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1. Introduction

Supervised classification is an area of growing importance, increasingly applied in everyday con-
texts. In general terms, this approach relies on datasets that, when subjected to mainly statistical
assumptions, enable the construction of models capable of understanding and anticipating the be-
havior of new samples. This makes it possible to identify patterns and trends in existing data,
thereby facilitating informed decision-making and predicting outcomes in previously unobserved
scenarios.

Within supervised learning, several classical algorithms are widely employed to address classifica-
tion tasks, such as decision trees (Quinlan, 1986), k-nearest neighbors (Cover & Hart, 1967), neural
networks (Rumelhart et al., 1986), and support vector machines (Cortes & Vapnik, 1995). Among
them, the SVM stands out, as it aims to find an optimal hyperplane that separates the classes in the
feature space. However, training these algorithms often requires large volumes of data, which entails
high computational costs. Moreover, not all available variables contribute valuable information to
the model, thus creating the need for: i) algorithms that can be trained efficiently in terms of time
and resources, and ii) techniques that allow for the selection of only the most relevant features
without sacrificing predictive quality. This latter approach, known as feature selection (FS) (Miao
& Niu, 2016), has proven essential for building more accurate and less costly models.

As classification problems have grown in scale and dimensionality, the operations research com-
munity has contributed rigorous optimization frameworks to address F'S more systematically. Early
contributions approached the problem through exact mathematical programming formulations, such
as those proposed by Maldonado et al. (2014), Labbé et al. (2019) and Benitez-Pena et al. (2019),
which provided provably optimal feature subsets at the cost of high computational demands. How-
ever, the inherent complexity of these formulations motivated a progressive shift toward heuristic
and decomposition strategies (Aytug, 2015; Gaudioso et al., 2017), which trade optimality guaran-
tees for scalability and computational tractability. Collectively, these contributions have established
a solid methodological foundation upon which more sophisticated multi-objective approaches have
subsequently been developed.

In the field of operations research, significant progress has been made in the use of multi-
objective metaheuristics, applied to classification and FS problems. These methodologies aim
to identify solutions that reduce computational resource consumption, particularly training time.
Thus, recently, Alcaraz et al. (2022), Valero-Carreras et al. (2023) and Alcaraz (2024) have used
a multi-objective metaheuristic approach to address feature selection with suppontvector machines
(FS-SVM), and subsequently, Badilla-Salamanca et al. (2025) proposed a new representation of the
individual, achieving reduced iteration times and thereby improving the algorithm quality. These
results demonstrate that modifying the metaheuristic structure and the individual representation
can contribute to reducing iteration time while simultaneously enhancing the predictive model’s
performance.

These advances are particularly relevant considering that modern models are becoming increas-
ingly complex and expensive, not only in terms of processing time but also due to the economic costs
associated with computation (servers, energy, licenses, among others). In scenarios involving large
volumes of data, such costs may become a significant barrier. Furthermore, existing multi-objective
approaches based on the Non-dominated Sorting Genetic Algorithm IT (NSGA-II) (Alcaraz et al.,
2022; Valero-Carreras et al., 2023; Alcaraz, 2024; Badilla-Salamanca et al., 2025) have primarily
focused on structural and empirical risk as optimization objectives, without explicitly incorporating
classification performance metrics into the search process. This limitation becomes particularly
evident in large-scale and imbalanced datasets, where optimizing solely for margin-based criteria
may not adequately reflect the true predictive quality of the resulting models. Optimizing models



for both efficiency and accuracy not only helps reduce these expenses but also increases their ap-
plicability in sensitive sectors such as medicine, finance, banking, and logistics, where speed and
accuracy of predictions are critical.

In this context, the present work introduces two multi-objective metaheuristic algorithms —NSGA-
II1, an evolutionary algorithm based on reference-point diversity preservation, and MOPSO, a swarm
intelligence method guided by Pareto dominance — integrated with the soft-margin SVM model,
a supervised classification framework that tolerates misclassifications through slack variables, for
binary classification with feature selection. Both approaches adopt the individual representation
proposed by Badilla-Salamanca et al. (2025), incorporating tailored genetic and swarm operators
specifically designed to accommodate this encoding. Furthermore, both algorithms simultaneously
optimize five objectives encompassing structural risk, empirical risk, and three confusion matrix-
based performance metrics, with the dual aim of enhancing predictive quality while reducing compu-
tational overhead. Extensive experiments on large-scale benchmark datasets demonstrate that the
proposed approaches achieve competitive performance against state-of-the-art algorithms in terms
of both predictive metrics and computational efficiency.

1.1. Hypothesis

It is possible to improve the performance, in terms of evaluation metrics and computational time,
of a multi-objective metaheuristic based on a soft-margin SVM model with FS, by considering the
objectives of empirical risk, structural risk, and the performance of an evaluation metric on large
datasets.

1.2. Objectives

Implement an NSGA-III and MOPSO based on the soft-margin SVM model with F'S for binary
classification datasets.

For this general objective, the following specific objectives are proposed.

e Conduct a literature review.

Design and implement a NSGA-III to solve large binary classification datasets.

Design and implement a MOPSO to solve large binary classification datasets.

Extend the multi-objective SVM-F'S formulation by incorporating additional confusion matrix-
based performance metrics as explicit optimization objectives.

Analyze the obtained results and compare them with those reported in the literature in terms
of computational time and prediction quality.

1.3. Document outline

The remainder of this document is organized as follows. Section 2 presents a comprehensive liter-
ature review covering mathematical programming approaches and population-based metaheuristics
for the SVM-FS problem. Section 3 formally introduces the soft-margin SVM model and its exten-
sion to the multi-objective SVM-FS framework, detailing the mathematical formulation adopted in
this work. Section 4 describes the proposed NSGA-III algorithm, including its solution representa-
tion, genetic operators, and overall structure. Section 5 presents the MOPSO algorithm, detailing
its particle encoding, velocity update mechanism, and archive management strategy. Section 6
reports the computational experiments conducted on large-scale benchmark datasets, including a
description of the datasets, performance metrics, experimental setup, and a statistical analysis of
the results. Finally, Section 7 summarizes the main findings of this work and outlines directions for
future research.



2. Literature Review

The literature review focuses on examining methodologies that integrate F'S mechanisms within
SVM architectures. Particular attention is devoted to approaches rooted in the soft-margin SVM
paradigm, a formulation that accommodates misclassification tolerance and thus proves suitable for
datasets exhibiting non-linear separability (Cortes & Vapnik, 1995; Bishop, 2007). The landscape
of existing work spans a diverse spectrum: from rigorous mathematical optimization models to
population-based metaheuristics.

The integration of feature selection within SVM learning has been extensively studied through
mathematical programming approaches. Maldonado et al. (2014) established a foundational frame-
work by formalizing the combined SVM-FS problem as NP-hard and proposing mixed-integer linear
programming (MILP) formulations for its joint optimization. Building on this work, Labbé et al.
(2019) introduced budgetary restrictions and tighter hyperplane coefficient bounds to produce more
compact classifiers. Decomposition strategies have also been explored: Aytug (2015) applied gen-
eralized Benders decomposition to partition the problem into feature selection and SVM training
layers, while Gaudioso et al. (2017) employed Lagrangian relaxation to balance model simplicity
and accuracy through penalty terms. A pragmatic dimension was introduced by Benitez-Pena
et al. (2019), who addressed varying feature acquisition costs via a two-phase MILP and mixed-
integer convex quadratic programming approach, a direction extended by Lee et al. (2020) through
robust optimization to handle uncertainty in cost estimates. Most recently, Baldomero-Naranjo
et al. (2021) broadened the scope by simultaneously addressing outlier detection and FS using a
ramp loss-based MILP formulation, demonstrating that heuristic variants can closely approximate
optimal solutions at significantly reduced computational cost.

In parallel to the development of exact methods, a distinct research stream has emerged cen-
tered on population-based metaheuristics for multi-objective SVM-FS. Unlike single-objective for-
mulations that aggregate competing criteria through weighted sums or penalty parameters, multi-
objective methods explicitly treat feature subset size and classification performance as separate,
often conflicting objectives. This paradigm shift enables the generation of a Pareto frontier com-
prising solutions that represent diverse trade-offs between model complexity and predictive accuracy.

The application of the NSGA-II to SVM-FS was pioneered by Alcaraz et al. (2022), who con-
trasted its performance against the augmented e-constraint 2 (AUGMECON2) technique proposed
by Mavrotas & Florios (2013). AUGMECON?2 represents an exact multi-objective solver that em-
ploys lexicographic optimization, systematically exploring the objective space by parametrically
varying constraint bounds. The comparative analysis assessed both the computational efficiency
and the quality of Pareto approximations produced by each method within the SVM-FS context.

Extending this line of research, Valero-Carreras et al. (2023) advanced the multi-objective SVM-
FS framework by proposing an alternative SVM model that explicitly incorporates confusion matrix-
based performance metrics — namely, the AUC-ROC, Cohen’s Kappa coefficient, and the F-Score
— as evaluation criteria to compare the resulting classifiers against those produced by the classical
soft-margin formulation. Their work demonstrated that the choice of performance metrics has a
significant impact on the quality of the resulting Pareto approximations, strengthening the practical
relevance of multi-objective metaheuristics as a principled alternative to exact methods for the
SVM-F'S problem.

Further advancements were introduced by Alcaraz (2024), who proposed a comprehensive re-
design of the NSGA-IT framework tailored to SVM-FS. Key innovations included a novel solution
encoding scheme and specialized procedures for eliminating unpromising regions of the search space.
These enhancements yielded marked improvements in both convergence rate and overall algorithmic
efficiency, surpassing the performance of earlier NSGA-II variants across multiple benchmarks.



Most recently, Badilla-Salamanca et al. (2025) contributed a modified representation strategy for
individuals within the NSGA-II population. While retaining the two-objective optimization struc-
ture, their approach embeds feature weights directly into the solution encoding, thereby reducing
the computational overhead associated with evaluating candidate solutions. This representational
shift, coupled with adapted genetic operators, resulted in faster iteration times and improved pre-
dictive performance. Furthermore, their work extended the experimental scope of previous studies
by evaluating the proposed algorithm on large-scale benchmark datasets, providing insights into its
behavior in high-dimensional and computationally demanding scenarios.

Beyond the methodologies explicitly targeting FS within the SVM formulation, complementary
research directions have explored related challenges. Some works have focused on the simultaneous
optimization of SVM hyperparameters and feature subsets, such as Bouraoui et al. (2018) and Faris
et al. (2018), who employed multi-objective genetic and nature-inspired metaheuristics to jointly
tune kernel parameters and identify relevant features, enhancing both classification accuracy and
model compactness. In parallel, Candelieri et al. (2019) addressed computational scalability through
parallel global optimization for hyperparameter tuning, while Sabzekar & Aydin (2021) proposed
a noise-aware F'S methodology based on relaxed SVM formulations, preserving predictive accuracy
under label noise and measurement errors.

The challenge of large-scale, imbalanced datasets was tackled by Dudzik et al. (2021), who
developed an evolutionary optimization framework specifically designed to handle class distribution
skew. Their method exhibited enhanced robustness and generalization capability in settings where
traditional approaches often struggle. Further contributions to the hybrid optimization landscape
include the works of Huang et al. (2025), Abasabadi et al. (2022), Jain & Jain (2022), Wang et al.
(2023), Bomze et al. (2025), Zandvakili et al. (2024), and Afreen et al. (2025), each introducing novel
algorithmic hybridizations and problem-specific adaptations that continue to advance the state of
the art.

The most recent wave of innovation in FS has been driven by deep learning architectures, which
offer powerful mechanisms for automatic feature discovery in high-dimensional spaces. Unlike the
SVM-centric approaches discussed previously, deep learning-based FS methods leverage the repre-
sentational capacity of neural networks to implicitly or explicitly identify informative features while
modeling complex, nonlinear relationships. Applications span diverse domains including bioinfor-
matics, computer vision, and natural language processing.

Several distinct strategies have emerged within this paradigm, including attention mechanisms
(Xue et al., 2023; Xue & Zhang, 2024), sparsity-inducing regularization (Farokhmanesh & Sadeghi,
2021), autoencoder-based dimensionality reduction (Bote-Curiel et al., 2022), convolutional trans-
fer learning (Junaid et al., 2025), and reinforcement learning-driven selection (Bouchlaghem et al.,
2024). While these approaches offer flexibility and strong empirical performance, they also present
notable limitations: training deep networks demands substantial computational resources, the re-
sulting models are often difficult to interpret, and their performance may degrade in scenarios
involving small sample sizes or severe class imbalance, potentially limiting their practical utility
compared to more transparent approaches such as SVM-based methods.

The literature review indicates that, while exact methods have dominated the SVM-FS land-
scape, metaheuristic approaches remain comparatively underexplored, particularly in many-objective
settings and large-scale scenarios. Building upon the individual representation proposed by Badilla-
Salamanca et al. (2025), the present work extends the multi-objective SVM-FS framework. The
main contributions of this study are as follows:

e Three classification performance metrics — F1-Score, AUC-ROC, and Cohen’s Kappa Coeffi-
cient — are incorporated as explicit optimization objectives alongside structural and empirical



risk, resulting in a five-objective formulation that aligns the search process more directly with
real-world predictive quality.

Two population-based algorithms are proposed — an NSGA-IIT and a MOPSO — with genetic
and swarm operators specifically adapted to the solution representation adopted from Badilla-
Salamanca et al. (2025), enabling efficient exploration of the expanded objective space while
preserving solution feasibility.

Both algorithms are evaluated on large-scale benchmark datasets where previous approaches
have exhibited limited performance, providing empirical evidence of their scalability and com-
petitiveness against state-of-the-art methods in terms of both predictive quality and compu-
tational efficiency.

A rigorous statistical validation framework is employed, combining the Friedman and Iman-
Davenport tests for global comparisons, pairwise Wilcoxon signed-rank tests with Bonferroni
correction, and the Vargha-Delaney Ais effect size statistic, providing a comprehensive and

robust assessment of performance differences among the proposed algorithms.

Table 1 summarizes the works reviewed in this section, focusing specifically on multi-objective
metaheuristic approaches to the soft-margin SVM-FS problem. For each contribution, the table
details the solution method employed, the treatment of the number of selected features — whether
fixed as a parameter or determined dynamically — and the number of optimization objectives
considered. The table highlights the progressive evolution from exact methods toward population-
based metaheuristics, and positions the present work within this landscape by introducing two new
algorithms that extend the number of objectives to five while retaining the variable feature selection
scheme proposed by Badilla-Salamanca et al. (2025).

Table 1: Summary of the literature review.

Work Solution method Number of features | Objectives
Alcaraz et al. (2022) AUGMECON?2 and NSGA-II Parameter (fixed) 2
Valero-Carreras et al. (2023) NSGA-II Parameter (fixed) 2
Alcaraz (2024) NSGA-II Parameter (fixed) 2
Badilla-Salamanca et al. (2025) NSGA-II Variable 2
This work NSGA-IIT MOPSO Variable 5




3. Support vector machine with feature selection

SVM, introduced by Cortes & Vapnik (1995) and Vapnik (1995), constitute a supervised learning
framework for binary classification that seeks an optimal separating hyperplane in an n-dimensional
feature space by maximizing the margin between classes. The theoretical foundations of this ap-
proach trace back to Vapnik & Chervonenkis (1964), who formalized the construction of optimal
separating hyperplanes for pattern recognition, with early applications restricted to linearly sepa-
rable data (Vapnik & Chervonenkis, 1974). To handle real-world datasets where perfect separation
is unattainable, Vapnik (1995) extended the formulation through the soft-margin SVM, incorpo-
rating slack variables that permit controlled misclassification. Under this framework, the decision
boundary is defined by a subset of training instances known as support vectors, and the learning
process simultaneously balances structural risk, associated with margin width, and empirical risk,
associated with classification errors.

In this setting, the incorporation of FS becomes particularly relevant. As the dimensionality of
the feature space grows, not all variables contribute meaningful information; redundant, noisy, or
irrelevant features can deteriorate predictive performance, hinder generalization, and substantially
increase computational demands. FS addresses this issue by identifying a compact and informative
subset of variables, thereby reducing both model complexity and resource consumption without
sacrificing classification quality.

The concept of structural error in SVMs is associated with the separation margin between the
two decision hyperplanes. A larger margin implies a more confident boundary, thereby reducing
model uncertainty and improving its capacity to generalize to unseen data. Conversely, the empirical
error quantifies the mismatch between the predicted and actual labels within the training dataset.

The growing prevalence of SVM-based approaches in supervised learning has brought to light
significant scalability challenges, as both training and evaluation become increasingly demanding
with larger volumes of instances and higher-dimensional feature spaces.

Several methodological extensions have been proposed to address these limitations. Among
them, the relaxed-constraint SVM (Sabzekar et al., 2012) enhances robustness by incorporating
mechanisms that better tolerate noise and uncertainty in the data. A complementary strategy is
FS, which mitigates the curse of dimensionality by retaining only the most discriminative variables,
thereby reducing computational overhead while improving interpretability and generalization.

In the literature, FS techniques are broadly categorized into three paradigms (Guyon et al.,
2006; Li et al., 2017). Filter methods assess feature relevance independently of the learning model.
Wrapper methods rely on a predictive model to evaluate the contribution of feature subsets to
classification performance. Embedded methods, by contrast, integrate feature selection directly into
the training process, allowing simultaneous optimization of model parameters and feature relevance.

The present work adopts the embedded paradigm, as feature selection is incorporated into the
learning process through the solution encoding of the proposed algorithms.

The soft-margin SVM, introduced by Cortes & Vapnik (1995) and Vapnik (1995), constitutes
the foundation of the optimization model adopted in this work. Let N = {1,...,n} denote the set
of training samples, each characterized by a pair (z;,1;) € R x {—1,1}, where z; represents the
feature vector and y; its class label. The dimension of the feature space is d, and the index set of
features is defined as D = {1,...,d}. The decision variables are: w; (j € D), the components of
the separating hyperplane; b, the bias term; and &; (¢ € N), nonnegative slack variables measuring
misclassification.

Building upon this formulation, Alcaraz et al. (2022) proposed a multi-objective MICQP model
for SVM-FS that decomposes the original objective into two distinct goals — minimizing structural
risk f; and empirical risk fo — while introducing binary variables t; to control feature selection,



eliminating the dependency on the regularization parameter C'

minimize f; = %|w\2 (1)
minimize fo = Z & (2)
1EN

subject to:
yi(wla; +0)>1-¢ Vie N (3)
&LERS VieN (4)
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where constraint (7) enforces a fixed number p of selected features, constraint (8) links each
feature weight to its selection variable, and constraint (9) defines the binary domain of ¢;.

Badilla-Salamanca et al. (2025) extend the multi-objective MICQP formulation proposed by
Alcaraz et al. (2022), introducing two key modifications to the model. First, they reformulate the
objective function f2 in (2) by replacing it with the new expression shown in (10). This modified
objective incorporates the parameter «; (i € N), which weights the classification errors according
to the class distribution of the dataset.

Second, the original constraint (7), which imposed a fixed number of selected features p, is
replaced by a dynamic constraint that retains the same left-hand side but introduces an adaptive
upper bound based on the total number of available features d, as defined in (11). This modification
enables the algorithm to dynamically adjust the number of selected features and converge toward
an optimal subset, in contrast to the approach proposed by Valero-Carreras et al. (2023), who fixed
p to five features.

minimize fo = Z ;& (10)
1EN
d tj<d (11)
jeD

Consequently, the model proposed by Badilla-Salamanca et al. (2025) incorporates SVM con-
straints and multiobjective objetive function and constraints 8, 9 from Alcaraz et al. (2022). This
formulation allows for the selection of any number of features—from a single variable to the entire
set.

1
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This work extends the model proposed by Badilla-Salamanca et al. (2025) by introducing three
additional optimization objectives oriented toward classification performance: the FI-score, the
AUC-ROC, and the Cohen’s kappa coefficient, all of which are metrics derived from the confusion

matrix. Accordingly, the final model to be optimized is defined as follows:

minimize
minimize
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4. NSGA-III

Metaheuristics are high-level optimization strategies designed to efficiently explore large and
complex search spaces where exact methods become computationally intractable. Among the most
widely adopted frameworks for multi-objective optimization is the NSGA-II (Deb et al., 2002) and
NSGA-IIT (Deb & Jain, 2014). NSGA-III combines fast non-dominated sorting with a crowding
distance mechanism to maintain a diverse and well-distributed approximation of the Pareto front.
While NSGA-II has proven effective for problems with two or three objectives, its crowding distance
operator becomes unreliable as the number of objectives grows, leading to poor diversity preservation
in high-dimensional objective spaces.

NSGA-IIT is an evolutionary algorithm for multi-objective problems with ”many” objectives
(> 4) that preserves the general structure of NSGA-II (initial population, genetic operators, and
non-dominated sorting), but replaces the diversity operator with a scheme guided by reference points
that are regularly distributed on a normalized hyperplane (Deb & Jain, 2014). The central idea
is to emphasize non-dominated solutions that are associated with those references, which improves
coverage of the Pareto front in high-dimensional spaces.

This NSGA-III proposal is based on the NSGA-II implementation proposed by Badilla-Salamanca
et al. (2025), and extends it to a many-objective setting by incorporating additional classification
performance metrics as explicit optimization objectives. This extension is motivated by the need to
simultaneously optimize multiple dimensions of classifier performance without sacrificing one metric
in favor of another, enabling the algorithm to approximate a Pareto front that explicitly captures
the trade-offs among competing goals and yields solutions that are well-balanced across all desired
dimensions of predictive quality.

)

4.1. Owerall algorithm

Algorithm 1 describes the operation of NSGA-III, a multi-objective evolutionary algorithm
specifically designed for problems with high-dimensional objective spaces, where traditional ap-
proaches may suffer from loss of diversity or an excessive concentration of solutions in limited
regions of the Pareto front. The algorithm preserves the core evolutionary structure of NSGA-IT —
including non-dominated sorting, genetic operators, and elitist population update — while intro-
ducing an enhanced diversity-preservation mechanism based on reference points, enabling superior
performance in high-dimensional multi-objective optimization problems.

The process begins by generating an initial population of size K using INITIAL-POPULATION
(line 1). Each individual is evaluated through the function EVALUATE-POPULATION (line 2). A fast
non-dominated sorting procedure—the same mechanism employed in NSGA-II—is then applied to
classify solutions into fronts FY, F5, ..., where the best non-dominated solutions are placed in Fj
(line 4).

Reference points are generated internally using GENERATE-REFERENCE-POINTS (line 3) with
M = 5 objectives and H = 12 divisions, which determines the granularity of the reference point
distribution on a normalized hyperplane, as further detailed in Section 4.2.

In each evolutionary iteration, a temporary offspring population @ of size K/2 is created (line 6)
by pairing consecutive individuals from the population (PARENT-SELECTION), as described later.
After applying genetic operators (lines 9-13), the offspring are evaluated (line 15) and merged
with the parent population to form R = P U Q (line 16), which is sorted again using FAST-NON-
DOMINATED-SORT (line 17).

To construct the next population, NSGA-III initially follows the same strategy as NSGA-II: it
incorporates all complete fronts Fy, ..., I, that fit entirely within the population size K (lines 19—
20).



The key distinction with respect to NSGA-II arises when the next front F,,;1 cannot be in-
cluded completely within the population size constraint. While NSGA-II resolves this situation using
crowding distance, NSGA-III replaces this mechanism with a reference-point-based niching proce-
dure implemented through SELECTION-REFPOINT-NICHING (line 21), which maintains an effective
distribution of solutions in many-objective scenarios where crowding distance becomes unreliable,
yielding more stable and better-distributed approximations to complex Pareto fronts.

The evolutionary loop continues until the time limit 7' is reached, at which point the final
population P is returned as the approximation to the Pareto front obtained by NSGA-IIL.

Algorithm 1: NSGA-III
Input: K, T, M,H, p', p?
Output: P

1 P+ initial-population (K)
2 evaluate-population (P)
3 Z < generate-reference-points (M, H)
4 F < fast-non-dominated-sort (P)
5 while a given time limit 7" is not exceeded do
6 Q « {0}
7 for k < 1 to K£/2 do
8 (a,e) < parent-selection (P)
9 i < crossover (a, €)
10 if random(0,1) < p! then
11 L i < mutation-1(7)
12 if random(0, 1) < p? then
13 L i < mutation-2(i)
14 Q+ QuU{i}
15 evaluate-population (Q)
16 R+ PUQ
17 F + fast-non-dominated-sort (R)
18 | P+ 0
19 m < get-complete-front-limit(F,K)
20 P <+ merge-complete-fronts(F,m)
21 P <+ P U selection-refpoint-niching(F,,+1, Z, K —|P])

4.2. Reference-point niching procedure

The selection-refpoint-niching procedure is invoked when the next front F,;; cannot
be fully incorporated into the new population. It operates on the normalized objective space
and consists of four sequential steps that collectively ensure a balanced coverage of the Pareto
front, leveraging the reference points Z generated by generate-reference-points, which receives
as parameters M, the number of objectives, and H, the number of divisions on the normalized
hyperplane that controls the granularity of the reference point distribution. In this work, M =5
and H = 12 are used, yielding a structured set of reference points that adequately covers the
five-dimensional objective space.

1. Normalization: The objective vectors of all solutions in fronts F} through F,,; are nor-
malized using the ideal point (minimum value for each objective) and the extreme points
(solutions that maximize individual objectives) to map all objectives to the range [0, 1]. This

10



ensures that all objectives contribute proportionally to the distance calculations, regardless of
their original scales.

2. Association: FEach solution in F},1; is associated with its closest reference point based on
perpendicular distance in the normalized objective space. Specifically, for each solution s, the
algorithm computes the perpendicular distance from s to each reference line (the line connect-
ing the origin to each reference point), and assigns s to the reference point that minimizes
this perpendicular distance.

3. Niche identification: The algorithm identifies underrepresented niches by counting how
many solutions from the current population (Fi,...,F,,) are already associated with each
reference point. Reference points with fewer associated solutions represent underexplored
regions of the objective space.

4. Selection: Solutions are selected from Fi,11 to fill the remaining population slots, priori-
tizing those associated with the least populated reference points. If a reference point has no
associated solutions in the current population, the solution from Fj,+1 closest to that refer-
ence point is selected first. This ensures balanced coverage of the objective space and prevents
clustering in any particular region.

4.83. Solution representation

Each solution within the population P is represented by three chromosomes (7!, 72 7%). The
first chromosome, 7!, encodes the identifiers of the selected features. The second chromosome, 72,
stores the real-valued weights assigned to the selected features, i.e., 72 € R, and has the same
dimensionality as 7'. These weights determine the relative contribution of each feature to the
classification decision. The third chromosome, 73, contains a single scalar value corresponding to
the model’s intercept term (b). Figure 1 illustrates the encoding of an individual with p selected
features, where 7! represents the indices of the active features, 72 their corresponding weights, and
73 the intercept.

To exemplify this representation, consider 7! = (1,2), 72 = (1, —1), and 73 = —1. In this case,
features 1 and 2 are selected with associated weights of 1 and —1 respectively, and an intercept
of —1. The resulting decision boundary is expressed as x1 — x9 — 1 = 0, while the two margin
hyperplanes are obtained by shifting this equation to 1 and —1 respectively.

1 1 1 Ce 1 1 2 2 2 R 2 2 3
771 77'2 7T3 7Tp_ 1 7Tp 7T1 7T2 7T3 7Tp_ 1 7Tp ™
,,,,,,,
selected features subset feature weights intercept

Figure 1: Representation of an individual solution proposed by Badilla-Salamanca et al. (2025)

4.4. Initial population

In the initial population, the three chromosomes of each individual are generated through a ran-
domized process that ensures diversity in the search space. The first chromosome, 7!, is constructed
by randomly selecting a subset of features from a predefined interval [f!, f*], guaranteeing that all
features have the same likelihood of being included in the individual. Once the subset is defined, the
second chromosome, 72, assigns a corresponding real-valued weight to each selected feature, where
these weights are drawn uniformly from the range [w!,w"]. The third chromosome, 73, represents

the intercept term of the model and is initialized with a random value within a predefined interval
o', b4].
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4.5. Selection

Parent selection in this implementation pairs consecutive individuals from the population to pro-
duce offspring for the next generation. Following the application of fast-non-dominated-sort, the
population is structured according to non-dominated fronts, with higher-quality solutions belong-
ing to F] positioned earlier in the population array, and lower-ranked solutions placed progressively
toward the end.

By pairing consecutive individuals — that is, positions 2k — 1 and 2k form a pair, for k =
1,...,K/2 — the parent-selection strategy implements a form of assortative mating that tends
to match solutions of similar quality. This design ensures that solutions from less populated and
underexplored regions of the Pareto front, which are prioritized by the reference-point niching
mechanism, are more likely to be paired with solutions of comparable rank, thereby promoting
balanced and diverse offspring generation across the objective space. Furthermore, this pairing
guarantees that all /2 pairs produce exactly one offspring each, maintaining a consistent population
size throughout the evolutionary process.

4.6. Crossover

Crossover serves as a key genetic operator that merges information from two parent solutions
to produce new offspring, thereby promoting a broader exploration of the search space. This
mechanism enables offspring to inherit traits from both parents, fostering convergence toward a
well-distributed set of non-dominated solutions in multi-objective optimization contexts.

In the operator, the first chromosome 7!, which encodes the selected feature identifiers, and
the second chromosome 72, which contains their corresponding weights, are both divided into [
equal segments of length L. Given two parent solutions, a and e, generate a new offspring, i, by
combining these segments. Specifically, the first L elements of 7} are copied into 771»1, after which the
first element in 7! greater than the last copied feature is located, and the next L unique elements
are added. If 7! does not contain enough distinct features, the remaining positions are filled with
unused identifiers from 7., ensuring no repetitions. This mechanism may produce offspring with
slightly fewer features, justifying the lower bound set for feature selection during initialization.

The operation is illustrated in Figure 2, where L = 2 and both parents have chromosomes of
length six. The offspring’s feature vector is formed by interleaving segments from each parent: the
first third from parent a, the second from parent e, and the final part again from a. Note that in
this example, the last segment does not perfectly follow L = 2 because feature 5, inherited from
parent a, was already included in the earlier segment from parent e, leaving only feature 6 to be
added at the end. This process ensures that the offspring inherits a non-redundant and ordered
combination of features from both parents. The corresponding weights in 72 are inherited from the
same parent that contributed each feature, while the intercept chromosome 73 is calculated as the
mean of the intercepts of the two parents.

4.7. Mutation

Mutation introduces stochastic variation into the population, promoting exploration of new
regions in the search space and reducing the risk of premature convergence. By modifying individuals
at random, this operator helps maintain genetic diversity and enhances the algorithm’s ability to
escape local optima.

Two complementary mutation operators are employed. The first modifies only the values of an
individual’s existing components, while the second changes the number of active features without
altering the model’s feasibility. Both operators are detailed below.
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Figure 2: Example of the proposed crossover operator where parent chromosomes a and e generate offspring .
Badilla-Salamanca et al. (2025)

e mutation-1: This operator randomly alters one or more attributes of an individual. A selected
feature identifier may be replaced by another unselected one; feature weights can be increased
or decreased by 5%; and the intercept value may vary by +10% . All non-selected features have
equal probability of being chosen, and each of these three operations occurs independently
with a probability of 33%. Although the expected number of modifications per mutation is
one, multiple changes can occur simultaneously.

e mutation-2: This operator varies the number of selected features, increasing or decreasing it
with equal likelihood. The number of features to add or remove is determined by a discrete
uniform distribution and ranges from one up to 20% of the individual’s current feature count.
Removal operations are applied only when the individual contains more than seven features,
ensuring the feasibility of the resulting solution.

5. MOPSO

Particle Swarm Optimization (PSO) (Kennedy & Eberhart, 1995) is a population-based meta-
heuristic inspired by the collective movement of biological swarms, such as flocks of birds or schools
of fish. In PSO, a set of candidate solutions, referred to as particles, navigate the search space by
updating their positions and velocities at each iteration. Each particle is influenced by two compo-
nents: a cognitive component, which attracts it toward its own best-known position, and a social
component, which guides it toward the best position found by the swarm. This balance between
individual experience and collective knowledge enables efficient exploration and exploitation of the
search space.

MOPSO (Coello Coello & Lechuga, 2002) extends this framework to handle multi-objective
optimization problems by incorporating Pareto dominance to determine the movement direction of
the particles, maintaining an external repository of non-dominated solutions discovered throughout
the search. This chapter introduces the proposed MOPSO, providing a general definition of the
algorithm as well as a detailed description of its operators and their functioning.
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5.1. Qwerall algorithm

Algorithm 2: MOPSO
Output: Rx, Rp
1 X <« initial-population (npop)
2 V < initial-velocity (npop)
3 F < evaluate (X)
4 P% < best_position(X)
5 P} < best_fitness(F)
6 Rx,Rrp < non-dominated-particles (X, F)
7 G + adaptive-grid (Rp, npiv)
8 (9p,gq) < grid-index (Rp, G)
9 s« npop
10 while a given time limit T is not exceeded do

11 w<+— 0.9 — 0-5

-8
max
12 for i < 1 to nppop do

13 h < select-leader (RF, gp)

14 Vi <= wVi +rie1(Py, — X;) + raca(Rxp — Xi)
15 X X, +V

16 X; < apply-feature-threshold (Xj, 6)

17 X;,V; + maintain-bounds (X, V;, Umax)

18 F + evaluate (X)

19 P%, P}, < update-personal-best (X, F, P%, P})

20 'Rz < non-dominated-particles (X, F)

21 Rx,RF,0p,gq < archive-controller (Rx, Rr, R'x, R, 9p: 9q)
22 if particles outside grid bounds then

23 G < adaptive-grid (Rp, npiv)

24 L (9p, 9q) < grid-index (Rp, G)

25 if [Rp| > ngep then

26 L Rr,Rx,gp, gq < remove-particles (Rp, Rx, NRep, Ip> 9q)

27 S < S8+ npop

Algorithm 2 presents the structure of MOPSO. The swarm is initialized with random particle
positions X and zero velocities V' (lines 1-2). Each particle maintains a personal best position (P%)
and fitness (P7,), initially set to their starting configuration (lines 4-5). An external repository (Rx,
R ) stores all non-dominated solutions discovered throughout the search (line 6), serving as an elite
archive that preserves high-quality solutions. An adaptive grid G partitions the objective space into
npiv hypercubes per dimension (line 7), assigning each repository solution to a cell indexed by
gp and gq based on its objective values (line 8). This structure enables the algorithm to identify
sparsely and densely populated regions of the Pareto front (lines 10-27).

The main loop iterates until time limit T is reached. At each iteration, the inertia weight
w decreases linearly from 0.9 to 0.4 as s grows toward Spax (line 11), progressively shifting the
search from exploration to exploitation. For each particle ¢, a guide particle h is selected from Rp
using fitness-based roulette wheel selection (line 13), where hypercubes containing fewer particles
receive higher selection probability — specifically, the fitness assigned to a hypercube is 10/n,,
where n,, is the number of particles it contains. This mechanism promotes selection of guides from
underexplored regions.

14



The velocity update equation (line 14) combines three components: (1) inertia (wV;), which
preserves the particle’s current flight direction and decreases over time; (2) cognitive attraction
(ric1(P%, — X;)), pulling the particle toward its personal best experience; and (3) social attraction
(reca(Rxyp — Xi)), drawing it toward the selected repository guide. Here, 71 and re are random
values uniformly distributed in [0, 1] that introduce stochasticity, while ¢; and ¢y are acceleration
coefficients (set to 2.8 and 1.3, respectively) that control the relative influence of cognitive and social
components. After updating positions (line 15), APPLY-FEATURE-THRESHOLD (line 16) deactivates
features with selection probability below 6 = 0.5 by setting their corresponding weights to zero,
ensuring consistency in the SVM-FS solution representation. Velocity and position bounds are then
enforced through MAINTAIN-BOUNDS (line 17) to maintain particles within the valid search space,
with velocities limited to vpmax and directions reversed when boundaries are exceeded.

Following evaluation (line 18), personal memories P% and P73, are updated using Pareto domi-
nance criteria (line 19): if the current position dominates the stored best, it replaces the memory;
if the stored best dominates the current position, the memory is retained; if neither dominates the
other, one is selected randomly with equal probability. The repository is then refreshed through
ARCHIVE-CONTROLLER (line 21), which merges the newly discovered non-dominated solutions R'y,

"= with the existing repository Rx, R and eliminates any solutions that have become dominated.
This operation may also remove duplicate solutions to maintain repository integrity.

The adaptive grid G is recalculated whenever new solutions fall outside the current objective
bounds (line 22). This recalculation updates the minimum and maximum values for each objec-
tive, reconstructs the hypercube subdivisions, and reassigns all repository solutions to their new
corresponding cells indexed by g, and g, (lines 23-24). Although this operation incurs computa-
tional cost proportional to the repository size and number of objectives, it occurs selectively — only
when bounds change — rather than at every iteration. When the repository exceeds its maximum
capacity nrep (line 25), REMOVE-PARTICLES (line 26) eliminates solutions from the most crowded
hypercubes, applying the same fitness-based roulette wheel mechanism but inversely: hypercubes
with more particles receive higher elimination probability. This pruning strategy maintains diversity
by preventing clustering in any particular region of the objective space.

The algorithm terminates after the time limit is reached, returning the final repository contents
Rx and R as the approximation to the Pareto front.

5.2. Solution representation

For a set of d variables, each particle in the population is defined as a vector of length 2d + 1,
composed of three distinct segments. The first segment (77), of size d, encodes the probabilities
of considering each variable. Higher values increase the likelihood of a variable being included in
the solution, whereas lower values result in the corresponding regressor being deactivated during
prediction. The second segment (m3), also of size d, contains the regressors associated with the
variables. The final element (73) corresponds to the intercept of the model. All vectors consist of
continuous values, with the probabilities constrained to the interval [0,1]. A representation of the
individual is illustrated in Figure 3.
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Figure 3: Structure of a particle in the proposed MOPSO, represented as a vector of length 2n 4+ 1, composed of
feature-selection probabilities, regressors, and the intercept.
Badilla-Salamanca et al. (2025)

Continuous encoding allows exploring the solution space with smooth transitions between the
inclusion and exclusion of each variable, facilitating a progressive assessment of its contribution to
model performance. Simultaneously considering per-feature inclusion scores (with a threshold) and
the regressor’s parameters enables co-optimization of the number of features and the model fit (Xue
et al., 2016).

5.3. Initialization

The initialization process constitutes the first stage of the MOPSO algorithm and aims to
generate an initial set of particles that represent a diverse distribution in the search space. Each
particle ¢ is characterized by its position X, its velocity V;, and its personal memory PBEST;. In
this phase, the initial conditions of both positions and velocities are established, ensuring that the
solutions are valid and that the swarm possesses sufficient diversity to effectively explore the solution
space.

Position initialization. Each position X is generated randomly within the lower and upper bounds
defined for each decision variable. Since the position vector is composed of three sections—(i) the
probabilities of feature selection, (ii) the weights associated with the activated features, and (iii) a
bias term—each component is initialized according to its predefined limits.

During initialization, a logical constraint is applied to ensure coherence between the selection
vector and its corresponding weights: if a feature f; is not activated (f; < 0.5), the associated
weight w; is set to zero.

This guarantees that the solution representation remains consistent with the effective selection
of variables and prevents exploration of invalid combinations. This procedure is executed through
the initial-population function followed by main-features, ensuring that the initial swarm is
randomly distributed while still respecting the problem constraints.

Velocity initialization. Initial velocities V; are set to zero for all particles, following the guidelines
of Coello Coello & Lechuga (2002):
V; =0. (33)

Additionally, a maximum velocity per variable, vmax, is defined to limit particle displacement within

a stable range:

—1
Umax = 2 X b, (34)
Nsteps

This limit acts as a damping factor and prevents numerical instability during the iterations.

Initial evaluation and personal memories. Once the initial positions have been generated, each
particle is evaluated using the objective function F(X;), which produces an objective vector

Fi = [f1(Xi), f2(Xi), - -, f5(X5)]. (35)
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These initial values are used to define the particles’ personal memories:
Py, = X; F=F (36)
that is, the best-known position for each particle at this stage corresponds to its initial state.

5.4. Diversification of solutions

The preservation of diversity within the set of non-dominated solutions is achieved through an
adaptive grid in objective space, following Coello Coello & Lechuga (2002). This mechanism ensures
a balanced distribution of solutions maintained in an external repository—a secondary population
storing only non-dominated vectors— thereby preventing excessive concentration in specific regions
of the Pareto front.

First, after each particle evaluation, the set of non-dominated solutions—represented by their
objective vectors—is obtained using the function non-dominated-particles. From this set, the
algorithm constructs a partitioning structure of the objective space: each dimension of the space
is divided into mp;, intervals, thus generating a collection of hypercubes or cells that cover the
current performance region. The grid adapts dynamically, as the minimum and maximum values
of each objective function are updated as the Pareto front evolves. This ensures that the search
space accurately reflects the region of interest at each iteration. The adaptation process is carried
out through the adaptative-grid function.

FEach non-dominated solution is assigned to one of the hypercubes according to its objective
values using the grid-index function. In this way, the algorithm can quantify the density of
solutions within each cell, information that is used for two fundamental purposes:

1. Leader selection: particles preferentially select their leader from the repository solutions lo-
cated in less populated hypercubes, thus promoting the exploration of sparsely visited regions
of the objective space.

2. Repository maintenance: when the repository reaches its maximum capacity, solutions
belonging to the most crowded hypercubes are removed with higher probability, fostering the
preservation of diversity.

As the Pareto front evolves during execution, the grid is recalculated whenever new solutions fall
outside the current objective bounds, requiring that limits be updated, subdivisions reconstructed,
and solutions reassigned to new hypercubes. This adaptive mechanism maintains both convergence
toward the Pareto front and uniform distribution across objective space, as proposed in Coello Coello
& Lechuga (2002).

5.5. Velocity and position updates

The velocity and position of the particles form the fundamental basis of MOPSO, since each
particle represents a candidate solution to the optimization problem. Therefore, the update process
of these variables is critical, as it governs the exploration and exploitation of the search space and
directly influences the convergence toward the Pareto front.

The velocity update of particle i is carried out according to Equation 37, where w is the inertia
weight of the particle. This inertia decreases linearly over the iterations, as described in Equation 38,
with a decrement of 5 x 10~ per iteration. P’ represents the best position that particle ¢ has
achieved so far, while X; denotes its current position.

The parameters r; and ry are random numbers uniformly distributed in the range [0, 1], intro-
ducing stochasticity into the movement of the particles. The term (P%. — X;) corresponds to the
cognitive component, which attracts each particle toward its personal best position. Meanwhile,
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(Rxpn — X;) represents the social component, which guides the particle toward a leader selected
from the repository of non-dominated solutions.

The index h is determined through a fitness-based selection mechanism applied to the adaptive
grid G. Hypercubes containing more than one particle are penalized by assigning them a fitness
value equal to z/n,, where x > 1 (commonly = = 10) and n, is the number of particles within
the hypercube. This mechanism promotes diversity by discouraging overcrowding in certain regions
of the search space. Subsequently, a roulette-wheel selection (Coello Coello & Lechuga, 2002) is
applied using these fitness values to choose the hypercube, and within it, a leader particle is selected
at random.

Vz‘:’LUVZ‘—FTl'Cl'(P}i—Xi)—i-TQ‘CQ‘('RXh—Xi) (37)
0.5
w=0.9— 5 s (38)

The position of particle ¢ is adjusted according to Equation 39.

X, =X,+V (39)
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6. Computational experiments

This section presents the computational experiments conducted to evaluate the performance of
the proposed NSGA-III and MOPSO algorithms. The experimental design follows the methodology
established by Badilla-Salamanca et al. (2025), ensuring consistency with prior work and enabling
a direct comparison against the state-of-the-art NSGA-II algorithm. The section is organized as
follows: Section 6.1 describes the large-scale benchmark datasets employed in the evaluation; Sec-
tion 6.2 defines the performance metrics used for comparison; Section 6.3 details the experimental
protocol; and Section 6.5 presents and discusses the obtained results, including a rigorous statistical
significance analysis.

6.1. Dataset description

The proposed algorithm is assessed through computational experiments conducted on binary
classification datasets spanning a range of dimensionalities and feature counts that are widely used in
the literature. For comparative analysis, we benchmark our method against the NSGA-IIT approach
of Badilla-Salamanca et al. (2025), focusing exclusively on the large-scale datasets employed in their
study, where their approach exhibited notably limited performance. A concise description of each
dataset is presented below.

e Software (Kim & Kim, 2024): Derived from industrial software systems and used to predict
defect-prone modules.

e Santander (Mohammed et al., 2020): A financial application aimed at classifying customer
behavior from anonymized transaction records.

e Fraud (Awoyemi et al., 2017): A credit-card fraud detection benchmark characterized by
extreme class imbalance.

e Higgs (Azhari et al., 2020): Particle-physics data for discriminating signal from background
events.

e SUSY (Baldi et al., 2014): Simulated high-energy physics events; the largest and one of the
most challenging datasets in our study.

Figure 4 shows the class distribution for each dataset, highlighting in particular the cases of
Santander and Fraud, where the class imbalance is clearly evident. All datasets were obtained from
the Kaggle platform (Kaggle, 2024). Table 3 summarizes the sample sizes used in our experiments.!

Table 2: Characteristics of datasets.

Dataset n d

Software 101,763 20
Santander 200,000 200

Fraud 284,807 30
Higgs 1,000,000 30
SUSY 5,000,000 18

!Sample sizes correspond to the versions and preprocessing adopted in this study. For Higgs, we used a fixed
subsample to align with the experimental budget.

19



Software Santander Fraud
100 100 100

80 A 80 1

60 60

40 1 40 1

Percentage
Percentage
Percentage

204 20 A

= = T
Class -1 Class 1 Class -1 Class 1 Class -1 Class 1

Higgs susY
100 99 100

80 80

60 4

40 A

Percentage
Percentage

20

Class -1 Class 1 Class -1 Class 1

Figure 4: Datasets class distribution

6.2. Performance Metrics

The evaluation of the proposed algorithm relies on the same three performance measures used by
Valero-Carreras et al. (2023), ensuring methodological consistency and enabling a fair comparison
with previous studies. These metrics are derived from the confusion matrix, a standard analytical
tool used to evaluate classification models.

The confusion matrix provides a detailed view of model performance by contrasting predicted
and actual class labels (Bishop, 2007). It enumerates true positives (TP), true negatives (TN), false
positives (FP), and false negatives (FN), enabling an in-depth assessment of prediction outcomes.
From this matrix, several metrics are derived—namely, the area under the receiver operating charac-
teristic curve (AUC-ROC) (Hanley & McNeil, 1982), the F-Score (Van Rijsbergen, 1979; Chinchor,
1992), and Cohen’s Kappa coefficient (CKC) (Cohen, 1960)—which together capture different as-
pects of model accuracy, balance, and reliability.

e AUC-ROC: This metric evaluates the relationship between the true positive rate (TPR)
(Equation (40)) and the false positive rate (FPR) (Equation (41)) over multiple classification
thresholds. The AUC quantifies the probability that a randomly chosen positive instance is
assigned a higher score than a randomly chosen negative one. Computed using class proba-
bility estimates (often derived via a sigmoid function), AUC-ROC values range from 0 to 1,
where higher values indicate greater discriminative capacity.

TP

TPR = 75 7N (40)
FP
FPR = m5 7 (41)

e F-Score: This measure combines Precision (Equation (42)) and Recall (Equation (43)) into a
single harmonic mean, balancing both the correctness of positive predictions and the model’s
sensitivity to all positive cases. The F1-Score is particularly informative under class imbalance

20



or when misclassification costs differ between classes, taking values between 0 and 1, with
higher scores denoting stronger performance.

TP

Precision = TPLTP (42)
TP
= ——r 4
Reca TPFN (43)
F-Score — 2 x Precision x Recall (44)

Precision + Recall

e CKC: This statistic measures the level of agreement between predicted and actual classifica-
tions, correcting for the agreement expected by chance. Its range extends from —1 (complete
disagreement) to 1 (perfect agreement), with 0 representing random consistency. CKC is
especially valuable in evaluating models trained on imbalanced datasets or comparing cate-
gorical assessments. It is computed using Equations (45)—(47), where p, denotes the observed
agreement and p. the expected agreement by chance.

TP + TN

_ 4
Po= TP 1T TN ¥ FP + FN (45)
(TP + FP) x (TP + FN) 4 (TN + FN) x (TN + FP) (45)
Pe = (TP + TN + FP + FN)?2
Po — Pe
CKC = A7
T (47)

6.5. Experiment setup

The experiments were conducted on a personal computer equipped with an Intel Core i5 11th
generation processor and 16,GB of RAM, with the implementation developed in Python 3. This
study replicates the protocol of Badilla-Salamanca et al. (2025), which in turn is inspired by Valero-
Carreras et al. (2023). We evaluate the algorithm on five benchmark instances, running each
instance under two wall-clock limits (1200,s and 3600,s). For model assessment we employ 5-fold
cross-validation (Kohavi, 1995): the dataset is partitioned into five equal folds; in each iteration one
fold is held out for testing and the remaining four are used for training, cycling through all folds so
that each serves exactly once as test data.

For every fold, we execute three independent runs with different random seeds. Each run yields
a set of non-dominated solutions; per metric, we keep the best individual on the (minimum) Pareto
front. In total, the design comprises 5 instances x 5 folds x 3 seeds = 75 runs per algorithm.

In this section, we present the results obtained by NSGA-IIT and MOPSO, and compare them
with the results previously reported by Badilla-Salamanca et al. (2025).

According to the experimental design, each experiment is executed 15 times (each of the 5
folds is run three times). For every fold, the best value for each metric is selected; therefore, each
dataset yields five values per metric, which are subsequently averaged to obtain a representative
performance score.

Table 3 reports, for each evaluation metric, the mean of the five maximum values obtained
by each of the three algorithms under comparison. The first section of the table begins with two
columns describing the dataset’s rows and columns, respectively. This is followed by the AUC-ROC,
F-Score, and CKC metrics for each algorithm, calculated based on the averaged maxima.

The second section of the table provides a summary of “wins” for each algorithm, indicating
how many times it outperformed the other two across all datasets and metrics.
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Table 3: Comparison of algorithms on large-scale datasets (1h).

Dataset NSGA-II NSGA-III MOPSO
AUC-ROC F-Score CKC AUC-ROC F-Score CKC AUC-ROC F-Score CKC
Software 0.751 0.874  0.018 0.773 0.885 0.386 0.773 0.884 0.392
Santander 0.646 0.227  0.072 0.661 0.250  0.145 0.683 0.267 0.165
Fraud 0.981 0.009  0.006 0.982 0.006  0.003 0.970 0.831 0.831
Higgs 0.566 0.434  0.094 0.577 0.493 0.089 0.574 0.483 0.122
SUSY 0.832 0.731 0.527 0.805 0.708  0.435 0.812 0.722 0.486
Hits against NSGA-II - - - 4 4 2 3 4 4
Hits against NSGA-III 1 1 3 - - - 3 3 5
Hits against MOPSO 2 1 1 2 2 0 - - -
Total hits 3 2 4 6 6 2 6 7 9

To establish a clear comparison framework, we begin by examining the performance of NSGA-III
relative to NSGA-II. The results show that NSGA-IIT achieves consistently higher values in both
AUC-ROC and F-Score, outperforming NSGA-II in four out of the five evaluated datasets. This
advantage is largely due to NSGA-III’s reference-point based selection mechanism, which enhances
diversity across the Pareto front and promotes solutions with superior class separability and more
favorable precision-recall trade-offs. However, this superiority does not extend to Cohen’s Kappa
(CKC). In fact, NSGA-II attains higher CKC values in most cases. A plausible explanation is
that NSGA-IIT often shifts its solutions toward the majority class to maximize F-Score, thereby
increasing the expected agreement by chance—a component that CKC penalizes heavily. NSGA-II,
on the other hand, tends to preserve a more balanced distribution of predictions across classes,
resulting in a lower expected agreement and consequently higher Kappa values, even when its AUC
or F1 performance is comparatively lower.

When extending the comparison to MOPSO versus NSGA-IIT, MOPSO demonstrates compet-
itive performance in AUC-ROC and F-Score while clearly dominating in CKC across all datasets.
This behavior is consistent with the algorithmic properties of particle swarm optimization. MOPSO
benefits from a substantially lower computational overhead and a faster update mechanism, which
enables broader exploration of the solution space within fewer iterations. Unlike NSGA-II and
NSGA-IIT, MOPSO does not rely on computationally expensive non-dominated sorting procedures.
As a result, it is less prone to converge toward solutions that overfit the majority class. The swarm’s
exploratory dynamics facilitate the discovery of more balanced decision structures, ultimately im-
proving CKC. In summary, while NSGA-IIT tends to excel in discrimination-focused metrics such
as AUC and F1, MOPSO achieves a more holistic performance by generating models with a better
balance between predicted and true class distributions, leading to superior agreement as measured
by Cohen’s Kappa.

Notably, the Fraud dataset exhibits a particular behavior that highlights the structural differ-
ences between the evaluation metrics used. AUC-ROC, by averaging classifier performance across
all possible decision thresholds and both classes equally, produces a dilution effect in the presence
of class imbalance: a classifier that dominates the majority class can achieve a high value on this
metric even when its ability to recognize the minority class is practically null. F-Score and CKC, on
the other hand, are inherently sensitive to this imbalance. F-Score directly penalizes errors on the
minority class, while CKC measures chance-corrected agreement, which drops sharply when predic-
tions are biased toward the dominant class. This phenomenon explains the divergence observed in
heavily imbalanced datasets such as Fraud.
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6.4. Statistical Significance Analysis

To rigorously evaluate the performance differences among the three algorithms (NSGA-II, NSGA-
III, and MOPSO) across the five datasets, a statistical significance analysis was conducted following
the methodologies recommended for comparing classifiers over multiple datasets. Given that the
results of metaheuristic algorithms do not necessarily follow normal distributions and that multiple
algorithms are compared across multiple datasets, non-parametric tests based on rankings were
employed, following the validation structure of Badilla-Salamanca et al. (2025).

The Friedman test (Friedman, 1940) was applied to detect significant differences among the
algorithms considering three evaluation metrics: AUC-ROC, F-Score, and Cohen’s Kappa Coeffi-
cient. Additionally, the Iman—-Davenport correction (Iman & Davenport, 1980) was applied. This
adjustment transforms the Friedman statistic into an F-statistic, leading to more reliable results,
particularly in scenarios involving a limited number of algorithms or datasets.

When the Iman-Davenport test indicated significant differences (p < 0.05), pairwise comparisons
were conducted using the Wilcoxon signed-rank test Wilcoxon (1945), applying the Bonferroni
correction to adjust the significance level and control Type I error in multiple comparisons. This
approach allows identification of which pairs of algorithms exhibit statistically significant differences.

In addition to statistical significance, effect size was calculated using the Vargha-Delaney Aio
statistic Vargha & Delaney (2000). This non-parametric measure quantifies the probability that
one algorithm outperforms another in terms of performance, providing a practical interpretation of
the magnitude of observed differences. Values of A15 > 0.5 indicate that the first algorithm tends
to outperform the second, while values < 0.5 suggest that the second algorithm outperforms the
first; values close to 0.5 indicate similar performance between the two algorithms.

The results of the statistical significance analysis for each metric are presented in Tables 4, 5,
and 6. For each metric, the following are reported: (i) p-values from the Friedman and Iman-
Davenport tests, (ii) p-values from pairwise Wilcoxon comparisons, and (iii) Ao effect size values
between each pair of algorithms.

6.5. Analysis of Results

The Friedman and Iman-Davenport tests revealed statistically significant differences among
the three algorithms for all evaluated metrics (p < 0.001). The pairwise Wilcoxon comparisons,
combined with the A, effect sizes, provide deeper insights into the relative performance of each
algorithm pair.

In Table 4 is the result for the AUC-ROC metric, both NSGA-IIT and MOPSO significantly
outperformed NSGA-IT (p < 0.001), with A;o values of 0.413 and 0.415 respectively, indicating that
NSGA-II achieves superior AUC-ROC values in approximately 58% of comparisons. No significant
difference was observed between NSGA-III and MOPSO (p = 0.198).

Table 4: Statistical results for the AUC metric

Global test p-value

Friedman 2.32 x 1076
Iman—Davenport 7.88 x 1077
Comparison Wilcoxon p-value Ajo
NSGA-II vs NSGA-III 2.29 x 107° 0.413
NSGA-II vs MOPSO 4.20 x 1074 0.415
NSGA-III vs MOPSO 0.1976 0.488

23



Regarding the F1-Score presented in Table 5, all pairwise comparisons showed significant differ-
ences. The Ajo values indicate that NSGA-IIT substantially outperforms NSGA-II (A2 = 0.184)
and MOPSO (412 = 0.361), while MOPSO also significantly outperforms NSGA-II (A2 = 0.067).

Table 5: Statistical results for the F1 metric

Global test p-value

Friedman 1.65 x 10724
Iman—-Davenport 1.11 x 10716
Comparison Wilcoxon p-value Ajo
NSGA-IT vs NSGA-III 891 x 10~ 14 0.184
NSGA-II vs MOPSO 5.28 x 10714 0.067
NSGA-IIT vs MOPSO 2.69 x 104 0.361

For Cohen’s Kappa Coefficient (Table 6), NSGA-II demonstrated superior performance com-
pared to NSGA-IIT (A2 = 0.723, p < 0.001) and marginally better than MOPSO (A2 = 0.557,
p = 0.055). Additionally, MOPSO significantly outperformed NSGA-IIT (p < 0.001, A;2 = 0.252).

Table 6: Statistical results for the CKC metric

Global test p-value

Friedman 4.39 x 1020
Iman—Davenport 1.11 x 10716
Comparison Wilcoxon p-value Ao
NSGA-II vs NSGA-III 1.60 x 10712 0.723
NSGA-II vs MOPSO 0.0553 0.557
NSGA-III vs MOPSO 6.05 x 1071 0.252

These results demonstrate that no single algorithm dominates across all metrics, highlighting
the multi-objective nature of the problem and the importance of considering multiple performance
indicators when evaluating classification algorithms.
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7. Conclusions

This research addressed the problem of feature selection for FS-SVM from a metaheuristic per-
spective. The NSGA-IIT and MOPSO algorithms were introduced and examined in detail, including
their operators, internal mechanisms, and the way in which each of them formulates and solves a
multi-objective problem involving five simultaneous optimization functions. This formulation en-
abled the modeling of different dimensions of classifier performance, as well as the cost and structural
complexity associated with the selected feature subsets.

Following the methodological framework established in Badilla-Salamanca et al. (2025), a direct
comparison was conducted between the proposed algorithms and those reported in the existing
literature, ensuring experimental consistency and statistical robustness. The results demonstrated
clear improvements over the performance achieved previously by NSGA-II. Furthermore, it was
found that explicitly incorporating the performance metrics as optimization objectives significantly
enhances algorithmic performance, as it aligns the search process with the actual classification
quality and reduces the dependence on post-hoc threshold adjustments.

Among the evaluated methods, MOPSO exhibited superior performance in most scenarios,
largely due to its lower computational overhead and its swarm-based optimization paradigm, which
supports broader and more efficient exploration of the search space. This exploratory advantage
proved particularly beneficial in high-dimensional and imbalanced datasets.

Overall, the findings of this study contribute to a deeper understanding of how different evolu-
tionary and population-based strategies behave in complex, multi-objective classification problems.
Several directions for future research emerge from this work. First, the exploration of additional
population-based metaheuristics beyond genetic and swarm-based paradigms — such as differential
evolution or ant colony optimization — could provide further insights into the trade-offs between
computational efficiency and solution quality in the SVM-FS context. Second, a systematic pa-
rameter calibration study for both NSGA-IIT and MOPSO could yield more refined algorithm con-
figurations, potentially enhancing their performance across diverse dataset characteristics. Third,
extending the proposed framework toward a more comprehensive data preprocessing pipeline rep-
resents a promising avenue; rather than solely selecting features, future algorithms could simultane-
ously optimize preprocessing decisions such as normalization strategies, missing value imputation,
and outlier treatment, thereby addressing the broader challenge of automated machine learning in
large-scale settings. Finally, the scalability of the proposed approaches could be further investi-
gated in the context of big data environments, where distributed computing frameworks and online
learning strategies may be required to handle datasets of increasing volume and dimensionality.
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