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Resumen

En el marco de la Gravedad Semi-Clasica, estamos interesados en estudiar como
interactuan fluctuaciones cuanticas con teorias de gravedad masiva, construidas
con potencias en la curvatura, para espacios asintoticamente (A)dS;. Como
primer paso, analizamos los efectos de una backreaction cuantica en la teoria
cuadréatica en la curvatura New Massive Gravity, en el punto especial del espacio
de parametros donde sus dos vacios coinciden. Mostraremos que la backreaction
induce una correccion logaritmica a la geometria de vacio, pero manteniendo su
estructura asintoética. Para el caso de espacios con constante cosmologica efectiva
negativa A < 0, esto induce una relajacion de las condiciones asintéticas de Brown-
Henneaux, resultando en la adicién de dos generadores de simetria adicionales a los
asociados al dlgebra infinito-dimensional de Virasoro. Finalmente, mostraremos
que estos resultados pueden ser extendidos a teorias de gravedad con potencias
arbitrariamente altas en la curvatura, estudiando también la masa, entropia y
temperatura de estas teorias de alto orden generalizadas y su cumplimiento con

la primera ley de la termodinamica.



Abstract

In the context of semiclassical gravity, we are interested in studying how
quantum fluctuations interact with higher curvature massive gravity theories
for asymptotically (A)dS3 spacetimes. As a first step, we analized the effects of
the backreaction in the quadratic curvature theory New Massive Gravity, at the
special point where its two vacua coincide. We show that the backreaction induces
a logarithmic correction to the geometry while keeping its asymptotic behavior.
In the case of A < 0 this induces a relaxation of the standard Brown-Henneaux
asymptotia, yielding the addition of two symmetry generators to the well known
infinite-dimensional Virasoro algebra. Finally, we show that these results can be
extended to arbitrarily higher curvature theories, as well as studying their mass,
entropy and temperature of these generalized higher order theories, showing that

they obey thermodynamics first law.
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Chapter 1
Introduction

Developing a fully consistent theory for Quantum Gravity (QG) is perhaps one
of the most known challenges for current high-energy physics. This stems from
the fact that, in order to construct a QG theory, both matter and metric fields of
the spacetime containing such matter, must be quantum by nature. Even though
protocols for quantizing matter fields have been developed, as we will soon see,

there is still no fully consistent way to quantize gravity fields.

Given the difficulties of developing a theory of QG, an efficient, more modest
approach comes from taking a semiclassical approximation; This consists on
keeping all gravitational fields classical, while quantizing every other type of
field on the spacetime, and thus avoiding the complications associated with QG
while providing a framework to study the interaction of quantum matter with its

ambient geometry [3].

However, even though the semiclassical approximation poses a much more
approachable set-up for exploring quantum effects interacting with gravity, there
are still some caveats to keep in mind. Quantum matter sources are associated
with the expectation value of a renormalized stress-energy momentum tensor
(RSET) <TW>, which implies (i) A full computation for the RSET requires having
control over the background spacetime solving the semiclassical equations, which is
hardly able to be done analytically, and (ii) The renormalization of the expectation
value involves substracting divergent terms from an infinite sum mode, which

complexity increase with the spacetime dimension d (see e.g. [1-7]).

The first concern can be managed by taking a perturbative approach, which is



usually enough if working with weak matter sources, while the second may be dealt
with by lowering the dimension, which has been shown to be a great test ground
for computing the RSET of quantum matter in both 1+ 1 and 2+ 1 dimensions [3].
However, for Semiclassical General Relativity, this latter simplification comes at
a price: There are no local, gravitational degrees of freedom in the form of a
graviton, for d < 4 dimensions. Therefore, if one is interested in studying the
dynamics of a propagating graviton field for lower dimensions, one is forced to go

beyond General Relativity.

In this work, we task ourselves with exploring how the aforementioned quantum
matter sources interact with the dynamics of a graviton for three-dimensional
gravity theories. Specifically, we chose to study how these quantum effects interact
with gravity theories admitting the propagation of massive graviton fields. These
usually arise from higher curvature gravity theories, which is the case for the
quadratic theory New Massive Gravity (NMG) [9, 10]. We will consider NMG
as our (2 + 1)-dimensional toy-model for studying the interplay between these
quantum fluctuations and the higher-curvature terms, aiming to answer the

following questions:

e How are black hole solutions deformed by the presence of both quantum

fluctuations and higher-curvature terms steming from the theory?

e Do the quantum fluctuations modify the asymptotia proper of the higher-
curvature theory?, and if so, how does this change in asymptotia compare to

the standard Brown-Henneaux conditions for asymptotically (A)dS; spaces?

e What is the asymptotic isometry algebra generating the group of

transformation which preserve our quantum corrected space’s asymptotia?

After looking into these questions, we will focus on extending the analysis to higher-
curvature, three-dimensional gravity theories. This will allow us to generalize our
result for a complete family of three-dimensional, massive gravity theories, whose

general properties will be also studied separately of the quantum fluctuations.
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Chapter 2

General Relativity

2.1 Action principle

General Relativity (GR) proposes that the geometry dynamics for a gravitationally
curved spacetime will be governed by the Einstein-Hilbert action, namely

B 1
- 2K2

I dPx/=g (R —2\) + Ioy + Ior. (2.1.1)

Here, the gravitational coupling constant is set as k = /87 G while \ represents
the dynamic contributions of a cosmological constant. The counterterms gy
and Ior are added to have well-defined boundary conditions and finite conserved

quantities.

The field equations coming from (2.1.1) are known as Einstein’s Field Equations
G+ A9 =0, (2.1.2)

where G, = R, — %ng, is the Einstein Tensor.

Maximally symmetric solutions can be described by the following metric ansatz

dr?
ds* = —f(r)dt* + el +r2dQ7,_,, (2.1.3)
where d€Q)p_o is the line element of a (D — 2)-sphere. These are defined by

having the maximum possible number of isometries, namely D(D + 1)/2, and in
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consequence having constant curvature R} = A3 = %000, The metrics for

different values of the curvature are obtained as follows:
1. Flat spacetime: f(r) =g(r) =1
. O’:ZO<Z>R;C:5:O.
2. Anti-de Sitter spacetime (AdS): f(r)=g(r) =1+ %
o 0i=—1& Ry =750
3. De Sitter spacetime (dS): f(r) =g(r) =1—- 7=
o oi=1 Ry =500

Here, A = 75 takes the role of an effective cosmological constant. Redefining

this constant in terms of an effective (A)dS radii L? > 0 will be useful later on.

Inserting these solutions onto the Einstein equations, we get a relation between

the effective constants relate and the bared cosmological constant A, which reads
D —1)(D -2) (D—-1)(D—-2)

_ Al _
A=A 5 —g o2 . (2.1.4)

Maximally symmetric solutions are understood to be vacuum solutions, and thus,
they are deformed in the presence of massive objects such as black holes. For
instance, the Schwarzschild-AdS solution represents the deformation of AdS by a
static black hole, while the Kerr-AdS solution yields the deformation of AdS by a
rotating black hole.

2.2 Fierz Pauli Action

Curved geometry fields governed by (2.1.1), at a weak field regime, can be
understood as coming from a propagating graviton field on constant curvature
background. For simplicity, let us first focus on the case A = 0 Thus, for a given

spacetime g,,,, we can separate the background from the graviton perturbation as

Guw = Ny + Ky, = 1 + 5 (A + wHE, + 207 4+ O (7)) (2.2.1)
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Here, 7, is the flat, Minkowski metric. Redefining hLl,], — h,, and inserting the

expansion on (2.1.1), we get

1 1
[=— [ d°z\/=n,, {KGE?,],M”JFM <—§8Ahm,aAh“” (2.2.2)

T oR2

1
+§8Ahakh — 0, hd, A+ D, hon O W + G}?;h[ﬂw) +0 (ﬁf”)] . (2.23)

where we have disregarded the boundary terms. We have used the notation GE%
to represent the Einstein tensor evaluated on the constant curvature background.
Since 1), is flat, we can immediately assume that GE,], =0, and v/—detn =1 in
cartesian coordinates, leaving us with a leading second order contribution in the

expansion

1 1 1
Ipp =5 / dPx (—ﬁaAhﬂyﬁ’\h“” + 5(9,\h8)‘h — 0,hO, " + (%hl,AéV’h“A) '

2
(2.2.4)
dubbed as Fierz-Pauli Action.

Therefore, gravity can be understood through the dynamics of a graviton field

This is the action for a free, spin 2 graviton field h,,,

h,. propagating on a flat background, given by

Ohy, =0, VPh,, =0, W' =0. (2.2.5)

i

where [0 = 1, V,V, is the Laplace-Beltrami operator in the metric g,,,. These
arise from both the field equations coming from the action while also taking into
account the diffeomorphisms invariance of (2.2.4) on the field h,,. Thus, we can

count the number of free components as

D(D +1)

Physical, on shell, DOF = 5

— (Constraints from: V*h,, = 0)
(2.2.6)

— (Constraints from gauxe fixing h,, ).

Taking into account that h,, is a symmetric tensor of D(D + 1)/2 components,
with D constraints from a particular choice of gauge and another D constraints

coming from the field equations (see A), we find the number of physical degrees



6 2.3. Matter fields

of freedom of our field as

D(D +1) D(D — 3)

Physical, on shell, DOF = a

~D-D= (2.2.7)
For D = 4, graviton fields will have 2 degrees of freedom, which we interpret as

two transverse polarization states of helicity +2.

One quickly sees that for D < 4, the field h,, has no physical degrees of freedom.
This means that, in absence of matter fields, pure GR has no gravitons. In other

words, 2 + 1-dimensional GR propagates no local degrees of freedom.

2.3 Matter fields

The homogeneous Einstein equations (2.1.2) describe the dynamics of spacetime
in vacuum. Now, if one were to study how spacetime behaves on the presence of

matter sources, the action gets modified as
I =15+ 1. (2.3.1)

Here, I = I [gu] is the purely gravitational action, which for GR would be
Einstein-Hilbert, while Iy = Ip[g,, ¥] contains the dynamics of a particular

matter field ¥ and their coupling to the geometry given by g,

Varying the matter action respect to W we obtain the field equation for the coupled

martter
0l

o
On the other hand, varying it respect to the metric field g, yields

—0. (2.3.2)

2 0l
R E 7
1%

(2.3.3)

which we interpret as an stress energy momentum tensor (SET), acting as a matter
source on the vacuum field equations described by I5. For example, adding a

matter action to General Relativity with a cosmological constant (2.1.1) results in

S (I + In)

5 =0 — G+ N = 87GT,,, = K°T,. (2.3.4)
Guv

The general solution of these equations is in most cases too hard to solve in a closed
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manner, with a few exceptions. For example, restricting to highly symmetric
set-ups or lowering the spacetime dimension. This is the case for the static,
circularly symmetric, asymptotically AdS3 and non-perturbative solution for a

conformally coupled scalar field found by Martinez and Zanelli on (1996) [11].

A more modest approach involves tackling the addition of a SET perturbatively.
This is known as the perturbative backreaction problem, which implies computing

the SET on a small perturbation of the vacuum geometry, so that

9w = gE’V] + KOG, (2.3.5)
G =Gl + kGl + 0 (k7 (2.3.6)
Ty =T + £TH + O (k%) (2.3.7)

where G and T are the tensors n-th order corrections on the perturbation.
Since ¢l is the vacuum solution, we check that the leading contribution to our
perturbed field equation goes as

G+ Xog,, = kT (2.3.8)

v

Which allows us to find the first metric correction dg,, coming from the addition
to a SET on a background geometry g}?;l. The resulting field g, = gl[?l}, + KOG 18

called a backreacted metric field.

The consistency of this approach relies on the metric perturbation being small
respect to the background space. If not, the higher order corrections would need
to be considered up to an arbitrary order. Naturally, that would imply losing the
calculation advantages of sticking to a perturbative method. For the rest of this
thesis we will be dealing with matter sources in a perturbative manner, allowing

us to find the backreaction corrections in a consistent manner.

2.3.1 The Conformally Coupled Scalar Field

Let us review a particular matter source, coming from a massless scalar field ®,

conformally coupled to a spacetime background with cosmological constant \.
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The action reads as

I = [G + [C7 (239)
1
Io =55 dPxv/=g R —2)\], (2.3.10)
1 D o 2
Io=—5 [ d°zv/=g (V,UVHE — £pRY?) . (2.3.11)
where §p = (D — 2)/(D — 1) ensures that Ic remains invariant under the

conformal transformations
G = L(@) g, T = Q7 (2)0. (2.3.12)

The field equations coming from (2.3.9) are

G + 2w = 2T, (2.3.13)

and LD 2)
00 — - —LRU =0. 2.3.14
1D 1)3 0 (2.3.14)

The matter stress tensor is given by

1 1(D—-2

T, =V, ¥V, ¥— —gWVf"\I/Va\II—i——u (9,0—-V,V, +G,)¥% (2.3.15)
2 4(D—-1)

As expected from the SET from a conformally coupled scalar field, by inserting

the scalar field equation in our SET, we can check that it is traceless T% = 0.

This matter source has plenty of interesting features, such as leading to exact, non-
perturbative solutions for the sourced Einstein field equations [11] at a classical
level. This is what motivates the focus of this thesis on studying the quantum

effects produced by this scalar field.
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Chapter 3

Massive Gravity

3.1 Massive Fierz-Pauli Action

In the previous section, we discussed how weak gravity fields can be understood
as a massless spin 2 particle (graviton), with +2 helicity states, propagating on

flat space-time, whose dynamic is encapsulated by the Fierz-Pauli action.

This 4D model for propagating gravity fields has been remarkably successful
describing macroscopic phenomena, such as Gravitational Waves, the shift of
Mercury’s perihelium, and other standard tests of GR. Unfortunately, this has
not been the case at short-distance scales, since the quantum field theory for
interacting gravitons is well-known to be non-renormalizable [12, 13]. This has
led many theorists to study lower-dimensional gravity theories, where one would

expect to have a better behaved model at short scales.

However, since General Relativity does not propagate local degrees of freedom
at D < 4 dimensions [!1], in order to explore lower dimensional models with
propagating gravitons, one must go beyond GR. This is the case for the so called
3-dimensional Massive Gravity theories, which encapsulates the dynamics of a

massive graviton through the Massive Fierz-Pauli action
1
Iypp = / P (—5(‘3,\@”8’\]1“” + 0uhyn 0 W — 0,h" 0, h (3.1.1)

1 2
500 h = T (' h2)) .
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Variation of this action principle leads to the following field equations and

constraints

(O=m*) hy =0, h=0, 9,h*" =0. (3.12)

This action (3.1.1) may also be formulated in D dimensions, for which we could

count their physical degrees of freedom and compare them to those of GR.

Analog to what happens when one considers a massive spin—1 Proca Field in
contrast to Maxwell’s, the addition of mass breaks the gauge invariance proper to
the massless theories, and thus losing the D constraints coming from gauge fixing.
Therefore, a symmetric h,, massive field has D restrictions from null divergence

and one more from the traceless condition. Thus, the total count goes as

Do+l ,H_ _D+DHD-2) (3.1.3)

Physical DOF =
ysica 5 5

For D = 4, massive graviton fields will have 5 degrees of freedom, interpreted as 5

polarization states of helicities 0, 41, +2.

Notoriously, for D = 3, massive graviton fields will exhibit 2 degrees of freedom,

interpreted as transverse and longitudinal polarization states, instead of none.

Therefore, we see that 2 + 1-dimensional Massive Gravity theories that expand to
a Massive Fierz-Pauli action may serve as a toy model for 3+1 General Relativity,
at least in terms of local degrees of freedom and having the spacetime metric as

the dynamical field.

3.2 New Massive Gravity

In 2009, Bergshoeff, Hohm and Townsend discovered a quadratic, 2-+1 dimensional,
ghost-free, massive gravity theory, which they dubbed as New Massive Gravity [9].
The coupling constants A and m corresponds to the cosmological term in the
action and the mass of a massive graviton exhibited by the theory, as we will soon

discuss. The action principle is given by

1 1
Inve = =— [ d®zv/—g <R — 2\ — ﬁK> , (3.2.1)

2K2

where K = R R, — 2R,
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Naturally, variation of this action yields 4-th order field equations

G + Ny — =0, (3.2.2)

2m?2 K

The explicit form of the tensor K, is given by

1 3
K,, =2V*R,, — 3(VuVu R+ V2Rgu) + 4Ry s R — 5 (3.2.3)

3 (6%
+ §g/w32 — g Rag R,

and satisfies the crucial property
g“l/K,Lw =K. (324)

In the following subsections, we will study in-depth the main properties of this

theory.

3.2.1 Linearization around constant curvature backgrounds

A remarkable property of NMG is that, despite being a quadratic theory in
the Riemann tensor, its action leads to the Massive Fierz-Pauli action (3.1.1),
as discovered by [9]. Let us proof this by first obtaining the quadratic field
perturbation of NMG, then varying it respect to the perturbation field to obtain
its linearized field equations, and finally, showing how these results are easily

replicated from the Massive Fierz Pauli action.

For simplicity, for this discussion we will stick to a flat background, implying that
A=0in (3.2.1), and by the end we will show the generalization for generic values
of . Taking a graviton perturbation h,, about Minkowski space g,,, = 7, + khu
will result in the perturbed NMG action
B = 5 [ @ [ynechin) - Gl (R - preri ).
(3.2.5)

Here, R"*[h] and R*[h] are the linearized Ricci tensors, while G, is the linearized
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Einstein tensor, whose general form is given by

1 1
Gjy = —§V,Nyh+%v(uh3) + N (hAﬂRAp — VAV, h™ + Oh) — (§R + D) Py,
(3.2.6)

where derivatives are covariant on the flat spacetime background.

Varying this action respect to the perturbation field h,, will yield us the 4-th
order equations

(B —m?) Gy, [h] =0, (3.2.7)

whose null divergence and trace constraints will set R[] = 0. On the other hand,

if we consider the Massive Fierz-Pauli action (3.1.1), whose field equations were
defined by
(O—m?) hy =0, V,h*" =0, hi=0, (3.2.8)

i

we can recover the exact same results by doing the simple identification (see [15])
hw = G [R], (3.2.9)

in the field equations (3.2.8), so that it yields 4th-order equations as expected
(O —m?) Ohy = 0. (3.2.10)

The null trace and divergence conditions will ensure that RE[h] = 0, and thus, we

have proved that NMG leads to a Massive Fierz-Pauli theory.

One may add a cosmological constant to the action, which would slightly modify
the linearization equation, but let us first analize the flat-spacetime set up and

then generalize it.

Another way to think of this comes from recognizing that, provided V, " = 0,
hk =0, it holds that G, [h] = Oh

rewrite our linearized field equations as

> and thus, G, = m?hy,. This allows us to

Gl, [G"[h]] = GL,Im*h] =0, (3.2.11)
which we can interpret as

03[0y [hw]] = 02 |G, [B] =0, (3.2.12)
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Through the annihilators method, one sees two possible solutions for (3.2.13),

which are

e Solving O [h,,] = Oh,, = 0. However, for 2 + 1 dim, the operator O,
is invertible, since the equations of motion force h,, onto the transverse
traceless sector of solutions, and, therefore, the equation solves to a trivial

solution h,,, = 0.

e Solving O3[0;[hy]] = 0, which is equivalent to O, [GL,(h)] =
(O —m?) Gﬁy = 0. In this case, the operator O, is not invertible, which
leads us to a well-defined eigenvalue equation for wa. Therefore, we see

that the linearized Einstein tensor is arranged as a spin-2 massive graviton.

In the case of having a cosmological constant parameter A in the action, the
expansion must be done respect to a constant curvature solution of the form
Rfjf = Aéfjf, resulting in the general linearized NMG equations

<D - gA - m2) (O+2A) hy, = 0. (3.2.13)

We will come back to this equations after discussing NMG’s vacuum solutions.

3.2.2 Absence of ghost modes

Gravity theories constructed with higher powers in the curvature usually give rise
to pathological degrees of freedom. These are characterized by either having a

negative kinetic term in the action, or having unwanted dynamical fields.
For example, let us take the most general quadratic gravity action

1 vV po
I = 2—’%2 dDZL‘\/ —g <R_2)\+QR2+ﬁRNVRHV+7RM/paRM P ) . (3214)
Let us study D = 3, so we can decompose the Riemann tensor as R,z =
2R,1,90)8 + 2Ra109,y — R9uu9a)s, allowing us to reabsorb the third quadratic

invariant into the others

1 ]
[=— [ dzy=g (R oA+ aR*+ BRWR“”> . (3.2.15)

T o2
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Variation of this action leads to the following field equations

Ry + 2GR Ryy + 2BR R — 26V ,V, — GV, VR — GV, V, R, + a0R,,

(3.2.16)
- @ 1 i o L A2
+ (2845 ) 9wBOR = S0 (R + &R, R + AR ) + Mg = 0.
Let us define the following auxiliary tensors
Ray =Ry + 26R R0 + 28R, R — 28V, V, — V,V R (3.2.17)
— GV,V, R +a0R,, + (25 + %) gwOR, and
R= R+ aR,, R" + GR. (3.2.18)

The scalar R is algebraic in the curvature, while the rank-2 tensor f‘);w also includes
covariant derivatives, which could lead to trace pathologies. To check this, let us
take the trace of Ruv

Rug" = R+2 (dRaﬁRO‘B + BR2> + (%D —923(D — 1)) OR. (3.2.19)

Plugging this trace onto the trace of the field equations (3.2.16) gives rise to a

dynamical curvature field, that is to say

A ~ D ~ D
<%D —26(D — 1)) OR + (2 — 5) (&R, R"™ + BR?) + (1 — 5) + DX =0.
(3.2.20)
Since we want to stick to theories that only possess degrees of freedom contained

on gravitons or massive fields, we set a relation between & and 3 such that

aD

& . _
—D-28D-1)=0 —f=——— 3.2.21
D250~ 1) B= 151 (3:221)
For D = 3, by setting @ = —1/m?, we recover the global relation between the
coefficients proper to NMG, namely
- 1 5 3

And thus, obtaining that a ghost-free, three-dimensional and quadratic action
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theory corresponds exactly to NMG.

1 3
ﬁghost—free =R—-2\— ﬁ (RMVRMV — §R2> = ENMG (3223)

3.3 Vacuum solutions

Vacuum solutions for NMG, in particular those of constant Riemann curvature

Rﬁf = Aéfjf, will be double degenerate.

Ap =2X £ vVm? — A, (3.3.1)

for generic values of the coupling constants. This is a natural consequence of the

theory being quadratic in the curvature fields.

At the particular point of the parameter space where A = m?, the two maximally

symmetric vacua coincide, namely
A=A, =A_ =2\ (3.3.2)

In the following section, we will discuss the properties that NMG acquires at this

single vacuum point.

3.3.1 Properties of NMG for \ = m?

This special point in the parameter space has all sorts of nice properties

e [t accomodates BH solutions for all values of the Effective Cosmological

constant A, including asymptotically dS; black holes |1, [0].

e When expanding around a maximally symmetric background, the theory
acquires an additional gauge invariance [10], associated to the conformal

transformation

09 = w(x) Y- (3.3.3)

where v, is the maximally symmetric background and w is an arbitrary

infinitesimal function.

Let us check how (3.2.1) varies for the conformal transformation(3.3.3) while

at the special point A = m?
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The conformal variation of (3.2.1) gives

51——i/d3\/—_1 1= A =, £ (2= A ) ] w
K2 g 2 2m? o 4m? )
(3.3.4)

e It accommodates Hairy Black hole solutions of the type f(r) = Ar?+br — p,
which for b = 0 lands on BTZ black holes [17]. Having BTZ as a solution for
NMG field equations will come in handy for reasons we will discuss when

dealing with quantum backreactions.
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Chapter 4

QFT in Curved Spacetimes

4.1 Semiclassical Gravity

As we have previously discussed, developing a fully consistent theory of quantum
gravity is quite a hefty challenge, and some approximations must be made in order
to tackle the subject more modestly. With this in mind we focus our attention now
to the Semiclassical approximation for Gravity theories, which allows us to keep

gravity fields classical, while studying their interaction with quantized matter.

This approximation regime has provided a successful framework to understand
some new phenomena, such as Hawking Radiation and CMB anisotropies. For
this, techniques developed to consider quantum fields in curved spacetimes will
be needed.

Let us take for example Einstein equations in presence of classical matter
G + 29w = T (G, V). (4.1.1)

Then, the semiclassical Einstein equations (SCEE) take the form

A A

G+ M = (T (G, ©)). (4.1.2)

However, as we already discussed in the first section, finding solutions for matter
sourced field equations is by itself quite an ambitious challenge. Because of the
complications involving both the quantization of matter fields and the addition

of a general matter source onto the field equations, we restrict ourselves to stay
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in a perturbative regime. For the SCEE, this means computing the expectation
value of the Renormalized Stress Energy Tensor (RSET) respect to the vacuum

solution gy, namely
GO+ \gQ = (0T, (g0, 1)|0) - (4.1.3)

From now on, we will be referring to the background valued RSET simply as

~

(Tw)-
In order to solve (4.1.3), one must take into consideration the following aspects.

e Firstly, in order to have a self-consistent semiclassical treatment, one must

provide a coherent reason to ignore the quantum corrections for the graviton.

e Secondly, in order to quantize the field ¥ on top of a curved background, we
must make sure we posses a well defined Cauchy problem. For asymptotically
anti-de Sitter spacetimes, this implies getting rid of any Closed Time-like
Curves (CTC) while also setting boundary conditions at spatial infinity.
The later can be done by mapping our spacetime to half of Einstein’s Static

Universe [18]. If done, then the field ¥ can be canonically quantized.

e Next, since the quantization of a specific SET requires having control of the
field’s two-point function, we will briefly review the mechanism leading to
the Anti-de Sitter’s two point function by summing over positive-frequency
modes of the quantum field ¥ [1%]|. Furthermore, by expressing the resulting
two point function using the ambient flat space coordinates, we can also
obtain the two-point function of the BTZ spacetime through the method of

images.

e Lastly, one must be able to compute the Renormalized Expectation Value of
the SET respect to a specific background choice, which is by far the hardest

task out of them.

This section will be structured by tackling each of these aspects separately.
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4.2 Consistency of the Semiclassical

Approximation

As we stated in chapter 2, we are interested in studying the quantization of a
conformally coupled scalar field. For this, let us study the action for General

Relativity conformally coupled to a scalar field ¥ (2.3.11).

1
= ——

1D -2
=5 dPz\/—g [R — K? (v“\w,ﬂ/ + ——1}@1/2)} : (4.2.1)

8D —

Recall that we defined the coupling constant as k? = 87G. As we previously
did for GR, let us now study the propagation of a graviton field A, on a flat
background 7,,, given by the weak-field g,, = 1, + ~h,,. Schematically, the

expansion will have the following leading terms
1 1
I= /de <—§(8h)2 — 5(8\11)2 + kh(Oh)? — Kh(OV)? + (9(/12)) . (4.2:2)

Notice how the graviton h,, couples to itself at the same strength as it couples
with the matter field fluctuation ¥. Now, if we are interested in accounting
the quantum effects coming strictly from the scalar field ¥, we must provide an
argument in order to ignore the same order contributions that would arise from a

quantum graviton.

As we have established many times, we are not currently interested in formulating
a framework involving quantum gravitons, so to bypass this point, we will consider
a large number N of conformally coupled scalar fields, so that the leading loop
contributions coming from a quantum matter field dominate over the quantum

effects produced by a graviton self-interaction.
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(@ (H..z)

O (Nr?)
Figure 4.2.1: One loop ) '
contribution of a self-interacting Figure 4.2.2: Leading loop
graviton field h,, contribution of graviton field A,

coupled to a matter field ¥

With this in mind, we see that once we quantize our scalar field and find its RSET,

the Semiclassical Einstein Equations, sourced by a conformally coupled scalar
field, will read
G + Mg = KEN(T5C5F). (4.2.3)

where the RSET (Tlf;CSF ) comes from the quantization of the classic SET we

studied on (2.3.15).

In what follows, we will go over the steps needed in order to have a proper

quantization of ¥ and (TMCVCSF ) when considering a curved spacetime background.

4.3 Quantum field theory in anti-de Sitter

spacetime

The quantization of a propagating field on a fixed, but curved background, requires
having a well defined Cauchy problem, that is, being able to reconstruct the causal
past of any event of the spacetime through the evolution of initial data laying on
a given Cauchy hypersurface ¥. Spacetimes in which one can do so are known
as globally hyperbolic. However, for anti-de Sitter we encounter two issues: The

non-globally hyperbolicity of AdS and the existence of closed time-like curves.

As seen in B, closed time-like curves can be avoided by considering the covering
space of anti-de Sitter (CAdS), and thus, avoiding any inconsistency in the time

evolution of data.

On the other hand, the non-globally hyperbolicity of both AdS and CAdS may be
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dealt with by imposing boundary conditions at spatial infinity, as we also specified
in B. However, if one is working with a conformally coupled scalar field, there is
a much more clear way of dealing with the spatial boundary at CAdS: Taking
advantage of the conformal relation between CAdS and half of Einstein’s Static
Universe (see Appendix B). This makes it so the spatial infinity of CAdS will
be mapped to the equator of ESU, and allowing us to find the ¥ through its
conformal scalar field equation, with the use of specific boundary condition on

the field rather than on the spacetime.

In what follows, we will explore the details of this procedure, following the
arguments of [18]. This will make the advantages of working with a conformal

scalar field much more evident.

4.3.1 Quantum, conformally coupled scalar field

Let us start by constructing a quantum field \il(x) satisfying both the classical

field equation and covariant commutation relation
(O + u(z)) U(z) = 0, [‘i/(x), \if(x')} = RG9S (1, 7). (4.3.1)

where u(x) represents a c-number function, while the propagator GA4%(z, 2') is the

two-point function evolving the Cauchy data specified on a Cauchy hypersurface
> by

U(z) = /E (GAdS(x,x')a;qf(x')—\if(x’)a;GAdS(x,a;')) do"(z).  (4.3.2)

To reconstruct a classical scalar field W(z), we first start by finding a complete
orthonormal set of positive-frequency solutions for (4.3.1), with respect to the

time conserved Klein-Gordon norm [1].
Wit = e 0y (8), w2 0. (4.3.3)

The time coordinate ¢ is associated to the time-like Killing vector d;, while h;(Z)
are a complete set of functions in the spatial coordinates. By having these mode

functions, we can expand our field as

G (1) = 3 [an W85 () + ], U705 )] (4.3.4)

Im
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Now, given the conformal mapping between CAdS, and half of ESU, since the
later is globally hyperbolic, we can find the quantized field U44% through the
field equation for the conformal field W#5Y  with the use of appropriate boundary
conditions for this field.

Practically, this means that if the quantized field satisfies the field equation on
AdS

1
(DAdS _ 6RAdS) YA (1) =0, (4.3.5)

then it is also satisfied in the conformal ESU space.

(DESU . éRESU> \I/ESU(.I) — O, where \IJESU(JJ) — QI/Q(:(;)\IIAdS<x)
(4.3.6)

The positive frequency modes solving (4.3.6) are given by
VSV = Npe 7Y (p,60),  wi > 0. (4.3.7)

where Y, are the spherical harmonics, w = [ + %, m and [ are integers with [ > 0,

|m| <1, and Nlm:ﬁ [2].

And thus, we can reconstruct the field W49 () by multiplying it by the conformal
factor relating AdS and ESU, Q(z), found in B

TS (1) = (cos p)*/? Z Nime 7Y (p, 6). (4.3.8)
1

There are three natural set of conditions one can set for the field WPV as it was

discussed in [15] and further explored in three dimensions by [3]:
e Dirichlet: P (p =m/2) = 0, when [ +m = odd.
e Neumann: a%\llﬁiU(p =m/2) =0, when [ +m = even.

e Transparent: No boundary condition imposed at the equator. That is,
letting the matter field extend its radial coordinate over the whole Einstein

Universe.

The choice of boundary conditions will determine the two-point function G4 (x, ')
for the quantum field. In the next section, we will go over the details for computing

the two-point function with the use of transparent boundary conditions.
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4.4 Two-point function with  Transparent

Boundary conditions

The two-point function is defined by summing over the positive frequencies

solutions, according to

D (Wi (@)W (@) = Wit (@) Wit (2] = —iG4 (2, 2'). (4.4.1)

lm

and if considering transparent boundary condition, this yields the following result

1 1
G (z,a)) = ———. 4.4.2
(@) = (142)
As noted by [7], this Green function is equivalent to that of three-dimensional

Minkowski spacetime, which makes sense since we are working with a conformally
coupled scalar field, and AdS is a conformally flat spacetime. It should also be
noted that the chordal distance |z — 2'| = ((z — 2/)%(z — 2"),)/? is determined
in terms of the four-dimensional ambient space (see Appendix B), not with the
distance in AdSs.

We can also obtain the two-point function for a field ¥ conformally coupled to a
BTZ background, by summing over the images identified by the SO(2,2) element
defined in B. This yields
= 1 o 1
BTZ AN AdS n_/\ __

n=—oo

4.5 Quantum Stress-Energy Tensor for Static BTZ

As stated in chapter 2, the Stress-Energy tensor for the matter source is obtained

by varying the action (4.2.1) respect to the background g,,

3 1 1 1 1
Ty = V¥V, 0 — Zg,w(vw— Z\W,ﬁ»ﬁZgW\IszququgGpr?. (4.5.1)

By evaluating this SET on shell, we verify that is traceless T/ = 0, as expected.

Now, in order to quantize this SET, we need to resort to point splitting techniques



24 4.5. Quantum Stress-Energy Tensor for Static BTZ

[], namely

1
4

T : 3 A
(T),,) = lim (ZVNVV -

' —x

| 1
Gy VNG — =VINL — —=g., | G(z,2'), (4.5.2)
4 161
where symmetrization with respect to the coordinates x and x’ must be prescribed.
Following the procedure of 13|, by using the projectors P, taking us from the
imbedding space 745 to the AdSs space with metric g, we can drastically simplify
the propagators sum (4.4.3). These are given by
P = eZg’“’efj =" + 2%" /1%, with el = J,2°, (4.5.3)
and satisfy
Py, =0,  P!P’=P" (4.5.4)

Inserting this into our SET, we obtain the simplified expression

X 3 L1 .
(Thw) = 167 Z (S;w - ggngpsm) ; (4.5.5)
n#0
(A™)ab 3(A™) ez (A7) pax® — (A™) e (A™)pgz?

— b —
SZI/ - ezeusgm Sz?b - |$ . Anl”3 |LL’ . AnZL’|5

(4.5.6)

This SET is easily renormalized by substracting the zero mode n = 0 from the
sum. This is a remarkably simple renormalization, which results from having
a three-dimensional geometry. In contrast, higher dimensions will require more

intricate renormalization schemes. The resulting RSET is then given by

(4.5.7)

F(M o Lo i
( )diag(l, 1, —2)7 F(M) = \/_ Z cosh2nmv M + 3 '
r 327 (cosh 2mv/ M — 1)3/2

n=1

(1) =

Here, the sum of function F'(M) converges and behaves as in the following figure
Notice how the RSET is still traceless, and it is covariantely conserved on the
BTZ background, namely

V.(T}) = 0. (4.5.8)

On another note, since the density energy is negative, that is p = (TO()} <0, we

observe that this quantum RSET violates the weak energy condition |13, 19].
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M

Figure 4.5.1: The function F/(M) from the RSET has a maximum at M ~ 0.64,
where it takes the value F,,,, = 0.023. The zero mass limit goes as F(0") =
¢(3)/(2m3) ~ 0.019 and has an exponential decay for large values of M
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Chapter 5

Quantum corrected Black Holes in

Massive Gravity

In this section, we will jump ahead on studying the interaction of quantum matter
and a massive graviton, which stands for the first original contribution of this
thesis. For this, we will source our NMG action with a conformally coupled scalar
field, which we defined for classical gravity in (2.3.9) and quantized for a BTZ
background. Thus, the semiclassical NMG equations are given by

1 .
G+ Mgy = —5 Ky = 8TGN (1), (5.0.1)

where K, was defined in (3.2) and the RSET was computed in (4.5.7).

We are interested in finding the most general circularly symmetric, static metric

solution, given by the following ansatz

dr?
(=Ar2 — M + fi(r))

ds* = (14 Q(r)) | = (=Ar* = M + fi(r)) dt® + + r2d¢2] .
(5.0.2)
If our backreacted space allows such solutions, inserting this ansatz onto the field

equations should allow us to integrate the two arbitrary functions Q(r) and fi(r).

In what follows, we will plug this ansatz into our field equations, and study the
vecinities of a BTZ solution by keeping only the first order terms in 2 and fi,

both for the special point A\ = m?, and for generic values of the couplings.
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5.0.1 Semiclassical NMG at \ = m?

Let us recall a key feature of NMG at A = m?: Additional conformal invariance
at linear order around constant curvature backgrounds. This grants us freedom

to set {2 = 0 when expanding around BTZ in the field equations.

The integrated field equations lead to a solution of the form

dr?

ds®> = —f(r)dt* + ) + r2de?, (5.0.3)
where AN
flr)y=—Ar*— M — TPF(M) <7’ Inry/|A| — 7‘) : (5.0.4)

Given that NMG already had solutions including linear O(r) terms, the quantum
backreaction only added a new correction, of order O(rlnr). Just as in [20], the
quantum backreaction is exponentially supressed for large black holes, given the
dependence on F(M).

In consequence, the event horizon experiences a quantum correction, given by

ry~ VM + 2%%\4) (1-mvM). (5.0.5)

5.0.2 Semiclassical NMG at \ # m?

Now, let us explore what happens for generic values of the coupling constants A
and m?. Given the absence of the conformal invariance at linearized level, the

ansatz suitable for studying backreactions is

dr?

+ r2de?, (5.0.6)
72—; — M+ gi(r)

ds® = — <;—22—M+f1(7’)> +

where fi; # g1. Generic values of the couplings means that there are two possible
BTZ geometries which we could expand around, which follows from (3.3.1) and by
that, we no longer have a unique value for the AdS; radii L, in terms of the bared
cosmological constant A\ and the graviton mass m. The lost of uniqueness make it
so the linearized equations for f; and gy, sourced by the quantum renormalized

stress-energy tensor, cannot be solved in a closed manner.

Nonetheless, one can still explore the asymptotic behavior of the equations, by



28

expanding around r — oo and keeping the leading contributions. For this, we

assume the form
fi(r) = arr (1 4+ O(r™Y), and g1 (r) = bie (1 4+ O(r™ 1)), (5.0.7)
that when inserted into the field equations, yields the following ¢t component

AmPPr — 6MPay (6, + 2)%r™% + M1by (962 + 24 + 65 + 86,)r (5.0.8)
+ 02by (1 4 2m212) %72 — a16,(6, + 2)(61 + 1)%r27% = 0. (5.0.9)

This equation leads to 0; = d5 = 1, without needing to tune any of the couplings.
This condition is consistent with the large-r behavior of the remaining field
equations as well. Consequently, the large distance behavior of the quantum

backreacted metric reads

dr?

2 e —- +ride?,

2 M+ 0
(5.0.10)

for some given constants «; and ;. Therefore, for generic values of A and m, the

2
ds? = — (r— oy (”)(7“_2)) dt® +

12 o

quantum backreaction of NMG leads to the same asymptotic behavior observed

for quantum corrected BTZ black hole in Einstein gravity [20].

An intuitive way to explain why the backreaction for A = m? leads to a logarithmic,
slow-decaying correction with respect to the leading term 72, is to think of this
special point as a direct relation between a short-distance coupling parameter m,
which weights corrections induced by the higher-curvature terms in the action, and
a large-distance coupling parameter A, relating to a cosmological constant of the
geometry. This interaction is what ultimately results in a large range modification

of the asymptotic structure. The latter is the subject of the next section.
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Chapter 6
Asymptotic Structure

In this chapter, we will first do an overview on the definition of an asymptotically
anti-de Sitter spacetime and the definition of asymptotic symmetry generators.
For asymptotically AdS spacetimes, these are found to be two copies of Witt’s
algebra, whose canonical charges algebra allows for the emergence of a central
charge [21]. Following that, we will review the asymptotic behavior proper to
NMG, studied in [!] and its associated central charge and generators. Finally, we
will study the asymptotic behavior of the quantum backreacted solutions found
for NMG presented in chapter 5.0.1, where despite the relaxation of asymptotic
conditions, the solutions are still invariant under two copies of Witt’s algebra

while also exhibiting additional symmetry generators.

6.1 Brown-Henneaux boundary conditions

Let us take a spacetime given by g, = gflji

AdS
uv

5+ Ag,.,, where Ag, corresponds to

the deviation from an AdS metric g2 of the form

2 2 -1
ds? g = — (% + 1) dt? + (% + 1) dr? + r2dg?. (6.1.1)
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Now, let us first make a convenient change of coordinates, so that ¥ =t 4+ ¢. The

spacetime g,,,, is said to be asymptotically AdS if Ag,, has the following behavior

S

Agyr =7 +0 (r=°), (6.1.2)
AGrm = j;’j;” +0(r ), (6.1.3)
AGmn = frn + O (r™ ). (6.1.4)

Here, f., = fu(t,¢), and the indeces have been split as pr = (r,m = z%). These

are the so-called Brown-Henneaux boundary conditions [21].

Spacetimes obeying these conditions are still preserved under the transformation
produced by the symmetry generators of AdSs, which are obtained by integrating
the Killing equation.

Leguw =V,6 +V,€, =0. (6.1.5)

However, we can also find sets of transformations which only preserve the Brown-
Henneaux boundary conditions. The generators of these transformation are
called asymptotic symmetry generators, and can be obtained by integrating the

asymptotic Killing equation, namely
LG = Vi + Vun, = O(Agu). (6.1.6)

By integrating these equations, we can construct an asymptotic Killing vector

n = n*0,, whose components are found to be

P,
77+:L+(x+)+2_7"28_L (x7) + ...,

l2

= _g (04 L (z*) — 0L (z7)) + ...

n- =L (x7)+

Here L*(z*) are arbitrary, periodic functions, and L are its fourier modes, with

—o0o < n < +oo

This forms two families of infinite, discrete generators, which form two distinct
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copies of Witt’s algebra, namely

[Ly L] = (m—=n)L iy (6.1.8)
[Lyns L] = (m —n)L,,

m—+n’

Naturally, each of these generators has an associated conserved charge, Q=.

Remarkably, the Poisson brackets of these conserved charges reproduce the

structure of Witt’s algebra, but with the addition of a central extension
{Q5. Q1) = (m =)@y + 35 (m° = M) . (6.1.10)

where c¢ is the central charge. For General Relativity, the central charge was found

to be [21]
31

c=on (6.1.11)

Now, if working with three-dimensional, higher-curvature gravity theories, of the

form

1
I'== [ dav=g L7 Ry, gyu). (6.1.12)

where £(™ is the general higher order Lagrangian, we can find a generalization
for the central charge for these theories by restricting ourselves to asymptotically

AdS solutions (see e.g. [22,23]), thus obtaining

[ oLm

= _— .1
€T IwSGOR,, (6.1.13)

This is the formula we will be using further on, and was originally obtained in [2],

and later on generalized to higher curvature set ups by [23,25].
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6.2 Logarithmically relaxed boundary conditions

Now, we are interested on studying the asymptotic structure of the quantum
backreacted BTZ BH, which we obtained in chapter 5.0.1 and its accomodated by

12 log r frr
Grr = = + hyy ( p ) + Py + oy (6.2.1)
log r frm
G = P (7) - (6.2.2)
Gmn = T° 4 honyy (110g7) 4 frum + ... (6.2.3)

where again f,,, = fu.(t,0), hyw = hu(t, ), and the indices split as pp = (r,m =

v

AdS
L2

the functions hy,,, while Agl~" are the already studied Brown-Henneaux fall-off

2¥). This metric is now separated onto three segments, G = gﬁds + AgfyR +

Agl ™, where AglT is the new subleading, relaxed deviation from g/%%, given by

conditions given by f,,. This family of solutions is still preserved by the action of
the Killing vector n = n*0, we found on (6.1.7).

This means that our solution, despite the relaxation of the asymptotic behavior,

is still invariant under two copies of the Witt algebra.

In addition to these, two extra asymptotic Killing vectors preserving (6.2.2) emerge

x = A(z",27)0,, (6.2.4)
¢ = B(zt,27)logrd,, (6.2.5)

where A(z",27) and B(x*,27) are also arbitrary functions.

These three Killing vectors follow the algebraic structure schematically

[, x] =¢&, (6.2.6)
m,&] = x +§, (6.2.7)
[€:x] = 0. (6.2.8)

The generator y was already observed in [I|, and stands as a supertranslation
proper to NMG.

On the other side, £ stands for a new asymptotic symmetry generator due to
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the quantum backreaction, which we dubbed as a logarithmic supertranslation.
Logarithmic symmetry operators have been previously seen emerging from
spacetimes with a slowly asymptotic falling-off, yielding an additional charge
contribution to that of the standard Virasoro generators, as seen in [20].
Nonetheless, spacetimes with slowly falling-off asymptotics have only been studied
as produced by classical scalar fields. Thus, it would be interesting to revisit the
interpretation of logarithmic supertranslation in this particular context, given that

the asymptotic correction comes from the coupling to a quantized scalar field.
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Chapter 7

Extension to Higher-Curvature

Gravity

The results presented in the previous chapters can be extended to theories
involving arbitrarily higher-curvature terms in the action. This defines a sort of
universality for the backreaction on higher-curvature theories, given they obey

two key conditions, namely

e Parameters of the theory must be set so the theory satisfies a holographic

c-theorem.

e Global parameters of the theory must be set so the theory possesses a single

vacuum solution.

These two conditions are analogous to what we studied for NMG in the previous
chapters, and defines the second novel contribution of this thesis. Recall that a

general quadratic extension to GR in three-dimensions can be written as
1 174
I=55 /d?’m\/—g (R—2X+ aR*+ SR, R"™). (7.0.1)

Demanding this theory to be absent of ghost modes fixes a relation between the
parameters § = —3a/8, and imposing a single-vacuum sets the global factor

a = —1/m? in terms of the bared cosmological constant m? = \.

With this idea in mind, we will separate this section as follows. First, we will go

through the details and notations used to express an arbitrarily high curvature
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gravity theory satisfying both conditions. For this we will first make an overview
on how to construct a theory obeying a holographic c-theorem, followed by the
steps to impose a single-vacuum solution. This will lead to a Lagrangian density
that satisfies both conditions. Afterwards we will show how this Lagrangian shares
the same special properties of NMG when A = m?, namely: Having an additional
conformal invariance at linear level around a constant curvature background, and
admiting black hole solutions of the type f(r) = ar? + br + ¢, which includes the
BT7Z solution; remarkably, both of these properties will ensure that the quantum

backreaction correct our higher-curvature theories in the same manner as for

NMG.

Additionally, the end of this section will be focused on discussing thermodynamical
properties related to these higher-curvature theories. We will study the mass,

temperature and entropy of black hole solutions found for these theories in vacuum.

7.1 Higher-curvature theories

Let us define our generalized theory, constructed with contractions of the
Ricci tensor and Ricci scalar curvatures. For this, we take into consideration
Schouten identities, which restrict the number of independent invariants made

with contractions of the Ricci tensor, that is
SprnRY -+ R =0,  forn > 3. (7.1.1)

In consequence, our most general three-dimensional gravity theory, involving the

Ricci tensor and its contractions at orden n, can be written as follows

L[ o) 2 (n)
hﬁ?ﬁmﬁﬂl,ﬁzﬂ+ﬁ+;f(ﬁmﬁ@ (7.1.2)
where we have set our bared cosmological constant to A = —1/L?, and defined

the invariants as R, = R R and R3 = RZR;\R‘/\‘. For later convenience, we
will reconstruct these invariants with contractions of the traceless Ricci tensor

RW =R, — %gWR, defining

S = RIRE, S = RIR)RY, (7.1.3)
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so our most general Lagrangian density is redefined as follows

n 2 n
£ :R+ﬁ+2g< (R, S,,Ss). (7.1.4)
As we will see, this basis for our Lagrangian turns out to be more convenient to
derive and present the results. We will focus on theories which can be constructed

with polynomial expressions of the curvature invariants. For this, we define the

functions F™ and G, which read as

FUR Ry Rs) = Y iy l? P URIRIRE, (7.1.5)
i+2j+3k=n

GRS, 85) = > BilPTHTHRURISISE (7.1.6)
i+2j+3k=n

Here, a;j; and (3, represent dimensionless coupling constants for each order-n
term. In what follows, we will specify the values for these coupling constants so

the action satisfies both a simple c-theorem and possesses a single vacuum.

7.2 Theories satisfying a c-theorem with single

vacuuln

We say that a given three-dimensional gravity theory of order n,

I— 2—22 /d3x\/—_g(£ + L), (7.2.1)

satisfies a simple holographic c-theorem if its field equations are at most of second

order when evaluated on the following ansatz
ds? = dr? + A0 (—dt* + da?). (7.2.2)

The field equations involve a suitable stress-tensor 7),, associated to the matter
Lagrangian L£,;. L is the gravitational Lagrangian, which depends on the metric
9w and the Riemann tensor Rj . This metric ansatz can interpolate between two
asymptotically AdSs regions, representing the infrarred (IR) and the ultraviolet
(UV) fixed points in the dual description. The interpolation between these two

regions is understood as a holographic realization of the renormalization group
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(RG) flow; for further details see [27,25].

For theories of this sort, we can construct a quantity ¢(r), which decreases with
the RG flow and coincides with the Virasoro central charge of the CFT, ¢, at
the respective fixed point. Consequently, the function ¢(r) whose derivative with

respect to r obbeys

d(r)y>0, Vr (7.2.3)
is a good candidate to be the c-function in the dual picture. More concretely,
according to [25,27,29] we can consider

"(r) = —— (T} = T" 7.24
dr) = (T~ T)), (72.4)

and using the null energy condition (NEC), we have T),,£#¢” > 0, where &, is a

null vector, §,£" = 0. For a perfect fluid of density p and pressure p, we have

T,,6"" = [(p + p)uyuy, + pgu) €€ = (p + p)(u&")* > 0. (7.2.5)

Using v* = (1,0,0), with u,u" = —1 for a co-moving frame, we have T} = —p
and 77 = p. Hence, the NEC implies

T! — T <0. (7.2.6)

The explicit expression of the c-function in our family of theories, provided the
NEC is fulfilled, can be obtained from the Wald-like formula 23,24, 29]

T OL

or) =5 uamn R (7.2.7)

where the derivative of the Lagrangian density £ is to be evaluated on the
interpolating ansatz (7.2.2). Below, we will see how this works for the quadratic
example, and afterwards we will describe the general procedure for arbitrary order

n.

For quadratic gravity, we can use the example introduced in chapter 3, where the

field equations coming from a Lagrangian of the type

F® = [*(aR® + BRy), (7.2.8)
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read as
K2 1
L‘” = 28R, R — 5 (BR? + aRs) + 26(g,w0 — V.V, )R+ 2aR) R,
§gWDR +a0R,, — 20V, \V(,R), (7.2.9)

where L? is the length scale associated to the bared cosmological constant of AdSs,
added so that the coupling constants a and [ are dimensionless. We also used

the notation A,By) = % (A.By + AyB,) for tensor product symmetrization.

Considering this will be an extension to General Relativity, we can write our field
equations coming from the quadratic lagrangian F®) as K, @ — g2 uv - With this

in mind, we easily see that the combination T(Q)i — T® reads

(T(Q)t T<2>;"> — 4(38 + a)(A)2A" — (88 + 3a) [4(A”)2 + 24 A" + A™] .
(7.2.10)

From here, we see that the choice a = —% [ reduces the equation to a second order

ODE. The resulting theory is, as expected, the already studied NMG. This goes

L2

to show how demanding the fulfillment of a simple c-theorem, corresponds to the

mechanism used to get rid of ghost modes in NMG, as originally reported in [23].

After reviewing the procedure to obtain higher-curvature theories that a) satisfy
a simple holographic c-theorem and b) possess a single vacuum for n = 2, we now
move to arbitrary n. Going back to our general Lagrangian density (7.1.4), it was
identiﬁed in [30] that Lagrangian densities obeying a simple c-theorem, denoted

as £

o theorem, can have their polynomial Lagrangians to be decomposed as follows

g(n = +Q gg:ne?")al’ (7211>
where
[n/2] L(n—1)/2] n
cm = 24P R8P 24P +1 Rrw-1gPls
(g e S () rs,
(7.2.12)

and Q) = 652 — S3 is a density that vanishes identically when evaluated on the
c-theorem metric ansatz (7.2.2). This means that, if we are interested in theories

satisfying a simple c-theorem, the only non-trivial Lagrangian gets reduced to
6)

C™ | since even though the Lagrangian g general

is constructed with arbitrary
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linear combinations of powers of the curvature of order (n — 6), given that it is

proportional to Q) its contribution identically vanish for AdSs.

Now, let us turn our attention to the second requirement: the theory must possess

a single vacuum. The field equations coming from the general Lagrangian density
L—R+2 cm 7.2.13
= +ﬁ+25(n) : (7.2.13)
with C™ defined by (7.2.12), are given by
n 1 n
&) = G = gupz + D B Kfy) =0, (7.2.14)

where the generalized n-order invariant K f],ﬁ) reads

n 1 n (n) HA (M) BAD. Bo (n) pAc | B (1) BAp o
KM — _ 5glwg< )+ 263 R\ Ry + 3G8) RARARS + 9, VaVo | Go RM + 505, B PRS

uv

D 1 n n
+ (g,WD — VYo + Ry + 3g,WR> (o) - g8)s2) (7.2.15)
I n 3 ~ A n 2 n) 3 n) S\ S
—2VaV(, (Rﬁ)géj + 2R5)RQQ§3)> + (D + 3R> (Q@QRW + QQgs)RQRM) — 0.

here, Qin) represents the partial derivative of G™ with respect to the invariant y,

ie. G, = g—i.

Now, let us evaluate these results on AdS; spacetime with curvature radius L,.

The curvature invariants then take the form

R= —%, S;=0, S=0. (7.2.16)

*

Here, we used the bar notation when evaluating on the AdS; spacetime. It is
clear now why the use of traceless invariants was more convenient. In fact, by
inserting this into the full field equations g,%) in (7.2.14), we obtain a simpler

relation, given by
2 2 A
Zo2ay (g( >+ﬁg§%>> n=0. (7.2.17)

Now, recall that we are focusing on theories constructed with polynomials of our
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invariants (7.1.6). When evaluated on AdSs;, this reduces to

G = (=1)"Boo L*" (E)"’ (7.2.18)

*

while its derivative with respect to R simplifies to

o . o 6 n—1
G = (=1)"BugoL>* 2 (ﬁ) n. (7.2.19)
This allows us to rewrite our field equation (7.2.17) as the following characteristic

polynomial
L—xo+ Y buxs =0. (7.2.20)

where b, = (—1)"6"" (3 — 2n) B0 and xo = L*/L2.

For single-vacuum theories, there is an order-n degeneration of the solution to the

characteristic polynomial. For them, the value of x( is given by
Xo=n  which means 1/L?=n/L* (7.2.21)

Based on this observation, it was shown in [30] that a Lagrangian density of the
form

(z 1) )
‘ngnglevac = +R+Z ( )Wl—.)RZ+52h2(R, Sa, 83)+8S3h3(R, Sz, S3),

(7.2.22)
where hy and hs are any analytic function of their arguments, possesses a single
AdS3 vacuum. Notice that, in these theories, the coupling constant of the order-n
curvature term scales as O(L*"~?2), with the AdS radius being 1/L?. This implies
that the theory is strongly coupled, with the UV and the IR regimes being related.
This is precisely the reason why, while higher-derivative terms are generically
expected to yield short-distance modifications to general relativity, for these

theories we still expect long-range modifications.

With this in mind, we can combine expressions (7.2.12) and (7.2.22) to find a
theory satisfying both requirements: a) possesing a holographic c-theorem and b)
a single vacuum. The single vacuum requirement imposes a particular value of the
coupling constant for the term R?, however, it leaves unspecified what hy and hs

should be, as they do not modify the characteristic polynomial. As a consequence,
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we can include the same coupling constant for the additional two terms appearing
n (7.2.12), so that we do not spoil the relative factors that guarantee the existence

of a holographic c-theorem at order n. In turn, we obtain the following Lagrangian

2 "L () L2D & )
D(n):ﬁ+R+Z(i>m6z— —22 22410 2= 1) ( >RZ o
=2
IC zl):/% ;
+ 24Pty ( )RZ olgh=lg] n> 1. (7.2.23)
= 2p+1

Let us now illustrate how this generalized Lagrangian, possessing conformal

invariance at linear level and a single vacuum, reproduces the already studied
NMG theory in (3.2.1), for n = 2

2 L?
D@ = — —(R? - 248,). 2.24
I3 +R ol (R Sy) (7 )
Recall that S, = RWRW = (R — % G R)(R"™ — = g’“’R) while redefining A = — LQ,
so that (7.2.25) gives

3
gB:?) : (7.2.25)

1
D® =R -2\ - 3 (B R —
which reproduces the Lagrangian density of NMG when A = m?.

Naturally, the expressions for higher n densities become larger, since the larger

the order, the more possible ways to construct curvature invariants there will be.
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To illustrate this, let us also work out some examples up to order n =6

2 2 LA
3 — L, - -
DY = g = g (B = 248,) — o5 (R — T2RS, + 5765;), (7.2.26)
D — 2 2 +R L2(R2 2485) LA (R3 T2RS, + 5765;) (7.2.27)
L2 16 227 1798 2 3 2.
LG
+ 55 480(34 — 144R*S; — 144R*S, — 172885 + 2304RS;),
pB) — = 2 R—L2(R — 248,) — LA (R® — T2RS, + 576S;) (7.2.28)
L? 15 271350 2 3 2.
LG
+ Ta5000(F — HAR'S: — 14RS, — 17285, + 2304RS;)
LS
s5350000 T~ 240178, — 8640RS, + 5T60R"S; + 276485553),
2 5L2 5L4
Y= - TSy - P72 2.2
6
" 93312<R4 — L4R®S; — 144R*S, — 17285] + 2304RS;)
LS
g (B — 240R°S; — 8640RS; + ST60R'S; + 276485:55)
LlO

6 4 — 92592 2Q2 12 3 1152 3 1 .
s3e173501 (B — 360R'S, — 25020R%S; — 691208; + 11520 S5 + 16588815, Ss)

In spite of the intricate form of these Lagrangians, let us emphasize that (7.2.23)

provides a compact, comprehensive form for each term in these theories.

7.3 Linearized Field Equations

In this section, we will show that all the theories defined by the Lagrangian
densities D™, given in (7.2.23), acquire an additional gauge invariance at a
linearized level. For this, we start by linearizing (7.1.4) around a maximally

symmetric AdS vacuum of the theory, with radius L., described by [30]

1t _ 2 I 1 . K2
18’(‘”) = {e +c (D + L2>} GL (2b—|—c)(g#,,D—V#VZ,)RL—L—z(4b+c)g#,,RL = ZTuLw
(7.3.1)
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where Tlfy is the linearized stress-energy tensor and the linearized Einstein tensor,

Ricci tensor and Ricci scalar are given by

1 2

G = By = 50w B + 25 Py, (7.3.2)
_ _ 1_ 1- =

R}, =V Vahi,) — 35w = 5V Vb — % hW + % th, (7.3.3)
S _ 2

RY =V*V"h,, —Oh + L—gh, (7.3.4)

respectively. The parameters e, ¢ and b are to be interpreted as the effective
Planck length k2%; and the masses (squared) of gravitational modes, which we

denote mg and m?, as

1 e e+ +5(3b+c)
2 _ 1 2 _ _¢ 2 _ : . 735
et = or e T T T 3¢+ 8b (7.3.5)

They are obtained from the relations

1 - 1 [15 _ 1 -

-0 h=— — = — 7.3.6
e 4/4;2[ + Grl, 132 [ Orr ng] ; ¢ 4/€2g52, (7.3.6)
where we used again the notation G, = 0G/0x, Gy, = 0?G/0x?. Taking this into
account, we can compute the specific values of the parameters e, b and ¢ for the

theory (7.2.23), namely

)% 1 l(n) 5 3
1+Z( > —22)] - 4k2T(n —1/2) ¢=—Le, b:—gc.

‘= 4/@2
(7.3.7)
In turn, this implies that the effective Planck length is given by
I'(n—1/2)
2 2
=gi= 17 7.3.8
Keft K \/FF(n) ) ( )
while the other physical parameters read
2 1 n 2
mi=——=——, m;— 0. (7.3.9)

9o Tz Ly e

The latter shows that the ghost scalar modes decouples, generalizing what occurs
in NMG.
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Without imposing any particular value for e, b and ¢ yet, the trace of the linearized

field equations read

— 24b 8c
g EL = (8b+ 3¢)OR" — R". 7.3.10
gEr, = (3h+30) e (73.10)
The term proportional to JRY vanishes as a consequence of imposing a c-theorem.
Using the other relations, which implement the single-vacuum condition, we see
that the coefficient of R” in the second term of (7.3.10) vanishes too, and in that

case we obtain

gl =o. (7.3.11)

This means that the theories we are considering have an extra conformal invariance
at linearized level, around constant curvature backgrounds, which corresponds to
a Weyl symmetry transformation. This symmetry is associated to the existence of
a family of conformally flat solutions that generalize the BTZ black hole [1(] to
black holes with a gravitational hair. We will study these solutions in the next

section.

7.4 Hairy black holes

admit Hairy Black Hole (HBH) solutions of the type

;l(_f) +ride?, f(r) = 2—22 +br—p, (7.4.1)

which reduces to the BTZ geometry when b = 0. This, added to the fact that

these theories possess a conformal symmetry at the linearized level, suggests that
they can be backreacted by a quantum conformally coupled scalar field in the

same manner as NMG.
Furthermore, notice that if b < 0, this family of solutions will have two horizons

E
2

re = (—bL* + /0212 + 4M> vy —r = Lo/l 1 4n. (7.4.2)

When —b?L? = 4y, the solution becomes extremal. There is a rich family of

possible causal structures captured by these black holes, as shown by the following
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Figure 7.4.1: Spectrum of hairy black holes for NMG, found and studied in
detail in [I]. Figure taken from []

7.5 Conserved charges and Thermodynamics

This final section will be focused on studying thermodynamical quantities
associated to the hairy black hole solutions (7.4.1) for the Higher-Curvature
theories governed by (7.2.23).

The Hawking temperature is given by

f(ry) 1
T = = VAL2 44 7.5.1

which naturally vanishes for the extremal solution ry =r_.

Now, in order to compute the mass, we do the following change of coordinates
bL2
5

r—r+

Then, the metric function takes the form f(r(r')) = %j - (u + biﬁ), which is

b2L2
T

the usual form of the BTZ metric, with a shifted mass parameter u — p +

Thus, the mass for this theories will be given by
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b* L2

MBTZ N
(= pt—7)= ey

T (BL2 + 4p). (7.5.2)

This result was confirmed by the explicit calculation of the mass using the Abbot-

Deser-Tekin method up to n = 6 (see [31] and references therein).

On the other hand, since we constructed our Lagrangian using Ricci tensors and its
contractions, we can now use the Wald’s formula to find the Bekenstein-Hawking
entropy for this family of theories 2], namely

s [ DY (7.5.3)

= —— —— €06, "W, 5.
52 S5 aRu,, pATY

where w represents a volume 1-form of the induced metric ¥; and € are binormal
vectors to the induced space-like surfaces. We can calculate this derivative

explicitly as

a v - 1) C i— v
50 —g“ +Z( )m{ZR 'g" (7.5.4)

li/2]
- Z 24P (2p — 1) (2 ) [(z — 2p)RH*TISP g + QpRi_QpSg_ll:zﬁR”]
p

L(z 1)/2] ,
+ Z 24?“( :1> [(i —2p — 1) R™27285 ' Syg”

(2p — 1)RTPISI?S;RERA 4+ RP1SE! S, (3}?';#" — Sgg“'/)} }
After evaluating this expression on AdS; (i.e. b =0 and p = —1) and replacing it

back into (7.5.3), we obtain a final expression for the Bekenstein-Hawking entropy

after integration, given by

2m2L, /7l (n) 5
= VL2 +4 5.
S 2 T(n—1/2) b2L2 + 4, (7.5.5)

where n is the order in curvature of the theories.

Again, we see that for b = 0, we recover the entropy for the BTZ black hole in

higher curvature theories [32].

Finally, we see that the combined results for the black hole’s temperature, entropy

and mass can be shown to satisfy the first law of black hole thermodynamics
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dM = TdS, with d= du% + db%. (7.5.6)

By combining these expression, we can also construct the free energy of these

black holes, namely
2

F=M-TS§=_-Y+t_ "=/ 5.
S YN (7.5.7)

The free energy vanishes for the extremal solutions, and it is always negative.
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Chapter 8
Conclusion

In this work, we have studied the interaction between higher-curvature terms,
contained by three-dimensional massive gravity theories, and the backreaction
on the geometry induced by quantum fluctuations. As a working example, we
used the quadratic theory NMG coupled to N conformally coupled scalar fields in
(A)dS; space. In the large N limit, we solved the semi-classical field equations

analytically, at the first order approximation in GN.
We have shown that

e The backreaction only induces a relaxation of standard Brown-Henneaux
asymptotia for (A)dS; if working at the point where NMG has a single

vacuum, that is, where A = m?.

e The relaxation of the asymptotia yield the addition of two asymptotic
symmetry generators. Thus, the isometry group of the special point
backreacted solution has the structure of the semidirect sum of two copies

of Witt’s Algebra with supertranslations and logarithmic supertranslations.

Additionally, we showed that an extension to arbitrarily higher-curvature theories
can be done, for which the entire analysis made for NMG holds. In relation to

this family of theories, we have found that

e These solutions are constructed by imposing the fulfillment of a c—theorem

and the property of having a single vacuum.

e We computed the masses, temperatures and entropy in a generalized
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form. The computations were crosschecked by satisfying the first law of

thermodynamics.

We have, in consequence, found a family of higher curvature gravity theories
with universal properties both at the classical and quantum level, as well as

holographically.
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Appendix A

Diffeomorphism invariance of

massless graviton

The massless graviton hy,, is a rank-2, symmetric field, whose dynamics are given

by the Fierz-Pauli action

1 1 1 1
Ipp [y = / Pz (Zaphuyaphﬂ” = GO N b+ 50" B Dy — Z(‘)“hﬁuh) ,

(AO.1)
where h = n*h,,. This action is quasi-invariant to the diffeomorphism
transformation

h,uu — h:w = h,uu + QV(M&,). (A02)

Here, &, is an arbitrary vector. We can take the Fourier transform of both A,

and &, in both time and space, namely

de ik-x &

€= / ), (A0.3)
de ik-x T

B — / oo k) (A0.4)

Now, let us consider the following vector basis {u}l, ey uf} }, and define each of

them in terms of longitudinal and transversal vectors, namely

= efj) ul, = eleﬁ), (A0.5)
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where k* and k* describe longitudinal polarizations, while el(f) are spacelike

orthonormal fields. These satisfy

Kk, =K'k, ke =kt =0, Vi=1,.,D-2 (A0.6)
With these, we can construct a tensor base {vf}l,), ey vfg(DH)/ 2)} for symmetric

rank-2 fields, by

oD = vl{;j’]} = §(uLuJV +w,ul) = w,u,,, where I € [1,D(D+1)/2]. (A0.7)

%

For further clarity, we will be expanding the index I in the following way

vl = it = Rk, (A0.8)
'U/(fu) = Uily,Q} - k(u]%l/) ’ (AOQ)
{vfg,), e vff,))} = vi},’iH} = k:(ue(yi)) , (A0.10)

(A0.11)
UEL€+1) _ 0{2 2} _ ]_‘/;,u];:V 7 (A0.12)
{v (D+2) o “QVD 1)} l{”2/z+2} — (uG()) : (A0.13)

(A0.14)
{U ) W D+1)/2)} — vaf,+2’j+2} — 6861(/]))' (A0.15)

Using this basis, we can expand our fields in Fourier space as

D

&= (a) | (A0.16)
=1
D(D+1)/2

hw =Y (AT (A0.17)

I=1
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Since we defined ub = k,, we can factorize our field transformation as

B = Py + 2k(,6i (A0.18)
D(D+1)/2 D 4
= 3 (AP 42y (aﬂu}uuﬂy)) i (A0.19)
=1 j=1
{ig} D
- Z (AT L) 4 2 Z (ol i
i=1,j=1 J=1
= (A 4 2ia) ol + Y (Al (A0.20)
j=1 i=2,j=2
Since the transformation is arbitrary, we can fix a/ = —%A{l’j }. This automatically

!/

',»» which let us safely set all original A1} to zero.

gets rid of D components of A
Thus, we have proven that diffeomorphism invariance gets rid of D degrees
of freedom for a symmetric, rank-2 field h,,, namely, all the components of

B,w ~ k(,uy), for some u, of the vector basis can be gauged away.
Now, this diffeomorphism invariance will further eliminate degrees of freedom by

analizing the field equations, which read

Ohp + 0,0,k + 1,00 hap — 0, Oh — 0°0,h,,, — 0°0,h,, = 0. (A0.21)

By going to Fourier space and inserting the gauged field h,, = ?ﬁ;ﬁ)/ 2 AU )v,(fy)

and vectors, we obtain

D(D+1)/2
oAl [v“)vfj) + oo 4, (USB)UU) aB _ Uu)vu)) — oD D) — o D] =,
I=D+1
(A0.22)

where we defined tensor traces as v!) = vgﬂ)naﬁ. Now, let us work out each of the

contributions on the equations separately.
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Tensor traces

o) — ko k& = P+ ’ (A0.23)
v = kR (A0.24)
{U(s)7 ...,U(D)} ~ koﬁ(i) *=, (A0.25)
(P2 PP L e =0 (A0.26)
{vCP) PO/ — () G) o (A0.27)
Total contractions

U,(lg)v(DH = koksk®k’, (A0.28)
{v (D+2) @B 4, (2D-1) 045} ~ kak;ﬁk:ae(i) f =0, (A0.29)
veg {vP) o8, PPV 0B o fge @) 8 = g, (A0.30)

Partial contractions
oM 2D — kR Lk, (A0.31)
e U(D+l kPR ks, (A0.32)
Up(Ll) g {UV?+2)7 (RS Ul(/iD_l)} = kp];pkﬂel(j)7 (A033>
oK {U(D+2), o 02PN = kP ke (A0.34)
’Uul p {v ) ng(D+1)/2)} ~ k”ez — 0. (A0.35)

Summing (A0.31) with (A0.32) and (A0.33) with (A0.34) we see that the partial

contractions reduce to

ol PP oD D = o kP (K + k) = kR0l (A0.36)
o p{v (D+2) | oEP=DY 4oV P LD+ y(2D-D) (A0.37)
= k’pk'p (k’MEl(,Z) + kVEM ) - k: k,p {'U/u/a 77];(}1?)}

Inserting these results back into the field equation, we obtain the following,
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factorized by base vfi,), expression

D(D+1)/2 D D(D+1)/2
o) Z Ayt —|—Zv£{) (—ATTP D k) + Z ol (ADko k")
I=D+1 I=2 I=D+1
(A0.38)
D(D+1)/2
0 AP (kokkpk” — kokkak?) — Y 0D =0,
1=2D

Remember that our gauged field does not longer depend on the basis vectors
{U,(W) - Uff,,))}, but these vectors reappered in the field equation due to the
partial contractions. However, if a field does not depend on these components,
its dynamics should also be independent of them. Thus, all of the components

proportional to the already gauged coordinates in the fields must be set to zero,

namely
D(D+1)/
(a) The component of Uf}u) must vanish, so Z A =0. (A0.39)
I=D+1
(b) The components of {UW,. " /w } must vanish, so (—A(”D_l)kalz:a) =0 VI=2,..,D.
(A0.40)
Let us review (b) first. Since kok® # 0, this automatically means
AUFD) — Vi=2,..,D-1 which accounts for D — 1 new constraints.
(A0.41)

Now, by inserting (b) and our already calculated traces into (a), we obtain

D(D+1)/2
S A =0 ABPIREP 4 4 APPEN/2DIDEN/Z — ] (A0.42)

I=D+1

Allowing us to rewrite one coefficient AY) in term of the others, namely

D(D+1)/
AP Z ADy which accounts for 1 new constraint. (A0.43)
1=2D+1

Finally, we see that diffeomorphism invariance gets rid of D components by the

pure structure of the transformation, and by inserting the invariance on-shell, this



5}

transformation further restricts the components by D more constraints. Therefore,
a symmetric, rank-2 tensor in D-dimensions has a total number of local degrees

of freedom given by

D(D +1)

Physical, on shell, DOF = 5 — (A0.44)
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Appendix B

Aspects of Anti-de Sitter

Three-dimensional Anti-de Sitter spacetime (AdS3) is defined as the hypersurface
defined by the constraint

TP XP T3+ X3 =12 (A0.1)

embedded in four dimensional flat space with metric 7,,. From now on, Latin

indices will be used for the ambient space with metric
ds®* = —dT? +dX; — dTy + dX3, (A0.2)

and Greek indices for AdS3.

This pseudohyperbolic hypersurface has a radius vector defined as z* =
(Ty, X1, Ty, X5), with norm /—z%, = L,, and constant curvature given by
Ry} = — 1507, and therefore Ry, = — 50, and R = —6/L%.

In what follows, we will discuss both global and local properties of AdS relevant

to the present work, with close reference to the arguments described by |7, 15].

A1l Global properties

A1.1 Closed time-like curves and Covering Anti-de Sitter

spacetime

Let us start by addressing the existence of closed time-like curves.
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There are plenty of parametrization to study AdS. Let us first review the
parametrization used for studying the spacetime structure of AdS; the so-called

global coordinate parametrization

Ty = L,secpcosT, Ty = L,secpsinT, (A1.1)
X1 = L, tan pcos¥, Xy = L, tan psinf, (A1.2)

leading to the AdS3 metric in global coordinates
ds* = L?sec? p (—dr? + dp® + sin® pd?) (A1.3)

where 0 < p < 7/2,0 < ¢ < 2r and —7 < 7 < 7, with 7 = —7 and 7 = 7,
identified. This periodicity in the time-coordinate leads to Closed Time-like Curves
(CTC), as shown in Figure Al.1

T = —|—g —
spatial spatial
infinity (i") infinity (i)
p=+71/2 r =0 p=+r/2

Figure A1.1: Penrose diagram for Global Anti-de Sitter space-time, with 7 = £
identified

This causes a problem if we want to have a well defined Cauchy problem, since

there is no distinction between cause and effect due to time periodicity. This issue
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is dealt with by 'unwrapping’, or extending the domain of the time coordinate, so

that —oo < 7 < 00, and thus getting rid of CTC.

This is known as the universal covering space of anti-de Sitter, due to the absence

of non-contractible time cycles, whose structure is shown in Figure A1.2

T=+4m

T=+%5
spatial spatial
infinity (%) infinity (i°)
p=+m/2 L _ p=+m/2

us
T="3
T=—7
— _3m |
T="7

Figure A1.2: Penrose diagram for the universal covering spacetime of Anti-de
Sitter.

A1.2 Non-global hyperbolicity

Having addressed the existence of CTC, there is still a key property of both AdS
and CAdS that needs to be tackled, that is the existence of time-like boundary
surfaces at spatial infinity. To understand this, let us work through some globally

hyperbolic examples.

An event on Minkowski spacetime may be completely determined by the evolution
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of initial data laying on a Cauchy Hypersurface . In other words, the causal past
of an event in Minkowski spacetime completely intersects the space-like Cauchy

surface, which is purely determined by initial conditions.

v, future timelike

infinity (i)
+7/2 kt=—+00
future lightlike
infinity ()
Cauchy hypersurface X
spacelike
infinity (i°)
r=20 r = —+00
past lightlike
infinity (& 7)
_7T/2 = t = —0

past timelike
infinity (i7)

Figure A1.3: The causal past of events E; and Fy completely intersect a Cauchy
hypersurface on Minkowksi spacetime.

This is also the case for Schwarzschild spacetime, where data can always be evolved

from the initial data defined on a Cauchy hypersurface.
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. .
singularity

Figure A1.4: The causal past of events E; and Fy completely intersect a Cauchy
hypersurface on Schwarzschild spacetime.

However, the causal past of a given event on both AdS and CAdS spacetimes does
not completely intersect a Cauchy hypersurface, but rather have intersections
with the spatial boundary. This means that the initial data on X is not enough to
have a well-defined causal past for a given event, but also, boundary conditions at

spatial infinity must also be specified.
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Global properties

Figure A1.5: The causal past of the event E5 fully intersects the Cauchy
hypersurface >, However, the causal past of the event F; is partially determined

TA
T:—I—%"—

T=+4m

spatial
infinity (i°)

spatial
infinity (%)
p p=+m/2

p::

[ Cauchy hypersurface X

by spatial infinity, shown by the blue highlights.

A more intuitive way to visualize this is that, if signals can reach infinity within
a finite time, that means that signals can also come from infinity, and thus, can
be part of the causal past for a given event. However, if boundary conditions are
not specified, there is an ambiguous interpretation of what is really happening to
signals when they do reach spatial infinity. Having reflective boundary conditions

on CAdS is one common choice, implying that signals reaching infinity will bounce

back into the bulk.
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A1.3 Conformal relation to half of Einstein’s Universe
A key feature of CAdS comes from being conformally equivalent to half of Einstein
static universe (ESU), whose 3—dimensional global metric goes by

dshgy = —d° + dp® + sin® pd6?, (A1.4)

where 0 <7 <00, 0<¢p<2mrand 0 < p <.

As we showed in the previous subsection, the global coordinates of AdS; go as
ds’ys, = L2sec? p (—dr* + dp? + sin® pd6?) | (AL5)

where the only difference respect to ESU relies on a conformal factor we define
as Q%(p) = [*sec?p and only covering half of ESU’s radial domain, namely
0 < p < w/2. This means that AdS; is conformally equivalent to half of ESU.

A2 Local properties

A2.1 Isometry group

The isometry group of AdSs corresponds to the subgroup of the imbedding 4-dim
space which leaves the constraint (A0.1) invariant, and it is given by SO(2,2). This
group is generated by boosts and rotations, and thus translating the imbedding
space as two copies of 1+1 Minkowski space: M; with coordinates (77, X;), and
M, with coordinates (15, Xs) [7].

A2.2 Rindler coordinates

Having identified the isometry group of AdS; as SO(2,2), we can further explore
the local, causal properties of the space, by introducing the Rindler cordinates
(t,7;,¢), where r; = T? — X? and thus, the constraint (A(0.1) is now defined by
ri + 1y = L2. This is given by

T; = \/ricosh x;, X; = /risinhy;, r>0, —oo<y; <oo . (A2.1)
T, =/—risinhx;, X;=+/—r;coshy;, r<0, —oo<y <oo . (A22)
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This parametrization is valid both in the lightcone interior (r; > 0) and exterior

(r; < 0). This parametrization separates the space in three distinct regions:

1. ry > L?2 (ry < 0), where the Killing vectors d; and J, are timelike and

spacelike, respectively.
2. 0 <7y, < L2, where both vectors 9, and 9, are spacelike

3. 11 <0 (ry > 0), where the Killing vectors 9; and 0, are spacelike and

timelike, respectively.

Thus, if centering in the asymptotic region of our spacetime, we can restrict
ourselves to the first region. By redefining the radial coordinates as r = r; =

L? — ry, we obtain the metric

2 2 -1
ds? = — <% - 1) dt? + (% - 1) dr? +r%dg?,  t,¢ € (—00,00). (A2.3)

A3 Identifications of AdS;: The BTZ black hole

The metric defined by (A2.3) can be regarded as a purely geometric spacetime,
with no singularities produced by a black hole. If one were to deform the presence
of a black hole of mass M and angular momentum J, we will arive at the spacetime
containing a Rotating BTZ Black Hole, given by the metric

=2 =2 2

. J2\ ! _
ds% pry; = — (% — M) dt? — Jdtdo+ (% — M + 4—ﬁ) dr* +7d¢*, (A3.1)

where the coordinates where transformed by taking

t= 2 (ayf—a_L.d),

o7
1 - _
o= gy (v —a_t/L.), (A3.2)
2 (277)% — o L2
ot —ar

with

aL=m <\/M /L. £ /M — J/L*> . (A3.3)
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Since this solution is a particular identification of AdSs, is natural to see that
points identified in the rotating black hole are still going to be related by an

element of SO(2,2), which in the ambient coordinates takes on the following form

coshay sinhay 0 0
As = sinhay coshay 0 0 . (A3.4)
0 0 cosha_ —sinha_
0 0 —sinha_  cosha_

Now, for static black holes, both the metric and transformation get reduced, since
J = a_ = 0. This yields the Static BTZ spacetime

=2 =2

-1
r T _ 9 .=
ds%r, = — (ﬁ — M) dt* + (ﬁ - M) di* + 7 d¢?, (A3.5)

and SO(2,2) transformation

cosha, sinhay,
sinha, coshayy
0 0
0 0

(A3.6)

S = O O
_ o O O
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