(|D(u)|) D(u) + p I

)
= f in Ω

∇ · u = 0 in Ω

(plus boundary conditions)

(0.8)

where I denotes the identity matrix of size d and the operator D represents the gradient

D(v) := ∇v

or the strain tensor

D(v) := ε(v) .

The known data are g ∈ H−1/2(Ω), the viscosity ν : R+ −→ R given by the Glen’s law (0.7)

and the body force f = ρice g k̂.

Problem (0.8) is the typical glacier model, and several theoretical and numerical anal-

yses are available in the literature (see, e.g., [37, 65, 76]) motivated by increasing need for

simpler, more accurate, and more efficient procedures to solve it. Geological problems, such

as glacier models, usually present fractures and permeability zones, which can have a mul-

tiscale behavior of the data or solution or boundary layers, and then the MHM method is

a promising technique in this context. We refer to [41, 74] for a more in-depth physical dis-

cussion of this model and its variants, as well as specific applications including geophysical

contexts.

The numerical method in Chapter 3 is motivated by the linear method used in Chapter

2, and then we also chose the stabilized finite element method USFEM [25] to solve the local

problems.

As far as we know, this is the first work where the MHM method is applied to a non-

linear problem. The numerical implementations of the methods presented in this thesis were

completely developed in Fortran 90/95, and the solvers used to solve the linear systems were
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MKL PARDISO [84] and MUMPS [7, 8]. The 2D and 3D adaptive meshes were generated

by Triangle [85] and Tetgen [86], respectively. Paraview [18] was employed for visualization.



Notation

The laplacian and gradient operators of a scalar function v and divergence of a vectorial

function w := (wi)i=1,...,d are defined, respectively, by

∆v =

d∑
i=1

∂2v

∂x2
i

, ∇v :=

(
∂v

∂xi

)
i=1,...,d

and ∇·w :=

d∑
i=1

∂wi
∂xi

,

with d = 2, 3. The gradient (laplacian) of a vector w is a tensor (vector) which rows

correspond to the gradient (laplacian) of the components of w, and the divergence applied

to a tensor is the divergence operator acting along its rows.

Let D be a bounded set of Rd. The set L2(D) denotes the space of square-integrable

functions over D. We also consider the following spaces

L2
0(D) := {v ∈ L2(D) :

∫
D
v = 0} ,

H1(D) := {v ∈ L2(D) : ∇v ∈ L2(D)d} ,

H1
0 (D) := {v ∈ H1(D) : v = 0 on ∂D}

and

H(div; D) := {v ∈ L2(D)d×d : ∇·v ∈ L2(D)} .

We denote by ( · , · )D and ‖ · ‖0,D the usual inner product and norm, respectively, of

square-integrable functions for scalar, vector or tensor valued functions, as appropriate.

Also, for all v ∈ H1(D) (or in H1(D)d) we denote its norm and seminorm as

‖v‖1,D :=
√
‖v‖20,D + |v|21,D where |v|1,D := ‖∇v‖0,D ,

respectively. We denote by | · | the euclidean norm of a scalar, vector or tensor, as appro-

priate.

Let O be an open and bounded set of Rd. We denote by H−1(O) and H−1/2(∂O) the

21
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dual spaces of the Sobolev spaces H1
0 (O) y H1/2(∂O), equiped with the norms ‖ · ‖−1,O and

‖ · ‖−1/2,∂O, where ∂O denotes the boundary of O. The duality pairing between the spaces

H−1/2(∂O) and H1/2(∂O) is denoted by 〈 · , · 〉∂O.

In this thesis, Ω is an open bounded polytopal set of Rd (the domain of each model

problem considered) with boundary ∂Ω and diameter dΩ.

Let {TH}H>0 be a family of shape-regular meshes of Ω̄, composed by simplex K of

diameter HK and H := max{HK : K ∈ TH}, that is, exists σ0 such that

∀h, ∀K ∈ TH ,
HK

ρK
≤ σ0 ,

where ρK is the diameter of the ball inscribed in K. In the document, we use terminology

usually employed for three-dimensional domains, with the restriction to two-dimensional

problems being straightforward. As such, each element K has a boundary ∂K consisting of

faces F , with diameter HF . The collection of all faces F , in a triangulation TH , is denoted

by EH , which is decomposed into the set of internal faces E0 and the set of faces on the

Dirichlet boundary ED. Also, we fix a unit normal vector nF on each F ∈ EH , taking care

points out on ∂Ω. For each K ∈ TH , we denote by nK the outward normal on ∂K, and let

nKF := nK |F for each F ⊂ ∂K.

For F ∈ E0, we define the jump of v (a scalar or vectorial function) across F by

JvKF (x) := lim
δ→0+

v(x+ δnF )− lim
δ→0+

v(x− δnF ) , for all x ∈ F .

When there is no ambiguity, we omit the subindex in the jump notation.

Given K ∈ TH and F ∈ EH we define the following patch:

ωK :=
⋃

E(K)∩E(K′)6=∅

K ′ , ω̃K :=
⋃

N (K)∩N (K′)6=∅

K ′ ,

ωF :=
⋃

F∈E(K′)

K ′ , ω̃F :=
⋃

N (F )∩N (K′)6=∅

K ′ ,

where E(K) is the set of all faces of K, N (K) is the set of nodes of K and N (F ) the set of

nodes of F .

In chapters 2 and 3 we need, besides the mesh TH for the domain Ω (called first-level

mesh), meshes on each element of it (called second-level meshes). To this end, for each

K ∈ TH we denote by
{
T Kh
}
h>0

a regular family of meshes of K, where h is the characteristic

length of T Kh . We notice that the family
{
T Kh
}
h>0

may differ in each K ∈ TH . Also,

we denote by EKh the set of faces on T Kh , and by EK0 the set of internal faces. To each
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ζ ∈ EKh we associate a normal vector nτζ , taking care to ensure this is facing outward on ∂K.

Furthermore, we denote by TH̃(F ) a triangulation of F ∈ EH , where H̃ is the maximum size

of all F̃ belonging to TH̃(F ).

In the document, we adopt the following notation

a � b⇐⇒ a ≤ C b,

a ' b⇐⇒ a � b and b � a,

where the positive constant C is independent of H and h.

Finally, if O is a subset of Rd or Rd−1, Pl(O) stands for the space of polynomials on O
of total degree at most l ≥ 0, and

Pl(P (O)) := {v ∈ L2(O) : v|D ∈ Pl(D),∀D ∈ P (D)}

is the broken polynomial set, where P (O) is a partition of O.



Chapter 1

An a posteriori error estimator for

a LPS method for Navier-Stokes

equations.

1.1 Introduction

In this chapter we develop an a posteriori error estimator, of the hierarchical type, for the

Local Projection Stabilized (LPS) finite element method introduced in [15], applied to the

incompressible Navier–Stokes equations. The technique use the solution of locals problems

posed on appropriate finite dimensional spaces of bubble-like functions, to approach the

error. Several numerical tests confirm the theoretical properties of the estimator and its

performance.

The outline of this chapter is as follows: in Section 1.2 we introduce our model problem

and some useful preliminary results. In Section 1.3 we present the LPS method and its

main approximation results. In Section 1.4 we define our a posteriori error estimator, of

hierarchical type, and prove the equivalence of this error estimator with the approximation

error, using an intermediate auxiliary problem. Finally, in Section 1.5, we present some

numerical tests which allows us to assess the convergence property of the LPS method and

the quality of our a posteriori error estimator.

1.2 Model problem and preliminary results

Let Ω ⊂ Rd (d = 2 or d = 3) be a bounded polygonal open domain. The steady incom-

pressible Navier–Stokes problem consists in finding a velocity vector field u and a pressure

24



1.2. MODEL PROBLEM AND PRELIMINARY RESULTS 25

scalar field p such as 
−ν∆u+ (∇u)u+∇p = f in Ω,

∇·u = 0 in Ω,

u = 0 on ∂Ω,

(1.1)

where the fluid viscosity ν > 0 and the force field f ∈ L2(Ω)d are given.

We define the spaces

V := H1
0 (Ω)d and Q := L2

0(Ω) ,

equipped with the norms | · |1,Ω and ‖ · ‖0,Ω, respectively, recalling that, thanks to Poincaré’s

inequality, the seminorm | · |1,Ω is indeed a norm on V.

The standard weak formulation for the problem (1.1) is the following: Find (u, p) ∈ V ×Q
such that

a(u,v)− b(u, q) + b(v, p) + c(u;u,v) = (f ,v)Ω (1.2)

for all (v, q) ∈ V × Q, where the bilinear forms a(·, ·) and b(·, ·), and the trilinear form

c(· ; · , ·) are given by

a(u,v) := ν (∇u,∇v)Ω ∀u,v ∈ V, (1.3)

b(v, q) := −(q,∇·v)Ω ∀q ∈ Q,∀v ∈ V, (1.4)

c(u;v,w) := ((∇v)u,w)Ω ∀u,v,w ∈ V. (1.5)

In addition, we introduce the symmetric bilinear form d : Q×Q→ R given by

d(p, q) :=
1

ν
(p, q)Ω.

The bilinear forms a(·, ·) and d(·, ·) induce the norms

‖v‖a := a(v,v)1/2 ∀v ∈ V,

‖q‖d := d(q, q)1/2 ∀q ∈ Q.

Also, we denote by ‖ · ‖a,O the norm induced by a(·, ·) on the set O ⊂ Ω. We equip the

space V ×Q with the product norm given by

‖(v, q)‖ :=
{
‖v‖2a + ‖q‖2d

}1/2
∀(v, q) ∈ V ×Q.
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The next result states some important inequalities related to the forms a, b and c.

Lemma 1.1 Let a(·, ·) and b(·, ·) be the bilinear forms given by (1.3) and (1.4), respectively,

and let c(· ; · , ·) be the trilinear form given by (1.5). Then

|a(v,w)| ≤ ‖v‖a‖w‖a ∀v,w ∈ V,

|b(v, q)| ≤
√
d ‖v‖a‖q‖d ∀(v, q) ∈ V ×Q,

sup
v∈V
v 6=0

b(v, q)

‖v‖a
≥ αb ‖q‖d ∀q ∈ Q,

c(w;u,v) ≤ β |w|1,Ω|u|1,Ω|v|1,Ω ∀u,v,w ∈ V,

where αb and β are positive constants depending only on Ω. Moreover, for all u,v,w ∈
H1(Ω)d such that ∇·w = 0 and w · n = 0, it holds

c(w;u,v) = −c(w;v,u),

c(w;v,v) = 0.

Proof. The first two statements are straightforward and the others are classical results (see,

for instance, [49]). �

The well-posedness of the variational problem (1.2) is ensured by the following result

Theorem 1.1 Assume that ν and f ∈ L2(Ω)d satisfy the following condition:

|(f ,v)Ω| ≤ γ
ν2

β
|v|1,Ω ∀v ∈ V (1.6)

for some fixed number γ ∈ [0, 1[. Then, there exists a unique solution (u, p) ∈ V × Q of

(1.2) and it holds

|u|1,Ω ≤ γ
ν

β
.

Proof. See Theorem 2.4, Chapter IV in [49]. �

The finite element subspaces to be used in this work are defined as follows

VH := {v ∈ C0(Ω̄)d : v|K ∈ P1(K)d, ∀K ∈ TH} ∩V ,

and

QH := {q ∈ L2(Ω) : q|K ∈ P0(K), ∀K ∈ TH} ∩Q ,

Let Ih : V −→ VH be the Clément interpolation operator introduced in [39]. It can be

easily shown (see [39, 45] for details) that the Clément interpolation operator satisfies the
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following estimates

‖v − Ihv‖0,K ≤ C ν−1/2HK ‖v‖a,ω̃K , (1.7)

‖v − Ihv‖0,F ≤ C ν−1/2H
1/2
F ‖v‖a,ω̃F , (1.8)

‖Ihv‖a,K ≤ C ‖v‖a,ω̃K , (1.9)

for all v ∈ H1(Ω)d.

Finally, for each K ∈ TH , we denote by ΠKq the average of a function q ∈ L2(K), i.e.,

ΠKq :=
1

|K|

∫
K
q dx.

Lemma 1.2

‖v −ΠKv‖0,K ≤
HK

π
|v|1,K ∀v ∈ H1(K), (1.10)

‖ΠKv‖0,K ≤ ‖v‖0,K ∀v ∈ L2(K). (1.11)

Proof. See Proposition 1.134 and Lemma 1.131 in [45]. �

Hereafter, we will use intensively the fluctuation operator χh defined by χh := I−ΠK ,

where I is the identity operator. Observe that, from Lemma 1.2, it holds

‖χh(x ·ΠKv)‖0,K ≤
HK

π
‖v‖0,K ∀v ∈ L2(K)d. (1.12)

1.3 The local projection stabilized method

The Local Projection Stabilized (LPS) method for the Navier–Stokes equations, introduced

and analyzed in [15], has the following form: Find (uH , pH) ∈ VH ×QH such that

(LPS)



ν (∇uH ,∇vH)Ω + ((∇uH)uH ,vH)Ω − (pH ,∇·vH)Ω + (qH ,∇·uH)Ω

+
∑

K∈TH
αK
ν

(χh(x ·ΠK [(∇uH)uH ]), χh(x ·ΠK [(∇vH)uH ]))K

+
∑

K∈TH
γK
ν

(χh(x∇·uH), χh(x∇·vH))K +
∑

F∈EH τF (JpHK, JqHK)F = (f ,vH)Ω,
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where the stabilization parameters are given by

αK :=
1

max {1, P eK}
and γK :=

1

max
{

1, PeK24

} ,
with

PeK :=
|uH |KHK

18 ν
and |uH |K :=

‖uH‖0,K
|K|

1
2

,

and

τF :=


HF

12 ν
, if |uH |F = 0,

1

2 |uH |F
− 1

|uH |F (1− exp(PeF ))

(
1 +

1

PeF
(1− exp(PeF ))

)
, otherwise.

Here

PeF :=
|uH |F HF

ν
with |uH |F :=

‖uH‖0,F
H

1/2
F

.

We recall, from Lemma 2 in [26], that τF satisfies

τF ≤ C
HF

ν

for all F ∈ EH .

Remark 1.1 Note that the method LPS has the disadvantage of being non consistent, which

complicate the a priori and a posteriori analysis. On the other hand, LPS is easier to im-

plement than the traditional residual projection methods (RELP). Finally, note that in the

presence of Neumann boundary conditions, we only need to change the jump term accord-

ingly.

The well-posedness and error estimates for the LPS method were studied in [15], for

completeness we present some of the main results concerning existence and uniqueness of

the discrete solution, as well as error bounds.

Theorem 1.2 There is a positive constant C, independent of h and ν, such that if

H1/2

ν2
‖f‖−1,Ω ≤ C,

then LPS problem admits at least one solution.

Proof. See Theorem 3.4 in [15]. �
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Theorem 1.3 There exists a positive constant C, independent of h and ν, such that if

1

ν

{
1 +

1

ν3/2

}
(1 +H)2 < C,

then the solution of the LPS problem is unique.

Proof. See Theorem 3.5 in [15]. �

The next theorem establishes an optimal convergence result of the LPS method in the

natural norm.

Theorem 1.4 Assume that (u, p) belongs to the space H2(Ω)d ×H1(Ω). Then there exists

a positive constant H0, such that for all H with 0 < H ≤ H0, the following estimate holds

{
|u− uH |21,Ω + ‖p− pH‖20,Ω

}1/2 ≤ C H,

where C > 0 does not depend on h but can depend on ν.

Proof. See Theorem 4.4 in [15]. �

1.4 A Hierarchical Error Estimator

In this section we propose and analyze a hierarchical estimator for the LPS method adapting

the ideas of [14] to our problem.

1.4.1 The Auxiliary Problem

In what follows, the functions e and E stand for the velocity and pressure approximation

errors, i.e.,

e := u− uH ,

E := p− pH .

In the sequel we will need the following linear auxiliary problem: Find (φ, ψ) ∈ V×Q such

that

a(φ,v) + d(ψ, q) = a(e,v)− b(e, q) + b(v, E) + l(u;uH ,v) ∀(v, q) ∈ V ×Q, (1.13)

where

l(u;uH ,v) := c(u;u,v)− c(uH ;uH ,v).
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Clearly, the well-posedness of the above system arises from the ellipticity of a(·, ·) and d(·, ·)
on V and Q, respectively.

Next, we establish an equivalence between the norms of (e, E) ∈ V ×Q and the norms

of the solution (φ, ψ) ∈ V×Q of (1.13), thus opening the door to design an error estimate

based on the functions (φ, ψ) only.

Theorem 1.5 Assume that (1.6) holds and |e|1,Ω is sufficiently small in the sense that

there exists ε > 0 such that

γ +
ε2

2
+
β

ν
|e|1,Ω < 1.

Then, there exists positive constants C1 and C2, independent of h, such that

C1

{
‖φ‖2a + ‖ψ‖2d

}
≤ ‖e‖2a + ‖E‖2d ≤ C2

{
‖φ‖2a + ‖ψ‖2d

}
.

Proof. See Theorem 4.1 in [14]. �

From the definition of e and E, the auxiliary problem (1.13) is equivalent to

a(φ,v) + d(ψ, q) = (f ,v)Ω − a(uH ,v) + b(uH , q)− b(v, pH)− c(uH ;uH ,v) (1.14)

for all (v, q) ∈ V ×Q. The above equation can be rewritten in a more compact form as

a(φ,v) + d(ψ, q) = RH(v, q) ∀(v, q) ∈ V ×Q,

where RH ∈ (V ×Q)′ stands for the residual functional given by

RH(v, q) := (f ,v)Ω − a(uH ,v) + b(uH , q)− b(v, pH)− c(uH ;uH ,v) ∀(v, q) ∈ V ×Q.

Remark 1.2 Note that the auxiliary problem (1.13), or equivalently (1.14), can be decoupled

in two different problems. First, taking v = 0 in (1.14) we obtain

d(ψ, q) = b(uH , q) ∀q ∈ Q,

now, using that ∇·uH ∈ Q, we get that

ψ = −ν∇·uH . (1.15)
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Second, taking q = 0 in (1.14), we arrive at

a(φ,v) = R1
H(v) ∀v ∈ V, (1.16)

where R1
H ∈ V′ is given by the expression

R1
H(v) := (f ,v)Ω − a(uH ,v)− b(v, pH)− c(uH ;uH ,v) ∀v ∈ V.

An equivalent and useful expression for R1
H is obtained using integration by parts, which

leads to

R1
H(v) =

∑
K∈TH

(RK ,v)K +
∑
F∈EH

(RF ,v)F ,

where RK and RF are the local residuals defined by

RK := (f + ν∆uH − (∇uH)uH −∇pH)|K and RF := J−ν ∂nuH + pHnKF .

The following technical result will be useful in the sequel.

Lemma 1.3 For all vH ∈ VH it holds

R1
H(vH) ≤ C

 ∑
K∈TH

H4
K

ν3

{(
‖RK‖0,K + ‖f‖0,K

)
‖uH‖∞,K + ‖∇·uH‖0,K

}2

1/2

‖vH‖a.

Proof. From the definition of R1
H , using LPS scheme with qH = 0 and recalling that uH |K

and pH |K are a linear and constant polynomial in each K ∈ TH , respectively, it holds

R1
H(vH) = (f ,vH)Ω − a(uH ,vH)− b(vH , pH)− c(uH ;uH ,vH)

=
∑
K∈TH

{αK
ν

(χH(x ·ΠK [(∇uH)uH ]), χH(x ·ΠK [(∇vH)uH ]))K +
γK
ν

(χH(x∇·uH), χH(x∇·vH))K

}
=
∑
K∈TH

{αK
ν

[
− (χH(x ·ΠK [RK ]), χH(x ·ΠK [(∇vH)uH ]))K + (χH(x ·ΠK [f ]), χH(x ·ΠK [(∇vH)uH ]))K

]
+
γK
ν

(χH(x∇·uH), χH(x∇·vH))K

}
. (1.17)

Thus, using Hölder’s inequality, (1.12), (1.17), Cauchy–Schwarz’s inequality, and recalling
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that αK , γK ≤ 1, we obtain

R1
H(vH) ≤ C

∑
K∈TH

H2
K

ν

{(
‖RK‖0,K + ‖f‖0,K

)
‖uH‖∞,K‖∇vH‖0,K + ‖∇·uH‖0,K‖∇·vH‖0,K

}
≤ C

∑
K∈TH

H2
K

ν

{(
‖RK‖0,K + ‖f‖0,K

)
‖uH‖∞,K + ‖∇·uH‖0,K

}
‖∇vH‖0,K

≤ C

 ∑
K∈TH

H4
K

ν3

{(
‖RK‖0,K + ‖f‖0,K

)
‖uH‖∞,K + ‖∇·uH‖0,K

}2

1/2

‖vH‖a.

�

Remark 1.3 The equivalence result in Theorem 1.5 can be rewritten using the characteri-

zation of ψ, given in (1.15), as follows

C1

{
‖φ‖2a + ν ‖∇·uH‖20,Ω

}
≤ ‖e‖2a + ‖E‖2d ≤ C2

{
‖φ‖2a + ν ‖∇·uH‖20,Ω

}
. (1.18)

Therefore, we only need to estimate ‖φ‖a using an a posteriori error estimator. This idea

is pursued in the next section.

1.4.2 Hierarchical Error Estimator

Following closely the ideas of [9, 14], let WH be a finite element subspace such that VH ⊆
WH ⊆ V. Let us suppose that WH can be decomposed in the following way

WH = VH +
∑
K∈TH

Vb
K +

∑
F∈EH

Vb
F ,

where the finite dimensional subspaces Vb
K and Vb

F satisfy

Vb
K ⊂ H1

0 (K)d and Vb
F ⊂ H1

0 (ωF )d.

Associated to each subspace Vb
S , with S = K or F , there is a projection operator PS :

V −→ Vb
S defined as the solution of the local problem

a(PSv,vS) = a(v,vS) ∀vS ∈ Vb
S . (1.19)
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Thus we define our a posteriori error estimator η by

η :=

 ∑
K∈TH

a(PKφ, PKφ) +
∑
F∈EH

a(PFφ, PFφ)


1/2

. (1.20)

Using the definition of φ we obtain that PSφ, with S = K or F , is the solution of the local

problem

a(PSφ,vS) = R1
H(vS) ∀vS ∈ Vb

S . (1.21)

Remark 1.4 Notice that the solution φ of (1.16), used throughout previous estimates, does

not need to be computed but only its projection PSφ onto finite dimensional subspaces Vb
S.

Remark 1.5 The linear local problem (1.21) incorporates the Navier–Stokes non-linearity

through its right hand side. This way of accounting for non-linearities in the a posteriori es-

timator represents a compromise between low computational cost and accuracy in the context

of high speed flow.

We also require that the local subspaces Vb
K and Vb

F , hereafter called bubble subspaces,

be piecewise affine-equivalent to a finite-dimensional space on a reference configuration, so

that the following estimate holds:

‖bS‖20,K ≤ CH2
K |bS |21,K ∀bS ∈ Vb

S , S = K or F,

for all K ∈ TH .

Second, the bubble spaces must fulfil the following inf-sup conditions: there exists β∗ > 0,

independent of H and ν, such that

sup
bK∈Vb

K
bK 6=0

(bK ,RK)K
‖bK‖a,K

≥ β∗ν−1/2HK‖RK‖0,K ∀K ∈ TH , (1.22)

sup
bF∈Vb

F
bF 6=0

(bF ,RF )F
‖bF ‖a,ωF

≥ β∗ν−1/2H
1/2
F ‖RF ‖0,F ∀F ∈ EH . (1.23)

In [9, Appendix B] was proved that the following pair of bubble subspaces satisfy conditions

(1.22) and (1.23)

Vb
K = 〈{bK RK}〉 ∀K ∈ TH ,

Vb
F = 〈{bF RF }〉 ∀F ∈ EH ,

where bK and bF are the standard polynomial bubble functions defined with respect to
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the barycentric coordinates. We recall that Vb
F is well defined because in our case RF is

constant on each F ∈ EH .

The next result is recalled as it is needed for the proof of the reliability of our estimator.

Lemma 1.4 Suppose that (1.22) and (1.23) hold. Then,

R1
H(v) ≤Cν1/2

{ ∑
K∈TH

H−1
K a(PKφ, PKφ)1/2‖v‖0,K

+
∑
F∈EH

H
−1/2
F

a(PFφ, PFφ)1/2 +
∑

K′⊂ωF

a(PK′φ, PK′φ)1/2

 ‖v‖0,F}

for all v in V.

Proof. See Lemma 12 in [9]. �

Now we are ready to prove the reliability of the error estimator.

Lemma 1.5 Let φ be the solution of (1.16). If (1.22) and (1.23) hold, then

‖φ‖a ≤ C

η +

 ∑
K∈TH

H4
K

ν3

{(
‖RK‖0,K + ‖f‖0,K

)
‖uH‖∞,K + ‖∇·uH‖0,K

}2

1/2
 .

Proof. Using, Lemma 1.4 with v = φ−Ihφ, the mesh regularity, Cauchy–Schwarz inequality,

(1.7) and (1.8), it holds

R1
H(φ− Ihφ) ≤ Cν1/2

∑
K∈TH

H−1
K a(PKφ, PKφ)1/2‖φ− Ihφ‖0,K

+ Cν1/2
∑
F∈EH

H
−1/2
F

[
a(PFφ, PFφ)1/2 +

∑
K′⊂ωF

a(PK′φ, PK′φ)1/2
]
‖φ− Ihφ‖0,F

≤ C

 ∑
K∈TH

a(PKφ, PKφ) +
∑
F∈EH

a(PFφ, PFφ)


1/2

×

 ∑
K∈TH

νH−2
K ‖φ− Ihφ‖

2
0,K +

∑
F∈EH

νH−1
F ‖φ− Ihφ‖

2
0,F


1/2

≤ C η

 ∑
K∈TH

‖φ‖2a,ω̃K +
∑
F∈EH

‖φ‖2a,ω̃F


1/2

≤ C η‖φ‖a. (1.24)

Now, from (1.16), Lemma 1.3, estimates (1.24) and (1.9), Cauchy–Schwarz inequality and
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mesh regularity, it holds

‖φ‖2a = a(φ,φ) = R1
H(φ) = R1

H(φ− Ihφ) +R1
H(Ihφ)

≤ C η‖φ‖a + Cν−3/2
∑
K∈TH

H2
K

{
(‖RK‖0,K + ‖f‖0,K)‖uH‖∞,K + ‖∇·uH‖0,K

}
‖Ihφ‖a

≤ C

η2 +
∑
K∈TH

H4
K

ν3

[
(‖RK‖0,K + ‖f‖0,K)‖uH‖∞,K + ‖∇·uH‖0,K

]2


1/2

‖φ‖a,

and the result follows. �

From the previous results, we can state the following auxiliary equivalence theorem.

Theorem 1.6 Let φ be the solution of (1.16), and assume that (1.22) and (1.23) hold.

Then, there exist C1, C2 > 0, independents of H and ν, such that

C1 η ≤ ‖φ‖a ≤ C2

η +

 ∑
K∈TH

H4
K

ν3

{(
‖RK‖0,K + ‖f‖0,K

)
‖uH‖∞,K + ‖∇·uH‖0,K

}2

1/2
 ,

where η is given by (1.20).

Proof. The upper bound has been stated in Lemma 1.5. To proof the lower bound we first

write the subspace WH in the following way

WH = VH +
∑
K∈TH

Vb
K +

∑
F∈EH

Vb
F =: VH +

∑
i∈TH∪EH

Vb
i .

From the definition of Piφ in (1.21), and by Cauchy–Schwarz’s inequality we have

 ∑
i∈TH∪EH

a(Piφ, Piφ)

2

=

 ∑
i∈TH∪EH

a(φ, Piφ)

2

=

a
φ, ∑

i∈TH∪EH

Piφ

2

≤ a(φ,φ) a

 ∑
i∈TH∪EH

Piφ,
∑

i∈TH∪EH

Piφ

 = a(φ,φ)
∑

i∈TH∪EH

∑
j∈Ii

a(Piφ, Pjφ)

≤ a(φ,φ)
∑

i∈TH∪EH

∑
j∈Ii

{
1

2
a(Piφ, Piφ) +

1

2
a(Pjφ, Pjφ)

}
≤ Kmax a(φ,φ)

∑
i∈TH∪EH

a(Piφ, Piφ),

(1.25)

here Ii denotes the set of spaces Vb
j which are neighbors of Vb

i , i.e.,

Ii := {j : ∃vj ∈ Vb
j and vi ∈ Vb

i such that a(vi,vj) 6= 0}
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and Kmax is the maximum number of neighbors, i.e.,

Kmax := max{card(Il) : l ∈ TH ∪ EH},

which is uniformly bounded due to the mesh regularity. Then, the result follows from (1.25),

the definition of the norm ‖ · ‖a and noticing that

η2 =
∑
K∈TH

a(PKφ, PKφ) +
∑
F∈EH

a(PFφ, PFφ) =
∑

i∈TH∪EH

a(Piφ, Piφ).

�

Finally, we establish the main result of this work. From (1.18), (1.20) and Theorem 1.6

the approximation error can be estimated as follows.

Theorem 1.7 Let (u, p) and (uH , pH) be the solution of (1.2) and LPS, respectively, and

suppose that (1.22) and (1.23) hold. Then

C1η̃ ≤ ‖(u−uH , p−pH)‖ ≤ C2

η̃ +

 ∑
K∈TH

H4
K

ν3

{(
‖RK‖0,K + ‖f‖0,K

)
‖uH‖∞,K + ‖∇·uH‖0,K

}2

1/2


where

η̃2 :=
∑
K∈TH

η̃2
K

with

η̃2
K := ‖PKφ‖2a,K +

1

2

∑
F∈E(K)∩EH

‖PFφ‖2a,F + ν ‖∇·uH‖20,K ,

and the positive constants C1 and C2 are independent of H.

Remark 1.6 Note that the term

T :=

 ∑
K∈TH

H4
K

ν3

{
(‖RK‖0,K + ‖f‖0,K)‖uH‖∞,K + ‖∇·uH‖0,K

}2

1/2

,

appearing in Theorem 1.7, is, asymptotically, a high order term compared to η̃. In fact, we

can see this, for instance, in Figures 1.1– 1.4 where we observe that η̃ is O(h) and T is

O(H2). For this reason we may omit T in our numerical tests. The behavior of this h.o.t.

term is quite similar to
(∑

K∈TH H
2
K‖f − PHf‖20,K

)1/2
, with PHf a projection of f , which

appears in the a posteriori error estimates of the residual type (see Remark 1.8 in [95]).
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1.5 Numerical validation

In order to validate our a posteriori error estimator we present some numerical tests. In

examples 1.5.1 and 1.5.2 we analyze two problems with analytical solution in two and three

dimensions, respectively, comparing in each case the exact approximation error with its

estimated error η̃.

Also, as a mesure of the quality of our error estimator, we define the so called effectivity

index, by

Ei :=
η̃

‖(u− uH , p− pH)‖
,

we expect that Ei remain bounded as H goes to 0 through a sequence of uniform refined

meshes.

Finally, in examples 1.5.3 and 1.5.4, we address numerical comparisons with some well-

documented benchmarks from the literature, namely, 2D driven cavity flow and 3D flow

around a cylinder.

The adaptive procedure handles the nonlinearity by a Newton algorithm and uses a

structured coarse mesh to start the process. At each step, we solve the LPS problem and

compute its corresponding local error estimator η̃K for each element K ∈ TH , and refine

those elements accordingly to

η̃K ≥ θ max{η̃K′ : K ′ ∈ TH},

where θ ∈]0, 1[ is a prescribed parameter. Then we evaluate the stopping criterion and

decide to finish or go to the next step. In addition, when it comes to adapt meshes, the

solution computed in the previous mesh, after an interpolation process on the current mesh

[82], is set as the initial guess solution for the Newton iteration method in the current mesh.

In the case ν � 1, the numerical algorithm demands a continuation strategy to reach

the target viscosity. This strategy consists in beginning with a relatively big viscosity value

and decreasing it gradually to attain the desired value.

Remark 1.7 Note that problem (1.1) have homogeneous Dirichlet boundary condition, but

in our numerical examples we consider both non homogeneous Dirichlet and Neumann

boundary conditions, which are not covered by our theory. The changes necessary to deal

with these boundary conditions are: in the case of non homogeneous Dirichlet conditions

it appears an extra term in the estimator that measures the error in the approximation of
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the exact Dirichlet condition, in general, this is a high order term that can be neglected

in the numerical computations. In the case of Neumann boundary conditions it is neces-

sary to change the rhs of the equation and add, to the definition of η̃ in (1.20), the terms

a(PFφ, PFφ) for the edges F on the Neumann boundary.

1.5.1 Two-dimensional analytic solution

In this example we consider Ω =]0, 1[2 and the boundary conditions such as the exact

solution is given by u(x, y) := (u1(x, y), u2(x, y)), with

u1(x, y) := 256 y2(y − 1)2x(x− 1)(2x− 1),

u2(x, y) := −u1(y, x),

and

p(x, y) := 150(x− 0.5)(y − 0.5).

For the viscosity we consider the cases: ν = 1, 10−2.

The error, a posteriori estimator and effectivity index are shown in Tables 1.1 and 1.2

for ν = 1 and ν = 10−2, respectively. Likewise, the corresponding convergence history for

ν = 1 and ν = 10−2 is presented in Figures 1.1 and 1.2.

Table 1.1: Exact error, a posteriori error estimator and effectivity index for the 2D example

with analytical solution with ν = 1.

H ‖(u− uH , p− pH)‖ η̃ Ei

0.031250 0.557676 0.523659 0.939002

0.015625 0.276208 0.263430 0.953736

0.007813 0.137523 0.132090 0.960493

0.003906 0.068629 0.066137 0.963677

0.001953 0.034284 0.033091 0.965216
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Figure 1.1: Convergence history for the 2D example with analytical solution, case ν = 1

(left) and the behavior of T when H goes to 0 (right).

Table 1.2: Exact error, a posteriori error estimator and effectivity index for the 2D example

with analytical solution with ν = 10−2.

H ‖(u− uH , p− pH)‖ η̃ Ei

0.031250 3.656915 2.163265 0.591555

0.015625 1.684914 1.075223 0.638147

0.007813 0.811511 0.533646 0.657596

0.003906 0.400764 0.266174 0.664166

0.001953 0.199667 0.132940 0.665810

Figure 1.2: Convergence history for the 2D example with analytical solution, case ν = 10−2

(left) and the behavior of T when H goes to 0 (right).

In both cases, ν = 1 or ν = 10−2, we observe a good agreement between the numerical
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results and the results predicted by the theory.

1.5.2 Three-dimensional analytic solution

We consider Ω :=]0, 1[3 and choose the data f so that the exact solution is given by

u(x, y, z) := (ex sin(z), −ex sin(z), ex cos(z)− ex cos(y))

and

p(x, y) :=
−1

2
e2x +

1

4
(e2 − 1).

As in the 2D example, we analyze the cases ν = 1, 10−2.

In Figures 1.3 and 1.4, we summarize the convergence history of the LPS method with

ν = 1 and ν = 10−2, respectively. Also, in Tables 1.3 and 1.4 we show the exact error, a

posteriori error estimator and effectivity index for the cases ν = 1 and ν = 10−2.

Table 1.3: Exact error, a posteriori error estimator and effectivity index for the 3D example

with analytical solution with ν = 1.

H ‖(u− uH , p− pH)‖ η̃ Ei

0.444081 0.544975 0.438047 0.803793

0.247472 0.283073 0.232354 0.820826

0.143330 0.150263 0.131043 0.872088

0.081658 0.080683 0.072337 0.896558

0.045780 0.043711 0.039629 0.906613
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Figure 1.3: Convergence history for the 3D example with analytical solution, case ν = 1

(left) and the behavior of T when H goes to 0 (right).

Table 1.4: Exact error, a posteriori error estimator and effectivity index for the 3D example

with analytical solution with ν = 10−2.

H ‖(u− uH , p− pH)‖ η̃ Ei

0.2474718 2.8269643 0.4619786 0.1634186

0.1433296 1.2279783 0.2728947 0.2222309

0.0816576 0.5090968 0.1525166 0.2995827

0.0457801 0.2144706 0.0848238 0.3955032

Figure 1.4: Convergence history for the 3D example with analytical solution, case ν = 10−2

(left) and the behavior of T when H goes to 0 (right).

Remark 1.8 Note that from Tables 1.1–1.2 and Tables 1.3–1.4 we observe that the errors

grow when we change ν from 1 to 10−2, which means that we have some inrobustness with
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respect to ν. In our computations for the Stokes problem we observe the same phenomena,

this lead us to think that the problem is the lack of robustness of the method related to the

pressure in the sense of [71].

1.5.3 Two-dimensional lid-driven cavity problem

In this case we considered the well-known 2D cavity problem, where the domain Ω is

]0, 1[×]0, 1[, f = 0 and the boundary conditions are defined as in Figure 1.5 (we refer

the reader to [48, 75, 92] for a complete bibliography on this problem). In our particular

case, ν = 1/Re, with Reynolds number Re = 5, 000.

u = (1, 0)

u = O

u = Ou = O

1.0

0.0

1.00.0

Figure 1.5: Domain and boundary conditions for the driven cavity problem.

The Figure 1.6 depicts the final mesh obtained with our adaptive scheme together the

streamlines given by the solution obtained using that mesh. We observe that mesh refine-

ment concentrates mainly around the primary vortex but also we recover secondary vortices

in the expected locations.
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Figure 1.6: Lid-driven cavity problem for Re = 5, 000. Adaptive mesh and streamlines. The

mesh has 345,947 elements.

In Table 1.5, we compare our results with the ones obtained from other approaches in

the literature. Note that we get similar values compared with others solvers.

Scheme x y

Ghia et al. (1982) 0.5117 0.5352

Medic & Mohammadi (1999) 0.53 0.53

LPS P1 × P0 0.5156 0.5343

Table 1.5: Position of the center of the primary vortex. The LPS results were obtained with

the adaptive mesh of Figure 1.6.

1.5.4 Flow around of a circular cylinder

This problem, depicted in Figure 1.7, represents a channel with a cylindrical obstacle. The

domain Ω is the region ]0, 2.5[×]0, A[×]0, A[, with A = 0.41m, without a cylinder of diameter

D = 0.1 m. The inflow velocity field is

up = A−4
(
16Uyz(A− y)(A− z), 0, 0

)t
,

with U = 0.45 m/s, the fluid viscosity is given by ν = 10−3 and the right-hand side of the

momentum equation vanishes, i.e. f = 0. For further details see [63, 83].

The benchmark coefficients to compute are the following three: the pressure difference

∆p between the points (0.55, 0.2, 0.205) and (0.45, 0.2, 0.205), and the drag and lift coeffi-



1.5. NUMERICAL VALIDATION 44

cients defined as follows:

Cdrag :=
2Fdrag

ρū2DA
and Clift :=

2Flift

ρū2DA
,

where ρ = 1 and ū = 0.2, are the density of the fluid and the mean inflow, respectively, and

Fdrag :=

∫
S

(
ρν
∂ut
∂n

ny − p nx
)

dS and Flift :=

∫
S

(
ρν
∂ut
∂n

nx − p ny
)

dS

be the drag and lift forces, respectively. Here S is the surface of the cylinder, n = (nx, ny, nz)

the inward pointing unit vector with respect to Ω, t a tangential vector on S and ut = u · t
is the projection of the velocity into the direction t.

Figure 1.7: Configuration of the cylinder benchmark problem.

The Table 1.6 shows the results from the LPS method obtained from the adaptive

meshes. The reference intervals for the three coefficients (see [63]) are: Cdrag ∈ [6.05, 6.25],

Clift ∈ [0.008, 0.01] and ∆p ∈ [0.165, 0.175].

elements Cdrag Clift ∆p

628,725 6.1911 0.0173540 0.17092

908,760 6.1236 0.0078108 0.16566

1,080,148 6.1023 0.0082491 0.17000

Table 1.6: The benchmark coefficients Cdrag, Clift and ∆p.

In Figure 1.8 we show the final adapted mesh, obtained with our adaptive scheme, and

a zoom of a cut made at z = 0.205. Note, as expected, that most of the refinement is done

near the cylinder. To complement the information, in Figure 1.9 we show the streamtracers
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of the velocity field and in Figure 1.10 the magnitude of the velocity and the pressure at

the cross-section z = 0.205 in the final adapted mesh. Observe that the overall results are

in accordance with the expected behavior of the flow (see, for instance, [15, 27]).

Figure 1.8: Initial mesh (left), final adapted mesh with 1,080,148 elements (center) and a

cut through the plane z = 0.205 (right).

Figure 1.9: Sreamtracers (left) and velocity vector field (right).
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Figure 1.10: Isovalues of the magnitude of the velocity field (left) and of the pressure (right).

Remark 1.9 A more accurate approximation of the drag and lift coefficients is presented in

[30], where the authors used a Q2 approximation joint with an a posteriori error estimator

based in the computation of quantities of interest. Note that our estimator is designed with

an “energy norm” in mind, then it is not optimal in the sense of the computation of those

parameters. On the other hand, a goal oriented estimator is, normally, more expensive to

compute due to the cost implied in solving the dual problem.

1.6 Conclusions

In this chapter we adapted the ideas of [9] and [14] to develop an a posteriori error analysis

of hierarchical-type for the LPS method, introduced in [15], which approximates the solution

of the fully nonlinear incompressible Navier–Stokes equations. Our a posteriori estimator is

based on the solution of local problems posed in specific one-dimensional spaces of bubble-

like functions, so is easy to implement with low computational cost. In order to study the

performance of our a posteriori estimator we presented numerical examples with analytical

solutions checking that the effectivity index stays bounded as h goes to zero, and we tested

well known benchmark problems which live outside of the theoretical framework showing

that our a posteriori estimator generates a sequence of adapted meshes improving the quality

of the numerical solutions even in turbulent regime, as was shown with the lid-driven cavity

problem.



Chapter 2

On a Multiscale a Posteriori Error

Estimator for the Stokes and

Brinkman Equations

2.1 Introduction

In this chapter we propose and analyze a residual a posteriori error estimator for the Mul-

tiscale Hybrid-Mixed (MHM) method for the Stokes and Brinkman equations. The error

estimator relies on the multi-level structure of the MHM method and considers two levels

of approximation of the method. As a result, the error estimator accounts for a first-level

global estimator defined on the skeleton of the partition and second-level contributions from

element-wise approximations. The analysis establishes local efficiency and reliability of the

complete multiscale estimator. Also, it yields a new face-adaptive strategy on the mesh’s

skeleton which avoids changing the topology of the global mesh. Specially designed to work

on multiscale problems, the present estimator can leverage parallel computers since local

error estimators are independent of each other. Academic and realistic multiscale numerical

tests assess the performance of the estimator and validate the adaptive algorithms.

This chapter is organized as follows: Section 2.2 introduces the model problem, and

Section 2.3 revisits the one and two-level MHM methods proposed in [12], and gives some

preliminary results. Section 2.4 presents the multiscale a posteriori error estimator and its

analysis. Also, it outlines two adaptive algorithms based on the multi-level structure of the

estimator. Three examples assess the theoretical results in Section 2.5.

47
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2.2 Model problem and Preliminaries

Let Ω ⊂ Rd, d ∈ {2, 3}, be an open and bounded polytopal domain with boundary ∂Ω. The

generalized Stokes problem, also called Brinkman problem, consists of finding a velocity

u : Ω→ Rd and a pressure p : Ω→ R fields such that

−ν∆u+ γ u+∇p = f in Ω,

∇ · u = 0 in Ω,

u = g on ∂Ω.

(2.1)

Here ν ∈ R+ is the diffusion coefficient, γ ∈ L∞(Ω)d×d is a tensor which may contains

multiscale features of the media, f ∈ L2(Ω)d is a body force and the function g ∈ H1/2(∂Ω)d

satisfies the compatibility condition
∫
∂Ω g · nF dS = 0.

Also, we assume γ is a symmetric and definite positive tensor which is uniformly elliptic,

i.e., there exist constants γmin, γmax > 0 such that

γmin |ξ|2 ≤ ξTγ (x) ξ ≤ γmax |ξ|2, ∀ξ ∈ Rd, ∀x ∈ Ω . (2.2)

2.2.1 Notations

The standard variational mixed formulation of problem (2.1) reads: Find u ∈ H1(Ω)d, with

u = g on ∂Ω, and p ∈ L2
0(Ω) such that

a(u,v) + b(v, p) = (f , v)Ω for all v ∈ H1
0 (Ω)d,

b(u, q) = 0 for all q ∈ L2
0(Ω),

(2.3)

where the bilinear forms a(·, ·) and b(·, ·) are defined by

a(w,v) := (ν∇w,∇v)Ω + (γ w,v)Ω and b(v, q) := −(∇ · v, q)Ω, (2.4)

for all w, v ∈ H1(Ω)d and q ∈ L2
0(Ω). Problem (2.3) is well-posed (see for instance [49]).

On top of a mesh TH , we define the following spaces

V := H1(TH)d := {v ∈ L2(Ω)d : v |K ∈ H1(K)d for all K ∈ TH }, (2.5)

Λ :=
{
σnK |∂K ∈ H−1/2(∂K)d for all K ∈ TH : σ ∈ H(div; Ω)

}
, (2.6)
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and

Q := L2(Ω). (2.7)

We define an inner product on V by

(u,v)V :=
1

d2
Ω

(u,v)Ω +
∑
K∈TH

(∇u,∇v)K for all u,v ∈ V .

We equip the spaces H(div; Ω), V and V ×Q with the norms,

‖σ‖2div,Ω :=
∑
K∈TH

(
‖σ‖20,K + d2

Ω ‖∇ · σ‖20,K
)
, (2.8)

‖v‖2V :=
∑
K∈TH

(
d−2

Ω ‖v‖
2
0,K + ‖∇v‖20,K

)
, (2.9)

and

‖(v, q)‖2V×Q := ‖v‖2V + ‖q‖2Q, (2.10)

respectively, and the space Λ with the quotient norm

‖µ‖Λ := inf
σ∈H(div;Ω)

σnK=µ on ∂K,K∈TH

‖σ‖div,Ω. (2.11)

For µ ∈ Λ and v ∈ V we define

(µ,v)∂TH :=
∑
K∈TH

〈µ,v〉∂K

and the following norms in H−1/2(∂D)d and H1/2(∂D)d, respectively,

‖µ‖−1/2,∂D := sup
v∈H1/2(∂D)d

〈µ,v〉∂D
‖v‖1/2,∂D

and ‖v‖1/2,∂D := inf
w∈H1(D)d

w=v on ∂D

‖w‖1,D. (2.12)

We recall from [11, Lemma 8.3] that the norm (2.11) is equivalent to a dual norm,

namely, √
2

2
‖µ‖Λ ≤ sup

v∈V

(µ,v)∂TH
‖v‖V

≤ ‖µ‖Λ for all µ ∈ Λ. (2.13)

Above and hereafter we lighten notation and understand the supremum to be taken over
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sets excluding the zero function, even though this is not specifically indicated.

Next, following [11], we replace (2.3) by the following hybrid formulation: Find (u, p,λ, ρ) ∈
V ×Q×Λ× R such that

a(u,v) + b(v, p) + (λ,v)∂TH = (f ,v)TH for all v ∈ V,

b(u, q) + (ρ, q)Ω = 0 for all q ∈ Q,

(µ,u)∂TH = 〈µ, g〉∂Ω for all µ ∈ Λ,

(ξ, p)Ω = 0 for all ξ ∈ R,

(2.14)

and we found that (u, p) solution of (2.14) coincides with the solution of (2.3) as shown in

[12, Theorem 6]. Above and hereafter, we surcharge the notation a(·, ·) and b(·, ·) to extend

them to the space V as follows

a(w,v) :=
∑
K∈TH

aK(w,v) with aK(w,v) := (ν∇w,∇v)K + (γ w,v)K ,

and

b(v, q) :=
∑
K∈TH

bK(v, q) with bK(v, q) := −(∇ · v, q)K ,

for all w, v ∈ V and q ∈ Q.

2.2.2 Preliminar results

Let V0 be the closed subspace of the Hilbert space V defined by

V0 := {v ∈ V : a(v,w) = 0 for all w ∈ V} .

Observe that for the Stokes problem (γ = 0)

V0 =
{
v ∈ V : v |K ∈ P0(K)d for all K ∈ TH

}
,

and V0 = {0} otherwise. As such, we can decompose V as follows

V = V0 ⊕V⊥0 , (2.15)
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where V⊥0 is the orthogonal complement with respect to the inner-product (·, ·)V. Note that

for the Stokes equations (γ = 0), it is given by

V⊥0 =
{
v ∈ V : v |K ∈ [H1(K) ∩ L2

0(K)]d for all K ∈ TH
}
,

and V⊥0 = V otherwise. We shall denote by V⊥0 (K), V(K) and Q(K) the spaces of vector

functions in V⊥0 , V and Q restricted to K, respectively. Also, the corresponding restricted

norms are denoted by ‖ ·‖V(K) and ‖ ·‖Q(K), and the local product norm by ‖·, ·‖V(K)×Q(K).

The next results shall be intensively used in the rest of this work. Although being a

direct consequence of standard saddle-point theory, they may not be easy to find in the

literature, and then, we decided to detail them here.

Theorem 2.1 There exists a constant α > 0, independent of K, such that

sup
v∈V0(K)⊥

(∇·v, q)K
‖v‖V(K)

≥ α ‖q‖Q(K)

for all q ∈ Q(K).

Proof. We first consider the Stokes case, that is,

V0(K)⊥ = [H1(K) ∩ L2
0(K)]d.

Let q ∈ Q(K). Thanks to the decomposition L2(K) = L2
0(K)⊕ P0(K), it holds q = q̃ + q0

with q̃ ∈ L2
0(K) and q0 = |K|−1

∫
K q dx. Let w̃ ∈ H1

0 (K)d be such that

∇· w̃ = q̃ in K, (2.16)

satisfying

|w̃|1,K ≤ Cd
HK

ρK
‖q̃‖0,K , (2.17)

where ρK is the radius of the ball inscribed in K and Cd is a positive constant which depends

only on d. The existence of such a function w̃ is ensured in [42, Theorem 5.2]. Since we

supposed that {TH}H>0 is shape-regular, there exists σ0 > 0 such that

HK

ρK
≤ σ0,

for all K ∈ TH and all HK , thus from (2.17) we have

|w̃|1,K ≤ Cd σ0 ‖q̃‖0,K . (2.18)
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Setting

w := w̃ +
q0

d
x− 1

|K|

∫
K

(
w̃ +

q0

d
x
)

dx,

from (2.16) we have that

∇·w = q in K, (2.19)

and from (2.18)

|w|1,K ≤ |w̃|1,K + |d−1q0x|1,K

≤ Cd σ0 ‖q̃‖0,K + d−1/2‖q0‖0,K

≤ max{Cd σ0, d
−1/2} ‖q‖0,K . (2.20)

In addition, since w ∈ [H1(K) ∩ L2
0(K)]d, from [28, Theorem 3.2], we have

‖w‖0,K ≤
HK

π
|w|1,K . (2.21)

Then, from (2.19), (2.20) and (2.21), we get

sup
v∈[H1(K)∩L2

0(K)]d

(∇·v, q)K
‖v‖V(K)

≥ (∇·w, q)K
(d−2

Ω ‖w‖20,K + |w|21,K)1/2

≥

((
1

π2
+ 1

)1/2

max{Cd σ0, d
−1/2}

)−1

‖q‖0,K . (2.22)

For the Brinkman case, that is V0(K)⊥ = H1(K)d, we use (2.22) to obtain

sup
v∈H1(K)d

(∇·v, q)K
‖v‖V(K)

≥ sup
v∈[H1(K)∩L2

0(K)]d

(∇·v, q)K
‖v‖V(K)

≥

((
1

π2
+ 1

)1/2

max{Cd σ0, d
−1/2}

)−1

‖q‖0,K

ending the proof. �

Theorem 2.2 There exists a constant β > 0, independent of HK , such that

sup
(v,q)∈V0(K)⊥×Q(K)

aK(w,v) + bK(v, r)− bK(w, q)

‖(v, q)‖V(K)×Q(K)
≥ β ‖(w, r)‖V(K)×Q(K)

for all (w, r) ∈ V0(K)⊥ ×Q(K).

Proof. The result follows from the ellipticity of the bilinear form aK(·, ·) and Theorem 2.1.



2.2. MODEL PROBLEM AND PRELIMINARIES 53

�

Remark 2.1 Using Theorem 2.2 and Riesz Representation Theorem, the following global

inf-sup condition holds

sup
(v,q)∈V⊥0 ×Q

a(w,v) + b(v, r)− b(w, q)
‖(v, q)‖V×Q

=

 ∑
K∈TH

 sup
(v,q)∈V0(K)⊥×Q(K)

aK(w,v) + bK(v, r)− bK(w, q)

‖(v, q)‖V(K)×Q(K)

2
1/2

≥ β ‖(w, r)‖V×Q (2.23)

for all (w, r) ∈ V⊥0 ×Q, where β > 0 is independent of H.

Associated to the second-level meshes for each K ∈ TH , we define the standard poly-

nomial bubble functions which shall be used in the proofs. Specifically, let bKτ and bKζ be

the bubble functions with support in τ ∈ T Kh and ωζ ∈ EKh , respectively, and defined with

respect to the barycentric coordinates (see for instance [6, Section 2.3.1] for details). For

the sake of completeness, we line up two theorems that summarize the main properties of

these functions, observing that their vector versions counterpart are straightforward.

Theorem 2.3 Let K ∈ TH and let bKτ be the element bubble function corresponding to

τ ∈ T Kh . Then

‖vh‖20,τ � (bKτ vh, vh)τ � ‖vh‖20,τ

and

‖vh‖0,τ � ‖bKτ vh‖0,τ + hτ |bKτ vh|1,τ � ‖vh‖0,τ

for all vh ∈ Pn(T Kh ), n ≥ 0.

Proof. See [6, Theorem 2.2]. �

Theorem 2.4 Let K ∈ TH and let bKζ be the corresponding face bubble function on face

ζ ∈ EKh and τ ∈ T Kh such that τ is in the support of bKζ . Then

‖vh‖20,ζ � (bKζ vh, vh)ζ � ‖vh‖20,ζ

and

h−1/2
τ ‖bKζ vh‖0,τ + h1/2

τ |bKζ vh|1,τ � ‖vh‖0,ζ

for all vh ∈ Pn(T Kh ), n ≥ 0.

Proof. See [6, Theorem 2.4]. �
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Also, let CK
h : H1(K) → V K

1 be the Clément interpolation operator defined on each

K ∈ TH , where V K
1 is given by

V K
1 := {vh ∈ C0(K) : vh ∈ P1(τ) for all τ ∈ T Kh }.

It verifies the following local stability and approximation properties (cf. [39, 45]):

‖Ch(v)‖0,τ � ‖v‖0,ω̃τ ∀τ ∈ T Kh , (2.24)

‖v − Ch(v)‖0,τ � hτ |v|1,ω̃τ ∀τ ∈ T Kh , (2.25)

‖v − Ch(v)‖0,ζ � h
1/2
ζ |v|1,ω̃ζ ∀ζ ∈ EKh , (2.26)

for all v ∈ H1(K), where ω̃τ and ω̃ζ are the set of elements τ ∈ T Kh sharing at least one

vertex with τ and ζ, respectively. Furthermore, we denote by CK
h (v) the vector function

whose components are the Clément interpolation of each component of v ∈ H1(K)d.

2.3 The MHM method

This section summarizes the main ideas of the MHM method proposed in [12]. The basic

idea behind the MHM approach is to leverage the nature of hybrid problem (2.14), and

characterize the exact solution regarding the well-posed independent local problems and a

face-based global problem which ties everything together. The one- and two-level MHM

method results from the discretization of the global (one-level) and local (two-level) prob-

lems, respectively.

2.3.1 Characterizing the exact solution

Let us consider the following local bilinear form BK : (V⊥0 (K)×Q(K))× (V⊥0 (K)×Q(K))

defined by

BK((w, r), (v, q)) := aK(w,v) + bK(v, r)− bK(w, q) (2.27)

for all (w, r), (v, q) ∈ V⊥0 (K)×Q(K).

We define the following linear mappings:

• T : Λ→ V⊥0 ×Q such that Tµ|K := (Tuµ, T pµ) solves

BK((Tuµ, T pµ), (v, q)) = −〈µ,v〉∂K for all (v, q) ∈ V⊥0 (K)×Q(K); (2.28)
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• T̂ : L2(Ω)d → V⊥0 ×Q such that T̂ r|K := (T̂u r, T̂ p r) solves

BK((T̂u r, T̂ p r), (v, q)) = (r,v)K for all (v, q) ∈ V⊥0 (K)×Q(K); (2.29)

• T̄ : R→ V⊥0 ×Q such that T̄ ξ|K := (T̄u ξ, T̄ p ξ) solves

BK((T̄u ξ, T̄ p ξ), (v, q)) = −(ξ, q)K for all (v, q) ∈ V⊥0 (K)×Q(K). (2.30)

Owing to decomposition (2.15), and noting that a(w,v) = 0 when w ∈ V0 or v ∈ V0, we

rewrite (2.14) as the following global-local problem: Find (u0,λ, ρ) ∈ V0 ×Λ× R such that
(λ,v0)∂TH = (f ,v0)TH ,

(µ,u0)∂TH +(µ, Tu λ)∂TH +(µ, T̄u ρ)∂TH = 〈µ, g〉∂Ω−(µ, T̂u f)∂TH ,

(ξ, T p λ)Ω + (ξ, T̄ p ρ)Ω = −(ξ, T̂ p f)Ω,

(2.31)

for all (v0,µ, ξ) ∈ V0 ×Λ× R.

Hereafter, we assume that the global problem (2.31) is well-posed. Hence, from the

linearity of problems (2.28)-(2.30), we find that the exact u and p can be characterized as

follows

u = u0 + Tuλ+ T̂uf and p = T pλ+ T̂ pf (2.32)

where we used (see [12]) that ρ = 0. Next, we prove that operators T , T̂ and T̄ are stable

with respect to the given data.

Theorem 2.5 The operators T , T̂ and T̄ , given by (2.28), (2.29) and (2.30), respectively,

are well-defined. Moreover, we have that

‖T µ‖V×Q � ‖µ‖Λ for all µ ∈ Λ,

‖T̂ r‖V×Q � ‖r‖0,Ω for all r ∈ L2(Ω)d,

‖T̄ ξ‖V×Q � |ξ| for all ξ ∈ R.
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Proof. From (2.13) and the global inf-sup (2.23) we get

‖T µ‖V×Q = ‖(Tuµ, T pµ)‖V×Q

≤ 1

β
sup

(v,q)∈V⊥0 ×Q

a(Tuµ,v) + b(v, T pµ)− b(Tuµ, q)
‖(v, q)‖V×Q

=
1

β
sup

(v,q)∈V⊥0 ×Q

−(µ,v)∂TH
‖(v, q)‖V×Q

≤ 1

β
‖µ‖Λ,

where β > 0 is independent of H. The proofs of the other two inequalities are analogous.

�

Note that the solution of the coupled global-local problem (2.28)–(2.31) coincides with

the solution of the hybrid problem (2.14).

2.3.2 The one-level MHM method

The one-level MHM method stems from the coupled problems (2.28)–(2.31). We search the

approximate Lagrange multipliers in the following space

ΛH := {λH ∈ Λ : λH |F̃ ∈ Pl(F̃ )d, for all F̃ ⊂ TH̃(F ), for all F ∈ EH} . (2.33)

Observe that (2.33) permits discontinuous interpolations on faces which can differ on each

F ∈ EH . See Figure 2.1 for an illustration. We shall denote by Λm
l the space when TH̃(F )

is compose of m elements. When m = 1, we denote Λ1
l by Λl.

∂K ∂K

Figure 2.1: Two examples of ΛH restricted to an element K ∈ TH .

Replacing Λ by ΛH uncouples local and global problems as shown in [12]. The multiscale

basis functions are computed from (2.28) with the right-hand side replaced by the polynomial

base functions on faces, and the degrees of freedom are obtained from the following one-level
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MHM method: Find (uH0 ,λH , ρH) ∈ V0 ×ΛH × R such that
(λH ,v0)∂TH = (f , v0)TH ,

(µH ,u
H
0 )∂TH +(µH , T

u λH)∂TH +(µH , T̄
u ρH)∂TH = 〈µH , g〉∂Ω−(µH , T̂

u f)∂TH ,

(ξH , T
p λH)Ω + (ξH , T̄

p ρH)Ω = −(ξH , T̂
p f)Ω,

(2.34)

for all v0 ∈ V0, µH ∈ ΛH and ξH ∈ R. Here T , T̂ and T̄ are given by (2.28)-(2.30),

respectively. Observe that, in the one-level method (2.34), we assume that close formulas

are available for the corresponding solutions of local problems (2.28)-(2.30). Thereby, the

discrete one-level approximation (uH , pH , ρH) of the exact solutions read

uH := uH0 + Tu λH + T̂u f + T̄u ρH and pH := T p λH + T̂ p f + T̄ p ρH . (2.35)

We remark that the one-level MHM method is non-conform in H1(Ω)d. Nevertheless, it

provides a discrete stress tensor σH given by

σH := −ν∇uH + pH I in H(div; Ω),

since σH n
K |∂K ∈ ΛH for all K ∈ TH . Also, the discrete stress tensor σH is automatically

in equilibrium, in each element K ∈ TH , i.e.,∫
∂K
σH n

K ds =

∫
∂K
λH ds =

∫
K
f dx,

where we used the first equation in (2.34).

In order to make the MHM method effective, one must provide approximate solutions

for the local problems (2.28), (2.29) and (2.30). This is the subject of the next section.

2.3.3 The two-level MHM method

We begin selecting local finite dimensional spaces Vh(K) ⊂ V⊥0 (K) and Qh(K) ⊂ Q(K),

given by

Vh(K) :=
{
vh ∈ V⊥0 (K) ∩ C0(K)d : vh |τ ∈ Pk(τ)d for all τ ∈ T Kh

}
(2.36)

and

Qh(K) :=
{
qh ∈ Q(K) ∩ C0(K) : qh |τ ∈ Pn(τ) for all τ ∈ T Kh

}
. (2.37)
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The corresponding global finite dimensional space are given by

Vh := ⊕K∈THVh(K) and Qh := ⊕K∈THQh(K). (2.38)

The two-level MHM method reads: Find (uH,h0 ,λH,h, ρH) ∈ V0 ×ΛH × R such that
(λH,h,v0)∂TH = (f , v0)TH ,

(µH ,u
H,h
0 )∂TH +(µH , T

u
h λH,h)∂TH +(µH , T̄

u
h ρH)∂TH = 〈µH , g〉∂Ω−(µH , T̂

u f)∂TH ,

(ξH , T
p
h λH,h)Ω + (ξH , T̄

p
hρH)Ω = −(ξH , T̂

p
h f)Ω,

(2.39)

for all (v0,µH , ξH) ∈ V0 ×ΛH × R.

Operators T h, T̄ h and T̂ h are defined such that they approximate T , T̄ and T̂ when h

goes to zero. In this work, one adopts the unusual stabilized finite element method (USFEM)

proposed in [25] to define T h, T̄ h and T̂ h. The USFEM allows using nodal equal-order pair

of spaces for the velocity and the pressure variables, i.e., we can set k = n in (2.36) and

(2.37). It is worth to mention that, in its more general version, the MHM method may

adopt different order of interpolation spaces in each K ∈ TH (and even different numerical

methods). Here, for the sake of clarity, we adopt the USFEM method with the same degree

of interpolation in all elements of the partition.

We recall (see [25] for details) that the USFEM consists of finding (u, p) ∈ Vh(K) ×
Qh(K) such that

B̃K((u, p), (v, q)) = FK(v, q) for all (v, q) ∈ Vh(K)×Qh(K),

where

B̃K((u, p), (v, q)) :=aK(u,v) + bK(v, p)− bK(u, q)

−
∑
τ∈T Kh

κτ (−ν∆u+ γu+∇p,−ν∆v + γv −∇q)τ (2.40)

and

FK(v, q) := (f ,v)K −
∑
τ∈T Kh

κτ (f ,−ν∆v + γv −∇q)τ .
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The stabilization parameter is given by

κτ :=
h2
τ

γmin h2
τ max{1, λτ}+

4ν

mk

with λτ :=
4ν

mk γmin h2
τ

, (2.41)

where γmin is defined in (2.2), mk := min
{

1
3 , Ck

}
and

Ck h
2
τ ‖∆v‖20,τ ≤ ‖∇v‖20,τ for all v ∈ Vh(K). (2.42)

Note that the only unknown constant in the design of the stabilization parameter is Ck.

This constant, depending only on d and the polynomial degree for the velocity, is tabulated

in [53] for some 2D cases. A general way to calculate Ck numerically is proposed in [46].

Owing to the above definitions, we define the corresponding discrete operators as follows:

• T h : ΛH → Vh ×Qh such that T h λH,h |K := (Tuh λH,h, T
p
hλH,h) solves

B̃K((Tuh λH,h, T
p
hλH,h), (vh, qh)) = −〈λH,h,vh〉∂K for all (vh, qh) ∈ Vh(K)×Qh(K);

(2.43)

• T̂ h : L2(Ω)d → Vh ×Qh such that T̂ h f |K := (T̂uh f , T̂
p
hf) solves

B̃K((T̂uh fH , T̂
p
hf), (vh, qh)) = FK(vh, qh) for all (vh, qh) ∈ Vh(K)×Qh(K);

(2.44)

• T̄ h : R→ Vh ×Qh such that T̄ h ρH |K := (T̄uh ρH , T̄
p
hρH) solves

B̃K((T̄uh ρH , T̄
p
hρH), (vh, qh)) = −(ρH , qh)K for all (vh, qh) ∈ Vh(K)×Qh(K).

(2.45)

Operators T h, T̂ h and T̄ h are well-defined since the discrete problems (2.43), (2.44) and

(2.45) are well-posed from [25]. As a result, the discrete two-level solution (uH,h, pH,h, ρH)

is given through the expressions

uH,h := uH,h0 + Tuh λH,h + T̂uh f and pH,h := T phλH,h + T̂ phf , (2.46)

where we used that ρH = 0 (c.f. [12]).

Remark 2.2 By taking (vh, qh) = (0, 1K) in equations (2.43), (2.44) and (2.45), the fol-
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lowing local conservation property holds for the discrete velocity field uH,h∫
K
∇·uH,h dx = 0 for all K ∈ TH , (2.47)

and the approximate flux λH,h is in equilibrium with external forces, i.e.,∫
∂K
λH,h ds =

∫
K
fdx for all K ∈ TH , (2.48)

2.4 A posteriori error analysis

This section introduces the multiscale a posteriori error estimator, which is proved to be

locally efficient and reliable.

2.4.1 The multiscale a posteriori error estimator

This section presents the residual-based error estimator for the MHM method. Given F ∈
EH , we define a face-residual estimator as follows:

RF :=

{
−1

2JuH,hK F ∈ E0,

g − uH,h F ∈ ED .
(2.49)

Thus, we define

η1,F :=

 ∑
F̃∈TH̃(F )

η2
1,F̃


1/2

(2.50)

where

η1,F̃ :=
‖RF ‖0,F̃
H

1/2
F

for all F̃ ∈ TH̃(F ). Owing to previous definitions, the first level a posteriori error estimator

reads

η1 :=

 ∑
K∈TH

η2
1,K


1/2

, where η2
1,K :=

∑
F⊂∂K

η2
1,F . (2.51)

To propose a second-level estimator, we first need some notations related to local resid-

uals in each sub-element τ ∈ T Kh and on each sub-face ζ ∈ EKh . They are the following:

RK
τ :=

(
ν∆uH,h − γuH,h −∇pH,h + f

)
|τ for all τ ∈ T Kh (2.52)
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and

RK
ζ :=


J−ν

∂uH,h
∂nτζ

+ pH,hn
τ
ζ K on ζ ∈ EK0

−λH,h − ν
∂uH,h
∂nτζ

+ pH,hn
τ
ζ on ζ ∈ EKh \ EK0 .

(2.53)

Using previous definitions, the second-level a posteriori error estimator reads as follows

η2 :=

 ∑
K∈TH

η2
2,K


1/2

(2.54)

where

η2,K :=
[ ∑
τ∈T Kh

[
h2
τ‖RK

τ ‖20,τ + ‖∇·uH,h‖20,τ
]

+
∑
ζ∈EKh

hζ‖RK
ζ ‖20,ζ

]1/2
.

Summing up (2.51) and (2.54), we build an a posteriori error estimator, which includes

the first and second level residuals, given by

η = η1 + η2. (2.55)

Remark 2.3 The contribution of η1 depends only on the jump of the velocity across the

faces of the first-level mesh. It has the same form of the a posteriori estimator introduced in

[11] for the Darcy equation. We recall that the error associated to the local problems were

not considered in [11], which explains the absence of contribution η2 in [11].

Remark 2.4 Note that η2 behaves asymptotically as a high order term compare to η when

h ≤ Hα+1, with α > 0. With such a choice, second-level error estimator η2 may be disre-

garded in the numerical tests, i.e., η = η1. As shown in the next section, such a simplified

version is also an efficient and reliable a posteriori error estimator for the two-level MHM

method.

2.4.2 Efficiency and reliability

This section proves that the estimator (2.55) is close to the real error. To this end, we need

some intermediary estimates which are addressed first.

The first result mesures the quality of the second-level approximation with respect to

the second-level a posteriori error estimator η2,K in each K ∈ TH .

Lemma 2.1 The following estimate holds

‖
(
(Tu − Tuh )λH,h + (T̂u − T̂uh )f , (T p − T ph )λH,h + (T̂ p − T̂ ph )f

)
‖V(K)×Q(K) � η2,K .
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Proof. Recalling from (2.46) that

pH,h = T phλH,h + T̂ phf

we define 
ũ := TuλH,h + T̂uf ,

p̃ := T pλH,h + T̂ pf ,

ũH,h := Tuh λH,h + T̂uh f ,

and e
ũ := ũ− ũH,h,

ep̃ := p̃− pH,h.

Let v ∈ V(K), q ∈ Q(K) and vh := CK
h (v) be the Clément interpolant of v on K ∈ TH .

From the definition of the bilinear form BK(·, ·) given in (2.27), (2.28), (2.29), (2.46) and

integration by parts, it holds

BK((eũ, ep̃), (v, q)) = aK(ũ− ũH,h,v) + bK(v, p̃− pH,h)− bK(ũ− ũH,h, q)

= −〈λH,h,v〉∂K + (f ,v)K −
[
aK(uH,h,v) + bK(v, pH,h)− bK(uH,h, q)

]
=
∑
τ∈T Kh

[
(RK

τ ,v)τ + (∇·uH,h, q)τ
]

+
∑
ζ∈EKh

(RK
ζ ,v)ζ , (2.56)

thus, replacing v by v − vh in (2.56) and using Cauchy–Schwartz inequality, we get

BK((eũ, ep̃), (v − vh, q)) ≤
∑
τ∈T Kh

[
‖RK

τ ‖0,τ‖v − vh‖0,τ + ‖∇·uH,h‖0,τ‖q‖0,τ
]

+
∑
ζ∈EKh

‖RK
ζ ‖0,ζ‖v − vh‖0,ζ . (2.57)

On the other hand, testing (2.56) with (v, q) = (vh, 0) ∈ Vh ×Qh, we arrive at

BK((eũ, ep̃), (vh, 0)) = aK(ũ− ũH,h,vh) + bK(vh, p̃− pH,h)

=−
∑
τ∈T Kh

κτ (−ν∆uH,h + γuH,h +∇pH,h − f ,−ν∆vh + γvh)τ

=
∑
τ∈T Kh

κτ (RK
τ ,−ν∆vh + γvh)τ . (2.58)
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From the definition of κτ (see (2.41)), it is easy to verify that

κτ ≤
h2
τ

12ν
, (2.59)

thus, using (2.42) and (2.59), we get

κτ‖ − ν∆vh + γvh‖0,τ ≤
hτ

Ck12ν
‖∇vh‖0,τ + ‖γ‖∞

h2
τ

12ν
‖vh‖0,τ

� hτ {‖∇vh‖0,τ +
1

dΩ
‖vh‖0,τ}. (2.60)

Then, combining (2.57), (2.58), (2.60), the properties of Clément interpolation operator

(2.24)-(2.26) and the mesh regularity, we arrive at

BK((eũ, ep̃), (v, q)) =BK((eũ, ep̃), (v − vh, q)) +BK((eũ, ep̃), (vh, 0))

�
∑
τ∈T Kh

[
‖RK

τ ‖0,τ‖v − vh‖0,τ + ‖∇·uH,h‖0,τ‖q‖0,τ
]

+
∑
ζ∈EKh

‖RK
ζ ‖0,ζ‖v − vh‖0,ζ +

∑
τ∈T Kh

hτ‖RK
τ ‖0,τ{‖∇vh‖0,τ +

1

dΩ
‖vh‖0,τ}

�
∑
τ∈T Kh

[
hτ‖RK

τ ‖0,τ |v|1,ω̃τ + ‖∇·uH,h‖0,τ‖q‖0,τ
]

+
∑
ζ∈EKh

h
1/2
ζ ‖R

K
ζ ‖0,ζ |v|1,ω̃ζ +

∑
τ∈T Kh

hτ‖RK
τ ‖0,τ{‖∇vh‖0,τ +

1

dΩ
‖vh‖0,τ}

�
[ ∑
τ∈T Kh

[
h2
τ‖RK

τ ‖20,τ + ‖∇·uH,h‖20,τ
]

+
∑
ζ∈EKh

hζ‖RK
ζ ‖20,ζ

]1/2

×
[ ∑
τ∈T Kh

[
‖∇v‖20,τ +

1

d2
Ω

‖vh‖20,τ + |v|21,ω̃τ + ‖q‖20,τ
]

+
∑
ζ∈EKh

|v|21,ω̃ζ
]1/2

�
[ ∑
τ∈T Kh

[
h2
τ‖RK

τ ‖20,τ + ‖∇·uH,h‖20,τ
]

+
∑
ζ∈EKh

hζ‖RK
ζ ‖20,ζ

]1/2
× ‖(v, q)‖V(K)×Q(K).

Thus, the result follows from the inf-sup condition given in Theorem 2.2.

�

Now, we adapt the ideas of the proof in [11, Lemma 5.1] to include second-level approx-

imations.

Lemma 2.2 Let uH,h ∈ Vh be the discrete solution given by (2.46). Then, there exists
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χ ∈ V satisfying

(µ,χ)∂TH = 〈µ, g〉∂Ω − (µ,uH,h)∂TH for all µ ∈ Λ,

such that

‖χ‖V � η1.

Proof. Let (χ̄, ξ̄) ∈ V ×Λ be the solution of the following problem

1

d2
Ω

(χ̄,v)TH + (∇χ̄,∇v)TH + (ξ̄,v)∂TH =
1

d2
Ω

(uH,h,v)TH −
∑
K∈TH

∑
τ∈T Kh

(∆uH,h,v)τ

(µ, χ̄)∂TH = 〈µ, g〉∂Ω

(2.61)

for all (v,µ) ∈ V×Λ. From [51] we have that ξ̄ belongs to L2(EH)d. Then, there exists σ ∈
H(div; Ω) such that σn = ξ̄ on EH , and we define ξ̃ := σnτζ on EKh . Using v|K ∈ H1(K)d,

we can rewrite (2.61) as follows

1

d2
Ω

(χ̄,v)TH + (∇χ̄,∇v)TH +
∑
K∈TH

∑
τ∈T Kh

〈ξ̃,v〉∂τ =
1

d2
Ω

(uH,h,v)TH −
∑
K∈TH

∑
τ∈T Kh

(∆uH,h,v)τ

(µ, χ̄)∂TH = 〈µ, g〉∂Ω

for all (v,µ) ∈ V ×Λ. Now, define χ := χ̄ − uH,h and ξ := ξ̃ +∇uH,hn. Then, (χ, ξ) ∈
H3/2(TH)d × L2(EH)d and satisfies

1

d2
Ω

(χ,v)TH + (∇χ,∇v)TH + (ξ,v)∂TH = 0 for all v ∈ V,

(µ,χ)∂TH = −(µ,uH,h)∂TH + 〈µ, g〉∂Ω for all µ ∈ Λ.
(2.62)

Testing (2.62) with (v,µ) = (χ, ξ) and using Cauchy–Schwartz inequality, we get

‖χ‖2V =
∑
K∈TH

{
1

d2
Ω

‖χ‖20,K + ‖∇χ‖20,K
}

= −(ξ,χ)∂TH = (ξ,uH,h)∂TH − (ξ, g)∂Ω

=
∑
F∈E0

‖ξ‖0,F ‖JuH,hK‖0,F +
∑
F∈∂Ω

‖ξ‖0,F ‖g − uH,h‖0,F

≤

 ∑
F∈EH

HF ‖ξ‖20,F


1/2∑

F∈E0

1

HF
‖JuH,hK‖20,F +

∑
F∈∂Ω

1

HF
‖g − uH,h‖20,F


1/2

=

 ∑
F∈EH

HF ‖∇χn‖20,F


1/2

η1 � ‖χ‖Vη1
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and the result follows.

�

In what follows, we will use the following local norm

‖v‖2V,ωF :=
∑
K∈ωF

(
H−2
K ‖v‖

2
0,K + ‖∇v‖20,K

)
,

where F ∈ EH . The next theorem proves a bound for η2,K with respect to the local error.

Theorem 2.6 Let K ∈ TH . For τ ∈ T Kh , then it holds

hτ ‖RK
τ ‖0,τ �

[
hτ‖u− uH,h‖0,τ + |u− uH,h|1,τ + ‖p− pH,h‖0,τ

]
and

‖∇·uH,h‖0,τ � |u− uH,h|1,τ .

Furthermore, for ζ ∈ EK0 we have that

h
1/2
ζ ‖R

K
ζ ‖0,ζ �

∑
τ∈ωζ

{
|u− uH,h|1,τ + hτ‖u− uH,h‖0,τ + ‖p− pH,h‖0,τ

}

and, for ζ ∈ EKh \EK0 we get

h
1/2
ζ ‖R

K
ζ ‖0,ζ �

∑
τ∈ωζ

{
|u−uH,h|1,τ +hτ‖u−uH,h‖0,τ + ‖p− pH,h‖0,τ

}
+ ‖λ−λH,h‖−1/2,∂K .

Therefore, it holds

η2
2,K � ‖u− uH,h‖2V(K) + ‖p− pH,h‖2Q(K) + ‖λ− λH,h‖2−1/2,∂K , (2.63)

for all K ∈ TH .

Proof. Let K ∈ TH , τ ∈ T Kh and ζ ∈ EKh . We define bKτ := bKτ R
K
τ and bKζ := bKζ P

K
ζ (RK

ζ ),

where PK
ζ : Pk(ζ)d → Pk(ωζ)d is a extension of functions defined on a face ζ to the patch ωζ ,

as in [10, Section 4.1]. Since bKτ |τ ∈ H1
0 (τ)d, using integration by parts, (2.14) and Theorem

2.3 we obtain

(RK
τ , b

K
τ )τ = (ν∆uH,h − γuH,h −∇pH,h + f , bKτ )τ

= (ν∇(u− uH,h),∇bKτ )τ + (γ(u− uH,h), bKτ )τ − (∇· bKτ , p− pH,h)τ

�
[
h−1
τ |u− uH,h|1,τ + ‖u− uH,h‖0,τ + h−1

τ ‖p− pH,h‖0,τ
]
‖RK

τ ‖0,τ
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and then

hτ ‖RK
τ ‖0,τ � hτ‖u− uH,h‖0,τ + |u− uH,h|1,τ + ‖p− pH,h‖0,τ .

Using Theorem 2.3 again, we arrive at

‖∇·uH,h‖20,τ � (∇·uH,h, bKτ ∇·uH,h)τ = (∇· (uH,h − u), bKτ ∇·uH,h)Ω

=
(
∇· (uH,h − u), bKτ ∇·uH,h

)
τ

� |uH,h − u|1,τ‖∇·uH,h‖0,τ

and hence

‖∇·uH,h‖0,τ � |u− uH,h|1,τ .

Now we proceed to bound the term h
1/2
ζ ‖R

K
ζ ‖0,ζ . For ζ ∈ EK0 , from (2.14) and using

Theorem 2.4, we get

(RK
ζ , b

K
ζ )ζ =

∑
τ∈ωζ

{
− (RK

τ , b
K
ζ )τ +

(
ν∇(u− uH,h),∇bKζ

)
τ

+
(
γ(u− uH,h), bKζ

)
τ

−
(
∇· bKζ , p− pH,h

)
τ

}
�

∑
τ∈ωζ

{
‖RK

τ ‖0,τ‖bKζ ‖0,τ + ν|u− uH,h|1,τ |bKζ |1,τ + ‖γ(u− uH,h)‖0,τ‖bKζ ‖0,τ

+|bKζ |1,τ‖p− pH,h‖0,τ
}

�
∑
τ∈ωζ

[
h1/2
τ ‖RK

τ ‖0,τ + h−1/2
τ |u− uH,h|1,τ + h1/2

τ ‖u− uH,h‖0,τ

+h−1/2
τ ‖p− pH,h‖0,τ

]
‖RK

ζ ‖0,ζ

and then, from the regularity of the second level meshes, it holds

h
1/2
ζ ‖R

K
ζ ‖0,ζ �

∑
τ∈ωζ

{
hτ‖RK

τ ‖0,τ + |u− uH,h|1,τ + hτ‖u− uH,h‖0,τ + ‖p− pH,h‖0,τ
}
.

For ζ ∈ EKh \EK0 , from (2.14) and the definition of the norm ‖ · ‖1/2,∂K in (2.12), and
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Theorem 2.4, we get

(RK
ζ , b

K
ζ )ζ =

∑
τ∈ωζ

{
− (RK

τ , b
K
ζ )τ +

(
ν∇(u− uH,h),∇bKζ

)
τ

+
(
γ(u− uH,h), bKζ

)
τ

−
(
∇· bKζ , p− pH,h

)
τ

}
+ 〈λ− λH,h, bKζ 〉∂K

�
∑
τ∈ωζ

{
‖RK

τ ‖0,τ‖bKζ ‖0,τ + |u− uH,h|1,τ |bKζ |1,τ + ‖u− uH,h‖0,τ‖bKζ ‖0,τ

+ |bKζ |1,τ‖p− pH,h‖0,τ
}

+ ‖λ− λH,h‖−1/2,∂K‖bKζ ‖1/2,∂K

�
[ ∑
τ∈ωζ

{
h1/2
τ ‖RK

τ ‖0,τ + h−1/2
τ |u− uH,h|1,τ + h1/2

τ ‖u− uH,h‖0,τ

+ h−1/2
τ ‖p− pH,h‖0,τ

}
+ h

−1/2
ζ ‖λ− λH,h‖−1/2,∂K

]
‖RK

ζ ‖0,τ .

Now, from the regularity of the second-level meshes we get

h
1/2
ζ ‖R

K
ζ ‖0,ζ �

∑
τ∈ωζ

{
hτ‖RK

τ ‖0,τ + |u− uH,h|1,τ + hτ‖u− uH,h‖0,τ

+ ‖p− pH,h‖0,τ
}

+ ‖λ− λH,h‖−1/2,∂K ,

and estimate (2.63) follows.

�

A first equivalence between the real error and the multiscale a posteriori estimator is

presented in the next theorem.

Theorem 2.7 Let (u, p) ∈ V×Q and (uH,h, pH,h) ∈ Vh×Qh be the solutions of continuous

and discrete problems given by (2.32) and (2.35), respectively. Then we have that

‖u− uH,h‖V + ‖p− pH,h‖Q + ‖λ− λH,h‖Λ � (η1 + η2) + h.o.t. (2.64)

Moreover, for F ∈ EH , we have that

η1,F � ‖u− uH,h‖V,ωF . (2.65)
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Proof. We begin by proving the reliability of the estimator. From (2.32) and (2.46), it holds

‖(u, p)− (uH,h, pH,h)‖V×Q

= ‖(u0 + Tuλ+ T̂uf , T pλ+ T̂ pf)− (uH,h0 + Tuh λH,h + T̂uh f , T
p
hλH,h + T̂ phf)‖V×Q

≤ ‖u0 − uH,h0 ‖V + ‖(Tu − Tuh )λH,h + (T̂u − T̂uh )f‖V + ‖Tu(λ− λH,h)‖V

+ ‖(T p − T ph )λH,h + (T̂ p − T̂ ph )f‖Q + ‖T p(λ− λH,h)‖Q. (2.66)

Furthermore, given µH ∈ ΛH and using (2.31) and (2.39), we obtain

−(µH ,u0 − uH,h0 )∂TH = (µH , T
uλ− Tuh λH,h)∂TH + (µH , T̂

uf − T̂uh f)∂TH

= (µH , T
u(λ− λH,h))∂TH + (µH , (T

u − Tuh )λH,h + (T̂u − T̂uh )f)∂TH

≤ ‖µH‖Λ
{
‖Tu(λ− λH,h)‖V + ‖(Tu − Tuh )λH,h + (T̂u − T̂uh )f‖V

}
.

Consequently, we get

sup
µH∈ΛH

−(µH ,u0 − uH,h0 )∂TH
‖µH‖Λ

≤ ‖Tu(λ− λH,h)‖V + ‖(Tu − Tuh )λH,h + (T̂u − T̂uh )f‖V.

(2.67)

Now, since u0−uH,h0 ∈ V0, there exists a matrix function σ? such that each of its rows

belong to the lowest order Raviart–Thomas space, satisfying

∇·σ? = u0 − uH,h0 in Ω and ‖σ?‖div,Ω ≤ C ‖u0 − uH,h0 ‖0,Ω. (2.68)

Defining µ? := σ?n ∈ ΛH , and using (2.68), it holds

sup
µH∈ΛH

−(µH ,u0 − uH,h0 )∂TH
‖µH‖Λ

≥ (µ?,u0 − uH,h0 )∂TH
‖µ?‖Λ

≥ (σ?n,u0 − uH,h0 )∂TH
‖σ?‖div,Ω

=
(∇·σ?,u0 − uH,h0 )∂TH

‖σ?‖div,Ω
≥ C ‖u0 − uH,h0 ‖0,Ω ≥ C ‖u0 − uH,h0 ‖V.

(2.69)

Using (2.69) in (2.67), and replacing the result in (2.66), and from Lemmas 2.1, using

(2.86) and Lemmas 2.4 and 2.5 in the appendix, estimate (2.64) follows.

As for the efficiency of the a posteriori error estimator, we first recall the following scaling
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property (cf. [4, Theorem 3.10]): Given v ∈ H1(K), we have that

‖v‖0,∂K �
(

1

HK
‖v‖20,K +HK‖∇v‖20,K

)1/2

. (2.70)

Since RF ∈ L2(F )d,

‖RF ‖20,F ≤ 2 (RF , Ju− uH,hK)F ≤ 2 ‖RF ‖0,F ‖Ju− uH,hK‖0,F

and using (2.70) and the mesh regularity, it holds

‖RF ‖0,F ≤ 2‖Ju− uH,hK‖0,F

�
∑
K∈ωF

(
H−1
K ‖u− uH,h‖

2
0,K +HK‖∇(u− uH,h)‖20,K

)1/2
� H

1/2
F

∑
K∈ωF

(
H−2
K ‖u− uH,h‖

2
0,K + ‖∇(u− uH,h)‖20,K

)1/2
� H

1/2
F ‖u− uH,h‖V,ωF ,

and the estimate (2.65) follows.

�

We are ready to present the main result of this section.

Theorem 2.8 Let (u, p,λ) ∈ V × Q × Λ and (uH,h, pH,h,λH,h) ∈ Vh × Qh × ΛH be

the solutions of continuous and discrete problems, characterized through (2.32) and (2.35),

respectively. Then, we have that

‖u− uH,h‖V + ‖p− pH,h‖Q + ‖λ− λ‖Λ � (η1 + η2) + h.o.t. (2.71)

Moreover, given K ∈ TH and F ∈ EH , we have

η1,F � ‖u− uH,h‖V,ωF (2.72)

and

η2,K � ‖u− uH,h‖V(K) + ‖p− pH,h‖Q(K) + ‖λ− λH,h‖−1/2,∂K . (2.73)

Proof. The result is straightforward from Theorem 2.6 and Theorem 2.7. �
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2.5 Numerical results

Using the definitions of the error estimators η1 and η2 given in (2.51) and (2.54), respectively,

we validate two adaptive refinement algorithms: a classical procedure based on refining the

elements of the first level mesh, and a new one based on refining faces which keeps the

topology of the first-level mesh untouched.

2.5.1 First strategy: Adaptivity by elements

For all K ∈ TH , we define

ηK := η2,K +
∑

F∈EH∩∂K
η1,F .

The adaptive mesh generation strategy is given in the Algorithm 1.

Algorithm 1 : Adaptivity by elements

Require: θ ∈ (0, 1) and a coarse first-level mesh TH .

1: Solve the discrete problem on the current mesh.

2: For each element K ∈ TH , compute the local error indicator ηK .

3: Mark the elements K ∈ TH such that ηK ≥ θ max
K∈TH

ηK , and create a new first-level mesh

TH refining the marked elements.

4: If the stop criterion is not satisfied, repeat the algorithm.

Note that Algorithm 1 does not induce local mesh refinement in the second-level sub-

meshes. This fact is supported by the numerical experiments that show that second-level

meshes may consist only of one element when the first-level mesh diameter goes to zero.

2.5.2 Second strategy: Adaptivity by faces

For all F ∈ EH , we define

ηF := η1,F +
∑
K∈ωF

η2,K .
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Algorithm 2 : Adaptivity by faces

Require: θ ∈ (0, 1) and a coarse first-level mesh TH .

1: Solve the discrete problem on the current mesh.

2: For each F ∈ EH , compute the local error indicator ηF .

3: Mark the faces F ∈ EH such that ηF ≥ θ max
F∈EH

ηF , and refine F̃ ∈ TH̃(F ) such that

η1,F̃ = max
F̃∈TH̃(F )

η1,F̃ for each marked F , and if η1,F <
∑
K∈ωF

η2,K also refine the second-

level meshes T Kh for K ∈ ωF .

4: If the stop criterion is not satisfied, repeat the algorithm.

Owing to Algorithm 2, the first-level mesh does not change as the adaptive process runs

unlike in the classical mesh adaptation described in Algorithm 1. As a result, only the local

problems associated with the elements “touched” by the estimator need to be revisited.

This fact leads to a few extra entries go into the global system. Algorithm 2 is particularly

attractive for use with real three-dimensional problems since it dramatically decreases the

computational cost involved in the adaptive procedure, and avoids three-dimensional global

re-meshing.

2.5.3 An example with analytical solution

In this example, we consider a Stokes problem with viscosity ν = 1 and ν = 10−2 on

the unit square domain Ω. We chose f and g such that the exact solution u = (u1, u2)

is given by u1(x, y) := 256 y2(y − 1)2x(x − 1)(2x − 1) and u2(x, y) := −u1(y, x), and

p(x, y) := 150(x− 0.5)(y − 0.5).

A typical quantity to measure the quality of an error estimator, is the so-called effectivity

index, Ei, defined by Ei = η
‖(u−uH,h,p−pH,h)‖V×Q . In tables 2.1, 2.2, 2.3 and 2.4 we tabulate

this index for some different values of H and using one element as second-level meshes.

We observe that η1 and η2 have, in general, equivalent rates of convergence (see Tables

2.1 and 2.3). However, if one chooses h = H2 then η2 achieves a higher order of convergence

when compare to η1 (see Tables 2.2 and 2.4). This is in accordance with the theory and was

announced in Remark 2.4.
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‖(u− uH,h, p− pH,h)‖V×Q η1 η2

l H error rate error rate value rate Ei

1/2 5.001E−01 – 1.091E−01 – 9.548E+00 – 0.218

1/4 6.947E−02 2.848 1.437E−02 2.925 1.276E+00 2.904 0.207

2 1/8 8.663E−03 3.003 1.780E−03 3.013 1.557E−01 3.034 0.205

1/16 1.079E−03 3.006 2.254E−04 2.981 1.925E−02 3.016 0.209

1/32 1.345E−04 3.003 2.858E−05 2.980 2.397E−03 3.006 0.212

1/2 8.001E−01 – 4.747E−01 – 5.708E+00 – 0.593

1/4 3.516E−01 1.186 2.000E−01 1.247 1.818E+00 1.651 0.569

1 1/8 8.642E−02 2.024 5.168E−02 1.953 4.640E−01 1.970 0.598

1/16 2.144E−02 2.011 1.335E−02 1.953 1.135E−01 2.031 0.623

1/32 5.365E−03 1.998 3.418E−03 1.965 2.787E−02 2.027 0.637

1/2 9.719E+00 – 6.203E+00 – 6.187E+00 – 0.638

1/4 4.762E+00 1.029 3.503E+00 0.825 2.151E+00 1.524 0.736

0 1/8 2.339E+00 1.026 2.001E+00 0.808 1.040E+00 1.048 0.855

1/16 1.148E+00 1.027 1.064E+00 0.911 5.189E−01 1.003 0.927

1/32 5.686E−01 1.014 5.456E−01 0.964 2.594E−01 1.001 0.960

Table 2.1: History of convergence for the Stokes problem with ν = 1, uH,h ∈ P3(TH)2,

ph ∈ P3(TH) and λH,h ∈ Λ1
l .

‖(u− uH,h, p− pH,h)‖V×Q η1 η2

l H error rate error rate value rate Ei

1/2 2.993E−01 – 6.850E−02 – 1.562E+00 – 0.229

1/4 3.250E−02 3.203 9.136E−03 2.906 4.013E−02 5.282 0.281

2 1/8 3.701E−03 3.135 1.171E−03 2.964 1.407E−03 4.834 0.316

1/16 4.480E−04 3.046 1.515E−04 2.951 5.545E−05 4.665 0.338

1/2 7.746E−01 – 3.523E−01 – 1.803E+00 – 0.455

1/4 3.564E−01 1.120 1.487E−01 1.244 1.589E−01 3.504 0.417

1 1/8 8.783E−02 2.021 3.854E−02 1.948 1.321E−02 3.589 0.439

1/16 2.178E−02 2.012 9.941E−03 1.955 1.054E−03 3.647 0.456

1/2 9.720E+00 – 4.387E+00 – 1.370E+00 – 0.451

1/4 4.764E+00 1.029 2.477E+00 0.825 2.034E−01 2.752 0.520

0 1/8 2.340E+00 1.025 1.415E+00 0.808 3.354E−02 2.600 0.605

1/16 1.148E+00 1.027 7.524E−01 0.911 5.439E−03 2.625 0.655

Table 2.2: History convergence for the Stokes problem with ν = 1, uH,h ∈ P3(TH)2,

ph ∈ P3(TH) and λH,h ∈ Λ1
l . Here h = H2.
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‖(u− uH,h, p− pH,h)‖V×Q η1 η2

l H error rate error rate value rate Ei

1/2 4.365E−01 – 7.712E−02 – 2.306E−01 – 0.705

1/4 6.190E−02 2.818 1.016E−02 2.925 2.776E−02 3.055 0.613

2 1/8 7.709E−03 3.005 1.259E−03 3.013 3.255E−03 3.092 0.586

1/16 9.593E−04 3.006 1.594E−04 2.981 3.981E−04 3.032 0.581

1/32 1.197E−04 3.003 2.021E−05 2.980 4.943E−05 3.009 0.582

1/2 5.342E+01 – 2.717E+01 – 8.219E+00 – 0.662

1/4 1.350E+01 1.985 6.936E+00 1.970 2.106E+00 1.964 0.670

1 1/8 3.388E+00 1.994 1.746E+00 1.990 5.313E−01 1.987 0.672

1/16 8.483E−01 1.998 4.378E−01 1.996 1.333E−01 1.995 0.673

1/32 2.122E−01 1.999 1.096E−01 1.998 3.338E−02 1.998 0.674

1/2 4.889E+02 – 2.842E+02 – 6.531E+00 – 0.595

1/4 2.793E+02 0.808 1.828E+02 0.637 3.267E+00 0.999 0.666

0 1/8 1.505E+02 0.892 1.097E+02 0.736 1.634E+00 1.000 0.740

1/16 7.748E+01 0.958 5.918E+01 0.891 8.170E−01 1.000 0.774

1/32 3.913E+01 0.985 3.048E+01 0.957 4.085E−01 1.000 0.789

Table 2.3: History of convergence for the Stokes problem with ν = 10−2, uH,h ∈ P3(TH)2,

ph ∈ P3(TH) and λH,h ∈ Λ1
l .

‖(u− uH,h, p− pH,h)‖V×Q η1 η2

l H error rate error rate value rate Ei

1/2 2.254E−01 – 6.850E−02 – 3.861E−02 – 0.475

1/4 2.663E−02 3.082 9.136E−03 2.906 1.090E−03 5.146 0.384

2 1/8 3.147E−03 3.081 1.171E−03 2.964 3.866E−05 4.818 0.384

1/16 3.878E−04 3.020 1.515E−04 2.951 1.520E−06 4.668 0.395

1/2 5.147E+01 – 2.932E+01 – 3.404E+00 – 0.636

1/4 1.308E+01 1.976 7.526E+00 1.962 2.941E−01 3.533 0.598

1 1/8 3.288E+00 1.992 1.895E+00 1.990 2.404E−02 3.613 0.584

1/16 8.237E−01 1.997 4.750E−01 1.996 1.945E−03 3.627 0.579

1/2 4.890E+02 – 2.843E+02 – 2.561E+00 – 0.587

1/4 2.795E+02 0.807 1.826E+02 0.638 4.074E−01 2.652 0.655

0 1/8 1.506E+02 0.892 1.096E+02 0.736 6.476E−02 2.653 0.728

1/16 7.752E+01 0.958 5.913E+01 0.890 1.039E−02 2.640 0.763

Table 2.4: History of convergence for the Stokes problem with ν = 10−2, uH,h ∈ P3(TH)2,

ph ∈ P3(TH) and λH,h ∈ Λ1
l . Here h = H2.

2.5.4 The 2D lid-driven cavity problem

We consider the well-known 2D cavity problem for the Stokes (γ = 0) and Brinkman

(γ = 104 I) problems with ν = 1. In Figures 2.2 and 2.3, we show the meshes obtained

by the two versions of the adaptive algorithms looking for uh ∈ P2(K)2, ph ∈ P2(K) and
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λH,h ∈ Λ0. Higher polynomial degrees does not change conclusions and then they are not

presented.

Figure 2.2: Lid-driven cavity problem for the Stokes equation with uh ∈ P2(K)2, ph ∈
P2(K), λH,h ∈ Λ0 and ν = 1. Second and third rows correspond, respectively, to the final

step of the adaptive procedure by elements (6,216 dof) and adaptive procedure by faces (912

dof), and the first row shows the start step in both adaptive procedures. Second and third

columns represent the magnitude of the velocity and pressure, respectively.
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Figure 2.3: Lid-driven cavity problem for the Brinkman equation with uh ∈ P2(K)2, ph ∈
P2(K), λH,h ∈ Λ0, ν = 1 and γ = 104 I. Second and third rows correspond, respectively, to

the final step of the adaptive procedure by elements (32,337 dof) and adaptive procedure by

faces (786 dof), and the first row shows the start step in both adaptive procedures. Second

and third columns represent the magnitude of the velocity and pressure, respectively.

As expected, in the cavity problem for Stokes and Brinkman, the adaptive algorithms

refine the upper part of the domain, where the solution has boundary layers and/or singu-

larities. Note that Algorithm 2 requires less degrees of freedom than Algorithm 1 to get

good numerical results.

2.5.5 A highly heterogeneous case

This numerical test illustrates the capacity of the MHM method to simulate fluid flow in a

highly heterogeneous porous media. The domain is Ω :=]0, 1200[×]0, 2200[ with boundary

conditions given in Figure 2.4. We adopt a heterogeneous isotropic coefficient γ obtained

from the 85th layer of the SPE10 project [38] (second dataset). The domain represents a
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quite realistic prototype of a reservoir. Here, we adopt the following version of the Brinkman

model

−ν∆u+ γ u+∇p = 0 in Ω, ∇·u = 0 in Ω,

with ν = 0.3 and γ = (0.3/κ) I, where I stands for the identity tensor. The permeability κ

is depicted in Figure 2.4. The reference solution is calculated using the USFEM scheme of

[25] using a uniform mesh of 1,081,344 triangles. The P1(τ)d × P1(τ) element is adopt to

approximate the velocity and pressure variables. As such, the total number of degrees of

freedom is 1, 625, 283. As for the MHM solution, we select uh ∈ P3(K)2, ph ∈ P3(K) and

λH,h ∈ Λ1.

Figure 2.4: Boundary conditions (left) and the permeability κ (right) in logarithmic scale.

Figure 2.5: Initial mesh (left) with 1,652 dof, an intermediate adapted mesh (center) with

3,352 dof and the final adapted mesh (right) with 7,800 dof.
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Figure 2.6: Isolines of the pressure corresponding (from left to right) to the solution using the

initial mesh (1,652 dofs), the adaptive one (7,800 dofs), and the reference solution (1,625,283

dofs), respectively.

Figure 2.7: Magnitude of velocity corresponding (from left to right) to the solution using the

initial mesh (1,652 dofs), the adaptive one (7,800 dofs), and the reference solution (1,625,283

dofs), respectively.

We observe that the solution of the MHM method using the adaptive strategy given by

the Algorithm 2 is very close to the reference solution, and captures the heterogeneity of

the reservoir clearly with the advantage of using considerably less degrees of freedom.
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2.6 Appendix: Some technical lemmas

This section presents some technical results needed in the proof of Theorems 2.6 and 2.7.

Lemma 2.3 Let λ ∈ Λ and λH,h ∈ ΛH be the solutions of problems (2.31) and (2.39),

respectively. Then ∫
K
T p(λ− λH,h) dx = 0,

in the Stokes case (γ = 0), and∣∣∣∣∫
K
T p(λ− λH,h) dx

∣∣∣∣ � HK |K|1/2 η2,K

otherwise.

Proof. Let w := 1
d

(
x− 1

|K|
∫
K x dx

)
. Noticing that w ∈ [H1(K) ∩ L2

0(K)]d, ∇·w = 1, and

∇w = 1
dI, and testing (2.28) and (2.43) with (w, 0), we get∫

K
T pλH,h dx = (T pλH,h,∇·w)K = (ν∇TuλH,h,∇w)K + (γ TuλH,h,w)K + 〈λH,h,w〉∂K

=
ν

d

∫
K
∇·TuλH,h dx+ (γ TuλH,h,w)K + 〈λH,h,w〉∂K

= (γ TuλH,h,w)K + 〈λH,h,w〉∂K

=
ν

d

∫
K
∇·Tuh λH,h dx+ (γ TuλH,h,w)K + 〈λH,h,w〉∂K

= (ν∇Tuh λH,h,∇w)K + (γ TuλH,h,w)K + 〈λH,h,w〉∂K

= (T phλH,h,∇·w)K + (γ (Tu − Tuh )λH,h,w)K

+
∑
τ∈T Kh

κτ (−ν∆Tuh λH,h + γ Tuh λH,h +∇T phλH,h, γ w)τ

=

∫
K
T phλH,h dx+ (γ (Tu − Tuh )λH,h,w)K

+
∑
τ∈T Kh

κτ (−ν∆Tuh λH,h + γ Tuh λH,h +∇T phλH,h, γ w)τ . (2.74)
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Proceeding in a similar way but now with the equations (2.29) and (2.44), we arrive that∫
K
T̂ pf dx =(T̂ pf ,∇·w)K = (ν∇T̂uf ,∇w)K + (γ T̂uf ,w)K − (f ,w)K

=
ν

d

∫
K
∇· T̂uf dx+ (γ T̂uf ,w)K − (f ,w)K = (γ T̂uf ,w)K − (f ,w)K

=
ν

d

∫
K
∇· T̂uh f dx+ (γ T̂uf ,w)K − (f ,w)K

=(ν∇T̂uh f ,∇w)K + (γ T̂uf ,w)K − (f ,w)K

=(T̂ phf ,∇·w)K + (γ (T̂u − T̂uh )f ,w)K

+
∑
τ∈T Kh

κτ (−ν∆T̂uh f + γ T̂uh f +∇T̂ phf − f , γ w)τ

=

∫
K
T̂ phf dx+ (γ (T̂u − T̂uh )f ,w)K

+
∑
τ∈T Kh

κτ (−ν∆T̂uh f + γ T̂uh f +∇T̂ phf − f , γ w)τ (2.75)

and then, from (2.74), (2.75) and the third equations in (2.31) and (2.39), it holds∫
K
T p(λ− λH,h) dx =

∫
K
T pλ dx−

∫
K
T pλH,h dx = −

∫
K
T̂ pf dx−

∫
K
T pλH,h dx

=−
∫
K
T̂ pf dx−

[ ∫
K
T phλH,h dx+ (γ (Tu − Tuh )λH,h,w)K

+
∑
τ∈T Kh

κτ (−ν∆Tuh λH,h + γ Tuh λH,h +∇T phλH,h, γ w)τ

]
=−

∫
K
T̂ phf dx− (γ (T̂u − T̂uh )f ,w)K

−
∑
τ∈T Kh

κτ (−ν∆T̂uh f + γ T̂uh f +∇T̂ phf − f , γ w)τ

−
[ ∫

K
T phλH,h dx+ (γ (Tu − Tuh )λH,h,w)K

+
∑
τ∈T Kh

κτ (−ν∆Tuh λH,h + γ Tuh λH,h +∇T phλH,h, γ w)τ

]
=− (γ (Tu − Tuh )λH,h,w)K − (γ (T̂u − T̂uh )f ,w)K

+
∑
τ∈T Kh

κτ (−ν∆uH,h + γ uH,h +∇pH,h − f , γ w)τ

=− (γ (Tu − Tuh )λH,h,w)K − (γ (T̂u − T̂uh )f ,w)K +
∑
τ∈T Kh

κτ (RK
τ ,γ w)τ .

(2.76)
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Observe that for the Stokes problem (γ = 0), equation (2.76) vanishes and the result follows.

For the Brinkman case, applying Cauchy–Schwartz’s inequality, Lemma 2.1, using (2.59) and

recalling from [28, Theorem 3.2] that, since w ∈ [H1(K) ∩ L2
0(K)]d and the convexity of K,

we have that

‖w‖0,K ≤
HK

π
|w|1,K =

1

d π
HK |K|1/2

the result follows.

�

The second auxiliary result establishes bounds for the local pressure associated to the

error λ− λH,h in terms of its velocity counterpart.

Lemma 2.4 Let λ ∈ Λ and λH,h ∈ ΛH be the solutions of problems (2.31) and (2.39),

respectively. Then, we have that

‖T p (λ− λH,h)‖Q(K) � ‖Tu (λ− λH,h)‖V(K)

for the Stokes problem, and

‖T p (λ− λH,h)‖Q(K) � ‖Tu (λ− λH,h)‖V(K) +HK η2,K

for the Brinkman problem.

Proof. Let µ := λ − λH,h and consider the Stokes case. From Lemma 2.3, the function

T pµ ∈ L2
0(K) and then there exists w̃ ∈ H1

0 (K)d such that

∇· w̃ = T pµ in K, (2.77)

satisfying

|w̃|1,K � ‖T pµ‖0,K . (2.78)

Next, defined w := w̃ − 1
|K|w̃ ∈ V⊥0 (K). From the first equation of (2.31) and (2.39),

and the local problems (2.28) and (2.29), it holds

0 = −〈µ, w̃〉∂K = −〈µ,w〉∂K

= aK(Tuµ,w) + bK(w, T pµ) = aK(Tuµ, w̃) + bK(w̃, T pµ). (2.79)

Hence, from (2.77), (2.78), (2.79), and Cauchy–Schwartz’s inequality, we get

‖T pµ‖2Q(K) = (T pµ,∇· w̃)K = −bK(w̃, T pµ) = aK(Tuµ, w̃) � ‖T pµ‖Q(K)‖Tuµ‖V(K)
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and the result follows.

Now, we proceed to the Brinkman case following the proof for the Stokes one. First, we

notice that T pµ is not necessarily an element of L2
0(K). Then, we decompose

T pµ = q̃ + q0 where q̃ ∈ L2
0(K) and q0 =

1

|K|

∫
K
T pµdx, (2.80)

and pick w̃ ∈ H1
0 (K)d such that

∇· w̃ = q̃ in K, (2.81)

and

|w̃|1,K � ‖q̃‖0,K . (2.82)

Also, from (2.80) it holds

‖q̃‖Q(K) ≤ ‖T pµ‖Q(K). (2.83)

From local problems (2.28) and (2.29), we arrive at

0 = −〈µ, w̃〉∂K = aK(Tuµ, w̃) + bK(w̃, T pµ) (2.84)

and then, from (2.81), (2.82), (2.84), Cauchy–Schwartz’s inequality, (2.83) and Lemma 2.3,

we get

‖T pµ‖2Q(K) = (T pµ, q̃)K + (T pµ, q0)K = (T pµ,∇· w̃)K + (T pµ, q0)K

= −bK(w̃, T pµ) + (T pµ, q0)K = aK(Tuµ, w̃) + (T pµ, q0)K

� ‖Tuµ‖V(K)‖q̃‖Q(K) + ‖T pµ‖Q(K)‖q0‖Q(K)

� ‖Tuµ‖V(K)‖T pµ‖Q(K) + ‖T pµ‖Q(K)‖q0‖Q(K)

=
(
‖Tuµ‖V(K) + ‖q0‖0,K

)
‖T pµ‖Q(K) �

(
‖Tuµ‖V(K) +HK η2,K

)
‖T pµ‖Q(K)

and the result follows. �

Now, we detail an intermediate error estimate for the local velocity associated to λ−λH,h
with respect to η1 and η2.

Lemma 2.5 Let λ ∈ Λ and λH,h ∈ ΛH be the solutions of problems (2.31) and (2.39),

respectively. The following estimates hold

‖Tu(λ− λH,h)‖V �

η1 + η2 if γ = 0,

η1 + η2 +H{(η1 + η2)η2}1/2 otherwise.
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Proof. Let µ = λ − λH,h. From (2.2), using (T pµ,∇ · Tuµ)TH = 0 and (2.28), we obtain

that

−(µ, Tuµ)∂TH =
∑
K∈TH

BK((Tuµ, T pµ), (Tuµ, 0)) ≥ C ‖Tuµ‖2V, (2.85)

where C depends only on ν, γmax and dΩ. Using (µ,v0)∂TH = 0, for all v0 ∈ V0, and from

(2.2), (2.13), (2.28) and the orthogonality between functions in V and V⊥0 , it holds

√
2

2
‖µ‖Λ ≤ sup

v∈V

(µ,v)∂TH
‖v‖V

= sup
v0∈V0,v

⊥
0 ∈V⊥0

(µ,v⊥0 )∂TH
‖v0 + v⊥0 ‖V

≤ sup
v⊥0 ∈V⊥0

(µ,v⊥0 )∂TH
‖v⊥0 ‖V

= sup
v⊥0 ∈V⊥0

−B((Tuµ, T pµ), (v⊥0 , 0)

‖v⊥0 ‖V

� ‖Tuµ‖V + ‖T pµ‖Q.

Thus, from Lemma 2.4 we get

‖µ‖Λ �

 ‖Tuµ‖V if γ = 0,

‖Tuµ‖V +H η2 otherwise.
(2.86)

Now, using again (µ,u0)∂TH = (µ,uH,h0 )∂TH = 0, from (2.32), (2.46) and Lemmas 2.1 and

2.2, we obtain

−(µ, Tuµ)∂TH = −(µ, Tu(λ− λH,h))∂TH = −(µ,u0 + Tuλ+ T̂uf − (TuλH,h + T̂uf))∂TH

= −(µ,u)∂TH + (µ, TuλH,h + T̂uf)∂TH

= −〈µ, g〉∂Ω + (µ,uH,h0 + Tuh λH,h + T̂uh f + (Tu − Tuh )λH,h + (T̂u − T̂uh )f)∂TH

= −〈µ, g〉∂Ω + (µ,uH,h)∂TH + (µ, (Tu − Tuh )λH,h + (T̂u − T̂uh )f)∂TH

= −(µ,χ)∂TH + (µ, (Tu − Tuh )λH,h + (T̂u − T̂uh )f)∂TH

≤
(
‖χ‖V + ‖(Tu − Tuh )λH,h + (T̂u − T̂uh )f‖V

)
‖µ‖Λ

�
(
η1 + ‖(Tu − Tuh )λH,h + (T̂u − T̂uh )f‖V

)
‖µ‖Λ

�
(
η1 + η2

)
‖µ‖Λ. (2.87)

Hence, for the Stokes equations (γ = 0) we use (2.85), (2.86) and (2.87) to get the desired
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result. For the Brinkman equation, we use again (2.85), (2.86) and (2.87), to obtain that

‖Tuµ‖2V �
(
η1 + η2

)
(‖Tuµ‖V +H2 η2)

�
(
η1 + η2

)2
+

1

2
‖Tuµ‖2V +

(
η1 + η2

)
H2 η2,

thus

‖Tuµ‖V �
(
η1 + η2

)
+ H{

(
η1 + η2

)
η2}1/2,

and the result follows. �

2.7 Conclusion

Intrinsically attached to the design of the MHM method, the a posteriori error estimator

proposed in this work accounts for the multi-level approximations of the method. We

restricted the numerical analysis to the first and second level MHM methods for the Stokes

and Brinkman equations, for which we proved that the estimator is locally efficient and

reliable in the natural norms. The results are, up to our knowledge, the first to address the

impact of two-levels of approximation in a multiscale finite element method for the Stokes

operator. As a result, the multiscale a posteriori error estimator yielded novel adaptivity

strategies which drive first-level meshes as well as (independent) elementwise second level

meshes. Fluid flow problems in highly heterogeneous validated the underlying multi-level

adaptative algorithms. We showed that the MHM method on such first- and second-level

adapted meshes preserves the accuracy of the velocity and pressure fields on coarse global

meshes. The missing scales are upscaled through base functions computed in parallel.



Chapter 3

A Multiscale Hybrid-Mixed

Method for a nonlinear-Stokes

problem in glaciology

In this chapter, we derive a new Multiscale Hybrid-Mixed (MHM) finite element method

for the non-linear Stokes problem that models a glacier. It is widely accepted that glaciers

behave like an incompressible non-Newtonian fluid, modeled by the Stokes equations with

nonlinear rheology (see, e.g., [29, 41, 50]). A glacier is a significant, perennial accumulation

of crystalline ice, snow, rock, sediment, and often liquid water that originates on land

and moves down slope under the influence of its weight and gravity. Due to its size and

complexity, it is imperative to have efficient numerical methods that allow us to handle the

problem. The finite element method allows us to work with complex geometries and the

physical boundary conditions of the model. An additional virtue of the MHM method is the

capability of running in parallel on computational clusters providing the computing power

for large-scale simulations.

The non-linearity of the problem is solved using Picard’s iteration and, for the linear

problem resulting from this process, we use the linear MHM technique used in Chapter 2.

This chapter is organized as follows: In Section 3.1 we present some preliminary results

also, in Section 3.1.1 we present the Picard method to handle the non-linearity of the

problem. In Sections 3.2 and 3.3 we detail the one and two-level MHM method, respectively.

Finally, in Section 3.5 we present numerical experiments to verify that the proposed method

approximates the solution of a glacier model properly.

84
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3.1 Model problem and preliminaries

We consider the following problem: Find a velocity u : Ω −→ Rd and a pressure p : Ω −→ R
such that 

∇·
(
− ν(|D(u)|) D(u) + p I

)
= f in Ω ,

∇ · u = 0 in Ω ,

u = g on ∂Ω ,

(3.1)

where the operator D represents the gradient

D(v) = ∇v

or the strain tensor

D(v) = ε(v) .

The known data are the given Dirichlet boundary condition g ∈ L2(∂Ω)d, the body force

f = ρice g k̂, where ρice is the density of the ice, g is the gravitational constant and k̂ is a

unit vector orthogonal to the surface of the earth. In addition, the viscosity ν : R+ −→ R
is given by the Glen’s law

ν(|D(u)|) =
α

2
|D(u)|β−2 (3.2)

where β ∈ (1, 2] and the function α(x) ∈ L∞(Ω) are given, with 0 < α0 ≤ α(x) for some α0.

In (3.1) we are considering only Dirichlet boundary conditions in the boundary for lighten

up the notation, but later we will detail the appropriate boundary conditions.

The standard variational mixed formulation of problem (3.1) reads: Find u ∈ H1(Ω)d,

with u = g on ∂Ω, and p ∈ L2
0(Ω) such that

a(u,v) + b(v, p) = (f , v)Ω for all v ∈ H1
0 (Ω)d ,

b(u, q) = 0 for all q ∈ L2
0(Ω) ,

(3.3)

where the a(·, ·) and b(·, ·) are defined by

a(w,v) := (µ(|D(w)|) D(w),D(v))Ω and b(v, q) := −(∇ · v, q)Ω, (3.4)

for all w, v ∈ H1(Ω)d and q ∈ L2
0(Ω). The well-posedness of the problem (3.3) is well known

(see for instance [40]).

As in the previous chapter, we replace (3.3) by its hybrid formulation counterpart, i.e.,
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find (u, p,λ, ρ) ∈ V ×Q×Λ× R such that

a(u,v) + b(v, p) + (λ,v)∂TH = (f ,v)TH for all v ∈ V ,

b(u, q) + (ρ, q)Ω = 0 for all q ∈ Q ,

(µ,u)∂TH = 〈µ, g〉∂Ω for all µ ∈ Λ ,

(ξ, p)Ω = 0 for all ξ ∈ R ,

(3.5)

where the spaces V, Q and Λ are those defined in (2.5), (2.7) and (2.6), respectively.

Above and hereafter, we surcharge the notation a(·, ·) and b(·, ·) to extend them to the

space V as follows

a(w,v) :=
∑
K∈TH

aK(w,v) with aK(w,v) := (µ(|D(w)|) D(w),D(v))K , (3.6)

and

b(v, q) :=
∑
K∈TH

bK(v, q) with bK(v, q) := −(∇ · v, q)K , (3.7)

for all w, v ∈ V and q ∈ Q. Note that here the operators a( · , · ) and aK( · , · ) have a

difference with respect to the ones defined on Chapter 2 because the viscosity is dependent

on the velocity.

3.1.1 Picard iteration for the solution of the nonlinear system

To solve the nonlinear system (3.1), i.e. in the case β 6= 2, we apply the Picard iteration.

Starting with a given velocity u0, we determine (uj+1, pj+1) solving the systems

∇·
(
− µ(|D(u)j |) D(u)j+1 + ∇pj+1

)
= f in Ω ,

∇ · uj+1 = 0 in Ω ,

uj+1 = g on ∂Ω

(3.8)

for j = 0, 1 . . . . This procedure continues until a stopping criterion is satisfied. The stopping

criteria for the numerical scheme will be specified in the Algorithm 3.

Note that for each j the system (3.8) becomes linear, and then, we use the method

presented in Chapter 2.

For lighten up the presentation, from now on we denote u∗ := uj , which corresponds to

a known value in each Picard iteration, and overwrite the unknowns in (3.8) as u := uj+1

and p := pj+1. This allows us to write the problem (3.5) as follows: find (u, p,λ, ρ) ∈
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V ×Q×Λ× R such that

a∗(u,v) + b(v, p) + (λ,v)∂TH = (f ,v)TH for all v ∈ V ,

b(u, q) + (ρ, q)Ω = 0 for all q ∈ Q ,

(µ,u)∂TH = 〈µ, g〉∂Ω for all µ ∈ Λ ,

(ξ, p)Ω = 0 for all ξ ∈ R ,

(3.9)

where

a∗(u,v) :=
∑
K∈TH

a∗K(u,v) with a∗K(u,v) := (µ(|D(u∗)|) D(u),D(v))K . (3.10)

Note that in (3.9) the viscosity depends only on the solution in the previous step, and

thus (3.9) is a linear problem. Now, inspired in the previous chapter, we propose a numerical

method to approximate the non-linear problem.

Let V0 be the closed subspace of the Hilbert space V defined by

V0 := {v ∈ V : a∗(v,w) = 0 for all w ∈ V} .

Note that for D( · ) = ∇( · ) we get

V0 =
{
v ∈ V : v |K ∈ P0(K)d for all K ∈ TH

}
,

and for D(·) = ε(·) we get

V0 = {v ∈ V : ε(v) = 0 for all K ∈ TH} ,

which corresponds to the space of piecewise rigid body modes. It is easy to prove that V0

may be characterized as follow: when d = 2

v(x) =

(
a1

a2

)
+ b

(
x2

−x1

)

for x = (x1, x2) ∈ K with a1, a2, b ∈ P0(K), and when d = 3

v(x) = a+ b× x

for x ∈ K with a, b ∈ P0(K)3.

We point out that the only difference between both options for D is the space V0,
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affecting only the computational implementation, but not the analysis. This way,

V = V0 ⊕V⊥0 , (3.11)

where V⊥0 stands for the orthogonal complement with respect to the inner-product (·, ·)V.

We define the following local operators:

• T : Λ→ V×Q with Tµ := (Tuµ, T pµ) such that Tuµ |K and T pµ |K is the unique

solution of the local problema
∗
K(Tuµ,w) + bK(w, T pµ) = −〈µ,w〉∂K for all w ∈ V⊥0 (K),

bK(Tuµ, q) = 0 for all q ∈ Q(K);
(3.12)

• T̂ : L2(Ω)d → V⊥0 × Q with T̂ r := (T̂u r, T̂ p r) such that T̂u r |K and T̂ p r |K is the

unique solution of the local problema
∗
K(T̂u r,w) + bK(w, T̂ p r) = (r,w)K for all w ∈ V⊥0 (K),

bK(T̂u r, q)K = 0 for all q ∈ Q(K);
(3.13)

• T̄ : R→ V⊥0 ×Q with T̄ ξ := (T̄u ξ, T̄ p ξ) such that T̄u ξ |K and T̄ p ξ |K is the unique

solution of the local problema
∗
K(T̄u ξ,w) + bK(w, T̄ p ξ) = 0 for all w ∈ V⊥0 (K),

bK(T̄u ξ, q) = −(ξ, q)K for all q ∈ Q(K).
(3.14)

Owing to decomposition (3.11), and noting that a∗(w,v) = 0 when w ∈ V0 or v ∈ V0,

we may rewrite (3.9) as the following global-local problem: Find (u0,λ, ρ) ∈ V0 ×Λ× R
such that

(λ,v0)∂TH = (f ,v0)TH ,

(µ,u0)∂TH +(µ, Tu λ)∂TH +(µ, T̄u ρ)∂TH = 〈µ, g〉∂Ω−(µ, T̂u f)∂TH ,

(ξ, T p λ)Ω + (ξ, T̄ p ρ)Ω = −(ξ, T̂ p f)Ω,

(3.15)

for all (v0,µ, ξ) ∈ V0 ×Λ× R.

Note that Problem (3.15) is the same as (2.31), and the non-linearity is manifested only

on the local problems (3.12), (3.13) and (3.14).

The coupled global-local problem (3.12), (3.13), (3.14) and (3.15) is equivalent, in the
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sense that its solutions coincide, with the hybrid formulation (3.9). Owing to the linearity

of problem (3.15), the solution decomposes as follow

u = u0 + Tuλ+ T̂uf + T̄uρ and p = T pλ+ T̂ pf + T̄ pρ . (3.16)

Remark 3.1 Following [12] we can prove that ρ = 0. Hence, the solution of (3.15), given

by (3.16), reduces to

u := u0 + Tu λ+ T̂u f and p := T p λ+ T̂ p f . (3.17)

3.2 The one-level MHM method

The one-level MHM method stems from the coupled problems (3.15), (3.12), (3.13) and

(3.14). We search the approximate Lagrange multipliers in the space

ΛH := {λH ∈ Λ : λH |F̃ ∈ Pl(F̃ )d, for all F̃ ⊂ TH̃(F ), for all F ∈ EH} , (3.18)

the same space (2.33) used for the linear Stokes problem. Replacing Λ by ΛH allows for

finding solutions to (3.12) in terms of basis functions and (3.13) and gives rise to a one-level

MHM method in the form of (3.15). In this section we assume that the corresponding local

problems are computed exactly, i.e, a closed formula for the multiscale basis functions is

available.

Specifically, the solution of (3.15) is approximate by (uH0 ,λH , ρH) ∈ V0×ΛH×R which

is the solution to the one-level MHM method
(λH ,v0)∂TH = (f , v0)TH ,

(µH ,u
H
0 )∂TH +(µH , T

u λH)∂TH +(µH , T̄
u ρH)∂TH = 〈µH , g〉∂Ω−(µH , T̂

u f)∂TH ,

(ξH , T
p λH)Ω + (ξH , T̄

p ρH)Ω = −(ξH , T̂
p f)Ω,

(3.19)

for all v0 ∈ V0, µ ∈ ΛH and ξH ∈ R. Here T , T̂ and T̄ are given in (3.12), (3.13) and

(3.14), respectively.

Thus, due to linearity of discrete problem (3.19), its solution (uH , pH , ρH) is given

through the expressions

uH := uH0 + Tu λH + T̂u f + T̄u ρH and pH := T p λH + T̂ p f + T̄ p ρH , (3.20)

and then, the MHM method is non-conform in H1(Ω)d. Note that the one-level MHM
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method assumes that exact solution of local problems are known, which generally will not

be possible. For this reason, we must consider an approximation of the solution of the local

problems, which are explained in the next section.

3.3 The two-level MHM method

Until here, to lighten up notation and to present the method in a similar way as in Chapter

2, we have only considered the problem with Dirichlet boundary conditions. Since we are

interested in to apply the method to a problem with mixed boundary conditions, following we

detail both cases: when the boundary conditions are only Dirichlet, and when the boundary

conditions are mixed.

To the two-level MHM method, we select the following local finite spaces

Vh(K) :=
{
vh ∈ V⊥0 (K) ∩ C0(K)d : vh |τ ∈ Pk(τ)d for all τ ∈ T Kh

}
(3.21)

and

Qh(K) :=
{
qh ∈ Q(K) ∩ C0(K) : qh |τ ∈ Pn(τ) for all τ ∈ T Kh

}
, (3.22)

and the global finite dimensional space

Vh := ⊕K∈THVh(K) and Qh := ⊕K∈THQh(K). (3.23)

As in Chapter 2, for T h, T̄ h and T̂ h we adopt the unusual stabilized finite element

method USFEM proposed in [25], but now in its nonlinear version, and adopting the same

degree of interpolation in all elements of the partition, that is, k = n in (3.21) and (3.22).

We recall from [25] that the unusual finite element method reads: Find (u, p) ∈ Vh(K)×
Qh(K) such that

B∗K(u, p;v, q) = F ∗K(v, q) for all (v, q) ∈ Vh(K)×Qh(K),

where

B∗K(u, p;v, q) :=a∗K(u,v) + bK(v, p)− bK(u, q)

−
∑
τ∈T Kh

(−∇· (µ(|D(u∗)|)D(u)− p I
)
κτ ,−∇· (µ(|D(u∗)|)D(v) + q I))τ

(3.24)
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and

F ∗K(v, q) := (f ,v)K −
∑
τ∈T Kh

(f ,−∇· (µ(|D(u∗)|)D(v) + q I)κτ )τ . (3.25)

The stabilization parameter is given by

κτ :=
mk h

2
τ

4µ(|D(u∗)|)
, (3.26)

where mk := min
{

1
3 , Ck

}
and Ck is a constant satisfying (2.42). This way, the stabiliza-

tion parameter κτ can be easily calculated. Owing to the definition above, we define the

corresponding discrete operators as follows:

• T h : ΛH → Vh ×Qh such that T h λH,h |K := (Tuh λH,h, T
p
hλH,h) solves

B∗K(Tuh λH,h, T
p
hλH,h;vh, qh) = −〈λH,h,vh〉∂K for all (vh, qh) ∈ Vh(K)×Qh(K),

(3.27)

• T̂ h : L2(Ω)d → Vh ×Qh(K) such that T̂ h f |K := (T̂uh f , T̂
p
hf) solves

B∗K(T̂uh f , T̂
p
hf ;vh, qh) = F ∗K(vh, qh) for all (vh, qh) ∈ Vh(K)×Qh(K), (3.28)

• T̄ h : R→ Vh ×Qh such that T̄ h ρH |K := (T̄uh ρH , T̄
p
hρH) solves

B∗K(T̄uh ρH , T̄
p
hρH ;vh, qh) = −(ρH , qh)K for all (vh, qh) ∈ Vh(K)×Qh(K).

3.3.1 The two-level MHM method for a problem with only Dirichlet

boundary conditions

The two-level MHM method reads: Find (uH,h0 ,λH,h, ρH) ∈ V0 ×ΛH × R such that
(λH,h,v0)∂TH = (f , v0)TH ,

(µH ,u
H,h
0 )∂TH +(µH , T

u
h λH,h)∂TH +(µH , T̄

u
h ρH)∂TH = 〈µH , g〉∂Ω−(µH , T̂

u f)∂TH ,

(ξH , T
p
h λH,h)Ω + (ξH , T̄

p
hρH)Ω = −(ξH , T̂

p
h f)Ω,

(3.29)

for all (v0,µH , ξH) ∈ V0×ΛH×R, where the operators Tuh , T̂uh and T̄uh are those defined in

(3.27), (3.28) and (3.3), respectively. Note that the skeleton problem for the linear problem

(Problem (2.39)) and the skeleton problem for the non-linear problem (Problem (3.29)) are
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the same.

As a result, the discrete two-level solution (uH,h, pH,h, ρH) is given through the expres-

sions

uH,h := uH,h0 + Tuh λH,h + T̂uh f + T̄uh ρH and pH,h := T phλH,h + T̂ phf + T̄ phρH . (3.30)

Remark 3.2 As in the continuous case (Remark 3.1), following [12], we have that ρH = 0.

Hence, the solution of (3.29), given by (3.30), can be characterized as

uH,h := uH,h0 + T̂uh λH,h + T̂uh f and pH,h := T̂ ph λH,h + T̂ ph f . (3.31)

3.3.2 The two-level MHM method for a problema with mixed boundary

conditions

Now we consider the problem (3.1) with Dirichlet and Neumann boundary conditions, i.e.,

we consider the problem:

∇·
(
− µ(|D(u)|) D(u) + ∇p

)
= f in Ω ,

∇ · u = 0 in Ω ,

u = gD on ∂ΩD ,

u = gN on ∂ΩN ,

(3.32)

with ∂ΩN 6= ∅, and gD ∈ L2(ΩD)d and gN ∈ L2(ΩN )d. Since the Neumann boundary

conditions will be essentials, they are imposed explicitly on the solution, and then, the

approximate Lagrange multipliers will belong to space

ΛH := {λH ∈ Λ : λH |F̃ ∈ Pl(F̃ )d , for all F̃ ⊂ TH̃(F ) , for all F ∈ EH , and λH |∂ΩN = gN} .
(3.33)

It is easy to see that when we consider Neumann boundary conditions the pressure

belongs to L2(Ω) instead of L2
0(Ω), and then the unknown ρ, corresponding to the Lagrange

multiplier for the pressure, and its corresponding test function in (3.29) do not appear. Then,

proceeding as before, the two-level MHM method for the problem with mixed boundary

conditions reads: Find (uH,h0 ,λH,h) ∈ V0 ×ΛH such that
(λH,h,v0)∂TH = (f , v0)TH ,

(µH ,u
H,h
0 )∂TH +(µH , T

u
h λH,h)∂TH =

∫
∂ΩD

µH · gD−(µH , T̂
u f)∂TH ,

(3.34)
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for all (v0,µH) ∈ V0×ΛH , and where the operators Tuh and T̂uh are those defined in (3.27)

and (3.28), respectively. As a result, the discrete two-level solution (uH,h, pH,h) is given

through the expressions

uH,h := uH,h0 + Tuh λH,h + T̂uh f and pH,h := T phλH,h + T̂ phf . (3.35)

3.4 Numerical algorithm for the MHM method for a problem

with mixed boundary conditions

In this section by provide the underlying algorithm for the MHM method for the problem

with mixed boundary condition, described in Section 3.3.2. The case of the problem with

Dirichlet boundary condition only is analogous.

Let {ψ1, ψ2, . . . , ψmλ} and {φ1, φ2, . . . , φm0
} be a basis for ΛH and V0, respectively,

where mλ := dim(ΛH) and m0 := dim(V0). Then, there exist real numbers λ1, λ2, . . . , λmλ

and u1
0, u

2
0, . . . , u

m0
0 such that

λH,h =

mλ∑
j=1

λj ψj and uH,h0 =

m0∑
j=1

uj0φj .

For j = 1, 2, . . .mλ, let (ηuj,h, η
p
j,h) ∈ Vh(K) × Qh(K) be the solution of the USFEM

formulations (3.27), and (3.28), respectively , i.e., (ηuj,h, η
p
j,h) is the the solution of

B∗K(ηuj,h, η
p
j,h;vh, qh) = −〈ψj ,vh〉∂K for all (vh, qh) ∈ Vh(K)×Qh(K) .

Note that, thanks to the linearity of B∗K (c.f. (3.24)),

T̂uh λH,h =

mλ∑
j=1

λj η
u
j,h and T̂ ph λH,h =

mλ∑
j=1

λj η
p
j,h .

We can rewrite (3.34) as the linear system,[
A CT

C 0

][
~λ

~u0

]
=

[
F

G

]
, (3.36)

with ~λ
T

= (λ1, . . . λmλ) ∈ Rmλ and ~uT0 = (u1
0, . . . u

m0
0 ) ∈ Rm0 . Note that the matrix in
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(3.36) has a size (mλ +m0)× (mλ +m0), and its components are given by

A = (aij) ∈ Rmλ×mλ with aij := (ψi,η
u
j,h)∂TH , 1 ≤ i, j ≤ mλ ,

C = (cij) ∈ Rm0×mλ with cij := (ψj ,φi)∂TH , 1 ≤ i ≤ m0 and 1 ≤ j ≤ mλ .

The entries of the global right-hand side are

F = (fi) ∈ Rmλ with fi :=

∫
∂ΩD

ψi · g − (ψi, T̂
u
h f)∂TH , 1 ≤ i ≤ mλ ,

G = (gi) ∈ Rm0 with gi := (f , φi)TH , 1 ≤ i ≤ m0 .

We recall that for the problem (3.34) with mixed boundary condition, described in

Section 3.3.2, since the Neumann boundary condition is essential, i.e., the value of λH,h on

∂ΩN is known, we must impose them in the system (3.36), for example, in a strongly way.

Let {ξK1 , ξK2 , . . . , ξKmh,K} and {qK1 , qK2 , . . . , qKlh,K} basis of the local spaces Vh(K) and

Qh(K), respectively, where mh,K := dim(Vh(K)) and lh,K := dim(Qh(K)). For each j =

1, . . .mλ we define the following vector:

Sj,K = (si) ∈ Rmh,K with si := −〈ψj , ξKi 〉∂K , 1 ≤ j ≤ mλ .

Also, let Fh,K ∈ Rmh,K+lh,K be the local right-hand side vector given by the stabilized

linear form F ∗K(·) defined in (3.25) and Bh,K ∈ R(mh,K+lh,K)×(mh,K+lh,K) the local stiffness

matrix given by the stabilized bilinear form B∗K(· ; ·) defined in (3.24). They are both

computed using the subspace Vh(K) × Qh(K). We denote by Iu ∈ Rmh,K×mh,K and Ip ∈
Rlh,K×lh,K the identity matrices, 0u ∈ Rlh,K×mh,K and 0p ∈ Rmh,K×lh,K the rectangular

matrices composed of zeros, and

P u
K :=

[
Iu

0u

]
∈ R(mh,K+lh,K)×mh,K and P p

K :=

[
0p

Ip

]
∈ R(mh,K+lh,K)×lh,K .
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Algorithm 3 MHM algorithm for the problem with mixed boundary conditions

Require: A positive real number tol (the tolerance) and an initial solution (u∗H,k, p
∗
H,h).

1: for For each K ∈ TH do

2: For each ψj defined on ∂K solve

Bh,KXj,K = P u
KSj,K

3: Solve

Bh,KYK = Fh,K

4: For each ψi defined on ∂K, and φi defined on K, compute

FK = (fKi ), fKi :=

∫
∂K∩∂ΩD

ψi · g −
∫
∂K
ψi ·B−1

h,KFh,KYK

5: For each φi, defined on K, compute

GK = (gKi ), gKi := −(f ,φi)K

6: Assemble FK and GK into F and G.

7: end for

8: Solve the global problem [
A CT

C 0

][
~λ

~u0

]
=

[
F

G

]

uH,h =

m0∑
i=1

ui0φi +

mλ∑
i=1

λi

 ∑
K∈TH

mh,K∑
j=1

Xj
i,K ξ

K
j

+
∑
K∈TH

mh,K∑
j=1

Y j
i,K ξ

K
j

pH,h =

mλ∑
i=1

λi

 ∑
K∈TH

mh,K+lh,K∑
j=mh,K+1

Xj
i,K q

K
j

+
∑
K∈TH

mh,K+lh,K∑
j=mh,K+1

Y j
i,K q

K
j

σH,h = −ν∇uH,h + pH,hI

9: Consider the following stopping criteria:

‖(uH,h, pH,h)− (u∗H,h, p
∗
H,h)‖V×Q

‖(uH,h, pH,h)‖V×Q
< tol . (3.37)

If (3.37) holds, then return uH,h and pH,h and stop the algorithm. Else, define u∗H,h =

uH,h and p∗H,h = pH,h and repeat the algorithm from the Line 1.
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3.5 Numerical experiments

In this section we simulate standardized 2D tests for glacier models from [79] and [64]. We

assume that the glacier is only bounded by two faces: the interface between the atmosphere

and the ice sheet (top), and the interface between the bedrock and the ice sheet (bottom).

Then, for the top boundary, we assume Neumann boundary condition and for the bottom

Dirichlet boundary condition, both equal to zero. For the other two boundaries, we assume

periodic conditions, a typical consideration in this context, meaning that whatever exists in

the right side of the ice sheet enters in its left side (see, e.g., [64]). One way to apply the

periodic boundary conditions, which we use here, is to solve the problem over an elongated

domain on left and right, with the same boundary conditions than the original problem,

except for the lateral boundaries, where it is imposed zero Dirichlet boundary conditions for

the velocity (see, e.g., [64]). Then, we solve the problem in a domain three times larger than

the original, reporting the results only on the original domain. In the following examples

we report the results for the case D(·) = ε(·). The physical parameters considered are in

Table 3.1.

Table 3.1: Physical parameters for the glaciar model.

Symbol Constant Value Units

A Ice-flow parameter 100 MPa−na−1

ρice Ice density 9.03721418E–19 Kg Km−3

g Gravitational constant 9.81 m s−2

n Exponent in Glen’s flow law 3

Seconds per year 31556926 s a−1

With the values given in Table 3.1, we may calculate the Glen’s law parameters (3.2)

α = A−1/n and β = 4/3, and the source term f = ρice g k̂.

3.5.1 First example

For this example, we consider a gently sloping ice flow with an incline θ = 0.1◦ with a

no-slip boundary condition at the base and periodic boundary conditions at the terminus.

The horizontal length of the domain is 10km. In the Figure 3.1 we show the numerical

solution applying the MHM method with uh ∈ P3(K)2, ph ∈ P3(K) and λH,h ∈ Λ1
1 and,

in order to compare our numerical results, in the Figure 3.2 we present the solution using

the well-known P 2/P 1 stable method (see, e.g., [45]). The mesh for the P 2/P 1 method is
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the same first-level mesh for the MHM method with 3077 elements. For the MHM method

we show the figures only the for case uh ∈ P3(K)2, ph ∈ P3(K) and λH,h ∈ Λ1
1, because in

other cases the plots are very similar.

Remark 3.3 The numerical tests with D(·) = ∇(·) behaves properly when the following

condition holds

k ≥

l + 1 when l is even and,

l + 2 when l is odd;
(3.38)

where k, n and l are the degrees of the polynomials that define the finite element spaces

Vh, Qh and Λl, respectively, remembering that we chose k = n (cf. (2.5), (2.7) and (2.6)).

We recall that (3.38) is a sufficient condition to ensure the existence and uniqueness of the

solution of the second-level MHM method for the linear Stokes problem (see [12]), and then

our numerical results for the non-linear case are in accordance with the previous works. But

for the case D(·) = ε(·), the numerical results suggest that, besides (3.38), it is required

that l 6= 0. The mathematical analysis for our non-linear scheme will be addressed in future

work.
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Figure 3.1: Solution of Example 3.5.2 with the MHM method with uh ∈ P3(K)2, ph ∈
P3(K) and λH,h ∈ Λ1

1, using a first-level mesh with 3077 elements, considering the physical

parameters given in Table 3.1 and an incline of α = 0.1◦.
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Figure 3.2: Solution of Example 3.5.2 using a P 2/P 1 scheme considering a mesh with 9232

elements, considering the physical parameters given in Table 3.1 and an incline of α = 0.1◦.

3.5.2 Second example

Similar to the previous example, we consider a gently sloping ice flow with incline θ = 0.5◦

with periodic boundary conditions at the terminus, but now over a sinusoidal rippled bedrock

with no-slip boundary conditions at the base. The horizontal length of the domain is also

10km.

The Figure 3.3 show the numerical solution for the MHM method with uh ∈ P3(K)2,

ph ∈ P3(K) and λH,h ∈ Λ1
1 and, in order to compare the numerical results of our method, in

Figure 3.4 we present the solution of using the well-known P 2/P 1 stable method (see, e.g.,

[45]). The mesh for the P 2/P 1 method is the same first-level mesh for the MHM method

with 4434 elements. For the MHM method we show the figures only for case uh ∈ P3(K)2,

ph ∈ P3(K) and λH,h ∈ Λ1
1, because in other cases the plots are very close.



3.5. NUMERICAL EXPERIMENTS 100

Figure 3.3: Solution of Example 3.5.2 using the MHM method with uH,h ∈ P3(K)2,

pH,h ∈ P3(K) and λH,h ∈ Λ1
1, considering the physical parameters given in Table 3.1 with

an incline of α = 0.5◦, and a mesh with 4434 elements.
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Figure 3.4: Solution of Example 3.5.2 using the P 2/P 1 finite element spaces, considering

the physical parameters given in Table 3.1 with an incline of α = 0.5◦, and a mesh with

4434 elements.

We see in both examples that the numerical results using the MHM scheme are very

close with the well known P 2/P 1 scheme, with the additional advantage that the MHM

method can capture the multiscale behavior of the problems using coarse meshes and other

characteristic naturals in the geological context, like the presence of cracks. Furthermore,

due to the size of the geological domains, the virtue of running in parallel of the MHM

method is specifically relevant.
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3.6 Conclusion

In this chapter, we proposed a new numerical strategy to apply the MHM for the non-

linear Stokes problem with mixed boundary conditions, which models the behavior of a

glacier. The numerical method was tested in a glacier model with realistic parameters,

verifying that the solutions are physically correct. Our results suggest that the MHM

method is a promising technique in the context of glaciology, because, in addition to the

properties inherited by the finite element method, it has other virtues, such as being able to

be implemented naturally in parallel, which is very relevant due to the size of the domains

in this context, especially in 3D. The remaining rigorous mathematical analysis and more

numerical tests are a future work.



Conclusiones y trabajo futuro

Conclusiones

1. En el Caṕıtulo 1 adaptamos las ideas de [9] y [14] para desarrollar un análisis de

error a posteriori -de tipo jerárquico- para el método LPS introducido en [15], que

aproxima la solución de las ecuaciones de Navier–Stokes no lineales incompresibles.

Nuestro estimador de error a posteriori está basado en la solución de problemas locales

puestos en espacios de funciones burbujas espećıficos de una dimensión, fáciles de

calcular y de bajo costo computacional. Para estudiar el desempeño de este estimador

a posteriori presentamos ejemplos numéricos con soluciones anaĺıticas verificando que

el ı́ndice de efectividad permanece acotado cuando h tiende a cero, y probamos también

el problema de referencia bien conocido de la cavidad, el cual está fuera del marco

teórico, mostrando que nuestro estimador a posteriori genera secuencias de mallas

adaptadas que van mejorando la calidad de las soluciones numéricas incluso en régimen

turbulento.

2. En el Caṕıtulo 2 proponemos y analizamos una nueva estrategia de error a posteriori

especialmente diseñada para el método MHM. El estimador de error a posteriori prop-

uesto considera las aproximaciones multiescala del método. Desarrollamos el análisis

numérico para el primer y segundo nivel del método MHM para las ecuaciones de

Stokes y Brinkman probando que el estimador es localmente eficiente y confiable en

las normas naturales. El resultado, hasta donde sabemos, es el primero que que con-

sidera el impacto de la aproximación del segundo nivel en un método de elementos

finitos con un operador de Stokes. Como resultado, el estimador de error multiescala

produce una novedosa estrategia de adaptividad que considera la malla de primer nivel

aśı como también las mallas del segundo nivel. Validamos los resultados con proble-

mas de fluidos con flujos altamente heterogéneos. Mostramos que el método MHM

en su adaptividad de primer y segundo niveles preserva la precisión de la velocidad y

presión en mallas globales gruesas. Las multiples escalas son capturadas a través de
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funciones calculadas de manera paralela.

3. En el Caṕıtulo 3 proponemos una nueva estrategia numérica para aplicar el método

MHM a problemas no lineales, y la aplicamos a un problema de Stokes no lineal

con condiciones de borde mixtas, el cual modela el comportamiento de glaciares.

Hasta donde sabemos, ésta es la primera metodoloǵıa propuesta en la literatura que

permite aplicar el método MHM a problemas no lineales. El método fue testeado

con parámetros realistas en un modelo de un glaciar verificando que las soluciones

obtenidas son las f́ısicamente esperadas.

Trabajo futuro

Lo novedoso del método MHM deja abierta la posibilidad de múltiples ramas para investigar

a partir del trabajo de esta tesis.

1. Extender los métodos presentados al régimen no estacionario.

2. Completar el análisis numérico del método MHM aplicado al problema de Stokes no

lineal presentado en el Caṕıtulo 3, y enviarlo para su publicación.

3. Basados en el esquema numérico para problemas no lineales propuesto en el Caṕıtulo

3, proponer un esquema MHM para las ecuaciones de Navier–Stokes, y desarrollar su

análisis de error a priori y a posteriori.

4. Continuar con el análisis de modelos de glaciares más completos, por ejemplo, mod-

elos que consideren la deformación debido a la temperatura, efectos del clima, derre-

timiento, grietas y canales.

5. Extender el código desarrollado para el método MHM al caso 3D, donde se aproveche

el paralelismo natural del método.

6. Proponer y analizar un esquema de elementos finitos estabilizados para estudiar mod-

elos de materiales elásticos y viscoelásticos. En particular, nos interesa su aplicación

en la modelación de procesos de subducción de placas tectónicas [35, 100]. Sobre este

tema, aunque no está documentado en esta tesis, ya tenemos resultados numéricos

prometedores.

7. Utilizando el algoritmo desarrollado en 6 para aproximar la solución del segundo nivel,

proponer un esquema del tipo MHM para las ecuaciones de viscoelasticidad. Debido

a la naturaleza del problema geológico que modela (grandes dominios y presencia de
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grietas) intúımos que el método MHM es una herramienta prometedora para este

contexto.



Concluding remarks and future

work

Concluding remarks

1. In Chapter 1 we adapted the ideas of [9] and [14] to develop an a posteriori error

analysis of hierarchical-type for the LPS method, introduced in [15], which approx-

imates the solution of the fully non-linear incompressible Navier–Stokes equations.

Our a posteriori estimator is based on the solution of local problems posed in specific

one-dimensional spaces of bubble-like functions so it is easy to implement with a low

computational cost. In order to study the performance of our a posteriori estimator

we presented numerical examples with analytical solutions checking that the effec-

tivity index stays bounded as h goes to zero, and we tested well-known benchmark

problems which live outside of the theoretical framework showing that our a poste-

riori estimator generates a sequence of adapted meshes improving the quality of the

numerical solutions even in the turbulent regime, as was shown with the lid-driven

cavity problem.

2. In Chapter 2 we proposed and analyzed a new a posteriori error strategy specially de-

signed for the MHM method. The a posteriori error estimator proposed accounts for

the multi-level approximations of the method. We accounts for the numerical analysis

to the first and second level MHM methods for the Stokes and Brinkman equations,

for which we proved that the estimator is locally efficient and reliable in the natu-

ral norms. The results are, up to our knowledge, the first to address the impact of

two-levels of approximation in a multiscale finite element method for the Stokes oper-

ator. As a result, the multiscale a posteriori error estimator yielded novel adaptivity

strategies that drive first-level meshes as well as (independent) elementwise second

level meshes. Fluid flow problems in highly heterogeneous validated the underlying
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multi-level adaptative algorithms. We showed that the MHM method on such first-

and second-level adapted meshes preserves the accuracy of the velocity and pressure

fields on coarse global meshes. The missing scales are upscaled through base functions

computed in parallel.

3. In Chapter 3 we proposed a new numerical strategy applied to the non-linear Stokes

problem with mixed boundary conditions, which models the behavior of a glacier. Up

to our knowledge, this is the first methodology proposed in the literature that allows

applying the MHM method to non-linear problems. The method was tested in a

glacier model with realistic parameters, verifying that the solutions are the physically

expected ones.

Future work

The novelty of the MHM methods gives way to multiple research branches.

1. To extend the methods to the non-stationary regime.

2. To propose a numerical analysis of the MHM method applied to the non-linear Stokes

problem of the Chapter 3.

3. Based on the numerical scheme for non-linear problems showed in Chapter 3, to pro-

pose an MHM scheme for the Navier–Stokes equations, and derive a priori and a

posteriori error analysis.

4. Extend the analysis to more complete glaciers models, for example, to models that

consider the ice deformation due to the temperature, effect of the climate, meltwater,

cracks, and channels.

5. To extend the code developed for the MHM method to the 3D case, to leverage the

inherent parallelism of the method.

6. To propose and analyze a stabilized finite element scheme for elastic and viscoelastic

material models. In particular, we are interested in its application in the modeling of

tectonic plate subduction processes [35, 100]. Here, although it is not documented in

this thesis, we already have promising numerical results.

7. To propose an MHM scheme for the viscoelasticity equations adopting as second level

solver the numerical scheme developed in 6.
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